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Abstract. We initiate the study of the effective content of K-theory for C∗-
algebras. We prove that there are computable functors which associate, to a
computably enumerable presentation of a C∗-algebra A, computably enumer-

able presentations of the abelian groups K0(A) and K1(A). When A is stably

finite, we show that the positive cone of K0(A) is computably enumerable.
We strengthen the results in the case that A is a UHF algebra by showing

that the aforementioned presentation of K0(A) is actually computable. In the

UHF case, we also show that A has a computable presentation precisely when
K0(A) has a computable presentation, which in turn is equivalent to the su-

pernatural number of A being lower semicomputable; we give an example that
shows that this latter equivalence cannot be improved to requiring that the

supernatural number of A is computable. Finally, we prove that every UHF

algebra is computably categorical.

Introduction

One of the most important invariants attached to a C∗-algebra A is the K-
theory of A, which consists of a partially ordered abelian group K0(A) and another
abelian group K1(A). Initially arising in algebraic topology, K-theory has played a
central role in the classification program for C∗-algebras. With hindsight, Glimm’s
classification of Uniformly Hyperfinite (UHF) algebras [9] in terms of supernatural
numbers can be viewed as showing that if A and B are UHF algebras, then A ∼= B
as C∗-algebras if and only if K0(A) ∼= K0(B) as abelian groups. Elliott then
classified Approximately Finite-Dimensional (AF) algebras by their ordered K0

groups. This result launched a line of research in classifying increasingly general
classes of C∗-algebras through K-theoretic data, culminating in the recent proof [3]
that a very wide class of C∗-algebras (namely, the simple, separable, nuclear, unital,
Z-stable algebras satisfying the Universal Coefficient Theorem) are classifiable by
data built on their K-theory. 1

In this paper, we address the question of whether the K-theory of a separable
C∗-algebra can be effectively computed. Our main results along these lines involve
the notions of presentations of C∗-algebras and groups. By a presentation A# of
A, we mean a countable sequence from A that generates A as a C∗-algebra (so only
separable C∗-algebras have presentations); the presentation is computable if there

1 Supported by NSERC Discovery Grant RGPIN-2021-02459.
2 Supported by NSF grant DMS-2054477.
1It may seem puzzling that this large set of conditions yields a very large class of C∗-algebras.

However, it is known that many different methods for constructing C∗-algebras give rise to algebras
that do satisfy the hypotheses of the classification theorem; see [13] for a survey of the C∗-algebra
classification program.
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is an algorithm such that, upon input a ∗-polynomial p(x⃗) with coefficients from
Q(i) and no constant term, a tuple a⃗ from the aforementioned countable sequence,
and k ∈ N, returns q ∈ Q>0 such |∥p(⃗a)∥ − q| < 2−k. If instead the algorithm only
returns a computable sequence of upper bounds converging to ∥p(⃗a)∥, then we say
that the presentation is computably enumerable. The definition of a presentation of
a group is slightly more involved; see Subsection 2.2 for the precise definition as well
as what it means for a presentation of a group to be computable or computably
enumerable. (We note that the latter condition coincides with the notion of a
recursive presentation of a group from algorithmic group theory.)

Our main results are the following:

Main Theorem 1. There is a computable functor K0 so that K0(A
#) is a com-

putably enumerable presentation of the abelian group K0(A) whenever A# is a
computably enumerable presentation of a unital separable C∗-algebra A. Moreover,
if A is stably finite, then the positive cone of K0(A) is a computably enumerable
subset of K0(A

#).

Main Theorem 2. There is a computable functor K1 so that K1(A
#) is a com-

putably enumerable presentation of the abelian group K1(A) whenever A# is a
computably enumerable presentation of a unital separable C∗-algebra A.

Presently, we do not know if K0(A
#) is computable provided A# is computable.

In the case of UHF algebras (for which computably enumerable presentations are
automatically computable), we do indeed obtain stronger results.

Main Theorem 3. If A is a UHF algebra with a computable presentation A#,
then K0(A

#) is a computable presentation of K0(A) and the positive cone K0(A)+

is a computable subset of K0(A
#).

UHF algebras can be classified either by their K0 groups or by their supernatural
number (see Section 4 below for the definition).

Main Theorem 4. Let A be a UHF algebra. The following are equivalent:

(1) The C∗-algebra A has a computable presentation.
(2) The abelian group K0(A) has a computable presentation.
(3) The abelian group K0(A) has a computably enumerable presentation.
(4) The supernatural number of A is lower semicomputable.

Here, the supernatural number is lower semicomputable if, roughly speaking, it
can be computably approximated from below; see Definition 4.16 for a more precise
statement. One might have expected that a UHF algebra is computably presentable
if and only if its supernatural number is in fact computable. However, we give an
example of a lower semicomputable supernatural number with Turing degree 0′′

(and so, in particular, is not computable); by our theorem above, the associated
UHF algebra is computably presentable.

Finally, we prove the following:

Main Theorem 5. Every UHF algebra is computably categorical. That is, any
two computable presentations of a given UHF algebra are computably isomorphic.

We develop the effective K-theory for the larger class of AF algebras in a sequel
currently in preparation.

The paper is organized as follows. In Section 1 we provide the necessary back-
ground in computable structure theory for C∗-algebras. In Section 2, we construct
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the functor K0, while in Section 3 we construct K1. Finally, in Section 4, we es-
tablish results specific to UHF algebras. The paper concludes with an appendix
briefly discussing how our results extend to more general categories of presentations
of C∗-algebras.

We assume that the reader is familiar with the basics of the theory of C∗-algebras
and of classical computability theory. In the next section, we will present only
the preliminaries from computable structure theory and computable analysis that
we will directly use. For a more thorough coverage of computability theory, we
recommend [4]. For an expansive treatment of computable analysis, we recommend
[1]. Finally, for additional background on C∗-algebras and K-theory, see [12].

Throughout the paper, all C∗-algebras are assumed to be separable.

1. Preliminaries

1.1. Presentations of C∗-algebras.

Definition 1.1. Let A be a C∗-algebra. A presentation of A is a sequence
(a0, a1, . . .) of points in A such that the *-subalgebra of A generated by {ai : i ∈ N}
is dense in A. The points a0, a1, . . . are called the special points of the presentation,
while the points of the form p(a0, . . . , an), where p(x0, . . . , xn) is a ∗-polynomial
with coefficients from Q(i) with no constant term (as n varies), are called the ra-
tional points of the presentation.

We note that this definition of “presentation” is not the same as a presentation
by generators and relations, but there are connections between the two notions (see
[10, Subsection 2.2]). Throughout this paper, unless explicitly stated otherwise, A
denotes a unital C∗-algebra (although at some points we will consider nonunital
algebras). For a C∗-algebra A, A# denotes a presentation of A.

Throughout, we always consider C as equipped with its standard presentation
whose special points are Q(i).

By standard techniques (see, for example, [2, Section 2]), we can obtain an
effective (but typically non-injective) list of the rational points of a presentation of
a C∗-algebra. When we say, for example, that an algorithm takes a rational point
q of A# as input, we really mean that we have fixed an effective list (qi)i∈N of
rational points of A# and the algorithm takes input an index i for which q = qi.

By the Church-Turing thesis, every algorithm can be represented as a Turing
machine. An index (or code) of an algorithm is a natural number that codes a
representation of the algorithm as a Turing machine.

Definition 1.2. Fix a presentation A#.

(1) A# is computable if there is an algorithm that, given a rational point q and
a k ∈ N, outputs a rational number r such that |∥q∥ − r| < 2−k; an index
of such an algorithm is an index of A#.

(2) A# is left c.e. if there is an algorithm that, given a rational point q,
enumerates an increasing sequence (rn)n∈N of rational numbers such that
limn rn = ∥q∥; an index of such an algorithm is a left c.e. index of A#.

(3) A# is right c.e. if there is an algorithm that, given a rational point q,
enumerates a decreasing sequence (rn)n∈N of rational numbers such that
limn→∞ rn = ∥q∥; an index of such an algorithm is a right c.e. index of
A#.
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It is immediate from the definitions that a presentation is computable if and
only if it is both left and right c.e. Fox [7, Theorem 3.14] has shown that if A
is simple, then every right c.e. presentation of A is computable. In the sequel,
we shall refer to right-c.e. presentations simply as c.e. presentations; for some
justification behind this decision, see [7, Theorem 3.3].

With each presentation of A, there is an associated class of computable points.
These are defined as follows.

Definition 1.3. An element a ∈ A is a computable point of A# if there is an
algorithm such that, given k ∈ N, returns a rational point b of A# such that
∥a− b∥ < 2−k; an index of such an algorithm is a A#-index for a.

In other words, a computable point of A# is one that can be effectively approx-
imated by rational points of A# with arbitarily good precision.

Similarly, with each presentation of A#, there is an associated class of com-
putable sequences.

Definition 1.4. A sequence (pn)n∈N of points in A is a computable sequence of
A# if there is an algorithm that, given any k, n ∈ N, computes a rational vector
ρ of A# so that ∥ρ− pn∥ < 2−k. An index of such an algorithm is a A#-index of
(pn)n∈N.

We regard the collection of presentations of C∗algebras as a category in which
the morphisms are the computable ∗-homomorphisms. These maps are defined as
follows.

Definition 1.5. A bounded linear map ϕ : A0 → A1 is a computable map from

A#
0 to A#

1 if there is an algorithm that, given a rational point a of A#
0 and a k ∈ N,

computes a rational point b of A#
1 such that ∥ϕ(a)− b∥ < 2−k; an index of such an

algorithm is an (A#
0 , A

#
1 )-index of ϕ.

Put another way, ϕ is computable if the ϕ-image of every rational point of A#
0

is a computable point of A#
1 whose index can be computed from the rational point

of A#
0 . It is easily verified that the inverse of a computable ∗-isomorphism is

computable as well. We note that there is a general definition of a computable map
between presentations of metric structures; when the function is a bounded linear
map between normed spaces, the general definition specializes to the definition
given here.

Suppose A and B are C∗algebra. Then A ×B is a C∗algebra, where the oper-
ations are defined coordinate-wise and the norm of (a, b) is max{∥a∥, ∥b∥}. Given
presentations A# and B#, we define A# × B# to be the presentation of A × B
whose special points are the points formed by pairing rational points of A# and
B#. Here, we view these points as enumerated by N by fixing some computable
bijection between N and N2. Note that A# ×B# is in fact the product in the cat-
egory of presentations of C∗algebras. If A# and B# are computable (resp. c.e.),
then it is readily verified that A# ×B# is also computable (resp. c.e.).

1.2. Matrix amplifications. The definition of K0(A) involves projections in ma-
trix algebras over A, so we must consider how to produce a (computable) presen-
tation of Mn(A) from a (computable) presentation of A. We begin by fixing some
notations. Throughout, we fix a positive integer n.
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First, we let (En
r,s(A))r,s∈{1,...,n} denote the standard system of matrix units

for Mn(A), that is, En
r,s(A) is the element of Mn(A) whose (r, s) entry is 1A and

with all other entries 0; when A = C, we simply write En
r,s for the matrix units of

Mn(C).
Throughout this paper, we let ∥ · ∥ denote the C∗-norm on Mn(A). Occa-

sionally, we will have the need to consider other norms on Mn(A). For A =
(ar,s)r,s∈{1,...,n} ∈ Mn(A), we set ∥A∥max = maxr,s ∥ar,s∥ and ∥A∥1 =

∑
r,s ∥ar,s∥.

It is well-known that ∥A∥max ≤ ∥A∥ ≤ ∥A∥1 and thus 1
n2 ∥A∥1 ≤ ∥A∥.

We let ()3 : N → N3 denote a computable bijection with component functions
()30, ()

3
1, ()

3
2, so (k)3 = ((k)30, (k)

3
1, (k)

3
2)) for all k ∈ N.

For m a nonzero integer, let rem(m,n) denote the remainder when m is divided
by n. For each k ∈ N, set:

ϕ0(k) = (k)30

ϕ1(n, k) = 1 + rem((k)31, n)

ϕ2(n, k) = 1 + rem((k)32, n).

We are finally ready to define the presentation on Mn(A) induced by a presen-
tation on A.

Definition 1.6. Suppose that A# is a presentation of A and let vm denote the
m-th special point of A#. We define Mn(A

#) to be the presentation of Mn(A)
whose k-th special point is vϕ0(k)E

n
ϕ1(n,k),ϕ2(n,k)

(A).

Since ∥A∥max ≤ ∥A∥ ≤ ∥A∥1, it is straightforward to verify that Mn(A
#) is

indeed a presentation of Mn(A). However, we have a much stronger result.

Proposition 1.7. If A# is c.e. (resp. computable), then Mn(A
#) is also c.e.

(resp. computable).

Proof. Set A1 = Mn(C) ⊗A. Let A#
1 be the presentation of A1 whose ⟨m, k⟩-th

distinguished point is the tensor of the m-th distinguished point of the standard
presentation ofMn(C) (defined as in Definition 1.6 using the standard presentation
of C) and the k-th distinguished point of A#, where ⟨·, ·⟩ is the usual computable

pairing of N2 with N. By [10, Lemma 2.4 and Proposition 2.6], A#
1 is c.e. (resp.

computable) if A# is c.e. (resp. computable).
Let ψ :Mn(A) →Mn(C)⊗A be the usual isomorphism. Note that ψ computably

maps each rational point ofMn(A
#) to a rational point of A#

1 . Thus, since ψ is an

isomorphism, ψ is a computable map from Mn(A
#) to A#

1 . Therefore, Mn(A
#)

is c.e. (resp. computable) if A# is c.e. (resp. computable). □

For the remainder of the paper, whenever we have a presentation A# of a C∗-
algebra A, we always consider Mn(A) equipped with the presentation Mn(A

#) we
have defined here.

1.3. C.e. open and c.e. closed sets. Certain subsets of A with particular
computability properties will play significant roles for us. First, by a rational open
ball of A# we mean an open ball in A with rational radius and centered at a
rational point of A#.

Definition 1.8. If C ⊆ A is closed, we say that C is a c.e.-closed subset of A# if
the set of all open rational balls of A# that intersect C is c.e.
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Definition 1.9. If U ⊆ A is open, we say that U is a c.e.-open set of A# if there
is a c.e. set S of rational open balls so that U =

⋃
S.

The import of a set U being c.e.-open is that, provided the presentation is c.e.,
if a computable point a belongs to U , then an effective search will eventually lead
us to this fact. Indeed, one must simply search for a rational open ball B(x; r) in
the c.e. set S from the definition and a rational point b such that ∥a − b∥ < ϵ for
rational ϵ small enough so that ∥x− b∥ < r − ϵ.

By an index of a c.e. open set we mean an index for the c.e. set of open balls
whose union comprises the set; the index of a c.e. closed set is defined analogously.

The following fact is probably folklore; we include a proof for the sake of the
reader. In the following proof (as well as later in the paper), it will be useful to
observe that if A# is a c.e. presentation, then the subset relation between rational
open balls of A# is also c.e. In fact, this holds whenever A is a vector space,
because in that case B(ρ0, r0) ⊆ B(ρ1, r1) if and only if ∥ρ0 − ρ1∥+ r0 < r1.

Lemma 1.10. Suppose that A# is a c.e. presentation. Further suppose that U is
a c.e. open subset of A# and C is a c.e. closed subset of A# such that U ∩C ̸= ∅.
Then U ∩ C contains a computable point. Moreover, an index of this computable
point can be computed from indices of U and C.

Proof. First search for the first rational ballB0 of radius less than 1 that is contained
in U and intersects C. Then search for the first rational ball B1 of radius less than
1/2 contained in B0 that intersects C. Continuing in this manner, the centers of
these balls converge to a point of C that is necessarily computable. □

In continuous model theory, the definable sets in metric structures are charac-
terized by a condition known as weak stability (see [6, Definition 3.2.4]). Many
proofs that sets are c.e.-closed can be described in terms of a computable version
of weak stability. The relevant notion of computable weak stability was isolated by
Fox, Goldbring, and Hart [8, Definition 5]. We recall it here (in a slighlty different
guise) and take the opportunity to show that computable weak stability always
gives rise to c.e.-closed sets.

Definition 1.11. Suppose that x⃗ = (x1, . . . , xN ) is a tuple of variables, C1, . . . , CN ∈
N, and p1(x⃗), . . . , pM (x⃗) are rational ∗-polynomials. Consider the set

R = {pi(x⃗) = 0 : i = 1, . . . ,M} ∪ {∥xj∥ ≤ Cj : j = 1, . . . , N}

of relations.

(1) For a C∗algebra B and w1, . . . , wN ∈ B, let RB denote the quantity

max({∥pj(w⃗)∥ : j ∈ {1, . . . ,M}} ∪ {∥wj∥ − Cj : j ∈ {1, . . . , N}}

and write B |= R(w⃗) if pj(w⃗) = 0 for all j ∈ {1, . . . ,M} and ∥wj∥ ≤ Cj for
all j ∈ {1, . . . , N}.

(2) A function g : N → N is a modulus of weak stability for R provided that, for
every k ∈ N, every C∗algebra B, and every w1, . . . , wN ∈ B, if RB(w⃗) <
2−g(k), then there exists z1, . . . , zN ∈ B so that maxj ∥wj − zj∥ < 2−k and
B |= R(z⃗).

(3) We say that R is weakly stable if it has a modulus of weak stability and
computably weakly stable if it has a computable modulus of weak stability.
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Theorem 1.12. Suppose that A# is a c.e. presentation and suppose that E ⊆ AN

is defined by a computably weakly stable set of relations. Then E is a c.e.-closed
subset of (A#)N .

Proof. Let R = {pi(x⃗) = 0 : i = 1, . . . ,M} ∪ {∥xj∥ ≤ Cj : j = 1, . . . , N}
be a computably weakly stable set of relations that defines E. Fix a computable
modulus of weak stability g for R.

Let S0 be the set of all rational balls of (A#)N of the form B(⃗a; 2−k), where
maxi ∥pi(⃗a)∥ < 2−g(k) and ∥aj∥ < Cj + 2−g(k) for all j = 1, . . . , N . It is clear that
S0 is a c.e. set.

We now note that, for every u⃗ ∈ E and every ϵ > 0, there is a ball B(⃗a; 2−k) ∈ S0

such that u ∈ B(⃗a; r) and 2−k < ϵ. To see this, choose k ∈ N so that 2−k < ϵ.
Using the continuity of the polynomials pi(x⃗), we may choose a tuple of rational
vectors a⃗ sufficiently close to u⃗ so that ∥u⃗− a⃗∥ < 2−k, maxi ∥pi(⃗a)∥ < 2−g(k), and
maxj ∥aj∥ − Cj < 2−g(k). Then B(⃗a; 2−k) is as required.

The theorem now follows by noticing that for a rational open ball B of (AN )#,
B contains an element of E if and only if B includes an element of S0. Indeed,
first suppose that B contains the element e⃗ of E and set ϵ = d(p,AN \B). By the
previous paragraph, there is B′ ∈ S0 so that e⃗ ∈ B′ and diam(B′) < ϵ, whence
B′ ⊆ B. In the other direction, suppose that B includes the element B(⃗a; r) of S0.
Then by the definitions of g and S0, there is e⃗ ∈ E such that ∥a⃗− e⃗∥ < r. Hence,
e⃗ ∈ B(⃗a; r) ⊆ B. □

Of particular importance for us are the relations defining projections and systems
of matrix units, both of which are shown to be given by computably weakly stable
relations in [8, Examples 12]. We therefore have the following two corollaries.

Corollary 1.13. If A# is a c.e. presentation of a C∗-algebra A, then the set of
all projections in A is a c.e.-closed subset of A#.

A matrix (ar,s)r,s ∈Mn(A) is an n×n system of matrix units for A if a∗r,s = as,r
and if ar,sar′,s′ = δs,r′ar,s′ . We may also regard an n×n system of matrix units as

a point in An2

.

Corollary 1.14. If A# is a c.e. presentation of a C∗-algebra A, then for every
positive integer n, the set of all n× n systems of matrix units of A is a c.e.-closed

subset of (A#)n
2

and of Mn(A
#).

Proof. Suppose A# is a c.e. presentation of a C∗-algebra A, and let E denote the

set of n×n systems of matrix units for A. That E is a c.e. closed subset of (A#)n
2

follows directly now from the aforementioned result of [8] while the fact that it is
a c.e. closed subset of Mn(A

#) follows from the inequalities ∥A∥max ≤ ∥A∥ ≤
∥A∥1. □

In Section 4, we will need the following variant of the previous corollary:

Corollary 1.15. If A# is a c.e. presentation of a C∗-algebra A, then for every
positive integer n, the set of all n × n systems (ar,s)r,s of matrix units of A for

which
∑n

r=1 arr = 1A is a c.e.-closed subset of (A#)n
2

and of Mn(A
#).

Proof. Let R be the relations obtained from the above relations for matrix units
with the additional relation

∑n
r=1 xrr = 1. Fix ϵ > 0 and suppose thatRA(ar,s) < δ

for δ > 0 to be specified shortly. If δ is sufficiently small, by the previous corollary,
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there are actual matrix units (br,s)r,s ∈ Mn(A) such that ∥ar,s − br,s∥ < ϵ for all
r, s = 1, . . . , n. Note that the brr’s are orthogonal projections, whence 1A−

∑n
r=1 brr

is a projection. Moreover, ∥1A −
∑n

r=1 brr∥ < nϵ+ δ. Defining b′rs = brs if (r, s) ̸=
(n, n) and b′nn = bnn + (1A −

∑n
r=1 brr), we have that A |= R(b′rs) = 0 and

∥ars − brs∥ < (n+1)ϵ+ δ for all r, s = 1, . . . , n. This suffices to establish the proof
of the corollary. □

2. Computing K0

The goal of this section is to establish the existence of a computable functor
that takes a c.e. presentation of a C∗-algebra A and produces a c.e. presentation
of K0(A).

2.1. Murray-von Neumann equivalence. We begin by understanding the com-
plexity of the Murray-von Neumann equivalence relation on projections in matrix
amplifications of A. We let Pn(A) denote the set of all projections in Mn(A), and
set P<ω(A) =

⋃
n∈N Pn(A). For p, q ∈ P<ω(A), we set

p⊕ q =

(
p 0
0 q

)
,

and note that p⊕ q ∈ P<ω(A). Recall that p ∈ Pm(A) and q ∈ Pn(A) are Murray
von-Neumann equivalent, denoted p ∼mvn q, if there exists v ∈ Mm,n(A) so that
p = vv∗ and q = v∗v. We let [p]∼mvn

denote the Murray-von Neumann equivalence
class of p.

Theorem 2.1. Suppose A# is a c.e. presentation of A. Then there is a c.e.-open
subset U of Mn(A

#)×Mn(A
#) such that, for all p, q ∈ Pn(A), one has (p, q) ∈ U

if and only if p ∼mvn q.

Proof. Let S denote the set of all pairs (B,B′) of rational open balls of Mn(A
#)

for which there exists a sequence B0, . . . , Bk of rational open balls of M4n(A
#)

satisfying the following conditions:

(1) sup{∥a− b∥ : a ∈ Bj and b ∈ Bj+1} < 1 for all j = 0, . . . , k − 1.
(2) Bj ∩ P4n(A) ̸= ∅ for all j = 0, . . . , k.
(3) For all a ∈ B and b ∈ B0, ∥((a⊕ 0n)⊕ 02n)− b∥ < 1.
(4) For all a ∈ Bk and b ∈ B′, ∥a− ((b⊕ 0n)⊕ 02n)∥ < 1.

By Corollary 1.13, P4n(A) is a c.e.-closed subset of M4n(A
#), whence it follows

that S is c.e. Set U =
⋃
{B ×B′ : (B,B′) ∈ S}. If (B,B′) ∈ S, then B ×B′ is a

c.e.-open subset of Mn(A
#) ×Mn(A

#). It follows that U is a c.e.-open subset of
M4n(A

#).
We first show that, if (p, q) ∈ U ∩ (Pn(A) × Pn(A)), then p ∼mvn q. To see

this, suppose (p, q) ∈ U ∩ (Pn(A) × Pn(A)). Take rational open balls B,B′, B0,
. . ., Bk of M4n(A

#) satisfying the above conditions with p ∈ B and q ∈ B′. For
each j = 1, . . . , k, fix pj ∈ Bj ∩ P4n(A). Then, ∥(p ⊕ 0n) ⊕ 02n − p0∥ < 1,
∥(q ⊕ 0n)⊕ 02n − pk∥ < 1, and ∥pj − pj+1∥ < 1 for j = 0, . . . , k − 1. We may now
use [12, Propositions 2.2.4 and 2.2.7] to conclude that

(p⊕ 0n)⊕ 02n ∼mvn p0 ∼mvn p1 ∼mvn · · · ∼mvn pk ∼mvn (q ⊕ 0n)⊕ 02n.

By [12, Proposition 2.3.2.i], p ∼mvn (p ⊕ 0n) ⊕ 02n and q ∼mvn (q ⊕ 0n) ⊕ 02n,
whence the claim follows.
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Conversely, suppose that p, q ∈ Pn(A) are such that p ∼mvn q. We wish to show
that (p, q) ∈ U . Set p′ = (p ⊕ 0n) ⊕ 02n, and set q′ = (q ⊕ 0n) ⊕ 02n. Note that
p′ ∼mvn q

′. By [12, Proposition 2.2.8], p′ is homotopic to q′ in P4n(A); that is, there
is a continuous function f : [0, 1] → P4n(A) with f(0) = p′ and f(1) = q′. Since
[0, 1] is compact, f is uniformly continuous. Thus, there exist p0, . . . , pk ∈ ran(f)
so that ∥pj − pj+1∥ < 1 for j = 1, . . . , k− 1 and max{∥p′− p0∥, ∥q′− pk∥} < 1. The
existence of the required rational open balls needed to show that (p, q) ∈ U now
follows from continuity. □

We note that the proof of Theorem 2.1 is uniform. Namely, it provides an
algorithm that, given an index for a presentation A#, computes an index for the
c.e.-open set U given in the conclusion of the theorem.

Corollary 2.2. If A# is c.e., then there is a c.e. subset Q ⊆ N×N such that, for
all e, e′ ∈ N, if e and e′ are A#-indices of projections p and p′ respectively, then
p ∼mvn p

′ if and only if Q(e, e′). Furthermore, an index of Q can be computed from
an index of A#.

Proof. Let ρn denote the n-th rational point ofMn(A
#) and let U be a c.e. open set

ofMn(A
#)×Mn(A

#) that satisfies the conclusion of Theorem 2.1. The desired set
Q is the set of those pairs (e, e′) ∈ N2 for which there exist s, k ∈ N and (B,B′) ∈ U
so that ϕe,s(k) ↓, ϕe′,s(k) ↓, B(ρϕe(k); 2

−k) ⊆ B, and B(ρϕe′ (k)
; 2−k) ⊆ B′. □

2.2. The Murray-von Neumann semigroup. From now on, let D(A) denote
the set of Murray-von Neumann equivalence classes of elements of P<ω(A). The
operation ⊕ induces an abelian semigroup operation on D(A), which we continue
to denote by ⊕.

Our goal in this subsection is to show how the presentation A# induces a pre-
sentation of D(A). First, we must make precise what we mean by a presentation
of D(A).

Fix a countably infinite set X = {x0, x1, . . .} of indeterminates and let Dω and
Fω denote the free semigroup and free group generated by X respectively. We
implicitly view both Dω and Fω as equipped with a computable bijection with N,
whence it makes sense to speak of, say, c.e. and computable subsets of Dω and Fω.
The following definitions are taken from algorithmic group theory.

Definition 2.3. If S is a semigroup, then a presentation of S is a pair (S, ν), where
ν is a semigroup epimorphism of Dω onto S. If G is a group, then a presentation
of G is a pair (G, ν), where ν is a group epimorphism of Fω onto S.

As with C∗algebras, if S is a semigroup or a group, then we use expressions such
as S# and S† to denote presentations of S.

We introduce some terminology associated with presentations of groups and
semigroups. Suppose S is a semigroup or group and S# = (S, ν) is a presentation
of S. If ν(w) = a, then we call w an S#-label of a. The kernel of S#, denoted
ker(ν), is the set of all pairs (w,w′) so that w and w′ are S#-labels of the same
element of S.

Definition 2.4. Suppose S# is a presentation of a group or semigroup. We say
that S# is c.e. (resp. computable) if its kernel is c.e. (resp. computable).

We remark that in algorithmic group theory, c.e. presentations are called recur-
sive and computable presentations are called decidable.
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Definition 2.5. Suppose S#
0 and S#

1 are (semi)group presentations. A function

f : S0 → S1 is a computable map from S#
0 to S#

1 if there is a computable map F

so that, for every a ∈ S0 and every S#
0 -label w of a, F (w) is an S#

1 -label of f(a).

To be clear, in the previous definition, S0 could be a semigroup while S1 is a
group (or vice-versa)

Definition 2.6. Suppose that A# is a presentation of A and D(A)# is a pre-
sentation of D(A). We say that A# computably supports D(A)# if there is an
algorithm that, given w ∈ Dω, computes n, e ∈ N so that e is an Mn(A

#)-index of
a projection p ∈Mn(A) for which w is a D(A)#-label of [p]∼mvn

.

Proposition 2.7. If A# is c.e., then, up to computable isomorphism, there is at
most one c.e. presentation of D(A) that is computably supported by A#.

Proof. Suppose D(A)# and D(A)† are c.e. presentations of D(A) that are com-
putably supported by A#. We define a function F : Dω → Dω as follows. Given
w ∈ Dω, we compute ew, nw so that ew is an Mnw

(A)#-index of a projection
pw ∈ Pnw(A) for which w is a D(A)#-label of [pw]∼mvn . Similarly, for each v ∈ Dω,
we compute nv, ev ∈ N so that ev is anMnv (A)#-index of a projection p†v for which
v is a D(A)†-label of [p†v]∼mvn

. By Corollary 2.2, we can effectively search for a
v ∈ Dω so that pw ∼mvn p

†
v and we then set F (w) to be this v. Thus, F is com-

putable. Moreover, by construction, F witnesses that the identity map on D(A) is
a computable isomorphism of D(A)# to D(A)†. □

Proposition 2.8. If A# is c.e. and n is a positive integer, then there is an
Mn(A

#)-computable sequence (pk)k∈N of projections such that every projection of
Mn(A) is Murray-von Neumann equivalent to some pk.

Proof. Let Sn denote the set of all rational open balls B of Mn(A
#) for which

B∩Pn(A) ̸= ∅. By Corollary 1.13, Sn is c.e. Fix an effective one-to-one enumeration
(B(aj ; rj))j∈N of {B ∈ Sn : diam(B) < 2−1} and set Bj = B(aj ; rj).

By Lemma 1.10, for each k ∈ N, we may compute an Mn(A
#)-index for a

projection pk ∈ Bk. Now given p ∈ Pn(A), choose k ∈ N such that p ∈ Bk; it
follows that ∥p− pk∥ < 2rk < 1, whence p ∼mvn pk. □

The proof of Proposition 2.8 is uniform. Namely, it constructs an algorithm such
that, given n and an index for A#, computes an Mn(A

#)-index for a sequence as
in the conclusion of the lemma.

Theorem 2.9. If A# is c.e., then there is a c.e. presentation D(A#) of D(A)
that is supported by A#.

Proof. Suppose A# is c.e. By the uniformity of Proposition 2.8, there is an array
(pn,k)n,k∈N that satisfies the following conditions.

(1) (pn,k)k∈N is a computable sequence of projections in Mn(A
#), uniformly

in n.
(2) For every projection p ∈ Pn(A), there exists k ∈ N so that p ∼mvn pn,k.

We define the semigroup epimorphism ϕ : Dω → D(A) yielding the presentation
D(A#) as follows. First, set q⟨m,k⟩ = pm,k for all m, k ∈ N. Given w =

∏
j∈F xj ∈

Dω, where F ⊆ N is finite, set ϕ0(w) =
⊕

j∈F qj ∈ P<ω(A) and let ϕ(w) =

[ϕ0(w)]∼mvn
∈ D(A). Note that ϕ is indeed a semigroup epimorphism. Finally, we

set D(A#) = (D(A), ϕ).
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It is straightforward to see that D(A#) is computably supported by A#. We
now show D(A#) is c.e. Given w,w′ ∈ Dω, set:

n = nw + nw′

q = ϕ0(w)⊕ 0nw′

q′ = ϕ0(w
′)⊕ 0nw

.

Thus (w,w′) ∈ ker(D(A#)) if and only if q ∼mvn q
′. In addition, Mn(A

#)-indices
of q and q′ can be computed from w, w′. It follows from the uniformity of Corollary
2.2 that ker(D(A#)) is c.e. □

Once again, we remark that the proof Theorem 2.9 is uniform.
If ψ : A0 → A1 is a ∗-homomorphism, we let ψn : Mn(A0) → Mn(A1) denote

the matrix amplification of ψ. We note that if ψ is also a computable map from

A#
0 to A#

1 , then each ψn is a computable map from Mn(A0)
# to Mn(A1)

#. We
also let D(ψ) : D(A0) → D(A1) be the semigroup homomorphism defined by
D(ψ)([p]∼mvn) = [ψn(p)]∼mvn whenever p ∈ Pn(A).

Theorem 2.10. Suppose A#
0 and A#

1 are c.e. and ψ is a computable ∗-homomorphism

from A#
0 to A#

1 . Then D(ψ) is a computable map from D(A#
0 ) to D(A#

1 ).

Proof. Given w ∈ Dω, do the following. First, compute n and an Mn(A0)
#-

index e of a projection p0 ∈ Mn(A0)
# so that w is a D(A0)

#-label of p0. Since
ψn is computable, we can then compute an Mn(A1)

#-index e1 of ψn(p0). Since

A#
1 supports D(A#

1 ), by Theorem 2.1, we can then search for a D(A#
1 )-label of

[ψn(p0)]∼mvn
= D(ψ)([p0]∼mvn

). □

Once again, the statement of Theorem 2.10 holds uniformly.
As previously remarked, we view presentations of unital C∗-algebras as forming

a category; we also consider the full subcategories of c.e. and computable presenta-
tions of C∗-algebras. Similarly, we have the category of (semi)group presentations,
where the morphisms are the computable homomorphisms; we analogously can con-
sider the full subcategories of c.e. and computable presentations of (semi)groups.
Our work in this section can be summarized as follows.

Corollary 2.11. D is a computable functor from the category of c.e. presentations
of unital C∗-algebras to the category of c.e. semigroup presentations.

In this corollary, when we say that D is a computable functor, we mean that
there is an algorithm that, given an index of an object or morphism, computes an
index for its D-image. We will use the word computable in the same way for the
other functors defined later in this paper.

2.3. The K0 group. For a unital C∗-algebra A, K0(A) is defined by taking the
Grothendieck group of the Murray-von Neumann semigroup D(A). Consequently,
we begin this section by recalling the definition of the Grothendieck functor G from
the category of abelian semigroups to the category of abelian groups.

Fix an abelian semigroup S and consider the equivalence relation ∼ on S × S
given by (a, b) ∼ (c, d) if and only if there exists z ∈ S so that a+ d+ z = c+ b+ z.
Let G(S) = (S×S)/ ∼ denote the quotient space. Then the semigroup operation on
S ×S (defined coordinatewise) induces an abelian group operation on G(S), where
the additive inverse of the equivalence class of (a, b) is the equivalence class of (b, a).
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We call G(S) the Grothendieck group of the semigroup S. We let π : S × S → G(S)
denote the natural quotient map. There is also a map γS : S → G(S) given by
setting γS(a) = π(a, b), where b ∈ S is any fixed element. (The definition of γS
does not depend on the choice of b ∈ S.) The reader should be warned that γS is
not injective in general; in fact, γS is injective precisely when S is a cancellative
semigroup. Every element of G(S) can be written as a difference γS(a)− γS(b) for
some a, b ∈ S.

The Grothendieck group G(S) satisfies the following universal property: if ϕ :
S → H is a semigroup morphism from an abelian semigroup to an abelian group,
then there is a unique group homomorphism ψϕ : G(S) → H so that ψϕ ◦ γS = ϕ.
A consequence of this fact is that G is actually a functor, that is, given a semigroup
morphism ϕ : S0 → S1, there is a unique group morphism G(ϕ) : G(S0) → G(S1)
such that G(ϕ) ◦ γS0 = γS1 ◦ ϕ.

We now seek to effective this construction.

Definition 2.12. Let S# be a presentation of an abelian semigroup and let G(S)#
be a presentation of G(S). We say that G(S)# is S#-universal if it satisfies the
following conditions:

(1) γS is a computable map from S# to G(S)#.
(2) Whenever H# is a c.e. presentation of an abelian group and ϕ is a com-

putable semigroup morphism from S# to H#, then ψϕ is a computable
map from G(S)# to H# and, moreover, an index of ψϕ can be computed
from an index of ϕ.

It is straightforward to show that if there is an S#-universal presentation of
G(S), then this presentation is unique up to computable isomorphism.

Definition 2.13. If S# is a (semi)group presentation, then X ⊆ S is said to be a
c.e. subset of S# if the set of all S#-labels of elements of S is c.e.

Proposition 2.14. If S# is a c.e. presentation of an abelian semigroup, then there
is a (necessarily unique) c.e. presentation G(S#) of G(S) that is S#-universal.

Proof. We first claim that there is a c.e. presentation (S × S)# of the semigroup
S × S that satisfies the following conditions.

(1) The projection functions are computable maps from (S × S)# to S#.
(2) For each a ∈ S, the injection maps b 7→ (a, b) and b 7→ (b, a) are computable

maps from S# to (S × S)#.

To see this, write S# = (S, ν). Fix a computable bijection τ = (τ0, τ1) of N onto
(N<ω×N<ω)\{(∅, ∅)}. For each n ∈ N and k ∈ {0, 1}, let σk(xn) =

∏
j<|τk(n)| xτk(j).

Set σ = (σ0, σ1). Then, for each w ∈ Dω, let ϕ(w) =
∏

j<|w| σ(wj). It follows that

(Dω×Dω, ϕ) is a computable presentation ofDω×Dω. Let ϕ0, ϕ1 be the component
maps of ϕ. Set ν1(w) = (νϕ0(w), νϕ1(w)), and set (S × S)# = (S × S, ν1). It
follows that (S×S)# has the required properties. Note also that the Grothendieck
equivalence relation ∼ is a c.e. subset of (S × S)#.

We next claim that there is a c.e. presentation G(S#) so that the canonical
epimorphism π : S ×S → G(S) is a computable map from (S ×S)# to G(S#). Let
ν1 be the labeling map of (S × S)# and set ν2 = πν1. Extend ν2 to Fω by defining
ν2(x

−1
n ) = ν2(xn)

−1 and ν2(1) = ν2(x0x
−1
0 ), and set G(S#) = (G, ν2). Then G(S#)

has the required properties. Note also that, since ∼ is a c.e. subset of (S × S)#,
G(S)# is a c.e. presentation of G(S).
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We now argue for the S#-universality of G(S#). Let a0 be the element of S
whose S#-label is the indeterminate x0. We have, γS(a) = [(a, a0)]∼ for all s ∈ S.
Thus, by the computability of the injections and the canonical epimorphism, γS is
a computable map from S# to G(S#). Suppose now that H# is a c.e. presentation
of an abelian group, and suppose ϕ is a computable semigroup morphism from
S# to H#. Suppose g0 ∈ Fω is a G(S#)-label of [(a, b)]∼. By using the canonical
epimorphism, we can compute a (S×S)#-label w1 of a pair (a′, b′) so that (a′, b′) ∼
(a, b). By using the projection maps, we can compute S#-labels of a′ and b′. We
then compute an H#-label of ϕ(a′)− ϕ(b′) = ψϕ([(a, b)]∼). □

The statement of Proposition 2.14 holds uniformly in the sense that, from an
index of S#, one can compute indices for G(S#) and γS .

Corollary 2.15. G is a computable functor from the category of c.e. presentations
of abelian semigroups to the category of c.e. presentations of abelian groups.

Proof. It only remains to show that G uniformly transforms computable semigroup
homomorphisms into comptuable group homomorphisms. Suppose ϕ is a com-

putable semigroup homomorphism from S#
0 to S#

1 . From a G(S#
0 )-label of g ∈

G(S0), one can compute S#
0 -labels of a, b ∈ S0 so that g = γS0(a)− γS0(b). Conse-

quently, we can then compute a G(S#
1 )-label of G(ϕ)(g) = γS1

(ϕ(a))−γS1
(ϕ(b)). □

Given a c.e. presentation A#, we set K0(A
#) = (G ◦ D)(A#).

Corollary 2.16. K0 is a computable functor from the category of c.e. presentations
of unital C∗-algebras to the category of c.e. presentations of abelian groups.

The previous corollary raises the following natural question.

Question 2.17. If A# is computable, is K0(A
#) also computable? More generally,

if A is computably presentable, is K0(A) also computably presentable?

We will see that in the case of UHF algebras, the previous question has a positive
answer. In order to prove that result, we will require the following:

Proposition 2.18. Suppose that S# is a computable presentation of a cancellative
abelian semigroup S. Then G(S#) is also computable.

Proof. Suppose x1, x2 ∈ Fω are G(S#)-labels for a1, a2 ∈ G(S). Since γS is a
computable map from S# to G(S#), we can effectively search for yi,j ∈ Dω which
are S#-labels for bi,j ∈ G(S) satisfying ai = γS(bi,1)− γS(bi,2). We then have that
a1 = a2 if and only if γS(b1,1) + γS(b2,2) = γS(b1,2) + γS(b2,1), which, since S is
cancellative, is equivalent to b1,1 + b2,2 = b1,2 + b2,1; since S

# is computable, this
can indeed be decided. □

Recall that an ordered abelian group is a pair (G,G+), where G is a group and
G+ is a subset of G, called the positive cone of G, that satisfy the following three
properties.

(1) G+ +G+ ⊆ G+.
(2) G+ ∩ (−G+) = {0}.
(3) G = G+ −G+.

If A is stably finite, then K0(A) is an ordered abelian group with positive cone
K0(A)+ = {γD(A)([p]∼mvn

) : p ∈ P<ω(A)}.
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Proposition 2.19. If A is stably finite and A# is c.e., then K0(A)+ is a c.e.
subset of K0(A

#).

Proof. For simplicity, set S = D(A), so K0(A)+ = ran(γS). Write D(A#) =
(D(A), ν0) and K0(A

#) = (K0(A), ν1). Then by the computable universality of
K0(A

#), there is a computable F : Dω → Fω so that γSν0 = ν1F . A direct
computation shows that

ν−1
1 [ran(γS)] = {w ∈ Fω : (w,F (w′)) ∈ ker(ν1) for some w′ ∈ Fω}.

Since ker(ν1) is c.e. and F is computable, we see that ν−1
1 [ran(γS)] is c.e., whence

K0(A)+ is a c.e. subset of K0(A
#). □

Corollary 2.20. Suppose that A is stably finite and K0(A) is linearly ordered,
that is, K0(A) = K0(A)+∪ (−K0(A)+). Then for any c.e. presentation A# of A,
K0(A)+ is a computable subset of K0(A

#).

Proof. This follows from Proposition 2.19 together with the easy observation that,
for any presentation G# of of an abelian group, the map x 7→ −x is a computable
map from G# to itself. □

2.4. Non-unital C∗-algebras. In this section, we deviate from our convention

and do not assume that A is necessarily unital. Recall that the unitization Ã of

A is the C∗-algebra with underlying set Ã = {(a, α) : a ∈ A,α ∈ C}, with
addition and scalar multiplication given coordinatewise, and multiplication given

by (a, α) · (b, β) = (ab + βa + αb, αβ). Equipped with these operations, Ã is a

unital *-algebra with unit (0, 1). One has *-algebra homomorphisms ι : A → Ã

and π : Ã → C given by ι(a) = (a, 0) and π(a, α) = α. Note that ι(A) is an ideal

of Ã, which we usually identify with A itself. Ã is in fact a C∗-algebra under the
norm ∥x∥Ã = max(|π(x)|, sup{∥ax∥A : a ∈ A, ∥a∥ ≤ 1}). Note that when A is

unital, then Ã is isomorphic to A⊕ C.
If A# is a presentation of A, then one obtains a presentation Ã# on Ã by

declaring that the ⟨m, k⟩-th special point of Ã# is the pair (a, α), where a is the
m-special point of A# and α is the k-th special point of the standard presentation

of C. It follows immediately that if A# is a left-c.e. presentation, then so is Ã#.
An alternate description of the unitization in terms of universal C∗-algebras

will prove useful. Namely, Ã is the universal C∗-algebra generated by A and an
additional indeterminate x subject to all of the relations satisfied by A together
with the relations stating that x is a contraction that serves as a unit for the
algebra. In particular, if A# is a presentation of A, then in the previous sentence,
one may replace the statement “all of the relations satisfied by A” by the statement
“all rational relations ∥p(⃗a)∥ ≤ r” satisfied by the special points of A#. In this

way, one can equip Ã with the corresponding universal presentation Ã#,u (see [10,
Subsection 2.2]), which is easily seen to be computably isomorphic to the previously

defined presentation Ã#.

Proposition 2.21. If A# is a c.e. (resp. computable) presentation of A, then the

induced presentation on Ã# is also c.e. (resp. computable). Moreover, an index

for Ã# can be computed from an index for A#.

Proof. The statement for c.e. presentations follows immediately from [7, Theorem
3.3]. The statement for computable presentations follows from the statement for



COMPUTABLE K-THEORY FOR C∗-ALGEBRAS: UHF ALGEBRAS 15

right-c.e. presentations and the corresponding statement for left-c.e. presentations
mentioned above. □

Given a *-algebra homomorphism ϕ : A0 → A1, we obtain a *-algebra homo-

morphism ϕ̃ : Ã0 → Ã1 given by ϕ̃(a, α) = (ϕ(a), α). The following fact is clear.

Proposition 2.22. If ϕ : A#
0 → A#

1 is a computable *-algebra homomorphism,

then so is ϕ̃ : Ã0

#
→ Ã1

#
.

Corollary 2.23. The unitization functor from the category of c.e. (resp. com-
putable) presentations of C∗-algebras to the category of c.e. (resp. computable
presentations) of unital C∗-algebras is computable.

For A not necessarily unital, K0(A) is defined to be the kernel of the map

K0(π) : K0(Ã) → K0(C). In order to equip K0(A) with a c.e. presentation, we
need a couple of preliminary lemmas. It is quite possible that these lemmas are
folklore in the algorithmic group theory community, but since we could not find
exact statements of them in the literature, we provide proofs for the convenience
of the reader.

Lemma 2.24. If ϕ : G#
0 → G#

1 is a computable map of group presentations and

G#
1 is c.e., then ker(ϕ) is a c.e. subset of G#

0 . Moreover, an index for ker(ϕ) can

be computed from indices for ϕ and G#
1 .

Proof. Suppose that G#
i = (Gi, νi), i = 0, 1, and fix w′ ∈ Fω such that ν1(w) = 0.

Take also a computable function f : Fω → Fω witnessing that ϕ is computable.
Then ν−1

0 [ker(ϕ)] = {w ∈ Fω : (f(w), w′) ∈ ker(ν1)}. Since f is computable and
ker(ν1) is c.e., we see that ν

−1
0 [ker(ϕ)] is a c.e. subset of Fω, whence ker(ϕ) is a c.e.

subset of G#
0 . □

Lemma 2.25. If G# is a c.e. group presentation and H is a c.e. subgroup of
G#, then there is a c.e. presentation H# of H such that the inclusion map is a
computable map H# → G#. Moreover, an index for H# can be computed from an
index for G# and an index for H as a c.e. set.

Proof. Let U be the set of all G#-labels of elements of S. Then U is c.e. and U is
a subgroup of Fω. Let (wn)n∈N be an effective enumeration of U . Set ν0(xn) = wn,
extend ν0 to an epimorphism of Fω onto U , and set U# = (U, ν0). Then U

# is a c.e.
presentation of U . Define H# by declaring w to be an H#-label of a ∈ H if w is a
U#-label of a G#-label of a. It follows that H# has all the required properties. □

Given a c.e. presentation A# of A, define K0(A
#) to be the c.e. presentation

of K0(A) = ker(π) induced by the c.e. presentation of K0(Ã
#), where Ã# is the

c.e. presentation of Ã induced by the presentation A#.

Lemma 2.26. Suppose that ϕ : A#
0 → A#

1 is a computable *-homomorphism.
Then the induced map K0(ϕ) : K0(A0) → K0(A1) is a computable map from

K0(A
#
0 ) to K0(A

#
1 ). Moreover, an index for K0(ϕ) can be computed from indices

for ϕ, A#
0 , and A

#
1 .

Proof. Note that K0(ϕ) is the restriction of K0(ϕ̃) : K0(Ã0) → K0(Ã1) to K0(A0).

The inclusion map is a computable map fromK0(A
#
i ) to K0(Ãi

#
). The result then
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follows from the fact that K0(ϕ) is a computable map of K0(Ã0

#
) to K0(Ã1

#
).

Since all of the assertions in this proof have already been show to be uniform, so is
the conclusion of the lemma. □

Putting all of the pieces from this subsection together, we obtain the following.

Corollary 2.27. K0 is a computable functor from the category of c.e. presentations
of (not necessarily unital) C∗algebras to the category of c.e. presentations of groups.

3. Computing K1

Having established that c.e. presentations of A give rise to c.e. presentations of
K0(A), it is natural to turn our attention next to K1(A). Fortunately, our work on
K0 will allow us to accomplish this quite quickly. In this section, we also abandon
our convention that all C∗-algebras are assumed to be unital.

Recall that for any C∗-algebraA, the suspension of A is the C∗-algebra C0(0, 1)⊗
A; we denote this algebra by SA. It follows that SA ∼= {f ∈ C([0, 1],A) : f(0) =
f(1) = 0} where the isomorphism is given by the mapping f ⊗ a 7→ (t 7→ f(t)a).
Note that SA is not unital.

Lemma 3.1. If A# is a c.e. (resp. computable) presentation, then there is an
induced presentation SA# of SA that is also c.e. (resp. computable). Moreover,
an index for SA# can be computed from an index for A#.

Proof. We begin by noting that C0(0, 1) has a computable presentation C0(0, 1)
#,

namely the ones whose special points are the rational polygonal curves γ : [0, 1] → C
so that γ(0) = γ(1) = 0. Equip SA# with the presentation whose ⟨m, k⟩th special
point is fm ⊗ ak, where fm and ak are the mth rational point of C0(0, 1)

# and kth
rational point of A# respectively. By [10, Lemmas 2.4 and 2.5], we have that SA#

is c.e. when A# is c.e. If A# is actually computable, then SA# is also left-c.e.
(and hence computable) using the formula∥∥∥∥∥∑

i

fi ⊗ ai

∥∥∥∥∥ = sup
t∈(0,1)

∥∥∥∥∥∑
i

fi(t)ai

∥∥∥∥∥
and the fact that C0(0, 1)

# is evaluative in the sense of [11], that is, that the map
(f, t) 7→ (f, t) : (C0(0, 1) × (0, 1))# → C# is computable, where (0, 1) and C are
given their standard presentations. □

The suspension operation is actually an endofunctor on the category of C∗-
algebras: given a *-homomorphism ϕ : A0 → A1, one gets another *-homomorphism
Sϕ : SA0 → SA1 given by S(ϕ)(

∑
i fi ⊗ ai) =

∑
i fi ⊗ϕ(ai). The following lemma

is immediate:

Lemma 3.2. If ϕ : A#
0 → A#

1 is computable, then so is Sϕ : SA#
0 → A#

1 .

Moreover, an index for Sϕ can be computed from indices for A#
0 ,A

#
1 , and ϕ.

We let S denote the endofunctor on both the category of computable presenta-
tions of C∗algebras and its full subcategory of c.e. presentations, which associates
to each c.e. (resp. computable) presentation A# the c.e. (resp. computable)
presentation SA# as in Lemma 3.1. We have just shown the following.

Corollary 3.3. S is a computable functor.
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The reason for introducing the suspension functor is that one may define K1(A)
as K1(A) = K0(SA). Consequently, we may define the functor K1 = K0 ◦ S. As a
composition of two computable functors is computable, we obtain the following.

Theorem 3.4. The functor K1 is a computable functor from the category of c.e.
presentations of C∗-algebras to the category of c.e. presentations of groups.

Our definition of K1(A) is perhaps not the usual one, but rather is equivalent
to the usual definition only via a nontrivial theorem (see [12, Theorem 10.1.3]).
The usual definition of K1(A) is as the set of unitaries in matrix amplifications of
A modulo homotopy equivalence, with the group operation being induced by the
operation ⊕ introduced above. It would be interesting to see if perhaps one can
show that this definition of K1 leads to a computable functor which is computably
naturally equivalent to the functor just defined here.

4. UHF algebras

We now restrict our our attention to UHF algebras. Recall that a unital C∗-
algebraA is called uniformly hyperfinite (or UHF ) if there is a sequence of matrix al-
gebras (Mnk

(C))k∈N and a sequence of unital embeddings ιk :Mnk
(C) →Mnk+1

(C)
so that A is isomorphic to lim

→
(Mnk

(C), ιk). We recall that there is a unital em-

bedding from Mm(C) to Mn(C) if and only if m divides n. If m divides n, then
all such embeddings are unitarily conjugate to the canonical embedding Em,n that
takes a matrix A in Mm(C) to the block-diagonal matrix whose diagonal consists
of n/m copies of A. More formally,

Em,n(A) =
∑

ℓ<n/m

∑
r,s∈{1,...,m}

ar,se
(n)
r+ℓm,s+ℓm.

As such, we frequently suppress mention of the embeddings and refer only to the
sequence of matrix algebras involved in constructing a UHF algebra. It is well-
known that each UHF algebra A has a unique tracial state, which we denote by
τA, given as the direct limit of the unique traces on the various matrix algebras.

It is well-known that UHF algebras are simple. Consequently, by the result of
Fox mentioned in Section 1, any c.e. presentation of a UHF algebra is automatically
computable. In a sequel in preparation, we will show that this statement holds for
the wider class of AF algebras (simple or otherwise).

4.1. K-theory and supernatural numbers. In [9], Glimm classified UHF al-
gebras up to isomorphism by an invariant known as a supernatural number. This
invariant is intimately related to the K0 group of the algebra. We recall the defini-
tions and basic properties. Throughout, P denotes the set of prime numbers.

Definition 4.1. Let A ∼= lim
→
Mnk

(C) be a UHF algebra. The supernatural number

of A is the function ϵA : P → {0, 1, . . . ,∞} defined by

ϵA(p) = sup{m ∈ N : pm divides nk for some k}.

The supernatural number ϵA is often expressed as a formal product
∏

p∈P p
np

where np = ϵA(p). However, for our purposes it is usually more convenient to think
of it as a function, so that we may apply computability-theoretic terminology to it
directly.
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More generally, any function ϵ : P → N ∪ {∞} is referred to as a supernatural
number. It is easy to see that every supernatural number is the supernatural
number of a UHF algebra (which is then necessarily unique up to isomorphism).

Although the definition of ϵA appears to depend on the choice of sequence of
matrix algebras whose limit is A, this is not in fact the case.

Proposition 4.2. Let A be a UHF algebra and fix a prime p ∈ P. If m ∈ N is
such that there is a unital embedding of Mpm(C) into A, then m ≤ ϵA(p).

Proof. Since A is UHF, we can express it as A ∼= lim→Mnk
(C). Suppose that

ϕ : Mpm(C) → A is a unital embedding and set σ = τA ◦ ϕ. Then σ is a tracial
state on Mpm(C) and hence is the usual normalized trace.

Let q ∈ Mpm(C) be a rank 1 projection. Thus, σ(q) = p−m. Since ϕ(q) is
a projection in A, there exists k and a projection q′ ∈ Mnk

such that ϕ(q) is
unitarily conjugate (in A) to q′. In particular, τA(q′) = τA(ϕ(q)) = σ(q) = p−m.
Thus the rank of q′ is τA(q′)nk = p−mnk. Hence, pm divides nk andm ≤ ϵA(p). □

Corollary 4.3. For every UHF algebra A and every p ∈ P, we have

ϵA(p) = sup{m ∈ N : there is a unital embedding of Mpm(C) into A}.

The supernatural number can be viewed as an encoding of the ordered group
(K0(A),K0(A)+, [1A]0), as we now recall. For proofs of these claims, see [12,
Lemma 7.4.4.ii and Theorem 7.4.5.i].

Let A be a UHF algebra with supernatural number ϵA. Let Q(ϵA) be the
subgroup of (Q,+) generated by numbers of the form p−m, where p is prime and
m ≤ ϵA(p). Then K0(A) ∼= Q(ϵA) via an isomorphism that sends the K0-class of
1A to the rational number 1 and sends K0(A)+ to Q(ϵA)+.

On the other hand, every UHF algebra A has K1(A) = 0 (see [12, Example 8.1.8
and Proposition 8.2.7]). Thus supernatural numbers form a complete description
of K-theory for UHF algebras.

4.2. Computable UHF certificates. Many different sequences of matrix alge-
bras (and connecting maps) give rise to the same UHF algebra. For computability
purposes, it will be useful for us to have access not just to a UHF algebra, but also
to data on how to construct the UHF algebra as a direct limit of matrix algebras.
To this end, we introduce the following definition.

Definition 4.4. A UHF certificate for a C∗-algebra A is a sequence (nj , ψj)j∈N
that satisfies the following conditions:

(1) (nj)j∈N is a sequence of positive integers.
(2) ψj :Mnj

(C) → A is a unital embedding.
(3) ran(ψj) ⊆ ran(ψj+1).

(4) A =
⋃

j∈N ran(ψj).

The UHF certificate is a computable UHF certificate of the presentation A#

if the sequence (nj)j∈N is computable and the maps ψj are computable maps of
Mnj

(C) (with its standard presentation) into A#, uniformly in j.

It is clear that a C∗-algebra A is UHF if and only if it has a UHF certificate.
Our next goal is to show that if A# is a computable presentation of a UHF algebra
A, then A# has a computable UHF certificate. Note that the identity matrix of
Mn(C) is a rational point of the standard presentation of Mn(C), and hence if A#
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has a computable UHF certificate, then 1A must be a computable point of A#. In
fact, our construction of a computable UHF certificate for A# will use 1A as its
starting point, so we first prove that 1A is a computable point of every computable
presentation of a UHF algebra. This result actually holds in greater generality.

Proposition 4.5. If A is stably finite and A# is computable, then 1A is a com-
putable point of A#.

Proof. Since D(A#) is a presentation of D(A), there is a D(A#)-label w0 ∈ Dω

for [1A]∼mvn . Since A# computably supports D(A#), from w0 it is possible to
compute n and an Mn(A

#)-index of a projection p ∈ Pn(A) so that p ∼mvn 1A.
Next note that there is a computable projection p′ of A# so that p′ ∼mvn p.

Indeed, by Theorem 2.1, there is a pair (B0, B1) of rational open balls of Mn(A
#)

so that 1A ⊕ 0n−1 ∈ B0, p ∈ B1, and q0 ∼mvn q1 whenever (q0, q1) ∈ (B0 × B1) ∩
Pn(A)2. Take a rational open ball B2 of A# so that 1A ∈ B2 and q ⊕ 0n−1 ∈ B0

whenever q ∈ B2. Since P1(A) is a c.e. closed set of A#, and since B2∩P1(A) ̸= ∅,
Lemma 1.10 implies that B2 ∩P1(A) contains a computable point p′ of A#. Thus,
p′ ∼mvn p

′ ⊕ 0n−1 ∼mvn p.
Since A is stably finite and p′ ∼mvn p ∼mvn 1A, we have that p′ = 1A,as

desired. □

Note that the proof of the previous proposition is not uniform as it requires one
to fix a label for the Murray-von Neumann equivalence class of the identity. In fact,
the uniform version of the statement is not true, as was shown by the third author
in [11, Theorem 5.3].

We next show how to extend a matrix algebra in A to a larger one. We begin
by recalling a result of Glimm (see [5, Lemma III.3.2]), which we immediately
strengthen in the lemma that follows it.

Fact 4.6. For all ϵ > 0 and n ∈ N, there is a positive real number δ = δ(ϵ, n) such
that, whenever A and B are C∗-subalgebras of a unital C∗-algebra D with dim(A) ≤
n and such that A has a system of matrix units (er,s)r,s satisfying d(er,s,B) < δ,
then there is a unitary U ∈ C∗(A,B) with ∥U − 1D∥ < ϵ for which UAU∗ ⊆ B.

Lemma 4.7. Suppose that A is a UHF algebra, that M ⊆ A is a finite dimensional
subalgebra, and that v1, . . . , vk ∈ A. Then for every ϵ > 0, there is a C∗-subalgebra
B of A containing M such that B ∼=Mn(C) for some n and for which d(vi,B) < ϵ
for all i = 1, . . . , k.

Proof. Let ϵ′ be small enough so that for (ϵ′2 +2ϵ′)(∥vi∥) < ϵ/2 for all i = 1, . . . , k.
Set δ = δ(ϵ′,dim(M)) as in Fact 4.6, and let δ′ = min{δ, ϵ′, ϵ/2}. Let (er,s)r,s be
a system of matrix units for M. Since A is UHF, there is an algebra B′ ⊆ A
such that B′ ∼= Mn(C) for some n, d(er,s,B

′) < δ′ for all r, s, and d(vi, B
′) < δ′

for all i = 1, . . . , k. By the choice of δ′, there is a unitary U in C∗(M,B′) such
that ∥U − 1A∥ < ϵ′ and UMU∗ ⊆ B′. Set B = U∗B′U . Then M ⊆ B and
B ∼= B′ ∼=Mn(C).

For any v ∈ A, we have

∥v − U∗vU∥ = ∥(U − 1A)∗v(U − 1A) + (U − 1A)∗v + v(U − 1A)∥
≤ (∥U − 1A∥2 + 2∥U − 1A∥)∥v∥
≤ (ϵ′2 + 2ϵ′)∥v∥.
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In particular, for each i = 1, . . . , k, the choice of ϵ′ gives ∥vi − U∗viU∥ < ϵ/2. Now
for each i = 1, . . . , k, and each b ∈ B′, we have

∥vi − U∗bU∥ = ∥vi − U∗(b− vi)U − U∗viU∥
≤ ∥vi − U∗viU∥+ ∥b− vi∥
≤ ϵ/2 + d(vi,B

′)

< ϵ.

Thus d(vi,B) < ϵ for all i = 1, . . . , k as required. □

Our next step is a computable version of the previous lemma.

Lemma 4.8. Suppose A is UHF and A# is computable. Assume ϕ is a unital
embedding of Mn(C) into A and is a computable map from Mn(C) into A#. Then
for every k ∈ N and every finite set F of rational vectors of A#, there exists n′ > n
with n | n′ and a unital embedding ψ of Mn′(C) into A that satisfy the following
conditions.

(1) ψ is a computable map from Mn′(C) to A#.
(2) For all ρ ∈ F , d(ρ, ran(ψ)) < 2−k.
(3) For all r, s ∈ {1, . . . , n},

∥ϕ(e(n)r,s )−
∑

j<n′/n

ψ(e
(n′)
r+jn,s+jn)∥ < 2−k.

Proof. Set A0 = ran(ϕ) and fix a positive integer m. Let Cm denote the set
of all (mn) × (mn) systems of matrix units in Mmn(A). By Corollary 1.15, Cm

is a c.e. closed subset of Mmn(A)# uniformly in m. Let U1
m denote the set of all

A ∈Mmn(A) so that d(ρ, ⟨ar,s⟩r,s) < 2−k for each ρ ∈ F , where ⟨ar,s⟩r,s denotes the
subalgebra of A generated by the ar,s’s. Let U

2
m denote the set of all A ∈Mmn(A)

so that, for all r, s ∈ {1, . . . , n}, one has

∥ϕ(e(n)r,s )−
∑
j<m

ar+jn,s+jn∥ < 2−k.

Note that both U1
m and U2

m are c.e. open sets of Mmn(A)# uniformly in m,
whence so is U1

m ∩ U2
m.

We claim that there is a positive integerm so that Cm∩U1
m∩U2

m ̸= ∅. To see this,
note that, by Lemma 4.7, there is an n′ ∈ N and a C∗-algebra B ∼=Mn′(C) so that
A0 ⊆ B ⊆ A and so that d(ρ,B) < 2−k for all ρ ∈ F . Let ψ0 be a ∗-isomorphism
of Mn′(C) onto B. Thus, ψ−1

0 ◦ ϕ : Mn(C) → Mn′(C) is a unital embedding.
Consequently, there is a unitary U ∈ Mn′(C) so that ψ−1

0 (ϕ(A)) = UEn,n′(A)U∗

for all A ∈ Mn(C). Now define ψ1 : Mn′(C) → A by ψ1(A) = ψ0(UAU
∗). Set

ar,s = ψ1(e
(n′)
r,s ), and let A be the matrix with entries ar,s. It suffices to show

A ∈ Cm ∩ U1
m ∩ U2

m. Since ψ1 is an embedding, we have A ∈ Cm. Since we have

⟨ar,s⟩r,s = B, it follows that A ∈ U1
m. Finally, since ϕ(e

(n)
r,s ) = ψ1(En,n′(e

(n)
r,s )) =∑

j<m ar+jn,s+jn, we have A ∈ U2
m, proving the claim.

Take m as in the previous paragraph and set n′ = mn. By Lemma 1.10, there is
a computable point A belonging to Cm ∩U1

m ∩U2
m. Let ψ be the unital embedding

of Mn′(C) into A for which ψ(e
(n′)
r,s ) = ar,s. It follows that ψ satisfies (1) through

(3). □
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Once again, the proof of Lemma 4.8 shows that the conclusion holds uniformly
in codes for A# and ϕ.

We now arrive at the key theorem of this subsection.

Theorem 4.9. Suppose A is UHF and A# is computable. Then A# has a com-
putable UHF certificate (nj , ψj)j∈N so that ψ−1

j+1ψj = Enj ,nj+1 .

Proof. We define a computable sequence (nj)j∈N of positive integers with nj | nj+1

and a monotonic nondecreasing sequence (Aj)j∈N for which A =
⋃

j∈N Anj
. At

the same time, for each j ∈ N, we will also define a ∗-isomorphism ψj of Mnj
(C)

onto Aj that is a computable map from Mnj
(C) to A# uniformly in j.

These subalgebras and maps will be built by a sequence of approximations. More
precisely, for each j, t ∈ N with j ≤ t, we build an approximation Aj,t of Aj . This

is acccomplished by defining an nj × nj system G(j,t) = (g
(j,t)
r,s )r,s of matrix units

and setting Aj,t = ⟨g(j,t)r,s ⟩r,s. Along the way, we will ensure the following three
conditions.

• 1A =
∑

r g
(j,t)
r,r .

• G(j,t) is a computable point of Mnj
(A) uniformly in j, t.

• (G(j,t))t∈N is a strongly Cauchy sequence of Mnj
(A)#. That is, ∥G(j,t) −

G(j,t+1)∥ < 2−t for all t ∈ N.
By the last item, we may set G(j) = limtG

(j,t). Writing G(j) = (g
(j)
r,s ), we

then define Aj = ⟨g(j)r,s ⟩r,s. When j ≤ t, we define ψj,t : Mnj
(C) → Aj,t by

ψj,t(e
(nj)
r,s ) = g

(j,t)
r,s and then define ψj :Mnj (C) → Aj by ψj = limt ψj,t.

An auxiliary sequence to be constructed during the construction is an array

(α
(n,t)
r,s )r,s of scalars from Q(i) whenever n < t.
Let (ρn) denote an effective enumeration of the rational points of A#. There

are two key invariants to be maintained at each stage of this construction.

(INV-1) ∥ρn −
∑

r,s α
(n,t′)
r,s g

(t′,t)
r,s ∥ < 2−t′ when n < t′ ≤ t.

(INV-2) g
(j,t)
r,s =

∑
ℓ<nj+1/nj

g
(j+1,t)
r+ℓnj ,s+ℓnj

when j + 1 ≤ t.

At each stage of the construction, we assume the invariants are satisfied at all
prior stages.

Stage 0: We define n0 to be 1 and g
(0,0)
1,1 = 1A.

Stage t+ 1: We begin by setting n = nt, ϕ = ψt,t, F = {ρ0, . . . , ρt}, and

kt+1 = log2

2t+1nt
∏

n<t′≤t

ntnt′(∥ρn∥+ 2−t′ + 1)

2−t′ − ∥ρn −
∑

r,s α
(n,t′)
r,s g

(t′,t)
r,s ∥

 .

By Lemma 4.8, there exists nt+1 > nt with nt | nt+1 and a unital embedding
ψt+1,t+1 of Mnt+1(C) into A that satisfy the following three conditions.

(1) ψt+1,t+1 is a computable map of Mnt+1
(C) to A#.

(2) For all n ≤ t, d(ρn, ran(ψt+1,t+1)) < 2−kt+1 .
(3) For all r, s ∈ {1, . . . , nt},

∥g(t,t)r,s −
∑

j<nt+1/nt

ψt+1,t+1(e
(nt+1)
r+jnt,s+jnt

)∥ < 2−kt+1 .



22 C. J. EAGLE, I. GOLDBRING, T. H. MCNICHOLL, AND R. MILLER

We set g
(t+1,t+1)
r,s = ψt+1,t+1(e

(nt+1)
r,s ). For each n ≤ t, compute an array (α

(n,t+1)
r,s )r,s

of scalars from Q(i) so that

∥ρn −
∑
r,s

α(n,t+1)
r,s g(t+1,t+1)

r,s ∥ < 2−(t+1).

For j ≤ t, by “backwards recursion”, we set

g(j,t+1)
r,s =

∑
ℓ<nj+1/nj

g
(j+1,t+1)
r+ℓnj ,s+ℓnj

.

We first claim that for every t ∈ N,

∥g(j,t)r,s − g(j,t+1)
r,s ∥ ≤ nt

nj
2−kt+1

whenever j ≤ t and r, s ∈ {1, . . . nj}. For, let t ∈ N. We proceed by ‘backward
induction’ on j. The base case j = t holds from (3) above and the definition of

g
(t,t+1)
r,s . Now suppose j < t. By construction,

g(j,t)r,s =
∑

ℓ<nj+1/nj

g
(j+1,t)
r+ℓnj ,s+ℓnj

and

g(j,t+1)
r,s =

∑
ℓ<nj+1/nj

g
(j+1,t+1)
r+ℓnj ,s+ℓnj

By the inductive hypothesis,

∥g(j,t)r,s − g(j,t+1)
r,s ∥ ≤ nj+1

nj

nt
nj+1

2−kt+1 =
nt
nj

2−kt+1

as required.
We now show that the invariants are satisfied at every stage t. We first note that

the invariants are vacuously true when t = 0. Suppose the invariants hold at stage
t. We now show they hold at stage t+ 1. (INV-2) holds by construction. Suppose
n < t′ ≤ t+ 1. We need to show

∥ρn −
∑
r,s

α(n,t′)
r,s g(t

′,t+1)
r,s ∥ < 2−t′ .

If t′ = t+ 1, then this is by construction. Suppose t′ ≤ t. On the one hand,

∥ρn −
∑
r,s

α(n,t′)
r,s g(t

′,t+1)
r,s ∥ ≤ ∥ρn −

∑
r,s

α(n,t′)
r,s g(t

′,t)
r,s ∥+

∑
r,s

|αr,s|∥g(t
′,t+1)

r,s − g(t
′,t)

r,s ∥.

By what has just been shown,

∥g(t
′,t)

r,s − g(t
′,t+1)

r,s ∥ ≤ nt
nt′

2−kt+1 .

We also have that

|α(n,t′)
r,s | ≤ ∥

∑
r,s

α(n,t′)
r,s e(nt′ )

r,s ∥ = ∥
∑
r,s

α(n,t′)
r,s g(t

′,t+1)
r,s ∥ ≤ ∥ρn∥+ 2−t′ .

Thus,∑
r,s

|α(n,t′)
r,s |∥g(t

′,t+1)
r,s −g(t

′,t)
r,s ∥ ≤ (nt′)

2(∥ρn∥+2−t′)
nt
nt′

2−kt+1 = ntnt′(∥ρn∥+2−t′)2−kt+1 .
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By the definition of kt+1,

ntnt′(∥ρn∥+ 2−t′)2−kt+1 < 2−t′ − ∥ρn −
∑
r,s

α(n,t′)
r,s g(t

′,t)
r,s ∥.

Hence, the invariants are maintained at all stages of the construction.
The only thing that remains to be verified is that A =

⋃
n∈N An. To see this,

note that d(ρn,At) ≤ 2−t whenever n < t. Thus, every rational vector of A#

belongs to
⋃

n∈N An, which clearly suffices. □

Remark 4.10. If A# is a computable presentation of the UHF algebra A and
(nj , ψj) is a computable UHF certificate of A#, then it is clear that one may
compute, for every rational ϵ > 0 and rational point y of A#, an integer j and a
rational point x ofMnj

(C) so that ∥ψj(x)−y∥ < ϵ. In other words, the union of the

ranges of the ψj ’s is “computably dense.” Conversely, if A# is a presentation of the
UHF algebra A for which there is a computable UHF certificate of A# satisfying
this extra computable density property, then A# is readily seen to be computable.

4.3. Computability of K-theory. We saw in Corollary 2.16 that if A# is a com-
putable presentation of a unital C∗-algebra A, then K0(A

#) is a c.e. presentation
of K0(A). Moreover, Proposition 2.19 implies that if A is UHF, then the positive
cone K0(A)+ is a c.e. subset of K0(A

#) (since UHF algebras are stably finite).
We now show that for UHF algebras, the situation is better, in that K0(A

#) is
actually a computable presentation of K0(A) and the positive cone K0(A)

+ is a
computable subset of K0(A

#).

Theorem 4.11. Suppose A is a UHF algebra. If A# is computable, then the
tracial state τA of A is a computable map from A# to C.

Proof. By Theorem 4.9, there is a computable UHF certificate (nj , ψj)j∈N for A#.
For each j ∈ N, let Aj = ran(ψj) and let τj be the tracial state of Mnj

(C). Note
that the maps τj are computable, uniformly in j.

Given a rational open ball B(ρ; r) of A#, we compute a rational open disk
D(ζ; 3r) ⊆ C as follows. First, we compute j and a rational point A ∈ Mnj

(C) so
that ∥ψj(A)− ρ∥ < r, whence it follows that

|τj(A)− τ(ρ)| = |τψj(A)− τ(ρ)| < r.

Next, since τj is computable, we can compute ζ ∈ Q(i) so that |ζ − τj(A)| < r. As
a result, for each a ∈ B(ρ; r), we have

|τ(a)− ζ| ≤ |τ(a)− τ(ρ)|+ |τ(ρ)− τj(A)|+ |ζ − τj(A)| < 3r.

Thus, τ is a computable map of A# into C. □

Definition 4.12. Suppose τ is a trace on a C∗-algebra A. We say that (A, τ) is
factor-like provided that for any two projections p, q ∈ P<ω(A), p ∼mvn q if and
only if τ(p) = τ(q).

The nomenclature stems from the fact that the conclusion of the definition holds
for tracial factors. Note that τ(p) = τ(q) always holds when p ∼mvn q, whence
the import of the definition is the statement that projections of the same trace are
Murray-von Neumann equivalent.

The following is probably well-known, but since we could not find it explicitly
stated in the literature, we include a proof.
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Lemma 4.13. Suppose that A is UHF and τA is its unique tracial state. Then
(A, τA) is factor-like.

Proof. SinceMn(A) is UHF as well, it suffices to consider the case that p, q ∈ P (A)
are such that τA(p) = τA(q). Take a C∗-subalgebra B ⊆ A such that B ∼= Mn(C)
for some n and which contains projections p′ and q′ such that ∥p−p′∥, ∥q−q′∥ < 1/2.
Thus, p ∼mvn p

′, q ∼mvn q
′, and consequently τA(p′) = τA(q′). However, τA agrees

with the usual trace on Mn(C) (once Mn(C) is identified with B), and it is well-
known that matrix algebras equipped with their usual trace are factor-like (in fact,
they are factors!). □

The following is immediate from the definitions.

Proposition 4.14. Suppose that (A, τ) is factor-like and that A# is a presentation
such that τ is a computable map from A# to C. Then there is a c.e. set R ⊆ N2

such that, for all e0, e1 ∈ N, if ej is a A#-index of a projection pj ∈ P<ω(A), then
p0 ̸∼mvn p1 if and only if R(e0, e1).

Theorem 4.15. If A# is a computable presentation of a UHF algebra A, then
K0(A

#) is a computable presentation of K0(A) and K0(A)+ is a computable subset
of K0(A

#).

Proof. By Proposition 2.18, in order to show that K0(A
#) is computable, it suffices

to show that D(A#) is computable. Towards this end, fix w0, w1 ∈ Dω. Since
D(A#) is computably supported by A#, for j = 0, 1 we can compute nj ∈ N and
an A#-index of a projection pj ∈ Mnj (A) for which wj is a D(A#)-label. Let
n = max{n0, n1}. Since (A, τA) is factor-like, Theorem 2.1 and Proposition 4.14
allow us to determine if p0 ∼mvn p1, as required to show that D(A#) is computable.

Finally, since A is UHF, the ordering on K0(A) is linear, and hence K0(A)+ is
a computable subset of K0(A

#) by Corollary 2.20. □

We now turn to the connection with supernatural numbers. The following defi-
nition is an adaptation of a standard concept from computable analysis.

Definition 4.16. A supernatural number ϵ is lower semicomputable if it is the
pointwise limit of a uniformly computable sequence (hj)j∈N of functions from P
into N so that hj(p) ≤ hj+1(p) for all j ∈ N and p ∈ P.

We are now prepared to demonstrate the relations between computability prop-
erties of A, K0(A), and ϵA.

Theorem 4.17. Suppose A is a UHF algebra. The following are equivalent.

(1) A has a computable presentation.
(2) K0(A) has a computable presentation.
(3) K0(A) has a c.e. presentation.
(4) The supernatural number of A is lower semicomputable.

Proof. Theorem 4.15 already states that (1) implies (2). It is definitional that (2)
implies (3). For (3) ⇒ (4), set G = K0(A), and let G# be a c.e. presentation of
G. Since A is UHF, we may assume G = Q(ϵA) in that, from the presentation G#,
we may form a c.e. presentation of Q(ϵA) that has the same index. Fix a G#-label
w0 of 1 and set

E = {(p,m) ∈ P× N : Mpm(C) unitally ∗-embeds into A}.
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By Corollary 4.3, to show that ϵA is lower semicomputable, it suffices to show E is
c.e. Let κ denote the kernel of G#. Fix a prime p and an m ∈ N. By the definition
of Q(ϵA), m ≤ ϵA(p) if and only if (wpm

, w0) ∈ κ for some w ∈ Fω. At the same
time, by Corollary 4.3, m ≤ ϵA(p) if and only if (p,m) ∈ E. Since κ is c.e., it
follows that E is c.e.

Finally, suppose that ϵA is lower semicomputable and take a nondecreasing and
uniformly computable sequence (hj)j∈N of functions from P to N so that ϵA =
limj hj . Set gj = hj ·χ[0,j], where χ[0,j] is the characteristic function of [0, j]. Then,
set

nj =
∏
p∈P

phj(p).

Let B be the inductive limit of (Mnj
(C), Enj ,nj+1

), which is is isomorphic to A by
construction. By [10, Lemma 2.7.3], B is computably presentable, whence so is
A. □

It follows from the previous theorem that 0′′ computes the supernatural num-
ber of every computably presentable C∗algebra. We now give an example of a
supernatural number that achieves this upper bound. Let (pe)e∈N be the increasing
enumeration of P. For each e, s, let hs(pe) = #We,s and set ϵ(p) = lims hs(p).
Thus, by definition, ϵ is a lower-semicomputable supernatural number. However,
We is infinite if and only if ϵ(pe) = ∞. At the same time, the Turing degree of
{e : We is infinite} is 0′′. Therefore, any oracle that computes ϵ computes 0′′ as
well.

4.4. Computable categoricity. Recall that a structure is called computably cat-
egorical if every two computable presentations of the structure are computably
isomorphic. We conclude this paper by showing that all UHF algebras enjoy this
property.

Theorem 4.18. Every UHF algebra is computably categorical.

Proof. Suppose A is UHF and suppose that A# and A† are computable presen-
tations of A. By Theorem 4.9, A# has a computable UHF certificate (mj , ϕj)j∈N
satisfying ϕ−1

j+1ϕj = Emj ,mj+1
. Similarly, A† has a computable UHF certificate

(nj , ψj)j∈N satisfying ψ−1
j+1ψj = Enj ,nj+1 . Set Aj = ran(ϕj) and A′

j = ran(ψj).

We define sequences (kj)j∈N and (ℓj)j∈N of positive integers by simultaneous
recursion as follows. Set k0 = 0 and let ℓj be the smallest number greater than
max{ℓj′ : j′ < j} for which mkj

|nℓj . Similarly, let kj+1 be the smallest number
greater than max{ℓk′ : j′ ≤ j} for which nℓj |mkj+1

.
Now define γj : Akj → A′

lj
and δj : A

′
lj
→ Akj+1 by setting

γj = ψℓjEmkj
,nℓj

ϕ−1
kj

, and

δj = ϕkj+1
Enℓj

,mkj+1
ψ−1
ℓj
.

Note that δjγj : Akj
→ Akj+1

is the inclusion map ιkj ,kj+1
and likewise that

γj+1δj : A′
ℓj

→ A′
ℓj+1

is the inclusion map ι′ℓj ,ℓj+1
. In particular, γj+1 extends γj

and δj+1 extends δj .
Let γ =

⋃
j∈N γj , and let δ =

⋃
j∈N δj . Since γj and δj are embeddings, they are

1-Lipschitz. It follows that γ has a unique continuous extension γ to A and that δ
has a unique continuous extension δ to A. Since each γj and δj is an embedding, it
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follows that the extensions γ and δ are ∗-homomorphisms. As we have already seen

that δjγj = ιkj ,kj+1
and γj+1δj = ι′ℓj ,ℓj+1

, it follows that γ = δ
−1

. In particular, γ

and δ are each automorphisms of A.
It remains to show that γ is a computable map from A# to A† and δ is a

computable map from A† to A#. As the two proofs are similar, we will only
establish the former claim.

Let ρ be a rational point of A# and fix k ∈ N. Search for j ∈ N and a rational
point ρ′ of Mmkj

(C) so that ∥ϕkj
(ρ′) − ρ∥ < 2−(k+1). Since A =

⋃
j∈N Aj and

limj kj = ∞, this search must terminate. Since γ is 1-Lipschitz, we have

∥γ(ρ)− γ(ϕkj (ρ
′))∥ < 2−(k+1).

Moreover, we have

γ(ϕkj
(ρ′)) = γj(ϕkj

(ρ′)) = ψℓjEkj ,ℓj (ρ
′).

The point ψℓjEkj ,ℓj (ρ
′) is a computable point of A† uniformly in j and ρ′. Thus,

we may compute a rational point ρ′′ of A† so that ∥ρ′′ − γ(ϕkj
(ρ′))∥ < 2−(k+1).

Thus, ∥γ(ρ)− ρ′′∥ < 2−k as desired. □
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Appendix A. The functor K0 in general

It is naturally desirable to extend K0 to a “computable” functor from the cat-
egory of presentations of unital C∗-algebras (computable or otherwise) to the cat-
egory of semigroup presentations. However, for any reasonable definition of what
it means for a functor of this sort to be computable, it seems unlikely that such
a thing exists. Indeed, if it did, it would map computable presentations of unital
C∗-algebras to computable presentations of abelian groups and we believe it is not
the case that computable presentability of A implies the computable presentability
of K0(A) (although we have no counterexample at present). Consequently, we pro-
pose a weaker condition than computability of the functor for which our methods
do naturally extend.

We consider three categories of presentations:

(1) The category of presentations of semigroups. In this category, the objects
are the semigroup presentations and the morphisms are the computable
homomorphisms between semigroup presentations.

(2) The category of presentations of groups. In this category, the objects are the
group presentations and the morphisms are the computable maps between
group presentations.

(3) The category of presentations of C∗algebras. In this category, the objects
are the presentations of C∗algebras and the morphisms are the computable
∗-homomorphisms between presentations.
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Our definition of computability for functors between these categories is based on
names and name transformations which we define now.

Definition A.1. A name is a pair (e, Y ) ∈ N× P(N).

Definition A.2. A name transformation is a map F : N × P(N) → N × P(N) so
that, whenever F (e,X0) = (e′0, Y0) and F (e,X1) = (e′1, Y1), then e

′
0 = e′1.

In the case of semigroup and group presentations, we consider three kinds of
names.

Definition A.3. Suppose J# is a semigroup presentation or a group presentation
and let (e,X) be a name.

(1) (e,X) is a purely positive name for J# if the kernel of J# is WX
e .

(2) (e,X) is a purely negative name for J# if the kernel of J# is the complement
of WX

e .
(3) (e,X) is an exact name for J# if the kernel of J# is computed by ϕXe .

We analogously define three kinds of names for C∗-algebras.

Definition A.4. Let (e,X) be a name and letA# be a presentation of a C∗algebra.

(1) (e,X) is a purely positive name for A# if, for every rational point ρ of A#,
WX

ϕe(ρ)
is the left Dedekind cut of ∥ρ∥.

(2) (e,X) is a purely negative name for A# if, for every rational point ρ of A#,
WX

ϕe(ρ)
is the right Dedekind cut of ∥ρ∥.

(3) (e,X) is an exact name for A# if ϕXe computes the norm of A on the
rational points of A#.

Rather than a single concept of a computable functor, we now propose three
concepts based on the kinds of names used for the objects in the domain and range.

Definition A.5. Suppose that, for each j ∈ {0, 1}, Cj is one of the three categories
listed above. Suppose F is a functor from C0 to C1.

(1) F is lower semicomputable if there is a computable name transformation
Φ so that Φ(η) is a purely positive name of F (J#) whenever η is an exact
name of J#.

(2) F is upper semicomputable if there is a computable name transformation
Φ so that Φ(η) is a purely negative name of F (J#) whenever η is an exact
name of J#.

(3) F is strongly lower semicomputable if there is a computable name transfor-
mation Φ so that Φ(η) is a purely positive name of F (J#) whenever η is a
purely positive name of J#.

In each of the above cases, we also require that, from an index of a morphism ϕ

from J#
0 to J#

1 , it is possible to compute an index of F (ϕ).

In computable analysis, a sequence (an)n∈N of reals is lower semicomputable if,
from n ∈ N, it is possible to compute an enumeration of the left Dedekind cut of an.
Upper semicomputability of a sequence of reals is defined similarly. These concepts
motivate the choice of terminology in the above definition.

Finally, the uniformity of the arguments in our paper lead to the following:

Theorem A.6.
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(1) D extends to a strongly lower semicomputable functor from the category of
C∗-algebra presentations to the category of semigroup presentations.

(2) G extends to a strongly lower semicomputable functor from the category of
abelian semigroup presentations to the category of abelian group presenta-
tions.

(3) K extends to a strongly lower semicomputable functor from the category of
C∗-algebra presentations to the category of group presentations.

Furthermore, there is a computable function f : N → N so that, whenever (e,X)
is an exact name of a presentation A# of a stably finite algebra A, we have that
WX

f(e) = {w : w is a Kc
0(A

#)-notation for an element of K0(A)+}.
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