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Abstract. Given a countable group Γ , lettingKΓ denote the class of p.m.p. ac-
tions of Γ , we study the question of when the model companion of KΓ exists.
Berenstein, Henson, and Ibarlucía showed that the model companion ofKΓ ex-
ists when Γ is a nonabelian free group on a countable number of generators.
We significantly generalize their result by showing that the model companion
of KΓ exists whenever Γ is an approximately treeable group. The class of ap-
proximately treeable groups contain the class of treeable groups as well as the
class of universally free groups, that is, the class of groups with the same uni-
versal theory as nonabelian free groups. We prove this result using an open
mapping characterization of when the model companion exists; moreover, this
openmapping characterization provides concrete, ergodic-theoretic axioms for
the model companion when it exists. We show how to simplify these axioms
in the case of treeable groups, providing an alternate axiomatization for the
model companion in the case of the free group, which was first axiomatized
by Berenstein, Henson, and Ibarlucía using techniques from model-theoretic
stability theory. Along the way, we prove a purely ergodic-theoretic result of
independent interest, namely that finitely generated universally free groups
(also known as limit groups) have Kechris’ property MD. We also show that
for groups with Kechris’ EMD property, the profinite completion action is exis-
tentially closed, and for groups without property (T), the generic existentially
closed action is weakly mixing, generalizing results of Berenstein, Henson, and
Ibarlucía for the case of nonabelian free groups.

Contents

1. Introduction 3
2. Preliminaries 7

2.1. Probability measure-preserving actions as metric structures 7
2.2. Space of actions 8

Goldbring was partially supported by NSF grant DMS-2054477.
Seward was partially supported by NSF grants DMS-1955090 and DMS-2054302 as well as

Sloan Research Fellowship FG-2021-16246.
Tucker-Drob was partially supported by NSF grant DMS-2246684.

1



2 ISAAC GOLDBRING, BRANDON SEWARD, AND ROBIN TUCKER-DROB

2.3. Ultraproducts of p.m.p. actions 9
2.4. Cocycles 10
2.5. Treeability notions for groups 14

3. Existentially closed actions 16
3.1. Definitions, first properties, and a useful reformulation 16
3.2. E.c. actions are maximal with respect to weak containment 18
3.3. Rokhlin entropy of e.c. actions 19
3.4. Cocycles on e.c. actions 21

4. Special e.c. actions 24
4.1. Profinite completions 24
4.2. Weakly mixing e.c. actions 28

5. Generalities on model companions of meaure-preserving actions 30
5.1. Definition of model companions 31
5.2. Model-theoretic shenanigans 31
5.3. Preservation properties for the existence of T ∗Γ 33
5.4. Coamenable subgroups 35
5.5. An open mapping characterization for the existence of T ∗Γ 39

6. A concrete axiomatization 43
6.1. Model companions and the definable cocycle property 43
6.2. Finite-to-one extensions and the extension-MD property 45
6.3. The axiomatization 52
6.4. Trees and group cohomology 53
6.5. Weak containment of treeings 56
6.6. Cocycles on actions of treeable groups 61

7. Approximately treeability and existence of the model companion 65
7.1. Approximately treeable groups 65
7.2. Outline of the proof 68
7.3. Map-measure pairs 69
7.4. Measure constructions 72



E.C. P.M.P. ACTIONS OF APPROXIMATELY TREEABLE GROUPS 3

7.5. Existence of the model companion 78
References 80

1. Introduction

The work presented in this paper lie at the intersection of ergodic theory and
model theory. Ourmain objects of study are “model-theoretically generic” prob-
ability measure-preserving (p.m.p.) actions of discrete countable groups on
probability spaces. Here, the precise formulation of amodel-theoretically generic
p.m.p. action is that of an existentially closed action.
Given some axiomatizable class K of structures in an appropriate (classical or
continuous) language L, for example, the class of fields, the class of groups, the
class of graphs, the class of Banach spaces, the class of tracial von Neumann
algebras, the class of C∗-algebras etc..., the Robinsonian philosophy for obtain-
ing a good model-theoretic understanding of K is to understand the class of
existentially closed members ofK, for these members ofK represent “universal
domains” forwhich one shouldwork inwhen studyingmembers ofK. Roughly
speaking, e.c. membersM ofK contain all “solutions” to “equations” with “co-
efficients” fromM that “should have” solutions, that is, which have solutions in
some extension of M belonging to K. For example, e.c. fields are precisely the
algebraically closed fields, e.c. graphs are precisely the “random” graphs, and
e.c. Banach spaces are precisely the Gurarij Banach spaces. In these examples,
something fortuitous occurs: the class of e.c. members of K, while a priori not
expressible using first-order axioms, do actually themselves form an axiomati-
zable class. When this situation happens, we say that themodel companion for
K exists. An alternative formulation avoiding the first-order formalism states
that the model companion for K exists precisely when the e.c. members of K
are closed under ultraproducts. On the other hand, the classes of groups, tra-
cial von Neumann algebras, and C∗-algebras do not admit model companions;
from the model-theoretic point of view, these classes are “wild.”
In this paper, we consider the class KΓ of p.m.p. actions of a given discrete,
countable group Γ (which is indeed an axiomatizable class in an appropriate
continuous language LΓ). Our motivating question is the following:
Question 1.1. For which groups Γ does the classKΓ admit a model companion?

Right at the outset, we mention that there does not exist a single group Γ for
which the answer to the above question is known to be negative. Our main
contribution is to significantly enlarge the class of groups for which the answer
to this question is positive.
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The first example of a group Γ for which the previous question was shown to
have a positive answer was the case Γ = Z, as demonstrated by Berenstein and
Henson in [4]. There, they show that the e.c. actions ofZ are precisely the aperi-
odic ones and they use the classical Rohklin lemma to give a concrete axiomati-
zation of this class. In unpublishedwork of Berenstein andHenson, they use the
Ornstein-Weiss version of the Rohklin lemma to extend their result to the case
of all amenable groups Γ , whose model companion is simply the axiomatizable
class of free actions.
Besides the case of amenable groups, the only other instance of Question 1.1
known to have a positive answer is when Γ = Fk, a finitely generated free group:

Fact 1.2 (Berenstein, Henson, and Ibarlucía [5]). If Γ = Fk is a finitely generated
free group, then KΓ admits a model companion.

In the introduction of [5], the authors point out that their result also holds for
the free group Fω on a countably infinite set of generators.
By studying general preservation properties for whenKΓ admits a model com-
panion, we significantly enlarge the class of groups for which Question 1.1 has
a positive answer:

Theorem. If Γ is a universally free group, then KΓ admits a model companion.

Here, a universally free group (sometimes called a ω-residually free or fully
residually free group) is a group Γ which is a model of the universal theory of
a free group, or, in logic-free terms, a group that embeds in an ultrapower of a
free group. The finitely generated universally free groups are known as limit
groups and are of great interest in geometric group theory.
With further effort, we can generalize the previous result even further. To ex-
plain this generalization, we recall that a group is called treeable if it admits
a free p.m.p. action whose orbit equivalence relation can be equipped with a
treeing (a precise definition is given in Subsection 2.5 below); an alternate de-
scription of treeability can be given using a theorem of Hjorth [26]: a group is
treeable if it is measure equivalent to a free group. The class of treeable groups
is quite rich and contains many interesting groups, such as surface groups and,
more generally, groups admitting a planar Cayley graph. By a result from [12],
the class of treeable groups does have some intersection with the aforemen-
tioned class of universally free groups: every elementarily free group, that is,
every finitely generated group with the same first order theory as a nonabelian
free group, is treeable.
One can generalize further by considering the class of approximately treeable
groups (a precise definition is given in Subsection 2.5); approximately treeable
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groups were studied in [20] under the guise of groups which have approximate
ergodic dimension at most 1. In Section 7, it is remarked that all universally free
groups are approximately treeable. (It is a well-known open problem whether
or not all limit groups are in fact treeable.) The class of approximately treeable
groups is a proper extension of the class of all treeable groups as witnessed by
the group F2 × Z (which is not treeable by [19] and by [37]). In Subsection
5.5 below, we develop an “open mapping” characterization of when the model
companion of KΓ exists and use this characterization in Section 7 to prove the
following substantial generalization of Fact 1.2:
Theorem. If Γ is an approximately treeable group, then the model companion of KΓ

exists.

While proving Fact 1.2, the authors give a concrete axiomatization of the class of
e.c. members of KΓ . However, their proof adapts known model-theoretic tech-
niques from the area of model theory known as stability theory and extracting
an “ergodic-theoretic” axiomatization of this class from their axioms is not en-
tirely straightforward.
The open mapping characterization of the existence of the model companion
proved in Subsection 5.5 actually yields purely ergodic-theoretic axioms for the
model companion whenever it exists. That being said, these axioms are not
entirely illuminating and it seems desirable to find groups for which the axioms
for the model companion of KΓ can be made simpler. In Section 6 below, we
prove the following result along these lines:
Theorem. If Γ has the extension-MDproperty and the definable cocycle property,
then the model companion of KΓ exists. Moreover, one can list simple axioms for the
model companion of an ergodic-theoretic nature.

The first condition in the theorem is related to theMDproperty, first introduced
byKechris in [30]; roughly speaking, a residually finite group has theMDprop-
erty if the set of profinite actions of the group is dense in the space of all actions.
If the a priori stronger condition that the set of ergodic profinite actions is dense
in the space of all actions, then group is said to have the EMDproperty. We say
more about these properties in Section 4 below. The second condition in the
theorem roughly states that every cochain that is close to satisfying the cocycle
identity is near an actual cocycle.
In Subsections 6.1 and 6.2 respectively, we show, using fairly elementarymeans,
that free groups satisfy both properties, whence one obtains a simple, purely
ergodic-theoretic axiomatization of the model companions of KFk and KFω . In
Subsections 6.4 through 6.6, we generalize the result that free groups have the
extension-MD property and the definable cocycle property to the wider class of
strongly treeable groups:



6 ISAAC GOLDBRING, BRANDON SEWARD, AND ROBIN TUCKER-DROB

Theorem. Strongly treeable groups have the extension-MD property and the definable
cocycle property.

Here, a group is strongly treeable if all of its free p.m.p. actions admit a treeing.
It is awell-knownopen problemwhether there exists a group that is treeable but
not strongly treeable. In any event, we now have that if Γ is a strongly treeable
group, then not only does the model companion of KΓ exist, but there is a very
simple set of axioms for this model companion. We also show how to tweak
these results to cover the case of a treeable (but not necessarily strongly treeable)
group at the cost of slightly complicating the axioms. In the process, we obtain
the following simple characterization of e.c. actions of treeable groups.
Theorem. Let Γ be a treeable group. Then a p.m.p. action Γ ya (X, µ) is e.c. if and
only if all of the following hold:

(1) Γ ya (X, µ) weakly contains a free treeable action of Γ ;
(2) the trivial extension Γ ya×id (X× [0, 1], µ×λ) where Γ acts on [0, 1] by fixing

every point, is an e.c. extension of Γ ya (X, µ);
(3) B1(a, Sym(k)) is dense in Z1(a, Sym(k)) for every k ∈ N.

In [5], Berenstein, Henson, and Ibarlucía show that the profinite completion
action of the free group is a concrete example of an e.c. action. In Section 4, we
extend their result in an optimal way by proving the following:
Theorem. The profinite completion of any group with the EMD property is an e.c.
action.

We note that being an EMD group is a necessary condition for the profinite
completion to be an e.c. action, whence this result is indeed optimal. Along
the way, we prove the following result, which is purely ergodic-theoretic and of
independent interest:
Theorem. Limit groups have property MD.

Berenstein, Henson, and Ibarlucía also prove the existence of a weakly mixing
e.c. action of the free group. Using a result of Kerr and Pichot, we extend their
result to any group without property (T):
Theorem. If Γ is a group without property (T), then the model-theoretically “generic”
e.c. action of Γ is weakly mixing.

A precise formulation of “generic” in the previous theorem will be given in
Section 4. We note that, for the conclusion of the theorem to hold, the group
cannot have property (T), whence the result is once again optimal. The main
technical idea behind this proof is to use various descriptions of weakly mixing
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actions for nonamenable groups developed by Bergelson to show that they have
a very particular infinitary first-order description.
Throughout this paper, we assume familiaritywith basic continuousmodel the-
ory as well as basic ergodic theory. We refer the reader to [3] for the former and
[42] for the latter.

2. Preliminaries

In this section, we gather all of the necessary preliminaries that are used in the
rest of the paper.

2.1. Probability measure-preserving actions as metric structures. In this sub-
section, we explain how we view probability measure-preserving actions of a
countable group Γ as structures in continuous logic. We follow closely the ex-
cellent presentation given in [27].
Throughout this paper, Γ denotes a countable, discrete group. Given a prob-
ability space (X,B, µ) (sometimes abbreviated (X, µ) for the sake of brevity),
a probability measure-preserving (p.m.p.) action of Γ on (X,B, µ) is a homo-
morphism a : Γ → Aut(X,B, µ). We often denote such actions by Γ ya (X,B, µ)
or sometimes by the simpler notation Γ ya (X, µ) or even Γ ya X. We also
write γa · x, γax, or even γx (when a can be inferred from the context) instead
of a(γ)(x) for γ ∈ Γ and x ∈ X. Two actions Γ ya X and Γ yb X are isomor-
phic or conjugate if there is a measure space isomorphismΦ : X→ Y such that
Φ(γax) = γbΦ(x) for all γ ∈ Γ and a.e. x ∈ X.
Recall that one associates to a probability space (X,B, µ) its measure algebra
MALG(X,B, µ), or MALG(X) for the sake of brevity, which is defined to be the
Boolean algebra of equivalence classes of elements ofBwith respect to the pseu-
dometric dµ(A,B) := µ(A4B). The pseudometric dµ naturally induces a metric
on MALG(X), still denoted by dµ, and the set-theoretic operations of union, in-
tersection, and complement on B induce operations on MALG(X) rendering it
a measured Boolean algebra for which the Boolean algebra operations are uni-
formly continuous with respect to the metric dµ. Moreover, the countable ad-
ditivity of the measure µ implies that dµ is a complete metric. Given A ∈ B,
we denote its equivalence class in MALG(X) by [A]µ, or sometimes by the corre-
sponding lowercase letter a. The associated measure algebra is separable with
respect to the metric dµ if and only if X is a standard probability space.This pro-
cess yields an equivalence of categories between the categories of probability
spaces and the associatedmeasure algebras. Moreover, if Γ is a countable group,
then the p.m.p. actions of Γ on a measure space X correspond in this duality to
isometric actions of Γ on MALG(X) that preserve the Boolean operations.
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We let LΓ be the language consisting of function symbols for the Boolean op-
erations, a predicate symbol for the measure, and a unary function symbol uγ
for each γ ∈ Γ . The moduli of uniform continuity for these symbols will be as-
sumed to be the natural ones. We let TΓ denote the LΓ -theory which axiomatizes
isometric actions of Γ on measure algebras. More precisely, the axioms include
the familiar axioms for measure algebras, axioms which state that each uγ is an
automorphism, and axioms stating thatuγ1◦uγ2 = uγ1γ2 for all γ1, γ2 ∈ Γ . These
axioms are clearly universal. If Γ ya X is a p.m.p. action of Γ , we letMa denote
the corresponding model of TΓ .
Given p.m.p. actions Γ ya (X,B, µ) and Γ yb (Y,C, ν) of Γ , recall that a factor
map π : (X,B, µ) → (Y,C, ν) between these actions is a measurable map that
commutes with the actions of Γ and for which π∗µ = ν; we then refer to b as
a factor of a. Sometimes we abuse notation and simply write π : X → Y for a
factor map. If Λ is a subgroup of Γ , then we call a measurable map π : X→ Y a
Λ-equivariant factor map if it a factor map between the restricted actions of Λ
on X and Y.
Given such a factor map π, it is clear that π−1(C) is a Γ -invariant σ-subalgebra of
B. Conversely, every Γ -invariant σ-subalgebra of B arises from a factor map in
this way. Consequently, there is a duality between substructures of models of
TΓ and factor maps. More precisely, ifM |= TΓ andN is a substructure ofM, then
we can find p.m.p. actions Γ ya X and Γ yb Y for which M ∼= Ma, N ∼= Mb,
and for which b is a factor of a.
In the sequel, it will behoove us to know that we can also axiomatize the free
p.m.p. actions of Γ , that is, those actions Γ ya X for which, for every γ ∈ Γ \ {e}
and x ∈MALG(X)with µ(x) > 0 there is y ⊆ xwith µ(y) > 0 and µ(y∩γy) = 0
(when X is standard this is equivalent to µ({x ∈ X : γax = x}) = 0). Indeed, as
observed in [27, Def. 2.4], we can form the theory TΓ,free consisting of the above
axioms TΓ together with axioms

inf
x

max(|µ(x) − 1/n|, max
i<j<n

µ(γix ∩ γjx)) = 0

for each (γ, n) ∈ Γ × N for which n < |〈γ〉| =∞ or n = |〈γ〉| <∞.

2.2. Space of actions. Let (X, µ) be a standard probability space; unless oth-
erwise stated, we allow for the possibility that these probability spaces have
atoms. We equip the automorphism group Aut(X, µ) of (X, µ) with the weak
topology, namely the weakest topology for which all maps

T 7→ [T(A)]µ : Aut(X, µ)→MALG(X)

are continuous, as A ranges over measurable subsets of X. With this topology,
Aut(X, µ) is a Polish group. We also set A(Γ, X, µ) to be the set of p.m.p. actions
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of Γ on X. By viewing A(Γ, X, µ) as a closed subspace of Aut(X, µ)Γ , it is also
naturally a Polish space.
For our purposes, we will also need a relative version of this topology. Towards
this end, consider another standard probability space (Y, ν) and let F(Y, X) de-
note the space of all measure preserving maps from Y to X, where we identify
two suchmaps if they agree almost everywhere. This is naturally a Polish space
since it can be identified with the space of all isometric embeddings from the
measure algebra of X into the measure algebra Y sending [∅]µ to [∅]ν, equipped
with the pointwise convergence topology.
Let F(Γ, Y, X) denote the set of all triples (φ, b, a), where b ∈ A(Γ, Y, µ), a ∈
A(Γ, X, µ), and φ is a factor map from b to a. Then F(Γ, Y, X) is a closed sub-
space of F(Y, X)×A(Γ, Y, ν)×A(Γ, X, µ) hence is a Polish space. For a fixed action
a ∈ A(Γ, X, µ), let Fa(Γ, Y, X) denote the slice above a in F(Γ, Y, X), which we iden-
tify with the set of all pairs (φ, b) ∈ F(Y, X) × A(Γ, Y, ν) where φ factors b onto
a. Elements of Fa(Γ, Y, X) are called extensions of a or a-extensions. Two a-
extensions, (φ, b) ∈ Fa(Y, X) and (ψ, c) ∈ Fa(X,Z) are isomorphic if there is
a measure space isomorphism S : Y → Z such that S · (φ, b) = (ψ, c), where
S · (φ, b) := (φS−1, S · b) and γS·b := SγbS−1.
Given finite collectionsA andB of measurable subsets of Y and X respectively, a
finite subset F of Γ , and ε > 0, we obtain a basic open neighborhoodUA,B,F,ε

a (φ, b)
of (φ, b) ∈ Fa(Γ, Y, X) consisting of all pairs (ψ, c) ∈ Fa(Γ, Y, X) satisfying, for all
A ∈ A, B ∈ B, and γ ∈ F:

ν(φ−1A4ψ−1A) < ε and ν(γbB4γcB) < ε.

2.3. Ultraproducts of p.m.p. actions. Suppose that (Γ yai (Xi, µi))i∈I is a fam-
ily of p.m.p. actions of Γ and U is an ultrafilter on I. Let Mai |= TΓ denote the
LΓ -structure associated to the action ai. Then we can take the model-theoretic
ultraproduct

∏
UMai , which is necessarily an isometric action of Γ on the mea-

sure algebra associated to some p.m.p. action of Γ . This action is none other than
the ultraproduct action Γ y

∏
U ai
∏

U(Xi, µi) (see, for example, [15]). More pre-
cisely, let

∏
U Xi denote the set-theoretic ultraproduct of the setsXi and let µ0 de-

note the finitely additive measure on the Boolean algebraB0 of subsets of
∏

U Xi
of the form

∏
UAi, where each Ai ⊆ Xi is measurable. Define N ⊆

∏
U Xi to be

µ0-null if, for every ε > 0, there isA ∈ B0 such thatN ⊆ A and µ0(A) < ε. Then
set B to be the σ-algebra on

∏
U Xi generated by B0 and the σ-ideal of null sets

and let µ be the unique extension of µ0 to a probability measure on B. Then the
diagonal action of Γ on

∏
i∈I Xi induces a p.m.p. action Γ y

∏
U ai (
∏

U Xi, µ) and
the corresponding action on measure algebras is precisely the model

∏
UMai .
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In regards to ultraproducts, we adopt the following notation. Given a sequence
xi ∈

∏
i∈I Xi, we let [xi]U denote the corresponding element of

∏
U Xi. Similarly,

given a sequence of measurable sets Ai ⊆ Xi, we write [Ai]U instead of
∏

UAi.
Note that every element in themeasure algebra of

∏
U(Xi, µi) can be represented

by a set of the form [Ai]U.
In general, we note that an ultraproduct action is almost never standard (unless
the ultrafilter is somewhat trivial, for example countably complete), but one can
always take a separable elementary substructure of the model-theoretic ultra-
product and then the corresponding action will be standard.
When each Γ yai (Xi, µi) = Γ ya (X, µ) for some common action Γ ya (X, µ),
we speak of the ultrapower action Γ yaU (X, µ)U (corresponding to the model-
theoretic ultrapowerMU

a) and the diagonal embeddingMa ↪→MU
a corresponds

to the diagonal factor map XU → X.
Recall that if Γ ya (X, µ) and Γ yb (Y, ν) are p.m.p. actions of Γ , then a is
weakly contained in b, denoted a � b, if for any finitely many measurable sets
A1, . . . , An ⊆ X, finite F ⊆ Γ , and ε > 0, there aremeasurable sets B1, . . . , Bn ⊆ Y
such that |µ(γaAi ∩Aj) − ν(γbBi ∩ Bj)| < ε for all 1 ≤ i, j ≤ n and γ ∈ F.
Fact 2.1. If (X, µ) and (Y, ν) are standard, non-atomic probability spaces, the following
are equivalent:

(1) a � b.
(2) There is a sequence of actions (cn)n∈N ∈ A(Γ, X, µ) such that cn ∼= b (conju-

gacy of actions) and a = limn cn
(3) a is contained in some ultrapower bU of b, that is, if a is a factor of bU.
(4) Ma is embeddable in an ultrapower MU

b of Mb.

For a discussion of the preceding fact, see [13, Subection 2.2].
Convention 2.2. In the remainder of this article, unless explicitly stated, U al-
ways denotes a nonprincipal ultrafilter on a countable index set I. (Many of
the facts to follow work for nonprincipal ultrafilters on arbitrary index sets, but
some of them might require further mild hypotheses on the ultrafilter such as
countable incompleteness.)

2.4. Cocycles. We will discuss cocycles using three different frameworks: er-
godic theory, group cohomology, and continuous model theory. We start with
the ergodic theory perspective.
Fix an action Γ ya X and a Polish group G. A cochain for a is a measurable
map σ : Γ × X → G. A cocycle for a is a cochain σ : Γ × X → G satisfying the
cocycle identity σ(γ1γ2, x) = σ(γ1, γ2x)σ(γ2, x) for all γ1, γ2 ∈ Γ and almost all
x ∈ X. We let Z1(a,G) denote the collection of cocycles for awith values in G.
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We say that two cocycles σ1, σ2 : Γ × X → G of the action a are cohomologous
if there is a measurable map s : X→ G for which σ2(γ, x) = s(γx)−1σ1(γ, x)s(x)
for all γ ∈ Γ and for almost all x ∈ X. The set of cohomology classes of cocycles
with values inG is called the first cohomology space of a relative toG, denoted
H1(a,G).
The trivial cocycle for a sends each pair (γ, x) ∈ Γ ×X to the identity eG ∈ G. A
cocycle for a cohomologous to the trivial cocycle is called a coboundary for a.
The set of coboundaries for awith values in G is denoted by B1(a,G).
We considerZ1(a,G) as topologized so that σn → σ if and only if, for each γ ∈ Γ ,
we have that the functions σn(γ, ·) : X → G converge to σ(γ, ·) in measure. We
say that cocycles σ1 and σ2 are approximately equivalent if σ1 belongs to the
closure of the cohomology class of σ2. In other words, σ1 and σ2 are approx-
imately equivalent if and only if there are measurable functions fn : X → G
such that, for all γ ∈ Γ , we have that the functions x 7→ fn(γx)σ1(γ, x)fn(x)

−1

converge in measure to x 7→ σ2(γ, x).
In the case that (U, ρ) is a standard probability space and G = Aut(U, ρ), from
a cocycle σ for awe can form the skew-product extension X×σ (U, ρ), which is
the p.m.p. action of Γ on (X×U,µ× ρ) given by γ(x, u) := (γx, σ(γ, x)u). (Our
primary interest will be in the cases where (U, ρ) is either a finite set, equipped
with its counting measure, in which case Aut(U, ρ) is simply Sn for some n ∈ N,
or where U = [0, 1] and ρ is Lebesgue measure.) Note then that the projection
map X × U → X is a factor map. Rohklin’s skew-product theorem asserts
that every ergodic action that factors onto X is isomorphic to a skew-product
extension of X (see, for example, [22]). We remark that when σ1 and σ2 are
cohomologous, saywith s : X→ Aut(U, ρ)measurable and satisfyingσ2(γ, x) =
s(γx)−1σ1(γ, x)s(x) for all γ ∈ Γ and for almost all x ∈ X, then the map

(x, u) 7→ (x, s(x)−1u) : X×σ1 U→ X×σ2 U

is an isomorphism of the associated skew-product extensions. In particular,
when σ is a coboundary the corresponding skew-product extension is isomor-
phic to the product of awith the trivial action on U.
We remark that Aut([0, 1], λ), where λ is the Lebesguemeasure, is a Polish group
when equipped with the weak topology, which is the weakest topology for
which all maps

T 7→ [T(A)]µ : Aut([0, 1], λ)→MALG([0, 1])

are continuous, as A ranges over Borel subsets of [0, 1].
We now turn to the group cohomology perspective, which we use to access
topological arguments that will streamline some of our proofs. Let G be any
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Polish group. In addition to the usual left-shift action Γ ys GΓ given by the rule
(γs · y)(δ) = y(γ−1δ),

we will also make use of the right-shift action Γ yr GΓ given by the formula
(γr · y)(δ) = y(δγ).

For y ∈ GΓ and γ ∈ Γ we will write yγ in place of γr · y (this notation may
require some care, since (yγ)δ = yδγ). Notice that GΓ is a group with respect to
coordinate-wise composition and that for every γ ∈ Γ the map y ∈ GΓ 7→ yγ ∈
GΓ is a group automorphism.
Define the space of 1-cochainsC1(Γ,GΓ) to be the set of all functions from Γ toGΓ .
Similarly, we define the space of 2-cochainsC2(Γ,GΓ) to be the set of all functions
from Γ × Γ toGΓ . We endow C1(Γ,GΓ) and C2(Γ,GΓ)with the product topologies
obtained by identifying them with the sets GΓ×Γ and GΓ×Γ×Γ , respectively.
The coboundary map ∂ : C1(Γ,GΓ)→ C2(Γ,GΓ) is given by the formula

∂c(α,β) = c(αβ)−1c(β)αc(α).

Note that in the above equation ∂c(α,β) is an element of GΓ and that the right-
hand side is a product of elements of GΓ . We call c ∈ C1(Γ,GΓ) a cocycle if
∂c(α,β)(γ) = eG for all α,β, γ ∈ Γ , and we denote by Z1(Γ,GΓ) the set of all
cocycles.
We define actions of Γ on C1(Γ,GΓ) and C2(Γ,GΓ) via the formulas

(αt · c1)(β)(γ) = c1(β)(α−1γ)

(αt · c2)(β, γ)(δ) = c2(β, γ)(α−1δ)

for c1 ∈ C1(Γ,GΓ), c2 ∈ C2(Γ,GΓ) and α,β, γ, δ ∈ Γ . Equivalently, these actions
are described in terms of the left-shift action Γ ys GΓ via the formulas

(αt · c1)(β) = αs · (c1(β))
(αt · c2)(β, γ) = αs · (c2(β, γ)).

Using the fact that the left and right shift actions of Γ on GΓ commute we have
that for c ∈ C1(Γ,GΓ) and α,β, γ ∈ Γ

(γt · c)(β)α = (γs · (c(β)))α = γs · (c(β)α).
Therefore

∂(γt · c)(α,β) = (γt · c)(αβ)−1 · (γt · c)(β)α · (γt · c)(α)
= (γs · (c(αβ)))−1 · (γs · (c(β)α)) · (γs · (c(α)))
= γs · (c(αβ)−1c(β)αc(α))
= γs · (∂c(α,β))
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= (γt · ∂c)(α,β).
As a result, we have that the coboundary map ∂ is Γ -equivariant. This addition-
ally implies that Z1(Γ,GΓ) is Γ -invariant.

Lemma 2.3. Let Γ ya (X, µ) be a p.m.p. action and let G be a Polish group. Then
there is a one-to-one correspondence between measurable cochains θ : Γ × X → G and
measurable equivariant maps c : X→ C1(Γ,GΓ) given by the relations
(1) c(x)(β)(α) = θ(β−1, (α−1)a · x) and θ(γ, x) = c(x)(γ−1)(e).

Moreover, this correspondence produces a bijection between the measurable cocycles σ :
Γ × X→ G and measurable equivariant maps z : X→ Z1(Γ,GΓ).

Proof. It is immediately apparent that if θ : Γ × X → G is any measurable map
(that is, a cochain) then the function c : X → C1(Γ,GΓ) given by the left-hand
side of (1) is measurable and that θ is recovered from c by the formula in the
right-hand side of (1). Additionally, when c is obtained from θ using the left
side of (1), c is automatically equivariant since
c(γa · x)(β)(α) = θ(β−1, (α−1γ)a · x) = c(x)(β)(γ−1α) = (γt · c(x))(β)(α).

Conversely, given any measurable equivariant map c : X → C1(Γ,GΓ), if θ is
defined using the right side of (1) then the equivariance of c implies that
θ(β−1, (α−1)a · x) = c((α−1)a · x)(β)(e) = ((α−1)t · c(x))(β)(e) = c(x)(β)(α),

and thus c is recovered from θ using the left side of (1). Finally, for any x ∈ X
we have that c(x) ∈ Z1(Γ,GΓ) if and only if c(x)(αβ)(γ) is equal to

c(x)(β)α(γ)c(x)(α)(γ) = c(x)(β)(γα)c(x)(α)(γ)

for all α,β, γ ∈ Γ . When c and θ are related according to the formulas in
(1), this is equivalent to the requirement that θ(β−1α−1, (γ−1)a · x) is equal to
θ(β−1, (α−1γ−1)a ·x)θ(α−1, (γ−1)a ·x) for all α,β, γ ∈ Γ . Thus c(x) ∈ Z1(Γ,GΓ) for
µ-almost-every x if and only if θ is a cocycle. �

Lastly, we discuss themodel-theoretic perspective on cocycles, exclusively look-
ing at the case whereG = K is a finite group. In what follows, we use the termi-
nology around definability presented in the first author’s article [24]. For any
finite group K, we may assume that we have a sort SK in our langugage, whose
intended interpretation inMa is simply the Cartesian productMΓ×K

a (equipped
with some fixed compatible complete metric), and that we have function sym-
bols πγ,k for each γ ∈ Γ and k ∈ K whose intended interpretations are the pro-
jections maps πMa

γ,k : MΓ×K
a → Ma. We identify an element B ∈ MΓ×K

a with the
cochain σB : Γ × X→ K for which πγ,k(B) = {x ∈ X : σB(γ, x) = k}. Conversely,
given a cochain σ : Γ × X → K, we let Bσ ∈ MΓ×K

a denote the corresponding
tuple.
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Fix bijections e : Γ → N and f : Γ × Γ × K→ N. We define the TΓ -formula Cocy
K

whose interpretations are given by CocyMa

K
: MΓ×K

a → [0, 1], where

CocyMa

K
(B) = max(Φ1(B), Φ2(B)),

with Φ1(B) the TΓ -formula∑
γ∈Γ

2−e(γ)d((B(γ, k))k∈K,PartK)

and Φ2(B) the TΓ -formula∑
(γ,δ,k)∈Γ×Γ×K

2−f(γ,δ,k)d

(⋃
h∈K

(δ−1B(γ, h) ∩ B(δ, h−1k)), B(γδ, k)

)
.

In the definition of Φ1, PartK denotes the TΓ -definable set given by partitions of
the measure algebra indexed by K. We note that CocyMa

K
(B) = 0 if and only if

σB is a cocycle of the action a. In other words, the TΓ -functor corresponding to
K-valued cocycles is a TΓ -zeroset that we denote Z(CocyMa

K
).

2.5. Treeability notions for groups. Consider a countable group Γ and a p.m.p.
action Γ ya (X, µ). Let Ra be the equivalence relation on X given by the orbits.
We call a set G ⊆ Ra a directed measurable graph if G is a measurable, anti-
symmetric, irreflexive subset of Ra. We view such a G as a collection of edges
on the vertices X, and we write RG for the equivalence relation given by the
connected components of G (ignoring edge direction). A graphing of Ra is a
measurable directed graph G ⊆ Ra having the property thatRG = Ra. A treeing
of Ra is a graphing of Ra having no cycles. The action Γ ya (X, µ) is called
treeable if Ra admits some treeing. Similarly, if for every finite set H ⊆ Γ and
every ε > 0 there is a measurable directed graph G ⊆ Ra that has no cycles and
satisfies

µ({x ∈ X : (ha1 · x, ha2 · x) ∈ RG for all h1, h2 ∈ H}) > 1− ε,
then the action Γ ya (X, µ) is called approximately treeable. Note that treeable
actions are approximately treeable.
The group Γ is called strongly treeable if every free p.m.p. action of Γ is treeable,
and it is called treeable if at least one free p.m.p. action of Γ is treeable. More
generally, Γ is called approximately treeable if at least one free p.m.p. action of
Γ is approximately treeable.
Amenable groups, free groups, finitely generated groups admitting planar Cay-
ley graphs, elementarily free groups (that is, groups with the same first-order
theory as a nonabelian free group), and the group of isometries of the hyper-
bolic plane and all its closed subgroups are examples of strongly treeable groups
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[14, 21]. It is a prominent open questionwhether there is a group that is treeable
but not strongly treeable. As we will see in Section 7, the class of approximately
treeable groups includes all treeable groups and all universally free groups and
is closed under increasing unions and extensions by amenable groups.
While the above are the conventional definitions for these properties, we find it
more convenient to work with alternative characterizations that we now intro-
duce.
Let d be the diagonal translation action of Γ on Γ × Γ , specifically γd · (α,β) =
(γα, γβ). We similarly denote by d the action of Γ on the space Pow(Γ × Γ) of all
subsets of Γ × Γ , so that (α,β) ∈ A⇔ (γα, γβ) ∈ γd ·A. We endow Pow(Γ × Γ)
with the topology given by pointwise convergence of indicator functions. For
S ∈ Pow(Γ × Γ) write S̄ for the symmetric reflection of S, that is,

S̄ = {(β,α) ∈ Γ × Γ : (α,β) ∈ S}.

Let F(Γ) ⊆ Pow(Γ × Γ) denote the space of all directed forests on Γ , specifically,
F ⊆ Γ × Γ belongs to F(Γ) precisely when F∩ F̄ = ∅ and F∪ F̄ is an acyclic graph
on Γ . Notice in this case that F̄ is the same graph but with the direction of all
edges reversed. We also let T(Γ) ⊆ F(Γ) denote the space of all directed trees
with vertex set Γ .
Let E(Γ) ⊆ Pow(Γ × Γ) be the space of all equivalence relations on Γ . For F ∈
F(Γ) we write EF ∈ E(Γ) for the equivalence relation given by the connected
components of F (ignoring the direction of the edges), and for E ∈ E(Γ) we
write Γ/E for the set of E-equivalence classes. Notice that d provides an action
of Γ on both F(Γ) and E(Γ), and that γd · EF = Eγd·F for γ ∈ Γ and F ∈ F(Γ).
Given a p.m.p. action Γ ya (X, µ), there is a one-to-one correspondence be-
tween measurable sets Y ⊆ Ra and equivariant measurable maps φ : X →
Pow(Γ × Γ) given by the rule

(α,β) ∈ φ(x)⇔ ((α−1)a · x, (β−1)a · x) ∈ Y.

This correspondence identifies measurable equivalence subrelations R of Ra
with equivariant measurable maps to E(Γ), identifies treeings G ⊆ Rawithmea-
surable equivariant maps to T(Γ), and identifies directed measurable graphs
G ⊆ Ra having no cycles with equivariant measurable maps to F(Γ). Addition-
ally, when G ⊆ Ra is a measurable directed graph having no cycles, if we let φG

and φRG
denote the maps associated with G and RG, respectively, we have that

EφG(x) = φRG
(x) for all x ∈ X.

From these observations we obtain the following characterizations:

Proposition 2.4. A group Γ is:
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(1) treeable if and only if there exists a Γ -invariant Borel probability measure on
T(Γ);

(2) strongly treeable if and only if: for every free p.m.p. action Γ ya (X, µ), there
is a Γ -invariant Borel probability measure ν on T(Γ) such that Γ ya (X, µ)
factors onto Γ yd (T(Γ), ν);

(3) approximately treeable if and only if: for every finite setH ⊆ Γ and every ε > 0,
there is a Γ -invariant measure µ on F(Γ) satisfying

µ({F ∈ F(Γ) : H×H 6⊆ EF}) < ε.

Proof. The only implication not obvious from the above discussion is the “if”
direction of (1); to see this, take the direct product of Γ yd (T(Γ), ν) with any
free p.m.p. action of Γ , let φ be the projection map to T(Γ), and apply the above
correspondence. �

We write Prob(Pow(Γ × Γ)) for the space of all Borel probability measures on
Pow(Γ×Γ), equippedwith theweak∗ topology, andwrite Prob(F(Γ)) andProb(T(Γ))
for the subspaces of probabilitymeasures onF(Γ) andT(Γ), respectively (equipped
with the subspace topoloogy).

Corollary 2.5. A group Γ is approximately treeable if and only if: for every weak∗
open neighborhood U of the point-mass δΓ×Γ ∈ Prob(E(Γ)), there is an invariant Borel
probability measure µ on F(Γ) so that the pushforward of µ under the map F ∈ F(Γ) 7→
EF ∈ E(Γ) belongs to U.

3. Existentially closed actions

In this section, we gather a number of basic facts about e.c. p.m.p.actions of Γ .
We also consider study the Rokhlin entropy of e.c. actions and cocycles on e.c.
actions.

3.1. Definitions, first properties, and a useful reformulation.

Definition 3.1. Given actions Γ ya X and Γ yb Y with Ma ⊆ Mb, we say that
Ma is existentially closed (or e.c. for short) in Mb if: for any quantifier-free
LΓ -formulaϕ(x, y), where x and y are finite tuples of variables, and any c ∈Ma

of the same length as x, we have(
inf
y
ϕ(c, y)

)Ma

=

(
inf
y
ϕ(c, y)

)Mb

.

We say thatMa is existentially closed (or e.c.) if it is existentially closed inMb

wheneverMa ⊆Mb.
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In the context of the above definition, considering the dual situation of a factor
map Y → X, we may also say that the factor map Y → X is existentially closed if
the corresponding inclusion of models of TΓ is existentially closed.
The following is a useful, well-known “logic-free” characterization of e.c. inclu-
sions:

Fact 3.2. The inclusion Ma ⊆ Mb is e.c. if and only if there is an ultrafilter U and an
embedding ι : Mb →MU

a such that the restriction ι|Ma of ι toMa is the usual diagonal
embedding Ma ↪→ MU

a . Dually, the factor map Y → X is e.c. if and only if there is
a factor map XU → Y such that the composite factor map XU → Y → X is the usual
diagonal factor map.

The following is a well-known fact about the existence of e.c. actions, relativized
to our current setting; see, for example, [41, Fact 2.8].

Fact 3.3. E.c. actions exist. In fact, given any action Γ ya X, there is an e.c. action
Γ yb Y with Ma ⊆ Mb. Moreover, if X is standard, then Y can also be taken to be
standard.

We record the following immediate consequence of the definition of e.c. actions:

Lemma 3.4. Suppose that Γ ya X is an e.c. action. Then X is an atomless probability
space and a is a free action.

Proof. Consider the factor map X× [0, 1]→ X, where Γ acts on [0, 1] in the trivial
manner. Since this latter action is on an atomless space and being atomless
can be axiomatized using existential axioms, the first statement follows from
the definition of e.c. actions. (Alternatively, one can use the characterization
in Fact 3.2 to find a factor map XU → X × [0, 1] such that the composite map
XU → X × [0, 1] → X is the diagonal map; this immediately implies that X is
atomless.) Since there is also a factor map Y → Xwith Y a free action, the same
reasoning, together with the fact that being a free action is axiomatizable by
existential conditions (see Subsection 2.1), implies that a is a free action. �

We end this subsection with a useful, ergodic-theoretic reformulation for a fac-
tor map to be e.c. that will be used throughout the paper. First, we introduce
the following notation. Throughout this paper, we view natural numbers as
ordinals, that is, p = {0, 1, . . . , p− 1} for every natural number p.

Notation 3.5. If Γ acts on a set X, α : X→ p is a function, and F ⊆ Γ is a subset,
then we define the function αF : X→ pF by αF(x)(f) = α(f−1 · x).

Proposition 3.6. The factor map φ : Y → X is e.c. if and only if: for all p, q ∈ N,
measurable maps α : Y → p, β : X→ q, finite S ⊆ Γ , and ε > 0, there is a measurable
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map α̃ : X→ p such that∣∣ν(α−1
S (π) ∩ φ−1(β−1(j)) − µ(α̃−1

S (π) ∩ β−1(j))
∣∣ < ε

for all π ∈ pS and j ∈ q. Furthermore, ifAn is an increasing sequence of algebras whose
union is dense in BX, then it suffices to verify for each n that the above condition holds
for every An-measurable map β : X→ q.

Proof. This is simply translating definitions from one framework to another.
Specifically, in place of discussing tuples of sets as done in the formal definition
above, one can instead discuss the finitely many atoms of the Boolean algebra
that those sets generate. For the final statement, each measurable map β can be
approximated by maps βn where βn is An-measurable. We leave the details to
the reader. �

3.2. E.c. actions are maximal with respect to weak containment. Recall from
Subsection 2.3 above that the action Γ ya X is weakly contained in the action
Γ yb Y if Ma embeds into an ultrapower MU

b of MU
b . Recalling the statement of

Fact 3.2, we immediately see:

Lemma 3.7. IfMa is e.c. inMb, then b is weakly contained in a.

In the study of weak containment of p.m.p. actions of countable groups, special
attention has been paid to actions a that are maximal for weak containment,
that is, every other p.m.p. action is weakly contained in a; for example, see the
wonderful survey article [13, Section 5]. Following nomenclature recently used
in the model theory of operator algebras (see [17]), we might also sometimes
refer to such actions as locally universal. As mentioned in [13], locally uni-
versal actions always exist. (This is a special case of a much more general fact,
as argued in [17].) The proof of Lemma 3.4 shows also that locally universal
actions are free. We note the following well-known result, relativized to our
current setting:

Lemma 3.8. IfMa is an e.c. model of TΓ , then a is a locally universal action.

Proof. Let Γ yb Y be any action of Γ . Then sinceMa ⊆Ma×b, by Lemma 3.7, we
see that a× b is weakly contained in a, whence b is also weakly contained in a.
It follows that a is a locally universal action. �

For certain groups, “concrete” examples of locally universal actions are known.
In particular, for so-called EMD groups (see Subsection 4.1 for the definition),
the profinite completion action is locally universal. In Subsection 4.1 below, we
will generalize this fact by showing that the profinite completion action is an
e.c. action when the group has property EMD.
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Lemma 3.9. For each group Γ , there is a theory TΓ,max whose models are precisely the
locally universal actions of Γ .

Proof. Fix a locally universal action Γ ya (X, µ) of Γ . Let TΓ denote the set of
existential sentences true in Ma. Since any two locally universal actions satisfy
the same existential sentences, we have that all locally universal actions model
TΓ . Conversely, if Mb is a model of TΓ,max, then Ma is a model of the universal
theory of Mb, whence Ma embeds in an ultrapower of Mb; since Ma is locally
universal, so is Mb. �

3.3. Rokhlin entropy of e.c. actions. In this subsection, we prove an interest-
ing result about the Rohklin entropy of e.c. actions of non-amenable groups on
standard spaces. This result will not be used in the remainder of the paper.
Suppose that Γ y (X, µ) is an aperiodic p.m.p. action on a standard Borel prob-
ability space. For a countable Borel partitionα, we denote byH(α) the Shannon
entropy of α:

H(α) =
∑
A∈α

−µ(A) logµ(A),

where we use the convention that 0 log 0 = 0. Similarly, when β is a countable
Borel partition of X satisfying H(β) < ∞ and F is a σ-algebra of Borel sets, the
relative Shannon entropies are defined as

H(α | β) = H(α∨ β) − H(β)

H(α | F) = inf
β⊆F

H(α | β),

where the infimum in the second line is over all finite partitions β ⊆ F.
Write σ-alg

Γ
(α) for the smallest Γ -invariant σ-algebra containing α. For any col-

lection C of Borel susets of X and any Γ -invariant σ-algebra F of Borel sets, the
Rokhlin entropy hΓ(C | F) of C relative to F is defined to be the infimum of
H(α|F), asα ranges over all countable Borel partitions ofX satisfyingσ-alg

Γ
(α)∨

F ⊇ C. When F = {∅, X} is trivial, we write hΓ(C) in place of hΓ(C | F). The
Rokhlin entropy of Γ y (X, µ), denoted hΓ(X, µ), is defined to be hΓ(B(X)),
where B(X) is the Borel σ-algebra of X.
Rokhlin entropy was introduced by the second author in 2019 [39] and is one
of two extensions of the classical Kolmogorov–Sinai entropy theory for actions
of countable amenable groups. Specifically, in the case that Γ is amenable and
the action is free, Rokhlin entropy coincides with Kolmogorov–Sinai entropy
[2, Cor. 1.9]. The other extension of Kolmogorov–Sinai entropy is sofic entropy,
which was introduced by Lewis Bowen in 2010 [8]. Although sofic entropy is
more practical to compute and has been studied in greater depth, we work with
Rokhlin entropy here because it has the advantage of being defined for actions of



20 ISAAC GOLDBRING, BRANDON SEWARD, AND ROBIN TUCKER-DROB

all countable groups (sofic entropy is defined only for actions of sofic groups).
Additionally, Rokhlin entropy is an upper bound to sofic entropy whenever the
latter is defined [2, Prop. 1.10] (see also [8, Prop. 5.3]), which means that the
proposition below automatically provides the optimal result for sofic entropy
as well.

Proposition 3.10. Let Γ y (X, µ) be a p.m.p. action on a standard Borel probability
space. If the action is e.c. and Γ is non-amenable, then hΓ(X, µ) = 0.

Proof. Let (αn)n∈N be an increasing sequence of finite Borel partitions whose
union generates the entire Borel σ-algebra on X. Since Rokhlin entropy is count-
ably subadditive [2, Corollary 1.5], we have

hΓ(X, µ) ≤
∑
n∈N

hΓ(αn).

Thus it suffices to show that hΓ(α) = 0 for every finite Borel partition α of X.
Fix a finite Borel partition α of X. Since Γ is non-amenable, by a result of Bowen
[9] there exists a free p.m.p. action Γ y (Y, ν)with hΓ(Y, ν) = 0 for which there
is a factor map φ : Y → X. Fix ε > 0 and pick a countable Borel partition β of Y
satisfying H(β) < ε and σ-alg

Γ
(β) = B(Y). Since φ−1(α) ⊆ σ-alg

Γ
(β) we have

0 = H(φ−1(α) | σ-alg
Γ
(β)) = inf

F⊆Γ
F finite

H
(
φ−1(α)

∣∣∣ ∨
g∈F

g · β

)
,

where the second equality is a basic property of Shannon entropy (see [16,
Lemma 1.7.11]). So there is a finite set F ⊆ Γ with H(φ−1(α) |

∨
g∈F g · β) < ε.

Since Γ y (X, µ) is existentially closed, there must exist a finite Borel partition
β ′ of X satisfying H(β ′) < ε and H(α |

∨
g∈F g · β ′) < ε. Consequently, by sub-

additivity of Rokhlin entropy,

hΓ(α) ≤ hΓ(β ′) + hΓ(α | σ-alg
Γ
(β ′)) ≤ Hµ(β

′) + Hµ

(
α
∣∣∣ ∨
g∈F

g · β ′
)
< 2ε.

As εwas arbitrary, we conclude that hΓ(α) = 0. �

If Γ is an amenable group and r ∈ (0,+∞], then there exists a free p.m.p. action
of Γ on a standard Borel probability space having Kolmogorov–Sinai entropy
equal to r (for instance, any Bernoulli shift over Γ whose base space has Shan-
non entropy equal to r). Such an action would be e.c. since all free actions of
amenable groups are e.c. and it would have Rokhlin entropy r since Rokhlin
entropy and Kolmogorov–Sinai entropy coincide for free actions of amenable
groups [2, Corollary 1.9]. The assumption in the above proposition that Γ be
non-amenable is therefore necessary.
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3.4. Cocycles on e.c. actions.

Lemma 3.11. Suppose that Γ ya (X, µ) is e.c. Then, for any finite group K, B1(a, K)
is dense in Z1(a, K).

Proof. Let Y be the skew-product extensionX×σK. If p0 : Y → K is the projection
map, thenwe have p0(γ·(x, k))p0(x, k)−1 = σ(γ, x) for all γ, x, and k. Thus, since
Γ ya (X, µ) is e.c. for any finite F ⊆ Γ and ε > 0, there is a map p : X→ K such
that

µ({x ∈ X : p(γx)p(x)−1 = σ(γ, x) for all γ ∈ F}) > 1− ε,
proving the lemma. �

The above fact can be strengthened in the case where Γ has property (T).

Corollary 3.12. If Γ has property (T), then for any e.c. action Γ ya (X, µ) and any
finite group K, we have H1(a, K) = 0.

Proof. For ergodic actions of property (T) groups, its known that B1(a, K) is
clopen in Z1(a, K) [38, Lemma 4.2] (alternatively see [18, Theorem 4.2]). If our
e.c. action were ergodic we could combine this with Lemma 3.11 and be done.
However, e.c. actions of property (T) groups are never ergodic, so we instead
adapt the proof of [18, Theorem 4.2] to the non-ergodic setting.
Since Γ has property (T), there is a finite set F ⊆ Γ and ε > 0 such that for every
unitary representationπ : Γ → U(H) and every unit vector ξ0, if |〈π(γ)(ξ0), ξ0〉| ≥
1−ε for every γ ∈ F then there is a Γ -invariant unit vector ξ ∈ Hwith ‖ξ−ξ0‖ <
1/16.
We claim that for every measurable Γ -invariant set Y ⊆ X of positive measure
and cocycles α,β : Γ × X→ K satisfying, for every γ ∈ F:

µ({x ∈ X : α(γ−1, x) 6= β(γ−1, x)}) ≤ εµ(Y)

there is a measurable Γ -invariant set Z ⊆ Y and ameasurable function f : Z→ K
satisfying µ(Z) ≥ µ(Y)/2 and α(γ, x) = f(γx)β(γ, x)f(x)−1 for a.e. x ∈ Z and
every γ ∈ Γ .
Assume for now that the claim holds. Set X0 = ∅ and inductively assume that
Xm has been defined for all m ≤ n. If µ(

⋃
m≤n Xm) = 1 then the induction can

stop, but otherwise it proceeds as follows. By Lemma 3.11 B1(a, K) is dense in
Z1(a, K), so we can pick a cocycle σn+1 ∈ B1(a, K) satisfying, for every γ ∈ F:

µ({x ∈ X : σ(γ−1, x) 6= σn+1(γ−1, x)}) ≤ ε · µ

(
X \

⋃
m≤n

Xm

)
.
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Since σn+1 is a coboundary, we can pick a measurable function hn+1 : X → K
satisfying σn+1(γ, x) = hn+1(γx)hn+1(x)−1 for a.e. x and every γ. Next apply the
claim of the previous paragraph to Y = X \

⋃
m≤n Xm, α = σ, and β = σn+1 to

obtain a Γ -invariant measurable set Xn+1 ⊆ X \
⋃
m≤n Xm with

µ(Xn+1) ≥
1

2
µ

(
X \

⋃
m≤n

Xm

)
and a measurable function fn+1 : Xn+1 → K such that

σ(γ, x) = fn+1(γx)σn+1(γ, x)fn+1(x)
−1

for a.e. x ∈ Xn+1 and every γ ∈ Γ . Then the sets Xn will be pairwise disjoint
and their union will be conull and the function f :

⋃
n Xn → K defined by f(x) =

fn(x)hn(x) for x ∈ Xn will satisfy σ(γ, x) = f(γx)f(x)−1 for a.e. x and every γ,
implying that σ is a coboundary as desired.
We now prove the claim. Let Y, α and β be as described. Define an action of
Γ on Y × K by γ · (x, k) = (γx, α(γ, x)kβ(γ, x)−1). Set H = L2(Y × K, 1

µ(Y)
µ × c)

where c is the counting measure on K, and let π : Γ → U(H) be the unitary
representation π(γ)(η)(x, k) = η(γ−1 · (x, k)). Let ξ0 be the unit vector 1Y×{eK}
and observe that for γ ∈ F

|〈π(γ)(ξ0), ξ0〉| =
1

µ(Y)
µ({x ∈ Y : α(γ−1, x) = β(γ−1, x)}) ≥ 1− ε.

It follows from our choice of F and ε that there is a Γ -invariant unit vector ξ
satisfying ‖ξ− ξ0‖ < 1/16.
Define Z to be the set of x ∈ Y for which there is a unique k ∈ K maximizing
the value of |ξ(x, k)| and, in this case, define f(x) to be that unique element of
K. Note that since f−1(k0) =

⋂
k∈K\{k0}{x ∈ Y : |ξ(x, k)| < |ξ(x, k0)|} and Z =⋃

k0∈K f
−1(k0), both f and Z are measurable. The invariance of ξ tells us that

ξ(γx, k) = π(γ−1)(ξ)(x, α(γ, x)−1kβ(γ, x)) = ξ(x, α(γ, x)−1kβ(γ, x)),

and since the map k ∈ K 7→ α(γ, x)−1kβ(γ, x) is a permutation of K, we see that
Z is Γ invariant and that α(γ, x)−1f(γx)β(γ, x) = f(x) for all x ∈ Z.
Finally, it only remains to check that µ(Z) ≥ µ(Y)/2. Consider the sets

D1 =

{
x ∈ Y : |1− ξ(x, eK)|

2 ≥ 1
4

}

D2 =

x ∈ Y :
∑

k∈K\{eK}

|ξ(x, k)|2 ≥ 1
4

 .
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If x ∈ Y \ (D1∪D2) then |ξ(x, eK)|
2 ≥ 1

4
while

∑
k∈K\{eK} |ξ(x, k)|

2 < 1
4
. So Y \ (D1∪

D2) ⊆ f−1(eK) ⊆ Z. Since

1

µ(Y)

∫
Y

|1− ξ(x, eK)|
2 +

∑
k∈K\{eK}

|ξ(x, k)|2

 dµ = ‖ξ− ξ0‖2 <
1

16
,

we have that µ(D1) < µ(Y)/4 and µ(D2) < µ(Y)/4 and therefore
µ(Z) ≥ µ(Y \ (D1 ∪D2)) ≥ µ(Y)/2. �

Theprevious corollary can be extended to all groups at the expense of restricting
to e.c. actions which are ultraproducts.

Corollary 3.13. If Γ yai (Xi, µ) is a family of actions and the nonprincipal ultraprod-
uct action Γ ya (X, µ) is e.c. then H1(a, K) = 0 for every finite group K.

This immediately follows from Lemma 3.11 and the following general observa-
tion below.

Lemma 3.14. Suppose that Γ ya (X, µ) is a nonprincipal ultraproduct action. Then
B1(a, K) is closed in Z1(a, K) for any finite group K.

Proof. Suppose that U is a nonprincipal ultrafilter on a set I, Γ yai (Xi, µi) is
a p.m.p. action for every i ∈ I, (X, µ) =

∏
U(Xi, µi) and a =

∏
U ai. Let σ :

Γ × X → K belong to the closure of B1(a, K) in Z1(a, K). Choose an increasing
sequence of finite sets Wn ⊆ Γ with

⋃
n∈NWn = Γ and for each n ∈ N pick a

cocycle σn ∈ B1(a, K) satisfying
µ(Sγ,k4Sn,γ,k}) < 2−n for all γ ∈Wn and k ∈ K,

where Sγ,k = {x ∈ X : σ(γ, x) = k} and Sn,γ,k = {x ∈ X : σn(γ, x) = k}.
For eachn ∈ N, pick ameasurable function fn : X→ K satisfying fn(γx)fn(x)−1 =
σn(γ, x) for a.e. x ∈ X and every γ ∈ Γ . Choose measurable functions fin :
Xi → K with f−1n (k) = [(fin)

−1(k)]U for every k ∈ K and define the cocycle
σin(γ, x) = f

i
n(γx)f

i
n(x)

−1. Set Sin,γ,k = {x ∈ Xi : σin(γ, x) = k}.

Choose measurable sets Siγ,k ⊆ Xi satisfying Sγ,k = [Siγ,k]U for all γ ∈ Γ and
k ∈ K. Since U is nonprincipal, we can fix a function M : I → N satisfying
limUM(i) =∞. For each i ∈ I, define
m(i) = max{n ≤M(i) : µi(S

i
n,γ,k4Siγ,k) ≤ 2−n+1 for all γ ∈Wn and k ∈ K}.

Since for every n ∈ N we have {i :M(i) ≥ n} ∈ U and
lim
U
µi(S

i
n,γ,k4Siγ,k) = µ(Sn,γ,k4Sγ,k) < 2−n for all γ ∈Wn and k ∈ K,

it is immediately seen that {i : m(i) ≥ n} ∈ U and thus limUm(i) =∞.
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Since limUm(i) = ∞ and
⋃
nWn = Γ , we have that limU µi(S

i
m(i),γ,k4Siγ,k) ≤

limU 2
−m(i)+1 = 0 for every γ ∈ Γ and k ∈ K. Therefore Sγ,k = [Siγ,k]U = [Sim(i),γ,k]U

for all γ ∈ Γ and k ∈ K. Consequently,

σ(γ, [xi]U) = lim
U
σim(i)(γ, xi) = lim

U
fim(i)(γxi)f

i
m(i)(xi)

−1,

and defining h([xi]U) = limU f
i
m(i)(xi) we have h : X → K is measurable and

σ(γ, x) = h(γx)h(x)−1 for a.e. x and all γ ∈ Γ . We conclude that σ ∈ B1(a, K).
�

4. Special e.c. actions

In this section, we study when the profinite completion action is e.c. and when
there is a weakly mixing e.c. action. In the process, we prove a fact of indepen-
dent interest, namely that limit groups have Kechris’ property MD.

4.1. Profinite completions. In [5], the authors show that the natural action of
a finitely generated free group F on its profinite completion F̂ is an e.c. action.
In this section, we generalize this result to the largest class of groups for which
it could possibly hold.

First, recall that the profinite completion Γ̂ of a countable residually finite group
Γ is the inverse limit of the finite groups Γ/Λ as Λ varies over the normal finite-
index subgroups of Γ . The profinite completion Γ̂ is a compact group and thus
admits a unique Haar probability measure µΓ̂ . Γ naturally embeds into Γ̂ and
thus acting by left-translation yields an ergocdic p.m.p. action of Γ on (Γ̂ , µΓ̂).
For each normal finite-index subgroup ΛC Γ , the closure Λ̄ of Λ in Γ̂ is a finite-
index clopen subgroup of Γ̂ , and the partition CΛ̄ of Γ̂ into its left Λ̄-cosets is
Γ -invariant (that is, Γ permutes the cosets). Moreover, there is a decreasing
sequence Λn of finite-index normal subgroups of Γ such that the sequence CΛ̄n
separates points.
An action Γ ya (X, µ) is called profinite if there is a decreasing sequence of
finite Γ -invariant measurable partitions of X which separate points. Following
Kechris [30], a residually finite group Γ is said to be MD if the set of profinite
actions of Γ on (X, µ) is dense in the spaceA(Γ, X, µ) of all actions of Γ . The group
Γ is said to have the a priori stronger property EMD if the set of ergodic profinite
actions of Γ on (X, µ) is dense inA(Γ, X, µ). It is an open question whether or not
the two notions coincide for all groups, but by work of the third author ([40,
Corollary 4.7 and Theorem 4.10]), we have that they coincide for all groups
without property (T) and that they coincide for all groups if and only if property
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MD implies the negation of property (T). For examples and closure properties
of these (somewhat mysterious) classes of groups, see [13, Section 5].
Kechris [30, Propositions 4.2, 4.5, and 4.8] showed that a group Γ has property
EMD precisely when its action on its profinite completion Γ̂ is locally universal
while it has property MD precisely when its action on Γ̂ × [0, 1] is locally uni-
versal (where the action on the second coordinate is trivial). In this section, we
show that for these classes of groups, the associated actions are in fact existen-
tially closed. (Since being existentially closed implies being locally universal,
these results are optimal.)

Lemma 4.1. Let Γ be a countable group and let Λ ≤ Γ be a subgroup.

(1) If Γ has property MD, then Λ has MD as well.
(2) If Γ has property EMD and Λ has finite index in Γ , then Λ has EMD as well.

Proof. (1) is observed in [30, Section 4]. Finally, (2) follows from (1) together
with the following facts: no group with property (T) can have property EMD
[30, Proposition 6]; for groups without property (T), EMD and MD are equiv-
alent [40, Corollary 4.7]; and, since Λ is a finite index subgroup of Γ , Λ has
property (T) if and only if Γ does. �

The following is the main result of this section:

Theorem 4.2. Let Γ be a countable residually finite group and let (Γ̂ , µΓ̂) denote the
profinite completion of Γ equipped with its normalized Haar probability measure. Fi-
nally, let λ denote Lebesgue measure on [0, 1].

(1) If Γ has property EMD, then the action Γ y (Γ̂ , µΓ̂) is existentially closed.
(2) If Γ has property MD, then the action Γ y (Γ̂ × [0, 1], µΓ̂ × λ) is existentially

closed.

Proof. In case (1), set (X, µ) = (Γ̂ , µΓ̂) and in case (2), set (X, µ) = (Γ̂× [0, 1], µΓ̂ ×
λ).
Let Γ y (Y, ν) be a p.m.p. action and φ : Y → X a Γ -equivariant factor map.
Also let p ∈ N and α : Y → p be measurable. Let S ⊆ Γ be finite with e ∈ S and
let ε > 0.
Let Hn be the intersection of all subgroups of Γ having index at most n. Write
H̄n for the closure ofHn in Γ̂ . LetB[0,1] be the Borel σ-algebra on [0, 1]. In case (1)
set An = {γH̄n : γ ∈ Γ } and in case (2) set An = {γH̄n × B : γ ∈ Γ, B ∈ B}. Then
the An’s are an increasing sequence of algebras whose union is dense in X. So
the stronger form of Proposition 3.6 says that its enough to consider partitions
of Xwhich are An-measurable for some n.
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Fix n, set H = Hn and H̄ = H̄n. Pick a choice r : Γ/H → Γ of representatives
for the cosets of H in Γ with r(H) = e, and let ρ : (Γ/H) × Γ → H be the cocycle
ρ(aH, γ) = r(aH)γr(aγH)−1. Define the finite set T = {r(aH) : a ∈ Γ }. In case
(1) we let q = 1 = {0} and let β : X→ q be the constant function, and in case (2)
we let q ∈ N and let β : X → q be a {Γ̂ × B : B ∈ B}-measurable map satisfying
µ(β−1(j)) > 0 for every j ∈ q. Note that β is Γ -invariant.

For t ∈ T and j ∈ q, set Xjt = β−1(j) ∩ t−1H̄ ∈ An, and notice that these sets
partition X. Also set Xt = t−1H̄ =

⋃
j∈q X

j
t. By Proposition 3.6 we will be done if

we can find a measurable function α̃ : X → p with the property that for every
π ∈ pS, j ∈ q, and t ∈ T∣∣∣µ(α̃−1

S (π) ∩ Xjt) − ν(α−1
S (π) ∩ φ−1(Xjt)

∣∣∣ < ε.
Consider the functions αtS, t ∈ T . We always have t ·αS(y) = αtS(t ·y) since for
s ∈ S

(t · αS(y))(ts) = αS(y)(s) = α(s−1 · y) = α(s−1t−1t · y) = αtS(t · y)(ts).

Therefore for all t ∈ T and π ∈ pS we have t · α−1
S (π) = α−1

tS (t · π) . In particular,
for every j ∈ q, we have

(2) t ·
(
α−1
S (π) ∩ φ−1(Xjt)

)
= α−1

tS (t · π) ∩ φ−1(Xje).

Similarly, since e ∈ S, for t ∈ T , s ∈ S, and y ∈ Y, we have

αtS(y)(ts) = α(s
−1t−1 · y) = α(r(tsH)−1ρ(tH, s)−1 · y)

= αr(tsH)S(ρ(tH, s)
−1 · y)(r(tsH)).

So for every t ∈ T and j ∈ q, we have

(3)
⋃
s∈S

{y ∈ φ−1(Xje) : αr(tsH)S(ρ(tH, s)
−1 · y)(r(tsH)) 6= αtS(y)(ts)} = ∅.

For j ∈ q, let µj denote the normalized restriction of µ to Xje, and similarly define
νj to be the normalized restriction of ν toφ−1(Xje). The profinite completion ofH
is isomorphic to H̄ and its normalized Haar probability measure µH̄ coincides
with the normalized restriction of µΓ̂ to H̄. Notice that in case (1) j ∈ q can
only have value 0 and H y (X0e, µ0) is isomorphic to H y (H̄, µH̄), and in case
(2) H y (Xje, µj) is isomorphic to H y (H̄ × [0, 1], µH̄ × λ) for every j ∈ q. It
follows from the assumptions of cases (1) and (2) and Lemma 4.1 that the action
H y (Xje, µj) weakly contains all H-actions for every j ∈ q. Consequently, we
can find measurable functions γt : Xe → ptS for t ∈ T satisfying the following
two conditions. First, relative to each of the setsXje, theγt’swill have distribution
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in measure close to the αtS’s, meaning that for all t ∈ T , j ∈ q, and π ∈ pS, we
have
(4)

∣∣∣µj(γ−1
t (t · π) ∩ Xje

)
− νj

(
α−1
tS (t · π) ∩ φ−1(Xje)

)∣∣∣ < |Γ : H|ε/2.

Second, we control how the functions γt relate to the action of H and demand,
in view of (3), that µj(Dj

t) < |Γ : H|ε/2 for all t ∈ T and j ∈ q, where

Dj
t =

⋃
s∈S

{x ∈ Xje : γr(tsH)(ρ(tH, s)−1 · x)(r(tsH)) 6= γt(x)(ts)}.

Define α̃ : X → p by setting α̃(x) = γt(t · x)(t) when t ∈ T and x ∈ Xt. Notice
that when x ∈ Xjt \ t−1 ·D

j
t we have t · α̃S(x) = γt(t · x), since for any s ∈ S we

have s−1 · x ∈ Xr(tsH) and

(t · α̃S(x))(ts) = α̃S(x)(s) = α̃(s−1 · x) = γr(tsH)(r(tsH)s−1 · x)(r(tsH))
= γr(tsH)(ρ(tH, s)

−1t · x)(r(tsH))

and the final term above is equal to γt(t · x)(ts) since t · x 6∈ Dj
t. It follows that

(5)
(
t · (α̃−1

S (π) ∩ Xjt)
)
4
(
γ−1
t (t · π) ∩ Xje

)
⊆ Dj

t.

For π ∈ pS and j ∈ q, equation (2) implies that

ν(α−1
S (π) ∩ φ−1(Xjt)) = ν(α

−1
tS (t · π) ∩ φ−1(Xje))

and equation (5) implies∣∣∣µ(α̃−1
S (π) ∩ Xjt) − µ(γ−1

t (t · π) ∩ Xje)
∣∣∣ ≤ µ(Dj

t) = |Γ : H|−1µj(D
j
t) < ε.

Since µj and νj are the normalized restrictions of µ and ν to Xje and φ−1(Xje),
respectively, and since µ(Xje) = ν(φ−1(Xje)), it follows from (4) and the above
two equations that∣∣∣ν(α−1

S (π) ∩ φ−1(Xjt)) − µ(α̃
−1
S (π) ∩ Xjt)

∣∣∣ < ε.
We conclude that the action Γ y (X, µ) is existentially closed. �

Since the finitely generated free groupFhas property EMD(see [30, Theorem1]
and, using different terminology, Bowen [7]), the previous theorem generalizes
[5, Theorems 6.7 and 6.18].
The following is a nice application of Theorem 4.2:

Proposition 4.3. Suppose that Γ has a coamenable normal subgroup Λ such that Γ/Λ
is residually finite. Further suppose that Λ can be written as the increasing union of a
sequence (Λn)n∈N of subgroups such that:
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• Each Λn has property MD;
• Each finite index subgroup of each Λn is closed in the profinite topology on Γ .

Then Γ has property MD.

Proof. Since each finite index subgroup of each Λn is closed in the profinite
topology of Γ , the action of Λn on Γ̂ is isomorphic to the product of the action
of Λn on Λ̂n with an identity action of Λn, so this action of Λn is existentially
closed by Theorem 4.2. Thus, the action ofΛ on Γ̂ is existentially closed as well.
The action of Γ on Γ̂ factors onto Γ̂ /Λ̄, where Λ̄ denotes the closure of Λ in Γ̂ .
Since Γ/Λ is residually finite, the action of Γ/Λ on Γ̂ /Λ̄ is free. The action of Γ
on Γ̂ therefore satisfies the hypotheses of Theorem 5.18, hence it is existentially
closed. In particular, Γ has property MD. �

A consequence of the previous proposition is the following, expanding the col-
lection of examples of groups known to have property MD:

Theorem 4.4. Limit groups have property MD.

Proof. Let Γ be a limit group. A result of Kochloukova[34, Corollary B] is that
Γ has a free normal subgroup Λ such that Γ/Λ is torsion-free nilpotent (and, in
particuar, residually finite). Write Λ as a union of an increasing sequence of
finitely generated free subgroups Λn, whence each Λn has property MD. By a
result of Wilton [43], limit groups are subgroup separable, meaning that each
finitely generated subgroup of Γ is closed in the profinite topology of Γ . In par-
ticular, each finite index subgroup of eachΛn is closed in the profinite topology
of Γ . Hence Γ has property MD by Proposition 4.3. �

Remark 4.5. Theorem 4.4 implies that limit groups have property FD, the repre-
sentation theoretic analogue ofMD introduced by Lubotzky and Shalom in [35]
(note that FD was introduced prior to MD). Property MD implies property FD
by [30], although the converse is open. Property FD for limit groups could also
be deduced from [34] and [43] by appealing to [35, Corollary 2.5]. While our
Proposition 4.3 is an analogue of [35, Corollary 2.5], its proof is conceptually a
bit different, since it makes critical use of existentially closed actions. One may
also give a somewhat ad hoc proof of Proposition 4.3, avoiding the use of exis-
tentially closed actions, that more closely parallels the proof of [35, Corollary
2.5], by using an approach similar to [11].

4.2. Weaklymixing e.c. actions. Recall that the p.m.p. action Γ ya X isweakly
mixing if the product action Γ ya×a X × X is ergodic. It follows from [5, The-
orems 4.3 and 6.6] and [33] that there is a weakly mixing e.c. action of the free
group. In this subsection, we generalize this result to the case of any group
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without property (T) and in fact show that the “model-theoretically generic”
e.c. action (in a sense we make precise below) is weakly mixing. First, we need
the following result, which is somewhat implicit in Bergelson’s [6]:

Proposition 4.6. The action Γ y X is weakly mixing if and only if: for any measurable
sets A1, . . . , An, B1, . . . , Bn ⊆ X and any ε > 0, we have

n⋂
i=1

{γ ∈ Γ : |µ(Ai ∩ γBi) − µ(Ai)µ(Bi)| < ε} 6= ∅.

Proof. First suppose that the action is weakly mixing. By [6, Theorem 4.7], each
set appearing in the above intersection is a central* subset of Γ . Since the family
of central* subsets of Γ has the finite intersection property, we see that the above
intersection is nonempty.
Now suppose that the above condition holds. In order to show that the action is
weakly mixing, by [6, Exercise 21], it suffices to show: for any f1, . . . , fn ∈ L20(X)
and any ε > 0, we have

n⋂
i=1

{γ ∈ Γ : |〈Uγfi, fi〉| < ε} 6= ∅.

Here, Uγ is the Koopman representation associated to the action and L20(X) is
the orthogonal complement of the subspace of L2(X) consisting of vectors of
integral 0. For each i = 1, . . . , n, take simple functions h1, . . . , hn ∈ L2(X) such
that ‖fi − hi‖2 < δ for some sufficiently small δ <

√
ε
3
so that

|〈Uγfi, fi〉|− |〈Uγhi, hi〉| <
ε

3

for all i = 1, . . . , n and all γ ∈ Γ . Write hi =
∑

j cij1Aij . Then

〈Uγhi, hi〉 =
∑
j,k

cijcikµ(γAij ∩Aik).

Fix η > 0 so that η
∑

j,k |cijcik| <
ε
3
for all i = 1, . . . , n. By assumption, there is

γ ∈ Γ such that |µ(γAij ∩Aik) − µ(Aij)µ(Aik)| < η for each i, j, k. It follows that∣∣∣|〈Uγhi, hi〉|− |
∑

jk cijcikµ(Aij)µ(Aik)|
∣∣∣ ≤∑jk |cijcik|η <

ε
3
. But∣∣∣∣∣∑

jk

cijcikµ(Aij)µ(Aik)

∣∣∣∣∣ =
∣∣∣∣∫ hi∣∣∣∣2 = ∣∣∣∣∫(fi − hi)∣∣∣∣2 ≤ ‖fi − hi‖22 < δ2 < ε

3
.

Consequently, for this γ ∈ Γ and all i = 1, . . . , n, we have |〈Uγfi, fi〉| < ε, as
desired. �
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The previous proposition shows thatweakmixing can bewritten in an infinitary
first-order way of a particularly simple form. Recall that a ∀

∨
∃-sentence is one

of the form sup
x

∨
n∈Nϕn(~x), where each ϕ(x) is an existential formula. We call

a class C of models of TΓ ∀
∨
∃-axiomatizable if there is a collection σn of ∀

∨
∃-

sentences such that, for all M |= TΓ , we have M ∈ C if and only if M |= σn for
each n ∈ N.

Corollary 4.7. The class of weakly mixing models of TΓ is ∀
∨
∃-axiomatizable.

Proof. For each n, let σn be the sentence

sup
x1,...,xn,y1,...,yn

∨
γ∈Γ

max
i=1,...,n

|µ(xi ∩ γyi) − µ(xi)µ(yi)|.

Then an action a is weakly mixing if and only if σMa
n = 0 for all n ∈ N. �

The following corollary uses the notion of an enforceable property, which is
a model-theoretic notion of genericity; a precise definition can be found in the
first author’s article [25].

Corollary 4.8. Suppose that Γ is a group without property (T). Then being a weakly
mixing action is an enforceable property of actions of Γ .

Proof. By a result of Kerr and Pichot [33], since Γ does not have property (T),
there is a locally universal weakly mixing action of Γ . Using this fact, Corollary
4.7, and [25, Proposition 2.6], the result follows. �

Since being e.c. is also an enforceable property ([25, Proposition 2.10]) and since
the conjunction of two enforceable properties is also enforceable, we get:

Corollary 4.9. Suppose that Γ is a group without property (T). Then there is an e.c.
weakly mixing action of Γ .

Note that if a group has property (T), then no locally universal action of it can
be weakly mixing (or even ergodic), whence the previous corollary is optimal.

5. Generalities on model companions of meaure-preserving actions

In this section, we establish a number of interesting general results on the exis-
tence of the model companion for TΓ . A consequence of these results is that TΓ
exists whenever Γ is a universally free group, a fact we generalize later in Section
7. We conclude this section with an open mapping criterion for the existence of
the model companion for TΓ .
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5.1. Definition of model companions.

Definition 5.1. We say that the model companion of TΓ exists if there is a set
T of LΓ -sentences such that, for all Ma |= TΓ , we have Ma |= T if and only if
a is an e.c. action. In this case, there is a unique such theory T (up to logical
equivalence), which we denote by T ∗Γ .

Remark 5.2. Themodel theorist will recognize that this is not the official defini-
tion of the model companion but is rather an equivalent reformulation (which
holds in our context since the theory TΓ is ∀∃-axiomatizable).

There is a useful test for when the model companion exists:

Fact 5.3. T ∗Γ exists if and only if: whenever (Mai)i∈I is a family of e.c. actions of Γ and
U is an ultrafilter on I, we have that

∏
UMai is also an e.c. action of Γ .

The proof of the previous fact hings on an abstract characterization of when a
class of structures in some language is the set of models of some theory, namely
when the class is closed under isomorphism, ultraproduct, and ultraroot (see,
for example, [3, Proposition 5.14]). In general, the class of e.c. structures is
closedunder elementary substructures, whence the nontrivial closure condition
in the previous fact is that of being closed under ultraproducts.
Asmentioned in the introduction, when Γ is amenable, T ∗Γ exists and T ∗Γ = TΓ,free.
By a recent result of Berenstein, Ibarlucia, and Henson [5], for any finitely gen-
erated free group F, we have that T ∗F exists. We will generalize this fact in a
number of ways throughout this paper.

5.2. Model-theoretic shenanigans. In this subsection, we establish somepurely
model-theoretic results; these results will be applied in the next subsection to
the case of actions.

Definition 5.4. Suppose that L1 ⊆ L2 are languages, T2 is an L2-theory, and T1 :=
T2|L1, that is, the set of sentences in T2 that are actually L1-sentences. We say that
the pair (T1, T2) has the:

• expansion property if, given any M |= T1, there is F(M) |= T2 such that
M ⊆ F(M)|L1;
• relative expansion property if, given any N |= T2 and M |= T1 with
N|L1 ⊆ M, then there is G(M,N) |= T2 with M ⊆ G(M,N)|L1 and N ⊆
G(M,N).

Remark 5.5. In the notation of the previous definition, if L2 is countable, then
a simple compactness argument implies that, to show that the pair (T1, T2) has
the (relative) expansion property, it suffices to consider only countable models.
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Remark 5.6. In the next section, we will suppose that Λ is a subgroup of Γ and
work in the setting of the previous definition with L1 := LΛ, L2 := LΓ , and T2 :=
TΓ , so that T1 = TΛ. We will then show that (TΛ, TΓ) has both the expansion
property and the relative expansion property.
Lemma 5.7. Suppose that the pair (T1, T2) has both the expansion property and the
relative expansion property. Further suppose that both T1 and T2 have the amalgamation
property and that T2 is ∀∃-axiomatizable. Then if T2 has a model companion, then so
does T1.
Remark 5.8. For the sake of simplicity, we carry out the proof of this lemma
as well as the two results that follow in the setting of classical (discrete) logic.
The case of continuous logic is no more difficult, just slightly more annoying to
write down.

Proof of Lemma 5.7. Fix a family (Mi)i∈I of e.c. models of T1 and an ultrafilter U
on I. Set M :=

∏
UMi. We wish to show that M is also an e.c. model of T1.

Fix M ′ |= T1 with M ⊆ M ′, a quantifier-free L1-formula ϕ(x, y), and elements
ai ∈ Mi such that M ′ |= ∃xϕ(x, a), where a = (ai)U. We wish to show that
M |= ∃xϕ(x, a).
Since T1 has the amalgamation property and M ⊆ M ′ and M ⊆

∏
U F(Mi)|L1,

we have Q |= T1 and embeddings i : M ′ ↪→ Q and j :
∏

U F(Mi)|L ↪→ Q such
that i|M = j|M. Without loss of generality, we may assume that j is an inclusion
mapping and so

∏
U F(Mi)|L ⊆ Q. We then have R := G(Q,

∏
U F(Mi)) |= T2

such that Q ⊆ G(Q,R)|L1 and
∏

U F(Mi) ⊆ G(Q,R). For each i ∈ I, let Pi |= T2
be e.c. with F(Mi) ⊆ Pi (which is possible since T2 is ∀∃-axiomatizable), so∏

U F(Mi) ⊆ P :=
∏

U Pi. By assumption, P is also e.c. Since T2 has the amal-
gamation property, we can find S |= T2 and embeddings b : G(Q,R) ↪→ S and
c : P ↪→ S so that b|

∏
U F(Mi) = c|

∏
U F(Mi).

We are now ready to conclude: SinceM ′ |= ∃xϕ(x, a), we have thatQ |= ∃xϕ(x, a)
and so G(Q,R) |= ∃xϕ(x, a) and so S |= ∃xϕ(b(a)). Since P is e.c. and since
b(a) = c(a), we have that P |= ∃xϕ(x, a). Consequently, for U-almost all i ∈ I,
we have Pi |= ∃xϕ(x, ai). Since Mi ⊆ Pi|L1, we have that Mi |= ∃xϕ(x, ai) for
these i ∈ I, and thusM |= ∃xϕ(x, a), as desired. �

Lemma 5.9. Suppose that (T1, T2) has the relative expansion property. Then for any
e.c. modelM of T2, we have that M|L1 is an e.c. model of T1.

Proof. TakeN |= T1 withM|L1 ⊆ N and an existential L1-sentence σwith param-
eters from M such that N |= σ. We then have G(N,M) |= σ and M ⊆ G(N,M);
sinceM is e.c. thenM |= σ, as desired. �

Corollary 5.10. Suppose that T is an L-theory. Further suppose that there is an in-
creasing sequence (Ln)n∈N of sublanguages of L with L =

⋃
n∈N Ln such that (Tn, T)
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has the relative expansion property for all n, where Tn := T |Ln. Further suppose that
Tn has a model companion for each n. Then T also has a model companion.

Proof. Fix a family (Mi)i∈I of e.c. models of T and an ultrafilter U on I. SetM :=∏
UMi. Suppose that there isM ′ |= T withM ⊆M ′ and an existential L-sentence

with parameters from M such that M ′ |= σ. We want to show M |= σ. Take
n ∈ N such that σ is an Ln-sentence. By Lemma 5.9,Mi|Ln is an e.c. model of Tn
for each i ∈ I; since Tn has amodel companion, we have that

∏
U(Mi|Ln) is an e.c.

model of Tn. Since
∏

U(Mi|Ln) ⊆ M ′|Ln, we have that M|Ln =
∏

U(Mi|Ln) |= σ,
as desired. �

5.3. Preservationproperties for the existence of T ∗Γ . Thenext two lemmas shows
that, for any subgroup Λ of Γ , the pair (TΛ, TΓ) has both the expansion property
and the relative expansion property.

Lemma 5.11. Let Γ be a group with subgroupΛ. Then the pair (TΛ, TΓ) has the expan-
sion property.

Proof. This is an immediate consequence of the existence of the coinduction pro-
cedure (see, for example, [31, Section 10(G)]). �

The following is a special case of Epstein’s construction of coinducing an action
from a subequivalence relation, see [28, Section 3].

Lemma 5.12. Let Γ be a group with subgroupΛ. Then the pair (TΛ, TΓ) has the relative
expansion property. More precisely, let Γ y (X, µ) and Λ y (Y, ν) be p.m.p. actions
on standard probability spaces and φ : Y → X a Λ-equivariant factor map. Then there
exists a p.m.p. action Γ y (Ȳ, ν̄) and a Λ-equivariant map π : Ȳ → Y such that φ ◦ π
is Γ -equivariant.

Proof. Fix a choice of representatives r : Γ/Λ → Γ for the cosets of Λ in Γ with
r(Λ) = e, anddefine the cocycle ρ : Γ×(Γ/Λ)→ Λ by ρ(γ, aΛ) = r(γaΛ)−1γr(aΛ).
Define an action of Γ on Ȳ := YΓ/Λ by

(γ · ȳ)(aΛ) = ρ(γ−1, aΛ)−1ȳ(γ−1aΛ).

Let ν =
∫
νx dµ(x) be the disintegration of ν with respect to φ (that is, x 7→ νx

is the unique, up to agreement almost-everywhere, measurable function satis-
fying νx(φ−1(x)) = 1 for µ-almost-every x and ν =

∫
νx dµ(x); see [22, Theorem

A.7]). Define

ν̄ =

∫
X

∏
aΛ∈Γ/Λ

νr(aΛ)−1·x dµ(x),
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so a ν̄-random point ȳ of YΓ/Λ is obtained by choosing a µ-random point x ∈ X
and independently for each aΛ ∈ Γ/Λ letting ȳ(aΛ) be a νr(aΛ)−1·x-random point
in Y. Clearly if π : YΓ/Λ → Y is the evaluation map π(ȳ) = ȳ(Λ), then π is
measure-preserving, and it is also Λ-equivariant since

π(λ · ȳ) = (λ · ȳ)(Λ) = ρ(λ−1, Λ)−1ȳ(Λ) = λȳ(Λ) = λπ(ȳ).

Also, for ν̄-almost-every ȳ ∈ YΓ/Λ there is x ∈ X satisfyingφ(ȳ(aΛ)) = r(aΛ)−1·x
for every aΛ ∈ Γ/Λ, and in this case

φ ◦ π(γ · ȳ) = φ((γ · ȳ)(Λ))
= φ(ρ(γ−1, Λ)−1ȳ(γ−1Λ))

= ρ(γ−1, Λ)−1φ(ȳ(γ−1Λ))

= ρ(γ−1, Λ)−1r(γ−1Λ)−1 · x
= r(Λ)−1γ · x
= γ · x
= γ · φ ◦ π(ȳ).

Thus φ ◦ π is Γ -equivariant on a ν̄-conull subset of YΓ/Λ.
To finish the proof, it only remains to check that the measure ν̄ is Γ -invariant.
First notice that uniqueness of measure disintegration and the Λ-invariance of
µ and ν imply that νx(λ · E) = νλ−1·x(E) for every λ ∈ Λ, every measurable set
E ⊆ Y, and µ-almost-every x ∈ X. Now consider any collection of measurable
sets EaΛ ⊆ Y for aΛ ∈ Γ/Λ, set E =

∏
aΛ∈Γ/Λ EaΛ ⊆ YΓ/Λ, and let γ ∈ Γ . Notice

that
γ · E =

∏
aΛ∈Γ/Λ

ρ(γ−1, aΛ)−1Eγ−1aΛ.

We then have

ν̄(γ · E) =
∫
X

∏
aΛ∈Γ/Λ

νr(aΛ)−1·x(ρ(γ
−1, aΛ)−1Eγ−1aΛ) dµ(x)

=

∫
X

∏
aΛ∈Γ/Λ

νρ(γ−1,aΛ)r(aΛ)−1·x(Eγ−1aΛ) dµ(x)

=

∫
X

∏
aΛ∈Γ/Λ

νr(γ−1aΛ)−1γ−1·x(Eγ−1aΛ) dµ(x)

=

∫
X

∏
aΛ∈Γ/Λ

νr(γ−1aΛ)−1·x(Eγ−1aΛ) dµ(x)
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=

∫
X

∏
aΛ∈Γ/Λ

νr(aΛ)−1·x(EaΛ) dµ(x)

= ν̄(E),

where for the third-to-last equality we use the Γ -invariance of µ, and for the
second-to-last equality we use the fact that left-multiplication by γ−1 permutes
the set Γ/Λ. Since every measurable set can be approximated in ν̄-measure by
sets that are finite disjoint unions of sets of the above form, it follows that ν̄ is
indeed Γ -invariant. �

Since both TΓ and TΛ have the amalgamation property (as witnessed by the ex-
istence of relatively independent joinings-see Lemma 5.23 below) and are ∀∃-
axiomatizable, Lemmas 5.7, 5.11, and 5.12 allow us to conclude:

Corollary 5.13. The property of TΓ having a model companion is inherited by sub-
groups: if Λ is a subgroup of Γ and T ∗Γ exists, then so does T ∗Λ.

Lemmas 5.9 and 5.12 imply:

Corollary 5.14. If Γ y (X, µ) is an e.c. action and Λ ≤ Γ is a subgroup, then the
restricted action Λy (X, µ) is e.c. as well.

Corollary 5.10 and Lemma 5.12 imply:

Corollary 5.15. The property of TΓ having a model companion is a local property of
groups: if Γ is a group such that T ∗Λ exists for every finitely generated subgroup Λ of Γ ,
then T ∗Γ also exists.

The following corollary is an immediate consequence of Corollary 5.10; it was
stated in the introduction of [5]:

Corollary 5.16. If F∞ is the free group on a countably infinite set of generators, then
T ∗F∞ exists.

Note that it is unclear if having a model companion is closed under quotients.
Indeed, by the previous corollary, if it is closed under quotients, then T ∗Γ exists
for all countable groups Γ .

5.4. Coamenable subgroups. It is currently unknown if the class of groups for
which T ∗Γ exists is closed under extensions, that is to say: if Γ is a countable group
with normal subgroup Λ for which both T ∗Λ and T ∗Γ/Λ exists, must T ∗Γ necessarily
exist. In this subsection, we show that this is the case if we assume that Λ is a
co-amenable normal subgroup of Γ , that is to say Γ/Λ is amenable.
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Below, when Λ is a normal subgroup of Γ , we say that Γ y (X, µ) weakly con-
tains a free p.m.p. action of Γ/Λ to mean that this action weakly contains some
action Γ y (Y, ν) such that every point in Y has stabilizer Λ. In this case we
can always choose (Y, ν) to be a standard Borel probability space since weak
containment is transitive and every free p.m.p. action of Γ/Λ weakly contains a
Bernoulli shift action of Γ/Λ [1].
The following is a consequence of the Ornstein-Weiss quasitiling lemma:
Lemma 5.17. Suppose that Λ is a normal co-amenable subgroup of Γ and that Γ ya

(X, µ) is a p.m.p. action that weakly contains a free p.m.p. action of Γ/Λ. Then for every
finite S ⊆ Γ with e ∈ S and every ε > 0, there is a measurable map c : X→ Γ/Λ having
finite image such that µ(X ′) > 1− ε, where

X ′ = {x ∈ X : c(s−1 · x) = c(x)s for all s ∈ S}.

Proof. Let (Y, ν) be a standard Borel probability space and Γ yb (Y, ν) an action
that is weakly contained in the action Γ y (X, µ) and has the property that every
y ∈ Y has stabilizer Λ. Since Γ/Λ is amenable, the orbit equivalence relation

EYΓ = {(y, γ · y) : y ∈ Y, γ ∈ Γ }
must be ν-hyperfinite [36], meaning there is a sequence of Borel equivalence
relations En ⊆ EYΓ such that each class of each En is finite, En ⊆ En+1 for all
n, and

⋃
n En coincides with EYΓ on a Γ -invariant conull set. Set F = En for a

sufficiently large value of n so that the set
Y ′ = {y ∈ Y : (y, s−1 · y) ∈ F for all s ∈ S}

has measure greater than 1 − ε. Since F is a Borel equivalence relation whose
classes are all finite, there exists a Borel set D ⊆ Y that contains precisely one
point from every F-class [29, Thm 12.16]. Let d : Y → Γ/Λ be the function that
sends y ∈ Y to the Λ-coset γΛ for any (equivalently every) γ ∈ Γ satisfying
γy ∈ D and (y, γy) ∈ F. We observe that d is measurable since for every γ ∈ Γ
the set of y ∈ Y satisfying y F γ · y is equal to the Borel set (id × b(γ))−1(F).
It is immediate from these definitions that the set of y ∈ Y satisfying d(s−1 ·
y) = d(y)s for all s ∈ S is precisely Y ′ and thus has measure larger than 1 −
ε. Finally, since the map d is described by the countable measurable partition
{d−1(γΛ) : γΛ ∈ Γ/Λ} and the translated maps d(s−1·), s ∈ S, are described
by the S-translates of that partition, the fact that Γ y (X, µ) weakly contains
Γ y (Y, ν) immediately implies that a function c : X → Γ/Λ with the desired
property exists. �

Theorem 5.18. Let Γ be a countable group and Λ a normal co-amenable subgroup of
Γ . If Γ y (X, µ) is a p.m.p. action that weakly contains a free p.m.p. action of Γ/Λ and
if the restricted action Λy (X, µ) is existentially closed, then the action Γ y (X, µ) is
existentially closed.
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Proof. We use the criterion for being e.c. established in Proposition 3.6 (and use
the notation established right before the statement of that proposition). Let
Γ y (Y, ν) be a p.m.p. action and let φ : Y → X be a Γ -equivariant factor map.
Fix p, q ∈ N, α : Y → p and β : X → q measurable maps, S ⊆ Γ be finite with
e ∈ S, and ε > 0. Fix a choice r : Γ/Λ → Γ of representatives for the cosets of Λ
in Γ and let ρ : (Γ/Λ)× Γ → Λ be the cocycle ρ(aΛ, γ) = r(aΛ)γr(aγΛ)−1.
By applying Lemma 5.17 and composing with the function r, we obtain a mea-
surable map c : X → r(Γ/Λ) having finite image and satisfying µ(X ′) > 1 − ε

2
,

where
X ′ = {x ∈ X : c(s−1 · x) = r(c(x)sΛ) for all s ∈ S}.

Define the finite setW = c(X) ⊆ r(Γ/Λ) ⊆ Γ and for w ∈ W set Xw = c−1(w).
Also setW ′ = {w ∈ W : Xw ∩ X ′ 6= ∅} and notice that whenever w ∈ W ′ and
s ∈ S, we have r(wsΛ) ∈W since r(wsΛ) = c(s−1 · x) whenever x ∈ Xw ∩ X ′.
Now consider the functions αwS for w ∈ W. We observe that we always have
w · αS(y) = αwS(w · y) since for s ∈ S, we have

(w · αS(y))(ws) = αS(y)(s) = α(s−1 · y) = α(s−1w−1w · y) = αwS(w · y)(ws).

Therefore for all w ∈ W and π ∈ pS, we have w · α−1
S (π) = α−1

wS(w · π). In
particular, we have

(6) w ·
(
α−1
S (π) ∩ φ−1(Xw)

)
= α−1

wS(w · π) ∩w · φ−1(Xw).

Similarly, since e ∈ S, for w ∈W ′, s ∈ S, and y ∈ Y we have

αwS(y)(ws) = α(s
−1w−1 · y) = α(r(wsΛ)−1ρ(wΛ, s)−1 · y)

= αr(wsΛ)S(ρ(wΛ, s)
−1 · y)(r(wsΛ)).

So for every w ∈W ′, we have

(7)
⋃
s∈S

{
y ∈ Y : αr(wsΛ)S(ρ(wΛ, s)

−1 · y)(r(wsΛ)) 6= αwS(y)(ws)
}
= ∅.

Since Λ y (X, µ) is existentially closed, we can find measurable functions γw :
w · Xw → pwS for w ∈W satisfying the following two conditions. First, relative
to each of the sets w · (β−1(j) ∩ Xw), the γw’s will have identical distribution in
measure to the functions αwS, meaning that for all w ∈ W, j ∈ q, and π ∈ pS,
we have

(8) µ
(
γ−1
w (w · π) ∩w · β−1(j)

)
= ν

(
α−1
wS(w · π) ∩ φ−1(w · β−1(j) ∩w · Xw)

)
.

(We point out that taking an intersectionwithw·Xw on the left would be redun-
dant since the domain of (γw) is w · Xw). Second, we control how the functions
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γw relate to the action of Λ and demand, in view of (7), that µ(Dw) <
ε
2|W|

for
all w ∈W ′, where

Dw =
⋃
s∈S

{
x ∈ w · Xw : γr(wsΛ)(ρ(wΛ, s)

−1 · x)(r(wsΛ)) 6= γw(x)(ws)
}
.

Define α̃ : X → p by setting α̃(x) = γw(w · x)(w) when w ∈ W and x ∈ Xw.
Notice that when x ∈ (Xw \w−1 ·Dw) ∩ X ′, we have w · α̃S(x) = γw(w · x), since
for any s ∈ S, we have s−1 · x ∈ Xr(wsΛ) since x ∈ X ′ and therefore

(w · α̃S(x))(ws) = α̃S(x)(s) = α̃(s−1 · x) = γr(wsΛ)(r(wsΛ)s−1 · x)(r(wsΛ))
= γr(wsΛ)(ρ(wΛ, s)

−1w · x)(r(wsΛ))

and the final term above is equal to γw(w · x)(ws) since w · x 6∈ Dw. As we
additionally have that Xw ∩ X ′ = ∅ when w ∈ W \W ′, we conclude that for all
w ∈W, we have

(9)
(
w · (α̃−1

S (π) ∩ Xw)
)
4
(
γ−1
w (w · π) ∩w · Xw

)
⊆ Dw ∪w · (Xw \ X ′).

For π ∈ pS and j ∈ q, equation (6) implies that

(10) ν(α−1
S (π) ∩ φ−1(β−1(j))) =

∑
w∈W

ν(α−1
wS(w · π) ∩w · φ−1(β−1(j) ∩ Xw))

and equation (9) implies

(11)
∣∣∣∣∣µ(α̃−1

S (π) ∩ β−1(j)) −
∑
w∈W

µ(γ−1
w (w · π) ∩w · (β−1(j) ∩ Xw))

∣∣∣∣∣ < ε.
Since the sums over w ∈W in (10) and (11) are equal by (8), it follows that∣∣ν(α−1

S (π) ∩ φ−1(β−1(j))) − µ(α̃−1
S (π) ∩ β−1(j))

∣∣ < ε.
We conclude that the action Γ y (X, µ) is existentially closed. �

Corollary 5.19. Suppose that Γ is a group containing a normal coamenable subgroup
Λ for which T ∗Λ exists. Then T ∗Γ exists as well.

Proof. Let (Mai)i∈I be a family of e.c. models of TΓ and fix an ultrafilter U on I; it
suffices to show that Ma :=

∏
UMai is also an e.c. model of TΓ . For each i ∈ I,

let Mbi := Mai |LΛ |= TΛ denote the restricted action and set Mb :=
∏

UMbi =
Ma|LΛ. By Corollary 5.14, eachMbi is an e.c. model of TΛ. Since T ∗Λ exists,Mb is
also an e.c. model of TΛ. Since eachMai is e.c. it is also locally universal, whence
so isMa. By Theorem 5.18,Ma is e.c. as desired. �

Remark 5.20. Under the assumptions of the previous corollary, the axioms for
T ∗Γ are the axioms for T ∗Λ together with the axioms for TΓ,max.
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Recall from the introduction that a group Γ is universally free if it embeds into
an ultrapower of a free group.

Corollary 5.21. Suppose that Γ is a universally free group. Then T ∗Γ exists.

Proof. By Corollary 5.15, wemay assume that Γ is finitely generated, that is, that
Γ is a limit group. By the aforemtnioned result of Kochloukova [34], Γ has a
normal coamenable (not necessarily finitely generated) free subgroup Λ. By
Corollary 5.16, T ∗Λ exists. Thus, by Corollary 5.19, we have that T ∗Γ exists. �

5.5. An openmapping characterization for the existence of T ∗Γ . In this subsec-
tion, we give an ergodic-theoretic characterization of the existence of T ∗Γ , which
also yields axioms for the model companion when it exists. First, we need a few
preparatory lemmas.

Lemma 5.22. For every n ∈ N, let Γ y (Xn, µn) be a p.m.p. action. Then there exists
a p.m.p. action Γ y (X, µ) which is e.c. and which factors onto Γ y (Xn, µn) for every
n.

Proof. Let Γ y (Y, ν) be any pmp action factoring onto each Γ y (Xn, µn) and
then let Γ y (X, µ) be an e.c. action factoring onto Γ y (Y, ν). �

Lemma 5.23. Let Γ y (X, µ) and Γ y (Y, ν) be p.m.p. actions that both factor onto
the p.m.p. action Γ y (Z, η) via the factor maps φ and ψ, respectively. If (Z, η) is
a standard probability space then there is a Γ -invariant measure λ on X × Y having
marginals µ on X and ν on Y, respectively, and satisfying φ(x) = ψ(y) for λ-almost-
every (x, y) ∈ X× Y.

Proof. For each set A ∈ BX denote by fA the Radon–Nikodym derivative of the
measure C ∈ BZ 7→ µ(A ∩ φ−1(C)) with respect to η, and similarly for B ∈ BY

define gB to be the Radon–Nikodym derivative of C 7→ ν(B ∩ ψ−1(C)) with
respect to η.
Define a function λ on the set of all measurable rectangles A × B (A ∈ BX,
B ∈ BY) by

λ(A× B) =
∫
fA · gB dη.

Suppose that A × B is the disjoint union of An × Bn, n ∈ N. Since (Z, η) is
standard, we can pick countably generated σ-algebras ΣX ⊆ BX and ΣY ⊆ BY

containingφ−1(BZ) andψ−1(BZ), respectively, withAn ∈ ΣX and Bn ∈ ΣY for all
n. Disintegrate µ � ΣX with respect to φ and ν � ΣY with respect to ψ to obtain
almost-everywhere unique measurable maps z 7→ µz and z 7→ νz, where µz and
νz are probability measures on ΣX and ΣY respectively, satisfying µz(φ−1(z)) =
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1 = νz(ψ
−1(z)) for η-almost every z ∈ Z, µ � ΣX =

∫
Z
µz dη and ν � ΣY =∫

Z
νz dη. Then for A ′ ∈ ΣX we have∫

µz(A
′) · 1C dη = µ(A ′ ∩ φ−1(C)) =

∫
fA ′ · 1C dη

for all C ∈ BZ and therefore fA ′(z) = µz(A ′) for a.e. z. Similarly gB ′(z) = νz(B ′)
for every B ′ ∈ ΣY and a.e. z. It follows that the function λ and the measure∫
µz × νz dη coincide when restricted to measurable rectangles in ΣX × ΣY and

therefore
∑

n∈N λ(An × Bn) = λ(A× B).
The previous paragraph shows that λ is a probability premeasure on the algebra
of finite unions of measurable rectangles, so by Caratheodory’s theorem λ has a
unique extension to a probability measure on BX × BY . Since λ is Γ -invariant it
follows from the uniqueness of the extension that it must be Γ -invariant as well.
Moreover, it is immediately seen that this extension, which we denote by λ as
well, has marginals µ and ν on X and Y respectively.
Lastly, sinceZ is standardwe have thatZ×Z\{(z, z) : z ∈ Z} is a countable union
of measurable rectangles. Since every measurable rectangle C×D ⊆ Z×Z that
is disjoint with the diagonal satisfies

λ((φ×ψ)−1(C×D)) =

∫
Z

1C · 1D dη = η(C ∩D) = 0,

we conclude that φ(x) = ψ(y) for λ-almost-every (x, y). �

Lemma 5.24. Let (Γ y (Xi, µi))i∈I be a collection of p.m.p. actions, let U be an ultra-
filter on I, let Γ y

∏
U(Xi, µi) be the ultraproduct action, and let q ∈ N.

(1) Given any measurable map α :
∏

U Xi → q, there exist measurable maps αi :
Xi → q such that α([xi]U) = limi→U α

i(xi) for almost-every [xi]U ∈
∏

U Xi.
(2) If αi : Xi → q is measurable for each i ∈ I and α :

∏
U Xi → q is defined by

α([xi]U) = limi→U α
i(xi), then

(a) α is measurable,
(b) αΓ([xi]U) = limi→U α

i
Γ([xi]U) for every [xi]U ∈

∏
U Xi, and

(c) (αΓ)∗(
∏

U µi) = limi→U(α
i
Γ)∗(µi).

Proof. (1). Since α is measurable, for each k ∈ q − 1 there is a collection of
measurable setsAik ⊆ Xi such that α−1(k) = [Aik]U up to a

∏
U µi-null set. Define

αi : Xi → q by

αi(x) =

{
k if k ∈ q− 1 is least with x ∈ Aik
q− 1 if x 6∈ Ai0 ∪ · · · ∪Aiq−2.

Then αi is measurable and it is easy to check by induction on k ∈ q that for
almost-every [xi]U ∈ α−1(k) we have α([xi]U) = limi→U α

i(xi).



E.C. P.M.P. ACTIONS OF APPROXIMATELY TREEABLE GROUPS 41

(2). It is immediate that α is measurable since α−1(k) = [(αi)−1(k)]U. Also, for
every γ ∈ Γ we have

αΓ([xi]U)(γ) = α(γ
−1 · [xi]U) = α([γ−1xi]U) = lim

i→U
αi(γ−1xi) = lim

i→U
αiΓ(xi)(γ).

This establishes (a) and (b). Next consider any clopen set C ⊆ qΓ . For every
[xi]U ∈

∏
U Xi we have that αΓ([xi]U) = limi→U α

i
Γ(xi) belongs to C if and only

if (since C is both open and closed) {i ∈ I : αiΓ(xi) ∈ C} ∈ U, or equivalently
[xi]U ∈ [(αiΓ)

−1(C)]U. Therefore (αΓ)−1(C) = [(αiΓ)
−1(C)]U and

(αΓ)∗(
∏
U

µi)(C) = lim
U
(αΓi )∗(µi)(C).

Since limi→U(α
i
Γ)∗(µi) is a probability measure on qΓ and all Borel probability

measures on qΓ are uniquely determined by their values on clopen sets, (c)
follows. �

We now prove a lemma providing an ergodic-theoretic characterization of e.c.
factormaps. To state it, given any q ∈ N, we let ProbΓ(qΓ) denote the set of prob-
ability measures on qΓ preserved by the natural action of Γ on qΓ . Given another
integer p, we let ProbΓ(qΓ × pΓ) have the analogous meaning. We view each of
these spaces as equipped with their weak∗-topologies. We also let π : qΓ ×pΓ →
qΓ denote the canonical projection map, which induces a push-forward map
π∗ : ProbΓ(qΓ × pΓ)→ ProbΓ(qΓ).

Lemma 5.25. The action Γ ya (X, µ) is e.c. if and only if: for any p, q ∈ N, any weak∗-
open subset U of ProbΓ(qΓ × pΓ), and any β : X → q for which (βΓ)∗(µ) ∈ π∗(U),
there is γ : X→ p such that ((β× γ)Γ)∗(µ) ∈ U.

Proof. First suppose that Γ ya (X, µ) is e.c. Take a weak∗-open subset U of
ProbΓ(qΓ × pΓ) and a function β : X → q for which (βΓ)∗(µ) ∈ π∗(U). By
assumption, there is λ ∈ U such that π∗(λ) = (βΓ)∗(µ). By Lemma 5.23, there is
a Γ -invariant probability measureω on X×qΓ×pΓ that has marginal µ on X and
λ on qΓ × pΓ and satisfies βΓ(x) = y for ω-almost-every (x, y, z) ∈ X × qΓ × pΓ .
By assumption, the factor map given by the projection φ : X × qΓ × pΓ → X is
e.c. and we have that (((β ◦ φ) × α)Γ)∗ω = λ ∈ U, where α : X × qΓ × pΓ → p
is the map α(x, y, z) = z(e). Therefore the desired γ is obtained by applying
Proposition 3.6 with this α together with a finite set S ⊆ Γ and an ε > 0 that are
suitable for ensuring membership in the open set U containing λ.
We now prove the converse. Towards this end, fix a factor map φ : Y → X; we
wish to show that this map is e.c. using the criterion of Proposition 3.6. We thus
take measurable maps β : X → q and γ : Y → p, finite S ⊆ Γ , and ε > 0. Note
then that ((β ◦ φ)Γ × γΓ)∗(ν) ∈ ProbΓ(qΓ × pΓ) and that S and ε determine an
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open neighborhood U of this measure. Moreover,

(βΓ)∗(µ) = (πΓ)∗((β ◦ φ)Γ × γΓ)∗(ν) ∈ π∗(U).

By hypothesis, there is γ̃ : X → p such that ((β × γ̃)Γ)∗(µ) ∈ U, which verifies
the criterion of Proposition 3.6. �

The following theorem is themain result of this subsection andoffers an ergodic-
theoretic characterization of the existence of T ∗Γ .

Theorem 5.26. T ∗Γ exists if and only if for every p, q ∈ N, the push-forward map
π∗ : ProbΓ(qΓ ×pΓ)→ ProbΓ(qΓ) is an open map with respect to the weak∗ topologies.

Proof. (⇒) Fix q, p ∈ N and let π : qΓ×pΓ → qΓ be the projectionmap. Consider
any measure λ ∈ ProbΓ(qΓ ×pΓ) and any weak∗ neighborhoodW ⊆ ProbΓ(qΓ ×
pΓ) of λ. Set ν = π∗(λ) and consider any sequence νn ∈ ProbΓ(qΓ) that converges
weak∗ to ν and a nonprincipal ultrafilter U on N. It will suffice to show that

{n ∈ N : νn ∈ π∗(W)} ∈ U.

By Lemma 5.22, we may take an e.c. action Γ y (X, µ) having the property that
it factors onto Γ y (qΓ , νn) for every n ∈ N. For each n ∈ N, pick a measurable
map αn : X → q satisfying (αnΓ )∗(µ) = νn. Consider the ultrapower action
Γ y (X, µ)U and define α : XU → q by setting α([xn]U) = limU α

n(xn). Then α is
measurable and (αΓ)∗(µU) = ν.
Apply Lemma5.23 to get a Γ -invariant probabilitymeasureω onXU×qΓ×pΓ that
hasmarginal µU onXU, marginal λ on qΓ×pΓ , and satisfiesαΓ(x) = π(y, z) forω-
a.e. (x, y, z) ∈ XU×qΓ ×pΓ . Define ᾱ and β̄ on X×qΓ ×pΓ by setting ᾱ(x, y, z) =
α(x) ∈ q and β̄(x, y, z) = z(e) ∈ p. By our choice ofω, we have that ᾱΓ(x, y, z) =
αΓ(x) is equal to y almost-everywhere. Therefore (ᾱΓ × β̄Γ)(x, y, z) = (y, z)
almost-everywhere and hence (ᾱΓ × β̄Γ)∗(ω) = λ ∈W.
Since T ∗Γ exists, the action Γ y (X, µ)U is e.c. Consequently, based on the last sen-
tence of the previous paragraph, there must exist a measurable map β : XU → p
satisfying (αΓ × βΓ)∗(µU) ∈ W. Let βn : X → p be a sequence of measur-
able maps satisfying β([xn]U) = limU β

n(xn). Then we have (α × β)([xn]U) =
limU(αn(xn), βn(xn)) and therefore

lim
n→U

(αnΓ × βnΓ )∗(µ) = (αΓ × βΓ)∗(µU) ∈W.

Applying π∗ to both sides we obtain {n ∈ N : νn ∈ π∗(W)} ∈ U as claimed.
(⇐) Assuming the openmapping condition, we see that the characterization of
being e.c. in the previous lemma is first-order. Indeed, first note that it suffices to
assume that U is a basic open subset of ProbΓ(qΓ × pΓ). Second, by assumption,
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π∗(U) is an open subset of ProbΓ(qΓ), and it then suffices to consider basic open
subsets of ProbΓ(qΓ) contained in π∗(U). �

Remark 5.27. As explained in the proof of the previous theorem, the character-
ization for being e.c. given in Lemma 5.25 does indeed yield an axiomatization
of T ∗Γ when it exists.

6. A concrete axiomatization

In this section, we show that, for strongly treeable groups, themodel companion
T ∗Γ exists and has a concrete set of axioms that are ergodic-theoretic in nature.
We additionally obtain the same result for treeable groups butwith axioms that,
while still ergodic-theoretic in nature, are slightly less concrete.
Our axioms for the model companion will rely on two properties we introduce:
the definable cocycle property and the extension-MD property. These proper-
ties are discussed in the first two subsections below, and in the third subsection
we will describe the concrete axiomatization. Lastly, in the final three subsec-
tions of this section we will verify that these two properties hold for suitable
actions of (strongly) treeable groups.

6.1. Model companions and the definable cocycle property. Building upon
our observations about cocycles for e.c. actions in Subsection 3.4 (specifically
Lemma 3.11), we first note that the mere existence of the model companion
immediately yields a remarkable feature of cochains mapping to finite groups
that are close to satisfying the conditions for being a cocycle. If such cochains are
said to be “almost-cocycles,” then the next result says that if the model compan-
ion exists, then every almost-cocycle is near an actual cocycle in some extension
(equivalently, it is near a coboundary in some extension).

Proposition 6.1. Suppose that T ∗Γ exists. Then for every ε > 0, finite set S ⊆ Γ , and
finite group K, there is δ > 0 such that, for all actions Γ ya (X, µ) and measurable
maps σ : Γ × X → K, if CocyMa

K
(Bσ) < δ, then there is an action Γ y (Y, ν), a factor

map φ : Y → X, and a measurable map α : Y → K such that
ν({y ∈ Y : α(sy) = σ(s, φ(y))α(y) for every s ∈ S}) > 1− ε.

Proof. Suppose, towards a contradiction, that the above condition does not hold
for some ε, S and K. For each n ∈ N, take a p.m.p. action Γ yan (Xn, µn) and a
map σn : Γ ×Xn → K such that CocyMan

K (Bσn) <
1
n
and yet, for every extension Y

of Xn and α : Y → K, the set of y satisfying α(sy) = σn(s, φ(y))α(y) for all s ∈ S
has measure at most 1 − ε. For each n ∈ N, take an e.c. action Γ ybn (Zn, ηn)
that factors onto Γ yan (Xn, µn), say via the map φn. Let U be a nonprincipal
ultrafilter on N and write Γ yb (Z, η) for the ultraproduct of the actions Γ ybn
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(Zn, ηn). Define σ : Γ × Z → K by setting σ−1
γ (k) := [φ−1

n ◦ (σn)−1γ (k)]U for each
k ∈ K. Then CocyMb

K
(Bσ) = 0 and therefore σ is a cocycle for the ultraproduct

action Γ yb Z. Since T ∗Γ exists, Γ yb (Z, η) is e.c. whence Lemma 3.11 implies
that there is a measurable map α : Z → K such that the measure of the set of z
withα(sz) = σ(s, z)α(z) for all s ∈ S hasmeasure strictly greater than 1−ε. Pick
a sequence of maps αn : Zn → K such that α is the ultralimit of the αn’s, that
is, that α−1(k) = [α−1

n (k)]U for all k ∈ K. It follows that there is n ∈ N such that
the set of z ∈ Zn satisfying αn(sz) = σn(s, φn(z))αn(z) for all s ∈ S has measure
greater than 1− ε, contradicting the choice of the action Γ ybn (Xn, µn). �

The above proposition provides the impetus for a new definition, something
we call the definable cocycle property. This property will be used to ensure that
statements about cocycles mapping into finite groups are actually first-order,
contributing part of our concrete axiomatization of the model companion. We
first note some equivalences.
Lemma 6.2. Let Γ be a countable group, K a finite group, and fix an LΓ -theory T ex-
tending TΓ (such as TΓ itself, TΓ,free, TΓ,max, or T ∗Γ ). Let ρ1 and ρ2 be metrics onC1(Γ, KΓ)
and C2(Γ, KΓ) respectively that are compatible with their product topologies. Then the
following are equivalent:

(1) For any ε > 0, there is a δ > 0 so that, for any Ma |= T and any B ∈MΓ×K
a , if

CocyMa

K
(B) < δ, then there is a cocycle σ of a such that d(B,Bσ) ≤ ε.

(2) For any ε > 0, there is δ > 0 so that, for any action Γ ya (X, µ) withMa |= T
and any equivariant measurable map c : X→ C1(Γ, KΓ), if∫

ρ2(∂c(x), eC2(Γ,KΓ )) dµ < δ,

then there is a measurable equivariant map z : X→ Z1(Γ, KΓ) such that∫
ρ1(c(x), z(x)) dµ < ε.

(3) For any family (Mai)i∈I of models of T and any ultrafilter U on I, settingM :=∏
UMai , we have Z(CocyM

K
) =
∏

U Z(CocyMai

K ).
(4) For any T -formula Φ(x, y), with x ranging over sort MΓ×K

a , the T -functors
sup

B∈Z(CocyK)
Φ(B, y) and infB∈Z(CocyK)Φ(B, y) are T -formulae again.

Proof. The equivalence of (1) and (2) is immediate from the definitions. The
equivalence of (1), (3) and (4) is a special case of [24, Theorem 2.13]. Note
that in [24, Theorem 2.13], there was no cardinality restriction on the index set
(recall Convention 2.2 above); however, for separable theories (such as the T
considered here), it is an artifact of the proof that one only needs to assume the
preservation under countable ultraproducts. �
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Note that condition (3) of the previous lemma is equivalent to the following:
given any family (Γ yai (Xi, µi))i∈I of models of T and any ultrafilter U on I,
setting Γ ya (X, µ) to be the ultraproduct action, if σ : Γ × X → K is a cocycle,
then there are cocycles σi : Γ×Xi → K such that σ−1

γ (k) = [(σiγ)
−1(k)]U for all γ ∈

Γ and k ∈ K. In other words, if we let σU : Γ × X→ K denote the corresponding
ultraproduct cocycle, that is, the cocycle of the ultraproduct action given by the
formula (σU)

−1
γ (k) := [(σiγ)

−1(k)]U for all γ ∈ Γ and k ∈ K, then condition (2)
states that every cocycle of the product action is an ultraproduct cocyle.
When the equivalent conditions of Lemma 6.2 hold, we say that Cocy

K
is a T -

definable set. If Cocy
K
is a T -definable set for all finite groups K, then we say

that T has the definable cocycle property.

Corollary 6.3. Suppose that T ∗Γ exists. Then T ∗Γ has the definable cocycle property.

Proof. This follows immediately from Proposition 6.1 and the definition of e.c.
action. �

Wewill soon establish that TΓ,free (resp. TΓ,max) has the definable cocycle property
when Γ is strongly treeable (resp. Γ is treeable). For nowwemake the following
simple observation:

Lemma 6.4. If F is any free group, then TF has the definable cocycle property.

Proof. We verify condition (3) of Lemma 6.2. Suppose that F ya X is the ultra-
product of the actions F yai Xi and suppose that σ : F× X→ K is a cocycle for
a. If S is a free generating set for F, then for each s ∈ S and k ∈ K, we can write
πs,k(Bσ) = [Xi,s,k]U, where, for each i ∈ I and s ∈ S, (Xi,s,k)k∈K is a measurable
partition of Xi. If we define σi,0 : S × Xi → K by setting σi,0(s, x) := k when
x ∈ Xi,s,k, then σi,0 extends uniquely to a cocycle σi : F × Xi → K in such a way
that [σi]U = σ. �

6.2. Finite-to-one extensions and the extension-MD property. In the last sub-
section, we observed that when T has the definable cocycle property, the K-
valued cocycles form a definable set. We also know that cocycles to finite groups
correspond to finite-to-one extensions (via the skew product construction and
Rokhlin’s skew product theorem). This leads us to consider the nature of finite-
to-one extensions and their relationship with e.c. actions. We start with the fol-
lowing theorem, which characterizes those actions that are e.c. for finite-to-one
extensions.

Theorem 6.5. An action Γ y (X, µ) is e.c. for finite-to-one extensions if and only if:
for every integer k, every cocycle σ : Γ × X → Sym(k), every finite set F ⊆ Γ , every
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ε > 0, every integer q, and every map β : X → q, there exists a map α : X → k such
that:

(1) α∗µ is the normalized counting measure on k.
(2) α is ε-independent with β, that is, for all i < k and all j < q, we have∣∣µ(α−1(i) ∩ β−1(j)) − µ(α−1(i))µ(β−1(j))

∣∣ ≤ ε.
(3) µ({x ∈ X : α(fx) = σ(f, x)(α(x)) for every f ∈ F}) ≥ 1− ε.

Proof. First assume that Γ y (X, µ) is e.c. for finite-to-one extensions and fix k,
σ, F, ε, q, and β as above. Let uk denote the normalized counting measure on k
and let (Y, ν) = (X×σk, µ×uk) be the skew-product extension of Γ y (X, µ)with
respect to σ. Let φ : Y → X and α̂ : Y → k be the coordinate projection maps.
Notice that α̂∗ν = uk and that α̂ is independent with β ◦ φ. Also notice that
α̂(f · y) = σ(f, φ(y))(α̂(y)) for every f ∈ F and y ∈ Y, or equivalently, writing
Sf,τ = {x ∈ X : σ(f, x) = τ},

Y =
⋃
i∈k

⋂
f∈F

⋃
τ∈Sym(k)

α̂−1(i) ∩ φ−1(Sf,τ) ∩ f−1 · α̂−1(τ(i)).

Since the action of Γ y (X, µ) is e.c. for finite-to-one extensions, there exists a
map α : X→ k such that α∗µ is as close to uk as desired, α is (ε/2)-independent
with β, and the set⋃

i∈k

⋂
f∈F

⋃
τ∈Sym(k)

α−1(i) ∩ Sf,τ ∩ f−1 · α−1(τ(i)),

that is, the set of x ∈ X satisfying α(fx) = σ(f, x)(α(x)) for all f ∈ F, has measure
greater than 1−(ε/2). If we choose α so that α∗µ is sufficiently close to uk, then
we can perturb α so as to satisfy items (1)-(3) above.
Now assume that Γ y (X, µ) satisfies items (1)-(3) for any choice of k, σ, F,
ε, q, and β as in the statement of the proposition. We show that Γ y (X, µ)
is e.c. for finite-to-one extensions. By the Rohklin skew-product theorem and
the ergodic decomposition, it suffices to show that Γ y (X, µ) is e.c. for skew-
product extensions associated with finite groups. Thus, fix a cocycle σ : Γ ×
X → Sym(k), let uk be normalized counting measure on k, and consider the
associated skew-product extension (Y, ν) = (X ×σ k, µ × uk). We wish to show
that the projection map φ : Y → X is e.c. Let p, q ∈ N, let γ : Y → p and
β : X→ q be measurable maps, let ε > 0, and let F ⊆ Γ be finite. Our goal is to
find a measurable map γ̂ : X→ p satisfying

(12) |µ(γ̂−1
F (π) ∩ β−1(j)) − ν(γ−1

F (π) ∩ φ−1(β−1(j))| < ε

for all π ∈ pF and all j ∈ q.
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For π ∈ pF and i ∈ k, let Dπ,i be the set of x ∈ X satisfying γF(x, i) = π. Then

(13) ν(γ−1
F (π) ∩ φ−1(β−1(j))) =

∑
i∈k

1

k
µ(Dπ,i ∩ β−1(j)).

By our assumption on the action Γ y (X, µ), we can pick a measurable map
α : X→ k satisfying µ(A) > 1− ε

2
, where

A = {x ∈ X : ∀f ∈ F α(f−1x) = σ(f−1, x)(α(x)),

and satisfying

(14)
∣∣∣∣∣∑
i∈k

µ(α−1(i) ∩Dπ,i ∩ β−1(j)) −
∑
i∈k

1

k
µ(Dπ,i ∩ β−1(j)

∣∣∣∣∣ < ε

2

for every π ∈ pF and j ∈ q. Define γ̂ : X → p by γ̂(x) = γ(x, α(x)). Then for
x ∈ A, we have

γ̂F(x)(f) = γ̂(f
−1x)

= γ(f−1x, α(f−1x))

= γ(f−1x, σ(f−1, x)(α(x)))

= γ(f−1 · (x, α(x)))
= γF(x, α(x))(f).

As a result, for x ∈ A we have γ̂F(x) = π if and only if there is i ∈ k with
x ∈ α−1(i) ∩Dπ,i. Therefore

(15)
∣∣∣∣∣µ(γ̂−1

F (π) ∩ β−1(j)) −
∑
i∈k

µ(α−1(i) ∩Dπ,i ∩ β−1(j))

∣∣∣∣∣ < µ(X \A) <
ε

2
.

Combining equations (13), (14), and (15) shows that (12) holds. �

Let Γ ya (X, µ) be a p.m.p. action, let λ be Lebesguemeasure, and let Γ yid [0, 1]
be the trivial action fixing every point. We call Γ ya×id (X × [0, 1], µ × λ) the
trivial extension of Γ ya (X, µ) having atomless fibers.

Corollary 6.6. Let Γ ya (X, µ) be a p.m.p. action, and suppose that Γ ya×id (X ×
[0, 1], µ × λ) is an e.c. extension of Γ ya (X, µ). Then Γ ya (X, µ) is e.c. for finite-
to-one extensions if and only if B1(a, Sym(k)) is dense in Z1(a, Sym(k)) for every
k ∈ N.

Proof. We will apply Theorem 6.5. So let k, q ∈ N, let σ ∈ Z1(a, Sym(k)), let
F ⊆ Γ be finite, let ε > 0, and let β : X→ q be measurable.
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Letuk be the normalized countingmeasure on k = {0, . . . , k−1}. Define (X̃, µ̃) =
(X× k, µ× uk) and define β̃ : X̃→ q and σ̃ : Γ × X̃→ Sym(k) by

β̃(x, i) = β(x) and σ̃(γ, (x, i)) = σ(γ, x).

We know that Γ ya×id (X̃, µ̃) is an e.c. extension of Γ ya (X, µ) since this exten-
sion is intermediary to the trivial extension having atomless fibers. Therefore it
suffices to find a measurable map α̃ : X̃ → k satisfying conditions (1), (2), and
(3) of Theorem 6.5 with X, µ, σ, α, β replaced by X̃, µ̃, σ̃, α̃, β̃.
Since we are assuming B1(a, Sym(k)) is dense in Z1(a, Sym(k)), there is a mea-
surable map α : X→ Sym(k) such that the set

Y = {x ∈ X : σ(f, x) = α(fa · x)α(x)−1 for all f ∈ F}

satisfies µ(Y) > 1− ε. Now define α̃ : X̃→ k by
α̃(x, i) = α(x)(i).

Then we have
α̃∗µ̃ =

∫
α(x)∗uk dµ =

∫
uk dµ = uk,

so (1) is satisfied, and
µ̃(α̃−1(i) ∩ β̃−1(j)) = µ̃({(x, α(x)−1(i)) : x ∈ β−1(j)})

=
1

k
· µ(β−1(j))

= µ̃(α̃−1(i))µ̃(β̃−1(j)),

so (2) is satisfied. Finally, µ̃(Y × k) = µ(Y) > 1 − ε and for every (x, i) ∈ Y × k
and f ∈ Fwe have

α̃(fa×id(x, i)) = α(fa · x)(i) = σ(f, x) ◦ α(x)(i) = σ̃(f, (x, i))(α̃(x, i)).

Thus (3) is satisfied. �

The previous results motivate the consideration of actions having the property
that all of their extensions can be approximated by their finite-to-one extensions.
Drawing a parallel with property MD for groups, we make the following defi-
nition.

Definition 6.7. We say that a p.m.p. action Γ ya (X, µ) on a standard proba-
bility space is extension-MD if for any (equivalently, every) non-atomic stan-
dard probability space (Y, ν), the set of finite-to-one a-extensions are dense in
Fa(Γ, Y, X) (as defined in Subsection 2.2). If every free p.m.p. action of Γ on a
standardprobability space is extension-MD, thenwe say that Γ has the extension-
MD property.
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Similar to Proposition 3.6, we will rely on the following characterization of this
property.

Proposition 6.8. The action Γ ya (X, µ) is extension-MD if and only if (X, µ) is
a standard probability space and, whenever Γ yb (Y, ν) is a p.m.p. action extending
Γ ya (X, µ), say via φ : Y → X, p, q ∈ N, α : Y → p, and β : X → q are
measurable, F ⊆ Γ is finite, and ε > 0, there is a p.m.p. action Γ yb ′ (Y ′, ν ′) extending
Γ ya (X, µ), say via φ ′ : Y ′ → X, and a measurable map α ′ : Y ′ → p such that φ ′ is
almost-everywhere finite-to-one and

(16)
∣∣∣ν(α−1

F (π) ∩ φ−1(β−1(j))
)
− ν ′

(
(α ′)−1F (π) ∩ (φ ′)−1(β−1(j))

)∣∣∣ < ε
for all π ∈ pF and j ∈ q.

Proof. If Γ ya (X, µ) is extension-MD, then (X, µ) is a standard probability space
and it is easy to see that it is then enough to check the above condition in the
cases where (Y, ν) is a standard non-atomic probability space. In this case, every
(φ ′, b ′) in some open neighborhood of (φ, b) will satisfy (16) using the same
map α : Y → p (in this case, take care to note that αF depends on the action
being considered and can bewrittenαb(F) andαb ′(F) for clarity). The assumption
that the action a is extension-MD implies that this open set contains a finite-to-
one extension of a. Conversely, suppose the above condition holds. Consider a
standard non-atomic probability space (Y, ν), an a-extension (φ, b) ∈ Fa(Γ, Y, X),
and an open neighborhood UA,B,F,ε

a (φ, b). Choose α : Y → p and β : X → q so
that A = {α−1(i) : i ∈ p} and B = {β−1(j) : j ∈ q}. Let Γ yb ′ (Y ′, ν ′), φ ′ : Y ′ → X,
and α ′ : Y ′ → p satisfy (16) for all π ∈ pF and j ∈ q. We can assume that
(Y ′, ν ′) is non-atomic, and by passing to a factor of Y ′ forwhichφ ′ andα ′ remain
measurable, wemay further assume that (Y ′, ν ′) is a standard probability space.
Notice that the sets appearing in (16) partition Y and Y ′ as π ∈ pF and j ∈ q vary.
Since (16) implies that the measures of these pieces are within ε of one another,
there is an isomorphism of probability spaces S : (Y ′, ν ′)→ (Y, ν) that matches
the respective pieces of the partitions, for each π ∈ pF and j ∈ q, up to an error
(symmetric difference) ofmeasure ε. The resulting pair (S·φ ′, S·b ′)will belong
toUA,B,F,ε

a (φ, b), and sinceφ ′ is finite-to-one and S is an isomorphism, S ·φ ′ will
be finite-to-one as well. �

The above proposition allows us to extend the definition of extension-MD to
actions on non-standard probability spaces: we say that a p.m.p. action Γ ya

(X, µ) is extension-MD if it satisfies the condition of the above proposition. It is
easily seen then that if Γ has the extension-MDproperty as defined in Definition
6.7 then all free p.m.p. actions of Γ (on both standard and non-standard spaces)
are extension-MD.
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A trivial consequence of the above proposition and Proposition 3.6 is that every
e.c. action is automatically extension-MD. The following is also clear.

Lemma 6.9. An extension-MD action is e.c. if and only if it is e.c. for finite-to-one
extensions.

Before ending this subsection, wemake an additional observation about extension-
MD actions and show that free groups have the extension-MD property.

Lemma 6.10. Let Γ ya (X, µ) be a p.m.p. action. Let G = Aut([0, 1], λ), where λ is
Lebesgue measure, equipped with the weak topology, and let ρ1 be a metric on C1(Γ,GΓ)
compatible with its product topology. Write Z1(a,G)fin for the set of all measurable
cocycles on a that map to a finite subgroup of G. Then the following are equivalent:

(1) Z1(a,G)fin is dense in Z1(a,G);
(2) for every measurable cocycle σ : Γ × X → G, every finite set F ⊆ Γ , every

ε > 0, and every finite tuple (Ci)i∈n of Borel subsets of [0, 1], there is a finite
subgroup H ≤ G and a measurable cocycle σ ′ : Γ × X → H such that, for all
γ ∈ F and all i ∈ n:∫

λ
(
σ(γ, x)−1(Ci)4σ ′(γ, x)−1(Ci)

)
dµ < ε;

(3) for every measurable equivariant map z : X → Z1(Γ,GΓ) and every ε > 0,
there is a finite subgroup H ≤ G and a measurable equivariant map z ′ : X →
Z1(Γ,HΓ) satisfying

∫
ρ1(z(x), z

′(x)) dµ < ε.

Moreover, the above properties imply that the action Γ ya (X, µ) is extension-MD.

Proof. The equivalence of (1), (2), and (3) is immediate from the definitions.
So it will be enough to show that (2) implies that Γ ya (X, µ) is extension-MD.
We will do this by checking the condition in Proposition 6.8.
Let Γ yb (Y, ν) be a p.m.p. extension of Γ ya (X, µ), say via themapφ : (Y, ν)→
(X, µ). By disintegrating ν with respect to φ we obtain a measurable map x ∈
X 7→ νx ∈ Prob(Y) satisfying νx(φ−1(x)) = 1 for µ-almost-every x and

∫
νx dµ =

ν. Since, in verifying the criterion in Proposition 6.8, we could let Γ act trivially
on ([0, 1], λ), where λ is the Lebesgue measure, and lift any α : Y → p to the
direct product action Γ y (Y×[0, 1], ν×λ), we see that without loss of generality
we may assume that νx is non-atomic for µ-almost-every x ∈ X. Then by the
Rokhlin skew-product theorem we can assume that (Y, ν) = (X × [0, 1], µ × λ),
that φ is the projection map to X, and that there is a measurable cocycle σ :
Γ × X → Aut([0, 1], λ) so that the action b is the skew-product action given by
the formula

γb · (x, r) = (γa · x, σ(γ, x)(r)).



E.C. P.M.P. ACTIONS OF APPROXIMATELY TREEABLE GROUPS 51

Now consider a pair of measurable maps α : X × [0, 1] → p and β : X → q, a
finite F ⊆ Γ and an ε > 0. Since MALG([0, 1], λ) is complete, we can find a finite
algebra C of Borel subsets of [0, 1] and a measurable function α̃ : X × [0, 1] → p
satisfying {r ∈ [0, 1] : α̃(x, r) = i} ∈ C for every x ∈ X and (µ × λ)({(x, r) :
α(x, r) 6= α̃(x, r)}) < ε/(2|F|). Notice that for every π ∈ pF and j ∈ q

(17) |(µ× λ)(α−1
F (π) ∩ (β ◦ φ)−1(j)) − (µ× λ)(α̃−1

F (π) ∩ (β ◦ φ)−1(j)) < ε

2

Define Axi = {r ∈ [0, 1] : α̃(x, r) = i} ∈ C for each x ∈ X and i ∈ p.
Let σ ′ : Γ×X→ G be ameasurable cocycle that takes values in a finite subgroup
of G and satisfies∑

γ∈F−1

∑
C∈C

∫
λ
(
σ(γ, x)−1(C)4σ ′(γ, x)−1(C)

)
dµ <

ε

2
.

Let b ′ be the skew-product action of Γ on (X × [0, 1], µ × λ) given by σ ′, that
is, γb ′ · (x, r) = (γa · x, σ ′(γ, x)(r)), and regard b ′ as an extension of a via the
projection map φ. We will write α̃b(F) and α̃b ′(F) in place of α̃F in order to clarify
the action being considered. Then for every π ∈ pF and j ∈ qwe have∣∣(µ× λ)(α̃−1

b(F)(π) ∩ (β ◦ φ)−1(j)
)
− (µ× λ)

(
α̃−1
b ′(F)(π) ∩ (β ◦ φ)−1(j)

)∣∣
≤ (µ× λ)

(
(α̃−1

b(F)(π)4α̃
−1
b ′(F)(π)) ∩ (β ◦ φ)−1(j)

)
=

∫
β−1(j)

λ

( ⋂
γ∈F−1

σ(γ, x)−1(Aγ
a·x
π(γ−1)

)

)
4

( ⋂
γ∈F−1

σ ′(γ, x)−1(Aγ
a·x
π(γ−1)

)

) dµ

≤
∑
γ∈F−1

∫
X

λ
(
σ(γ, x)−1(Aγ

a·x
π(γ−1)

)4σ ′(γ, x)−1(Aγ
a·x
π(γ−1)

)
dµ <

ε

2
.

Consequently, for every π ∈ pF and j ∈ qwe have

|(µ× λ)(α−1
b(F)(π) ∩ (β ◦ φ)−1(j)) − (µ× λ)(α̃−1

b ′(F)(π) ∩ (β ◦ φ)−1(j)) < ε.

Finally, say σ ′ takes values in the finite subgroup H ≤ G, and let C ′ be the finite
H-invariant algebra generated by C. Let (U, ρ) be a finite probability space and
ψ : ([0, 1], λ) → (U, ρ) a measure-preserving map such that the ψ-preimage of
the powerset of U is C ′. Since H descends to the group of measure-preserving
automorphisms of (U, ρ), the skew-product action b ′ descends to an intermedi-
ary extension Γ yc (X×U,µ×ρ) of a, and the map α̃ descends as well. SinceU
is finite, this is a finite-to-one extension of a that, together with the descended
map α̃, approximates the extension b and the map α relative to the parameters
F and ε, in accordance with Proposition 6.8. �
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We remark that we do not know if the converse of the previous lemma holds.
If Γ ya (X, µ) is extension-MD, then one can show that, for every measurable
cocycle σ : Γ × X → Aut([0, 1], λ), every finite F ⊆ Γ , every ε > 0, every finite
tuple (Ci)i∈n of Borel subsets of [0, 1], and every finite tuple (Ak)k∈m of Borel
subsets of X, there is a finite subgroup H ≤ Aut([0, 1], λ), and a measurable
cocycle σ ′ : Γ × X→ H such that for all γ ∈ F, i, j ∈ n and k ∈ m∣∣∣∣∫

Ak

λ(Cj ∩ σ(γ, x)−1(Ci)) dµ−

∫
Ak

λ(Cj ∩ σ ′(γ, x)−1(Ci)) dµ
∣∣∣∣ < ε.

Compare this with (2) above.

Lemma 6.11. If F is a free group, then F has the extension-MD property.

Proof. Suppose that F is freely generated by the set S, and let F ya (X, µ) be
a free p.m.p. action. Every measurable cocycle σ : F × X → Aut([0, 1], λ) is
uniquely determined by its restriction to S × X, and conversely every measur-
ablemap from S×X to Aut([0, 1], λ) uniquely determines a cocycle. Moreover, if
we topologize the collection of measurable functions from S×X to Aut([0, 1], λ)
so that fn → f if and only if fn(s, ·) converges to f(s, ·) in measure for every
s ∈ S, then this correspondence is a homeomorphism. Since Aut([0, 1], λ) ad-
mits an increasing sequence of finite subgroups whose union is dense (that is,
consider the subgroup Hn of automorphisms that fix 1 and permute the inter-
vals [ i

2n
, i+1
2n

) via order-preserving isometries), it is immediate that the measur-
able maps from S×X to finite subgroups of Aut([0, 1], λ) are dense in the space
of all measurable maps from S × X to Aut([0, 1], λ). Therefore condition (1) of
Lemma 6.10 is satisfied. �

6.3. The axiomatization. In this section, we combine the ideas from the previ-
ous subsections to show that, for a certain class of groups, themodel companion
T ∗Γ exists and has a concrete set of axioms that are ergodic-theoretic in nature.

Theorem 6.12. Suppose that Γ has the extension-MD property and that TΓ,free has the
definable cocycle property. Then T ∗Γ exists.

Proof. For each k, q ≥ 1 and each finite F ⊆ Γ , let θk,q,F be the TΓ,free-sentence
sup
A∈Partq

sup
B∈Z(CocySym(k))

inf
C∈Partk

max(ϕ1(C), ϕ2(A,C), ϕ3(B,C)),

where:

(1) ϕ1(C) is the formula

max
i=1,...,k

∣∣∣∣µ(Ci) − 1

k

∣∣∣∣ ,
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(2) ϕ2(A,C) is the formula

max
i=1,...,q

max
j=1,...,k

|µ(Ai ∩ Cj) − µ(Ai)µ(Cj)|,

(3) ϕ3(B,C) is the formula

max
γ∈F

max
i=1,...,k

max
ρ∈Sym(k)

d
(
πγ,ρ(B) ∩ Ci, πγ,ρ(B) ∩ γ−1Cρ(i)

)
Here, Partk denotes the TΓ -definable set of k-tuples that form a partition of the
measure space. Since TΓ,free has the definable cocycle property, the above sen-
tences are indeed (equivalent modulo TΓ,free to) TΓ,free-sentences.
Set T ∗Γ to be TΓ,free together with all of the sentences θk,q,F. Theorem 6.5, together
with Lemma 6.9, shows that T ∗Γ does indeed axiomatize the class of e.c. models
of TΓ . �

Recalling Lemmas 6.4 and 6.11, we see that the concrete axioms in the previous
theorem yield an alternative axiomatization for T ∗F for free groups F.
The exact same proof as that of Theorem 6.12 yields the following theorem:

Theorem 6.13. If TΓ,max has the definable cocycle property and every action of Γ that is
maximal with respect to weak containment is extension-MD, then T ∗Γ exists. Moreover,
the axioms for T ∗Γ are given by the axioms for TΓ,max together with the sentences θk,q,F
from the proof of Theorem 6.12.

In the remaining three subsections, we will show that if Γ is strongly treeable,
then Γ has the extension-MD property and TΓ,free has the definable cocycle prop-
erty. Thus Theorem6.12 yields a concrete axiomatization for T ∗Γ when Γ is strongly
treeable. We will additionally show that when Γ is only assumed to be treeable,
TΓ,max has the definable cocycle property and all actions of Γ that are maximal
with respect to weak containment are extension-MD. As a result, Theorem 6.13
provides an axiomatization for T ∗Γ when Γ is treeable.

6.4. Trees and group cohomology. Wenow turn our attention towards the goal
of (partially) generalizing Lemmas 6.4 and 6.11 to (strongly) treeable groups.
The proofs of these prior results for a free group F were based on the simple
observation that cocycles σ : F×X→ G are in one-to-one correspondence with
measurable maps S× X→ G, where S is a free generating set for F. In fact, the
map that restricts cochains θ : F×X→ G to the domain S×X, when combined
with the one-to-one correspondence just mentioned, provides a retraction from
the space of cochains to the space of cocycles. (Recall that if Y is a topological
space and A ⊆ Y, then a map r : Y → A is called a retraction if it is continuous
and restricts to the identity map on A.)
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The lemma below generalizes this retraction phenomena to other groups by
replacing the role of the free generating set S with the set of edges of a tree
T ∈ T(Γ).

Lemma 6.14. Let Γ be a countable group andG a Polish group. There is a map assign-
ing each tree T ∈ T(Γ) a retraction rT : C1(Γ,GΓ)→ Z1(Γ,GΓ) such that:

(1) rγd·T(γt · c) = γt · rT(c) for all T ∈ T(Γ), c ∈ C1(Γ,GΓ), and γ ∈ Γ ; and
(2) for every α,β ∈ Γ there is a clopen partition U of T(Γ) so that rT(c)(β)(α) =

rT ′(c)(β)(α) for all c ∈ C1(Γ,GΓ) when T and T ′ belong to a common V ∈ V.

Proof. For (T, c) ∈ T(Γ) × C1(Γ,GΓ) define a function gcT : T ∪ T̄ → G by setting,
for each (v, u) ∈ T ,

gcT(v, u) = c(u
−1v)(u)

and
gcT(u, v) = c(u

−1v)(u)−1.

Clearly the map c 7→ gcT(v, u) is continuous for fixed T . Also note that for any
γ ∈ Γ we have that (v, u) ∈ T if and only if (γv, γu) ∈ γd · T ; moreover when
this occurs we have

gγ
t·c
γd·T(γv, γu) = (γt · c)(u−1v)(γu) = c(u−1v)(u) = gcT(v, u).

Similarly gγ
t·c
γd·T(γv, γu) = g

c
T(v, u) when (v, u) ∈ T̄ .

For (T, c) ∈ T(Γ) × C1(Γ,GΓ) we define rT(c) ∈ Z1(Γ,GΓ) as follows. For each
α,β ∈ Γ , let v0, . . . , vn be the sequence of vertices in the geodesic path from α to
αβ in T ∪ T̄ (meaning v0 = α, (vi+1, vi) ∈ T ∪ T̄ for every i, and vn = αβ) and set

(18) rT(c)(β)(α) = g
c
T(vn, vn−1)g

c
T(vn−1, vn−2) · · ·gcT(v1, v0).

Based on the previous paragraph, it is immediate that c 7→ rT(c) is continuous
for fixed T . Additionally, rT(c)(β)(α) only depends on T in so far as T determines
the path v0, . . . , vn; hence (2) holds. Note that since T is a tree and gcT(u, v) =
gcT(v, u)

−1 for all (v, u) ∈ T ∪ T̄ , in the above formula one can use any path in
T ∪ T̄ from α to αβ, not necessarily the geodesic path. Consequently, if u0 =
γ, . . . , u` = γα is a path from γ to γα in T ∪ T̄ and v0 = γα, . . . , vm = γαβ is a
path from γα to γαβ in T ∪ T̄ , then u0, . . . , u`, v1, . . . , vm is a path in T ∪ T̄ from
γ to γαβ and it from equation (18) that, for all γ ∈ Γ :

rT(c)(β)(γα)rT(c)(α)(γ) = rT(c)(αβ)(γ).

Thus
rT(c)(β)

αrT(c)(α) = rT(c)(αβ)

and rT(c) ∈ Z1(Γ,GΓ) as required.
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To see that rT is a retraction, consider any z ∈ Z1(Γ,GΓ). For all α,β, γ ∈ Γ we
have ∂z(α,β)(γ) = eG, meaning

z(β)(γα)z(α)(γ) = z(αβ)(γ).

By making the substitutions α = u, β = u−1v, and γ = ewe obtain

z(u−1v)(u)z(u)(e) = z(v)(e).

Thus when (v, u) ∈ T we have

gzT(v, u) = z(u
−1v)(u) = z(v)(e)z(u)(e)−1

and
gzT(u, v) = g

z
T(v, u)

−1 = z(u)(e)z(v)(e)−1.

It now immediately follows from the formula (18) that for all α,β ∈ Γ

rT(z)(β)(α) = z(αβ)(e)z(α)(e)
−1 = z(β)(α),

and thus rT(z) = z.
Lastly, when v0 = γ−1α, . . . , vn = γ−1αβ is a path in T ∪ T̄ from γ−1α to γ−1αβ,
we have γv0, . . . , γvn is a path in γd · (T ∪ T̄) from α to αβ. Therefore

rγd·T(γ
t · c)(β)(α) = gγ

t·c
γd·T(γvn, γvn−1) · · ·g

γt·c
γd·T(γv1, γv0)

= gcT(vn, vn−1) · · ·gcT(v1, v0)
= rT(c)(β)(γ

−1α)

= (γt · rT(c))(β)(α),

and rγd·T(γt · c) = γt · rT(c) as required by (1). �

Note that if H is a subgroup of G then C1(Γ,HΓ) and Z1(Γ,HΓ) are subsets of
C1(Γ,GΓ) and Z1(Γ,GΓ), respectively; moreover if rT is the map defined in the
previous lemmawith respect toG, then rT maps the subsetC1(Γ,HΓ) toZ1(Γ,HΓ).
When Γ ya (X, µ) is a free p.m.p. treeable action there is a measurable equi-
variant map x ∈ X 7→ T(x) ∈ T(Γ) from Γ ya (X, µ) to Γ yd (T(Γ), τ) for some
invariant Borel probability measure τ = T∗µ. In this case the above lemma pro-
vides a technique for turning cochains into cocycles (recall Lemma 2.3): given
anymeasurable equivariantmap θ : X→ C1(Γ,GΓ)weobtain ameasurable equi-
variant mapφ : X→ Z1(Γ,GΓ) via the formulaφ(x) = rT(x)(θ(x)). Although this
does closely resemble the technique we used for verifying the definable cocycle
and extension-MD properties for free groups, this new variant of the technique
has a significant limitation in that the measure τ ∈ ProbΓ(T(Γ)) may vary as
one considers different treeable actions of Γ . The constraint of factoring onto
Γ yd (T(Γ), τ) for some particular τ poses an obstruction that, for the moment,
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prevents us from proving that TΓ,free has the definable cocyle property when Γ
is strongly treeable.

6.5. Weak containment of treeings. The purpose of this section is to overcome
the limitation described at the end of the previous subsection. We will do this
by relaxing the requirement of factoring onto Γ yd (T(Γ), τ) to merely weakly
containing the action Γ yd (T(Γ), τ). Wewill show that in this case themapping
T 7→ rT from Lemma 6.14 is still usable in an approximate form.
We begin with a technical lemma.

Lemma 6.15. Let X and Z be compact Hausdorff spaces, let πX : X × Z → X be the
projection map, let µ be a Borel probability measure on X, and let Y ⊆ Z be Borel. Set

Ω = {ω ∈ Prob(X× Z) : ω(X× Y) = 1, (πX)∗ω = µ},

and equipΩ with the relative topology inherited from the weak∗ topology on Prob(X×
Z). If f : X × Y → [0, 1] is a measurable function having the property that for every
ε > 0 there is a relatively clopen partition V of Y satisfying

sup
x∈X

|f(x, y) − f(x, y ′)| < ε

whenever y and y ′ belong to a common V ∈ V, then the map ω ∈ Ω 7→ ∫ f dω is
continuous.

Proof. Fix ε > 0 and let V be as described. Also fix a point ω0 ∈ Ω. Choose a
finite subcollection V ′ ⊆ V so that ω0(Y \

⋃
V ′) < ε, and choose a clopen set

W ⊆ ZwithW ∩ Y = Y \
⋃

V ′. For each V ∈ V ′ pick a point yV ∈ V and choose
a continuous function gV : X→ [0, 1] satisfying∫

|gV(x) − f(x, yV)| dµ <
ε

|V ′|
.

Pick a collection U ′ of pairwise disjoint clopen subsets of Z having nonempty
intersectionwith Y and satisfying {U∩Y : U ∈ U ′} = V ′, and define a continuous
function g : X× Z→ [0, 1] by

g(x, z) =
∑
U∈U ′

gU∩Y(x)1U(z).

For everyω ∈ Ωwe have∫
|f− g| dω ≤ ω(W) +

∑
V∈V ′

∫
X×V

|f(x, y) − gV(x)| dω

≤ ω(W) + ε+
∑
V∈V ′

∫
X×V

|f(x, yV) − gV(x)| dω
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≤ ω(W) + ε+
∑
V∈V ′

∫
X×Z

|f(x, yV) − gV(x)| dω

= ω(W) + ε+
∑
V∈V ′

∫
|f(x, yV) − gV(x)| dµ

< ω(W) + 2ε.

The set {
ω ∈ Ω : ω(W) < ε,

∣∣∣∣∫ g dω−

∫
g dω0

∣∣∣∣ < ε}
is a relatively open neighborhood ofω0, and everyω in this set satisfies∣∣∣∣∫ f dω−

∫
f dω0

∣∣∣∣ < ω(W) + 2ε+ω0(W) + 2ε+ ε = 7ε. �

For the lemma below, fix metrics ρ1 and ρ2 on C1(Γ,GΓ) and C2(Γ,GΓ), respec-
tively, that map to [0, 1], are compatible with the product topologies, and satisfy
the following uniform condition: for every ε > 0 there is a finite set F ⊆ Γ such
that ∀c, c ′ ∈ C1(Γ,GΓ):(

c(β)(α) = c ′(β)(α) for all α,β ∈ F
)⇒ ρ1(c, c

′), ρ2(∂c, ∂c
′) < ε.

When G is compact this uniform condition automatically holds for all metrics
that are compatible with the topology. In any case, such metrics ρ1 and ρ2 can
be constructed by, for example, fixing an enumeration (γn)n∈N of Γ , picking a
[0, 1]-valued metric ρ0 on G compatible with its topology, and defining

ρ1(c, c
′) =

∑
n,m∈N

2−n−mρ0
(
c(γn)(γm), c

′(γn)(γm)
)

and
ρ2(c, c

′) =
∑

n,m,k∈N

2−n−m−kρ0
(
c(γn, γm)(γk), c

′(γn, γm)(γk)
)
.

Lemma 6.16. Let τ be an invariant Borel probability measure on T(Γ), let X be a
standard Borel space, and let Γ ya (X, µ) be a p.m.p. action that weakly contains
Γ yd (T(Γ), τ). Then there is an invariant Borel probability measure ω on X × T(Γ)
that pushes forward to µ and τ under the projection maps to X and T(Γ), respectively,
and satisfies the following: for every measurable equivariant map θ : X → C1(Γ,GΓ)
and ε > 0 there is a measurable equivariant map θ ′ : X→ C1(Γ,GΓ) satisfying∫

ρ1(θ(x), θ
′(x)) dµ <

∫
ρ1(θ(x), rT(θ(x))) dω+ ε

and ∫
ρ2(∂θ

′(x), eC2(Γ,GΓ )) dµ < ε.
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Proof. We let Γ act on Pow(Γ × Γ)Γ by the usual left-shift action

(γs · y)(α) = y(γ−1α) y ∈ Pow(Γ × Γ)Γ , α, γ ∈ Γ

and we define an equivariant lifting map ` : T(Γ) → T(Γ)Γ ⊆ Pow(Γ × Γ)Γ via
the formula

`(T)(γ) = (γ−1)d · T.

We will first construct a sequence of measurable equivariant maps ψn : X →
T(Γ)Γ such that (ψn)∗µ converges to `∗τ in the weak∗ topology on Prob(Pow(Γ ×
Γ)Γ). Since Pow(Γ × Γ) is 0-dimensional, we can pick an increasing sequence
Un of finite clopen partitions of Pow(Γ × Γ) such that Un+1 is finer than Un for
every n and such that

⋃
nUn is a base for the topology on Pow(Γ × Γ). Also fix

an increasing sequence of finite sets Fn ⊆ Γ having the property
⋃
n Fn = Γ . For

eachnwriteUn = {Uin : i ∈ kn}. Define the clopen partitionVn = {Vn,π : π ∈ kFnn }

of Pow(Γ × Γ)Γ where

Vn,π =
∏
γ∈Fn

Uπ(γ)n .

Then (Vn) is a sequence of clopen partitions of Pow(Γ × Γ)Γ with Vn+1 finer than
Vn for every n and with

⋃
n Vn a base for the topology on Pow(Γ × Γ)Γ . It easily

follows from these properties, aswell as the compactness of Pow(Γ×Γ)Γ , that the
set of all finite linear combinations of characteristic functions of sets in

⋃
n Vn is

uniformly dense in the space of all real-valued continuous functions on Pow(Γ×
Γ)Γ . So it will be enough for our maps ψn to satisfy (ψn)∗µ(V) → `∗τ(V) as
n→∞ for every V ∈

⋃
m Vm.

Since Γ ya (X, µ)weakly contains Γ y (T(Γ), τ), for every n there is a partition
Qn = {Qi

n : i ∈ kn} of X such Qi
n = ∅when Uin ∩ T(Γ) = ∅ and satisfying

(19)
∑
π∈kFnn

∣∣∣∣∣µ
(⋂
γ∈Fn

(γ−1)a ·Qπ(γ)
n

)
− τ

(⋂
γ∈Fn

(γ−1)d ·Uπ(γ)n

)∣∣∣∣∣ < 1

2n
.

For every n and every i ∈ kn with Uin ∩ T(Γ) 6= ∅, pick a point uin ∈ Uin ∩ T(Γ).
Define ψn : X→ T(Γ)Γ by setting ψn(x)(γ) = uin when (γ−1)a · x ∈ Qi

n. Then we
have that for every n∑

π∈kFnn

∣∣∣(ψn)∗µ(Vn,π) − `∗τ(Vn,π)∣∣∣
=
∑
π∈kFnn

∣∣∣∣∣(ψn)∗µ
(∏
γ∈Fn

Uπ(γ)n

)
− `∗τ

(∏
γ∈Fn

Uπ(γ)n

)∣∣∣∣∣
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=
∑
π∈kFnn

∣∣∣∣∣µ
(⋂
γ∈Fn

(γ−1)a ·Qπ(γ)
n

)
− τ

(⋂
γ∈Fn

(γ−1)d ·Uπ(γ)n

)∣∣∣∣∣ < 1

2n
.

It follows that (ψn)∗µweak∗ converges to `∗τ as desired.
We will now define ω. Without loss of generality, we can assume X is un-
countable. Since X is a standard Borel space, we can pick a compact Hausdorff
topology on X that is compatible with its Borel σ-algebra. Since Pow(Γ × Γ)Γ is
also compact, the space of all Borel probability measures on X × Pow(Γ × Γ)Γ
is compact in the weak∗ topology. So there is a Borel probability measure ω̂
on X × Pow(Γ × Γ)Γ that is a subsequential limit of the measures (id×ψn)∗µ.
Since eachψn is equivariant, ω̂ is Γ -invariant, and since the projectionmap from
X × Pow(Γ × Γ)Γ to Pow(Γ × Γ)Γ is continuous, the pushforward of ω̂ with re-
spect to the projectionmust be equal to `∗τ. Also note that ω̂ and everymeasure
(id×ψn)∗µ belong to the setΩ of Borel probability measures on X×Pow(Γ×Γ)Γ
that assign measure 1 to X × T(Γ)Γ and pushforward to µ under the projection
map to X.
We let ω be the measure obtained as the pushforward of ω̂ under the map
(x, y) 7→ (x, y(e)), and note that the pushforwards of ω to X and T(Γ) are µ
and τ. Also notice that ω̂ is similarly obtained as the pushforward of ω under
the map (x, T) 7→ (x, `(T)).
Finally, let θ : X → C1(Γ,GΓ) be any equivariant measurable map. Let T 7→ rT
be the map from Lemma 6.14. For y ∈ T(Γ)Γ and c ∈ C1(Γ,GΓ) define r̂y(c) ∈
C1(Γ,GΓ) by the formula

r̂y(c)(β)(α) = ry(α)((α
−1)t · c)(β)(e).

We claim that, using Z = Pow(Γ × Γ)Γ and Y = T(Γ)Γ , both of the functions

(x, y) 7→ ρ1(θ(x), r̂y(θ(x))) and (x, y) 7→ ρ2(∂r̂y(θ(x)), eC2(Γ,GΓ ))

satisfy the assumptions stated in Lemma 6.15. To see this, let ε > 0. Pick a finite
set F ⊆ Γ such that, for all c, c ′ ∈ C1(Γ,GΓ):(

c(β)(α) = c ′(β)(α) for all α,β ∈ F
)⇒ ρ1(c, c

′), ρ2(∂c, ∂c
′) < ε.

By Lemma 6.14 there is a clopen partition U of T(Γ) so that for every U ∈ U

we have rT(c)(β)(e) = rT ′(c)(β)(e) for all c ∈ C1(Γ,GΓ), β ∈ F, and T, T ′ ∈ U.
Letting V be the clopen partition of T(Γ)Γ whereby y, y ′ ∈ T(Γ)Γ belong to the
same piece of V if and only if y(α) and y ′(α) both belong to a common piece
of U for every α ∈ F, it follows that when y, y ′ ∈ V ∈ V we have that for all
c ∈ C1(Γ,GΓ)

r̂y(c)(β)(α) = ry(α)((α
−1)t · c)(β)(e) = ry ′(α)((α−1)t · c)(β)(e) = r̂y ′(c)(β)(α)
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for all α,β ∈ F and hence ρ1(r̂y(c), r̂y ′(c)), ρ2(∂r̂y(c), ∂r̂y ′(c)) < ε. Therefore
when y, y ′ ∈ V ∈ Vwe have that

sup
x∈X

∣∣ρ1(θ(x), r̂y(θ(x))) − ρ1(θ(x), r̂y ′(θ(x)))∣∣ ≤ ε
and

sup
x∈X

∣∣ρ2(∂r̂y(θ(x)), eC2(Γ,GΓ )) − ρ2(∂r̂y ′(θ(x)), eC2(Γ,GΓ ))∣∣ ≤ ε.
This verifies our claim. Thus Lemma 6.15 applies to these two functions and the
measures ω̂ and (id×ψn)∗µ.
Notice that the map (y, c) 7→ r̂y(c) is jointly equivariant since

r̂γs·y(γ
t · c)(β)(α) = r(γs·y)(α)((α−1γ)t · c)(β)(e)

= ry(γ−1α)((α
−1γ)t · c)(β)(e)

= r̂y(c)(β)(γ
−1α)

= (γt · r̂y(c))(β)(α).

Therefore x 7→ r̂ψn(x)(θ(x)) is a measurable equivariant map from X to C1(Γ,GΓ)
for every n. Additionally, for every T ∈ T(Γ) we have

r̂`(T)(c)(β)(α) = r`(T)(α)((α
−1)t · c)(β)(e)

= r(α−1)d·T((α
−1)t · c)(β)(e)

= ((α−1)t · rT(c))(β)(e)
= rT(c)(β)(α),

and thus r̂`(T) = rT . Therefore∫
ρ1(θ(x), rT(θ(x))) dω =

∫
ρ1(θ(x), r̂y(θ(x))) dω̂

and, since each rT maps to Z1(Γ,GΓ),

0 =

∫
ρ2(∂rT(θ(x)), eC2(Γ,GΓ )) dω =

∫
ρ2(∂r̂y(θ(x)), eC2(Γ,GΓ )) dω̂.

By applying Lemma 6.15 we conclude that for any ε > 0 there is an nwith∫
ρ1(θ(x), r̂y(θ(x))) d(id×ψn)∗µ <

∫
ρ1(θ(x), rT(θ(x))) dω+ ε

and ∫
ρ2(∂r̂y(θ(x)), eC2(Γ,GΓ )) d(id×ψn)∗µ < ε.

Defining θ ′(x) = r̂ψn(x)(θ(x)) for any such value of n completes the proof. �
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6.6. Cocycles on actions of treeable groups. The next proposition is a “defin-
able cocycle property” for the class of actions that weakly contain a particular
treeable action.

Proposition 6.17. Let Γ be a treeable group, let τ be an invariant Borel probability
measure on T(Γ), let G be a compact metrizable group, and let ρ1 and ρ2 be metrics on
C1(Γ,GΓ) and C2(Γ,GΓ), respectively, that are compatible with their product topologies
and map to [0, 1].
Then for every ε > 0 there is δ(ε) > 0 with the following property: whenever Γ ya

(X, µ) is a p.m.p. action that weakly contains Γ yd (T(Γ), τ) and θ : X → C1(Γ,GΓ)
is an equivariant measurable map satisfying∫

ρ2(∂θ(x), eC2(Γ,GΓ )) dµ < δ(ε),

there is an equivariant measurable map φ : X→ Z1(Γ,GΓ) satisfying∫
ρ1(θ(x), φ(x)) dµ < ε.

Proof. If needed, we can replace Γ ya (X, µ) with a factor that is an action on
a standard Borel space such that θ descends to this factor and this factor still
weakly contains Γ yd (T(Γ), τ). So without loss of generality, throughout the
proof we always assume that X is a standard Borel space.
We first show that under the stated assumptions there is δ(ε) > 0 so that when-
ever Γ ya (X, µ) is a p.m.p. action that weakly contains Γ yd (T(Γ), τ) and
θ : X→ C1(Γ,GΓ) is a measurable equivariant map with∫

ρ2(∂θ(x), eC2(Γ,GΓ )) dµ < δ(ε),

then there is an ε ′ ∈ (0, ε) so that for every δ ′ > 0 there is an equivariant mea-
surable map θ ′ : X→ C1(Γ,GΓ) satisfying∫

ρ1(θ(x), θ
′(x)) dµ < ε ′ and

∫
ρ2(∂θ

′(x), eC2(Γ,GΓ )) dµ < δ
′.

Let P be the set of all invariant Borel probability measures on Pow(Γ × Γ) ×
C1(Γ,GΓ)whose pushforward under the projectionmap to Pow(Γ×Γ) is equal to
τ. Since G is compact and the pushforward map associated with the projection
map is continuous, it follows that P is a compact subset of Prob(Pow(Γ × Γ) ×
C1(Γ,GΓ)).
For each T ∈ T(Γ) let rT : C1(Γ,GΓ) → Z1(Γ,GΓ) be the retraction described in
Lemma 6.14, and note that for every ε > 0 there is a clopen partition W of T(Γ)
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with
sup

c∈C1(Γ,GΓ )

∣∣ρ1(c, rT(c)) − ρ1(c, rT ′(c))∣∣ < ε
for allW ∈W and T, T ′ ∈W. For ε, δ > 0 set

Vε =

{
ω ∈ P :

∫
ρ1(c, rT(c)) dω < ε

}
and

Uδ =

{
ω ∈ P :

∫
ρ2(∂c, eC2(Γ,GΓ )) dω ≤ δ

}
.

Since each rT is a retraction toZ1(Γ,GΓ), we have that
⋂
δ>0Uδ ⊆ Vε. Additionally,

usingC1(Γ,GΓ), Pow(Γ ×Γ), and T(Γ) for X, Z, Y in Lemma 6.15, respectively, we
see that Vε is an open subset of P. Also, eachUδ is compact since ρ2(∂c, eC2(Γ,GΓ ))
is a continuous function on Pow(Γ×Γ)×C1(Γ,GΓ). It follows that for every ε > 0
there is some δ(ε) > 0 such that Uδ(ε) ⊆ Vε, and since Vε is covered by the open
sets Vε ′ , ε ′ < ε, there is an ε ′ < εwith Uδ(ε) ⊆ Vε ′ .
Now fix ε > 0 and suppose that Γ ya (X, µ) is a p.m.p. action that weakly
contains Γ yd (T(Γ), τ) and that θ : X → C1(Γ,GΓ) is a measurable equivariant
map satisfying ∫

ρ2(∂θ(x), eC2(Γ,GΓ )) dµ < δ(ε).

Lettingω ∈ Prob(X×T(Γ)) be themeasure obtained from Lemma 6.16, we have

(πT(Γ) × θ)∗ω ∈ Uδ(ε) ⊆ Vε ′

for some ε ′ < ε, where πT(Γ) denotes the projectionmap. It follows fromLemma
6.16 that for every δ ′ > 0 there is a measurable equivariant map θ ′ : X →
C1(Γ,GΓ) satisfying∫

ρ1(θ(x), θ
′(x)) dµ < ε ′ and

∫
ρ2(∂θ

′(x), eC2(Γ,GΓ )) dµ < δ
′.

This establishes our claim. We will now use this claim to complete the proof.
Let ε > 0, let Γ ya (X, µ) be a p.m.p. action that weakly contains Γ yd (T(Γ), τ)
and let θ : X→ C1(Γ,GΓ) be a measurable equivariant map satisfying∫

ρ2(∂θ(x), eC2(Γ,GΓ )) dµ < δ(ε).

Set θ0 = θ and ε0 = ε. Inductively suppose that θn and εn have been defined
and satisfy ∫

ρ2(∂θn(x), eC2(Γ,GΓ )) dµ < min(δ(εn), 2−n+1)
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(this holds when n = 0 since ρ2 is bounded by 1). Applying our above claim
gives us an ε ′ ∈ (0, εn). Choose any 0 < εn+1 < min(εn − ε ′, 2−n). Then by ap-
plying our above claimwith δ ′ = min(δ(εn+1), 2−(n+1)+1)weobtain ameasurable
equivariant map θn+1 : X→ C1(Γ,GΓ) satisfying∫

ρ1(θn(x), θn+1(x)) dµ < ε
′ < εn − εn+1 < εn

and ∫
ρ2(∂θn+1(x), eC2(Γ,GΓ )) dµ < δ

′ = min(δ(εn+1), 2−(n+1)+1).

This allows the inductive construction to proceed.
Since

∑
n εn <∞, the sequence (θn) is Cauchywith respect to themetric

∫
ρ1(·, ·)dµ.

SinceG is Polish,C1(Γ,GΓ) is Polish as well and therefore both ρ1 and
∫
ρ1(·, ·) dµ

are complete. So (θn) converges µ-almost-everywhere to a measurable function
φ : X → C1(Γ,GΓ). Since each θn is equivariant, φ is as well (if needed, we
can redefine φ to have value eC1(Γ,GΓ ) on the null set of orbits for which it fails
to be equivariant). Also, since the coboundary map ∂ is continuous we have
that (∂θn) converges to ∂φ almost-everywhere. So

∫
ρ2(∂φ(x), eC2(Γ,GΓ )) dµ = 0

and by redefining φ on a Γ -invariant null set if necessary we have that φ is a
measurable equivariant map from X to Z1(Γ,GΓ). Finally,∫
ρ1(θ(x), φ(x)) dµ ≤

∞∑
n=0

∫
ρ1(θn(x), θn+1(x)) dµ <

∞∑
n=0

εn − εn+1 = ε0 = ε. �

We can now conclude the following, generalizing Lemma 6.4:

Theorem 6.18.

(1) If Γ is strongly treeable, then TΓ,free has the definable cocycle property.
(2) If Γ is treeable, then TΓ,max has the definable cocycle property.

Proof. The theorem follows immediately from the previous proposition by not-
ing that, in either case, amodel of the respective theoryweakly contains (T(Γ), τ)
for some invariant Borel probability measure τ on T(Γ). Indeed, this is imme-
diate in the second case by assumption. In the first case, by a result of Abert-
Weiss [1], every free p.m.p. action of Γ weakly contains the Bernoulli shift ac-
tion Γ ys ([0, 1], λ). Since Γ is strongly treeable, the action Γ ys ([0, 1], λ) must
be treeable, meaning it admits a factor map to Γ yd (T(Γ), τ) for some invari-
ant Borel probability measure τ. It follows that Γ ys ([0, 1], λ) weakly contains
Γ yd (T(Γ), τ), and since weak containment is transitive, every free p.m.p. ac-
tion of Γ weakly contains Γ y (T(Γ), τ). �

We similarly generalize Lemma 6.11:
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Theorem 6.19. If Γ is strongly treeable, then Γ has the extension-MD property. More
generally, if Γ is a treeable group, and Γ ya (X, µ) is a p.m.p. action that weakly
contains a free treeable p.m.p. action of Γ , then Γ ya (X, µ) is extension-MD.

Proof. Recalling that every free p.m.p. action of a strongly treeable groupweakly
contains a free treeable p.m.p. action (see the proof of Theorem 6.18), it suffices
to prove the second statement. So let τ be an invariant Borel probabilitymeasure
on T(Γ) and suppose that Γ ya (X, µ) is a p.m.p. action that weakly contains
Γ yd (T(Γ), τ). It will suffice to verify condition (3) of Lemma 6.10. So let
z : X → Z1(Γ,GΓ) be a measurable equivariant map, where G = Aut([0, 1], λ)
equipped with the weak topology, and let ε > 0. Also let ρ1 and ρ2 be metrics
on C1(Γ,GΓ) and C2(Γ,GΓ) satisfying the conditions stated prior to Lemma 6.16.
As in the proof of Proposition 6.17, without loss of generality we will assume
that X is a standard Borel space.
For any subgroup H ≤ G we can build an equivariant map θ : X → C1(Γ,HΓ)
approximating z by choosing, independently for each β ∈ Γ , a measurable map
x ∈ X 7→ θ(x)(β)(e) ∈ H that approximates x 7→ z(x)(β)(e), and then define
θ(x)(β)(α) = θ((α−1)a · x)(β)(e) for α,β ∈ Γ . It is easily checked that any
such θ will indeed be equivariant. Upon noting that the map c ∈ C1(Γ,GΓ) 7→
ρ1(c, rT(c)) is continuous for every T ∈ T(Γ), that ρ1(z(x), rT(z(x))) = 0 for ω-
almost-every (x, T), and thatG admits a dense subset that is an increasing union
of finite subgroups, we see that we can find a finite subgroupH and construct a
measurable equivariant map θ : X → C1(Γ,HΓ) that approximates z sufficiently
well so that∫

ρ1(z(x), θ(x)) dµ < ε/3 and
∫
ρ1(θ(x), rT(θ(x))) dω < ε/3.

Let δ(ε/3) > 0 be as given by Proposition 6.17 for τ and the compact group
H. Now apply first Lemma 6.16 to get a measurable equivariant map θ ′ : X →
C1(Γ,HΓ) satisfying ∫

ρ1(θ(x), θ
′(x)) dµ < ε/3

and ∫
ρ2(∂θ

′(x), eC2(Γ,GΓ )) dµ < δ(ε/3),

and next apply Proposition 6.17 to θ ′ to obtain a measurable equivariant map
z ′ : X→ Z1(Γ,HΓ) with

∫
ρ1(θ

′(x), z ′(x)) dµ < ε/3. Since
ρ1(z(x), z

′(x)) ≤ ρ1(z(x), θ(x)) + ρ1(θ(x), θ ′(x)) + ρ1(θ ′(x), z ′(x)),
we have

∫
ρ1(z(x), z

′(x)) dµ < ε. �

The following is the main conclusion of this section:
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Theorem 6.20. If Γ is treeable, then T ∗Γ exists and the axioms for T ∗Γ are given by the
axioms for TΓ,max together with the sentences θk,q,F from the proof of Theorem 6.12. If, in
addition, Γ is strongly treeable, then we may replace the axioms for TΓ,max by the axioms
for TΓ,free.

Furthermore, we obtain a natural-to-state characterization of the e.c. actions of
treeable groups.

Theorem 6.21. Let Γ be a treeable group. Then a p.m.p. action Γ ya (X, µ) is e.c. if
and only if all of the following hold:

(1) Γ ya (X, µ) weakly contains a free treeable action of Γ ;
(2) Γ ya×id (X× [0, 1], µ× λ) is an e.c. extension of Γ ya (X, µ);
(3) B1(a, Sym(k)) is dense in Z1(a, Sym(k)) for every k ∈ N.

Notice that when Γ is strongly treeable (1) can be replacedwith the requirement
that the action a is free.

Proof of Theorem 6.21. The forward implication follows from Lemmas 3.8 and
3.11 and the definition of being e.c., and the reverse implication follows from
Corollary 6.6, Lemma 6.9 and Theorem 6.19. �

Since conditions (1) and (2) are obviously necessary but not sufficient, the key
condition in the above characterization is (3). This reveals that being e.c. (for
treeable groups) is closely tied to cohomological properties of the action. We
also remark that when Γ ya (X, µ) is ergodic, condition (2) is equivalent to
Γ ya (X, µ) not being strongly ergodic (the forward implication holds since a
weakly contains the non-ergodic action a× id, and the reverse implication can
be seen from the (very short) proof of [1, Theorem 3]).

7. Approximately treeability and existence of the model companion

In this final section, we seek to establish the existence of T ∗Γ for as large a class
of groups as we are able, but without insisting on finding explicit axioms for
T ∗Γ (though the general set of axioms described in Subsection 5.5 will always
apply). Ultimately, we use the open mapping characterization of the existence
of the model companion (Theorem 5.26) to show that T ∗Γ exists whenever Γ is
an approximately treeable group.

7.1. Approximately treeable groups. We first give some constructions for and
examples of approximately treeable groups. Recall that every treeable group is
necessarily approximately treeable.
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Lemma 7.1. If Γ is an increasing union of approximately treeable groups, then Γ is
approximately treeable.

Proof. Say Γ =
⋃
n Γn, with Γn ≤ Γn+1 and Γn approximately treeable for every n.

LetH ⊆ Γ be finite and let ε > 0. Pick any nwithH ⊆ Γn. Let ν be a Γn-invariant
Borel probability measure on F(Γn) with ν({F ∈ F(Γn) : H × H 6⊆ EF}) < ε.
Viewing F(Γn) as a subset of F(Γ), the pushforward measure γd∗ν depends only
on the coset γΓn ∈ Γ/Γn and not on the particular representative γ. We can
view the product

∏
γΓn∈Γ/Γn γ

d ·F(Γn) as a subset of F(Γ), and by letting µ be the
measure on F(Γ) obtained as the product of the measures γd∗ν for γΓn ∈ Γ/Γn,
we see that µ is a Γ -invariant measure satisfying µ({F ∈ F(Γ) : H×H 6⊆ EF}) < ε.
Thus Γ is approximately treeable. �

Lemma 7.2. If Λ C Γ , Λ is approximately treeable, and Γ/Λ is amenable, then Γ is
approximately treeable.

Proof. Fix a choice of representatives r : Γ/Λ → Γ for the cosets of Λ in Γ with
r(Λ) = e. Define the cocycle ρ : Γ × (Γ/Λ)→ Λ by ρ(γ, aΛ) = r(γaΛ)−1γr(aΛ).
LetΛyb (Y, ν) be a free approximately treeable p.m.p. action. Define the action
Γ yb ′ (YΓ/Λ, νΓ/Λ) by

(γb
′ · ȳ)(aΛ) = (ρ(γ−1, aΛ)−1)b · ȳ(γ−1aΛ).

Since Λ yb (Y, ν) is free and measure-preserving, it is easily seen that Γ yb ′

(YΓ/Λ, νΓ/Λ) is free and measure-preserving as well.
Let m denote Lebesgue measure on [0, 1] and let Γ yc ([0, 1]Γ/Λ,mΓ/Λ) be the
left-shift action given by

(γc · z)(aΛ) = z(γ−1aΛ).

Let (X, µ) be the product (YΓ/Λ × [0, 1]Γ/Λ, νΓ/Λ × mΓ/Λ) and let Γ ya (X, µ) be
the direct product action a = b ′ × c. Since the action Γ ya (X, µ) is free and
measure-preserving, it suffices to show that it is approximately treeable. To-
wards this end, fix a finite set H0 ⊆ Γ and an ε > 0.
Since Λ is normal in Γ , almost-every z ∈ [0, 1]Γ/Λ has stabilizer equal to Λ. This
means that Γ yc ([0, 1]Γ/Λ,mΓ/Λ) descends to a free action of Γ/Λ. Since Γ/Λ is
amenable, the orbit equivalence relation Rc = {(z, γc · z) : z ∈ [0, 1]Γ/Λ, γ ∈
Γ } must be mΓ/Λ-hyperfinite [36], meaning there is a sequence of measurable
equivalence relations En ⊆ Rc such that each class of each En is finite, En ⊆ En+1
for all n, and

⋃
n En coincides withRc on a Γ/Λ-invariant conull set. This implies

thatwe can pickn large enough so that F = En satisfiesmΓ/Λ(Z0) > 1−ε/3where

Z0 = {z ∈ Z : ∀h ∈ H0 (hc · z, z) ∈ F}.
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Since F is a Borel equivalence relation whose classes are all finite, there exists a
Borel set D ⊆ [0, 1]Γ/Λ that contains precisely one point from every F-class [29,
Theorem 12.16]. Let d : [0, 1]Γ/Λ → Γ be a function satisfying d(z)c · z ∈ D and
(d(z)c · z, z) ∈ F for all z ∈ Z. By fixing an enumeration of the elements of Γ
and letting d(z) be the least element satisfying these conditions, we have that d
is measurable. Pick a finite set H1 ⊆ Γ large enough that mΓ/Λ(Z1) > 1 − ε/3
where

Z1 = {z ∈ [0, 1]Γ/Λ : ∀h ∈ H0 d(hc · z) ∈ H1}.

Using the fact that Λ is approximately treeable, pick a measurable directed
graph H ⊆ Rb having no cycles such that the equivalence relation RH given
by theH-connected components satisfies ν(Y1) > 1− ε/(3|H1|) where

Y1 = {y ∈ Y : ∀h ∈ H1H0H−1
1 ∩Λ (hb · y, y) ∈ RH}.

Now define a measurable directed graphH ′ ⊆ {((ȳ, z), (λa · ȳ, z)) : ȳ ∈ YΓ/Λ, z ∈
D, λ ∈ Λ} via the rule

((ȳ1, z), (ȳ2, z)) ∈ H ′ ⇔ z ∈ D∧ (ȳ1(e), ȳ2(e)) ∈ H.

Since the map π : YΓ/Λ → Y given by π(ȳ) = y(e) is Λ-equivariant and since the
action Λyb (Y, ν) is free, we see thatH ′ has no cycles.
Finally, define

G = H ′ ∪ {((ȳ, z), d(z)a · (ȳ, z)) : ȳ ∈ YΓ/Λ, z ∈ [0, 1]Γ/Λ \D}.

When (ȳ, z) ∈ YΓ/Λ × ([0, 1]Γ/Λ \D)we have that ((ȳ, z), d(z)a · (ȳ, z)) is the only
edge in G leaving (ȳ, z) and there are no edges in G pointing towards (ȳ, z).
Therefore G remains acyclic.
Now suppose (ȳ, z) ∈ X0 where

X0 =

( ⋂
h∈H1

(h−1)b
′ · π−1(Y1)

)
× (Z0 ∩ Z1),

and let h0 ∈ H0. Then (hc0 ·z, z) ∈ Fwhich implies that z ′ = d(z)c ·z ∈ D is equal
to (d(hc0 · z)h0)c · z. Also note that

((ȳ, z), d(z)a · (ȳ, z)) ∈ G and (ha0 · (ȳ, z), (d(hc0 · z)h0)a · (ȳ, z) ∈ G.

Since z ∈ Z1 we have that h1 = d(hc0 ·z)h0d(z)−1 belongs toH1H0H−1
1 . Moreover,

hc1 · z ′ = z ′. Since the stabilizer of z ′ must be Λ (excluding a null set), we have
h1 ∈ H1H0H−1

1 ∩Λ. Finally, since π(d(z)b
′ · ȳ) ∈ Y1 we have that the points

d(z)a · (ȳ, z) = (d(z)b
′ · ȳ, z ′)

and
(d(hc0 · z)h0)a · (ȳ, z) = (h1d(z))

a · (ȳ, z) = ha1 · (d(z)b
′ · ȳ, z ′)
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belong to the same connected component ofH ′. Thusha0 ·(ȳ, z) and (ȳ, z) belong
to the same connected component of G. This completes the proof since µ(X0) >
1− ε. �

Corollary 7.3. Universally free groups are approximately treeable.

Proof. By Lemma 7.1 we may assume that Γ is finitely generated, that is, that Γ
is a limit group. By the aforementioned theorem of Kochloukova [34], Γ has
a normal coamenable free subgroup Λ. Since Λ is a free group, it is strongly
treeable. Therefore Γ is approximately treeable by Lemma 7.2. �

7.2. Outline of the proof. Recall from Subsection 2.5 that Γ is approximately
treeable if for everyweak∗ openneighborhoodU of the point-mass δΓ×Γ ∈ Prob(E(Γ)),
there is an invariant Borel probability measure µ on F(Γ) so that the pushfor-
ward of µ under the map F ∈ F(Γ) 7→ EF ∈ E(Γ) belongs to U.
For any setA, we let s denote the left-shift action of Γ onAΓ given by the formula
(γs · x)(δ) = x(γ−1δ) for γ, δ ∈ Γ and x ∈ AΓ . When C ⊆ Γ and γ ∈ Γ , we also
write γs to denote the map from AC to AγC given by the same formula (where
now δ ∈ γC).
The following is the main theorem of this section.

Theorem 7.4. If Γ is an approximately treeable group, then T ∗Γ exists.

We provide a brief sketch of the proof. As mentioned earlier, our proof of
this theorem will use the open mapping characterization of the existence of the
model companion given in Theorem 5.26. Towards that end, consider p, q ∈ N,
nonempty open Λ ⊆ ProbΓ(qΓ × pΓ), and λ ∈ Λ. Let ν ∈ ProbΓ(qΓ) be the
pushforward of λ under the canonical projection map, and let y ∈ qΓ 7→ λy ∈
Prob(pΓ) be the disintegration of λ over ν, so that λ =

∫
δy × λy dν where δy is

the point-mass measure at y.
For y ∈ qΓ and F ∈ F(Γ), we can construct a Borel probability measureφ(λy, EF)
on pΓ by taking the independent product over the classes C ∈ Γ/EF of the push-
forward of λy with respect to the projection pΓ → pC. In other words, φ(λy, EF)
is obtained from λy by independently re-randomizing λy over each of the classes
C ∈ Γ/EF. A simple but important observation is that if EF = Γ × Γ is the indis-
crete equivalence relation then φ(λy, EF) = λy, and moreover if EF is sufficiently
close to Γ × Γ then φ(λy, EF)will be close to λy. The fact that Γ is approximately
treeable allows us to pick an invariant measure µ ∈ Prob(F(Γ)) so that EF is
close to Γ×Γ with probability close to 1. This can be done so that whenwe aver-
age the measures δy×φ(λy, EF) over ν and µwe obtain an invariant probability
measure contained in Λ.
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In the next step in the proof, which is the more technically challenging portion,
we choose a continuous function κ : qΓ → Prob(pΓ) that approximates the func-
tion y ∈ qΓ 7→ λy sufficiently well in ν-measure. For y ∈ qΓ and F ∈ F(Γ) we
build a measure on (pΓ)Γ whose projection to (pΓ){γ} is κ((γ−1)s ·y) ≈ λ(γ−1)s·y for
each γ ∈ Γ . When (δ, γ) ∈ F the projections of the measure to (pΓ){δ} and (pΓ){γ}

will be coupled via an isomorphism from (pΓ , κ((γ−1)s · y)) to (pΓ , κ((δ−1)s · y))
that is close to the shift map (δ−1γ)s with probability close to 1. Additionally,
as in the previous paragraph the measure will have independent projections to
the sets (pΓ)C for C ∈ Γ/EF. Using the map z ∈ (pΓ)Γ 7→ z(·)(e) ∈ pΓ we pushfor-
ward thismeasure to pΓ and call the resultingmeasure θ(κy, F). The fact that the
couplings associated with the edges in F are close to the respective shift maps,
together with the fact that EF is close to Γ×Γ with probability close to 1, will im-
ply that θ(κy, F) is close to κ(y) with probability close to 1. Finally, after taking
the average of θ(κy, F) with respect to ν and µ we obtain an invariant measure
close to the one we constructed before and therefore still belonging to Λ.
The final step is to observe that the construction of the previous paragraph can
be repeated for any invariant probability measure ν ′ on qΓ . Moreover, since κ
and the overall construction are continuous, the measure obtained will depend
continuously on ν ′. Therefore if ν ′ is sufficiently close to ν the construction will
yield an invariant measure in Λ whose projection to qΓ is ν ′, completing the
proof.
We now proceed to develop all of the necessary details. Throughout the discus-
sion below, fix p ∈ N.

7.3. Map-measure pairs. LetM be the set of all pairs (h,ω)where h : pΓ → pΓ

is Borel measurable and ω is a Borel probability measure on pΓ . We equip
M with the weakest topology making the map (h,ω) ∈ M 7→ (h × id)∗ω ∈
Prob(pΓ × pΓ) continuous. Equivalently, since pΓ × pΓ is compact and zero-
dimensional, the topology onM is theweakest topologymaking themaps (h,ω) 7→
ω(A ∩ h−1(B)) continuous for all pairs of clopen sets A,B ⊆ pΓ .
We call a pair ((h1,ω1), (h0,ω0)) of elements ofM composable if ω1 = (h0)∗ω0.
We writeM2 for the set of all composable pairs and define a composition opera-
tion fromM2 toM, which we denote simply by ·, by the rule (h1,ω1) ·(h0,ω0) =
(h1 ◦ h0,ω0).

Lemma 7.5. The composition function ((h1,ω1), (h0,ω0)) ∈M2 7→ (h1 ◦ h0,ω0) ∈
M is continuous.

Proof. Let ((h1,ω1), (h0,ω0)) ∈ M2, let A,B ⊆ pΓ be clopen, and let ε > 0.
Pick a clopen set B1 ⊆ pΓ such that ω1(B14h−1

1 (B)) < ε. Now consider any
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((g1, ζ1), (g0, ζ0)) ∈M2 that is close to ((h1,ω1), (h0,ω0)) in the sense that
ζ1(B14g−11 (B)) < ε and |ζ0(A ∩ g−10 (B1)) −ω0(A ∩ h−1

0 (B1))| < ε.

Since each pair is composable, we have that ζ1 = (g0)∗ζ0 and ω1 = (h0)∗ω0.
Therefore

|ζ0(A ∩ g−10 (g−11 (B))) −ω0(A ∩ h−1
0 (h−1

1 (B)))|

≤ |ζ0(A ∩ g−10 (B1)) −ω0(A ∩ h−1
0 (B1))|

+ ζ0(g
−1
0 (B14g−11 (B))) +ω0(h

−1
0 (B14h−1

1 (B)))

= |ζ0(A ∩ g−10 (B1)) −ω0(A ∩ h−1
0 (B1))|+ ζ1(B14g−11 (B)) +ω1(B14h−1

1 (B))

< 3ε. �

Let C ⊆ Γ and writeM(C) for the set of all pairs ((hγ)γ∈C,ω)where hγ : pΓ → pΓ

is a Borel measurable function for every γ ∈ C andω is a Borel probability mea-
sure on pΓ . We giveM(C) the weakest topology so that the map ((hγ)γ∈C,ω) ∈
M(C) 7→ (hγ,ω) ∈M is continuous for every γ ∈ C. For ((hγ)γ∈C,ω) ∈M(C) we
write

∏
γ∈C hγ for the function from pΓ to (pΓ)C given by

(
∏
γ∈C

hγ)(x)(δ)(β) = hδ(x)(β)

for x ∈ pΓ , δ ∈ C, and β ∈ Γ .

Lemma 7.6. The map

((hγ)γ∈C,ω) ∈M(C) 7→ (∏
γ∈C

hγ

)
∗

ω ∈ Prob((pΓ)C)

is continuous.

Proof. Choose any cylinder set of (pΓ)C, say A =
∏

γ∈C Bγ where Bγ ⊆ pΓ is
nonempty and clopen for every γ ∈ C and where, for some finite set D ⊆ C,
Bγ = p

Γ for all γ ∈ C\D. Fix any ((hγ)γ∈C,ω) ∈M(C) and ε > 0. For each γ ∈ D
pick a clopen set B ′γ ⊆ pΓ satisfying ω(B ′γ4h−1

γ (Bγ)) < ε/(2|D| + 2). Then, for
any ((gγ)γ∈C, ζ) ∈M(C) satisfying |ζ(

⋂
γ∈D B

′
γ) −ω(

⋂
γ∈D B

′
γ)| < ε/(|D|+ 1) and

ζ(B ′γ4g−1γ (Bγ)) < ε/(2|D|+ 2) for every γ ∈ D, we have∣∣∣∣∣∣
(∏
γ∈C

gγ

)
∗

ζ(A) −

(∏
γ∈C

hγ

)
∗

ω(A)

∣∣∣∣∣∣
=

∣∣∣∣∣ζ
(⋂
γ∈D

g−1γ (Bγ)

)
−ω

(⋂
γ∈D

h−1
γ (Bγ)

)∣∣∣∣∣
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≤

∣∣∣∣∣ζ
(⋂
γ∈D

B ′γ

)
−ω

(⋂
γ∈D

B ′γ

)∣∣∣∣∣+ |D|
ε

|D|+ 1
< ε. �

Let P∗ denote the set of all pairs (κ1, κ0) of Borel probability measures on pΓ hav-
ing the property that either κ1 = κ0 or else both κ0 and κ1 are non-atomic. We
equipP∗with the subspace topology inherited from the product space Prob(pΓ)×
Prob(pΓ).

Lemma 7.7. There exists a function ψ assigning to each pair (κ1, κ0) ∈ P∗ a Borel
measurable function ψ(κ1, κ0) : pΓ → pΓ such that

(1) κ1 = ψ(κ1, κ0)∗κ0;
(2) ψ(κ0, κ1) ◦ψ(κ1, κ0) is equal to the identity κ0-almost-everywhere;
(3) the map (κ1, κ0) ∈ P∗ 7→ (ψ(κ1, κ0), κ0) ∈M is continuous; and
(4) (ψ(κ1, κ0), κ0)→ (id, κ) as (κ1, κ0)→ (κ, κ).

Proof. Let � denote the (non-strict) lexicographical ordering on pΓ obtained
from some fixed enumeration of the elements of Γ , and for z ∈ pΓ set Lz =
{z ′ ∈ pΓ : z ′ � z}. For (κ1, κ0) ∈ P∗ define ψ(κ1, κ0) : pΓ → pΓ by

ψ(κ1, κ0)(z) = inf
≺
{z ′ ∈ pΓ : κ1(Lz ′) ≥ κ0(Lz)}.

The above set will always be nonempty since the function on Γ having constant
value p− 1 is �-maximal. Consequently ψ is well-defined.
The function ψ(κ1, κ0) : pΓ → pΓ is Borel measurable since it is ≺-monotone
increasing. Specfically, the sets Lz ′ , z ′ ∈ pΓ , generate the Borel σ-algebra of pΓ
and each preimageψ(κ1, κ0)−1(Lz ′) is necessarily Borel (it is either empty or else
equal to Lz or Lz \ {z} where z = sup≺ψ(κ1, κ0)−1(Lz ′)).

For κ ∈ Prob(pΓ) set

Zκ = {z ∈ pΓ : ∀z ′ ≺ z κ(Lz \ Lz ′) > 0}.

Since pΓ contains a countable set that is dense in the ≺-ordering, we have that
κ(Zκ) = 1. From these definitions it is clear that ψ(κ, κ) restricts to the identity
map on Zκ. Thus conditions (1) and (2) hold when (κ1, κ0) = (κ, κ). Addi-
tionally, since ψ(κ, κ) is κ-almost-everywhere equal to id, no open set inM can
separate the points (ψ(κ, κ), κ) and (id, κ) and therefore condition (4) will be
implied by condition (3). When κ1 6= κ0 are non-atomic it is easy to see from the
definitions that ψ(κ1, κ0) maps Zκ0 bijectively onto Zκ1 and ψ(κ0, κ1) ◦ ψ(κ1, κ0)
restricts to the identity on Zκ0 (in fullfillment of condition (2)). Finally, since
Borel probability measures on pΓ are uniquely determined from their values on
the sets Lz, z ∈ pΓ , condition (1) easily follows.
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To concludeweverify condition (3). First observe that, whileLz is always closed,
it is open precisely for those countably many z ∈ pΓ which evaluate to p − 1 at
all but finitely many elements of Γ . Write L∅ = ∅ and define Z to be the set of
all z ∈ pΓ ∪ {∅} for which Lz is clopen. Extend ≺ to Z by declaring ∅ to be ≺-
minimum. For any nonempty clopen setsA,B ⊆ pΓ we can choose≺-increasing
sequences z0, . . . , z2n−1 ∈ Z and z ′0, . . . , z ′2m−1 ∈ Z so thatA and B are the disjoint
unions

A =
⊔
k∈n

Lz2k+1 \ Lz2k and B =
⊔
`∈m

Lz ′2`+1 \ Lz ′2` .

Then, by a simple inclusion-exclusion computation, κ0(A ∩ ψ(κ1, κ0)−1(B)) is
equal to ∑

(k,`)∈n×m

∑
i,j∈2

(−1)i+jκ0

(
Lz2k+i ∩ψ(κ1, κ0)−1(Lz ′2`+j)

)
.

Since ψ(κ1, κ0) is ≺-monotone increasing, one of the two sets ψ(κ1, κ0)−1(Lz ′2`+j)
and Lz2k+i must contain the other, meaning the measure of their intersection is
the smaller of their two measures. Combining this observation with condition
(1), we obtain

κ0(A ∩ψ(κ1, κ0)−1(B)) =
∑

(k,`)∈n×m

∑
i,j∈2

(−1)i+j min
(
κ0(Lz2k+i), κ1(Lz ′2`+j)

)
.

Since each of the sets Lz2k+i and Lz ′2`+j are clopen, the above is a continuous func-
tion of (κ0, κ1) ∈ P∗. �

7.4. Measure constructions. Recall the space E(Γ) of equivalence relations on
Γ and the space F(Γ) of directed forests on Γ from Subsection 2.5.

Lemma 7.8. There is a map φ : Prob(pΓ)× E(Γ)→ Prob(pΓ) such that:

(1) φ is continuous;
(2) φ(ω, Γ × Γ) = ω for allω ∈ Prob(pΓ);
(3) γs∗φ(ω,E) = φ(γs∗ω,γd · E) for all γ ∈ Γ ,ω ∈ Prob(pΓ) and E ∈ E(Γ).

Proof. For C ⊆ Γ let πC : pΓ → pC be the projection map. Notice that βs ◦ πC =
πβC ◦ βs for β ∈ Γ .
For E ∈ E(Γ) andω ∈ Prob(pΓ) define

φ(ω,E) =
∏
C∈Γ/E

(πC)∗ω.

While the above is formally a product measure indexed by the E-classes in Γ ,
since (πC)∗ω is a probability measure on pC and the sets C ∈ Γ/E partition Γ we
will identify φ(ω,E) as a Borel probability measure on pΓ .
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Clause (2) follows immediately from the definition. Also (3) holds since for
β ∈ Γ we have

βs∗φ(ω,E) = β
s
∗

∏
C∈Γ/E

(πC)∗ω

=
∏

βC∈Γ/βd·E

βs∗ ◦ (πC)∗ω

=
∏

βC∈Γ/βd·E

(πβC)∗β
s
∗ω = φ(βs∗ω,β

d · E).

Lastly, suppose that ∅ 6= Bγ ⊆ p for γ ∈ Γ and that Bγ = p for all γ ∈ Γ \ D
whereD ⊆ Γ is finite. Consider the cylinder setA =

∏
γ∈Γ Bγ. Then φ(ω,E)(A)

is a continuous function of (ω,E) since the family of setsDE = {D∩C : C ∈ Γ/E}
is a locally constant function of E and when DE = D

φ(ω,E)(A) =
∏
C ′∈D

ω

(∏
γ∈C ′

Bγ × pΓ\C
′

)
is a continuous function of ω. It follows that φ is continuous, in fulfillment of
(1). �

Recall that P∗ denotes the set of all pairs (κ1, κ0) ∈ Prob(pΓ) × Prob(pΓ) such
that either κ1 = κ0 or else both κ1 and κ0 are non-atomic. Let P(Γ) be the set of
allω ∈ Prob(pΓ)Γ satisfying:

(1) ω(γ) is non-atomic for every γ ∈ Γ ; or
(2) γs∗ω(γ) = ω(e) for every γ ∈ Γ .

In otherwords,ω ∈ Prob(pΓ)Γ belongs toP(Γ) if and only if ((δ−1γ)s∗ω(γ),ω(δ)) ∈
P∗ for all δ, γ ∈ Γ .

Lemma 7.9. There is a map θ : P(Γ) × F(Γ)→ Prob(pΓ) such that:

(a) θ(ω, F) is a Borel function of (ω, F) and is a continuous function ofω;
(b) θ(ω, F) = φ(ω(e), EF) whenever ω ∈ P(Γ) satisfies γs∗ω(γ) = ω(e) for all

γ ∈ Γ ;
(c) γs∗θ(ω, F) = θ(γs ·ω,γd · F) for all γ ∈ Γ ,ω ∈ P(Γ) and F ∈ F(Γ).

Proof. Let ψ be the function described in Lemma 7.7. For δ, γ ∈ Γ and ω ∈ P(Γ)
define Borel functions gωδ,γ, ḡωδ,γ : pΓ → pΓ by

gωδ,γ = ψ(ω(δ), (δ−1γ)s∗ω(γ)) ◦ (δ−1γ)s
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and
ḡωδ,γ = (δ−1γ)s ◦ψ((γ−1δ)s∗ω(δ),ω(γ)).

The definition of P(Γ) ensures thatψ is defined in both of the expressions above.
With these definitions, gωδ,γ first performs the shift on pΓ by δ−1γ and then, ac-
cording to ψ, applies a map from pΓ to itself that pushes (δγ−1)∗ω(γ) forward
to ω(δ). Similarly, ḡωδ,γ first applies a map from pΓ to itself that pushes ω(γ)

forward to (γ−1δ)s∗ω(δ) and then performs the shift on pΓ by δ−1γ.
We observe that the following statements hold for all δ, γ ∈ Γ :

(1) Each map gωδ,γ and ḡωδ,γ pushesω(γ) forward toω(δ). This is clear from
the definitions together with clause (1) of Lemma 7.7.

(2) Both compositions ḡωγ,δ◦gωδ,γ and gωγ,δ◦ ḡωδ,γ are equal to the identityω(γ)-
almost-everywhere. This follows from the definitions and clause (2) of
Lemma 7.7.

(3) The pairs (gωδ,γ,ω(γ)), (ḡωδ,γ,ω(γ)) ∈ M are continuous functions of ω.
Indeed each pair can be expressed as the result of a compositionM2 →
M:

(gωδ,γ,ω(γ)) = (ψ(ω(δ), (δ−1γ)s∗ω(γ)), (δ−1γ)s∗ω(γ)) · ((δ−1γ)s,ω(γ))

(ḡωδ,γ,ω(γ)) = ((δ−1γ)s, (γ−1δ)s∗ω(δ)) · (ψ((γ−1δ)s∗ω(δ),ω(γ)),ω(γ)).

Continuity is a consequence of Lemma 7.5, Lemma 7.7.(3), and the con-
tinuity of the push-forward maps γs∗ : Prob(pΓ)→ Prob(pΓ) for γ ∈ Γ .

(4) When δs∗ω(δ) = γs∗ω(γ) both gωδ,γ and ḡωδ,γ are equal to (δ−1γ)s.
(5) gβ

s·ω
βδ,βγ = gωδ,γ and ḡβ

s·ω
βδ,βγ = ḡωδ,γ for all β ∈ Γ . This is immediate from

the definitions together with the facts that (βs · ω)(βδ) = ω(δ), (βs ·
ω)(βγ) = ω(γ), and (βδ)−1(βγ) = δ−1γ.

Now for ω ∈ P(Γ) and F ∈ F(Γ) we define a function σωF assigning to each pair
(δ, γ) ∈ EF a Borel measurable function σωF (δ, γ) : pΓ → pΓ as follows. First,
when δ = γwe set σωF (δ, γ) equal to the identity function. Next, if (δ, γ) ∈ F∪ F̄
then we set

σωF (δ, γ) =

{
gωδ,γ if (δ, γ) ∈ F
ḡωδ,γ if (δ, γ) ∈ F̄.

In general for (δ, γ) ∈ EF, consider the unique sequence of vertices γ0, γ1, . . . , γn
forming a path in F ∪ F̄ from γ to δ, specifically γ0 = γ, γn = δ, and (γi+1, γi) ∈
F ∪ F̄ for all 0 ≤ i < n, and set

σωF (δ, γ) = σ
ω
F (γn, γn−1) ◦ · · · ◦ σωF (γ1, γ0).

The following properties hold for allω ∈ P(Γ), F ∈ F(Γ), and (δ, γ) ∈ EF.
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(6) σωF (δ, γ) pushes ω(γ) forward to ω(δ). This is an immediate conse-
quence of (1) above.

(7) If β lies on the path from γ to δ then σωF (δ, γ) = σωF (δ, β)◦σωF (β, γ). This
is immediate from the definition.

(8) σωF (γ, δ)◦σωF (δ, γ) is equal to the identityω(γ)-almost-everywhere. When
(δ, γ) ∈ F ∪ F̄ this fact follows immediately from (2) above. The general
case follows by induction on the length of the path from γ to δ. Specifi-
cally, if β lies on the path from γ to δ then by (7)
σωF (γ, δ) ◦ σωF (δ, γ) = σωF (γ, β) ◦ σωF (β, δ) ◦ σωF (δ, β) ◦ σωF (β, γ).

By induction we can assume σωF (β, δ) ◦ σωF (δ, β) is equal to the iden-
tity ω(β)-almost-everywhere. Since σωF (β, γ) pushes ω(γ) forward to
ω(β) by (6), it follows thatω(γ)-almost-everywhere σωF (γ, δ) ◦ σωF (δ, γ)
is equal to σωF (γ, β) ◦ σωF (β, γ), and by induction this latter function is
equal to the identityω(γ)-almost-everywhere.

(9) Whenever β is in the same connected component as δ and γ, σωF (δ, γ)
is ω(γ)-almost-everywhere equal to σωF (δ, β) ◦ σωF (β, γ). To see this, let
β ′ be the unique point belonging to all three of the paths between the
points δ, γ, and β. Two applications of (7) yield the two equations:
σωF (δ, β) ◦ σωF (β, γ) = σωF (δ, β ′) ◦ σωF (β ′, β) ◦ σωF (β,β ′) ◦ σωF (β ′, γ)

σωF (δ, γ) = σ
ω
F (δ, β

′) ◦ σωF (β ′, γ).

The right-sides of these two equations areω(γ)-almost-everywhere equal
since σωF (β ′, γ) pushes ω(γ) forward to ω(β ′) by (6) and σωF (β ′, β) ◦
σωF (β,β

′) isω(β ′)-almost-everywhere equal to the identity by (8). This
establishes the claim.

(10) If γs∗ω(γ) = ω(e) for all γ ∈ Γ then σωF (δ, γ) = (δ−1γ)s for all (δ, γ) ∈ EF.
This follows from (4).

(11) σβ
s·ω
βd·F (βδ, βγ) = σωF (δ, γ) for all β ∈ Γ . This is a consequence of (5) to-

gether with the fact that if γ0, . . . , γn is the sequence of vertices forming
a path in F from γ to δ then βγ0, . . . , βγn is the sequence of vertices for
the path from βγ to βδ in βd · F.

Additionally, we observe the following facts:

(11) The function (ω, F) ∈ P(Γ) ×Uδ,γ 7→ (σωF (δ, γ),ω(γ)) ∈M is continuous,
where Uδ,γ is the open set {F ∈ F(Γ) : (δ, γ) ∈ EF}. Specifically, we can
partitionUδ,γ into a collectionU of clopen sets so that for everyU ∈ U the
path from δ toγ in F is constant over all F ∈ U. It’s enough to observe that
for eachU ∈ U themap (ω, F) 7→ (σωF (δ, γ),ω(γ)) is continuous on P(Γ)×
U. Say γ = γ0, γ1, . . . , γn = δ is the path from γ to δ in F for all F ∈ U.
Then from the definition of σωF and by (6) we see that (σωF (δ, γ),ω(γ)) ∈
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M is the composition of the elements (σωF (γi+1, γi),ω(γi)) ∈ M when
F ∈ U. It then follows from (3) and Lemma 7.5 that (σωF (δ, γ),ω(γ)) is a
continuous function of (ω, F) ∈ P(Γ) ×U.

(12) If C ⊆ Γ is nonempty, γ ∈ Γ , and C ∪ {γ} is contained in a single EF-
class for all F in a set H ⊆ F(Γ), then the function (ω, F) ∈ P(Γ) × H 7→
((σωF (δ, γ))δ∈C,ω(γ)) ∈M(C) is continuous. Indeed, for every δ ∈ C the
map (ω, F) ∈ P(Γ) × H 7→ (σωF (δ, γ),ω(γ)) ∈ M is continuous by (11)
since H ⊆ Uδ,γ.

Let C ∈ Γ/EF be a connected component and fix any γC ∈ C. Fromω we define
a Borel probability measure on (pΓ)C by the formula(∏

δ∈C

σωF (δ, γC)

)
∗

ω(γC).

Notice that this measure depends continuously on ω by (12) and Lemma 7.6.
Additionally, themeasurewe obtain does not depend upon the choice of γC ∈ C
since for any other element γ ′C ∈ C properties (6) and (9) imply(∏

δ∈C

σωF (δ, γC)

)
∗

ω(γC) =

(∏
δ∈C

σωF (δ, γC)

)
∗

σωF (γC, γ
′
C)∗ω(γ ′C)

=

(∏
δ∈C

σωF (δ, γC) ◦ σωF (γC, γ ′C)

)
∗

ω(γ ′C)

=

(∏
δ∈C

σωF (δ, γ
′
C)

)
∗

ω(γ ′C).

For each C ∈ Γ/EF pick some γC ∈ C. Also let f : (pΓ)Γ → pΓ be the flattening
map given by the formula f(z)(γ) = z(γ)(e). We define the Borel probability
measure θ(ω, F) ∈ Prob(pΓ) by

θ(ω, F) = f∗
∏
C∈Γ/EF

(∏
δ∈C

σωF (δ, γC)

)
∗

ω(γC).

Formally the expression above to the right of f∗ is a product measure on a prod-
uct space indexed by the set Γ/EF, however since the measure associated to the
coordinate C ∈ Γ/EF is a measure on (pΓ)C, we identify the expression to the
right of f∗ as a Borel probability measure on (pΓ)Γ (and therefore the applica-
tion of f∗ is defined).
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We first check (b). Denote by πC : pΓ → pC the projection map for C ⊆ Γ , and
recall that

φ(ω(e), EF) =
∏
C∈Γ/EF

(πC)∗ω(e).

Let us also write f for the map from (pΓ)C to pC given by the same formula as
before: f(z)(γ) = z(γ)(e) for γ ∈ C. Since

∏
γ∈C(γ

−1)s maps pΓ to (pΓ)C, it is
easily checked that πC = f ◦

∏
γ∈C(γ

−1)s. If γs∗ω(γ) = ω(e) for all γ ∈ Γ then
using (10) we obtain∏

C∈Γ/EF

(πC)∗ω(e) =
∏
C∈Γ/EF

f∗

(∏
δ∈C

(δ−1)s

)
∗

ω(e)

=
∏
C∈Γ/EF

f∗

(∏
δ∈C

(δ−1)s

)
∗

(γC)
s
∗ω(γC)

=
∏
C∈Γ/EF

f∗

(∏
δ∈C

(δ−1γC)
s

)
∗

ω(γC)

= f∗
∏
C∈Γ/EF

(∏
δ∈C

σωF (δ, γC)

)
∗

ω(γC) = θ(ω, F),

confirming (b).
Next we check (a). Let ∆ ⊆ F(Γ)× E(Γ) be the Borel set ∆ = {(F, EF) : F ∈ F(Γ)}.
Since the map F ∈ F(Γ) 7→ (F, EF) ∈ ∆ is Borel, it suffices to show that θ(F,ω) is
a continuous function of (ω, F, EF) ∈ P(Γ) × ∆. In fact it is enough to show that
θ(ω, F)(A) is a continuous function of (ω, F, EF) when A is a cylinder set. Say
A =

∏
γ∈Γ Bγ where∅ 6= Bγ ⊆ p for all γ ∈ Γ and Bγ = p for all γ ∈ Γ \Dwhere

D ⊆ Γ is finite. Partition ∆ into a collection V of clopen sets so that for each
V ∈ V the restriction of EF toD is constant over all (F, EF) ∈ V . It will be enough
to check that for each V ∈ V the map (ω, F, EF) 7→ θ(ω, F)(A) is continuous on
P(Γ) × V . Say every (F, EF) ∈ V partitions D into the family of sets D. When
(F, EF) ∈ V and C ∈ Γ/EF we have that(

f∗

(∏
δ∈C

σωF (δ, γC)

)
∗

ω(γC)

)(∏
γ∈C

Bγ

)
is equal to 1 if C ∩D = ∅ and is equal to(

f∗

(∏
δ∈C ′

σωF (δ, γC ′)

)
∗

ω(γC ′)

)(∏
γ∈C ′

Bγ

)
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whenC∩D = C ′ ∈ D and γC ′ is any element ofC ′ (changing γC to γC ′ does not
change the resulting value, as explained three paragraphs prior). Now notice
that the map

(ω, F, EF) ∈ P(Γ) × V 7→ f∗

(∏
δ∈C ′

σωF (δ, γC ′)

)
∗

ω(γC ′) ∈ Prob(pC ′)

is continuous by (12), Lemma 7.6, and the fact that f∗ is continuous. Therefore
when (ω, F, EF) ∈ P(Γ) × V we have that

θ(ω, F)(A) =
∏
C ′∈D

(
f∗

(∏
δ∈C ′

σωF (δ, γC ′)

)
∗

ω(γC ′)

)(∏
γ∈C ′

Bγ

)
is a continuous function of (ω, F, EF) as claimed.
Lastly, to check (c) consider any β ∈ Γ . Since left-multiplication by β provides
a bijection from the EF-classes to the Eβd·F-classes, for each C ∈ Γ/EF we can use
the point γ̂βC = βγC as the representative for βC in computing θ(βs ·ω,βd · F).
Then by (11) and the fact that the map f is Γ s-equivariant we have

βs∗θ(ω, F) = β
s
∗f∗
∏
C∈Γ/EF

(∏
δ∈C

σωF (δ, γC)

)
∗

ω(γC)

= f∗
∏

βC∈Γ/E
βd·F

(∏
βδ∈βC

σωF (δ, γC)

)
∗

ω(γC)

= f∗
∏

βC∈Γ/E
βd·F

(∏
βδ∈βC

σβ
s·ω
βd·F (βδ, βγC)

)
∗

ω(γC)

= f∗
∏

βC∈Γ/E
βd·F

(∏
δ∈βC

σβ
s·ω
βd·F (δ, γ̂βC)

)
∗

ω(β−1γ̂βC)

= f∗
∏

C∈Γ/E
βd·F

(∏
δ∈C

σβ
s·ω
βd·F (δ, γ̂C)

)
∗

(βs ·ω)(γ̂C) = θ(β
s ·ω,βd · F). �

7.5. Existence of the model companion. We are now ready to prove that T ∗Γ
exists when Γ is approximately treeable:

Proof of Theorem 7.4. We verify the criterion from Theorem 5.26. Fix p, q ∈ N,
nonempty open Λ ⊆ ProbΓ(qΓ × pΓ), and λ ∈ Λ. Let ν ∈ ProbΓ(qΓ) be the
pushforward of λ under the canonical projection map, and let y ∈ qΓ 7→ λy ∈
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Prob(pΓ) be the disintegration of λ over ν, so that λ =
∫
δy × λy dν where δy is

the point-mass measure at y.
Let φ : Prob(pΓ) × E(Γ) → Prob(pΓ) be the map from Lemma 7.8. Since φ
is continuous, a routine calculation shows that the map E ∈ E(Γ) 7→ ∫

δy ×
φ(λy, E) dν ∈ Prob(qΓ ×pΓ) is continuous. It follows from this that the function
ζ : Prob(E(Γ))→ Prob(qΓ × pΓ) defined by the formula

ζ(µ) =

∫ ∫
δy × φ(λy, E) dν(y) dµ(E)

is continuous. Moreover, if µ is an invariant Borel probability measure on F(Γ)
and µ̄ is the pushforward of µ with respect to the map F ∈ F(Γ) 7→ EF ∈ E(Γ),
then ζ(µ̄) is also an invariantmeasure sinceφ aswell as each of themapsy 7→ δy,
y 7→ λy, and F 7→ EF are Γ -equivariant. By Lemma 7.8 we have that ζ(δΓ×Γ) = λ
belongs to the open set Λ, so by continuity and the fact that Γ is approximately
treeable there is an invariant Borel probability measure µ ∈ Prob(F(Γ)) satisfy-
ing ζ(µ̄) ∈ Λ.
Recall the sets P∗ ⊆ Prob(pΓ) × Prob(pΓ) and P(Γ) ⊆ Prob(pΓ)Γ defined earlier.
Define κ∞ : qΓ → Prob(pΓ) by κ∞(y) = λy. Pick a sequence of continuous
functions κn, n ∈ N, mapping qΓ to the space of non-atomic Borel probability
measures on pΓ such that (κn) converges ν-almost-everywhere to κ∞. For n ∈
N ∪ {∞} and y ∈ qΓ defineωn,y ∈ Prob(pΓ)Γ by

ωn,y(γ) = κn((γ
−1)s · y).

Observe that for β ∈ Γ we have βs ·ωn,y = ωn,βs·y since for all γ ∈ Γ

(βs ·ωn,y)(γ) = ωn,y(β
−1γ) = κn((γ

−1β)s · y) = ωn,βs·y(γ).

Our definitions ensure that ωn,y ∈ P(Γ) for all n ∈ N and all y ∈ qΓ , and that
ω∞,y ∈ P(Γ) for ν-almost-every y ∈ qΓ . This fact allows us to define for each
n ∈ N ∪ {∞} a Borel probability measure on qΓ × pΓ by the formula∫ ∫

δy × θ(ωn,y, F) dν(y) dµ(F).

Notice that the above measure is in fact Γ -invariant since the measures ν and µ
are Γ -invariant and the maps y 7→ ωn,y, y 7→ δy, and θ are Γ -equivariant. Now
observe that for every γ ∈ Γ

γs∗ω∞,y(γ) = γs∗κ∞((γ−1)s · y) = γs∗λ(γ−1)s·y

is equal to
γs∗(γ

−1)s∗λy = λy = ω∞,y(e)
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for ν-almost-every y ∈ qΓ . Additionally, ωn,y converges to ω∞,y as n → ∞ for
ν-almost-every y ∈ qΓ . Combining these two facts with Lemma 7.9 yields

lim
n→∞

∫ ∫
δy × θ(ωn,y, F) dν(y) dµ(F)

=

∫ ∫
δy × θ(ω∞,y, F) dν(y) dµ(F)

=

∫ ∫
δy × φ(λy, EF) dν(y) dµ(F) = ζ(µ̄) ∈ Λ.

Wefix from this point forward ann ∈ N satisfying
∫ ∫
δy×θ(ωn,y, F)dν(y)dµ(F) ∈

Λ.
Sinceωn,y ∈ P(Γ) for all y ∈ qΓ , wemay define a function ξ taking invariant Borel
probability measures on qΓ to invariant Borel probability measures on qΓ × pΓ
by the formula

ξ(ν ′) =

∫ ∫
δy × θ(ωn,y, F) dν

′(y) dµ(F).

Of course, by construction we have ξ(ν) ∈ Λ. On the other hand, we chose
κn, and hence the map y 7→ ωn,y, to be continuous. Consequently the map
y ∈ qΓ 7→ ∫

δy × θ(ωn,y, F) dµ(F) is continuous as well. It follows that ξ is
continuous and therefore ξ−1(Λ) is an open set of invariant Borel probability
measures containing ν. Every ν ′ ∈ ξ−1(Λ) is immediately seen from the defini-
tion to be the pushforward of ξ(ν ′)with respect to the projection map to qΓ . We
conclude that the pushforward of Λwith respect to the projection map is open
and thus T ∗Γ exists. �
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