Functional Analysis I

Course Notes by Stefan Richter
Transcribed and Annotated by Gregory Zitelli

Bounded Linear Operators

Let ¢ € L*>®(pu) and X =Y = LP(u). Then we can define a linear operator
M, : LP — LP by pointwise multiplication M,(f)(z) — ¢(x)f(x). Furthermore,
this operator is bounded, since

||M<pf||ip(u) = /X lpf|Pdp < H@Hpoo(u) /X | flPdp = |!¢|\pm(u)|!f||’£p(u>

which imples that | M| < |||z (). In many situations, we actually have equality
for operators defined in a similar way.

Now let (X, M, 1) be a finite measure space. Then there is a natural inclusion
LP(u) € L9(p) for p > g > 1. This fact follows directly from Holder’s inequality, by
lettingr:§> 1and%+%:1,

Jovseas (fvan) ™ (L) =0 Q)

The inclusion 4 : LP(y) — L9(y) is a bounded operator, with ||i|| < u(X)Y/*9.

The differential properties of the Sobolev spaces are not preserved by a dif-
ferential operator within an individual space itself, however we doe have that
4 Whrla,b] — W 1?[a,b] is a bounded linear operator, since
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Functional Analysis I Part 1

Taking the derivative of functions in C'[a, b] with the supremum norm || f||c1 =
| F(0)|+ || f]loo is still a linear operator, but is certainly unbounded since [|2" ||, = 1
but H %x"”cl = n. Note that C'[a, b] is not a Banach space since it is not complete.

Hamel Bases

Recall that if X is a vector space, then a Hamel basis of X is a maximal linearly
independent set. A Hamel basis B for a vector space always exists, such that for
any y € X there exists unique elements by,...b, € B and scalars aq,...,a, € F
where y = > ", o;b;. If E C X is a linearly independent set, then there always
exists a Hamel basis B for X such that £ C B, by Zorn’s lemma. This allows us
to make a precise definition of finite and infinite-dimension vector spaces, where
depending on the cardinality of the space’s Hamel basis.

Hamel basis can also be used to construct examples of unbounded functions
on infinite dimensional Banach spaces. The typical construction follows. If B is a
Hamel basis for X, and if we are given a specific scalar a; € F for each b € B, then
we can define a linear transformation on X given by f : X — F such that f(b) = a.
Such a transformation can be extended linearly so that for y € X, y = > | ayb;,
we have f(y) = > aua”.

Suppose that we have C0, 1] under the supremum norm, and we let {f,,}5°, C
C'[0,1] be a countably infinite, linearly independent set of elements. By the pre-
ceding remarks there is a Hamel basis B = {f,} U E for C]0,1]. Then we can
define a function ¢ : B — F by ¢(f,) = 2"[|f.]| and ¢(b) = 0 for b € E, which
by the previous paragraph can be extended linearly to all of X. Now if we set
gy = SN L f;, where ||gn|| < 1, then we have the interesting situation

i=1 Z] 7]
N
=N
; !fJH

which demonstrates that ¢ is unbounded. Such a construction relies heavily on
the axiom of choice due to the very existence of the Hamel basis. In the finite
dimensional case (where the axiom of choice cannot be evoked), all linear operators
are bounded.

Proposition. Let X be a normed space, xo € X, ¢ : X — F a linear functional
with o(xg) # 0. Then
X =kerp+ {axg: a € F}

and o is bounded <= ker ¢ is closed <= ker ¢ is not dense in X.
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Proof. Let x € X, then

) )
T ) o)

(x)
v(z0)

ro = axg for some appropriate «.

where z — “"((x)

xo € ker ¢ and e
Now suppose that ¢ is bounded. Let z, € ker ¢ with z,, — z, then ¢(x,) =0

for all n which implies that ¢(x) = 0 and so x € ker .

Next, suppose that ker ¢ is closed. Since p(zg) # 0 we know that zq ¢ ker ¢,
and so ker ¢ is not dense in X.

Lastly, suppose that ¢ is not bounded, and we want to show that ker ¢ is dense
in X. It is enough to show that there exists z, € ker ¢ such that z, — ¢, since then
we can use the decomposition of X into ker ¢ + {ax : @ € F} to prove denseness.

Using the assumption that ¢ is unbounded, take x, with |z,|| = 1 where
lo(z,)| — oo. Now write z, = y, + a,x¢ with y, € kergp, so that |o(x,)| =
|an||(x0)|, which implies that |a,,| — co. Then the elements z, = —iyn approx-
imate xg. |

Finite-Dimensional Spaces

Definition. Let || - ||; and | - ||2 be two norms over a vector space X. We say that
the norms are equivalent if there exist constants ¢, C' > 0 such that c||z|[; < ||z]2 <
C||z||; for all z € X.

Two norms are equivalent whenever their convergence sequences are equivalent,
or similar when their Cauchy sequences are equivalent. This is also the same as
saying that the two norms generate the same topologies on X.

Theorem. If X is a finite dimensional normed space, then any two norms are
equivalent.

Proof. Let ||-|| be some norm on X, and {e;};", a Hamel basis. Then for any = € X,
there exist unique scalars ¢;(z) € F (which can be thought of as linear functionals
on X) such that z = Zjvzl @j(x)e;. Let ||z]|cc = maxi<j<y |p;(x)|, which is easy
to verify as a norm on X. Now we can simply use the triangle inequality on the
original norm so that
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N

Z 2)lllesll < ||x||ooZ||6g||

] =

so that we can take C' = Zjvzl llej1]-

Now suppose that the lower inequality is not true, so that there is a sequence of
x, € X such that ||z,||c = 1 but ||z, || = 0. However, |p;(x,)| < ||2,]|c < 1. Using
a truncated diagonalization argument, there is a subsequence z,,, = Z;V:1 ©i(Tn,)e;

which converges to Zjvzl aje; in the original norm. Since ||z, || — 0, we have that
a; — 0 for each j, and so ¢;(x,,) — 0 which contradicts the fact that ||z, || = 1.
Therefore, the lower inequality must hold, and so the original norm ||-|| is equivalent
to || - |- Since this can be done for any || - ||, we can show the equivalence of any
two norms on the space. |

Since all norms on a finite dimensional space are equivalent, there is a natural
isomorphism between them and C™ under the Euclidean norm.

Corollary. If X and Y are normed spaces, with X finite dimensional, then every
linear operator T : X — Y 1is bounded.

Proof. Let T': (X, || - |lo) = Y, then

T (Z sﬁj(iﬂ)€j>

N

Z )| Te;ll < HxHooZHTegH

1 Tz]ly =

Riesz Representation Theorems

Recall that the dual space X* to a vector space X is the collection of all bounded
linear functionals from X into a field, typically either R or C. For Hilbert spaces,
the two spaces X and X* are naturally isomorphic.

Theorem (Riesz Representation). Let H be a Hilbert space. Then for every ¢ € H*
there exists a unique element xo € H such that ¢(z) = (x,x0). Similarly, every
Junction p(z) = (x,z0) for o € H defines an element of H* with |||« = ||zol-
Consequently, there is a natural isomorphism between H and H*.



Functional Analysis I Part 1

Proof. For the second part, clearly p(z) = (x,x) is linear and continuous since
o) = [z, z0)| < []]l[xo]l-
For the first part, ¢ is continuous means that ker ¢ = M is a closed subspace

and M # H. Then there exists an element yy € H such that yy # 0 and yo L M.
Then for x € H we can write

p@)  pl@)
o) " )

r =T — Yo

where the first difference is in M and the last term is orthogonal to M. Then

(@, 90) = <x - j{;f)yo,yo> ; j& loll? = j& ol

Therefore, p(x) = f;gﬁz (z,v0)- .

N

There are a variety of other kinds of representation theorems as well. If (X, M, u)
is a measure space, then the spaces LP(u) and L9(p) are isomorphically dual to one
another when 1 < p,q < oo where i—{—% = 1. The proof follows by naturally pairing
elements of g € L7(p) with the dual elements G € (LP(pn))" by G(f) = [ fg dp.
The correspondence is one-to-one, and the norms ||G||(zr(.))* = ||g]|ze(u) correspond
as in the Hilbert space setting.

In the case where p = 1 and the measure u is o-finite, the dual of (L'(u))" is
isomorphic to L*(u). On the other hand, the dual space to L>(u) is larger than
L' () if the axiom of choice is assumed.

If X be a locally compact Hausdorff space, we define Cy(X) to be the set of
functions f : X — F which are continuous, and such that for any € > 0 there is
a compact set in X outside of which |f| < e. We can actually view Cy(X) is the
closure of C.(X) (continuous functions with compact support) under the supremum
norm on functions on X. Additionally, we define My(X) as the collection of regular,
compactly supported Borel measures on X under the total variation norm.

Theorem. The dual space of Co(X) is isomorphic to My(X).
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Orthonormal Sets in Hilbert Spaces

Definition. Let H be a Hilbert space. A set & C H is called orthonormal if for
any distinct e, f € £ we have (e, f) = 0 and |le| = 1. We say that € C H
is an orthonormal basis if it is orthonormal and maximal with respect to other
orthonormal sets.

Our goal now is to be able to represent elements h € H as a countable sum
Y ecelh, e)e of elements in an orthonormal basis. The sets £ we are dealing with,
however, may not be countable. We need a method of defining such a sum for
a potentially uncountable collection, in such a way that the sums will converge
unconditionally with these orthonormal bases.

If €& ={ey,...,e,} is an orthonormal set, we write M,, for the closed linear span
of £, the intersection of all subspaces containing £. We can also express M,, as the
collection {>""  aje; : a; € F}. It can be shown rather painlessly that Py, h =

> i1(hs ex)er and || P, Al = 320 [(h, e)* < |l

Next we claim that if £ is an orthonormal set, then (h,e) is nonzero for at
most a countable number of elements e € £. This can be accomplished by letting
E,={e € &:|(he)] >1/n} so that |J,—, &,, and then showing that each &, is
finite. If we let {e1,eq,...,e;} C &, be a distinct collection, then

k
1
S 2D e < bl
2= L

J=1

However, this implies that k& < n?||h||?, and so &, must be finite.

Definition. We say that (I', <) is a directed set if < is a partial ordering on the
set I' with the properties that v < v for all v € I and if , u € I, then there always
exists some element A € I' such that v < A and p < A.

Let S be any kind of set. If we let F be the collection of all finite subsets of S,
then there is a partial ordering on F given by inclusion. Here, if v, u € F then we
can take A = v U u to be the element that dominates both of them.

Definition. Let (X, 7) be a topological space. A net in X is a collection of elements
indexed by a directed set, {z,},er. Given a net, we say that {z,},er = 2 € X or
that lim.cr 2, = « if for all open sets U € 7 such that z € U there exists some
index vy such that for all elements v > 7y we have z, € U.
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Nets naturally generalize sequences, since the natural numbers form a directed
set with the normal < operation.

Definition. Let A C H, and let F be the collection of finite subsets of A. For
F € F we define Sp = ) a, such that {Sp}rer is a net in H. Then we say that

the sum ), a = limpecr Sk, if such a limit exists.

Our next claim will be that if £ C H is an orthonormal subset, then Y~ __. [(h, €)|?
exists and is no bigger than [[h]|?, which will further show that )", _.(h, €)e exists.

Dimensions of Hilbert Spaces

Definition. Let (X, 7), (Y,0) be two topological spaces, f: X — Y, and zy € X.
Then we say that f is continuous at xq if for all U € o with f(z() € U, there exists
some V' € 7 containing x, such that f(V) C U.

Theorem. A function f: X — Y is continuous at a point xq if and only if for all
nets {xy}, = xo in X, we have that {f(z,)}, = f(z0).

Proof. Suppose that f is continuous at z¢, and let {z,}, — x¢ be a convergent net.
Let U € o such that f(xg) € U, so that there exists V' € 7 containing xy where
f(V) C U. Then since {z,}, — zo there must exist some 7, such that v > ~
implies that x, € V, and hence f(z,) € U.

Next, let I' = {V € 7 : 2y € V'}, with the partial ordering V; < V5 if Vo C V.
Although this is a little counter intuitive, the idea is that larger elements in the
ordering are more refined. It is not difficult to show that this turns I' into a directed
set. Now suppose that f is not continuous at zy. Then there exists U € o with
f(zo) € U such that for all V' € 7 with zy € V, f(V) is not contained in U. This
further implies that there exists zy € V with f(zy) ¢ U. However, this lets us use

{zv}ver as a net converging to xo. This implies that {f(zy)}ver does not converge
to f(xo), since f(zy) ¢ U for all V. [ |

Returning to our original application of nets, we were considering an orthonor-
mal set & C H. Recall that we said that £ is an orthonormal basis if it was
orthonormal and maximal. Furthermore, we had the following theorem.

Theorem. If £ is orthonormal in H, then there exists an orthonormal basis B with

£ CB.
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We also showed that if F' C £ is a finite subset of £, then for any h € H we
have that

>l el < |nl?

ecF

Additionally, Fj, = {e € £ : (h,e) # 0} is either fininte or countably infinite.

Definition. Let Sy = > _p(h,e)e. Then if {Sp}pce (With F finite) converges to
some S as a net, then we write

S = Z(h, e)e

ec&

Theorem. If h € H, £ is orthonormal, then )  .(h,e)e exists.

Proof. Let {e € £ : (h,e) # 0} = {e,} be a countable (possibly finite) collection of
elements, as we've shown before. Then write S, = Y ,_, (h, ex)e,. We've also seen
before that ||S,||* < ||A]|?, which implies that >, [(h, ex)|? < co. Now let € > 0,
then there exists some N such that Y 3., [(h, ex)|* < €%, which implies that for all
n,m > N we have ||s, — s,,]|*> < €2. However, this implies that S,, — S € H.

We aren’t done yet, though. We still need to show that {Sr}rce converges to
the element S. Set Fy = {ey,ea,...,en}. Then F C &, F is finite, and if Fy C F
then

1S = Sell < IS = Skl + 1Sk, — Skl < 2¢

Theorem. If £ C H is an orthonormal set, then the following are equivalent.

(i) € is an orthonormal basis for H.
(i1) If h € H, and h L &, then h = 0.
(11i) The closed linear span of € is H.
(iv) If h € H then h =) _.(h,e)e.
(v) If g,h € H, then (g, h) = > ce(g,€) (e, h).
(vi) If h € H then [|h]]* = 3 ce | (R, €)]?
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Proof. It h L. € and h # 0, then we can adjoint the unit of h to £ and maintain
independent, contradicting the fact that £ is maximal. Therefore, (i) implies (ii).

If the closed linear span of a £ is all of H then its orthogonal complement is
simply {0}, and so (ii) and (iii) are equivalent.

Let eg € &, then

(h—y,e0) = (h,eo) = (y,e0) = (h,e0) = _(h,€)(e, ) =0

ecf

So if we assume (ii), then (iv) holds.

Now if (iv) holds, then h = > _.(h,e)e, so that (h,g) = (> c(h,e)e,g) =
Y ecelh,e)(e, g). Therefore, (iv) implies (v).

To see that (v) implies (vi), take g = h.

Finallly, suppose that (i) does not hold. Then there exists some & C F, where
the inclusion is strict and F is orthonormal. Then there exists h € F\E, such that
h L €. However then >, . [(h,e)|* = 0 while ||h]| = 1, contradicting (vi). Thus,
(vi) implies (i). [ |

Corollary. If M C H is a subspace, and if {€4}o is an orthonormal basis for M,
then for allx € H, Pyx =) (%, €q)a-

Theorem. If £ and F are two orthonormal bases for H, then the cardinality of £
and F are the same. We call this cardinality the dimension of H.

Proposition. If the dimension of a Hilbert space H is infinite, then H is separable
if and only if its dimension is countable.

Proof. Let € be an orthonormal basis for H, and let e, f € F such that |le| = || f]| =
1 and ||e — f|| = v/2. Then B(e,1/v/2) N B(f,1/v/2) = @. Then if the dimension
of H is uncountable then there cannot be a countable dense subset, since there are
an uncountable number of mutually disjoint balls.

On the other hand, if € is countable then the collection of elements " | re;
where r; € Q (or Q[i]) is certainly dense in H. [
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Definition. If X and Y are Banach spaces, then we say that a linear map 7' :
X — Y is isometric if | Tz|y = ||z|x for all x € X. Furthermore, we say that T is
an isomorphism if it is isometric and onto. In this case, we say that X and Y are
isomorphic.

Note that if T": X — Y is isometric then it must be injective and have closed
range in Y. Therefore, if T is onto then it is clearly bijective, and its inverse is
continuous. In fact, T" is onto if and only if its range is dense in Y.

Definition. If ‘H and K are Hilbert spaces, then T : H — K is called a Hilbert
space isomorphism if it is linear, onto, and (T'z, Ty)x = {(x,y)y for all x,y € H.

Although the definition for a Hilbert space isomorphism seems stronger than the
Banach space isomorphism because of the inclusion of the inner product, they are
in fact equivalent. If there exists a Banach space isomorphism between two Hilbert
spaces, then it is actually a Hilbert space isomorphism. This is fairly easy to show
using the polarization identity, which equates the inner product with a continuous
function of the norm.

If A is any set whatsoever, we can define the space £2(A) to be the collection
of functions z : A — F such that ) _, |z(«)|* < co. We have already shown how
to define these sums in the case where A is uncountable, so this collection is well
defined. We can equip this space with an inner product given by

<xvy>62(A) = Z r(a)y(a)

acA

which transformed it into a Hilbert space. Furthermore, the elements e, = Xx{a} €
(%(A) form an orthonormal basis. Consequently, there exist Hilbert spaces of arbi-
trary cardinality.

Lemma. If H and K are Hilbert spaces, and if {€,}aca and {fs}pep are orthonor-
mal bases for H and KC respectively, then if a bijection ¢ : A — B exists, we can
define V. : H — K given by Vh = 3 _4(h,eq) fo) for h =3 ca(h,ea)eq is a

Hilbert space isomorphism.

Theorem. Two Hilbert space H and KC are isomorphic if and only if they have the
same dimension.

10
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Proof. The proof that two spaces having the same cardinality implies they are
isomorphic is provided by the preceding lemma. For the other direction, let V :
H — K be an isomorphism, with orthonormal bases {e,}aca for H. Set f, = Ve,,
such that (f,, f3) = (€a,€p) = dop. This demonstrates that {f,} is orthonormal.

Now suppose that g € K with g L f, for all « € A. Then g = Vh for some
h € H since V is onto, but 0 = (g, fo) = (Vh, fa) = (h,es), which implies that
h =0 and so g = 0 as well. |

The traditional example for a separable Hilbert space is the sequence space
¢*(N). Being separable, there is an orthonormal basis given by elements with a single
entry of 1 somewhere in the sequence, which is a countable collection. However, the
Hamel basis for the space is gigantic, which can be demonstrated from the fact that
the elements (1,¢,t%¢3,...) are all linearly independent for varying t € (0,1).

Hilbert Space Operators

Just a operators on the finite Hilbert spaces C? can be represented by complex
matrices, operators on arbitrary Hilbert spaces T : £ — ¢? can also be represented
by their action of the basis elements. When (2 is separable, we can write T =
(aij)1<ij<oo such that a;; = (Te;, e;), where {e;} is an orthonormal basis for (2. We
are interested in what the entries a;; can say about 7', most importantly when 7'
is bounded.

Lemma. If 377 |a;| < My for all i and Y77 |ai| < My for all j, then T is a
bounded operator with norm ||T'|| < /My M.

Proof. Let x € £* such that x = (xg,xy,...), then

|(T)| =

)
E aijxj
Jj=0

[o¢] oo oo
< D lasl | D lasllal? < /My | D a2
: g

J=0 Jj=0

2
ITl® = (Ta)l> < MyY 0> aglag* < My M|z
i=0 =1 j=0

11
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The Hilbert matrices provide a counterexample to the converse of the last state-
ment. They are the infinite matrices acting on % given by

11 11
155 1 T2 3
11 -1 1
5 0§ eeeees 3 3 reeren
1 1
3 cereenen g ceereeeenes

Although the entries are not summable, the operators are indeed bounded with
norm < m. This kind of matrix with constant skew diagonal is called a Hankel
matrix, and the associated operator a Hankel operator.

Hardy Hilbert Space

The fact that the trigonometric polynomials are dense in L*(T) (which we will
prove later) provides a natural isomorphism between L*(T) to (*(Z). If f € L'T),
then we write f(n) = 5= [ f(e")e~™dt for its Fourier coefficients. The Fourier

transform is the isomorphism from L2(T) to ¢*(Z) given by f — {f(n)}nez.

Starting with a function f € L*(T), it makes sense to think of f =>">° _ (f,e,)e, =

~

> f(n)e, in the sense of norm convergence of the sum. We would then assume

n=—oo

that f(e) = 3220 f(n)e™. Since the convergence holds on L*(T), this conver-
gence only holds almost everywhere with respect to Lebesgue measure on T, but
that still represents most points in a satisfying sense. Such conditions do not exist
for functions in L'(T), however. In fact, Kolmogorov demonstrated a function in

LY(T) such that its Fourier series » - f(n)e™ converges for no t whatsoever.

Theorem. Forp > 1, if f € LP(T), then Y~ f(n)e™ converges almost every-
where.

The preceding theorem is incredibly difficult. It was originally proved by Car-
leson for the case p = 2, and then by Hunt for p > 1.

Definition. The Hardy space of the circle H*(T) is the collection of elements in
L?(T) such that the negative Fourier coefficients are zero. H?(T) is a closed subspace
of L*(T).

12
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Function in the Hardy space only have nonnegative Fourier coefficients, and the
Hardy space itself is naturally isomorphic to ¢?(N) in the same way that L*(T) is
isomorphic to ¢*(Z). If we take some ¢ € L>(T), then the operator M, : L*(T) —
L*(T) given by f — ¢f. It is clear that |[|[M,| < |/¢]lw. Then we can define
Hy: H¥(T) — H*(T)* by Hy = P M| gy, where P is the orthogonal projection
from L*(T) to H*(T)*. Then || H,| < |l¢|lo as well. We will see that these operators
give rise to Hankel operators.

Hankel Operators

Given an operator A on a separable Hilbert space, we can represent A by an
infinite matrix with entries (Ae;,e;) = a;; denoting its action on the underlying
orthonormal basis. By representing elements of L?(T) by their Fourier series, and
noting that H?(T) C L3*(T) is the closed subspace of elements in L*(T) whose
negative Fourier coefficients are all zero, we defined a class of operators H, where
¢ € L*(T) as

Hy = Pt Myl

Then the entries of such an operator are then given by

Qmn = <H<p€n7fm> = <PH2ngo€n7 fm> = <Mtpen>fm>

™ 4 o dt ™ o dt

/ Qo(ezt)en(ét)fm(elt)z_ :/ Qp(ezt)el(n+m+1)t_
T

—T -7 27T

o(—=(n+m+1))

Such an operator has constant skew diagonals, making it a Hankel operator. For
example, when ¢(e") =t we have that ||¢|le < 7 and so ||H,|| < [|¢]lc < 7 and
the Hankel operator H, has a matrix representation

13
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Hilbert Space Adjoints

Definition. Let H and J be Hilbert spaces. A sesquilinear form is a function
u:H x K — F such that

(i) u(ax + By, z) = au(x, z) + Pu(y, 2z) for all z,y € H, z € K, and «, 8 € F.
(ii) w(x, oy + Bz) = awu(z,y) + Bu(z,2) for all z € H, y,2 € K, and o, 3 € F.
(iii) We say a sesquilinear form is bounded if there exists some M such that

lu(z,y)| < M||z||||y|| for all z € H and y € K.

Clearly the inner product is a sesquilinear form. If A is a bounded operator from
H to K then u(x,y) = (Az,y)x is a bounded sesquilinear form, and similarly for
bounded operators from K to H. As the next theorem shows, these are the only
sesquilinear forms.

Theorem. If u : H x K — F is a bounded sesquilinear form, then there exists
unique elements A € B(H,K) and B € B(IC,H) such that

u(w,y) = (Az, y)x = (v, By)n

Proof. Let x € ‘H, and define L, : K — F be the bounded linear functional given
by u(x,y). By the Riesz representation theorem, there exists z € K such that
L.(y) = (y,2z)x. Then define Az = z, which applies to every = € H. It is not
hard to show that A is linear and bounded by the same constant that bounds u. A
similar construction holds for B. |

The theorem demonstrates that for any bounded operator U, a unique adjoint
operator always exists. This operator is denoted by U*, so that (Ux,y) = (x, U*y),
where the inner products may be in different spaces. We can now say that an
operator U is a Hilbert space isomorphism if and only if U* = U~!.

Proposition. Leta, 3 € C, A, B € B(H,K) and C € B(K,H). Then (aA+3B)" =
aA* + B*. Furthermore, (CA)* = A*C*.

Proposition. If A € B(H,K) then || A| = [|A*]| = /][AA*] = /[[A*A[.

14
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Self adjoint operators where A* = A are called hermitian, and operators which
commute with their own adjoints are called normal. If ¢ € L*(u), then we have a
natural operator M, : L*() — L*(u) given by My f = ¢ f. These operators M, are
always normal, and will be self adjoint when ¢ is strictly real valued. We will later
see that all normal operators can be represented as some M, for an appropriate
measure space L2(u).

Theorem. If H is a complex Hilbert space, and if T € B(H), then there exists
some unique self adjoint operators A and B such that T = A+ iB.

Proof. The operators A = % and B = TEZ.T* can be shown to be self adjoint,

and A+:B="1T. [ |

Proposition. If A is self adjoint, then |A|| = sup{|(Az,z)| : ||z| < 1}.

Corollary. Let T be a bounded linear operator on a complex Hilbert space, and
suppose (T'x,x) =0 for all x, then T is the zero operator.

Note that the preceding corollary is false for real Hilbert space. For instance, if
the Hilbert space is simply R? and the operator is

(4

Corollary. If H is a complex Hilbert space, then A is self adjoint if and only if
(Az,z) € R for every x € H.

Proof. If A is self adjoin the (Az,z) = (z, Az,) = (Az,z). On the other hand, if
(Tx,z) € R for all x € H, then write T = A+ iB with A, B self adjoint. Then

(Tz,z) = (Ax,z) + i(Bz, x), where the two terms are real and so (Bx,z) = 0 for
all z € H. Then T'= A, and so T is self adjoint. |

If Ais a self adjoint operator on C", then A is diagonalizable with A = UDU !
with U unitary. This is an instance of the spectral theorem for self adjoint operators.

Theorem. Let T' € B(H). Then the following are equivalent.

(a) T is normal.
(b) ||Tx|| = ||T*x|| for allx € H.

15
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If H is a complex Hilbert space, then these are also equivalent to AB = BA for
T = A+ 1iB where A and B are self adjoint.

Proof. Suppose T*T = TT*, then |Tx||* = (Tz,Tz) = (T*x, T*x) = [|[T*z|? so
(a) implies (b). Next, suppose that ||Tz||* = ||T*z||?, then

(Tx, Txy — (T"z,T"z) =0

which leads to ((T*T — TT*)x,z) = 0 for every x € H. However, T*T — T'T* is self
adjoint, and so TT* = T*T and (b) implies (a).

Now suppose that (a) and (b) hold, then if A = 2= and B = 5= then
AB = BA by an easy calculation. On the other hand, if (c) holds then T'= A +ib
and T* = A — iB. Then TT* = (A + iB)(A — iB) = (A — iB)(A + iB) = T*T,
which is precisely (a). |

Definition. An operator U € B(#) is called unitary if it is an A isomorphism
with (Uz,Uy) = (z,y) for all x,y € H, or equivalently that U* = U~!.

Theorem. Let T € B(H,K). Then

(i) ker T = (ran T*)*
(i) (ker T)" =TanT*
(iii) ker T* = (ran T) "
(iv) (ker T*)" =TanT

Projections and Idempotents
Definition. An operator E € B(H) is said to be idempotent if E* = E.

If E is idempotent, then I — F is also idempotent. Furthermore, the range of £
is always closed, and ran [ — F = ker E. Common examples of idempotents are the

rank one operators Az = (z,y)x, usually written A = x ® y, where (z,y) = 1. In
this case, A%z = A(Az) = A((z,y)x) = (z,y) Az = (2, y)(z,y)x = Az.

One important property of idempotents is that ran E @ ker £ = H. The kernel
and the range may not be perpendicular, however. In such a case, we say that the
idempotent is a projection.

16
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Definition. An elements P € B(#) is called a projection if it is idempotent and
ran E = (ker E)".

Proposition. Let E be a nonzero idempotent. Then the following are equivalent.

(1) E is a projection.

(i) E is the orthogonal projection onto the range of E.
(i) | E|l =1

(iv) E is self adjoint.

(v) E is normal.

(vi) E is positive, such that (Ex,z) > 0 for all x € H.

Direct Sums

Recall that if {e,}, is an orthonormal basis for a Hilbert space, then we had an
idea of what it meant to have >__ [(z, e,)|?. If H and K are two Hilbert spaces, then
we would like to be able to define their direct sum H & K = {(z,y) : * € H,y €
K}. An appropriate inner product on such a space would be ((x1,y1), (z2,y2)) =

(@1, w22 + (Y1, 2, )i, since we get [[(z, y)1” = ||=[l3; + [ylk-

For an arbitrarily indexed collection of Hilbert spaces {H}o, we can similarly
define ) @H,, called the external direct sum. Similarly, if M, N C H are sub-
spaces such that M L N and M@ N = H, then we say that M &N is an internal
direct sum.

Consequently, whenever M C H is a closed subspace, we have the decomposi-
tion H = M @ M=*. If A is a bounded operator on H, it is often useful to express

‘H in this way so we can write
X Y
=2 w)

where the decomposition means that A = Py APy + Py APy + Py APy +
Py APy =X+ Z+Y + W. In fact, we also have that

. (X z
v (v w)

17
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Definition. Let M C H be a closed subspace, and let T" be a bounded linear
operator on ‘H. Then M is an invariant subspace for T if Tx € M for all x € M.
We say that M is in the lattice of T', written Lat(7"). Furthermore, we say that M
is a reducing subspace for T if both M and M* are invariant.

One of the largest open problems in functional analysis is the invariant subspace
problem: If H is a complex Hilbert space with dimension at least two, and if T is
some bounded operator on H, is there a nontrivial (not {0} or H) invariant subspace
for T'. If H is finite dimensional, then every nontrivial operator does indeed have
nontrivial invariant subspaces since eigenvectors are unavoidable.

The question also exists for Banach spaces, but has shown to be false for some
very strangely constructed counterexamples.

Theorem. Let M C H be a closed subspace, T a bounded operator on H, and
write P = Pnrq. Then the following are equivalent:

(i) M € Lat(T)

(ii) PTP = TP

(iii) We have the matriz form

X Y
(5 w)

Similarly, the following are also equivalent.

(1) M is reducing for T

(ii) TP = PT
(i1i)) We have the matriz form

(iv) M € Lat(T) N Lat(T*)
For example, consider the bilateral shift M. : L?(T) — L?*(T) given by (M, f)(e') =
e f(e). The operator is in fact unitary, since (Mou)* = M -« = (Ma:)~'. Then

we have the following result.

Theorem (Wiener). A subspace M is a reducing subspace for M if and only if
M = xgL?*(T) for some measurable E C T.

Lemma. Let ¢ : T — C be measurable. Then M, is bounded on L*(T) if and only
if o € L®(T), in which case || M| = ||¢]]co-

18
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Compact Operators

Definition. Let X and Y be Banach spaces with A : X — Y linear. We say that
A is compact if, setting X; = {z € X : ||z|| < 1}, we have that AX; is compact in
Y. Not that if A is compact, it must also be bounded.

It should be fairly apparent that if A and B are compact operators, then c A+3B
is also compact. Consequently, the compact operators form a vector space, called
By(X,Y). It is also true that By(X,Y) is norm closed inside of B(X,Y).

Definition. A set S C X in a metric space is called totally bounded if for any
€ > 0 there exists z1,...,z, € X such that S C | JI_, B(;,€).

Note that the property of being compact is equivalent to being complete and
totally bounded. Additionally, S is compact if and only if S is totally bounded.

Theorem. If S is totally bounded, then for all ¢ > 0 there exists yi,...,y, € S
such that S C U}, B(yi, €).

Lemma. Let T,, € By(E,F) for some Banach spaces € and F. Then if T,, — T
converges in the norm, then T € By(E, F).

Proof. Let € > 0. Choose n such that ||T"— T,|| < £. Since T,, is compact and,
T,&; is totally bounded, hence there exists x1,...,z, € & such that T,,&; C
UZ’;I B (T i, g) We would like to show that T&; is also contained in this union.

wlm

Let x € &, then there exists x; such that T,z € B (Tn:ci, g) Then [|Tx—T,z;|| <
T2 — Thx|| + [|[Tor — Toas|| < T = Tollllz]| +§ < 5+ 5 <e [ |

Definition. We say that a bounded linear operator 7' : £ — F is a finite rank
operator if the rank of T is finite dimensional. We denote these operators by
Boo(E,F) C By(E, F).

Let H and K be Hilbert spaces, with T' € Byo(H, K). Write H = ker T'® (ker T')*,
so that T : (ker T)* — ranT is injective. Now let {e;}?_, be a finite orthonormal
basis for (ker T)*. Let & € H, then we write 2y ,_,(z,ex)er +y where y € ker T,
and so
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n n

Tx Z(:{:, er)Ter = Z(Tek ® eg)(x)

k=1 k=1

Consequently, we have the expression T'= Y, ) ® yx, and it van be verified that

Lemma. Let T € By(H,K), then ranT is separable.

Corollary. Any polynomial combination of an element T € Byo(H,K) between
Hilbert spaces is also in Boo(H, K), and Boo(H, K) is dense in By(H, K).

Corollary. Let T € B(H,K) be a bounded linear operator between Hilbert spaces.
Then the following are equivalent:

(1) T is compact.
(1) T* is compact.
(i1i) There exists a sequence of finite rank operators T,, that converge to T in the
norm.

Note that the property that compact operators can be approximated by finite
rank operators may not be true in a general Banach space setting.

Let T be a bounded linear operator on a Banach space. If A € C and z is
a nonzero element, then if Tox = Ax we say that A is an eigenvalue of 7. This is
equivalent to saying that ker(7'— \) # 0 (here we use T'— X to indicate the operator
T — A). We define 0,(T'), the pointwise spectrum of 7', to be the subset of C of
eigenvalues of T'. The more general spectrum o(7") of T is the subset of C such that
(T — X\)~* does not exist as a bounded operator.

Proposition. If T € By(H), and X € C\{0}, then the dimension of ker(T' — \) is
finite.

Proof. Let {e,} be an orthonormal basis for ker(T" — \), so that Te, = Ae,, for all
n. Then there exists a subsequence e,, such that Te,, — 2z € H, and so \e,, — z.
Then Te,, is Cauchy, but ||Te,, — Tey,||> = |Al*|len, — €n,[|* = 2|A|* which is not
going to zero. Therefore, the set e, must be finite. |
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Corollary. If T is a nonzero compact operator, then either A € o,(T), or A €
o,(T*), orelse (T —\)~' € B(H).

Definition. Let £ be a Banach space, with 7" € B(E). We define the resolvent set
of T, denoted p(T'), as the subset of C such that (T'— \)~! € B(E).

The spectrum of an operator can now be viewed as the compliment of the
resolvent, so that o(7") = C\p(7"). The point spectrum o,(7") is defined as {\ € C :
ker(7)) # (0)}, and the approximate point spectrum o,,(T") as {\ € C: Iz, || =
L (T — AN)z,|| — 0}. Clearly,

op(T) C 0ap(T) € o(T) = C\p(T)

Lemma. If A € B(E), and if there exists ¢ > 0 such that ||Az|| > c||z| for all
x € &, then ran A is closed.

Corollary. Let T € B(H), with H a Hilbert space. Then o,,(T) U o,(T*) = o(T).

Proposition. If ' € By(H), A € 0,(T) with X\ # 0, then the dimension of the
kernel of T — X 1s finite.

Lemma. Let T € By(H), A € C\{0}, then Ao, (T) if and only if X € 0ap(T).

Proof. If A\ € 0,(T) then X € 0,,(T). Alternatively, suppose that A € 0,,(T"). Then
there exists a sequence of elements x,, € ‘H such that ||x,|| = 1 and |[[(T—\)z,| — 0.
Since 1" is compact, there is a subsequence 7'z, which converges to some z € H.
However, this means that Az,, — z as well, and consequently |A| = ||z]| # 0. Then
(T'— XNz =Tz — Az = lim T'(Azy,, ) — Az = 0. Therefore, ker(T" — \) # (0), so
A e ay(T). |

Theorem. Let T € By(H) with A # 0. Then either A € o,(T) or A\ € 0,(T*), or
else (T — X\~ € B(H).

Proof. Suppose that A ¢ o,(T) and X ¢ 0,(T*). Then A ¢ 0,,(T) by the previous
theorem, and since o(T") = 0,,(T) U 0,(T*) it follows that A ¢ o(T"). Therefore,
A € p(T), so that (T — \)~! € B(H). [ |
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Lemma. Let T € B(H), and {Ao}taca C 0,(T). Assume that Ao # Ag for all
a # B3, and that if x, € ker(T — \,) with x, # 0 for all «, then {xy}aca is linearly
independent.

Proof. We want to show thatif ay,...,a, € Aand vy,...,7v, € F, then Z?Zl ViTa; =
0 implies that v; = 0. Fix some jy, and let

p(z) =[]z —ay) p(T) = || (T =)
j=1 j=1
J#jo J#Jo
0= p(T) Z VeLoy, = Tk ()‘Otk Aa])xak Yo H ()\ajo Aa]) Qjq
k=1 k=1 j=1 Jj=1
J#jo J#jo
which implies that ~;, = 0. |

Theorem. Let T € By(H). If A\, € 0,(T), Ay # Ay for n # m, then A, — 0.

Theorem (Spectral Theorem for Compact, Self Adjoint Operators). Let T €
Bo(H) be self adjoint, and let {\i, \a,...} be distinct eigenvalues of T. Let P,
be the projection of H onto the kernel of T'— \,. Then

(i) P,P,, =0 for all n # m.

(i) A\, € R for all n.

(ii1) T = 151 Mebx

Corollary. IfT is compact and self adjoint, then there exists an orthonormal basis
{en} forranT and p, € R such that T =737 - pnen @ ey,

Lemma. Let N be normal, A\, € 0,(N) with X # u. Then if Ne = Xe and
Nf=uf, thene L f.

Proof. |[(N* —@)fll = ||[(N — w)f| which implies that N*f = ff. Then (A —
/,L><6,f>:<)\€,f>—<6,ﬁf>:<N€,f>—<€,N*f>:0. u
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Lemma. If T is self adjoint, then \ € o,(T') implies that A\ € R. Furthermore, if
(Tx,z) >0 for all x € H, then X\ > 0.

Lemma. Let T be self adjoint and compact, then either £||T|| € o,(T).

Proof of Spectral Theorem. Let A\; = =%||T||, depending on what is in o,(T). If
T = 0 then A\; = 0 which is trivial, so assume not. Otherwise, assume A\; # 0. Then
ker(T'—\;) € LatT = LatT™*. If x € ker(T'— \y) then (T'— X\ )Tz =T(T — X\ )z =0,
so that ker(T" — A;) is a reducing subspace for 7. Then TP, = P/T, and T =
(P + PHT(P, + Pl) = PTP, + PLTP+ = A\ P, + PLTP-. This decomposition
can be continued, so that T" = A\ P; + Ao P + ..., and must either terminate or
continue in a countable fashion, where A\, — 0. If the steps are countable, then
T —> 7 MePrll = [Ans1] — 0, so that the sum converges in norm. [ |

Lemma. IfT is a bounded operator, then o(T) C {z € C: |z| < |T||}.

Proof. Let A € C such that |\| > ||T"||. Because of this, &ﬁi”l < lﬂ\fﬂﬁ — 0. Note
that 5 = — > ) 25 for [A] > |z].

Now define T, = — 377 5t T, with 70 = I. Then | Ty =T [| < 300y 1y s

so that T), is a Cauchy sequence. Then Ty (T —\) = /\NHTN“ +1,s0 ||[I=T,(T—
N = H v e AR || — 0, so that T'— X has a bounded inverse. Therefore, it follows

that A ¢ o(T). [
Lemma. Let T be self adjoint, then o(T) C

Proof. Recall that o(T) = 04,(T)Uo,(T*) = ( JUo,(T). We already know that
0,(T) C R, so it follows that o(T") = 0,,(T). [

Definition. For a bounded operator T', we define the spectral radius as r,(T) =
sup{|A| : A e o(T)}.

Theorem. If T is self adjoint, ||T| = ry(T).

Theorem (Spectral Mapping Theorem). Let p(t) be some polynomial in a variable
t, and let p(T') be the polynomial applied to a bounded operator T. Then pu € o(p(T'))
if and only if u € p(o(T)), which happens if and only if there exists some XA € o(T)
such that p = p(\).
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Operator Algebras

Definition. A Banach algebra A is a Banach space with a multiplication opera-
tor which transforms it into a ring, such that the multiplication of two elements
commutes with multiplication by scalars, and ||zy|| < ||z|||ly||. We say that a map
¢ : A — B between two Banach algebras is an algebra homomorphism if it is linear

and ¢(zy) = o(z)P(y).

Theorem. Let T' € B(H) be self adjoint. Then there is a unique algebra homomor-
phism phir : Cr(o(T)) — B(H) such that ¢r(1) = I and ¢r(g) =T for the identity
function g(t) = t. Furthermore, ¢r(f) is self adjoint for every f € Cr(o(T)), and
commutes with every bounded operator that commutes with T

Definition. Let T' be self adjoint, with Cgr(c(T)), then we write f(T') = o7 (f).

Lemma. Let X,Y be Banach spaces, D C X dense, and A : D — Y linear with
|Az|| < Cljz|| for all x € D. Then A has a unique extension to all of X.

As an aside from advanced calculus, if we have a function f : A — Y where
Y is a complete metric space, and f is continuous on a dense set A in a metric
space X, f may not have a continuous extension onto all of X. Take, for example,
A =(0,1] C [0,1] and f(z) = sin <. The necessary condition that we are missing
is that f is uniformly continuous. Although the above lemma looks like it may
be lacking this, the condition ||Az| < C||z|| actually implies both continuity and
uniform continuity.

Proof of Theorem. Let P be the real valued polynomials, which is dense in Cg(c(T"))
by Weierstrass. We define ¢r(p) = p(T) for p € P, making ¢ a linear map on the
dense set. Furthermore, ||¢7(p)|| = |[p(T)|| = ||pllsc,c(r)- Then by the lemma, ¢r
extends to Cr(o(T)) — B(H) uniquely, with [[¢7(f)|| < [|f|lec,o(r)- In fact, the
previous inequality is actually equality, by the continuity of ¢. The various other
properties (commuting with other operators, being a homomorphism) follow from
the approximation of elements in Cg(c(7")) by polynomials. [

Corollary. If S € B(H), S > 0, then S has a unique positive square root T' € B(H)
with T >0 and T? = S.
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Proof. 1t isn’t too difficult to show that S > 0 implies that o(S) C [0, ||S]|]. Now
define f(t) = vt with f € Cr(c(S)). Set T = ¢s(f) = +/S. Similarly, let g(t) = v/,
so that g = f and then

(Th,h) = (f(S)h, h) = (g*(S)h, h) = (g(S)h, g(S)h) = llg(S)A]* = 0

since the operator ¢(S) will be self adjoint. Furthermore, 7% = T and T? = f?(S)
S.
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