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Abstract. We continue the study of the effective content of K-theory for C∗-
algebras, with a focus on AF algebras. We show that from a c.e. presentation

of an AF algebra it is possible to compute a representation of the algebra as
an inductive limit of finite-dimensional algebras. Using this, and an analogous

result for dimension groups, we show that the computable K0 functor provides

a computable equivalence of categories between c.e. presentations of AF al-
gebras and c.e. presentations of unital (scaled) dimension groups, giving an

effective version of Elliott’s classification theorem. We use our results to de-

termine the complexity of the index set and isomorphism problems for various
classes of AF algebras.
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1. Introduction

In our previous work [9] with R. Miller, we initiated the effective study of K-
theory for C∗-algebras. More precisely, we established a computable functor which
associated, to each computably enumerable (c.e.) presentation A# of a C∗-algebra
A, a c.e. presentation K0(A

#) of its K0 group K0(A). In addition, this functor
maps computable ∗-homomorphisms to computable group homomorphisms. These
statements are made precise in Section 3.2.2 below. A similar such computable
functor was also defined for K1 as well. As a proof of concept, the special case of
the K0 functor restricted to uniformly hyperfinite (UHF) algebras was completely
analyzed.

In this paper, we broaden our scope and consider our computable K0 functor
restricted to the class of approximately finite-dimensional (AF) algebras, which
are the C∗-algebras isomorphic to those obtained as inductive limits of finite-
dimensional C∗-algebras. Every AF algebra A has K1(A) = 0, so the K-theory for
AF algebras is entirely focused on K0. Since AF algebras are stably finite, their K0

group has a natural ordering which renders it a (partially) ordered abelian group.
In addition, for a c.e. presentation A#, the positive cone of this group, which we
denote K0(A)+, is a c.e. set of the presentation K0(A

#); accordingly, we refer
to (K0(A

#),K0(A)+) as the ordered presented group of A#. The ordered abelian
groups that arise as ordered K0 groups of AF algebras are known as dimension
groups. By the Effros-Handelman-Shen Theorem, these are precisely the ordered
abelian groups isomorphic to an inductive limit of simplicial groups, that is, groups
of the form Zn with their canonical ordering. By distinguishing the image K0(1A)
of the unit of A in K0(A), one views K0(A) as a unital (or scaled) group, that is,
as an ordered abelian group with a distinguished order unit. Elliott’s classification
theorem [10] states that AF algebras are characterized, up to isomorphism, by their
unital orderedK0 groups. In fact, theK0 functor yields an equivalence of categories
between the category of AF algebras, with approximate unitary equivalence classes
of ∗-algebra homomorphisms as morphisms, and the category of unital dimension
groups, with order-unit preserving positive group homomorphisms as morphisms.

While K0 groups provide an algebraic representation of AF algebras, Bratteli
diagrams provide a combinatorial method of representing AF algebras, namely as
infinite multi-graphs arranged in a sequence of levels. Labeled Bratteli diagrams
assign numbers to the vertexes, and every AF algebra is completely described by a
labeled Bratteli diagram.

Our first overarching goal is to classify the c.e. presentations of AF algebras.
To this end, we introduce the concept of an AF certificate (defined in Section 2.3.5
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below). These essentially describe an AF algebra as a specific inductive limit of
finite dimensional algebras. Our first main result is the following.

Main Theorem 1. If a unital AF algebra has a c.e. presentation, then it also has
a computable AF certificate.

In classical mathematics, when an AF algebra is considered, a representation
of it as an inductive limit of finite-dimensional algebras is assumed. However,
a c.e. presentation of an AF algebra, which merely provides information about
the norm on a certain dense set, does not in and of itself readily provide such a
description. Rather, from the information provided by a c.e. presentation of an AF
algebra A, one must algorithmically discern the finite-dimensional ∗-subalgebras of
A (which are not the same as the finitely generated subalgebras). Locating these
∗-subalgebras turns out to be no mean feat, and as an intermediate step we go to
great lengths to first prove an effective version of Glimm’s Lemma (Theorem 6.1
below). We note that our proof of Main Theorem 1 is uniform in that it provides
an algorithm for producing AF certificates from c.e. presentations of AF algebras.

Our second main result, which will also contribute to our first overarching goal,
is an effective version of the Effros-Handelman-Shen Theorem referred to above.

Main Theorem 2. Suppose G# is a c.e. presentation of a dimension group.

(1) There is a c.e. presentation A# of an AF algebra so that the presented
ordered K0 group of A# is computably isomorphic to G#.

(2) If u is an order unit of G, then there is a c.e. presentation A# of a unital
AF algebra so that the presented unital ordered K0 group of A# is com-
putably isomorphic to (G, u)#.

Again, the proof is uniform. With these two results in hand, we then achieve
our goal of classifying the c.e. presentations of unital AF algebras.

Main Theorem 3 (Classification of computably presentable unital AF algebras).
Suppose A is a unital AF algebra. Then, the following are equivalent.

(1) A has a c.e. presentation.
(2) There is a computable inductive sequence of finite dimensional algebras

whose inductive limit is ∗-isomorphic to A and so that each bonding map
is unital.

(3) A is computably presentatable.
(4) The unital ordered K0 group of A is computably presentatable.
(5) A has a computably presentable labeled Bratteli diagram.

Once again, the proof is uniform. Our next overarching goal is to strengthen
this classification result by showing that computably isomorphic objects map to
computably isomorphic objects. This is the content of the following.

Main Theorem 4. Suppose A# and B# are c.e. presentations of unital AF
algebras. Then, the following are equivalent.

(1) A# is computably ∗-isomorphic to B#.
(2) The presented unital ordered K0 groups of A# and B# are computably

isomorphic.
(3) Every Bratteli diagram of a computable AF certificate of A# is computably

equivalent to every Brattelii diagram of a computable AF certificate of B#.
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Not surprisingly, the proof is uniform. Our results so far suggest that it should
be possible to demonstrate an effective version of Elliott’s equivalence of categories,
and in fact it is:

Main Theorem 5. The following categories are computably equivalent:

(1) The category of c.e. presentations of unital AF algebras.
(2) The category of c.e. presentations of unital dimension groups.

We formally define the terminology in this theorem in Section 11 below; for now
let us say that computable equivalence means the required functors and natural
isomorphisms can be computed. The proof is very much based on the uniformity
of the proofs of the prior theorems.

Our main theorems have several interesting consequences. For one, every c.e.
presentation of a unital AF algebra is computable (Corollary 7.3). Also, in con-
trast to UHF algebras, there is an AF algebra that is not computably categorical
(Corollary 10.3). We can use this observation to prove similar statements for di-
mension groups and Bratteli diagrams. Finally, we use our results to determine the
complexity of the index set and isomorphism problems for AF and UHF algebras.

This paper brings together material from several areas of mathematics: com-
putability theory, category theory, group theory, and the theory of C∗-algebras. In
order to make the presentation fairly self-contained and navigable, we have chosen
the following organization. We first cover background material from these areas;
this consists of information that is already in the literature but which we attempt
to organize and summarize so that the reader need not constantly consult an array
of other sources. We divide this coverage into two components: the background
from classical mathematics (Section 2) and from effective mathematics (Section 3).
The latter presents a picture of the computability theory of the topics covered in
the former with a parallel organization. We then attend to the development of
preliminary matters from classical and effective mathematics (Sections 4 and 5).
The Effective Glimm Lemma is proven in Section 6, and our main theorems are
proven in Sections 7 through 11. Section 12 contains our results on index sets

2. Background from classical mathematics

In this section, we summarize relevant background material from four subjects
which will be intertwined throughout the rest of this paper: inductive limits in
categories, ordered abelian groups, C∗-algebras, and Bratteli diagrams. We begin
with inductive limits as this topic supports much of our work with regards to the
second and third of these topics.

2.1. Inductive limits in categories. Inductive limits are ubiquitous in mathe-
matics by virtue of their ability to construct large objects from chains of smaller
ones. Here, we discuss how category theory provides a framework for unifying these
constructions so that one need not repeat definitions and arguments that are es-
sentially identical. Accordingly, we now assume C denotes a category with a zero
object.

Suppose that for each n ∈ N, An is an object of C and ϕn is a morphism from An

to An+1. The sequence (An, ϕn)n∈N is called an inductive sequence of C. Through
composition, these morphisms yield morphisms ϕn,n′ from An to An′ whenever
n′ > n. Additionally, we define ϕn,n to be the identity morphism of An, and when
ℓ < n, let ϕn,ℓ denote the zero morphism.
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Now suppose A is an object of C, and assume that for each n ∈ N, νn is a
morphism from An to A so that νn = νn+1 ◦ ϕn. We then refer to (A, (νn)n∈N)
as an inductive upper limit of (An, ϕn)n∈N. If (B, (µn)n∈N) is also an inductive
upper limit of (An, ϕn)n∈N, then a reduction of (A, (νn)n∈N) to (B, (µn)n∈N) is a
morphism λ from A to B so that λ◦νn = µn for all n ∈ N. We say that (A, (νn)n∈N)
is an inductive limit of (An, ϕn)n∈N if for every inductive upper limit (B, (µn)n∈N)
of (An, ϕn)n∈N, there is a unique reduction from (A, (νn)n∈N) to (B, (µn)n∈N). The
following is a fairly direct consequence of the definitions.

Proposition 2.1. Suppose (A, (νn)n∈N) and (B, (µn)n∈N) are inductive limits of
(An, ϕn)n∈N. Then the reduction from (A, (νn)n∈N) to (B, (µn)n∈N) is an isomor-
phism.

As a result of the previous proposition, one may then speak of the inductive limit
of an inductive sequence (when it exists).

2.2. Ordered abelian groups. We now move on to discussing the second of our
four topics, ordered abelian groups. Our goal here is to summarize the pertinent
concepts and results from the theory of ordered abelian groups. We refer the reader
to standard sources such as [18] for more comprehensive treatments.

2.2.1. Basic definitions and principles. Fix an abelian group G which we write
additively and whose identity element we denote 0G. Traditionally, the ordered
abelian groups studied by computability theorists are linearly ordered. However,
the investigation of AF algebras necessitates the consideration of partial orders that
are consistent with the group operation. The most direct way to establish such an
order on G is via a positive cone which is defined to be a subset P of G that satisfies
the following:

(1) P is closed under addition.
(2) P ∩ (−P ) = {0G}.
(3) P + (−P ) = G.

Suppose P is a positive cone of G. This positive cone defines a partial order ≤ on
G so that x ≤ y if and only if y − x ∈ P . Accordingly, we call the pair (G,P ) an
ordered abelian group.

We now set G = (G,P ); we may sometimes write G+ instead of P . Suppose
G′ = (G′, P ′) is an ordered abelian group. We say that a map ϕ is a homomorphism
from G to G′ if ϕ is a homomorphism from G to G′ (as groups) so that ϕ[P ] ⊆ P ′;
we may also say that ϕ is a positive morphism. The ordered abelian groups form
a category in which the morphisms are these homomorphisms. We refer to G as a
subgroup of G′ if G is a subgroup of G′ and P ⊆ P ′. If G is a subgroup of G′, and
if every element of G′ between g and g′ belongs to G whenever g and g′ belong to
G, then we say that G is convex.

A positive element u of G is called an order unit (or a scale) of G if for every
g ∈ G there exists a positive integer n so that −nu ≤ g ≤ nu. If u is an order unit
of G, then (G, u) is referred to as a unital ordered abelian group. When (G, u) and
(H, v) are unital ordered abelian groups, we say that a map ϕ is a homomorphism
from (G, u) to (H, v) if it is a homomorphism from G to H for which ϕ(u) = u′. The
unital ordered abelian groups form a category in which the morphisms are these
homomorphisms.
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The following principle will be very useful in our proof of Main Theorem 2. We
include a proof for the sake of completeness.

Lemma 2.2. Suppose u is a positive element of an ordered abelian group G. Then
u is an order unit of the convex subgroup of G that is generated by u.

Proof. Suppose G = (G,P ). Let H denote the convex subgroup of G that is gener-
ated by u. Set

H ′ =
⋃
n∈N

[−nu, nu].

Let H′ = (H ′, H ′ ∩ P ). It follows that H′ is a subgroup of G.
We claim that H′ is convex. To see this, let g, g′ ∈ H ′. Assume h ∈ G and g ≤

h ≤ g′. There exist n, n′ ∈ N so that −nu ≤ g ≤ nu and so that −n′u ≤ g′ ≤ n′u.
Thus, h ≤ n′u ≤ (n+n′)u and h ≥ −nu ≥ −(n+n′)u. Thus, H′ is convex. Hence,
H is a subgroup of H′ and the lemma is proven. □

2.2.2. Simplicial groups. Fix a positive integer n. There is a natural positive cone
on the group Zn, namely the set of all n-tuples of nonnegative integers. We denote
this positive cone by Zn

≥0, and we identify Zn with (Zn,Zn
≥0). These ordered groups

are referred to as simplicial and they are the building blocks for many of the ordered
groups we wish to consider.

We also establish a bit of notation. We let en1 , . . . , e
n
n denote the standard basis

elements of Zn and when h ∈ Zn and g = enj , we set πg(h) = h(j).

2.2.3. Inductive limits. It is fairly well-known that every inductive sequence of
abelian groups has an inductive limit; see the proof of Lemma 4.1 below. Simi-
larly, every inductive sequence in the category of ordered abelian groups has an
inductive limit; see, for example, [20, Proposition 6.2.6]. A similar argument es-
tablishes that every inductive sequence in the category of unital ordered abelian
groups has an inductive limit.

2.2.4. Dimension groups. We have now established sufficient material for a formal
discussion of dimension groups, which are treated extensively in [8] and in [18].
Fix an ordered abelian group G. A certificate of dimensionality of G is a sequence
(ns, ϕs, νs)s∈N, so that (G, (νs)s∈N) is an inductive limit of (Zns , ϕs)s∈N in the cat-
egory of ordered abelian groups. A dimension group is an ordered abelian group
that has a certificate of dimensionality.

The Shen property, which we define momentarily, is a key property of dimension
groups. The definition is based on the concept of a factoring of a homomoprhism,
which we define as follows. Suppose θ : Zn → G, ϕ : Zn → Zp, and θ′ : Zp → G
are group homomorphisms and let α ∈ ker(θ). We say that (ϕ, θ′) factors θ at α if
α ∈ ker(ϕ) and θ = θ′ ◦ ϕ.

Suppose G is an ordered abelian group. We then say that G has the Shen Property
if for every homomorphism θ : Zn → G and every α ∈ ker(θ), there is a pair of
ordered group homomorphisms ϕ : Zn → Zp and θ′ : Zp → G that factors θ at α.

We will need the following fact (see [8, Lemma 3.4.4]):

Proposition 2.3. Every dimension group has the Shen property.
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2.3. C∗-algebras. We now proceed to the third of our four background topics:
C∗-algebras. We assume the reader is familiar with the basic definitions and results
of the theory of C∗-algebras which can be found in [6]. We begin by reviewing
some additional general background information before proceeding to the more
specific topics of K-theory, matrix algebras, finite-dimensional algebras, and AF
algebras. We conclude this section with a collection of perturbation principles
which will be very useful in our proof of the Effective Glimm Lemma alluded to in
the introduction.

2.3.1. General background. If U is a subset of a metric space X, and if ϵ > 0, we
let B(U ; ϵ) = {p ∈ X : d(p, U) < ϵ}.

Let A be a C∗-algebra. If A is unital, we let 1A denote the unit of A. Let
Proj(A) denote the set of all projections of A. We note that, by the C∗-identity,
every element of Proj(A) has norm 0 or 1. We say that v ∈ A is a partial isometry
if v∗v ∈ Proj(A). Partial isometries will play a role in the perturbation principles
we discusss below and hence in the proof of the Effective Glimm Lemma.

One of the consequences of the C∗-identity is that every ∗-homomorphism of
C∗-algebras is 1-Lipschitz. This principle simplifies many arguments concerning
the computability of these maps.

When u ∈ A is unitary, we let Adu : A → A denote the map given by
Adu(a) = uau∗ for all a ∈ A. These maps will prove advantageous when clas-
sifying ∗-homomorphisms of finite-dimensional algebras.

An n×n array (ar,s)r,s of self-adjoint elements of A is an n×n system of matrix
units of A if ar,sar′,s′ = δs,r′ar,s′ for all r, s, r

′, s′ ∈ {1, . . . , n}. If A is unital, then
we call such a system unital if

∑
j aj,j = 1A. The construction of these systems

plays a key role in the computability theory of finite-dimensional algebras and AF
algebras.

Suppose B is a C∗-algebra. The direct sum A
⊕

B is also a C∗-algebra; in
particular, the norm is defined by ∥(a, b)∥ = max{∥a∥ , ∥b∥}. This algebra is also
denoted by A×B.

Assume ϕ and ψ are ∗-homomorphisms from A to B. We say that ϕ and ψ are
approximately unitarily equivalent if there is a sequence (un)n∈N of unitaries of B
so that (Adun

◦ϕ)n∈N converges pointwise to ψ. We will rely on this equivalence
relation when we discuss AF algebras as a category in the proof of Main Theorem
5.

2.3.2. K-theory. We now provide a quick synopsis of the fundamental principles
of K-theory which are expounded much more completely in [20]. The reader may
also consult our previous paper [9] for an explanation of just the definitions and
results we rely on here. To start, K-theory defines a functor K0 from the category
of C∗-algebras to the category of abelian groups. If A is a separable C∗-algebra,
then K0(A) is countable. If A is stably finite1, then K-theory also associates to
A a canonical positive cone of K0(A), which is denoted K0(A)+. If A, B are C∗-
algebras and ϕ is a ∗-homomorphism from A to B, then K0(ϕ) is a homomorphism
from K0(A) to K0(B); if, in addition, A and B are stably finite, then K0(φ) is an
ordered group homomorphism from (K0(A),K0(A)+) to (K0(B),K0(B)+). If A is
stably finite and unital, then (K0(A),K0(A)+) has an order unit; in fact, K-theory

1Due to its complexity, we demur from precisely defining ‘stably finite’; the curious reader may
find a definition in standard sources such as [20]. Suffice it to say, AF algebras are stably finite.
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associates A with a particular order unit of (K0(A),K0(A)+), which we denote by
K0(1A) (since it is in fact obtained from the unit of A). Furthermore, if A and
B are stably finite and unital, and if ϕ is a unital ∗-homormorphism from A to
B, then K0(ϕ)(K0(1A)) = K0(1B). Hence, we have a functor from the category of
stably finite unital C∗-algebras (in which the morphisms are assumed to be unital)
to the category of unital ordered abelian groups; we denote this functor by Ksc

0 (sc
stands for scaled as the triple consisting of an ordered abelian group together with
an order unit is often called a scaled group).

2.3.3. Matrix algebras. We now discuss matrix algebras, which are the building
blocks of AF algebras. Fix a positive integer n. Let Mn(C) denote the C∗-algebra
of n× n complex matrices, which is a C∗-algebra under the operator norm and in
which the involution is the adjoint operation.

Suppose that ℓ is also a positive integer. It is well-known that there is a nonzero
∗-homomorphism from Mn(C) to Mℓ(C) if and only if ℓ ≥ n (see, for example,
[6]). Suppose ℓ ≥ n. For k a positive integer for which kn ≤ ℓ define, for each
A ∈ Mn(C), En,ℓ,k(A) to be the ℓ × ℓ matrix obtained by repeating A k times
along the diagonal. It is well-known that if ψ : Mn(C) → Mℓ(C) is a nonzero
∗-homomorphism, then there is a unique positive integer k and a unitary U ∈
Mℓ(C) so that ψ(A) = AdU (En,ℓ,k(A)) (again, see [6]). The number k is called the
multiplicity of ψ.

We now discuss the K-theory of these algebras. To begin, there is a standard
isomorphism ζn from Ksc

0 (Mn(C)) to (Z, n) (that is, the ordered group Zn together
with the order unit n). If ϕ is a homomorphism from Ksc

0 (Mn(C)) to Ksc
0 (Mℓ(C)),

then there is a canonical homomorphism ηn,ℓ(ϕ) from (Z, n) to (Z, ℓ) so that ηn,ℓ(ϕ)◦
ζn = ζℓ ◦ ϕ.

2.3.4. Finite-dimensional C∗-algebras. We state the following well-known result as
a theorem for future reference; a proof can be found in standard resources such as
[6].

Theorem 2.4 (Classification of finite-dimensional algebras). A C∗-algebra A is
finite-dimensional if and only if there is a finite multiset F of positive integers so
that A is ∗-isomorphic to

⊕
n∈F Mn(C).

Suppose F is a finite multiset of positive integers and set B =
⊕

n∈F Mn(C).
When π is the projection map associated with a summand of B, we associate π
with an injection map ιπ : ran(π) → B so that π ◦ ιπ = Idran(π). In addition, we
ensure that π ◦ ιπ′ = 0 if π ̸= π′.

We now discuss the K-theory of finite-dimensional algebras. Let k = the car-
dinality of F . Then, by the properties of the K0 functor (see, e.g., [20, Section
3.2]), it is possible to construct from the isomorphisms and order units described in
Section 2.3.3 an order unit vF for Zk and a canonical isomorphism ζF from Ksc

0 (B)
to (Zk, vF ). Moreover, this construction provides a canonical bijective mapping ξF
from the projection maps of the summands of B to the generators of Zk.

Suppose F ′ is a finite multiset of positive integers and set C =
⊕

n∈F ′ Mn(C).
Let k′ = the cardinality of F ′. Suppose ϕ is a ∗-homomorphism from B to C. The
properties of the K0 functor allow one to construct, from the maps ηm,n described
in Section 2.3.3, a canonical homomorphism ηF,F ′(ϕ) from the ordered group Zk

to Zk′
so that ζF ′ ◦ ϕ = ηF,F ′(ϕ) ◦ ζF . In addition, the construction of ηF,F ′
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ensures that whenever π is the projection map for a summand of B and π′ is a
projection map for a summand of C, πξF ′ (π′)(ηF,F ′(ϕ)(ξF (π))) = the multiplicity
of π′ ◦ ϕ ◦ ιπ. It follows form the discussion in Section 2.3.3 that ηF,F ′(ϕ)(vF ) ≤
vF ′ and so K0(ϕ)(K0(1B)) ≤ K0(1C). Conversely, if γ : (K0(B),K0(B)+) →
(K0(C),K0(C)+) is a homomorphism and if γ(K0(1B)) ≤ K0(1C), then there is a
∗-homomorphism δ from A to B so that K0(δ) = γ.

2.3.5. AF algebras. We finally arrive at a formal treatment of AF algebras.

Definition 2.5. Suppose A is a C∗-algebra. An AF certificate of A is a sequence
(Fj , ψj)j∈N that satisfies the following:

(1) Each Fj is a finite multiset of positive integers.
(2) For each j ∈ N, ψj is a unital ∗-embedding of

⊕
n∈Fj

Mn(C) into A.

(3) For all j, ran(ψj) ⊆ ran(ψj+1).

(4) A =
⋃

j∈N ran(ψj).

A C∗-algebra is an AF algebra if it has an AF certificate. We remark that this
definition is not, but nevertheless is equivalent to, the standard definition of an
AF algebra as an inductive limit of finite-dimensional algebras. Our choice of this
definition is motivated by forthcoming computabilty considerations.

We can now state Elliott’s Theorem formally, a proof of which can be found in
[20].

Theorem 2.6 (Elliott’s Theorem). Suppose A and B are AF algebras. If Ksc
0 (A)

and Ksc
0 (B) are isomorphic, then A and B are ∗-isomorphic. Moreover, if α is

an isomorphism from Ksc
0 (A) to Ksc

0 (B), then there is a unital ∗-isomorphism
ϕ : A → B so that K0(ϕ) = α.

2.3.6. Some perturbation principles. The results in this section will support our
proof of the Effective Glimm Lemma. They generally have the flavor of saying that
if one or more elements of a C∗-algebra A are “sufficently close” to some closed ∗-
subalgebra B, then there is a small unitary u so that when the map Adu is applied
to these elements, one obtains elements of B that have certain desired relations to
each other. Our aim is to state these principles in such a way as to make precise
how close is “sufficiently close” and how to obtain the required unitaries. This level
of precision might not have much utility for purely classical considerations, but for
future computability developments it is essential. Our source for these results is
[21].

We begin with the following, which is essentially [21, Lemma 8.4.1].

Lemma 2.7. Let A be a unital C∗-algebra. Assume b ∈ A is self-adjoint and
p ∈ B(b; 1/2)∩Proj(A). Then, there exists q ∈ Proj(A)∩C∗({b}) so that ∥q − b∥ ≤
2 ∥p− b∥. Moreover, p and q are equivalent.

Define δ0 : (0, 1)× (N \ {0}) → (0,∞) by recursion as follows:

δ0(ϵ, 1) := min{ϵ/2, 1/2}
δ0(ϵ, n+ 1) := min{4−1ϵ(n+ 1)−1, δ0(12

−1ϵ(n+ 1)−2, n), 1}

The following is very similar to [21, Lemma 8.4.2], and our proof is based on the
proof therein.
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Lemma 2.8. Let A be a unital C∗-algebra, and assume B is a closed ∗-subalgebra of
A. Suppose p1, . . . , pn are mutually orthogonal projections of A so that maxj d(pj ,B) <
δ0(ϵ, n). Then, B contains mutually orthogonal projections q1, . . . qn so that
maxj ∥pj − qj∥ < ϵ. Furthermore, if

∑
j pj = 1A, then

∑
j qj = 1A.

Proof. We proceed by induction. Suppose n = 1. Choose b ∈ B so that ∥p1 − b∥ <
δ0(ϵ, 1). Since p1 is a projection,

∥∥p1 − 1
2 (b

∗ + b)
∥∥ ≤ ∥p1 − b∥. So, we can simply

apply Lemma 2.7 and if 1A ∈ B, we just set p1 = 1A.
Suppose n > 1, and set δ = δ0(ϵ, n). For each j ∈ {1, . . . , n}, choose bj ∈ B

so that ∥pj − bj∥ < δ. By definition, δ ≥ δ0(ϵ/(12n
2), n − 1). Thus, by way of

induction, there exist mutually orthogonal projections q1, . . . , qn−1 ∈ B so that

maxj<n ∥pj − qj∥ < ϵ/(12n2). Set p =
∑n−1

j=1 pj , and set q =
∑n−1

j=1 qj . We first

estimate ∥pn − (1A − q)bn(1A − q)∥ as follows. We first note that

∥pn − (1A − q)bn(1A − q)∥ = ∥(1A − p)pn(1A − p)− (1A − q)bn(1A − q)∥

Set

E1 = ∥(1A − p)pn(1A − p)− (1A − q)pn(1A − p)∥
E2 = ∥(1A − q)pn(1A − p)− (1A − q)bn(1A − p)∥
E3 = ∥(1A − q)bn(1A − p)− (1A − q)bn(1A − q)∥

By the Triangle Inequality,

∥(1A − p)pn(1A − p)− (1A − q)bn(1A − q)∥ ≤ E1 + E2 + E3.

However, by factoring out pn(1A − p), we see that E1 ≤ ∥p− q∥ < ϵ/(12n). Simi-
larly, by factoring out 1A− q and 1A− p, we see that E2 ≤ ∥pn − bn∥ < δ. Finally,
by factoring out ∥(1A − q)bn∥, we obtain that

E3 ≤ ∥bn∥ ∥p− q∥ ≤ (∥pn − bn∥+ ∥pn∥) ∥p− q∥ < 2 ∥p− q∥ .

Hence, we now have that

∥pn − (1A − q)bn(1A − q)∥ ≤ 3 ∥p− q∥+ δ

< (ϵ/(4n)) + δ

< ϵ/(2n).

In addition, since pn, p, q are projections, we now have that∥∥∥∥pn − (1A − q)
bn + b∗n

2
(1A − q)

∥∥∥∥ < ϵ/(2n).

Therefore, by Lemma 2.7, there is a projection qn ∈ (1A−q)B(1A−q)∩B(pn; ϵ/n).
It follows that qnqj = qjqn = 0 when j < n.

Suppose
∑

j pj = 1A. It then follows that
∥∥∥1A −

∑
j qj

∥∥∥ < ϵ < 1. Since

q1, . . . , qn are mutually orthogonal,
∑

j qj is a projection. Therefore 1A −
∑

j qj is

a projection. Hence, 1A =
∑

j qj . □

Define δ1 : (0, 1)× (N \ {0}) → (0, 1) by recursion as follows:

δ1(ϵ, 1) :=
1

2

δ1(ϵ, n+ 1) := min{3−1, ϵ(48n)−1, δ1(ϵ(48n)
−1, n)}.
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The following is similar to [21, Lemma 8.4.4], the only difference being our “δ
function” is defined somewhat differently for the sake of future developments.

Lemma 2.9. Let A be a unital C∗-algebra, and suppose p1, . . . , pn are projections
of A so that maxi ̸=j ∥pipj∥ < δ1(ϵ, n). Then, there exist mutually orthogonal pro-
jections q1, . . . , qn of A so that maxj ∥pj − qj∥ < ϵ.

Proof. We proceed by induction. The case n = 1 is vacuous. So, suppose n is a
positive integer, and let p1, . . . , pn+1 be projections of A so that maxi̸=j ∥pipj∥ <
δ1(ϵ, n + 1). By way of induction, there exist mutually orthogonal projections
q1, . . . , qn of A so that maxj≤n ∥qj − pj∥ < ϵ/(48n). Set q =

∑
j qj . Thus, q ∈

Proj(A). We estimate ∥pn+1 − (1A − q)pn+1(1A − q)∥ as follows.

∥pn+1 − (1A − q)pn+1(1A − q)∥ = ∥qpn+1 − qpn+1q + pn+1q∥
≤ 3 ∥qpn+1∥

< 3

 n∑
j=1

∥pjpn+1∥+ ϵ/(48n)


< 3(ϵ/48 + ϵ/48)

< ϵ/8.

By Lemma 2.7, there is a projection qn+1 ∈ (1A−q)A(1A−q) so that ∥qn+1 − pn+1∥ <
ϵ. It follows from direct computation that qn+1qj = qjqn+1 = 0 when j ≤ n. □

For all ϵ ∈ (0, 1) and every positive integer n, set

δ2(ϵ, n) = min{5−1, ϵ(8− 5ϵ), δ1(ϵ, n)}.

The following is essentially [21, Lemma 8.4.7], and there is very little difference in
the proof which we therefore choose to omit.

Lemma 2.10. Suppose A is a unital C∗-algebra and suppose B is a closed ∗-
subalgebra of A. Assume (ei,j)i,j is an n × n system of matrix units of A so that
maxi,j d(ei,j ,B) < δ2(ϵ, n). Then, there is an n× n system of matrix units (fi,j)i,j
of B so that maxi,j ∥ei,j − fi,j∥ < ϵ. In addition, if 1A ∈ B, and if

∑
i ei,i = 1A,

then
∑

i fi,i = 1A.

2.4. Bratteli diagrams. We now arrive at our final background topic: Bratteli
diagrams. Bratteli diagrams were introduced in [2], and they provide a combinato-
rial way to visualize the structure of AF algebras. They also provide a visualization
of the structure of dimension groups [8]. Our goal here is to provide a definition of
this concept and to explain the association of Bratteli diagrams with AF algebras
by means of AF certificates. We also discuss the relation between these diagrams
and dimension groups.

2.4.1. Fundamental definitions.

Definition 2.11. A Bratteli diagram consists of a set V of vertices, a level function
L : V → N, and an edge function E : V × V → N that satisfy the following:

(1) For all u, v ∈ V , if E(u, v) > 0, then L(v) = L(u) + 1.
(2) For each n ∈ N, L−1[{n}] is finite.
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When D is a Bratteli diagram, let VD denote its vertex set, ED its edge function,
and LD its level function. We refer to L−1

D [{n}] as the n-th level of D. We conceive
of a Bratteli diagram as representing a multigraph where the edge function counts
the number of edges between two vertexes; there is no need to formally represent
the edges themselves. Bratteli diagrams provide most of the information required
to represent an AF algebra. To give a complete representation, one considers la-
belings, which we define as follows. In the case of AF algebras, these will assist in
representing the dimensions of the summands, and in the case of unital dimension
groups they will describe the order units.

Definition 2.12.

(1) A labeling of a Bratteli diagram D is a function Λ : VD → N.
(2) A labeled Bratteli diagram consists of a Bratteli diagram D and a labelling

of D.

We regard a labeled Bratteli diagram as a kind of Bratteli diagram. When D is
a labeled Bratteli diagram, let ΛD denote its labeling.

There is an obvious notion of isomorphism for Bratteli diagrams (labeled and
unlabeled) which is often too restrictive. The definition of a more useful equivalence
relation requires the following.

Definition 2.13. Let D be a Bratteli diagram. For all u, v ∈ VD, let

PD(u, v) =


0 LD(u) ≥ LD(v)

E(u, v) LD(v) = LD(u) + 1∑
w∈L−1

D [{L(u)+1}]E(u,w)PD(w, v) LD(v) > LD(u) + 1

Informally speaking, PD(u, v) counts the number of paths from u to v in D. By
means of this path-counting function we introduce the concept of a telescoping.

Definition 2.14. Suppose D and D′ are Bratteli diagrams. We say that D is
a telescoping of D′ if there is an increasing sequence (nk)k∈N of integers so that
n0 = 0, L−1

D [{k}] = L−1
D′ [{nk}], and ED(u, v) = PD′(u, v). If D and D′ are labelled,

then we also require that ΛD(v) = ΛD′(v).

We say that two Bratteli diagrams D and D′ are equivalent if there is a sequence
D0 = D, . . ., Dn = D′ so that for each j < n, Dj and Dj+1 are isomorphic or one
is a telescoping of the other.

2.4.2. Bratteli diagrams of AF algebras. We now give a formal definition of the
relationship between Bratteli diagrams and AF algebras by means of AF certificates.
We start with the Bratteli diagram of an inductive sequence of finite-dimensional
algebras.

Definition 2.15. Suppose (
⊕

n∈Fk
Mn(C), ψk)k∈N is an inductive sequence of

finite-dimensional C∗-algebras. We define the standard labeled Bratteli diagram
of (

⊕
n∈Fk

Mn(C), ψk)k∈N as follows:

(1) The vertices are the pairs of the form (k, π), where π is the projection map
of a summand of

⊕
n∈Fk

Mn(C).
(2) The edge function is defined by defining E((k, π), (k + 1, π′)) to be the

multiplicity of π′ ◦ ψk ◦ ιπ.
(3) The level function is defined by setting L(k, π) = k.

(4) The labeling function is defined by defining Λ(k, π) to be
√
dim(dom(π)).
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We say that a labeled Bratteli diagramD is a Bratteli diagram of (
⊕

n∈Fk
Mn(C), ψk)k∈N

if it is isomorphic to the standard Bratteli diagram of this inductive sequence.

Now let D be a Bratteli diagram. We define D to be a Bratteli diagram of
an AF certificate (Fs, ϕs)s∈N if it is a Bratteli diagram of the inductive sequence
(
⊕

n∈Fk
Mn(C), ϕ−1

k+1 ◦ ϕk)k∈N. Then we define D to be a Bratteli diagram of A if
it is a Bratteli diagram of an AF certificate of A.

2.4.3. Bratteli diagrams of inductive sequences of simplicial groups. In the proof
of Main Theorem 4, it will be useful to have a notion of a labeled Bratteli dia-
gram of an inductive sequence of unital simplicial groups. Given such a sequence
((Zns , us), ϕs)s∈N, we define its standard Bratteli diagram as follows:

(1) The vertex set is {(s, ens
j ) : s ∈ N and j ∈ {1, . . . , ns}}.

(2) We define the level function by setting L(s, g) = s.
(3) We define the edge function by setting E((s, g), (s+ 1, g′)) = πg′(ϕs(g)).
(4) Finally, we define the labeling function by setting Λ(s, ens

j ) = us(j).

We then say that a Bratteli diagram D is a Bratteli diagram of ((Zns , us), ϕs)s∈N
if it is isomorphic to the standard Bratteli diagram of this inductive sequence.

This completes our picture of the classical material to be considered in this paper.
We now discuss its computability theory.

3. Background from effective (computable) mathematics

Our goal in this section is to summarize relevant prior work from the computabil-
ity theory of groups and C∗algebras. We assume knowledge of the fundamentals of
computability theory as expounded in [5].

3.1. Algorithmic group theory. The objective of this section is to review the
concepts of group presentation and associated computable maps, c.e. sets, and
computable sets. We follow the framework that we used in [9].

Fix a countably infinite set X = {x0, x1, . . .} of indeterminates and let Fω de-
note the free group generated by X. We implicitly view Fω as equipped with a
computable bijection with N, so that it makes sense to speak of, for example, c.e.
and computable subsets of Fω.

Fix a group G, and assume ν is an epimorphism from Fω onto G. The pair (G, ν)
is called a presentation of G. Set G# = (G, ν). If w ∈ Fω and ν(w) = a, then we
call w an G# label of a. The kernel of G# is the kernel of ν.

Some groups admit “standard presentations”. For example, we always view
the group Zn as equipped with its standard presentation induced by the labeling
ν : Fω → Zn given by sending the first n elements of X to the standard generators
of Zn and mapping the remaining elements of X to the identity in Zn. In the
sequel, we identify groups which admit standard presentations with said standard
presentation.

Suppose G# is a presentation of a group. We say that G# is c.e. (resp. com-
putable) if its kernel is a c.e. (resp. computable) subset of Fω. We remark that the
class of computably presentable groups is closed under isomorphism as is the class
of groups with c.e. presentations.

Suppose S ⊆ G. We say that S is a computable (resp. c.e.) set of G# if the set
of all G# labels of elements of S is computable (resp. c.e.). If S is a c.e. set of
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G#, then we say e ∈ N is a G# index of S if e is a code of a Turing machine that
enumerates all G# labels of elements of S.

Suppose H# is a group presentation. A map ϕ : G → H is a computable map
from G# to H# if there is an algorithm that, given a G# label of g ∈ G, computes
an H# label of ϕ(g). A (G#, H#) index of ϕ is an index of such an algorithm.

The following simple observation will streamline our discussion of the com-
putability theory of dimension groups.

Proposition 3.1. If G# is a group presentation, then every homomorphism from
the abelian group Zn to G is a computable map from Zn to G#.

Proof sketch. Such a map is completely described by G# labels of its values on the
standard basis for Zn. □

3.2. C∗-algebras.

3.2.1. Basic background. We recall the setting for studying C∗-algebras from the
perspective of computability theory. Much of this basic material is taken from our
earlier work [9]. The reader seeking more details on this background material may
also consult [12] and [14].

Definition 3.2. Let A be a C∗-algebra. A presentation of A is a sequence
(a0, a1, . . .) of points in A such that the *-subalgebra of A generated by {ai : i ∈ N}
is dense in A. The points a0, a1, . . . are called the special points of the presentation,
while the points of the form p(a0, . . . , an), where p(x0, . . . , xn) is a ∗-polynomial
with coefficients from Q(i) (as n varies), are called the generated points of the
presentation. We typically denote a presentation of A by A# or A†.

In earlier work, such as [4] and [9], the generated points of a presentation are
referred to as rational points; we now prefer to use the term generated points,
following the convention established in [14].

By standard techniques (see, for example, [4, Section 2]), we can obtain an
effective (but typically non-injective) list of the generated points of a presentation
of a C∗-algebra. When we say, for example, that an algorithm takes a generated
point q of A# as input, we really mean that we have fixed an effective list (qi)i∈N of
generated points of A# and the algorithm takes input an index i for which q = qi.

By the Church-Turing thesis, every algorithm can be represented as a Turing
machine. An index (or code) of an algorithm is a natural number that codes a
representation of the algorithm as a Turing machine.

There is a natural notion of a (finite) product of presentations. When we have
a presentation A# of A, if we need a presentation on An we use this product
presentation, though the specific details of its construction will not be crucial for
us. See [9, Subsection 1.1] for details.

Definition 3.3. Fix a presentation A#.

(1) A# is computable if there is an algorithm that, given a generated point q
and a k ∈ N, outputs a rational number r such that |∥q∥ − r| < 2−k; an
index of such an algorithm is an index of A#.

(2) A# is (right) c.e. if there is an algorithm that, given a generated point q,
enumerates a decreasing sequence (rn)n∈N of rational numbers such that
limn→∞ rn = ∥q∥; an index of such an algorithm is called a (right) c.e.
index of A#.
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There is a corresponding notion of left c.e. presentation, but we will not make
use of it here.

With each presentation of A, there is an associated class of computable points.
These are defined as follows.

Definition 3.4. An element a ∈ A is a computable point of A# if there is an
algorithm such that, given k ∈ N, returns a generated point b of A# such that
∥a− b∥ < 2−k; an index of such an algorithm is a A#-index for a.

In other words, a computable point of A# is one that can be effectively approx-
imated by generated points of A# with arbitrarily good precision.

We remark that the class of computably presentable C∗-algebras is closed under
∗-isomorphism, that is, if A is a computably presentable C∗-algebra and B is ∗-
isomorphic to A, then B is computably presentable. The same principle holds for
the class of C∗-algebras that have c.e. presentations.

A rational open ball of a presentation A# is an open ball in A that is centred
at a generated point of A# and has rational radius. Each rational open ball of A#

has a code consisting of the radius and a code for the centre of the ball. If C ⊆ A is
closed, we say that C is a c.e.-closed subset of A# if the set of all (codes for) open
rational balls of A# that intersect C is c.e. If U ⊆ A is open, we say that U is a
c.e.-open set of A# if there is a c.e. set S of rational open balls so that U =

⋃
S.

By an index of a c.e.-open set we mean an index for the c.e. set of open balls
whose union comprises the set; the index of a c.e.-closed set is defined analogously.

The following is [9, Lemma 1.10]:

Lemma 3.5. Suppose that A# is a c.e. presentation. Further suppose that U is a
c.e.-open subset of A# and C is a c.e.-closed subset of A# such that U ∩ C ̸= ∅.
Then U ∩ C contains a computable point. Moreover, an index of this computable
point can be computed from indexes of U and C.

The following is folklore and is a simple consequence of the pertinent definitions.

Proposition 3.6. Suppose A# and B# are c.e. presentations of C∗-algebras, and
let U be a c.e. open set of B#. If f is a computable map from A# to B#, then
f−1[U ] is a c.e. open set of A#. Moreover, it is possible to compute an A# index
of f−1[U ] from a B# index of U and an (A#,B#) index of f .

Suppose A# is a c.e. presentation of a stably finite unital C∗-algebra. In [9], it
is shown that 1A is a computable point of A#. We say that e ∈ N is a unital index
of A# if e is a code of a pair (e0, e1) that consists of an index of A# and an A#

index of 1A. Our motivation for introducing such indexes is that even for the class
of stably finite unital C∗-algebras, an A#-index of 1A may not be computable from
an index of A#; see [19].

We now discuss prior developments regarding the computability of K-theory.

3.2.2. K-theory. In [9], it is shown that there is a computable functor from the
category of c.e. presentations of unital C∗-algebras (where the morphisms are
computable unital ∗-morphisms) to the category of c.e. presentations of abelian
groups. This functor is denoted K0. The functor is computable in the sense that
it is possible to compute an index of K0(A

#) from an index of A#. and from an
(A#,B#) index of a computable ∗-homomorphism ϕ, it is possible to compute a
(K0(A

#),K0(B
#))-index of K0(ϕ).
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The application of computable K-theory to UHF algebras relied heavily on the
concept of computable weak stability, which will also support our proof of the
Effective Glimm Lemma. Hence, it is our next topic for review.

3.2.3. Computable weak stability. The concept of computable weak stability was
introduced by Fox, Goldbring, and Hart [13] based on the corresponding notion of
weak stability in continuous model theory, which was introduced in [11]. In [9],
we presented computable weak stability in a way that illuminated its connection
with c.e. closedness. For the sake of referencing some of its details, we recall this
definition now.

Definition 3.7. Suppose that x⃗ = (x1, . . . , xN ) is a tuple of variables, C1, . . . , CN ∈
N, and p1(x⃗), . . . , pM (x⃗) are rational ∗-polynomials. Consider the set of relations

R = {pi(x⃗) = 0 : i = 1, . . . ,M} ∪ {∥xj∥ ≤ Cj : j = 1, . . . , N}
.

(1) For a C∗-algebra B and w1, . . . , wN ∈ B, let RB denote the quantity

max({∥pj(w⃗)∥ : j ∈ {1, . . . ,M}} ∪ {∥wj∥ − Cj : j ∈ {1, . . . , N}}
and write B |= R(w⃗) if pj(w⃗) = 0 for all j ∈ {1, . . . ,M} and ∥wj∥ ≤ Cj for
all j ∈ {1, . . . , N}.

(2) A function g : N → N is a modulus of weak stability for R provided that, for
every k ∈ N, every C∗-algebra B, and every w1, . . . , wN ∈ B, if RB(w⃗) <
2−g(k), then there exists z1, . . . , zN ∈ B so that maxj ∥wj − zj∥ < 2−k and
B |= R(z⃗).

(3) We say that R is weakly stable if it has a modulus of weak stability and
computably weakly stable if it has a computable modulus of weak stability.

In [9, Theorem 1.12] we showed that computably weakly stable relations define
c.e. closed sets in c.e. presentations of C∗-algebras.

We have now completed our description of relevant prior developments in clas-
sical and computable mathematics. We now attend to some purely prelminary
matters in these realms which will support our main efforts later.

4. Preliminaries from classical mathematics

4.1. Ordered abelian groups.

4.1.1. Inductive limits. Our goal here is to arrive at a more concrete understanding
of inductive limits of ordered abelian groups which will be valuable when developing
their computability theory. We begin with abelian groups.

Lemma 4.1. Suppose (Gs, ϕs)s∈N is an inductive sequence of abelian groups and
let (G, (νs)s∈N) be an inductive limit of (Gs, ϕs)s∈N. Then:

(1) G =
⋃

s∈N ran(νs).
(2) For each s ∈ N, ker(νs) =

⋃
k∈N ker(ϕs,s+k).

Proof sketch. We first review a standard construction of an inductive limit of (Gs, ϕs)s∈N.
For each s ∈ N, let ρs : Gs →

∏
nGn be the homomorphism defined by setting

ρs(a) = (ϕs,n(a))n∈N. When f, g ∈
∏

nGn, write f ∼ g if there exists k ∈ N so that
f(k+n) = g(k+n) for all n ∈ N. Thus, ∼ is a congruence relation on

∏
nGn. Let

π :
∏

nGn →
∏

nGn/ ∼ denote the canonical epimorphism, and set µs = π ◦ ρs for
all s ∈ N.
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DefineH to be
⋃

s∈N ran(µs). By construction, ran(µs) ⊆ ran(µs+1). Hence,H is
an abelian group. It is well-known, and easy to verify, that (H, (µn)n∈N) is an induc-
tive limit of (Gs, ϕs)s∈N. Furthermore, for each s ∈ N, ker(µs) =

⋃
k∈N ker(ϕs,s+k).

Let λ be the reduction of (G, (νs)s∈N) to (H, (µs)s∈N). By Proposition 2.1, λ is
an isomorphism. Since (H, (µs)s∈N) satisfies (1) and (2), it follows that (G, (νs)s∈N)
does as well. □

We now proceed to describe inductive limits of ordered abelian groups.

Lemma 4.2. Suppose (Gs, ϕs)s∈N is an inductive sequence of ordered abelian groups.
Assume (G, (νs)s∈N) is an inductive upper limit of (Gs, ϕs)s∈N. Then (G, (νs)s∈N)
is an inductive limit of (Gs, ϕs)s∈N if and only if it satisfies the following:

(1) G+ =
⋃

s∈N νs[G+
s ].

(2) For each s ∈ N, ker(νs) =
⋃

k∈N ker(ϕs,s+k).

Proof. Assume G = (G,P ) and Gs = (Gs, Ps) for all s ∈ N. Let (H, (µs)s∈N) be
an inductive limit of (Gs, ϕs)s∈N, and let λ be the reduction of (H, (µs)s∈N) to
(G, (νs))s∈N. Let P ′ =

⋃
s∈N µs[Ps] and set H = (H,P ′). By [20, Proposition

6.2.6], (H, (µs)s∈N) is an inductive limit of (Gs, ϕs)s∈N. It also follows that λ is
positive and so λ is the reduction of (H, (µs)s∈N) to (G, (νs)s∈N). Furthermore, by
construction, H+ =

⋃
s µs[G+

s ], and by Lemma 4.1, ker(µs) =
⋃

k∈N ker(ϕs,s+k) for
all s ∈ N.

Suppose (G, (νs)s∈N) is an inductive limit of (Gs, ϕs)s∈N. Then λ is an isomor-
phism. Since (H, (µs)s∈N) satisfies (1) and (2), it follows that (G, (νs)s∈N) does as
well.

Finally, suppose (G, (νs)s∈N) satisfies (1) and (2). It follows from (1) that λ is
surjective. Let h ∈ ker(λ). Then, there exists s and g ∈ Gs so that µs(g) = h.
Hence, g ∈ ker(νs), and so there exists k ∈ N so that g ∈ ker(ϕs,s+k). Thus,
h = µs+k(ϕs,s+k(g)) = 0G, and so λ is an isomorphism. Hence, (G, (νs)s∈N) is an
inductive limit of (Gs, ϕs)s∈N. □

4.1.2. Unital dimension groups. Unital dimension groups are central to the K-
theory of unital AF algebras, and accordingly we elaborate on our definition of
certificate of dimensionality as follows.

Definition 4.3. Suppose (G, u) is a unital dimension group. We say that (ns, usνs, ϕs)s∈N
is a unital certificate of dimensionality of (G, u) if us is an order unit of Zns and if
((G, u), (νs)s∈N) is an inductive limit of ((Zns , us), ϕs)s∈N in the category of unital
ordered abelian groups.

These certificates will form the backbone of our proof of Main Theorem 2.

4.2. C∗-algebras.

4.2.1. Inductive limits. As in the previous section, we give a concrete description
of inductive limits of C∗-algebras.

Lemma 4.4. Suppose (As, ϕs)s∈N is an inductive sequence of C∗-algebras, and let
(A, (νs)s∈N) be an inductive upper limit of (As, ϕs)s∈N. Then, (A, (νs)s∈N) is an
inductive limit of (As, ϕs)s∈N if and only if it satisfies the following:

(1) A =
⋃

s∈N ran(νs).
(2) For every s ∈ As, ∥νs(a)∥ = limk ∥ϕs,s+k(a)∥.
(3) For every s ∈ N, ker(νs) = {a ∈ As : limk ∥ϕs,s+k(a)∥ = 0}.
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Proof. The forward direction is [20, Proposition 6.2.4].
Suppose (1), (2), and (3) are satisfied. Let (B, (µs)s∈N) be an inductive upper

limit of (As, ϕs)s∈N.
We first demonstrate that ker(νs) ⊆ ker(µs). Let a ∈ ker(νs). Then, by

(2), limk ∥ϕs,s+k(a)∥ = 0. Since every ∗-homomorphism is 1-Lipschitz, we have
limk ∥µs+k(ϕs,s+k(a))∥ = 0. However, since (B, (µs)s∈N) is an inductive upper
limit of (As, ϕs)s∈N, it follows that µs+k(ϕs,s+k(a)) = µs(a) and so a ∈ ker(µs).

It now follows that if νs(a0) = νs+k(a1), then µs(a0) = µs+k(a1).
We now construct a ∗-homomorphism λ′ from

⋃
s∈N ran(νs) to B. To begin, let

a ∈ ran(νs), and choose any a′ ∈ As so that νs(a
′) = a. Define λ′(a) to be µs(a

′).
It follows from what has just been shown that λ′ is well defined. Since each νs and
each µs is a ∗-homomorphism, it also follows that λ′ is a ∗-homomorphism.

We now claim that λ′ is 1-Lipschtiz. Let a ∈ ran(νs), and suppose νs(a
′) = a.

By (2), ∥νs(a′)∥ = limk ∥ϕs,s+k(a
′)∥. Since each µs+k is 1-Lipschitz, it follows that

∥νs(a′)∥ ≥ limk ∥µs+k(ϕs,s+k(a
′))∥. But, µs+k(ϕs,s+k(a

′)) = µs(a
′) = λ′(a).

It now follows that λ′ has a unique continuous extension λ to A. Furthermore,
λ is a ∗-homomorphism and by construction λ ◦ νs = µs for all s ∈ N.

Finally, it directly follows from the definitions that any two reductions of (A, (νs)s∈N)
to (B, (µs)s∈N) agree on

⋃
s∈N ran(νs) and hence must be identical. □

An immediate consequence of Lemma 4.4 is the following connection between
AF certificates and inductive limits.

Corollary 4.5. If (Fj , ψj)j∈N is an AF certificate of A, then (A, (ψj)j∈N) is an

inductive limit of (
⊕

n∈Fj
Mn(C), (ψ−1

j+1 ◦ ψj)j∈N).

4.2.2. Matricial systems. Our only item here is to present some terminology which
will support our proof of the Effective Glimm Lemma.

Definition 4.6. Suppose A is a C∗-algebra and let n1, . . . , nm be positive integers.
An array (esi,j)s,i,j is a type-(n1, . . . , nm) matricial system of A if it satisfies the
following:

(1) For each s ∈ {1, . . . ,m}, (esi,j)i,j is an ns ×ns system of matrix units of A.

(2) When s, s′ ∈ {1, . . . ,m} are distinct, then esi,je
s′

i′,j′ = 0 for all i, j ∈
{1, . . . , ns} and all i′, j′ ∈ {1, . . . , ns′}.

If, in addition, A is unital and
∑

s,i e
s
i,i = 1A, then we say that the system (esi,j)s,i,j

is unital.

If F is a C∗-algebra that is generated by a matricial system (esi,j)s,i,j , then we
call (esi,j)s,i,j a matricial generating system for F. Thus a C∗-algebra is finite-
dimensional if and only if it has a matricial generating system.

5. Preliminaries from effective mathematics

Herein, we present our frameworks for the computability of inductive limits in a
computably indexed category and for the computability of ordered abelian groups.

5.1. Inductive limits in computably indexed categories. We now present a
computable picture of the material discussed in 2.1. Thus, we again assume C is a
category with a zero object. However, we assume we have fixed an indexing of C.
This consists of an assignment of natural numbers to the objects of C. The number
assigned to an object is referred to as one of its indexes. Each object has at least one
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index. A number may not index more the one object. Each morphism is indexed
by at least one triple of natural numbers. If (e0, e1, e) indexes a morphism γ, then
e0 must index its domain and e1 must index its co-domain.

We also assume this indexing is computable in the sense that there is an algorithm
that given an index (e0, e1, e) of ϕ : A → B and an index (e1, e2, e

′) of ψ : B → C
computes an index of ψ ◦ ϕ of the form (e0, e2, e

′′). Furthermore, we require that
from an index e of an object A it is possible to compute an index of its identity
morphism.

Now that the computable indexing is fixed, our remaining definitions are straight-
forward modifications of those in Section 2.1. Fix an inductive sequence (An, ϕn)n∈N
of C. We say that (An, ϕn)n∈N is computable if there is an algorithm that given
n ∈ N computes indexes of An and ϕn. Now suppose (A, (νn)n∈N) is an inductive
upper limit of (An, ϕn)n∈N, and assume it is possible to compute an index of νn from
n. We say that an upper inductive limit (A, (νn)n∈N) of (An, ϕn)n∈N is computable
with index e ∈ N if e is the code of a pair (e0, e1) so that e0 is an index of A and
e1 is an index of an algorithm that computes an index of νn from n. We say that
(A, (νn)n∈N) is a computable inductive limit if it is a computable inductive upper
limit and if it is possible to compute from an index of a computable inductive upper
limit (B, (µn)n∈N) of (An, ϕn)n∈N an index of the reduction from (A, (νn)n∈N) to
(B, (µn)n∈N).

5.2. Abelian groups.

Lemma 5.1. Suppose (G, (νs)s∈N) is an inductive limit of (Gs, ϕs)s∈N in the cat-
egory of abelian groups.

(1) If (G#
s , ϕs)s∈N is an inductive sequence in the category of c.e. presentations

of abelian groups, and if (G#, (νs)s∈N) is a computable inductive upper
limit of this sequence, then (G#, (νs)s∈N) is a computable inductive limit of
(G#, (νs)s∈N) in the category of c.e. presentations of abelian groups.

(2) If (G#
s , ϕs)s∈N is an inductive sequence in the category of computable pre-

sentations of abelian groups, and if (G#, (νs)s∈N) is a computable inductive
upper limit of this sequence, then (G#, (νs)s∈N) is a computable inductive
limit of (G#, (νs)s∈N) in the category of computable presentations of abelian
groups.

Proof. Suppose (G#
s , ϕs)s∈N is an inductive sequence in the category of c.e. pre-

sentations of abelian groups, and assume (G#, (νs)s∈N) is a computable inductive
upper limit of this sequence. Let (H#, (µs)s∈N be a computable inductive upper
limit of (G#

s , ϕs)s∈N in the category of c.e. presentations of abelian groups. Thus,
(H, (µs)s∈N) is an inductive upper limit of (Gs, ϕs)s∈N in the category of abelian
groups. Hence, there is a unique reduction λ of (G, (νs)s∈N) to (H, (µs)s∈N).

It only remains to show that λ is a computable map from G# to H#. Suppose
w is a G# label of g ∈ G. Then, there exists s0 ∈ N so that g ∈ ran(νs0) and so
there is a ran(νs0)

# label w′ of g. Since the inclusion map is a computable map
from ran(νs)

# to G# uniformly in s, s0 and w′ can be found by a search procedure.
Then, by a search procedure, we can compute a G#

s0 label w′′ of a g′ ∈ Gs0 so that

νs0(g
′) = g (since νs is a computable map from G#

s to G# uniformly in s). Since
λ(g) = µs0(g

′), it follows that we can now compute an H# label of λ(g) from w.
The proof of the second part is almost identical. □
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Proposition 5.2. (1) Every computable inductive sequence of c.e. presenta-
tions of abelian groups has a computable inductive limit.

(2) Every computable inductive sequence of computable presentations of abelian
groups has a computable inductive limit.

Proof. Suppose (G#
s , ϕs)s∈N is an inductive sequence of c.e. presentations of abelian

groups. Let (G, (νs)s∈N) be an inductive limit of (Gs, ϕs)s∈N in the category of
abelian groups. We then construct, for each s ∈ N, a c.e. presentation ran(νs)

# so
that νs is a computable map from G#

s to ran(νs)
# and so that the inclusion map

is a computable map from ran(νs)
# to ran(νs+1)

#; namely, we declare w to be a
ran(νs)

# label of g if it is a label of a νs preimage of g. Since G =
⋃

s∈N ran(νs),

by standard techniques it is possible to construct a c.e. presentation G# so that
the inclusion map from ran(νs)

# to G# is computable uniformly in s.
By construction, (G#, (νs)s∈N) is a computable inductive upper limit of (G#

s , ϕs)s∈N
in the category of c.e. presentations of abelian groups. It now follows from Lemma
5.1 that (G#, (νs)s∈N) is a computable inductive limit of (G#

s , ϕs)s∈N.
The proof of the second part is nearly identical. □

Lemma 5.3. Suppose (G#, (νs)s∈N) is a computable inductive limit of (G#
s , ϕs)s∈N

in either the category of c.e. presentations of abelian groups in or in the category
of computable presentations of abelian groups. Then, (G, (νs)s∈N) is an inductive
limit of (Gs, ϕs)s∈N in the category of abelian groups.

Proof. For the moment, assume (G#, (νs)s∈N) is a computable inductive limit of
(G#

s , ϕs)s∈N in the category of c.e. presentations of abelian groups. By definition,
(G, (νs)s∈N) is an inductive upper limit of (Gs, ϕs)s∈N. Suppose (H, (µs)s∈N) is
an inductive limit of this sequence, and let λ be the reduction of (H, (µs)s∈N)
to (G, (νs)s∈N). As in the proof of Proposition 5.2, it is possible to define a c.e.
presentation H# of H so that (H#, (µs)s∈N) is an inductive limit of (G#

s , ϕs)s∈N in
the category of c.e. presentations of abelian groups. Hence, λ is an isomorphism.
It follows that (G, (νs)s∈N) is an inductive limit of (Gs, ϕs)s∈N.

The case for the category of computable presentations of abelian groups is iden-
tical. □

5.3. Ordered abelian groups. We now discuss c.e. presentations of ordered
abelian groups and related concepts and results.

5.3.1. Presentations.

Definition 5.4. Suppose G = (G,P ) is an ordered abelian group.

(1) We say that (G#, P ) is a presentation of G if G# is a presentation of G.
(2) We say that a presentation (G#, P ) of G is c.e. if G# is c.e. and P is a c.e.

set of G#.

If G# = (G#, P ) is a c.e. presentation of an ordered abelian group, we say that
e ∈ N is an index of G# if it is the code of a pair (e0, e1) that consists of an index
of G# and a G# index of P . If g ∈ G and w ∈ Fω, we say that w is a G# label of
g if it is a G# label of g.

Definition 5.5. Suppose G is an ordered abelian group and let u be a unit of G.
(1) We say that (G#, u) is a presentation of (G, u) if G# is a presentation of G.
(2) We say that a presentation (G#, u) of (G, u) is c.e. if G# is c.e.
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If (G#, u) is a c.e. presentation of (G, u), then we say that e ∈ N is an in-
dex of (G#, u) if it codes a pair that consists of an index of G# and a code
of a G# label of u. When A is stably finite and unital, we let Ksc

0 (A#) =
((K0(A

#),K0(A)+),K0(1A)).
The following is a linchpin for our proof of Main Theorem 2.2.

Lemma 5.6. If H = (H,H ∩ Zn
≥0) is the convex subgroup of Zn generated by an

element x of Zn, then H is a computable set of Zn.

Proof. We first show that for every g ∈ Zn, g ∈ H if and only if there is a positive
integer n so that −nx ≤ g ≤ nx. Let g ∈ Zn. On the one hand, if such a positive
integer exists, then the convexity of H ensures that g ∈ H. Conversely, since by
Lemma 2.2 x is an order unit of H, if g ∈ H, then such a positive integer n must
exist.

Given g ∈ Zn, by inspection of components, it is possible to determine if there
is a positive integer n so that −nx ≤ g ≤ nx. Thus, by what has just been shown,
H is a computable set of Zn. □

We note that the proof of Lemma 5.6 is uniform.

5.3.2. Inductive limits. We now apply our framework for computable inductive lim-
its to the category of ordered abelian groups. We have already discussed how we
computably index this category. The following not only tell us that computable
inductive sequences in this category have inductive limits, but also how to find
them.

The following is an immediate consequence of Lemma 5.1.

Corollary 5.7. Suppose (G#
s , ϕs)s∈N is a computable inductive sequence of c.e.

presentations of ordered abelian groups. Assume (G, (νs)s∈N) is an inductive limit of
(Gs, ϕs)s∈N, and assume also that G# is a c.e. presentation of G so that (G#, (νs)s∈N)
is a computable upper limit of (G#

s , ϕs)s∈N. Then (G#, (νs)s∈N) is a computable in-
ductive limit of (G#

s , ϕs)s∈N.

Corollary 5.8. Every computable inductive sequence of c.e. presentations of or-
dered abelian groups has a computable inductive limit.

Proof sketch. Suppose (G#
s , ϕs)s∈N is a computable inductive sequence of c.e. pre-

sentations of ordered abelian groups. Let G#
s = (G#

s , Ps). By Proposition 5.2,
(G#

s , ϕs)s∈N has a computable inductive limit (G#, (νs)s∈N in the category of c.e.
presentations of abelian groups.

Set P =
⋃

s∈N νs[Ps]. Let G = (G,P ), and let G# = (G#, P ). By Lemma 5.3,
(G, νs)s∈N is an inductive limit of (Gs, ϕs)s∈N. It then follows from Lemma 4.2 that
(G, (νs)s∈N) is an inductive limit of (Gs, ϕs)s∈N.

We claim that G# is c.e. It is only required to prove that P is a c.e. set of
G#. For each s, Ps is a c.e. set of G#

s uniformly in s. At the same time, νs is a
computable map from G#

s to G# uniformly in s. Hence, νs[Ps] is a c.e. set of G#

uniformly in s, and so P is a c.e. set of G#.
Finally, since νs is a computable map from G#

s to G# uniformly in s, it follows
that (G#, (νs)s∈N) is a computable inductive upper limit of (G#

s , ϕs)s∈N. Hence, by
Corollary 5.7, (G#, (νs)s∈N) is a computable inductive limit of (G#

s , ϕs)s∈N. □
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5.3.3. Dimension groups. The material in this section will be used in our proof of
Main Theorem 2.

Definition 5.9. Suppose G# is a presentation of an ordered abelian group. We say
that G# has the effective Shen property if from a (Zn,G#) index of a homomorphism
θ from Zn to G# and an α ∈ ker(θ), it is possible to compute a positive integer p,
an index of an ordered group homomorphism φ : Zn → Zp, and a (Zp,G#) index
of a homomorphism θ′ : Zp → G so that (ϕ, θ′) factors θ at α.

Lemma 5.10. Every c.e. presentation of a dimension group has the effective Shen
property.

Proof sketch. Suppose G# is a c.e. presentation of a dimension group. By Propo-
sition 2.3, G has the Shen property. Given a homomorphism θ : Zn → G and
α ∈ ker θ, the ordered homomorphisms required by the effective Shen property do
in fact exist since G has the (ordinary) Shen property. As these maps are all com-
pletely determined by their values on the standard bases, they can now be found
by a search procedure. □

5.4. C∗-algebras. We now attend to some preliminary developments from the
computability theory of C∗-algebras. We first add to existing results on computable
weak stability so as to compute matricial systems within c.e. presentations of AF
algebras. These results will be crucial in our proof of the Effective Glimm Lemma.
We then present some material on computing inductive limits of C∗-algebras, and
finally our formal definition of computable AF certificate.

5.4.1. Computable weak stability results.

Lemma 5.11. Suppose R(x1, . . . , xn) and S(x1, . . . , xn) are finite sets of relations
as in Definition 3.7. Assume further that R is computably weakly stable and that
there is a computable ∆ : N → N so that for every C∗-algebra A and all a1, . . . , an ∈
A, if A |= R(a1, . . . , an), and if (R ∪ S)A(a1, . . . , an) ≤ 2−∆(k), then there exist
a′1, . . . , a

′
n ∈ A so that A |= (R∪S)(a′1, . . . , a′n) and so that maxj

∥∥aj − a′j
∥∥ < 2−k.

Then, R∪ S is effectively weakly stable.

Proof. Let ∆1 be a computable modulus of weak stability for R. Let M denote
the maximum of the constants that appear in S (that is, the Cj ’s). It follows that
there is a computable g : N → N so that for every C∗-algebra A, g is a modulus of
uniform continuity for SA on B(0;M)n. Set ∆2(k) = ∆1(max{k+1, g(∆(k+1))}).

Suppose c1, . . . , cn ∈ A and (R∪ S)A(c1, . . . , cn) < 2−∆2(k). Let

a = max{1, g(∆(k + 1))− k}.
Since ∆2(k) ≥ ∆1(k+a), there exist a1, . . . , an ∈ A so that A |= R(a1, . . . , an) and
so that maxj ∥aj − cj∥ < 2−(k+a). SinceA |= R(a1, . . . , an), (R∪S)A(a1, . . . , an) =

SA(a1, . . . , an). As k+a ≥ g(∆(k+1)), it follows that SA(a1, . . . , an) < 2−∆(k+1).
Hence, there exist a′1, . . . , a

′
n ∈ A so thatA |= (R∪S)(a′1, . . . , a′n) and maxj

∥∥aj − a′j
∥∥ <

2−(k+1). Therefore, maxj ∥cj − aj∥ < 2−k. □

We note that the proof of Lemma 5.11 is uniform in that an index of a modulus
of weak stability for R∪S can be computed from an index of ∆ and an index of a
modulus of weak stability for R.

Proposition 5.12. The following are defined by computably weakly stable sets of
relations.
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(1) For each n ∈ N, the property of being an n-tuple of mutually orthogonal
projections.

(2) For each m,n1, . . . , nm ∈ N, the property of being a (unital) matricial sys-
tem of type (n1, . . . , nm).

Proof. (1): The property of being a projection is effectively weakly stable (see
[13, Examples 12]). Define ∆(0, k) arbitarily, and for positive n let ∆(n, k) =
⌈log2(δ1(2−k, n))⌉. Apply Lemmas 2.9 and 5.11.

(2): We use Lemma 5.11. However, some extra steps must be taken (compared
to (1)) to show that the required function ∆ exists.

∆(0, k) can be defined arbitarily. Suppose n, k ∈ N, and assume n is positive.
Let k0 = 1− ⌊log2(δ2(2−kn−1, n))⌋, and set ∆(n, k) = 1− ⌊log2(n−2δ1(2

−k0 , n))⌋.
Assume n1, . . . , nm are positive integers so that n21+ . . .+n

2
m = n. Suppose that

for each s ∈ {1, . . . ,m}, (esi,j)i,j is an ns × ns system of matrix units of A, and

assume also that maxi,j,j′,j′
∥∥∥esi,jes′i′,j′∥∥∥ ≤ 2−∆(n,k) when s ̸= s′. Set ps =

∑
i e

s
i,i.

Then, p1, . . . , pm are projections, and maxs̸=s′ ∥psps′∥ ≤ n22−∆(n,k). By definition,

n22−∆(n,k) < δ1(2
−k0 , n). Thus, by Lemma 2.9, there exist mutually orthogonal

projections q1, . . . , qn ∈ A so that maxj ∥pj − qj∥ < 2−k0 .
Let As = qsAqs. Since ∥ps − qs∥ < 2−k0 ,∥∥esi,j − qse

s
i,jqs

∥∥ =
∥∥psesi,jps − qse

s
i,jqs

∥∥ < 2−k0 .

Thus, maxs,i,j d(e
s
i,j ,As) < 2−k0 . As 2−k0 < δ2(2

−k, n), it follows from Lemma 2.10

that As contains an ns×ns system (fsi,j)s,i,j of matrix units so that
∥∥esi,j − fsi,j

∥∥ <
n−12−k. And, since q1, . . . , qm are mutually orthogonal, it follows that (fsi,j)s,i,j is

a matricial system. Moreover, if
∑

s,i e
s
i,i = 1A, then

∥∥∥1A −
∑

s,i f
s
i,i

∥∥∥ < 1. Hence,

since each fsi,i is a projection
∑

s,i f
s
i,i = 1A. □

5.4.2. Inductive limits. The c.e. presentations of C∗-algebras form a category in
which the morphisms are the computable ∗-homomorphims. That is, ψ is a mor-
phism from A# to B# if it is a computable ∗-homomorphism from A# to B#.
There is a natural indexing of this category, but note that a number e will always
index several presentations. However, there is no harm in identifying all presen-
tations indexed by a number e even if they are presentations of different algebras
as there is an obvious computable unital ∗-isomorphism between any two of them;
namely map the n-th special point to the n-th special point.

We present two results on computable inductive limits of C∗-algebras that par-
allel the results in Section 5.3.2.

Corollary 5.13. Suppose (A#
s , ϕs)s∈N is a computable inductive sequence in the

category of c.e. C∗-algebra presentations, and let (A, (νs)s∈N) be an inductive limit
of (As, ϕs)s∈N. If A# is a c.e. presentation so that (A#, (νs)s∈N) is a computable
inductive upper limit of (A#

s , ϕs)s∈N, then (A#, (νs)s∈N) is a computable inductive
limit of (A#

s , ϕs)s∈N.

Proof sketch. Suppose (B#, (µs)s∈N) is a computable inductive upper limit of (A#
s , ϕs)s∈N,

and let λ be the reduction of (A, (νs)s∈N) to (B, (µs)s∈N). Let g be a generated
point of A#. Wait for s0 ∈ N and a generated point g0 of A#

s0 so that νs0(g0) is
sufficiently close to g. By Lemma 4.4, such a number and generating point must
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exist. Since λ is 1-Lipschitz, λ(g) is sufficiently close to λ(νs0(g0)) = µs0(g0) which
can be computed with arbitrarily good precision. □

The following is due to the second author [16].

Corollary 5.14. Suppose (A#
s , ϕs)s∈N is a computable inductive sequence in the

category of c.e. C∗-algebra presentations.

(1) (A#
s , ϕs)s∈N has a computable inductive limit.

(2) If (A#
s , ϕs)s∈N is a computable inductive sequence in the category of com-

putable C∗-algebra presentations, and if each ϕs is injective, then (A#
s , ϕs)s∈N

has a computable inductive limit in the category of computable C∗-algebra
presentations.

Proof sketch. We use a technique similar to that used in the proof of Corollary 5.8
to construct A#. Part (2) follows from Lemma 4.4.2. □

5.4.3. Computable AF certificates. We conclude this section by formally defining
computable AF certificates.

Definition 5.15. Suppose (Fj , ψj)j∈N is an AF certificate for A, and assume A#

is a presentation of A. We say that (Fj , ψj)j∈N is a computable AF certificate of A#

if (Fj)j∈N is computable and if each ψj is a computable map from
⊕

n∈Fj
Mn(C)

to A#.

5.5. Bratteli diagrams. We set forth our framework for the computability of
Bratteli diagrams.

Definition 5.16. Suppose D is a Bratteli diagram.

(1) A presentation of D is a pair (D, ν) where ν is a surjection of N onto VD.
(2) The kernel of a presentation (D, ν) is {(m,n) : ν(m) = ν(n)}.

Definition 5.17. Suppose D# = (D, ν) is a presentation of a Bratteli diagram.
We say that D# is computable if it satisfies the following:

(1) The kernel of D# is computable.
(2) LD ◦ ν is computable.
(3) The map (m,n) 7→ ED(ν(m), ν(n)) is computable.
(4) If D is labeled, then ΛD ◦ ν is computable.
(5) The sequence (#L−1

D [{n}])n∈N is computable.

If D and D′ are Bratteli diagrams, then a computable telescoping of D′ to D is
a computable sequence of integers that satisfies the conditions of Definition 2.14.

Definition 5.18. Suppose D and D′ are Bratteli diagrams. We say that D and D′

are computably equivalent if there is a sequence D0 = D, . . ., Dm = D′ so that for
each j < m, either Dj and Dj+1 are isomorphic or one is a computable telescoping
of the other.

This concludes our discussion of preliminary developments. We now attend to
formally stating and proving our Effective Glimm Lemma.
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6. An effective Glimm Lemma

Throughout this section, A denotes a stably finite unital C∗-algebra and A#

denotes a c.e. presentation of A.
Suppose B is a c.e. closed ∗-subalgebra of A#. Then from an A# index of B

and an index of A#, it is possible to compute an A# index of a sequence (cn)n∈N
that is dense in B. We then define B# to be the presentation of B whose n-th
special point is cn. Since (cn)n∈N is a computable sequence of A#, it follows that
B# is a c.e. presentation of B. Furthermore, the inclusion map is a computable
map from B# to A#.

Theorem 6.1 (Effective Glimm Lemma). There is a computable function ∆ : N2 →
N so that for every c.e.-closed ∗-subalgebra B of A#, all n, k ∈ N, and every c.e.-
closed ∗-subalgebra F of A# for which 1A ∈ F, if dim(F) = n, and if B(B; 2−∆(n,k))
contains a matricial generating system of F, then there is a computable unitary u
of A# so that ∥u− 1A∥ < 2−k and u∗Fu ⊆ B. Furthermore, an A# index of u
can be computed from an index of A# and A# indexes of F and B.

We approach this proof through a sequence of lemmas. For the sake of the first
lemma, we define a function ∆1 : N2 → N as follows. Define ∆1(0, k) arbitrarily.
When n ≥ 1, define ∆1(n, k) to be the least natural number so that 2−∆1(n,k) <
δ0(2

−(k+1), n). We note that by induction, δ0(2
−(k+1), n) is a positive rational

number when n > 0. Thus, ∆1(n, k) is defined for all n, k ∈ N. Furthermore, the
recursive definition of δ0 ensures that ∆1 is computable.

Lemma 6.2. For all n, k ∈ N, if p1, . . . , pn ∈ B(Proj(B); 2−∆1(n,k)) are mutu-
ally orthogonal computable projections of A#, then B contains mutually orthogonal
computable projections q1, . . . , qn of A# so that maxj ∥pj − qj∥ < 2−k. Further-
more, if

∑
j pj = 1A, then

∑
j qj = 1A.

Proof. Suppose p1, . . . , pn ∈ B(Proj(B); 2−∆1(n,k)) are mutually orthogonal com-
putable projections of A#. It follows from Lemma 2.8 that there exist mutually
orthogonal projections q1, . . . , qn ∈ B so that maxj ∥qj − pj∥ < 2−k. Let Ω de-
note the set of all mutually orthogonal (a1, . . . , an) ∈ Bn. By Proposition 5.12,
Proj(B)n∩Ω is a c.e. closed set of (B#)n. Since the inclusion map from B# to A#

is computable, Proj(B)∩Ω is a c.e. closed set of (A#)n. Then, since p1, . . . , pn are
computable points of A#, B((p1, . . . , pn); 2

−k) is a c.e. open set of (A#)n. Thus,
by [9, Lemma 1.11], Proj(B)∩Ω contains a computable point (q1, . . . , qn) of (A

#)n.
Hence, q1, . . . , qn are computable points of A#.

Finally, the definitions of δ0 and ∆1 ensure that if
∑

j pj = 1A, then
∑

j qj = 1A.

(See proof of Lemma 2.8.) □

Set ∆2(n, k) = n+ k + 2.

Lemma 6.3. Suppose p1, . . ., pn, q1, . . ., qn are computable projections of A# so
that pipj = qiqj = 0 whenever i ̸= j. Assume also that maxj ∥pj − qj∥ < 2−∆2(n,k).
Then, C∗({p1, . . . , pn, q1, . . . , qn,1A}) contains a computable partial isometry v of
A# so that for all j ∈ {1, . . . , n}, v∗pjv = qj and maxj ∥pj − pjvqj∥ < 2−k. Fur-
thermore, if

∑
j pj = 1A, then v is unitary and ∥v − 1A∥ < 2−k.

Proof. For each j ∈ {1, . . . , n}, let uj = 1A−pj−qj−2qjpj . By [21, Lemma 8.3.6],

ujqju
∗
j = pj and ∥1A − uj∥ ≤

√
2 ∥pj − qj∥. Set v =

∑
j pjujqj . It is shown in the
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proof of [21, Lemma 8.4.3] that v is a partial isometry and that v∗pjv = qj for all
j ∈ {1, . . . , n}. We also have that

∥pj − pjvqj∥ = ∥pj − pjujqj∥
= ∥pj − pjujpj + pjujpj − pjujqj∥
≤ ∥pj∥ ∥1A − uj∥+ ∥pj∥ ∥uj∥ ∥pj − qj∥
≤

√
2 ∥pj − qj∥+ ∥pj − qj∥

= (1 +
√
2) ∥pj − qj∥

≤ (1 +
√
2)2−(n+k+2) < 2−n2−k < n−12−k ≤ 2−k.

Finally, suppose
∑

j pj = 1A. Then,∥∥∥∥∥∥1A −
∑
j

qj

∥∥∥∥∥∥ =

∥∥∥∥∥∥
∑
j

(qj − pj)

∥∥∥∥∥∥ ≤ n · 2−n < 1.

Hence,
∑

j qj = 1A. Moreover, since v∗pjv = qj for all j ∈ {1, . . . , n}, it also
follows that v is unitary. In addition,

∥1A − v∥ =

∥∥∥∥∥∥
n∑

j=1

(pj − pjujqj)

∥∥∥∥∥∥
≤ nmax

j
∥pj − pjujqj∥

< 2−k.

□

When n, k ∈ N and n > 0, define ∆3(n, k) to be the smallest natural number so
that 2−∆3(n,k) < δ2(2

−(k+1), n); define ∆3(0, k) arbitrarily.

Lemma 6.4. Suppose (ei,j)i,j is a computable n×n system of matrix units of A#,

and assume maxi,j d(ei,j ,B) ≤ 2−∆3(n,k). Then, B contains a computable n × n
system (fi,j)i,j of matrix units so that maxi,j ∥ei,j − fi,j∥ < 2−k.

Proof. By definition, 2−∆3(n,k) < δ2(2
−(k+1), n). It then follows from Lemma 2.10

thatB contains an n×n system (gi,j)i,j of matrix units so that maxi,j ∥ei,j − gi,j∥ <
2−k. However, the property of being an n × n system of matrix units is defined
by a computably weakly stable set of relations (see [13, Examples 12]). Since ei,j
is a computable point of A#, B((ei,j)i,j ; 2

−k) ∩Bn2

is a c.e. open set of (B#)n
2

.
Therefore, by [9, Lemma 1.11], there is a computable n×n system (fi,j)i,j of matrix
units of B# so that maxi,j ∥ei,j − fi,j∥ < 2−k. Again, since the inclusion map from
B# to A# is computable, (fi,j)i,j is also a computable n×n system of matrix units
of A#. □

For every n, k ∈ N, let
∆4(n, k) = max{max

m≤k
∆1(m,max

n′≤n
∆3(n

′, k) + 2), 1 + max
n′≤n

∆3(n
′, k)}.

Lemma 6.5. Suppose (esi,j)s,i,j is a type-(n1, . . . , nm) computable matricial system

of A# so that maxi,j,s d(e
s
i,j ,B) ≤ 2−∆3(

∑
j n2

j ,k). Then, B contains a computable

type-(n1, . . . , nm) matricial system (fsi,j)s,i,j of A# so that maxs,i,j
∥∥esi,j − fsi,s

∥∥ <
2−k.
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Proof. For each s ∈ {1, . . . ,m}, let ps =
∑

i e
s
i,i. Set n = n21 + . . . , n2m, and set

k0 = maxn′≤n ∆3(n
′, k)+2. By definition, ∆4(n, k) ≥ ∆1(m, k0). Hence, by Lemma

6.2, B contains computable and mutually orthogonal projections q1, . . . , qm of A#

so that maxi ∥qi − pi∥ < 2−k0 .
For each s ∈ {1, . . . ,m}, let Bs = qsBqs. Fix b ∈ B. Then:∥∥esi,j − qsbqs

∥∥ =
∥∥psesi,jps − qsbqs

∥∥
≤

∥∥psesi,ips − pse
s
i,jqs

∥∥+
∥∥psesi,jqs − qsbqs

∥∥
≤ ∥ps − qs∥+

∥∥psesi,j − qsb
∥∥

≤ ∥ps − qs∥+
∥∥psesi,j − qse

s
i,j

∥∥+
∥∥qsesi,j − qsb

∥∥
≤ 2 ∥ps − qs∥+

∥∥esi,j − b
∥∥ .

Hence,

d(esi,j ,Bs) ≤ 2−k0+1 + 2−∆4(n,k).

However, by the definitions of k0 and ∆4, 2
−k0+1 + 2−∆4(n,k) < 2−∆3(ns,k). Hence,

by Lemma 6.4, Bs contains a computable ns × ns system (fsi,j)i,j of matrix units

of A# so that maxi,j
∥∥esi,j − fsi,j

∥∥ < 2−k and so that
∑

i f
s
i,i = qs. Since q1, . . . , qm

are mutually orthogonal, it follows that (fsi,j)s,i,j is a matricial system. □

We are now ready to prove the Effective Glimm Lemma.

Proof of Theorem 6.1. Let k ∈ N. We may define ∆(0, k) arbitrarily. So, assume n
is a positive integer. Let P denote the set of all square partitions of n; that is, P
is the set of all sequences (n1, . . . , nm) of positive integers so that

∑
j n

2
j = n. We

note that P ̸= ∅ (set each nj = 1). Set:

k0 = ⌈log2(n2k+1)⌉
∆(n, k) = max{∆5(n,∆2(

∑
j

nj , k0)) : (n1, . . . , nm) ∈ P}.

We remark that ∆2(
∑

j nj , k0) ≥ k0.

Suppose F is a c.e. closed ∗-subalgebra of A# that contains 1A, and assume
dim(F) = n. Further, assume B(B; 2−∆(n,k)) contains a matricial generating sys-
tem of F.

We first show that there is a unital matricial generating system (gsi,j)s,i,j of F so

that gsi,s is a computable point ofA# uniformly in s, i, j and so that maxs,i,j d(g
s
i,j ,B) <

2−∆(n,k). In order to demonstrate this, when (n1, . . . , nm) ∈ P , let Gn1,...,nm de-
note the set of all type-(n1, . . . , nm) unital matricial systems (esi,j)s,i,j of F. By

Proposition 5.12, Gn1,...,nm is a c.e. closed set of (F#)n and hence of (A#)n. Since

B is a c.e. closed set of A#, B(B; 2−∆(n,k)) is a c.e. open set of A#. It fol-
lows that the set of all (n1, . . . , nm) ∈ P so that Gn1,...,nm ∩ B(B; 2−∆(n,k)) ̸= ∅
is c.e. uniformly in n, k. Furthermore, there is a unique (n1, . . . , nm) ∈ P so that
Gn1,...,nm ∩ B(B; 2−∆(n,k)) ̸= ∅. By [9, Lemma 1.11], this intersection contains a
computable point of (F#)n which is also a computable point of (A#)n.

We now construct u. Firstly, since ∆(n, k) ≥ ∆4(n,∆2(
∑

j nj ; k0)), by Lemma

6.5,B contains a computable type-(n1, . . . , nm) matricial generating system (hsi,j)s,i,j

of A# so that maxs,i,j
∥∥gsi,j − hsi,j

∥∥ < min{2−k0 , 2−∆2(
∑

j nj ,k0)}. Hence, by Lemma
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6.3, there is a computable unitary v of A# so that v∗gsi,iv = hsi,j for all i, s and so

that ∥v − 1A∥ < 2−k0 . We then set u =
∑

i,s g
s
i,1vh

s
1,i.

By direct computation, u is unitary, and u∗gsi,ju = hsi,j . It only remains to show

that ∥u− 1A∥ < 2−k. To begin, we observe that∥∥gsi,j − gsi,1vh
s
i,1

∥∥ ≤
∥∥gsi,1 − gsi,1vg

s
1,i

∥∥+
∥∥gsi,1vgs1,i − gsi,1vh

s
1,i

∥∥ .
Next, we obtain an upper bound on the first term in the above sum as follows.∥∥gsi,i − gsi,1vg

s
1,i

∥∥ ≤
∥∥gs1,i − gsi,11Ag

s
1,i

∥∥+
∥∥gsi,11Ag

s
1,i − gsi,1vg

s
1,i

∥∥
≤ ∥1A − v∥
< 2−k0 .

We then note that ∥∥gsi,1vgs1,i − gsi,1vh
s
1,i

∥∥ ≤
∥∥gs1,i − hs1,i

∥∥ < 2−k0 .

Hence, since
∑

s,i g
s
i,i = 1A,

∥1A − u∥ <
∑
s,i

2−k0+1

= n2−k0+1

≤ 2−k.

□

We can now advance to prove the first of our main theorems.

7. Proof of Main Theorem 1

We begin with two lemmas concerning finite-dimensional algebras. The first was
already proved by A. Fox [12]; we give an alternate proof based on our results on
computable weak stability.

Lemma 7.1. If A# is a c.e. presentation of a finite-dimensional and unital C∗-
algebra, then there is a finite multiset F of positive integers and a computable unital
∗-isomorphism ψ from

⊕
n∈F Mn(C) to A#. Moreover, F and an (

⊕
n∈F Mn(C),A#)

index of ψ can be computed from the dimension of A and an index of A#.

Proof. By following the proof of Theorem 6.1, it is possible to compute positive
integers m,n1, . . . , nm and a computable type-(n1, . . . , nm) unital matricial gen-
erating system (gsr,t)s,r,t of A#. Let F denote the multiset whose elements are
n1, . . . , nm and each element is repeated according to the number of times it ap-
pears in (n1, . . . , nm). Let (Es

r,t)s,r,t denote the standard matricial generating sys-
tem for

⊕
n∈F Mn(C). Let ψ be the unique ∗-isomorphism of

⊕
n∈F Mn(C) onto

A so that ψ(Es
r,t) = gsr,t. It follows that ψ is a computable map from

⊕
n∈F Mn(C)

to A#. □

Lemma 7.2. Assume A# is a c.e. presentation of an AF algebra. Suppose
p0, . . . , pn are computable points of A#, and let k ∈ N. Then A# has a c.e. closed
and finite-dimensional ∗-subalgebra F so that 1A ∈ F and maxj d(pj ,F) < 2−k.
Furthermore, an A# index of F can be computed from k and A# indexes of p0,
. . ., pn.
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Proof. Fix a sequence (n1, . . . , nm) of positive integers and let ℓ =
∑

j n
2
j . Define

Mn1,...,nm to be the set of all type-(n1, . . . , nm) matricial systems of A. For each
a⃗ = (a1, . . . , aℓ) ∈ Aℓ and every q⃗ = (q1, . . . , qn) ∈ Q(i)ℓ, let ⟨q⃗, a⃗⟩ =

∑
j qjaj .

Then let Un1,...,nm
denote the set of all a⃗ ∈ Aℓ for which there exists q⃗ ∈ Q(i)ℓ so

that maxj ∥pj − ⟨⃗a, q⃗⟩∥ < 2−k.
It follows from Proposition 5.12 and [9, Theorem 1.14] that Mn1,...,nm

is a c.e.
closed set of (A#)ℓ uniformly in n1, . . . , nm. We claim that Un1,...,nm

is a c.e. open
set of (A#)ℓ uniformly in n1, . . . , nm. To see this, for each q⃗ ∈ Q(i)ℓ, let fj,q⃗ : Aℓ →
C be defined by setting fj,q⃗ (⃗a) = pj − ⟨q⃗, a⃗⟩. It follows that fj,q⃗ is a computable

map from (A#)ℓ to A# uniformly in j, q⃗. Thus, by Proposition 3.6, f−1
j,q⃗ [B(0; 2−k)]

is a c.e. open set of (A#)ℓ uniformly in j, q⃗. Hence,
⋂

j f
−1
j,q⃗ [B(0; 2−k)] is a c.e.

open set of (A#)ℓ uniformly in q⃗. However, Un1,...,nm
=

⋃
q⃗

⋂
j f

−1
j,q⃗ [B(0; 2−k)]. It

follows that Un1,...,nm is c.e. open uniformly in n1, . . . , nm.
It now follows that the set of all (n1, . . . , nm) so that Un1,...,nm

∩Mn1,...,nm
̸= ∅

is c.e. At the same time, since A is an AF algebra, there must exist n1, . . . , nm

so that Un1,...,nm
∩ Mn1,...,nm

̸= ∅. Therefore, it is possible to compute positive
integers m,n1, . . . , nm so that Un1,...,nm ∩Mn1,...,nm ̸= ∅ via a search procedure. It
then follows from [9, Lemma 1.12] that it is possible to compute a type-(n1, . . . , nm)
compound generating matricial system (fsr,t)s,r,t of A# that belongs to Un1,...,nm

.
Taking F to be the ∗-algebra generated by this system yields the desired result. □

Proof of Main Theorem 1. Let ∆ : N2 → N denote the function whose existence
is guaranteed by the Effective Glimm Lemma (Theorem 6.1). Without loss of
generality, we assume ∆ is increasing in each variable.

SupposeA# is a c.e. presentation of an AF algebra. Fix an effective enumeration
(gn)n∈N of the generated points of A#.

We construct a monotonically non-decreasing sequence (Ak)k∈N of finite-dimensional
and c.e. closed ∗-subalgebras of A# so that d(gk,Ak) < 2−k for all k ∈ N and so
that 1A ∈ A0. Furthermore, we ensure (dim(Ak))k∈N is computable. The existence
of a computable AF certificate for A# then follows from Lemma 7.1.

To begin, set A0 = {1A}. Let k ∈ N, and suppose Ak has been defined. Assume
also that n := dim(Ak) has been computed. It follows from Lemma 7.1 that it is
possible to compute a matricial generating system (esr,t)s,r,t for Ak; let (n1, . . . , nm)
denote the type of this system. Then, by Lemma 7.2, it is possible to compute an
A# index of a c.e. closed and finite-dimensional unital ∗-subalgebra F of A# so
that d(a,F) < 2−∆(n,k+2) whenever

a ∈ {gk+1} ∪ {esr,t : s ∈ {1, . . . ,m} ∧ r, t ∈ {1, . . . , ns}}.

By the Effective Glimm Theorem, it is now possible to compute an A# index of
a unitary u so that u∗Aku ⊆ F and so that ∥u− 1A∥ < 2−(k+2). We then set
Ak+1 = uFu∗. We now observe that

d(gk+1,Ak+1) < ∥gk+1 − u∗gk+1u∥+ 2−∆(n,k+2)

≤ ∥gk+1 − u∗gk+1∥+ ∥u∗gk+1 − u∗gk+1u∥+ 2−∆(n,k+2)

< 2−(k+1) + 2−∆(n,k+2).

As noted above, ∆ is increasing in each variable. Thus, in particular, ∆(n, k+2) ≥
k + 2, and so d(gk+1,Ak+1) < 2−(k+1). □
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We note that our proof of Main Theorem 1 is uniform. The following is an
immediate, and somewhat surprising, consequence.

Corollary 7.3. Every c.e. presentation of a unital AF algebra is computable.

Proof. Apply Main Theorem 1 and Corollary 5.14. □

We now proceed to prove our second main theorem.

8. Proof of Main Theorem 2

We begin with two lemmas concerning computable certificates of dimensionality.

Lemma 8.1. If G# is a c.e. presentation of a dimension group, then G# has a
computable certificate of dimensionality.

Proof. Suppose G# is a c.e. presentation of a dimension group and let (gn)n∈N be
an effective enumeration of the positive cone of G. By Lemma 5.10, G# has the
Effective Shen Property.

For each s ∈ N, we construct the following:

• A positive integer ns.
• An ordered group homomorphism ϕs : Zns → Zns+1 .
• A homomorphism θs from Zns to G#.

We ensure the following requirements.

(R-1) (G, (θs)s∈N) is an inductive upper limit of (Zns , ϕs)s∈N.
(R-2) G+ =

⋃
s∈N θs[Z

ns

≥0].

(R-3) For every s ∈ N, ker(θs) =
⋃

k∈N ker(ϕs,s+k).

It follows from Lemma 4.2 that if these requirements are satisfied, then (G#, (θs)s∈N)
is an inductive limit of (Zns , ϕs)s∈N.

We divide the construction into stages. At stage s, we define ns and θs. At stage
s+ 1, we define ϕs.

We let kers(θk) denote the set of all vectors that have been enumerated into
ker(θk) after s steps of computation. We control the enumeration of these kernels
so as to satisfy the following for every t ∈ N.
(C-1) If t = 0, then kert(θk) = ∅ for all k ∈ N.
(C-2) There is at most one k ∈ N so that kert+1(θk) \ kert(θk) ̸= ∅.
(C-3) For all k ∈ N, if kert+1(θk) \ kert(θk) ̸= ∅, then k ≤ t and #(kert+1(θk) \

kert(θk)) = 1.

In addition, we assume these enumerations are produced so that from k, t it is
possible to compute an index of kert(θk). We note that #kert(θk) ≤ t for all k, t
(since it takes at least t steps of computation to produce an output of size at least
t).

During the construction, we ensure the following invariants.

(I-1) θs+1 ◦ ϕs = θs.
(I-2) If α ∈ kert+1(θs) \ kert(θs) then, α ∈ ker(ϕs,t).
(I-3) gs ∈ θk[(Zns)+].

It follows that if these invariants are ensured, then the above requirements are
satisfied.
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Stage 0: Let n0 = 1 and let θ0(n) = ng0.

Stage s + 1: Assume n0, . . . , ns and θ0, . . ., θs have been defined. If s > 0,
then assume that ϕ0, . . . , ϕs−1 have been defined. Assume all invariants have been
maintained at previous stages.

Let ιs denote the natural injection of Zns into Zns
⊕

Z. That is, ιs(n⃗) = (n⃗, 0).
Define ζs : Zns

⊕
Z → G by setting ζs(n⃗,m) = θs(n⃗) +mgs+1.

Case 1: s = 0 or kers(θk) ⊆ kers−1(θk) for all k < s (that is, for k < s nothing new
was added to our approximation of the kernel of θk at stage s).

We set:

ns+1 = ns + 1

ϕs = ιs

θs+1 = ζs.

Case 2: s > 0 and there exists k < s so that kers(θk) \ kers−1(θk) ̸= ∅.

Because of our conditions on the enumeration of the kernels, the number k is
unique, and we set ks+1 = k. We also define αs+1 to be the unique element in
kers(θk) \ kers−1(θk). We seek to define ϕs so that ϕs−1 ◦ · · · ◦ ϕk(αs+1) ∈ ker(ϕs).
To this end, set βs+1 = ϕs−1 ◦ · · · ◦ ϕk(αs+1). We note that βs+1 ∈ ker(θs) (since
all invariants have been maintained at prior stages). Thus, by definition, βs+1 ∈
ker(ζs). We apply the Effective Shen Property to ns, ζs, and βs+1 to obtain a
positive integer p, a homomorphism ϕ′s : Zns

⊕
Z → Zp, and an ordered group

homomorphism θ′s : Zp → G so that βs+1 ∈ ker(ϕ′s) and so that ζs = θ′s ◦ ϕ′s. We
then set:

ns+1 = p

θs+1 = θ′s

ϕs = ϕ′s ◦ ιs.

This completes the construction.
We now demonstrate that all invariants are maintained at every stage of the

construction. (I-2) and (I-3) follow directly from the construction. We proceed to
verify (I-1). We first note that by construction, ζs ◦ ιs = θs for all s ∈ N. Let s ∈ N.

Suppose s = 0. By construction, ϕ0 = ι0 and θ1 = ζ0. By definition, for each
n ∈ N, ζ0(ι0(n)) = ζ0(n, 0) = θ0(n). Hence, θ1 ◦ ϕ0 = θ0.

Now, suppose s > 0. We first consider the case where kers(θk) ⊆ kers−1(θk) for
all k < s (that is, Case 1 holds at stage s + 1). By construction, ns+1 = ns + 1,
ϕs = ιs and θs+1 = ζs. Thus, for all n⃗ ∈ Zns+1 , ζs(ιs(n⃗)) = ζs(n⃗, 0) = θs(n⃗); that
is, θs+1 ◦ ϕs = θs.

Now, we consider the case in which there exists k < s so that kers(θk) \
kers−1(θk) ̸= ∅ (that is, Case 2 holds at stage s+ 1). By construction, ϕs = ϕ′s ◦ ιs
and θs+1 = θ′s. Furthermore, ζs = θ′s ◦ ϕ′s. Hence, θs = ζs ◦ ιs = θs+1 ◦ ϕs. □

The proof given above is an adaptation of the classical proof as given in, for
example, [8]. The main difference between our proof and the classical proof is that
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in the latter, one can simply consider a basis for ker(θk) and apply the Shen property
a finite number of times, once to each element of the basis. In the effective setting,
one cannot, in general, know when one has found a basis for a finitely generated
free abelian group; for this reason, we have to “revisit” each kernel infinitely often.

Lemma 8.2. Every c.e. presentation of a unital dimension group has a unital
certificate of dimensionality.

Proof. Suppose (G, u)# is a c.e. presentation of a unital dimension group. By
Lemma 8.1, G# has a computable certificate of dimensionality (ns, νs, ϕs)s∈N. By
the proof of Lemma 8.1, we may assume n0 = 1 and ν0(n) = nu. Set us = ϕ0,s(1).

We now construct an inductive sequence ((Zms , vs), γs)s∈N of unital ordered
abelian groups. To begin, for each s, let Hs denote the convex ordered subgroup
of Zns generated by us, and assume Hs = (Hs, Hs ∩ Zns

≥0). By the uniformity of
Lemma 5.6, Hs is computable uniformly in s. Define Bs to be the intersection of
the standard basis of Zns and Hs, and set ms = the cardinality of Bs. By the proof
of [18, Proposition 3.8], Bs is a basis for Hs.

For each s ∈ N, there is a unique isomorphism τs from Zms to Hs so that for each
j ∈ {1, . . . ,ms}, τs(ems

j ) = ens

k where k is the j-th element of {k′ : ens

k′ ∈ Bs}.
Let vs = τ−1

s (us). Thus, vs is an order unit of Zms . Let ψs = ϕs|Hs . Since
ϕs(us) = us+1, it follows that ϕs[Hs] ⊆ Hs+1. We now set γs = τ−1

s+1ψsτs.
Let ιs denote the inclusion map of Hs into Zns , and define µs to be νsιsτs. It fol-

lows that ((G, u)#, (µs)s∈N) is a computable upper inductive limit of ((Zms , vs), γs)s∈N;
we claim it is in fact a computable inductive limit. It suffices to show that
(G, (µs)s∈N) is an inductive limit of (Zms , γs)s∈N. To this end, suppose x ∈ G+.
By Lemma 4.2, there exists s ∈ N and y ∈ Zns

≥0 so that νs(y) = x. Since u is
an order unit of G, there exists a positive integer t so that −tu ≤ x ≤ tu. Thus,
−tνs(us) ≤ νs(y) ≤ tνs(us). Since ker(νs) =

⋃
k∈N ker(ϕs,s+k), it follows that

there exists k ∈ N so that −tϕs,s+k(us) ≤ ϕs,s+k(y) ≤ tϕs,s+k(us). However,
ϕs,s+k(us) = us+k which belongs to Hs+k. Since Hs+k is convex, ϕs,s+k(y) ∈
Hs+k. Moreover, ϕs,s+k(y) ∈ H+

s+k, and so x = νs+k(ϕs,s+k(y)) ∈ νs+k[H+
s+k].

Hence, G+ =
⋃

s∈N µs[H+
s ]. Since τs and ιs are injective, it now follows that

ker(µs) =
⋃

k∈N ker(γs,s+k). Thus, by Lemma 4.2, (G, (µs)s∈N) is an inductive
limit of (Zms , γs)s∈N.

It now follows that (ms, vs, µs, γs)s∈N is a computable unital certificate of di-
mensionality of (G, u)#. □

We note that the proofs of the above lemmas are uniform.

Proof of Main Theorem 2.

(1): Suppose G# is a c.e. presentation of a dimension group. By Lemma 8.1,
G# has a computable certificate of dimensionality (ns, νs, ϕs)s∈N.

Define F0 to be the multiset whose only element is 1 repeated n0 times. Set
u0 = vF0 (which is (1, . . . , 1) ∈ Zn0), and let A0 =

⊕
n∈F0

Mn(C).
Assume Fs has been defined, us = vFs

, and As =
⊕

n∈Fs
Mn(C). We compute

an order unit us+1 ∈ Zns+1 so that us+1 ≥ ϕ0(us). We let Fs+1 be the multiset
that consists of the integers that appear in us and the number of times an integer is
repeated in Fs+1 is the number of times it is repeated in us. Set us+1 = vFs+1 , and
set As+1 =

⊕
n∈Fs+1

Mn(C). Since ϕs(us) ≤ us+1, it follows from the discussion
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in Section 2.3.4 that there exists a ∗-homomorphism ψs : As → As+1 so that
ηFs,Fs+1(ψs)) = ϕs. Furthermore, ψs can be computed from the information in ϕs.

By Corollary 5.14, (As, ψs)s∈N sequence has a computable inductive limit (A#, (µs)s∈N)
in the category of c.e. presentations of C∗-algebras. As noted in Section 2.3.5, A
is an AF algebra.

We now show that (K0(A
#),K0(A)+) is computably isomorphic to G#. It fol-

lows from [20, Theorem 6.3.2] and Lemma 4.2 that ((K0(A
#),K0(A)+), (K0(µs))s∈N)

is an inductive limit of ((K0(As),K0(As)
+),K0(ψs))s∈N in the category of c.e. pre-

sentations of ordered abelian groups. It then follows that ((K0(A
#),K0(A)+), (K0(µs)◦

ζ−1
Fs

)s∈N is an inductive limit of (Zns , ϕs)s∈N in the category of c.e. presentations of

ordered abelian groups. Thus, the reduction of (G, (νs)s∈N) to ((K0(A
#),K0(A)+), (K0(µs)◦

ζ−1
Fs

)s∈N is an isomorphism.

(2): Suppose u is an order unit of G. By Lemma 8.2, (G, u)# has a computable
unital certificate of dimensionality (ns, us, νs, ϕs)s∈N. Thus, by Definition 4.3 us is
an order unit for Zns and νs(us) = u. We modify the above construction so that
ηFs

(K0(1As
)) = us. □

Corollary 8.3. Suppose G# = (G#, P ) is a c.e. presentation of a dimension group.
Then, G# is computable.

Proof. Let (ns, νs, ϕs)s∈N be a computable certificate of dimensionality for G#.
Thus, (G#, (νs)s∈N) is a computable inductive limit of (Zns , ϕs)s∈N in the category
of c.e. presentations of abelian groups. However, by Proposition 5.2, (Zns , ϕs)s∈N
has a computable inductive limit (H#, (µs)s∈N) in the category of computable pre-
sentations of abelian groups. Since every computable presentation is also c.e.,
(H#, (µs)s∈N) is also a computable inductive upper limit of (Zns , ϕs)s∈N in the cate-
gory of c.e. presentations of abelian groups. Let λ be the reduction of (G#, (νs)s∈N)
to (H#, (µs)s∈N. Thus, by definition of computable inductive limit, λ is a com-
putable map from G# to H#.

On the other hand, by Lemma 5.3 (H, (µs)s∈N) is an inductive limit of (Zns , ϕs)s∈N
and (G, (νs)s∈N) is as well. Thus, λ is the reduction of (G, (νs)s∈N) to (H, (µs)s∈N)
(since reductions are unique). However, it then follows that λ is an isomorphism.

Thus, λ is a computable isomorphism from G# to H#. Since H# is computable,
it follows that G# is computable. □

Corollary 8.4. If A# is a c.e. presentation of a unital AF algebra, then K0(A
#)

is computable.

We now turn to the proof of our third main theorem.

9. Proof of Main Theorem 3

(1) ⇒ (2): This is a straightforward application of Main Theorem 1 and Corol-
lary 4.5.

(2) ⇒ (3): Suppose (
⊕

n∈Fs
Mn(C), ψs)s∈N is a computable inductive sequence

whose inductive limit is ∗-isomorphic to A. Furthermore, assume each ψs is uni-
tal. By Corollary 5.14, (

⊕
n∈Fs

Mn(C), ψs)s∈N has a computable inductive limit

(B#, (νs)s∈N) in the category of computable presentations of C∗-algebras. Thus,
B is ∗-isomorphic to A. As remarked in Section 3.2, the class of computably
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presentable C∗-algebras is closed under isomorphism. Hence, A is computably pre-
sentable.

(3) ⇒ (4): This follows from Corollary 8.4.

(4) ⇒ (5): Let (G, u) = Ksc
0 (A), and suppose (G, u)# is a c.e. presentation.

By Main Theorem 2, (G, u)# has a computable unital certificate of dimensionality
(ns, us, νs, γs)s∈N.

We first show that A has a c.e. presentation.
Let Fs denote the multiset that consists of the integers that appear in us where

the number of times an integer is repeated in Fs is the number of times it is repeated
in us. Set Bs =

⊕
n∈Fs

Mn(C). For each s, it is fairly straightforward to compute

a unital ∗-homomorphism ψs : Bs → Bs+1 so that ηFs,Fs+1(K0(ψs)) = ϕs. By

Corollary 5.14, (Bs, ψs)s∈N has a computable inductive limit (B#, (νs)s∈N) in the
category of C∗-algebras with c.e. presentations.

It follows that (Ksc
0 (A), (νs◦ζ−1

Fs
)s∈N) is an inductive limit of (Ksc

0 (Bs),K0(ψs))s∈N
as is (Ksc

0 (B), (K0(µs))s∈N). Thus, K
sc
0 (A) and Ksc

0 (B) are isomorphic. Hence, by
Elliott’s Theorem, B is ∗-isomorphic to A. Therefore, A has a c.e. presentation
A#.

By Main Theorem 1, A# has a computable AF certificate (Gs, γs)s∈N. It is
straightforward to construct a computably presented labeled Bratteli diagram of
this certificate.

(5) ⇒ (1): Suppose D# is a computable presentation of labeled Bratteli diagram
of an AF certificate (Fs, ϕs)s∈N of A. By means of the labeling, it is possible to
compute Fs from s. Set As =

⊕
n∈Fs

Mn(C).
By means of the information provided by the edge function of D, it is possible to

compute from s ∈ N a unital ∗-monomorphism τs : As → As+1 so that K0(ϕ
−1
s+1 ◦

ϕs) = K0(τs). By Corollary 5.14, (As, τs)s∈N has a computable inductive limit
(B#, (νs)s∈N) in the category of computably presentable C∗-algebras. However, by
construction, Ksc

0 (A) = Ksc
0 (B). By Elliott’s Theorem, A and B are ∗-isomorphic.

Thus, A is computably presentable.

10. Proof of Main Theorem 4

Our proof relies on two very technical lemmas: one for AF algebras and one for
groups.

Lemma 10.1. Suppose (Fs, ϕs)s∈N is an AF certificate for A, and let G =
⊕

n∈GMn(C)
where G is a finite multiset of positive integers. Furthermore, assume ω : Ksc

0 (
⊕

s∈F0
Mn(C)) →

Ksc
0 (G) and χ : Ksc

0 (G) → Ksc
0 (A) are homomorphisms so that χ ◦ ω = K0(ϕ0).

Then there exists s0 ∈ N and a homomorphism h : Ksc
0 (G) → Ksc

0 (
⊕

n∈Fs0
Mn(C))

so that h ◦ ω = K0(ϕ
−1
s0 ◦ ϕ0) and K0(ϕs0) ◦ h = χ.

Proof. Set As =
⊕

n∈Fs
Mn(C), and let ψs = ϕ−1

s+1 ◦ ϕs. By Corollary 4.5,

(A, (ϕs)s∈N) is an inductive limit of (As, ϕs)s∈N. We now apply [20, Lemma
7.3.3]. □

Lemma 10.2. Suppose (ns, νs, ϕs)s∈N is a computable certificate of dimensionality
of G#, and assume (ms, µs, ψs)s∈N is a computable certificate of dimensionality of
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G#. Suppose s, r,ms,mr ∈ N are such that s > r, ms > nr, and let γ : Znr → Zms

be an ordered group homomorphism so that νr = µsγ. Then there exists t > s so that
nt > ms and so that there exists an ordered group homomorphism δ : Zms → Znt

so that δγ = ϕr,t and µs = νtδ.

Proof. Compute nt′ > ms and a positive group homomorphism δ′ : Zms → Znt′ so
that νt′δ

′ = µs.
Fix a g in the standard basis for Znr . Then,

νr(g) = νr(g) = µsγ(g) = νt′δ
′γ(g).

Thus, νt′ϕr,t′(g) = νt′δ
′γ(g). Thus, ϕr,t′(g) − δ′γ(g) ∈ ker(νt′). Therefore, there

exists kg ∈ N so that ϕr,t′(g) − δ′γ(g) ∈ ker(ϕt′,t′+kg
). Therefore, ϕr,t′+kg

(g) =
ϕt′,t′+kgδ

′γ(g). Set t = t′ + maxg kg and δ = ϕt′,tδ
′. Thus, ϕr,t = δγ, and νtδ =

νtϕt′,tδ
′ = νt′δ

′ = µs. □

Proof of Main Theorem 4. We first show that (1) and (2) are equivalent.
To begin, suppose A# and B# are c.e. presentations of AF algebras, and let

ψ be a computable unital ∗-isomorphism from A# to B#. Thus, as discussed in
Section 3.2.2 K0(ψ) is a computable isomorphism from Ksc

0 (A#) to Ksc
0 (B#).

We note that if the AF certificate in Lemma 10.1 is a computable AF certificate
of a c.e. presentation A#, then s0, h can be computed from G, ω, χ as h is
determined by a finite amount of data (see the discussion in Section 2.3.4).

Suppose α is a computable isomorphism from Ksc
0 (A#) to Ksc

0 (B#). By Main
Theorem 1, A# has a computable AF certificate (Fs, ϕs)s∈N, and B# has a com-
putable AF certificate (Gs, ψs)s∈N. SetAs =

⊕
n∈Fs

Mn(C), and setBs =
⊕

n∈Gs
Mn(C).

Without loss of generality, we assume A0 = B0 = C. Set fs = ϕ−1
s+1 ◦ ϕs, and set

gs = ψ−1
s+1 ◦ψs. By Corollary 4.5, (A#, (ϕs)s∈N) is an inductive limit of (As, fs)s∈N

and (B#, (ψs)s∈N) is an inductive limit of (Bs, gs)s∈N.
By iterating Lemma 10.1, we compute increasing sequences (ns)s∈N and (ms)s∈N

of natural numbers along with sequences (αs)s∈N and (βs)s∈N that satisfy the fol-
lowing.

(1) n0 = 0.
(2) αs is a computable homomorphism from Ksc

0 (A#
ns
) to Ksc

0 (B#
ms

) uniformly
in s.

(3) βs is a computable homomorphism from Ksc
0 (B#

ms
) to Ksc

0 (A#
ns+1

).

(4) βs ◦ αs = fns,ns+1
and αs+1 ◦ βs = gms,ms+1

.

It is now possible to compute from s, a unital ∗-homomorphism σ′
s : Ans

→
Bms so that K0(σ

′
s) = αs (see the material in Section 2.3.4), and a unital ∗-

homomorphism τ ′s : Bms → Ans+1 so that K0(τ
′
s) = βs.

It follows from the discussion of multiplicities in Section 2.3.3, that there exist,
and we can compute, sequences (us)s∈N and (vs)s∈N that satisfy the following.

(1) vs is a unitary of Ans+1 and us is a unitary of Bms .
(2) fns,ns+1

= Advs ◦τ ′s ◦Adus
◦σ′

s and gms,ms+1
= Adus+1

◦σ′
s+1 ◦Advs ◦τ ′s.

Set σs = Adus ◦σ′
s and set τs = Advs ◦τ ′s. Thus, for each s ∈ N, K0(σs) = αs and

K0(τs) = βs. Furthermore, fns,ns+1
= τs ◦ σs and gms,ms+1

= σs+1 ◦ τs.
It now follows that (A#, (ϕns+1

◦τs)s∈N) is an inductive upper limit of (Bms
, gms,ms+1

)s∈N
in the category of c.e. presentations of unital C∗-algebras. It follows from Lemma



36 C. J. EAGLE, I. GOLDBRING, AND T. H. MCNICHOLL

4.4 that (B#, (ψms
)s∈N) is an inductive limit of (Bms

, gms,ms+1
)s∈N in this cate-

gory. So, let λ be the reduction of (B#, (ψms
)s∈N) to (A#, (ϕns+1

◦ τs)s∈N). Hence,
λ ◦ ψms

= ϕns+1
◦ τs.

At the same time, (B#, (ψms◦σs)s∈N) is an upper inductive limit of (As, fns,ns+1)s∈N,

and (A#, (ϕns
)s∈N) is an inductive limit of this inductive sequence. So, let λ′ be the

reduction from (A#, (ϕns
)s∈N) to (B#, (ψms

◦ σs)s∈N). Hence, λ′ ◦ ϕns
= ψms

◦ σs.
Therefore,

λλ′ϕns
= λψms

σs = ϕns+1
τsσs = ϕns+1

fns,ns+1
= ϕns

.

Thus, λλ′ is the identity on
⋃

s∈N ran(ϕns
); hence it is the identity on A as well.

Similarly, λ′λ is the identity on B, and λ is an isomorphism. By the continuity of
K0 (see, e.g. [20, Section 6.3]), λ = K0(α).

Now we show that (1) and (3) are equivalent. For one direction, it suffices to
show that if C0 = (Fs, ϕs)s∈N and C1 = (Gs, ψs)sinN are computable AF certificates
forA#, then every Bratteli diagram of C0 is computably equivalent to every Bratteli
diagram of C1. Set As =

⊕
n∈Fs

Mn(C), and set Bs =
⊕

n∈Fs
Mn(C). In addition,

set σs = ϕ−1
s+1 ◦ ϕs, and set τs = ψ−1

s+1 ◦ ψs. It suffices to show that the standard
Bratteli diagram of (As, σs)s∈N is computably equivalent to the standard Bratteli
diagram of (Bs, τs); denote these Bratteli diagrams by D0 and D1 respectively.

Let (Zms , us) denote the co-domain of ζFs
, and let (Zns , vs) denote the co-domain

of ζGs . Set γs = ηFs,Fs+1(K0(σs)), and set τs = ηGs,Gs+1(τs)). Let µs = K0(ϕs) ◦
ζ−1
Fs

, and let νs = K0(ψs) ◦ ζ−1
Gs

. Hence, (ms, us, µs, γs)s∈N is a computable unital

certificate of dimensionality of Ksc
0 (A#) as is (ns, vs, νs, κs)S∈ N .

We now construct computable increasing sequences (ks)s∈N and (ℓs)s∈N of natu-
ral numbers and an inductive sequence ((Zxs , ws), ρs)s∈N that satisfy the following.

(1) x2s = mks
and x2s+1 = nℓs .

(2) w2s = uks
and w2s+1 = vℓs .

(3) σmks ,mks+1
= ρ2s,2(s+1).

(4) τnℓs ,nℓs+1
= ρ2s+1,2s+3.

Without loss of generality, we assume m0 = n0 = u0 = v0 = 1. Thus, us = σ0,s(1)
and vs = τ0,s(1). Set k0 = 0. Let ℓ0 = 1 and set x0 = 1. Let x1 = n1. Let
δ0(n) = nv1. We now define the remaining terms of the desired sequences by
iterating Lemma 10.2. Since σs and ψs are unit-preserving, the constructed maps
ρ0, ρ1, . . . are as well.

It follows fairly straightforwardly thatD0 is a Bratteli diagram of ((Zms , us), γs)s∈N
and that D1 is a Bratteli diagram of ((Zns , vs), κs)s∈N. The sequences we have con-
structed witness that the standard Bratteli diagrams of ((Zms , us), γs)s∈N, ((Zxs , ws), ρs)s∈N,
and ((Zns , vs), κs)s∈N are computably equivalent. Hence, D0 and D1 are com-
putably equivalent.

Conversely, suppose DA is a labeled Bratteli diagram for a computable AF cer-
tificate (Fs, ϕs)s∈N of A#, and assume DB is a labeled Bratteli diagram for a
computable AF certificate (Gs, ψs)s∈N of B#. Furthermore, assume DA and DB

are computably equivalent.
By Definition 5.18, there is a finite sequence D0 = DA, . . ., Dm = DB of labeled

Bratteli diagrams so that for each j < m, one of Dj and Dj+1 is a computable
reduction of the other or they are isomorphic. Starting with D0, each of these
reductions yields another computable AF certificate for A#, and isomorphisms
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yield the same AF certificate; let C0, . . . , Cm be the resulting sequence of computable
AF certificates for A# with C0 = CA. Since Dm = DB, it follows that Cm has the
form (Gs, γs)s∈N. Set Cs =

⊕
n∈Gs

Mn(C). Since Dm = DB, it then follows that

K0(γ
−1
s+1 ◦ γs) = K0(ψ

−1
s+1 ◦ ψs). Hence, it follows that Ksc

0 (A#) is computably

isomorphic to Ksc
0 (B#). Thus, by what has just been shown, A# is computably

∗-isomorphic to B#. □

We note that all parts of the above proof are uniform which we can exploit as
follows. Recall that a structure is computably categorical if all of its computable
presentations are computably isomorphic. The following stands in contrast to our
result in [9] that all UHF algebras are computably categorical.

Corollary 10.3.

(1) The AF algebra C(ω + 1) is not computably categorical.
(2) There is a unital dimension group that has two c.e. presentations that are

not computably isomorphic.
(3) There exist two computably presentable Bratteli diagrams that are equivalent

but not computably equivalent.

Proof sketch. Only the first item requires proof. It is well-known that the linear
order (N, <) is not computably categorical. By elaborating on the proof of this
result, we obtain that there are computably compact presentations of ω + 1 that
are not computably homeomorphic. It then follows from the results in [19] that
C(ω+1) is not computably categorical. As ω+1 is totally disconnected, C(ω+1)
is an AF algebra. □

11. Proof of Main Theorem 5

11.1. A preliminary lemma. We first prove the following which is made possible
by Main Theorem 1.

Lemma 11.1. Suppose A# and B# are c.e. presentations of unital AF algebras,
and let ρ be a computable homomorphism from Ksc

0 (A#) to Ksc
0 (B#). Then there

is a computable unital ∗-homomorphism τ from A# to B# so that K0(τ) = ρ.

Proof. Let (Fs, ϕs)s∈N be a computable AF certificate for A#, and let (Gs, σs)s∈N
be a computable AF certificate for B#. Set As =

⊕
n∈Fs

Mn(C), and set Bs =⊕
n∈Gs

Mn(C). Let ψs = ϕ−1
s+1 ◦ ϕs.

Fix s ∈ N. By Lemma 4.2, there exists s0 ∈ N so that ran(ρ ◦ K0(ϕs)) ⊆
ran(K0(σs0)). It is possible to compute s0 from s. Set C = ran(σs0), and let
κ = ρ ◦ K0(ϕs). Thus, κ is a homomorphism from K0(As) to K0(C). Since σs0
is injective, by Lemma 7.1, it is possible to compute a matricial generating system
for C. It then follows from the material in Section 2.3.3 that we can now compute
a unital ∗-homomorphism τs so that K0(τs) = κ.

It now follows that (B#, (τs)s∈N) is an inductive upper limit of (As, ψs)s∈N.
Hence, we can compute the reduction τ of (A#, (ϕs)s∈N) to (B#, (τs)s∈N). Thus,
τ ◦ ϕs = τs. Since ρ ◦ K0(ϕs) = K0(τs), it now follows that K0(τ) ◦ K0(ϕs) =
ρ ◦K0(ϕs), and so K0(τ) = ρ. □

11.2. Computable functors and equivalences. In order to prove our final main
theorem, we lay out what we mean by a computable equivalence of categories. Sup-
pose Cat0 and Cat1 are categories for which we have fixed computable indexings.



38 C. J. EAGLE, I. GOLDBRING, AND T. H. MCNICHOLL

Definition 11.2. Let F be a multi-valued functor from Cat0 to Cat1. We say that
F is computable if there exist computable functions α : N → N and α′ : N3 → N
that satisfy the following:

(1) If e ∈ N indexes an object A of Cat0, then α(e) indexes a value of F (A).
(2) If (e0, e1, e) indexes a morphism f : A→ B ofCat0, then (α(e0), α(e1), α

′(e0, e1, e))
indexes a value of F (f).

We say that (α, α′) witnesses F is computable.

We note that every computable multi-valued functor is effectively essentially
single-valued in the sense that from indexes e, e′ of an object A it is possible to
compute an index of a computable isomorphism between the objects indexed by
α(e) and α(e′). Hence, we occasionally treat them as single-valued.

Definition 11.3. A computable equivalence of Cat0 and Cat1 is a quadruple
(F,G, E0, E1) for which there exist α, α′, β, β′, γ0, γ1 that satisfy the following:

(1) (α, α′) witnesses that F is a computable functor from Cat0 to Cat1.
(2) (β, β′) witnesses that G is a a computable functor from Cat1 to Cat0.
(3) E0 is a natural multi-valued isomorphism of GF and IdCat0

, and for each

e ∈ N, if e indexes an object A of Cat0, then (e, β(α(e)), γ0(e)) indexes a
value of E0(A).

(4) E1 is a natural multi-valued isomorphism of FG and IdCat1
, and for each

e ∈ N, if e indexes an object B of Cat1, then (e, α(β(e)), γ1(e)) indexes a
value of E1(B).

If these conditions are satisfied, then we say that (α, α′, β, β′, γ0, γ1) witnesses that
(F,G, E0, E1) is a computable equivalence of categories.

Again, it follows that these computable natural isomorphisms are effectively
essentially single-valued.

11.3. The categories. We now set forth formal definitions of the categories con-
sidered in Main Theorem 5 and their indexings.

11.3.1. The category of c.e. presentations of unital AF algebras. The objects in
this category are c.e. presentations of unital AF algebras; we have alredy defined
the indexing of these objects.

Suppose A#
0 and A#

1 are c.e. presentations of unital AF algebras. A morphism

from A#
0 to A#

1 in this category is an approximately unitarily equivalence class

of a computable unital ∗-homomorphism from A#
0 to A#

1 . We say that (e0, e1, e)

indexes a morphism Ψ from A#
0 to A#

1 if ej indexes A#
j and e is an (A#

0 ,A
#
1 )

index of an element of Ψ.

11.3.2. The category of c.e. presentations of unital dimension groups. The objects
in this category are c.e. presentations of unital dimension groups. The morphisms
are the computable homomorphisms. We have already described the indexing of
the objects in this category.

11.4. Proof of computable equivalence. Throughout the rest of this section,
Cat0 denotes the category of c.e. presentations of unital dimension groups, and
Cat1 denotes the category of c.e. presentations of unital AF algebras.

We set G = Ksc
0 . There exists (β, β′) that witnesses G is a computable functor.
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We construct F , E0, E1 so that (F,G, E0, E1) is a computable equivalence of Cat0
and Cat1. We simultaneously construct α, α′, γ0, γ1 so that (α, α′, β, β′, γ0, γ1)
witnesses (F,G, E0, E1) is a computable equivalence of categories.

11.4.1. Construction of F , α, α′. Suppose A = (G, u)# is an object of Cat0, and
let x be an index of A. By the uniformity of Lemma 8.2, it is possible to compute an
index α0(x) of a computable unital certificate of dimensionality (ms, us, ϵs, ϕs)s∈N
of A.

For each s ∈ N, let Hs be the multiset of positive integers so that the number of
times an integer appears in Hs is the number of times it appears in us. Set As =⊕

n∈Hs
Mn(C). It is now possible to compute for each s a unital ∗-homomorphism

σs : As → As+1 so that ηHs,Hs+1
(K0(σs)) = ϕs. From x, it is possible to compute

an index α1(x) of (As, σs)s∈N. By the uniformity of Corollary 5.14, it is now
possible to compute an index α2(x) of a computable inductive limit (A†, (ψs)s∈N)
of (As, σs)s∈N. From α2(x), we can compute an index α(x) of A†. We declare A†

to be a value of F (A).
Now, for each j ∈ {0, 1}, suppose Aj = (Gj , uj)

# is an object of Cat0, and let
xj be an index of Aj . Assume (x0, x1, y) is an index of a morphism δ from A0

to A1. Thus, xj is an index of Aj , and y is a (A0, A1) index of δ. Assume that
for j ∈ {0, 1}, α0(xj) indexes (mj,s, uj,s, ϵj,s, ϕj,s)s∈N. Thus, ((Gj , uj)

#, (ϵj,s)s∈N)
is a computable inductive limit of ((Zmj,s , uj,s), ϕj,s)s∈N. Assume α1(xj) indexes

(Aj,s, σj,s)s∈ N , and assume α2(xj) indexes (A†
j , (ψj,s)s∈N). Thus, A†

j is indexed

by α(xj) for j ∈ {0, 1}.
For the moment, fix j ∈ {0, 1}. We observe that ((Gj , uj)

#, (ϵj,s◦ζs)s∈N) is a com-

putable inductive limit of (Ksc
0 (Aj,s),K0(σj,s))s∈N as is (Ksc

0 (A†
j), (K0(ψj,s))s∈N).

Hence, it is now possible to compute an index γ0(xj) of the reduction λj from

(Ksc
0 (A†

j), (K0(ψj,s))s∈N to ((Gj , uj)
#, (ϵj,s ◦ ζs)s∈N) which is an isomorphism from

Ksc
0 (A†) to (Gj , uj)

#. We can now compute a (Ksc
0 (A†

0),K
sc
0 (A†

1)) index α
′
0(x0, x1, y)

of ρ := λ−2δλ1. By Lemma 11.1, it is now possible to compute an (A†
0,A

†
1) index

α′(x0, x1, y) of a unital ∗-homomorphism τ so that K0(τ) = ρ. We declare τ to be
a value of F (δ).

11.4.2. Construction of Ej and γj. In the course of the above process, we con-
structed γ0 and E0 so that E0 is a natural isomorphism from GF to IdCat0

; namely

declare λj to be a value of E0(Aj).
We now construct γ1 and E1. Assume the notation of Section 11.4.1. To begin,

suppose z is a unital index of a c.e. presentation A# of a unital AF algebra. Let
B = A#. Set x = β(z), and set A = (G, u)# = G(B) = Ksc

0 (A#). We now consider
A† = F (A) which is indexed by α(x) = α(β(z)). We make two observations. First,
by construction (A, (ϵs)s∈N) is a computable inductive limit of ((Zms , us), ϕs)s∈N.
Second, also by construction, (Ksc

0 (A†), (K0(ψs) ◦ ζ−1
Fs

)s∈N) is also a computable
inductive limit of this inductive sequence. Thus, we can compute the reduction λ
of (Ksc

0 (A†), (K0(ψs) ◦ ζ−1
Fs

)s∈N) to (A, (ϵs)s∈N) which is also an isomorphism from

Ksc
0 (A†) to Ksc

0 (A#). By the uniformity of Main Theorem 4, it is now possible
to compute an index γ1(z) of a unital ∗-isomorphism τ from A† to A#, and we
declare τ to be a value of E1(B).



40 C. J. EAGLE, I. GOLDBRING, AND T. H. MCNICHOLL

As the morphisms of Cat1 are approximate unitary equivalence classes, it follows
that E1 is a natural isomorphism of FG and IdCat1

(see, for example, [20, Exercise

7.6]).

12. Applications to index set and isomorphism problems

We now use our main theorems to resolve some questions concerning index set
and isomorphism problems for AF and UHF algebras. We first discuss the mean-
ing of these kinds of problems and how they relate to classification problems in
mathematics.

Suppose C is some class of mathematical structures. The index set problem for
C is the complexity of determining if a natural number indexes a computable (or
c.e.) presentation of a structure in C. This models how hard it is to discern if a
given structure belongs to C. Here, complexity of a set is measured by its position
in the arithmetical hierarchy, which measures the number of alternating quantifiers
required to define the set. For example, a Π0

2 set is one that can be defined by
an expression of the form ∀y∃zR(x, y, z) where R is a computable predicate. Π0

2

complete sets are Π0
2 sets that are ‘as hard as possible’. We refer the reader to

standard sources such as [5] for a more precise definition (which can also be gleaned
from the proofs below).

We let (ϕe)e∈N be an effective enumeration of all computable partial functions
from N into N. The set Tot is defined to be {e ∈ N : dom(ϕe) = N}. It is
well-known that Tot is Π0

2 complete. Let ϕe,s(x) = ϕe(x) if the computation of ϕe
on x halts in at most s steps; otherwise ϕe,s(x) is undefined.

We begin with the index problem for all C∗-algebras. The proof of the following
is very similar to the proof of [3, Theorem 2.6]; we leave the details to the reader.

Theorem 12.1. The set of all indexes for c.e. presentation of C∗-algebras is Π0
2

complete as is the set of all indexes of computable presentations of C∗-algebras.

Theorem 12.2. The index set problem for AF algebras is Π0
2 complete.

Proof. We say that (asi,j)s,i,j is a type-(n1, . . . , nm) system if for each s ∈ {1, . . . ,m},
(asi,j)i,j is an ns × ns array.

Suppose e is an index of a c.e. presentation A# of a C∗-algebra. Let m,
n1, . . ., nm be positive integers. When m,n1, . . . , nm are positive integers, let
S(k,n1,...,nm)[A

#] denote the set of all type-(n1, . . . , nm) arrays (gsi,j)s,i,j of gener-

ated points of A# for which there exists a type-(n1, . . . , nm) matricial generating
system of A so that

∥∥gsi,j − fsi,j
∥∥ < 2−k for all s, i, j. It follows from Proposition

5.12 that S(k,n1,...,nm)[A
#] is c.e. uniformly in e, k,m, n1, . . . , nm.

Now, when M ∈ N, let S ′
k,M,n1,...,nm

[A#] denote the set of all finite sets F of

generated points of A# so that for each a ∈ F , there is a type-(n1, . . . , nm) system

(αs
i,j)s,i,j of rational scalars so that

∑
s,i,j |αs

i,j | < 2−k and so that
∥∥∥a−∑

s,i,j α
s
i,jg

s
i,j

∥∥∥ <
2−k. It follows that S ′

k,M,n1,...,nm
[A#] is c.e. uniformly in e, k,M, n1, . . . , nm.

It now follows from [20, Proposition 7.2.2] that A# is AF if and only if for every
finite set F of generated points of A# and every k ∈ N, there exists M,k1 ∈ N so
that F ∈ S ′

k1,M,n1,...,nm
[A#] and so that 2−k1(1 +M) < 2−k. Thus, the index set

problem for AF algebras is a Π0
2 set.

For the lower bound, we create a computable reduction from Tot to the index
set problem for AF algebras. Let f be a partial computable function. For each
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n ∈ N, let In be the union of the intervals removed in step n of the middle-
thirds construction of the Cantor set. We now carry out the following procedure.
Begin with A0 = [0, 1]. At step n, begin the computation of f(n) and for each
m < n advance the computation of f(m) by one step. If computations m1, . . . ,mk

terminate at step n, then set An = An−1 \
⋃k

j=1 Imj
(if no computations terminate

at step N , set An = An−1). Let A =
⋂∞

n=1An. Then A is a computably compact
space (see [7, Definition 2.5]), so the abelian C∗-algebra C(A) has a computable
presentation [12]. It is fairly easy to see (on the basis of, say, [20, Proposition
7.2.2]) that C(A) is an AF algebra if and only if A is totally disconnected. By
construction, A is totally disconnected if and only if f is a total function. □

The CAR algebra is the C∗-algebra obtained via the inductive limit of (M2n(C), ϕn)n∈N,
where ϕn is the diagonal embedding ofM2n(C) intoM2n+1(C). A C∗-algebra is sim-
ple if it has no non-trivial proper closed two-sided ideals.

Lemma 12.3. From e ∈ N, it is possible to compute an index of a c.e. presentation
A# of an AF algebra so that the following are equivalent:

(1) e ∈ Tot.
(2) A is isomorphic to the CAR algebra.
(3) A is UHF.
(4) A is simple.

Proof. Let e ∈ N. For every s ∈ N, letme,s = max{y ∈ N : ∀x < y x ∈ dom(ϕe,s)}.
Thus, me,0 = 0. Let:

p0 = {0}

ps+1 =

{
{0} me,s < me,s+1

{0, 1} me,s = me,s+1

We define a labeled Bratteli diagram De as follows. Set VDe =
⋃

s∈N{s} × ps, and

let LDe
(s, t) = s. If (s, 1) ̸∈ VDe

, then set EDe
((s, 0), v) = 1 for all v ∈ L−1[{s+1}].

Suppose (s, 1) ∈ VDe . Set EDe((s, 0), (s+ 1, 0)) = EDe((s, 1), (s+ 1, j) = 1 where j
is the largest number so that (s+ 1, j) ∈ VDe . For all other pairs (v, v

′) of vertices
we set EDe

(v, v′) = 0. We set ΛDe
(0, 0) = 1. For all other vertices v, we set

ΛDe
(v) =

∑
v′ ΛDe

(v′) where v′ ranges over all vertices so that EDe
(v′, v) > 0.

It is now straightforward to construct a computable presentation D#
e of De.

Furthermore, it is straightforward to construct an AF algebra A whose labeled
Bratteli diagram is De. By the uniformity of Main Theorem 3, it is now possible
to compute an index of a c.e. presentation A# of A.

Suppose ϕe is total. In this case, by appropriately telescoping the diagram De we
obtain a diagram where every level has exactly one vertex and between each pair
of adjacent levels there are exactly two edges. This Bratteli diagram corresponds
to the CAR algebra (see [6, Example III.2.4]), which is UHF and, therefore, simple
([6, Corollary III.5.3]).

On the other hand, suppose ϕe is not total, and let s0 be the least number so that
me,s0 = me,s for all s ≥ s0. This entails that for all s > s0, PDe

((s0+1, 0), (s, 1)) =
0. This implies that the associated AF algebra is not simple (see [6, Corollary
III.4.3]) and therefore is not a UHF algebra (and hence is not ∗-isomorphic to the
CAR algebra). □

Theorem 12.4. The index set problem for UHF algebras is Π0
2 complete.



42 C. J. EAGLE, I. GOLDBRING, AND T. H. MCNICHOLL

Proof. To see that the index set problem for UHF algebras is a Π0
2-set, argue as in

the proof of Theorem 12.2, using that a separable unital C∗-algebra is UHF if and
only if it is locally matricial (see [15, Theorem 1.13]).

For the lower bound, Lemma 12.3 gives a many-one reduction from Tot to the
index set problem for UHF algebras. □

Theorem 12.5. The index set problem for simple AF algebras is Π0
2 complete.

Proof. For the upper bound, by Theorem 12.2, expressing that an algebra is AF
is Π0

2. Suppose e is an index of a c.e. presentation A# of a C∗-algebra. By Main
Theorem 3, from e it is possible to compute a computable presentation D# of a
labelled Bratteli diagram of A#. By [6, Corollary III.4.3] A is simple if and only
if for every n ∈ N and every v ∈ L−1[{n}], there is an m > n such that there is a
path from v to every vertex in L−1[{m}. This is clearly a Π0

2 assertion.
For the lower bound, Lemma 12.3 gives a computable reduction from Tot to the

index set problem for simple AF algebras. □

We now turn to isomorphism problems. The isomorphism problem for a class C of
structures is the problem of determining if two natural numbers index presentations
of isomorphic structures in the class. Isomorphism problems thus correspond to
sets of pairs of natural numbers, and their complexity is still measured by their
position in the arithmetical hierarchy. These problems model the complexity of
the classification problem for C. We begin with the isomorphism problem for UHF
algebras.

Theorem 12.6. The isomorphism problem for UHF algebras is Π0
2 complete.

Proof. SupposeA# andB# are computable presentations of UHF algebras. For the
upper bound, first compute c.e. presentations of their K0 groups. Then compute
certificates of dimensionality for their K0 groups. Then lower semicompute their
supernatural numbers from these certificates. Testing equality of the supernatural
numbers is easily seen to be Π0

2.
For the lower bound, we show that there is a many-one reduction from Tot to the

isomorphism problem for UHF algebras. Let (pn)n∈N be the increasing enumeration
of the prime numbers. For each n ∈ dom(ϕe), let E0(n) = E1(n) = the least s ∈ N
so that n ∈ dom(ϕe,s). When n ̸∈ dom(ϕe), let E0(n) = ∞ and let E1(n) = 0. It
follows that E0, E1 are lower semi-computable uniformly in e. By the results in [9],

it is now possible to compute for each j ∈ {0, 1} a c.e. presentation A#
j of a UHF

algebra whose supernatural number is Ej . We now note that A0 is ∗-isomorphic
to A1 if and only if E0 = E1 (see, for example, [20, Section 7.4]). However, by
construction, E0 = E1 if and only if ϕe is total. □

While the complexity of the index set problem for AF algebras is fairly low, the
complexity of the isomorphism problem for this class is as high as possible, namely,
it is Σ1

1 complete. The Σ1
1 sets are those that can be defined by expressions of the

form ∃f∀yR(x, f, y) where f ranges over all functions from N into N (that is, over
Baire space) and R is a computable predicate. Every isomorphism problem is at
worst Σ1

1 (search through all possible functions and check if any are isomorphisms).
If an isomorphism problem is Σ1

1 complete, this is interpretated as saying that no
effective classification is possible.
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Theorem 12.7. The isomorphism problem for commutative AF algebras is Σ1
1

complete.

Proof. For each Boolean algebra B, let XB denote the Stone space of B. From
an index of a computable presentation B# of a Boolean algebra, it is possible to
compute an index of a computably compact presentation XB of the Stone space of
B (see [1]). From this index, it is possible to compute an index of a presentation
of C(XB) (see [4], [12]). By Gelfand Duality, C(XB0

) is ∗-isomorphic to C(XB1
) if

and only if XB0 is homeomorphic to XB1 . By the Stone Duality Theorem, XB0 is
homeomorphic to XB1 if and only if B0 is isomorphic to B1.

Thus, we have defined a many-one reduction from the isomorphism problem for
Boolean algebras to the isomorphism problem for commutative AF algebras; since
the former problem is known to be Σ1

1 complete (see [17, Theorem 4.4(d)]), so is
the latter. □

Corollary 12.8. The isomorphism problem for unital dimension groups is Σ1
1 com-

plete.

Corollary 12.9. The equivalence problem for labeled Bratteli diagrams is Σ1
1 com-

plete.

Proof. Suppose e is an index of a c.e. presentation (G, u)# of a unital dimension
group. By the uniformity of Lemma 8.2, it is possible to compute from e an index of
a unital certificate of dimensionality (ns, us, µs, ϕs)s∈N of (G, u)#. Define a Bratteli
diagram De by setting:

VDe
= {(s+ 1, j) : s ∈ N ∧ j ∈ {1, . . . , ns}} ∪ {(0, 1)}

LDe
(s, j) = s

EDe
((s+ 1, j), (s+ 2, j′)) = ϕs(e

ns
j )(j′)

EDe
((0, 1), (1, j)) = u1(j)

It is straightforward to compute an index of a computable presentation of D#
e from

e.
Now, suppose that for each j ∈ {0, 1}, ej is an index of a c.e. presentation

(Gj , uj)
# of a unital dimension group. It is well-known that (G0, u0) is isomorphic

to (G1, u1) if and only if De0 is equivalent to De1 (see [8]). The corollary now follows
from Corollary 12.8. □

The previous two theorems show that the isomorphism problem for AF algebras
is substantially more difficult than the isomorphism problem for UHF algebras,
confirming the intuition that the former class is indeed more complicated than the
latter. That being said, since UHF algebras are simple while commutative ones are
not, a more satisfying confirmation of this aforementioned intuition would be to
show that the isomorphism problem for the class of simple AF algebras is also Σ1

1

complete. This raises the following question:

Question 12.10. What is the complexity of the isomorphism problem for simple
AF algebras?
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