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AsstrACT. Given a countable group T, letting Kr denote the class of p.m.p. ac-
tions of I', we study the question of when the model companion of Xr exists.
Berenstein, Henson, and Ibarlucia showed that the model companion of Xr ex-
ists when T is a nonabelian free group on a countable number of generators.
We significantly generalize their result by showing that the model companion
of Xr exists whenever I' is an approximately treeable group. The class of ap-
proximately treeable groups contain the class of treeable groups as well as the
class of universally free groups, that is, the class of groups with the same uni-
versal theory as nonabelian free groups. We prove this result using an open
mapping characterization of when the model companion exists; moreover, this
open mapping characterization provides concrete, ergodic-theoretic axioms for
the model companion when it exists. We show how to simplify these axioms
in the case of treeable groups, providing an alternate axiomatization for the
model companion in the case of the free group, which was first axiomatized
by Berenstein, Henson, and Ibarlucia using techniques from model-theoretic
stability theory. Along the way, we prove a purely ergodic-theoretic result of
independent interest, namely that finitely generated universally free groups
(also known as limit groups) have Kechris” property MD. We also show that
for groups with Kechris” EMD property, the profinite completion action is exis-
tentially closed, and for groups without property (T), the generic existentially
closed action is weakly mixing, generalizing results of Berenstein, Henson, and
Ibarlucia for the case of nonabelian free groups.
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1. INTRODUCTION

The work presented in this paper lie at the intersection of ergodic theory and
model theory. Our main objects of study are “model-theoretically generic” prob-
ability measure-preserving (p.m.p.) actions of discrete countable groups on
probability spaces. Here, the precise formulation of a model-theoretically generic
p-m.p. action is that of an existentially closed action.

Given some axiomatizable class X of structures in an appropriate (classical or
continuous) language L, for example, the class of fields, the class of groups, the
class of graphs, the class of Banach spaces, the class of tracial von Neumann
algebras, the class of C*-algebras etc..., the Robinsonian philosophy for obtain-
ing a good model-theoretic understanding of X is to understand the class of
existentially closed members of X, for these members of K represent “universal
domains” for which one should work in when studying members of X. Roughly
speaking, e.c. members M of K contain all “solutions” to “equations” with “co-
efficients” from M that “should have” solutions, that is, which have solutions in
some extension of M belonging to K. For example, e.c. fields are precisely the
algebraically closed fields, e.c. graphs are precisely the “random” graphs, and
e.c. Banach spaces are precisely the Gurarij Banach spaces. In these examples,
something fortuitous occurs: the class of e.c. members of X, while a priori not
expressible using first-order axioms, do actually themselves form an axiomati-
zable class. When this situation happens, we say that the model companion for
X exists. An alternative formulation avoiding the first-order formalism states
that the model companion for X exists precisely when the e.c. members of X
are closed under ultraproducts. On the other hand, the classes of groups, tra-
cial von Neumann algebras, and C*-algebras do not admit model companions;
from the model-theoretic point of view, these classes are “wild.”

In this paper, we consider the class Xr of p.m.p. actions of a given discrete,
countable group I' (which is indeed an axiomatizable class in an appropriate
continuous language Lr). Our motivating question is the following:

Question 1.1. For which groups I' does the class X admit a model companion?

Right at the outset, we mention that there does not exist a single group I" for
which the answer to the above question is known to be negative. Our main
contribution is to significantly enlarge the class of groups for which the answer
to this question is positive.
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The first example of a group I" for which the previous question was shown to
have a positive answer was the case I' = Z, as demonstrated by Berenstein and
Henson in [4]. There, they show that the e.c. actions of Z are precisely the aperi-
odic ones and they use the classical Rohklin lemma to give a concrete axiomati-
zation of this class. In unpublished work of Berenstein and Henson, they use the
Ornstein-Weiss version of the Rohklin lemma to extend their result to the case
of all amenable groups I', whose model companion is simply the axiomatizable
class of free actions.

Besides the case of amenable groups, the only other instance of Question 1.1
known to have a positive answer is when I = Iy, a finitely generated free group:

Fact 1.2 (Berenstein, Henson, and Ibarlucia [5]). If ' = Fy is a finitely generated
free group, then Kr admits a model companion.

In the introduction of [5], the authors point out that their result also holds for
the free group I, on a countably infinite set of generators.

By studying general preservation properties for when X admits a model com-
panion, we significantly enlarge the class of groups for which Question 1.1 has
a positive answer:

Theorem. If " is a universally free group, then Xy admits a model companion.

Here, a universally free group (sometimes called a w-residually free or fully
residually free group) is a group I' which is a model of the universal theory of
a free group, or, in logic-free terms, a group that embeds in an ultrapower of a
free group. The finitely generated universally free groups are known as limit
groups and are of great interest in geometric group theory.

With further effort, we can generalize the previous result even further. To ex-
plain this generalization, we recall that a group is called treeable if it admits
a free p.m.p. action whose orbit equivalence relation can be equipped with a
treeing (a precise definition is given in Subsection 2.5 below); an alternate de-
scription of treeability can be given using a theorem of Hjorth [26]: a group is
treeable if it is measure equivalent to a free group. The class of treeable groups
is quite rich and contains many interesting groups, such as surface groups and,
more generally, groups admitting a planar Cayley graph. By a result from [12],
the class of treeable groups does have some intersection with the aforemen-
tioned class of universally free groups: every elementarily free group, that is,
every finitely generated group with the same first order theory as a nonabelian
free group, is treeable.

One can generalize further by considering the class of approximately treeable
groups (a precise definition is given in Subsection 2.5); approximately treeable
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groups were studied in [20] under the guise of groups which have approximate
ergodic dimension at most 1. In Section 7, it is remarked that all universally free
groups are approximately treeable. (It is a well-known open problem whether
or not all limit groups are in fact treeable.) The class of approximately treeable
groups is a proper extension of the class of all treeable groups as witnessed by
the group F, x Z (which is not treeable by [19] and by [37]). In Subsection
5.5 below, we develop an “open mapping” characterization of when the model
companion of Kr exists and use this characterization in Section 7 to prove the
following substantial generalization of Fact 1.2:

Theorem. If T is an approximately treeable group, then the model companion of Kr
exists.

While proving Fact 1.2, the authors give a concrete axiomatization of the class of
e.c. members of Xr. However, their proof adapts known model-theoretic tech-
niques from the area of model theory known as stability theory and extracting
an “ergodic-theoretic” axiomatization of this class from their axioms is not en-
tirely straightforward.

The open mapping characterization of the existence of the model companion
proved in Subsection 5.5 actually yields purely ergodic-theoretic axioms for the
model companion whenever it exists. That being said, these axioms are not
entirely illuminating and it seems desirable to find groups for which the axioms
for the model companion of Xr can be made simpler. In Section 6 below, we
prove the following result along these lines:

Theorem. If T has the extension-MD property and the definable cocycle property,
then the model companion of Ky exists. Moreover, one can list simple axioms for the
model companion of an ergodic-theoretic nature.

The first condition in the theorem is related to the MD property, first introduced
by Kechris in [30]; roughly speaking, a residually finite group has the MD prop-
erty if the set of profinite actions of the group is dense in the space of all actions.
If the a priori stronger condition that the set of ergodic profinite actions is dense
in the space of all actions, then group is said to have the EMD property. We say
more about these properties in Section 4 below. The second condition in the
theorem roughly states that every cochain that is close to satisfying the cocycle
identity is near an actual cocycle.

In Subsections 6.1 and 6.2 respectively, we show, using fairly elementary means,
that free groups satisfy both properties, whence one obtains a simple, purely
ergodic-theoretic axiomatization of the model companions of Xy, and Kr,. In
Subsections 6.4 through 6.6, we generalize the result that free groups have the
extension-MD property and the definable cocycle property to the wider class of
strongly treeable groups:
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Theorem. Strongly treeable groups have the extension-MD property and the definable
cocycle property.

Here, a group is strongly treeable if all of its free p.m.p. actions admit a treeing.
It is a well-known open problem whether there exists a group that is treeable but
not strongly treeable. In any event, we now have that if I' is a strongly treeable
group, then not only does the model companion of X exist, but there is a very
simple set of axioms for this model companion. We also show how to tweak
these results to cover the case of a treeable (but not necessarily strongly treeable)
group at the cost of slightly complicating the axioms. In the process, we obtain
the following simple characterization of e.c. actions of treeable groups.

Theorem. Let I be a treeable group. Then a p.m.p. action ' ~* (X, ) is e.c. if and
only if all of the following hold:

(1) T'~* (X, u) weakly contains a free treeable action of T;

(2) the trivial extension T A (X [0, 1], u x A) where T acts on [0, 1] by fixing
every point, is an e.c. extension of ' N (X, u);

(3) B'(a,Sym(k)) is dense in Z'(a,Sym(k)) for every k € N.

In [5], Berenstein, Henson, and Ibarlucia show that the profinite completion
action of the free group is a concrete example of an e.c. action. In Section 4, we
extend their result in an optimal way by proving the following;:

Theorem. The profinite completion of any group with the EMD property is an e.c.
action.

We note that being an EMD group is a necessary condition for the profinite
completion to be an e.c. action, whence this result is indeed optimal. Along
the way, we prove the following result, which is purely ergodic-theoretic and of
independent interest:

Theorem. Limit groups have property MD.

Berenstein, Henson, and Ibarlucia also prove the existence of a weakly mixing
e.c. action of the free group. Using a result of Kerr and Pichot, we extend their
result to any group without property (T):

Theorem. If I is a group without property (T), then the model-theoretically “generic”
e.c. action of T is weakly mixing.

A precise formulation of “generic” in the previous theorem will be given in
Section 4. We note that, for the conclusion of the theorem to hold, the group
cannot have property (T), whence the result is once again optimal. The main
technical idea behind this proof is to use various descriptions of weakly mixing
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actions for nonamenable groups developed by Bergelson to show that they have
a very particular infinitary first-order description.

Throughout this paper, we assume familiarity with basic continuous model the-
ory as well as basic ergodic theory. We refer the reader to [3] for the former and
[42] for the latter.

2. PRELIMINARIES

In this section, we gather all of the necessary preliminaries that are used in the
rest of the paper.

2.1. Probability measure-preserving actions as metric structures. In this sub-
section, we explain how we view probability measure-preserving actions of a
countable group I" as structures in continuous logic. We follow closely the ex-
cellent presentation given in [27].

Throughout this paper, I" denotes a countable, discrete group. Given a prob-
ability space (X, B, ) (sometimes abbreviated (X, u) for the sake of brevity),
a probability measure-preserving (p.m.p.) action of I' on (X, B, ) is a homo-
morphism a : I' = Aut(X, B, n). We often denote such actions by I' ¢ (X, B, n)
or sometimes by the simpler notation ' ~* (X, ) or even ' ~* X. We also
write y¢ - x, Y, or even yx (when a can be inferred from the context) instead
of a(y)(x) fory € T'and x € X. Two actions ' ~n® Xand I' ~° X are isomor-
phic or conjugate if there is a measure space isomorphism @ : X — Y such that
O (y*x) =vy*®(x) forall y € T and a.e. x € X.

Recall that one associates to a probability space (X, B, 1) its measure algebra
MALG(X, B, u), or MALG(X) for the sake of brevity, which is defined to be the
Boolean algebra of equivalence classes of elements of B with respect to the pseu-
dometric d, (A, B) := u(AAB). The pseudometric d, naturally induces a metric
on MALG(X), still denoted by d,,, and the set-theoretic operations of union, in-
tersection, and complement on B induce operations on MALG(X) rendering it
a measured Boolean algebra for which the Boolean algebra operations are uni-
formly continuous with respect to the metric d,,. Moreover, the countable ad-
ditivity of the measure p implies that d, is a complete metric. Given A € B,
we denote its equivalence class in MALG(X) by [A],,, or sometimes by the corre-
sponding lowercase letter a. The associated measure algebra is separable with
respect to the metric d, if and only if X is a standard probability space.This pro-
cess yields an equivalence of categories between the categories of probability
spaces and the associated measure algebras. Moreover, if I' is a countable group,
then the p.m.p. actions of I' on a measure space X correspond in this duality to
isometric actions of I' on MALG(X) that preserve the Boolean operations.
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We let L be the language consisting of function symbols for the Boolean op-
erations, a predicate symbol for the measure, and a unary function symbol u,
for each v € T'. The moduli of uniform continuity for these symbols will be as-
sumed to be the natural ones. We let Tr denote the Lr-theory which axiomatizes
isometric actions of I' on measure algebras. More precisely, the axioms include
the familiar axioms for measure algebras, axioms which state that each u, is an
automorphism, and axioms stating thatu,, ou,, =u,,y, forall y;,y, € I'. These
axioms are clearly universal. If ' ~1* Xis a p.m.p. action of I', we let M, denote
the corresponding model of Tr.

Given p.m.p. actions ' ~® (X, B, ) and ' ~° (Y, C,v) of T, recall that a factor
map 7 : (X,B,pn) — (Y,C,v) between these actions is a measurable map that
commutes with the actions of I' and for which 7, = v; we then refer to b as
a factor of a. Sometimes we abuse notation and simply write 7t : X — Y for a
factor map. If A is a subgroup of I', then we call a measurable map : X — Y a
A-equivariant factor map if it a factor map between the restricted actions of A
on X and Y.

Given such a factor map 7, it is clear that 7' (€) is a I'-invariant o-subalgebra of
B. Conversely, every I'-invariant o-subalgebra of B arises from a factor map in
this way. Consequently, there is a duality between substructures of models of
Tr and factor maps. More precisely, if M = Tr and N is a substructure of M, then
we can find p.m.p. actions ' ~* X and ' ~" Y for which M = M,, N = M,
and for which b is a factor of a.

In the sequel, it will behoove us to know that we can also axiomatize the free
p.m.p. actions of T, that is, those actions I' ~“ X for which, for every y € T'\ {e}
and x € MALG(X) with p(x) > 0 thereisy C x with u(y) > 0Oand pu(ynyy) =0
(when X is standard this is equivalent to p({x € X : y*x = x}) = 0). Indeed, as
observed in [27, Def. 2.4], we can form the theory Trf.. consisting of the above
axioms Tr together with axioms

inf max(|u(x) — 1/n|, max p(y'x Ny'x)) =0
X i<j<n
for each (y,n) € I' x N for which n < [{y)| = co or n = |(y)| < 0.

2.2. Space of actions. Let (X, 1) be a standard probability space; unless oth-
erwise stated, we allow for the possibility that these probability spaces have
atoms. We equip the automorphism group Aut(X, u) of (X, ) with the weak
topology, namely the weakest topology for which all maps

T [T(A)], : Aut(X, n) — MALG(X)

are continuous, as A ranges over measurable subsets of X. With this topology,
Aut(X, p) is a Polish group. We also set A(T} X, i) to be the set of p.m.p. actions
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of I on X. By viewing A(I; X, i) as a closed subspace of Aut(X, n)", it is also
naturally a Polish space.

For our purposes, we will also need a relative version of this topology. Towards
this end, consider another standard probability space (Y,v) and let F(Y, X) de-
note the space of all measure preserving maps from Y to X, where we identify
two such maps if they agree almost everywhere. This is naturally a Polish space
since it can be identified with the space of all isometric embeddings from the
measure algebra of X into the measure algebra Y sending [(],, to [(],, equipped
with the pointwise convergence topology.

Let F(IJY, X) denote the set of all triples (¢, b,a), where b € A([Y,u), a €
A(;X,u), and ¢ is a factor map from b to a. Then F(I]Y,X) is a closed sub-
space of F(Y, X) x A([JY,v) x A(T} X, 1) hence is a Polish space. For a fixed action
a € A(I[X, u), let Fo (T} Y, X) denote the slice above a in F(T} Y, X), which we iden-
tify with the set of all pairs (¢, b) € F(Y,X) x A(T}Y,v) where ¢ factors b onto
a. Elements of F,(T}Y, X) are called extensions of a or a-extensions. Two a-
extensions, (¢,b) € F,(Y,X) and (P,c) € F,(X,Z) are isomorphic if there is
a measure space isomorphism S : Y — Z such that S - (¢,b) = (P, c), where
S-(¢p,b) = (pS,S-b)and y5? == Sy*S.

Given finite collections A and B of measurable subsets of Y and X respectively, a
finite subset Fof I', and e > 0, we obtain a basic open neighborhood U»®F¢ (¢, b)
of (p,b) € Fo(IJY, X) consisting of all pairs (P, c) € Fo(I}Y, X) satisfying, for all
AcA BeB,andy eF:

v(pTAAYPTA) < e and V(YPBAYB) < e.

2.3. Ultraproducts of p.m.p. actions. Suppose that (I' ~% (Xi, pi))ier is a fam-
ily of p.m.p. actions of I' and U is an ultrafilter on I. Let M, = Tr denote the
Lr-structure associated to the action a;. Then we can take the model-theoretic
ultraproduct [ [, M, which is necessarily an isometric action of I' on the mea-
sure algebra associated to some p.m.p. action of I'. This action is none other than
the ultraproduct action I' ~ITwa T, (X, wi) (see, for example, [15]). More pre-
cisely, let | [,, X; denote the set-theoretic ultraproduct of the sets X; and let 1, de-
note the finitely additive measure on the Boolean algebra B, of subsets of | [, Xi
of the form [ [,, Ai, where each A; C X; is measurable. Define N C [, X; to be
wo-null if, for every € > 0, thereis A € By such that N C A and py(A) < €. Then
set B to be the o-algebra on [ [, X; generated by B, and the o-ideal of null sets
and let 1 be the unique extension of 1, to a probability measure on B. Then the
diagonal action of ' on [ ], X; induces a p.m.p. action ' ~ITu et (TT, Xi, u) and
the corresponding action on measure algebras is precisely the model [ [,, M, .
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In regards to ultraproducts, we adopt the following notation. Given a sequence
Xi € [ [ie; Xi, we let [xi]y denote the corresponding element of [ [, X;. Similarly,
given a sequence of measurable sets A; C X;, we write [A;]y instead of [ [, A..
Note that every element in the measure algebra of [ [, (Xi, p;) can be represented
by a set of the form [A]y.

In general, we note that an ultraproduct action is almost never standard (unless
the ultrafilter is somewhat trivial, for example countably complete), but one can
always take a separable elementary substructure of the model-theoretic ultra-
product and then the corresponding action will be standard.

When each ' % (X, i) =T ~® (X, u) for some common action ' ~¢ (X, u),
we speak of the ultrapower action I' ~“ (X, p)y (corresponding to the model-
theoretic ultrapower M) and the diagonal embedding M, — MY corresponds
to the diagonal factor map Xy — X.

Recall that if ' ~® (X,u) and T ~° (Y,v) are p.m.p. actions of T, then a is
weakly contained in b, denoted a < b, if for any finitely many measurable sets
Aty ...,AL C X, finite F C T, and € > 0, there are measurable sets By,...,B, CY
such that [u(y*A; N A;) — v(y"BiNBj)| < eforall 1 <i,j <nandy € F.

Fact 2.1. If (X, u) and (Y, v) are standard, non-atomic probability spaces, the following
are equivalent:

(1) a=xb.

(2) There is a sequence of actions (cy)nen € A([ X, 1) such that ¢, = b (conju-
gacy of actions) and a = lim,, ¢,

(3) ais contained in some ultrapower by of b, that is, if a is a factor of by.

(4) M, is embeddable in an ultrapower MY of M.

For a discussion of the preceding fact, see [13, Subection 2.2].

Convention 2.2. In the remainder of this article, unless explicitly stated, U al-
ways denotes a nonprincipal ultrafilter on a countable index set I. (Many of
the facts to follow work for nonprincipal ultrafilters on arbitrary index sets, but
some of them might require further mild hypotheses on the ultrafilter such as
countable incompleteness.)

2.4. Cocycles. We will discuss cocycles using three different frameworks: er-
godic theory, group cohomology, and continuous model theory. We start with
the ergodic theory perspective.

Fix an action ' ~* X and a Polish group G. A cochain for a is a measurable
map o : ' x X = G. A cocycle for a is a cochain o : ' x X — G satisfying the
cocycle identity o(y1v2,x) = o(y1,v2x)0o(yv2,x) for all y;,y, € T’ and almost all
x € X. We let Z'(a, G) denote the collection of cocycles for a with values in G.
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We say that two cocycles 07,0, : ' x X — G of the action a are cohomologous
if there is a measurable map s : X — G for which o,(v,x) = s(yx) " o1(y, x)s(x)
for all y € I" and for almost all x € X. The set of cohomology classes of cocycles
with values in G is called the first cohomology space of a relative to G, denoted
H'(a, G).

The trivial cocycle for a sends each pair (y,x) € ' x X to the identity e € G. A
cocycle for a cohomologous to the trivial cocycle is called a coboundary for a.
The set of coboundaries for a with values in G is denoted by B'(a, G).

We consider Z'(a, G) as topologized so that 0, — oif and only if, foreachy €T,
we have that the functions o, (v, ) : X = G converge to o(y, -) in measure. We
say that cocycles o7 and o, are approximately equivalent if 0; belongs to the
closure of the cohomology class of 0,. In other words, oy and o, are approx-
imately equivalent if and only if there are measurable functions f,, : X — G
such that, for all y € T, we have that the functions x — f,,(yx)o; (v, x)fn(x)™
converge in measure to x — 0, (y, X).

In the case that (U, p) is a standard probability space and G = Aut(U, p), from
a cocycle o for a we can form the skew-product extension X x; (U, p), which is
the p.m.p. action of I' on (X x U, u x p) given by y(x,u) := (yx, o(y,x)u). (Our
primary interest will be in the cases where (U, p) is either a finite set, equipped
with its counting measure, in which case Aut(U, p) is simply S,, for somen € N,
or where U = [0, 1] and p is Lebesgue measure.) Note then that the projection
map X x U — X is a factor map. Rohklin’s skew-product theorem asserts
that every ergodic action that factors onto X is isomorphic to a skew-product
extension of X (see, for example, [22]). We remark that when o; and o, are
cohomologous, say with s : X — Aut(U, p) measurable and satisfying o, (v, x) =
s(yx)'o1(y,x)s(x) for all y € T and for almost all x € X, then the map

(x,u) — (x,s(x)"u) s X Xgp U — X Xg, U

is an isomorphism of the associated skew-product extensions. In particular,
when o is a coboundary the corresponding skew-product extension is isomor-
phic to the product of a with the trivial action on U.

We remark that Aut([0, 1], A), where A is the Lebesgue measure, is a Polish group
when equipped with the weak topology, which is the weakest topology for
which all maps

T~ [T(A)], : Aut([0, 1], A) = MALG([0, 1])

are continuous, as A ranges over Borel subsets of [0, 1].

We now turn to the group cohomology perspective, which we use to access
topological arguments that will streamline some of our proofs. Let G be any
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Polish group. In addition to the usual left-shift action ' ~* G' given by the rule

(v - y)(8) =y(v'9),
we will also make use of the right-shift action I' ~" G" given by the formula
(v" - y)(8) = y(dv).
Fory € G" and y € T we will write y” in place of y" - y (this notation may
require some care, since (y¥)® = y®). Notice that G" is a group with respect to

coordinate-wise composition and that for every y € I'themapy € G" — y? €
G' is a group automorphism.

Define the space of 1-cochains C'(T; G") to be the set of all functions from I' to G'.
Similarly, we define the space of 2-cochains C?(T, G") to be the set of all functions
from ' x T to G". We endow C'(T; G") and C?(T; G") with the product topologies
obtained by identifying them with the sets G"™*" and G"™*", respectively.

The coboundary map 9 : C'(I; G") — C*(I; G") is given by the formula

dc(e, B) = c(af)c(B)*cl).
Note that in the above equation dc(«, B) is an element of G" and that the right-
hand side is a product of elements of G'. We call ¢ € C'(I;G") a cocycle if

dc(o, B)(y) = eg for all o, B,y € T, and we denote by Z'(T; G") the set of all
cocycles.

We define actions of ' on C'(T; G") and C?(T, G") via the formulas
(" - c1)(B)(y) = c1(B)(xMy)
(ot c2)(B,Y)(8) = ca( By y) (e 'D)

for ¢c; € CY(I;G"), c; € C*(I;G") and «, B,v, 8 € I. Equivalently, these actions
are described in terms of the left-shift action ' ~* G via the formulas

(o - cq)(B) = - (c1(B))
(o'~ c2)(Byy) = o - (c2(B,Y))-

Using the fact that the left and right shift actions of ' on G" commute we have
that for c € C'(I,G") and o, B,y €T

Therefore
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= (Yt ’ aC)(OC, B)
As a result, we have that the coboundary map 0 is I'-equivariant. This addition-
ally implies that Z'(T; G") is I'-invariant.

Lemma 2.3. Let ' ~° (X, ) be a p.m.p. action and let G be a Polish group. Then
there is a one-to-one correspondence between measurable cochains 0 : T x X — G and
measurable equivariant maps ¢ : X — C'(I; G") given by the relations

(1) c(x)(B)(e) =06(B~", (™) -x) and 6(y,x) =c(x)(y")(e).
Moreover, this correspondence produces a bijection between the measurable cocycles o :
' x X — G and measurable equivariant maps z : X — Z'(T, G").

Proof. It is immediately apparent that if 0 : I' x X — G is any measurable map
(that is, a cochain) then the function ¢ : X — C'(I; G") given by the left-hand
side of (1) is measurable and that 0 is recovered from c by the formula in the
right-hand side of (1). Additionally, when c is obtained from 0 using the left
side of (1), c is automatically equivariant since

c(y* - x)(B)(e) =0(B~, (') x) = c()(B) (v~ o) = (v* - c(x)) (B) ().
Conversely, given any measurable equivariant map ¢ : X — C'(I[G"), if 0 is
defined using the right side of (1) then the equivariance of ¢ implies that

OB~ (™) x) =c((a)* - x)(B)(e) = (&™) - e(x))(B)(e) = c(x)(B)(a),
and thus c is recovered from 0 using the left side of (1). Finally, for any x € X
we have that c(x) € Z'(T; G") if and only if c(x)(«B)(y) is equal to

c(x)(B)*(V)e(x) () (y) = c(x)(B)(ve)e(x) () (v)

for all o, 3,y € T. When c and 0 are related according to the formulas in

(1), thls is equivalent to the requirement that 0(f'oc™', (y)* - x) is equal to
OB, (v M -x)0(oc !, (y ") -x) forall &, B,y € T. Thus c(x) € Z'(T, G") for
u—almost-every x if and only if 0 is a cocycle. O

Lastly, we discuss the model-theoretic perspective on cocycles, exclusively look-
ing at the case where G = K is a finite group. In what follows, we use the termi-
nology around definability presented in the first author’s article [24]. For any
finite group K, we may assume that we have a sort Sx in our langugage, whose
intended interpretation in M, is simply the Cartesian product M** (equipped
with some fixed compatible complete metric), and that we have function sym-
bols 7, for each v € T and k € K whose intended interpretations are the pro-
jections maps ¢ : MP* — M,. We identify an element B € M[*¥ with the
cochain op : ' X X — K for which 7, (B) = {x € X : op(y,x) = k}. Conversely,
given a cochain 0 : T x X — K, we let B, € M}*¥ denote the corresponding
tuple.
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Fix bijectionse: ' — Nand f: ' x I' x K — N. We define the Tr-formula Cocy,

whose interpretations are given by Cocyy'© : ME*¥ — [0, 1], where

Cocyy *(B) = max(®;(B), @,(B)),
with @;(B) the Tr-formula

3~ 27¢4((B(y, k) )xex, Party)

yer

and @, (B) the Tr-formula

Z 218K g <U(5—‘B(y, h) N B(é,h“k)),B(vé,k)> .

(v,8,k)ETxTxK hek

In the definition of @, Partx denotes the Tr-definable set given by partitions of
the measure algebra indexed by K. We note that Cocyy *(B) = 0 if and only if
op is a cocycle of the action a. In other words, the Tr-functor corresponding to
K-valued cocycles is a Tr-zeroset that we denote Z(Cocy, ).

2.5. Treeability notions for groups. Consider a countable group I'and a p.m.p.
action I' ~* (X, u). Let R, be the equivalence relation on X given by the orbits.
We call aset § C R, a directed measurable graph if G is a measurable, anti-
symmetric, irreflexive subset of R,. We view such a G as a collection of edges
on the vertices X, and we write Rg for the equivalence relation given by the
connected components of § (ignoring edge direction). A graphing of R, is a
measurable directed graph § C R, having the property that Rg = R,. A treeing
of R, is a graphing of R, having no cycles. The action ' ~* (X, u) is called
treeable if R, admits some treeing. Similarly, if for every finite set H C I" and
every € > 0 there is a measurable directed graph § C R, that has no cycles and
satisfies

u({x € X: (hi-x,hy-x) € Rg forall hy,h, € H}) > 1 —¢,

then the action "' ~¢ (X, p) is called approximately treeable. Note that treeable
actions are approximately treeable.

The group ' is called strongly treeable if every free p.m.p. action of I' is treeable,
and it is called treeable if at least one free p.m.p. action of T" is treeable. More
generally, I' is called approximately treeable if at least one free p.m.p. action of
I' is approximately treeable.

Amenable groups, free groups, finitely generated groups admitting planar Cay-
ley graphs, elementarily free groups (that is, groups with the same first-order
theory as a nonabelian free group), and the group of isometries of the hyper-
bolic plane and all its closed subgroups are examples of strongly treeable groups
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[14,21]. Itis a prominent open question whether there is a group that is treeable
but not strongly treeable. As we will see in Section 7, the class of approximately
treeable groups includes all treeable groups and all universally free groups and
is closed under increasing unions and extensions by amenable groups.

While the above are the conventional definitions for these properties, we find it
more convenient to work with alternative characterizations that we now intro-
duce.

Let d be the diagonal translation action of I' on I x T, specifically y¢ - (&, B) =
(vo, Y3). We similarly denote by d the action of I" on the space Pow(I" x ') of all
subsets of I' x T, so that (o, B) € A & (yo, YB) € y¢- A. We endow Pow (T x T")
with the topology given by pointwise convergence of indicator functions. For
S € Pow (T x T') write S for the symmetric reflection of S, that is,

S={B,x) e xT:(x,p) €S

Let J(T") € Pow(I" x ') denote the space of all directed forests on I', specifically,
F C T x I belongs to F(TI") precisely when FNF = & and FUF is an acyclic graph
on I'. Notice in this case that F is the same graph but with the direction of all
edges reversed. We also let T(I') C F(I') denote the space of all directed trees
with vertex set T".

Let E(I') € Pow(I" x T') be the space of all equivalence relations on I'. For F €
F(T") we write Ef € £(T') for the equivalence relation given by the connected
components of F (ignoring the direction of the edges), and for E € &(I") we
write I/E for the set of E-equivalence classes. Notice that d provides an action
of ' on both F(T") and &(T"), and thaty* - Ef = E o fory € Mand F € F(T).

Given a p.m.p. action I' ~* (X, ), there is a one-to-one correspondence be-
tween measurable sets Y C R, and equivariant measurable maps ¢ : X —
Pow(T" x I') given by the rule

(o, ) € d(x) & ([ ) - x, (B x) €Y.

This correspondence identifies measurable equivalence subrelations R of R,
with equivariant measurable maps to €(I'), identifies treeings § C R, with mea-
surable equivariant maps to J(I'), and identifies directed measurable graphs
G C R, having no cycles with equivariant measurable maps to F(I"). Addition-
ally, when § C R, is a measurable directed graph having no cycles, if we let ¢g
and ¢z, denote the maps associated with G and Rg, respectively, we have that
Epo(x) = Pxg (x) forall x € X.

From these observations we obtain the following characterizations:

Proposition 2.4. A group I' is:
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(1) treeable if and only if there exists a T-invariant Borel probability measure on
T(T);

(2) strongly treeable if and only if: for every free p.m.p. action I ~* (X, ), there
is a T-invariant Borel probability measure v on T(T') such that T ~* (X, p)
factors onto T A4 (T(T), v);

(3) approximately treeable if and only if: for every finite set H C T and every € > 0,
there is a T'-invariant measure won JF(T') satisfying

L{Fe F(T):HxHZE}) < e.

Proof. The only implication not obvious from the above discussion is the “if”
direction of (1); to see this, take the direct product of I' ~4 (T(T'), v) with any
free p.m.p. action of T', let ¢ be the projection map to T(T"), and apply the above
correspondence. O

We write Prob(Pow (I" x T")) for the space of all Borel probability measures on
Pow (T"xT"), equipped with the weak* topology, and write Prob(J(T")) and Prob(7(T"))
for the subspaces of probability measures on F(I') and T(T"), respectively (equipped
with the subspace topoloogy).

Corollary 2.5. A group T is approximately treeable if and only if: for every weak*
open neighborhood U of the point-mass drr € Prob(E(T")), there is an invariant Borel
probability measure won F(T") so that the pushforward of wunder the map F € F(T') —
Er € E(T) belongs to L.

3. EXISTENTIALLY CLOSED ACTIONS

In this section, we gather a number of basic facts about e.c. p.m.p.actions of T".
We also consider study the Rokhlin entropy of e.c. actions and cocycles on e.c.
actions.

3.1. Definitions, first properties, and a useful reformulation.

Definition 3.1. Given actions I' ~* X and I' ~° Y with M, C M,, we say that
M, is existentially closed (or e.c. for short) in M, if: for any quantifier-free
Lr-formula @(x,y), where x and y are finite tuples of variables, and any c € M,
of the same length as x, we have

Ma My
(infcp(c,y)) _ (infcp(c,y)) .
Yy y

We say that M, is existentially closed (or e.c.) if it is existentially closed in M
whenever M, C M.
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In the context of the above definition, considering the dual situation of a factor
map Y — X, we may also say that the factor map Y — X is existentially closed if
the corresponding inclusion of models of Tr is existentially closed.

The following is a useful, well-known “logic-free” characterization of e.c. inclu-
sions:

Fact 3.2. The inclusion My C My, is e.c. if and only if there is an ultrafilter U and an
embedding v : My, — MY such that the restriction M of L to My, is the usual diagonal
embedding M, — MY. Dually, the factor map Y — X is e.c. if and only if there is
a factor map Xy — Y such that the composite factor map Xy — Y — X is the usual
diagonal factor map.

The following is a well-known fact about the existence of e.c. actions, relativized
to our current setting; see, for example, [41, Fact 2.8].

Fact 3.3. E.c. actions exist. In fact, given any action ' ~* X, there is an e.c. action
' A2 Y with My € My. Moreover, if X is standard, then Y can also be taken to be
standard.

We record the following immediate consequence of the definition of e.c. actions:

Lemma 3.4. Suppose that T ~¢ Xis an e.c. action. Then X is an atomless probability
space and a is a free action.

Proof. Consider the factor map X x [0, 1] — X, where I" acts on [0, 1] in the trivial
manner. Since this latter action is on an atomless space and being atomless
can be axiomatized using existential axioms, the first statement follows from
the definition of e.c. actions. (Alternatively, one can use the characterization
in Fact 3.2 to find a factor map Xy — X x [0, 1] such that the composite map
Xu — X x [0,1] — X is the diagonal map; this immediately implies that X is
atomless.) Since there is also a factor map Y — X with Y a free action, the same
reasoning, together with the fact that being a free action is axiomatizable by
existential conditions (see Subsection 2.1), implies that a is a free action. O

We end this subsection with a useful, ergodic-theoretic reformulation for a fac-
tor map to be e.c. that will be used throughout the paper. First, we introduce
the following notation. Throughout this paper, we view natural numbers as
ordinals, thatis, p = {0, 1,...,p — 1} for every natural number p.

Notation 3.5. If ' acts on a set X, o« : X — p is a function, and F C T is a subset,
then we define the function o : X — p" by o (x)(f) = (f" - x).

Proposition 3.6. The factor map ¢ : Y — Xis e.c. if and only if: for all p,q € N,
measurable maps « : Y — p, B : X — q, finite S C T, and e > O, there is a measurable
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map & : X — p such that
V(g (M N~ (B7()) —nias' (M N ()| <e

forall v € p’ and j € q. Furthermore, if A, is an increasing sequence of algebras whose
union is dense in By, then it suffices to verify for each n that the above condition holds
for every A,-measurable map 3 : X — q.

Proof. This is simply translating definitions from one framework to another.
Specifically, in place of discussing tuples of sets as done in the formal definition
above, one can instead discuss the finitely many atoms of the Boolean algebra
that those sets generate. For the final statement, each measurable map {3 can be
approximated by maps (3, where f3,, is A,-measurable. We leave the details to
the reader. O

3.2. E.c. actions are maximal with respect to weak containment. Recall from
Subsection 2.3 above that the action ' ~“ X is weakly contained in the action
I' AP Y if M, embeds into an ultrapower M} of M}!. Recalling the statement of
Fact 3.2, we immediately see:

Lemma 3.7. If M is e.c. in My, then b is weakly contained in a.

In the study of weak containment of p.m.p. actions of countable groups, special
attention has been paid to actions a that are maximal for weak containment,
that is, every other p.m.p. action is weakly contained in a; for example, see the
wonderful survey article [13, Section 5]. Following nomenclature recently used
in the model theory of operator algebras (see [17]), we might also sometimes
refer to such actions as locally universal. As mentioned in [13], locally uni-
versal actions always exist. (This is a special case of a much more general fact,
as argued in [17].) The proof of Lemma 3.4 shows also that locally universal
actions are free. We note the following well-known result, relativized to our
current setting;:

Lemma 3.8. If M, is an e.c. model of Tr, then a is a locally universal action.

Proof. Let T’ AP Y be any action of I'. Then since M, € Mgp, by Lemma 3.7, we
see that a x b is weakly contained in a, whence b is also weakly contained in a.
It follows that a is a locally universal action. O

For certain groups, “concrete” examples of locally universal actions are known.
In particular, for so-called EMD groups (see Subsection 4.1 for the definition),
the profinite completion action is locally universal. In Subsection 4.1 below, we
will generalize this fact by showing that the profinite completion action is an
e.c. action when the group has property EMD.
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Lemma 3.9. For each group T, there is a theory Trmax whose models are precisely the
locally universal actions of T

Proof. Fix a locally universal action I' ~¢ (X, ) of . Let Tr denote the set of
existential sentences true in M. Since any two locally universal actions satisfy
the same existential sentences, we have that all locally universal actions model
Tr. Conversely, if My, is a model of Ty, then M, is a model of the universal
theory of M,, whence M, embeds in an ultrapower of M,; since M, is locally
universal, so is M. O

3.3. Rokhlin entropy of e.c. actions. In this subsection, we prove an interest-
ing result about the Rohklin entropy of e.c. actions of non-amenable groups on
standard spaces. This result will not be used in the remainder of the paper.

Suppose that I' ~ (X, p) is an aperiodic p.m.p. action on a standard Borel prob-
ability space. For a countable Borel partition «, we denote by H( ) the Shannon
entropy of o
H(e) = ) —u(A)log u(A),
A€x

where we use the convention that 0log 0 = 0. Similarly, when {3 is a countable
Borel partition of X satisfying H(3) < co and J is a o-algebra of Borel sets, the
relative Shannon entropies are defined as

H(x|B) =H(axV ) —H(B)
H(x|F) = érc_lgH(ocl B),
where the infimum in the second line is over all finite partitions 3 C J.

Write o-alg.( o) for the smallest I'-invariant o-algebra containing «. For any col-
lection C of Borel susets of X and any I'-invariant o-algebra J of Borel sets, the
Rokhlin entropy hr(C | ) of C relative to J is defined to be the infimum of
H(«|J), as a ranges over all countable Borel partitions of X satisfying o-alg.(o)V
F DO € When F = {0, X} is trivial, we write hr(C) in place of hr(C | F). The
Rokhlin entropy of I' ~ (X, n), denoted hr(X, p), is defined to be hr(B(X)),
where B(X) is the Borel o-algebra of X.

Rokhlin entropy was introduced by the second author in 2019 [39] and is one
of two extensions of the classical Kolmogorov-Sinai entropy theory for actions
of countable amenable groups. Specifically, in the case that I' is amenable and
the action is free, Rokhlin entropy coincides with Kolmogorov-Sinai entropy
[2, Cor. 1.9]. The other extension of Kolmogorov—-Sinai entropy is sofic entropy,
which was introduced by Lewis Bowen in 2010 [8]. Although sofic entropy is
more practical to compute and has been studied in greater depth, we work with
Rokhlin entropy here because it has the advantage of being defined for actions of
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all countable groups (sofic entropy is defined only for actions of sofic groups).
Additionally, Rokhlin entropy is an upper bound to sofic entropy whenever the
latter is defined [2, Prop. 1.10] (see also [8, Prop. 5.3]), which means that the
proposition below automatically provides the optimal result for sofic entropy
as well.

Proposition 3.10. Let ' ~ (X, ) be a p.m.p. action on a standard Borel probability
space. If the action is e.c. and T is non-amenable, then hr(X, ) = 0.

Proof. Let (&, )neny be an increasing sequence of finite Borel partitions whose
union generates the entire Borel o-algebra on X. Since Rokhlin entropy is count-
ably subadditive [2, Corollary 1.5], we have

hr(X,w) < ) hr(e).

neN

Thus it suffices to show that hr(«) = 0 for every finite Borel partition « of X.

Fix a finite Borel partition « of X. Since I' is non-amenable, by a result of Bowen
[9] there exists a free p.m.p. action ' ~ (Y, v) with hr(Y,v) = 0 for which there
is a factor map ¢ : Y — X. Fix € > 0 and pick a countable Borel partition 3 of Y
satistying H(P) < € and o-alg.() = B(Y). Since ¢ () C o-alg.(f3) we have

0 =H(¢~ (o) | 0-alg;(B)) = inf H (qr‘(oc) Vo rs) :
F finite geF

where the second equality is a basic property of Shannon entropy (see [16,

Lemma 1.7.11]). So there is a finite set F C T’ with H(¢ ' () | Vyer9 - B) < e

Since I' ~ (X, 1) is existentially closed, there must exist a finite Borel partition

B’ of X satistying H(B') < e and H(« |/, g - B') < €. Consequently, by sub-

additivity of Rokhlin entropy,

he(o) < he(B") + hr(x | 0-algy(B)) < Hi(B') + H, (oc\ Vo B/) < 2e.

geF

As e was arbitrary, we conclude that hr(x) = 0. O

If I'is an amenable group and r € (0, +oo], then there exists a free p.m.p. action
of I' on a standard Borel probability space having Kolmogorov-Sinai entropy
equal to r (for instance, any Bernoulli shift over I' whose base space has Shan-
non entropy equal to ). Such an action would be e.c. since all free actions of
amenable groups are e.c. and it would have Rokhlin entropy r since Rokhlin
entropy and Kolmogorov-Sinai entropy coincide for free actions of amenable
groups [2, Corollary 1.9]. The assumption in the above proposition that I' be
non-amenable is therefore necessary.
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3.4. Cocycles on e.c. actions.

Lemma 3.11. Suppose that T A (X, ) is e.c. Then, for any finite group K, B'(a, K)
is dense in Z'(a, K).

Proof. LetY be the skew-product extension X x ;K. If ps : Y — K s the projection
map, then we have po(y- (x, k))po(x, k)' = o(y,x) for ally, x, and k. Thus, since
' (X, p)is e.c. forany finite F C I"and € > 0, there isa map p : X — K such

that

n{x e X : plyx)p(x)™" = o(y,x) forally € F}) > 1 — ¢,

proving the lemma. O

The above fact can be strengthened in the case where I" has property (T).

Corollary 3.12. If T has property (T), then for any e.c. action T ~¢ (X, u) and any
finite group K, we have H'(a, K) = 0.

Proof. For ergodic actions of property (T) groups, its known that B'(a,K) is
clopen in Z'(a, K) [38, Lemma 4.2] (alternatively see [18, Theorem 4.2]). If our
e.c. action were ergodic we could combine this with Lemma 3.11 and be done.
However, e.c. actions of property (T) groups are never ergodic, so we instead
adapt the proof of [18, Theorem 4.2] to the non-ergodic setting.

Since I" has property (T), there is a finite set F C I"and € > 0 such that for every
unitary representation 7t : I' — U(H) and every unit vector &, if [(7t(y) (&), &o)| >
1—e for every y € F then there is a I'-invariant unit vector & € H with ||£—&| <
1/16.

We claim that for every measurable '-invariant set Y C X of positive measure
and cocycles o, 3 : T x X — K satistying, for every y € F:

p({x € X:aly %) # By, x)}) < en(Y)

there is a measurable '-invariant set Z C Y and a measurable function f: Z — K
satisfying w(Z) > u(Y)/2 and «(y,x) = f(yx)B(y,x)f(x)"! for a.e. x € Z and
everyy €I

Assume for now that the claim holds. Set X, = () and inductively assume that
Xm has been defined for all m < n. If p({J,,.,, Xm) = 1 then the induction can
stop, but otherwise it proceeds as follows. By Lemma 3.11 B'(q, K) is dense in
Z'(a,X), so we can pick a cocycle 0,41 € B'(a, K) satisfying, for every y € F:

u(fx e X:o(y ) x) # on(y X)) <e- <X\ U Xm) :

m<n
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Since 0,41 is a coboundary, we can pick a measurable function h,;; : X — K
satisfying o, 1(v, %) = hny1(yx)hni1(x) 7! for a.e. x and every y. Next apply the
claim of the previous paragraph to Y = X'\ Um<n Xm, ®x = 0,and B = 0,41 to

obtain a '-invariant measurable set X, 1 C X\ Um <n Xm With

}'L(Xn+1) > %FL <X\ U Xm)

and a measurable function f,..; : X,.41 — K such that

O'(Y, X) = In+1 (YX) On+1 (Y) X)an (X)_l

for a.e. x € X471 and every vy € I'. Then the sets X,, will be pairwise disjoint
and their union will be conull and the function f : | J, X;, — K defined by f(x) =
fo(x)ha(x) for x € X, will satisfy o(y,x) = f(yx)f(x)~' for a.e. x and every v,
implying that o is a coboundary as desired.

We now prove the claim. Let Y, « and 3 be as described. Define an action of
FonY x Kbyy - (x,k) = (vx,aly,x)kB(y,x)7"). Set I = L*(Y x K, 771 ¥ ¢)
where c is the counting measure on K, and let t : ' — U(J) be the umtary
representation 7t(y)(n)(x, k) = n(y ' - (x,k)). Let & be the unit vector Ty, (e,
and observe that fory € F

[(7e(y) (&), Eo)| = p{x eY:aly ', x) =By, x)}) >1—e€.

u(Y)

It follows from our choice of F and e that there is a N'-invariant unit vector &
satisfying ||& — & < 1/16.

Define Z to be the set of x € Y for which there is a unique k € K maximizing
the value of |§(x, k)| and in this case, define f(x) to be that unique element of
K. Note that since ' (kg ﬂkek\{ko}{x €Y Ex k) < |&x,ko)|} and Z =

Uex ), both f and Z are measurable. The invariance of ¢ tells us that
E(yx, k) = 7ely (&) (x, aly, X)TkB (v, X)) = Elx, aly, x) kB (v, X)),

and since the map k € K — o[y, x) 'kB(y,x) is a permutation of K, we see that
Z is I invariant and that o(y,x) ' f(yx)B(y,x) = f(x) for all x € Z.

Finally, it only remains to check that p(Z) > p(Y)/2. Consider the sets

Dy = {XGYZ 1 —&(x, ex)|* > 411}

D, {XEY Z xk2>3—1}

keK\{ex}
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If x € Y\ (D;UD,) then [£(x, ex)I* > ; while 3, .y .., [E(x, K)I* < 3. So Y\ (DU
D,) C f'(ex) C Z. Since

1 1
WL (1&(MK)2+ % la(x’k)z) du = &~ &* < 7,

keK\{ek}
we have that u(D;) < p(Y)/4 and u(D;) < n(Y)/4 and therefore
w(Z) > p(Y\ (D1 UD3)) > u(Y)/2. O

The previous corollary can be extended to all groups at the expense of restricting
to e.c. actions which are ultraproducts.

Corollary 3.13. If ' % (X, w) is a family of actions and the nonprincipal ultraprod-
uct action T ~* (X, p) is e.c. then H'(a, K) = 0 for every finite group X.

This immediately follows from Lemma 3.11 and the following general observa-
tion below.

Lemma 3.14. Suppose that T ~° (X, u) is a nonprincipal ultraproduct action. Then
B'(a,K) is closed in Z'(a, K) for any finite group K.

Proof. Suppose that U is a nonprincipal ultrafilter on a set I, I' ~% (X, ;) is
a p.m.p. action for every i € 1, = [[y(Xi,mi) and a = [ ai. Leto:
I' x X — K belong to the closure of B (a, K) in Z'(a, K). Choose an increasing
sequence of finite sets W,, C I" with |, .y Wx = I' and for each n € N pick a
cocycle o, € B'(a, K) satisfying

WSy kASny k) <2 ™forally € W, and k € K,
where S, ={x € X:0o(y,x) =k}and S, x ={x € X: on(y,x) =k}.
For eachn € N, pick a measurable function f,, : X — Ksatisfying f,, (yx)f,(x)™' =

on(v,x) for a.e. x € X and every v € T. Choose measurable functions f, :
X; — K with f ( ) = [(f})7'(k)y for every k € K and define the cocycle

ol (v,x) = Fi (Y f (X)) Set S = {x € X : 0t (v,x) = K.

Choose measurable sets S}, C X; satisfying Sy = [S} ]y for all y € T and
k € K. Since U is nonprincipal, we can fix a function M : I — N satisfying
limy M (i) = co. For each i € I, define

m(i) = max{n < M(i) : wi(S},,  AS},) <27 forally € Wy and k € K},
Since for every n € Nwe have {i: M(i) > n} € U and
ASY ) = W(SnykASyx) <2 " forally € Wy and k € K,

neN

hm u’l(snyk

it is immediately seen that {i: m(i) > n} € U and thus lim; m(i) = occ.
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Since limy m(i) = oo and |J, Wy = T, we have that limy (S}, ;) ASS ) <
limy 2™+ = 0 for every y € I'and k € K. Therefore S, = N [S}nmmk]u

for all y € T and k € K. Consequently,

oy, xiu) = li&n oh (Y x1) = li{in Frn (YX) o ()7
and defining h([xily) = limy f;‘nm(xi) we have h : X — K is measurable and

o(yv,x) = h(yx)h(x)™' for a.e. x and all y € T. We conclude that ¢ € B'(a, K).
O

4. SPECIAL E.C. ACTIONS

In this section, we study when the profinite completion action is e.c. and when
there is a weakly mixing e.c. action. In the process, we prove a fact of indepen-
dent interest, namely that limit groups have Kechris” property MD.

4.1. Profinite completions. In [5], the authors show that the natural action of
a finitely generated free group F on its profinite completion f is an e.c. action.
In this section, we generalize this result to the largest class of groups for which
it could possibly hold.

First, recall that the profinite completion I of a countable residually finite group
I is the inverse limit of the finite groups /A as A varies over the normal finite-
index subgroups of I'. The profinite completion f" is a compact group and thus
admits a unique Haar probability measure y;. I naturally embeds into ' and
thus acting by left-translation yields an ergocdic p.m.p. action of " on (I, i17).
For each normal finite-index subgroup A < T, the closure A of A in " is a finite-
index clopen subgroup of I, and the partition €4 of " into its left A-cosets is
l-invariant (that is, I' permutes the cosets). Moreover, there is a decreasing
sequence A, of finite-index normal subgroups of I" such that the sequence C,
separates points.

An action I' ~* (X, u) is called profinite if there is a decreasing sequence of
finite I'-invariant measurable partitions of X which separate points. Following
Kechris [30], a residually finite group I is said to be MD if the set of profinite
actions of ' on (X, p) is dense in the space A (T} X, 1) of all actions of I'. The group
I'is said to have the a priori stronger property EMD if the set of ergodic profinite
actions of I' on (X, p) is dense in A (T} X, n). It is an open question whether or not
the two notions coincide for all groups, but by work of the third author ([40,
Corollary 4.7 and Theorem 4.10]), we have that they coincide for all groups
without property (T) and that they coincide for all groups if and only if property
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MD implies the negation of property (T). For examples and closure properties
of these (somewhat mysterious) classes of groups, see [13, Section 5].

Kechris [30, Propositions 4.2, 4.5, and 4.8] showed that a group I" has property
EMD precisely when its action on its profinite completion T" is locally universal
while it has property MD precisely when its action on I x [0, 1] is locally uni-
versal (where the action on the second coordinate is trivial). In this section, we
show that for these classes of groups, the associated actions are in fact existen-
tially closed. (Since being existentially closed implies being locally universal,
these results are optimal.)

Lemma 4.1. Let I" be a countable group and let A < T be a subgroup.

(1) If T has property MDD, then A\ has MD as well.
(2) IfT has property EMD and A has finite index in T', then /A has EMD as well.

Proof. (1) is observed in [30, Section 4]. Finally, (2) follows from (1) together
with the following facts: no group with property (T) can have property EMD
[30, Proposition 6]; for groups without property (T), EMD and MD are equiv-
alent [40, Corollary 4.7]; and, since A is a finite index subgroup of I', A has
property (T) if and only if I' does. O

The following is the main result of this section:

Theorem 4.2. Let T be a countable residually finite group and let (T, 1) denote the
profinite completion of T equipped with its normalized Haar probability measure. Fi-
nally, let A denote Lebesgue measure on [0, 1].

(1) IfT has property EMD, then the action T ~ (T, up) is existentially closed.
(2) IfT has property MD, then the action T ~ (I x [0, 1], up x A) is existentially
closed.

Proof. Incase (1),set (X, ) = (7, up) and in case (2), set (X, 1) = (f'x [0, 1], Hp X
A).

Let " ~ (Y,v) be a p.m.p. action and ¢ : Y — X a I'-equivariant factor map.
Alsoletp € Nand «: Y — p be measurable. Let S C T be finite with e € S and
let € > 0.

Let H,, be the intersection of all subgroups of I' having index at most n. Write
H,, for the closure of H, in T Let Bo,11 be the Borel o-algebra on [0, 1]. In case (1)
set A, = {yH, :y € T}and in case (2) set A, = {yH, x B:y €T, B € B}. Then
the A,’s are an increasing sequence of algebras whose union is dense in X. So
the stronger form of Proposition 3.6 says that its enough to consider partitions
of X which are A,.-measurable for some n.
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Fix n, set H = H,, and H = H,,. Pick a choice  : I/H — T of representatives
for the cosets of Hin I' with r(H) = e, and let p : (I/H) x I' = H be the cocycle
p(aH,y) = r(aH)yr(ayH)~". Define the finite set T = {r(aH) : a € T'}. In case
(1) weletq =1={0}and let 3 : X — q be the constant function, and in case (2)
weletq € Nandlet f : X — qbea{l' x B : B € B}-measurable map satisfying
1(B7'(j)) > O for every j € q. Note that f is 'invariant.

Fort € Tandj € q, set X{ = B 'j) Nt 'H € A,, and notice that these sets
partition X. Alsoset X; =t 'H = Uieq X]. By Proposition 3.6 we will be done if
we can find a measurable function & : X — p with the property that for every
nep’,jeq,andteT

u(ag' () N X}) — V(g (m) N~ (X))] < e.

Consider the functions s, t € T. We always have t - as(y) = os(t - y) since for
seS

—1

(t-as(y))(ts) = as(y)(s) = als™ -y) =als 't 't -y) = as(t-y)(ts).

Therefore for allt € T and 7 € p° we have t - ocg1 () = oct_s1 (t- 7). In particular,
for every j € q, we have

(2) t- (o5 (M N7 (X) = o (-7 N 67 (X)),
Similarly, sincee € S,fort € T,s € S,and y € Y, we have
aus(y)(ts) = (st - y) = a(r(tsH) ' p(tH,s) " - y)
= ouss (P(tH, 8) " - y) (r(tsH)).
So forevery t € T and j € g, we have

3) U e d T X) : oupsrs(p(tH, s) " - y)(r(tsH)) # ous(y)(ts)} = 0.

seS

Forj € q, let i denote the normalized restriction of t to X!, and similarly define
v; to be the normalized restriction of v to ¢ ' (X}). The profinite completion of H
is isomorphic to H and its normalized Haar probability measure pj coincides
with the normalized restriction of pp to H. Notice that in case (1) j € q can
only have value 0 and H ~ (X, ) is isomorphic to H ~ (H, ), and in case
(2) H ~ (X, ;) is isomorphic to H ~ (H x [0,1], up x A) for every j € q. It
follows from the assumptions of cases (1) and (2) and Lemma 4.1 that the action
H ~ (XL, u;) weakly contains all H-actions for every j € q. Consequently, we
can find measurable functions vy : X, — p® fort € T satisfying the following
two conditions. First, relative to each of the sets XL, the y;’s will have distribution
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in measure close to the «s’s, meaning that forallt € T,j € ¢, and 7t € p°, we
have

(4) W (y;‘ (t-m) N xg) — (oq; (t-m) N (xL)) ] < Hle/2.

Second, we control how the functions vy; relate to the action of H and demand,
in view of (3), that y;(D}) < [I': Hle/2forallt € T and j € q, where

D} = |Jix € X : v (p(tH, ) - %) (r(tsH)) # ve(x)(ts)).

seS

Define & : X — p by setting &(x) = vy.(t - x)(t) whent € T and x € X;. Notice
that when x € X} \ t' - D} we have t - &s(x) = y(t - x), since for any s € S we
have s™' - x € X;sn) and

(t-&s(x))(ts) = Gs(x)(s) = &(s™" - x) = Yoy (r(tsH)s ™" - x) (v(tsH))
= Vrtesr (P(tH, 8) 7't - %) (r(tsH))

and the final term above is equal to y(t - x)(ts) since t - x ¢ Di. It follows that
(5) (t- (65" X)) A (v (k- ) N XL) < DL

For 7t € p® and j € q, equation (2) implies that
V(o' (m) N7 (X)) = Vi (t-m) N~ (X))
and equation (5) implies
(8" () XD = by (- ) N X0)| < (DD = I H 'y (D)) <ce.
Since p; and v; are the normalized restrictions of p and v to X, and ¢ (X1),

respectively, and since u(X)) = v(¢p (X)), it follows from (4) and the above
two equations that

Vo () N &1 1)) — (s () N X < e,

We conclude that the action I' ~ (X, p) is existentially closed. O

Since the finitely generated free group I has property EMD (see [30, Theorem 1]
and, using different terminology, Bowen [7]), the previous theorem generalizes
[5, Theorems 6.7 and 6.18].

The following is a nice application of Theorem 4.2:

Proposition 4.3. Suppose that T" has a coamenable normal subgroup A such that T/A
is residually finite. Further suppose that A\ can be written as the increasing union of a
sequence (An)nen of subgroups such that:
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e Each A, has property MD;
o Each finite index subgroup of each /., is closed in the profinite topology on T

Then T has property MD.

Proof. Since each finite index subgroup of each A, is closed in the profinite
topology of T, the action of A, on " is isomorphic to the product of the action
of A, on /A\n with an identity action of A, so this action of A,, is existentially
closed by Theorem 4.2. Thus, the action of A on [ is existentially closed as well.
The action of T on T factors onto '/A, where A denotes the closure of A in .
Since I/A is residually finite, the action of [/A on I'/A is free. The action of T
on f* therefore satisfies the hypotheses of Theorem 5.18, hence it is existentially
closed. In particular, I" has property MD. O

A consequence of the previous proposition is the following, expanding the col-
lection of examples of groups known to have property MD:

Theorem 4.4. Limit groups have property MD.

Proof. Let T be a limit group. A result of Kochloukova[34, Corollary B] is that
I" has a free normal subgroup A such that /A is torsion-free nilpotent (and, in
particuar, residually finite). Write A as a union of an increasing sequence of
finitely generated free subgroups A,, whence each A, has property MD. By a
result of Wilton [43], limit groups are subgroup separable, meaning that each
finitely generated subgroup of I' is closed in the profinite topology of I'. In par-
ticular, each finite index subgroup of each A, is closed in the profinite topology
of I'. Hence I' has property MD by Proposition 4.3. 0

Remark 4.5. Theorem 4.4 implies that limit groups have property FD, the repre-
sentation theoretic analogue of MD introduced by Lubotzky and Shalom in [35]
(note that FD was introduced prior to MD). Property MD implies property FD
by [30], although the converse is open. Property FD for limit groups could also
be deduced from [34] and [43] by appealing to [35, Corollary 2.5]. While our
Proposition 4.3 is an analogue of [35, Corollary 2.5], its proof is conceptually a
bit different, since it makes critical use of existentially closed actions. One may
also give a somewhat ad hoc proof of Proposition 4.3, avoiding the use of exis-
tentially closed actions, that more closely parallels the proof of [35, Corollary
2.5], by using an approach similar to [11].

4.2. Weakly mixing e.c. actions. Recall that the p.m.p. actionT" ~* Xis weakly
mixing if the product action I' ~**¢ X x X is ergodic. It follows from [5, The-
orems 4.3 and 6.6] and [33] that there is a weakly mixing e.c. action of the free
group. In this subsection, we generalize this result to the case of any group
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without property (T) and in fact show that the “model-theoretically generic”
e.c. action (in a sense we make precise below) is weakly mixing. First, we need
the following result, which is somewhat implicit in Bergelson’s [6]:

Proposition 4.6. The action " ~ Xis weakly mixing if and only if: for any measurable
sets Aqy...,An,B1,...,By C Xand any e > 0, we have

Ny €T« [u(AiNYBy) — w(A)u(B)| < e} # 0.
i=1

Proof. First suppose that the action is weakly mixing. By [6, Theorem 4.7], each
set appearing in the above intersection is a central* subset of I'. Since the family
of central* subsets of I has the finite intersection property, we see that the above
intersection is nonempty.

Now suppose that the above condition holds. In order to show that the action is
weakly mixing, by [6, Exercise 21], it suffices to show: for any fy,..., f, € L3(X)
and any € > 0, we have

(v €T (Ui, )] < €} # 0.
i=1

Here, U, is the Koopman representation associated to the action and L3(X) is
the orthogonal complement of the subspace of L*(X) consisting of vectors of
integral 0. For each i = 1,...,n, take simple functions h;,...,h, € L*(X) such
that ||f; — hi||; < & for some sufficiently small § < /% so that

€
|<uyfia f1>| - ’(uyhmh1>| < g
foralli=1,...,nandally € T'. Write h; = Z]. cijla,;- Then

(Uyhy, hy) = Z CyiCic (YA N Ag).
ik
Fixn > 0 so thatn Zj’k lcijci] < § foralli = T1,...,n. By assumption, there is
v € I'such that [u(yAy N Ay) — w(Ay)u(Aw)| < n for each i, j, k. It follows that

10Uy R, M)l = | eqfinl Ay ulAudl| < Xy, e < . But

|

Consequently, for this y € I'and all i = 1,...,n, we have [(U,f;,f;)| < €, as
desired. u

2 2

€
<Ifi—haflf < 8% < 5.

3

Z CyjCuc (A ) (A )
ik

= U(ﬂ—m)
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The previous proposition shows that weak mixing can be written in an infinitary
first-order way of a particularly simple form. Recall that a V\/ 3-sentence is one
of the form sup_\/, .y ©n(X), where each ¢(x) is an existential formula. We call
a class C of models of T V\/ 3-axiomatizable if there is a collection o, of V\/ 3-
sentences such that, for all M = Tr, we have M € € if and only if M = o, for
eachn € N.

Corollary 4.7. The class of weakly mixing models of Tr is V'\/ 3-axiomatizable.

Proof. For each n, let o,, be the sentence

sup \/ max |u(x Nyy) — ulx)ulys)l

X1 yeeesX1yYTyeeyYn ver 1=l,...,

Then an action a is weakly mixing if and only if o3« =0 for alln € N. O

The following corollary uses the notion of an enforceable property, which is
a model-theoretic notion of genericity; a precise definition can be found in the
first author’s article [25].

Corollary 4.8. Suppose that T" is a group without property (T). Then being a weakly
mixing action is an enforceable property of actions of T.

Proof. By a result of Kerr and Pichot [33], since I does not have property (T),
there is a locally universal weakly mixing action of I'. Using this fact, Corollary
4.7, and [25, Proposition 2.6], the result follows. O

Since being e.c. is also an enforceable property ([25, Proposition 2.10]) and since
the conjunction of two enforceable properties is also enforceable, we get:

Corollary 4.9. Suppose that T is a group without property (T). Then there is an e.c.
weakly mixing action of T.

Note that if a group has property (T), then no locally universal action of it can
be weakly mixing (or even ergodic), whence the previous corollary is optimal.

5. GENERALITIES ON MODEL COMPANIONS OF MEAURE-PRESERVING ACTIONS

In this section, we establish a number of interesting general results on the exis-
tence of the model companion for Tr. A consequence of these results is that Tr
exists whenever I' is a universally free group, a fact we generalize later in Section
7. We conclude this section with an open mapping criterion for the existence of
the model companion for Tr.
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5.1. Definition of model companions.

Definition 5.1. We say that the model companion of T exists if there is a set
T of Lr-sentences such that, for all M, = Tr, we have M, = T if and only if
a is an e.c. action. In this case, there is a unique such theory T (up to logical
equivalence), which we denote by T;.

Remark 5.2. The model theorist will recognize that this is not the official defini-
tion of the model companion but is rather an equivalent reformulation (which
holds in our context since the theory Tr is V3-axiomatizable).

There is a useful test for when the model companion exists:

Fact 5.3. T} exists if and only if: whenever (M, )ic1 is a family of e.c. actions of I and
WU is an ultrafilter on 1, we have that | [, M, is also an e.c. action of T.

The proof of the previous fact hings on an abstract characterization of when a
class of structures in some language is the set of models of some theory, namely
when the class is closed under isomorphism, ultraproduct, and ultraroot (see,
for example, [3, Proposition 5.14]). In general, the class of e.c. structures is
closed under elementary substructures, whence the nontrivial closure condition
in the previous fact is that of being closed under ultraproducts.

As mentioned in the introduction, when I is amenable, T; exists and T; = Trfree.
By a recent result of Berenstein, Ibarlucia, and Henson [5], for any finitely gen-
erated free group F, we have that T; exists. We will generalize this fact in a
number of ways throughout this paper.

5.2. Model-theoretic shenanigans. In thissubsection, we establish some purely
model-theoretic results; these results will be applied in the next subsection to
the case of actions.

Definition 5.4. Suppose that L; C L, are languages, T, is an L,-theory, and T; :=
T,|L;, that is, the set of sentences in T, that are actually L;-sentences. We say that
the pair (T;, T;) has the:

e expansion property if, given any M = Ty, there is F(M) = T, such that
M C FM)|Ly;

e relative expansion property if, given any N = T, and M = T, with
NIL; € M, then there is G(M,N) = T, with M € G(M,N)|L; and N C
G(M,N).

Remark 5.5. In the notation of the previous definition, if L, is countable, then
a simple compactness argument implies that, to show that the pair (T;, T,) has
the (relative) expansion property, it suffices to consider only countable models.
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Remark 5.6. In the next section, we will suppose that A is a subgroup of I' and
work in the setting of the previous definition with L; := Ly, L, :== Ly, and T, :=
Tr, so that T} = Tp. We will then show that (T, Tr) has both the expansion
property and the relative expansion property.

Lemma 5.7. Suppose that the pair (Ty, T,) has both the expansion property and the
relative expansion property. Further suppose that both T, and T, have the amalgamation
property and that T, is V3-axiomatizable. Then if T, has a model companion, then so
does T;.

Remark 5.8. For the sake of simplicity, we carry out the proof of this lemma
as well as the two results that follow in the setting of classical (discrete) logic.
The case of continuous logic is no more difficult, just slightly more annoying to
write down.

Proof of Lemma 5.7. Fix a family (M, )i¢; of e.c. models of Ty and an ultrafilter U
onI. Set M = [[, M;. We wish to show that M is also an e.c. model of T;.
Fix M’ = Ty with M C M’, a quantifier-free L;-formula ¢(x,y), and elements
a; € M; such that M’ | dxe@(x,a), where a = (ai)y. We wish to show that
M E Ixe(x, a).

Since T; has the amalgamation property and M C M’ and M C I FIMY)IL,
we have Q = T; and embeddings i : M’ — Qand j : [[, F(Mi)IL — Q such
that i|M = j|M. Without loss of generality, we may assume that j is an mclusmn
mapping and so [ [, F(M;)|IL C Q. We then have R := G(Q,[[,F(Mi)) E T,
such that Q C G(Q, fR)II_1 and [ FM) € G(Q,R). For eacht el let fP ET
be e.c. with F(M;) C P; (which is p0551b1e since T, is V3-axiomatizable), so
[ [ F(M;) € P := [[ Pi. By assumption, P is also e.c. Since T, has the amal-
gamation property, we can find § = T, and embeddings b : G(Q,R) — 8 and
c:P—8sothat bl [, F(M;) =c|[ [ FIM

We are now ready to conclude: Since M’ = Ix@(x, a), we have that Q = Ix@(x, a)
and so G(Q,R) E Ixep(x,a) and so 8§ = Ixp(b(a)). Since P is e.c. and since
b(a) = c(a), we have that P |= Ix@(x, a). Consequently, for U-almost all i € I,
we have P; E Ix@(x, a;). Since M; C P;|L;, we have that M; = Ixe(x, a;) for
these i € I, and thus M E Ix@(x, a), as desired. O

Lemma 5.9. Suppose that (Ty,T,) has the relative expansion property. Then for any
e.c. model M of T,, we have that M|L; is an e.c. model of T;.

Proof. Take N |= Ty with M|L; € N and an existential L;-sentence o with param-
eters from M such that N = 0. We then have G(N, M) & o0 and M C G(N, M);
since M is e.c. then M [ o, as desired. O

Corollary 5.10. Suppose that T is an L-theory. Further suppose that there is an in-
creasing sequence (Ly)nen of sublanguages of L with L = J, . Ln such that (T,, T)
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has the relative expansion property for all n, where T,, := T|L,. Further suppose that
T, has a model companion for each .. Then T also has a model companion.

Proof. Fix a family (M )i of e.c. models of T and an ultrafilter U on I. Set M :=
[ [y M. Suppose that thereis M’ = T with M C M’ and an existential L-sentence
with parameters from M such that M’ = 0. We want to show M = o. Take
n € Nsuch that o is an L,-sentence. By Lemma 5.9, Mi|L,, is an e.c. model of T,
foreachi € [; since T, has a model companion, we have that [ [, (M;i|L,) isane.c.
model of T,,. Since [ [, (Mi|L,,) € M'|L,, we have that M|L,, = [ [,(Mi|L,)) = o,
as desired. O

5.3. Preservation properties for the existence of T;. The next two lemmas shows
that, for any subgroup A of I', the pair (T, Tr) has both the expansion property
and the relative expansion property.

Lemma 5.11. Let I be a group with subgroup A. Then the pair (T, Tr) has the expan-
sion property.

Proof. This is an immediate consequence of the existence of the coinduction pro-
cedure (see, for example, [31, Section 10(G)]). O

The following is a special case of Epstein’s construction of coinducing an action
from a subequivalence relation, see [28, Section 3].

Lemma 5.12. Let I be a group with subgroup A. Then the pair (T, Tr) has the relative
expansion property. More precisely, let T ~ (X, u) and A ~ (Y, V) be p.m.p. actions
on standard probability spaces and ¢ : Y — X a A-equivariant factor map. Then there
exists a p.m.p. action T ~ (Y,¥) and a A-equivariant map 7: Y — Y such that ¢ o 7t
is I'-equivariant.

Proof. Fix a choice of representatives r : /A — T for the cosets of A in I" with
1(A) = e, and define the c_ocycle p: Tx(T/A) — Aby p(y, aA) = r(yaA)yr(aA).
Define an action of 'on Y := Y"A by

(v-g)(aA) =p(y ', aA) gy ' aA).

Let v = [ v, du(x) be the disintegration of v with respect to ¢ (that is, x — vy
is the unique, up to agreement almost-everywhere, measurable function satis-
fying vx (¢ (x)) = 1 for p-almost-every x and v = [ v, du(x); see [22, Theorem

A.7]). Define
V= J H Vi(aA)—1x dH(X)a
X

aA€eT/A
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so a V-random point § of Y/* is obtained by choosing a p-random point x € X
and independently for each a/A € T/Aletting §(aA) be a v,(41)-1.x-tandom point

in Y. Clearly if 7 : YA — Y is the evaluation map n(§) = §(A), then 7 is
measure-preserving, and it is also A-equivariant since

A-g) = A-G)(A) =p(A, A)TG(A) = AG(A) = An().

Also, for v-almost-every §j € Y/ thereisx € X satisfying ¢(g(aA)) = r(aA)"x
for every aA € T/A, and in this case
doml(y-g) =y -g)(A)
= dlp(y ", A) 'Y A
=p(y ,A)TO(GYA)
=p(y \A) YA x

=1(A)y-x
=v-X
=v-¢omn(y).

Thus ¢ o 7 is I-equivariant on a v-conull subset of Y72,

To finish the proof, it only remains to check that the measure Vv is '-invariant.
First notice that uniqueness of measure disintegration and the A-invariance of
pand v imply that v (A - E) = v,-1,(E) for every A € A, every measurable set
E C Y, and p-almost-every x € X. Now consider any collection of measurable
sets Eqn C Y for aA € T/A, set E = [Tirern Ean € Y”7, and let y € T. Notice
that

v-E= J] oy, aN) "Ey 1

aA€eT/A

We then have

Yy-B) = J] vearxe(y ™, aA)TE10n) du(x)
X

aAEl/A
= H Voiy-1,aA)r(an) 1 x (Ey-1an) dp(x)
IX aAe/A
= H Viy-Tan)Ty-Tx(Ey-1an) dpt(x)
IX aAe/A

= H Vr(y*‘a/\)*‘-x(l:—y*‘a/\) dH(X)
X

aA€T/A



E.C. PM.P. ACTIONS OF APPROXIMATELY TREEABLE GROUPS 35

:JX H Vr(a/\)—‘-x(Ea/\) dl«L(X)

aA€T/A
= \_/(E%

where for the third-to-last equality we use the I'-invariance of p, and for the
second-to-last equality we use the fact that left-multiplication by y~' permutes
the set [/A. Since every measurable set can be approximated in v-measure by
sets that are finite disjoint unions of sets of the above form, it follows that v is
indeed IN-invariant. O

Since both Tr and T, have the amalgamation property (as witnessed by the ex-
istence of relatively independent joinings-see Lemma 5.23 below) and are V3-
axiomatizable, Lemmas 5.7, 5.11, and 5.12 allow us to conclude:

Corollary 5.13. The property of Tr having a model companion is inherited by sub-
groups: if A is a subgroup of I' and Tj* exists, then so does T.

Lemmas 5.9 and 5.12 imply:

Corollary 5.14. If ' ~ (X, ) is an e.c. action and A < T is a subgroup, then the
restricted action A ~ (X, u) is e.c. as well.

Corollary 5.10 and Lemma 5.12 imply:

Corollary 5.15. The property of Tr having a model companion is a local property of
groups: if I" is a group such that T exists for every finitely generated subgroup A of T,
then T} also exists.

The following corollary is an immediate consequence of Corollary 5.10; it was
stated in the introduction of [5]:

Corollary 5.16. If F, is the free group on a countably infinite set of generators, then
Tg  exists.

Note that it is unclear if having a model companion is closed under quotients.
Indeed, by the previous corollary, if it is closed under quotients, then T3 exists
for all countable groups T

5.4. Coamenable subgroups. Itis currently unknown if the class of groups for
which T7 exists is closed under extensions, that is to say: if I' is a countable group
with normal subgroup A for which both T} and Ty, exists, must Ty necessarily
exist. In this subsection, we show that this is the case if we assume that A is a
co-amenable normal subgroup of T', that is to say I'/A is amenable.
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Below, when A is a normal subgroup of I', we say that I' ~ (X, 1) weakly con-
tains a free p.m.p. action of I'/A to mean that this action weakly contains some
action I' ~ (Y,v) such that every point in Y has stabilizer A. In this case we
can always choose (Y,V) to be a standard Borel probability space since weak
containment is transitive and every free p.m.p. action of I'/A weakly contains a
Bernoulli shift action of T/A [1].

The following is a consequence of the Ornstein-Weiss quasitiling lemma:

Lemma 5.17. Suppose that A is a normal co-amenable subgroup of I' and that T ~°
(X, w) is a p.m.p. action that weakly contains a free p.m.p. action of T/A. Then for every
finite S C T'with e € S and every € > 0, there is a measurable map c : X — T/A having
finite image such that u(X') > 1 — e, where

X' ={xeX:cs' -x)= c(x)s forall s € S}.

Proof. Let (Y, V) be a standard Borel probability space and I' ~° (Y, v) an action
that is weakly contained in the action I' ~ (X, p) and has the property that every
Y € Y has stabilizer A. Since I'/A is amenable, the orbit equivalence relation

B ={yy y:iyeY,verl
must be v-hyperfinite [36], meaning there is a sequence of Borel equivalence
relations E, C E} such that each class of each E, is finite, E, C E,,; for all
n, and |J, E, coincides with EX on a T-invariant conull set. Set F = E, for a
sufficiently large value of n so that the set

Y ={yeY:(y,s'-y)c€Fforalls c S}

has measure greater than 1 — €. Since F is a Borel equivalence relation whose
classes are all finite, there exists a Borel set D C Y that contains precisely one
point from every F-class [29, Thm 12.16]. Let d : Y — T/A be the function that
sends y € Y to the A-coset YA for any (equivalently every) y € T satisfying
vy € D and (y,vy) € F. We observe that d is measurable since for every y € I’
the set of y € Y satisfying y F y - y is equal to the Borel set (id x b(y))™"(F).
It is immediate from these definitions that the set of y € Y satisfying d(s™' -
y) = d(y)s for all s € S is precisely Y’ and thus has measure larger than 1T —
€. Finally, since the map d is described by the countable measurable partition
{d7(yA) : YA € T/A} and the translated maps d(s™'-), s € S, are described
by the S-translates of that partition, the fact that ' ~ (X, 1) weakly contains
I' ~ (Y,v) immediately implies that a function ¢ : X — I/A with the desired
property exists. [

Theorem 5.18. Let I be a countable group and A a normal co-amenable subgroup of
I IfT ~ (X, W) is a p.m.p. action that weakly contains a free p.m.p. action of T/\ and
if the restricted action A ~ (X, W) is existentially closed, then the action ' ~ (X, p) is
existentially closed.
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Proof. We use the criterion for being e.c. established in Proposition 3.6 (and use
the notation established right before the statement of that proposition). Let
I~ (Y,v) be a p.m.p. action and let ¢ : Y — X be a I'-equivariant factor map.
Fixp,qg e N, x:Y — pand 3 : X = q measurable maps, S C T be finite with
e € S,and € > 0. Fix a choice r : T/A — T of representatives for the cosets of A
inT and let p : (T/A) x T — A be the cocycle p(aA,y) = r(aA)yr(ayA)~.

By applying Lemma 5.17 and composing with the function r, we obtain a mea-
surable map c : X — 7(I//A) having finite image and satisfying u(X') > 1 — 35,
where

X' ={xeX:c(s" x)=r(c(x)sA) forall s € S}.

Define the finite set W = c¢(X) C 7(I/A) C T and for w € W set X,, = ¢~ (w).
Alsoset W/ = {w € W : X,, N X’ # &} and notice that whenever w € W’ and
s € S, we have r(wsA) € W since r(wsA) = c(s™' - x) whenever x € X,, N X".

Now consider the functions «,,s for w € W. We observe that we always have
w - as(y) = ans(w - y) since for s € S, we have

1 1

(W as(y))(ws) = as(y)(s) = als™ - y) = als™w'w - y) = aws(w - y)(ws).

Therefore for all w € W and 7 € p%, we have w - o<5_1 () = o L(w - 7). In

wS
particular, we have

(6) w (06" (M N7 (X)) = 0w ) Nw - b7 (X).

Similarly, since e € S, forw € W/, s € §,and y € Y we have

otws (y) (ws) = afs'w!

y) = alr(wsA) Tp(wA,s) " - y)

- O(fr(ws/\)S(p(WA> S)_] . U)(r(WSA))
So for every w € W/, we have
) J{Y €Y trpusns (0WA, 817 - y)(r(wsA)) £ ctys (y) (ws)} = 0.

seS

Since A ~ (X, p) is existentially closed, we can find measurable functions v,, :
w- X,, — p"® for w € W satisfying the following two conditions. First, relative
to each of the sets w - (B~'(j) N X,,), the v,,’s will have identical distribution in
measure to the functions «,,s, meaning that forallw € W, j € q,and t € pS,
we have

®) w(vw-mnw-BG)) =v(ogkw-m N e w- BTG Nw-X.).

(We point out that taking an intersection with w-X,, on the left would be redun-
dant since the domain of (vy,,) isw - X,,). Second, we control how the functions
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Yw relate to the action of A and demand, in view of (7), that u(D,,) < for

allw € W/, where
Dy = U {x € w-Xu : Yriwsa) (P(WA, s)7'ox)(r(wsA)) # Yw(x)(ws)}.

seS

ZIW\

Define & : X — p by setting &(x) = yw(w - x)(w) whenw € W and x € X,,.
Notice that when x € (X,, \w™' - D,,) N X', we have w - &s(x) = Y, (W - x), since
forany s € S, we have s7' - x € X;(us) since x € X’ and therefore
(w - &s(x))(ws) = &s(x)(s) = &(s™" - x) = YVapsr) (F(WsA)s ™" - x)(r(WsA))
:Yr(ws/\)(p(W/\ S) w - X)( (WS/\))

and the final term above is equal to v,,(w - x)(ws) since w - x € D,,. As we
additionally have that X,, N X’ = () when w € W\ W/, we conclude that for all
w € W, we have

(9) (w- (& () mxw))A(y;v‘(w-n) ﬂw~XW> C D Uw- (X \ X).

Form € p>andj € q, equation (6) implies that

(10)  v(og'(mM N = > viegtw-mnw- o' (B () N X))
wew

and equation (9) implies

(11) (e (M NB () = D ulyy (wemnw- (B7() N X))

wew

< €.

Since the sums over w € Win (10) and (11) are equal by (8), it follows that

Vi (M) N b (B(5))) — mlas' (m) N RT(G))] < e.
We conclude that the action I' ~ (X, p) is existentially closed. OJ

Corollary 5.19. Suppose that T is a group containing a normal coamenable subgroup
A for which Ty exists. Then T} exists as well.

Proof. Let (Mg, )ic1 be a family of e.c. models of Tr and fix an ultrafilter U on [; it
suffices to show that M, = [ [, M, is also an e.c. model of Tr. For each i € I,
let My, := Mg, |Lar = Ta denote the restricted action and set My, := [ [, My, =
Mq|LA. By Corollary 5.14, each M,, is an e.c. model of T,. Since T exists, My, is
also an e.c. model of T,. Since each M, is e.c. itis also locally universal, whence
so is M. By Theorem 5.18, M, is e.c. as desired. O

Remark 5.20. Under the assumptions of the previous corollary, the axioms for
Ty are the axioms for T} together with the axioms for Tpmax-
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Recall from the introduction that a group I is universally free if it embeds into
an ultrapower of a free group.

Corollary 5.21. Suppose that T is a universally free group. Then T} exists.

Proof. By Corollary 5.15, we may assume that I is finitely generated, that is, that
I" is a limit group. By the aforemtnioned result of Kochloukova [34], T has a
normal coamenable (not necessarily finitely generated) free subgroup A. By
Corollary 5.16, T} exists. Thus, by Corollary 5.19, we have that T; exists. O

5.5. An open mapping characterization for the existence of T3. In this subsec-
tion, we give an ergodic-theoretic characterization of the existence of T;, which
also yields axioms for the model companion when it exists. First, we need a few
preparatory lemmas.

Lemma 5.22. Foreveryn € N, let ' ~ (Xy,, 1n) be a p.m.p. action. Then there exists
ap.m.p. action T' ~ (X, ) which is e.c. and which factors onto I' ~ (Xy, 1y for every
n

Proof. Let ' ~ (Y,v) be any pmp action factoring onto each ' ~ (X, un) and
then let ' ~ (X, u) be an e.c. action factoring onto I' ~ (Y, v). O

Lemma 5.23. Let ' ~ (X, ) and ' ~ (Y,v) be p.m.p. actions that both factor onto
the p.m.p. action T ~ (Z,m) via the factor maps & and P, respectively. If (Z,7) is
a standard probability space then there is a T-invariant measure A on X x Y having
marginals won X and v on Y, respectively, and satisfying &(x) = P(y) for A-almost-
every (x,y) € X X Y.

Proof. For each set A € By denote by fo the Radon-Nikodym derivative of the
measure C € Bz — p(A N ¢'(C)) with respect to n, and similarly for B € By
define gg to be the Radon—-Nikodym derivative of C — v(B N {p~"(C)) with
respect to 1.

Define a function A on the set of all measurable rectangles A x B (A € By,
B e By) by

A(A x B) :JfA - gg dn.

Suppose that A x B is the disjoint union of A,, x By, n € N. Since (Z,n) is
standard, we can pick countably generated o-algebras x C By and Xy C By
containing ¢ ' (Bz) and P~ (B), respectively, with A,, € Zx and B,, € Zy forall
n. Disintegrate u [ x with respect to ¢ and v [ Zy with respect to 1 to obtain
almost-everywhere unique measurable maps z — p, and z — v,, where p, and
v, are probability measures on Zx and Ly respectively, satisfying ,(¢ ' (z)) =
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1 = v,(1}7'(z)) for n-almost everyz € Z, u | Lx = fz wdnand v | Ly =
J;v. dn. Then for A’ € Zx we have

juz(A') dedn=pA' N (C)) = JfA/ e dn

for all C € B; and therefore fa/(z) = p,(A’) for a.e. z. Similarly gg/(z) = v,(B’)
for every B’ € Xy and a.e. z. It follows that the function A and the measure
| 1. x v, dn coincide when restricted to measurable rectangles in Zx x Xy and
therefore ) . . A(An x By) =A(A x B).

The previous paragraph shows that A is a probability premeasure on the algebra
of finite unions of measurable rectangles, so by Caratheodory’s theorem A has a
unique extension to a probability measure on Bx x By. Since A is I'-invariant it
follows from the uniqueness of the extension that it must be I'-invariant as well.
Moreover, it is immediately seen that this extension, which we denote by A as
well, has marginals . and v on X and Y respectively.

Lastly, since Z is standard we have that Z x Z\{(z,z) : z € Z}is a countable union
of measurable rectangles. Since every measurable rectangle C x D C Z x Z that
is disjoint with the diagonal satisfies

M x ) '(Cx D)) = | Tc+Tp dn=n(CND) =0,
z
we conclude that ¢(x) = P(y) for A-almost-every (x,y). O

)
Lemma 5.24. Let (I' ~ (Xi, i) )ier be a collection of p.m.p. actions, let U be an ultra-
filter on 1, let T~ [ [, (X, 1) be the ultraproduct action, and let q € N.

(1) Given any measurable map « : [ [ Xi — q, there exist measurable maps o' :
Xi — q such that o([xiJy) = limy_y &' (xi) for almost-every [xily € [, Xi.
(2) If & : Xi — q is measurable for each i € Iand o : [ [ Xi — q is defined by
oo [xily) = limy_ ot (xy), then
(a) ois measurable,
(b) or(Ixilu) = lim;_yy ocir([xi]u) for every [xily € [ [y Xi, and
(0) Cotr) (T Ty 1) = limiue(odt ). (k).

Proof. (1). Since « is measurable, for each k € q — 1 there is a collection of
measurable sets A} C X; such that o' (k) = [AL]y up to a [ ], ni-null set. Define
«': X; = q by
o) = k if k € q—1isleast with x € A}
Clq—1 ifxgA U UAL .
Then «' is measurable and it is easy to check by induction on k € ¢ that for
almost-every [xily € o' (k) we have oc([xily) = lim;_y oct(x1).
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(2). It is immediate that o is measurable since o' (k) = [(o) ™' (k)]y. Also, for
every v € ' we have

or(xih) (v) = a(y ™

Baly) = o[y xihe) = Tim o' (") = lim o (x:) (v).
This establishes (a) and (b). Next consider any clopen set C C ¢'. For every
[xiu € [ Xi we have that ar([xily) = lim;_y ok (xi) belongs to C if and only
if (since C is both open and closed) {i € I : og}(xi) € C} € U, or equivalently
[xilu € [(«}) ' (C)ly. Therefore (ar)~"(C) = [(af) " (C)ly and

(xr). Hw ) = lim (o). (1) (C).

Since lim; (o)« (i) is a probability measure on ¢" and all Borel probability
measures on (" are uniquely determined by their values on clopen sets, (c)
follows. .

We now prove a lemma providing an ergodic-theoretic characterization of e.c.
factor maps. To state it, given any q € N, we let Probr(q") denote the set of prob-
ability measures on " preserved by the natural action of ' on q". Given another
integer p, we let Probr(q" x p") have the analogous meaning. We view each of
these spaces as equipped with their weak*-topologies. We alsolet7t: ¢" x p" —
q" denote the canonical projection map, which induces a push-forward map
7, : Probr(q" x p") — Probr(q").

Lemma 5.25. TheactionT" ~* (X, ) is e.c. if and only if: forany p, q € N, any weak*-
open subset U of Probr(q" x p"), and any B : X — q for which (Br).(n) € m.(U),
there isy : X — p such that (B X v)r).(pn) € W

Proof. First suppose that ' ~¢ (X, u) is e.c. Take a weak*-open subset U of
Probr(q" x p") and a function B : X — q for which (Br).(pn) € m.(U). By
assumption, there is A € U such that 7, (A) = (Br).(p). By Lemma 5.23, there is
a l'-invariant probability measure w on X x q" x p" that has marginal L on X and
Aon q" x p" and satisfies Br(x) = y for w-almost-every (x,y,z) € X x q" x p'.
By assumption, the factor map given by the projection ¢ : X x q" x p" — Xis
e.c. and we have that (((B o ¢) X &)r),w = A € U, where x : X x " xp" — p
is the map «(x,y,z) = z(e). Therefore the desired vy is obtained by applying
Proposition 3.6 with this « together with a finite set S C I" and an € > 0 that are
suitable for ensuring membership in the open set U containing A.

We now prove the converse. Towards this end, fix a factor map ¢ : Y — X; we
wish to show that this map is e.c. using the criterion of Proposition 3.6. We thus
take measurable maps 3 : X — qandy: Y — p, finite S C T, and € > 0. Note
then that ((B o ¢)r x yr).(v) € Probr(q" x p") and that S and € determine an
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open neighborhood U of this measure. Moreover,

(Br)s(k) = (7)< ((B o d)r X yr)u(v) € m.(U).

By hypothesis, there is ¥ : X — p such that (( x ¥)r).(n) € U, which verifies
the criterion of Proposition 3.6. O

The following theorem is the main result of this subsection and offers an ergodic-
theoretic characterization of the existence of T;.

Theorem 5.26. T3 exists if and only if for every p,q € N, the push-forward map
7. : Probr(q" x p") — Probr(q") is an open map with respect to the weak* topologies.

Proof. (=) Fixq,p € Nandletn: q" xp" — g be the projection map. Consider
any measure A € Probr(q" x p") and any weak* neighborhood W C Probr(q" x
p") of A. Set v = 7, (A) and consider any sequence v,, € Probr(q") that converges
weak”* to v and a nonprincipal ultrafilter U on N. It will suffice to show that

meN:v, e, (W)}el.

By Lemma 5.22, we may take an e.c. action I' ~ (X, p) having the property that
it factors onto I' ~ (q", v,,) for every n € N. For each n € N, pick a measurable
map «™ : X — ( satisfying (of).(n) = v,. Consider the ultrapower action
' ~ (X, )y and define o : Xy — q by setting o([xn]y) = limy «™(x,,). Then « is
measurable and (or), (1) = V.

Apply Lemma 5.23 to get a l'-invariant probability measure w on Xy x q" xp" that
has marginal p, on Xy, marginal A on q" xp", and satisfies o (x) = 7t(y, z) for w-
a.e. (x,y,z) € Xy x q" xp". Define & and  on X x q" x p" by setting &(x,y,z) =
«(x) € qand B(x,y,z) = z(e) € p. By our choice of w, we have that &r(x,y,z) =
or(x) is equal to y almost-everywhere. Therefore (o x Br)(xvy,z) = (y,z)
almost-everywhere and hence (& x Br).(w) =\ € W.

Since T exists, the action I' ~ (X, p)y is e.c. Consequently, based on the last sen-
tence of the previous paragraph, there must exist a measurable map 3 : Xy — p
satisfying (or x PBr).(m) € W. Let f* : X — p be a sequence of measur-
able maps satisfying (([xn]y) = limy f"(x,). Then we have (x x B)([xn]y) =
limy (ot (X0 ), Pn(xn)) and therefore

tim (et x BR). (1) = (e x Br). () € W,

Applying 7, to both sides we obtain {n € N: v, € m. (W)} € U as claimed.

(&) Assuming the open mapping condition, we see that the characterization of
being e.c. in the previous lemma is first-order. Indeed, first note that it suffices to
assume that U is a basic open subset of Probr(q" x p"). Second, by assumption,
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7. (U) is an open subset of Probr(q"), and it then suffices to consider basic open
subsets of Probr(q") contained in 7, (U). O

Remark 5.27. As explained in the proof of the previous theorem, the character-
ization for being e.c. given in Lemma 5.25 does indeed yield an axiomatization
of T when it exists.

6. A CONCRETE AXIOMATIZATION

In this section, we show that, for strongly treeable groups, the model companion
T exists and has a concrete set of axioms that are ergodic-theoretic in nature.
We additionally obtain the same result for treeable groups but with axioms that,
while still ergodic-theoretic in nature, are slightly less concrete.

Our axioms for the model companion will rely on two properties we introduce:
the definable cocycle property and the extension-MD property. These proper-
ties are discussed in the first two subsections below, and in the third subsection
we will describe the concrete axiomatization. Lastly, in the final three subsec-
tions of this section we will verify that these two properties hold for suitable
actions of (strongly) treeable groups.

6.1. Model companions and the definable cocycle property. Building upon
our observations about cocycles for e.c. actions in Subsection 3.4 (specifically
Lemma 3.11), we first note that the mere existence of the model companion
immediately yields a remarkable feature of cochains mapping to finite groups
that are close to satisfying the conditions for being a cocycle. If such cochains are
said to be “almost-cocycles,” then the next result says that if the model compan-
ion exists, then every almost-cocycle is near an actual cocycle in some extension
(equivalently, it is near a coboundary in some extension).

Proposition 6.1. Suppose that T} exists. Then for every € > 0, finite set S C T, and
finite group K, there is & > 0 such that, for all actions ' ~* (X, u) and measurable
maps o : T x X — K, if Cocy, *(Bs) < 8, then there is an action T ~ (Y, V), a factor
map ¢ : Y — X, and a measurable map « : Y — K such that

v{{y €Y : «(sy) = o(s,d(y))x(y) for every s € S}) > 1 —e.

Proof. Suppose, towards a contradiction, that the above condition does not hold
for some ¢, S and K. For eachn € N, take a p.m.p. action ' ~** (X,, un) and a
map oy, : T'x X, — K such that Cocyy " (B, ) < 1 and yet, for every extension Y
of X,y and o : Y — K, the set of y satisfying (sy) = on(s, d(y))x(y) forall s € S
has measure at most 1 — €. For each n € N, take an e.c. action ' A% (Z,,, 1)
that factors onto I' ~%" (X, 1y), say via the map ¢,. Let U be a nonprincipal
ultrafilter on N and write I' ~A? (Z,n) for the ultraproduct of the actions I' A~
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(Zn,Mn). Define 0 : T x Z — K by setting 07" (k) := [, o (0,);" (k)]y for each
k € K. Then Cocy,™(B,) = 0 and therefore o is a cocycle for the ultraproduct
action ' ~° Z. Since T exists, ' A" (Z,n) is e.c. whence Lemma 3.11 implies
that there is a measurable map « : Z — K such that the measure of the set of z
with «(sz) = o(s,z)x(z) forall s € S has measure strictly greater than 1—e. Pick
a sequence of maps «, : Z, — K such that « is the ultralimit of the «,’s, that
is, that o' (k) = [ ' (k)] for all k € K. It follows that there is n € N such that
the set of z € Z,, satisfying x,,(sz) = on(s, dn(z))xn(z) for all s € S has measure
greater than 1 — ¢, contradicting the choice of the action '~ (X, py). O

The above proposition provides the impetus for a new definition, something
we call the definable cocycle property. This property will be used to ensure that
statements about cocycles mapping into finite groups are actually first-order,
contributing part of our concrete axiomatization of the model companion. We
first note some equivalences.

Lemma 6.2. Let I be a countable group, K a finite group, and fix an Ly-theory T ex-
tending Tr (such as Tr itself, Trtree, Trmax, OF T7). Let p1 and p; be metrics on C'(T; K")
and C*(T, K") respectively that are compatible with their product topologies. Then the
following are equivalent:

(1) Forany e > 0, thereisa § > 0 so that, for any M, = T and any B € MI*¥, if
Cocyy “(B) < 9, then there is a cocycle o of a such that d(B,B,) < €

(2) Forany e > 0, there is & > 0 so that, for any action ' ~* (X, n) with My = T
and any equivariant measurable map ¢ : X — C'(I;X"), if

Jpz(ac( ), ecanr)) it < 6,

then there is a measurable equivariant map z : X — Z'(T; K") such that

JPMC(X),Z(X)) du < e.

(3) Forany family (Mg, )ic1 of models of T and any ultrafilter U on 1, setting M :=

[Ty Ma,, we have Z(Cocyy') = [ Ty Z( CochKV[“i ).
(4) For any T-formula ®(x,y), with x ranging over sort M'*X, the T-functors
SUPRc7(Cocy, ) ®(B,y) and infgez(cocy,) ©(B,y) are T-formulae again.

Proof. The equivalence of (1) and (2) is immediate from the definitions. The
equivalence of (1), (3) and (4) is a special case of [24, Theorem 2.13]. Note
that in [24, Theorem 2.13], there was no cardinality restriction on the index set
(recall Convention 2.2 above); however, for separable theories (such as the T
considered here), it is an artifact of the proof that one only needs to assume the
preservation under countable ultraproducts. O
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Note that condition (3) of the previous lemma is equivalent to the following;:
given any family (I' ~% (Xj, 1))ier of models of T and any ultrafilter U on I,
setting I' ¢ (X, u) to be the ultraproduct action, if o : I' x X — K is a cocycle,
then there are cocycles o' : T'x X; — K such that o' (k) = [(0%) " (k)] forall y €
I'and k € K. In other words, if we let o' : T x X — K denote the corresponding
ultraproduct cocycle, that is, the cocycle of the ultraproduct action given by the
formula (oy),'(k) == [(0})""(K)]y for all y € T'and k € K, then condition (2)
states that every cocycle of the product action is an ultraproduct cocyle.

When the equivalent conditions of Lemma 6.2 hold, we say that Cocy, is a T-
definable set. If Cocy, is a T-definable set for all finite groups K, then we say
that T has the definable cocycle property.

Corollary 6.3. Suppose that T; exists. Then T; has the definable cocycle property.

Proof. This follows immediately from Proposition 6.1 and the definition of e.c.
action. 0

We will soon establish that Tr¢ree (resp. Trmax) has the definable cocycle property
when I' is strongly treeable (resp. I'is treeable). For now we make the following
simple observation:

Lemma 6.4. If F is any free group, then Ty has the definable cocycle property.

Proof. We verify condition (3) of Lemma 6.2. Suppose that ' ~¢ X is the ultra-
product of the actions F ~“ X; and suppose that o : F x X — K is a cocycle for
a. If S is a free generating set for I, then for each s € S and k € K, we can write
Tsx(Bs) = [Xisxlu, where, for eachi € Tand s € S, (Xisx)kek is a measurable
partition of X;. If we define 050 : S x X; — K by setting oi(s,x) := k when
X € Xisx then oy extends uniquely to a cocycle o; : F x X; — K in such a way
that [o3]y = 0. O

6.2. Finite-to-one extensions and the extension-MD property. In the last sub-
section, we observed that when T has the definable cocycle property, the K-
valued cocycles form a definable set. We also know that cocycles to finite groups
correspond to finite-to-one extensions (via the skew product construction and
Rokhlin’s skew product theorem). This leads us to consider the nature of finite-
to-one extensions and their relationship with e.c. actions. We start with the fol-
lowing theorem, which characterizes those actions that are e.c. for finite-to-one
extensions.

Theorem 6.5. An action I' ~ (X, ) is e.c. for finite-to-one extensions if and only if:
for every integer K, every cocycle o : I x X — Sym(k), every finite set F C T, every
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€ > 0, every integer q, and every map 3 : X — q, there exists a map « : X — k such
that:

(1) o is the normalized counting measure on k.
(2) ais e-independent with (3, that is, for all i < k and all j < q, we have

(e (1) N BG)) — (e (DB ()] <.
(3) nu({x € X : x(fx) = o(f,x)(x(x)) for every f € F}) > 1 —e.

Proof. First assume that I' ~ (X, p) is e.c. for finite-to-one extensions and fix k,
o, F, €, q,and 3 as above. Let uy denote the normalized counting measure on k
and let (Y, v) = (Xx¢k, uxuy) be the skew-product extension of I' ~ (X, p) with
respectto 0. Let ¢ : Y — Xand & : Y — k be the coordinate projection maps.
Notice that &,v = uy and that & is independent with 3 o ¢. Also notice that
&(f-y) = o(f,d(y))(&(y)) for every f € Fand y € Y, or equivalently, writing
Sir={x e X:o(f,x) =1},

v=UJN U & & (Sr) NE & (T(A)).

iek feF 1eSym(k

Since the action of ' ~ (X, u) is e.c. for finite-to-one extensions, there exists a
map o : X — k such that o, 1 is as close to uy as desired, « is (e/2)-independent
with 3, and the set

Uﬂ U ﬂsf’tmfi a (T(l)))

i€k feF teSym(k

thatis, thesetof x € X sat1sfy1ng (fx) = o(f,x)(x(x)) for all f € F, has measure
greater than 1 — (e/2). If we choose « so that .t is sufficiently close to uy, then
we can perturb « so as to satisfy items (1)-(3) above.

Now assume that I' ~ (X, u) satisfies items (1)-(3) for any choice of k, o, F,
€, q, and {3 as in the statement of the proposition. We show that I' ~ (X, u)
is e.c. for finite-to-one extensions. By the Rohklin skew-product theorem and
the ergodic decomposition, it suffices to show that I' ~ (X, p) is e.c. for skew-
product extensions associated with finite groups. Thus, fix a cocycle o : ' x
X — Sym(k), let ux be normalized counting measure on k, and consider the
associated skew-product extension (Y, v) = (X x4 k, i x uy). We wish to show
that the projection map ¢ : Y — Xise.c. Letp,q € N, lety : Y — p and
 : X = q be measurable maps, let € > 0, and let F C T be finite. Our goal is to
find a measurable map ¥ : X — p satisfying

(12) @ () N BTG — vy (M N (BTG < e

for all T € pF and all j € q.
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For t € pFand i € k, let D, ; be the set of x € X satisfying y¢(x,1) = . Then

(13) viye' (M ne! Zk 1(Dri N B ().

iek

By our assumption on the action I' ~ (X, ), we can pick a measurable map
o : X — k satisfying u(A) > 1— 5, where

A={xeX:VfeFa(f'x)=of " x)(x(x)),
and satisfying

(14) Y @O0 DB G) Y LulDenBG) <

ick ick

€
2

for every m € p" and j € q. Define 9 : X — p by 9(x) = v(x, «(x)). Then for
x € A, we have

As a result, for x € A we have
x € o '(1) N Dy Therefore

_] €
(15)  |n(¥F'(7) Ezku ) N D NBT(H))] < WX\ A) < 5.
Combining equations (13), (14), and (15) shows that (12) holds. g

LetT ~® (X, 1) be a p.m.p. action, let A be Lebesgue measure, and let ' ~i¢ [0, 1]
be the trivial action fixing every point. We call T ~**14 (X x [0,1], 1 x A) the
trivial extension of I' ¢ (X, p) having atomless fibers.

Corollary 6.6. Let T ~% (X, ) be a p.m.p. action, and suppose that T ~%<d (X x
[0,1], 1 x A) is an e.c. extension of ' ~* (X, u). Then I' ~* (X, ) is e.c. for finite-
to-one extensions if and only if B'(a,Sym(k)) is dense in Z'(a,Sym(k)) for every
k e N.

Proof. We will apply Theorem 6.5. So let k,q € N, let 0 € Z'(a,Sym(k)), let
F C T be finite, let € > 0, and let 3 : X — q be measurable.
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Let w be the normalized counting measure on k = {0, ..., k—1}. Define (X, fi) =
(X x k, 1 x ) and define f : X — qand &: T x X — Sym(k) by

B(X)i) = B(X) and 6-(’)/) (X) 1)) - G(Y)X)°

We know that ' ~®¥id (X, {1) is an e.c. extension of ' ~® (X, u) since this exten-
sion is intermediary to the trivial extension having atomless fibers. Therefore it
suffices to find a measurable map & : X — k satisfying conditions (1), (2), and
(3) of Theorem 6.5 with X, y, 0, &, 3 replaced by X, i, & & p.

Since we are assuming B'(a, Sym(k)) is dense in Z'(a,Sym(k)), there is a mea-
surable map « : X — Sym(k) such that the set

Y={xeX:0(f,x) = a(f* x)a(x)" forall f € F}
satisfies 1(Y) > 1 — e. Now define & : X — k by
&(x,1) = a(x)(1).
Then we have
&L= Ja(x)*uk du = Juk dup = wy,
so (1) is satisfied, and

ia'{@)NBH))

({(x, x(x) ") : x € B ()
uw(B'G))
= p(a ' [@WIRBG)),

so (2) is satistied. Finally, fi(Y x k) = u(Y) > 1 — € and for every (x,i) € Y x k
and f € F we have

&(faxid(x) 1)) = «(f*-x)(1) = o(f,x) o a(x) (1) = &(f, (x,1)) (&(x,1)).

Thus (3) is satisfied. g

~l=

The previous results motivate the consideration of actions having the property
that all of their extensions can be approximated by their finite-to-one extensions.
Drawing a parallel with property MD for groups, we make the following defi-
nition.

Definition 6.7. We say that a p.m.p. action ' ~* (X, i) on a standard proba-
bility space is extension-MD if for any (equivalently, every) non-atomic stan-
dard probability space (Y, V), the set of finite-to-one a-extensions are dense in
Fo(ILY;X) (as defined in Subsection 2.2). If every free p.m.p. action of I on a
standard probability space is extension-MD, then we say that I" has the extension-
MD property.
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Similar to Proposition 3.6, we will rely on the following characterization of this
property.

Proposition 6.8. The action ' ~ (X, W) is extension-MD if and only if (X, ) is
a standard probability space and, whenever T' ~° (Y, V) is a p.m.p. action extending
I Xyu),sayviad : Y = X, p,qg e Na:Y = pandfp : X — qare
measurable, F C T is finite, and € > 0, there is a p.m.p. action T > (Y',v') extending
' (X, ), say via ' : Y — X, and a measurable map «' : Y' — p such that ¢’ is
almost-everywhere finite-to-one and

(16)  |v(er" (@ o(BG)) — v/ () (m N (60 (BTG)) | < e
forall e pFandj € q.

Proof. If " ¢ (X, p) is extension-MD, then (X, ) is a standard probability space
and it is easy to see that it is then enough to check the above condition in the
cases where (Y, v) is a standard non-atomic probability space. In this case, every
(¢’,b’) in some open neighborhood of (¢$,b) will satisfy (16) using the same
map « : Y — p (in this case, take care to note that o depends on the action
being considered and can be written o, r) and oy () for clarity). The assumption
that the action a is extension-MD implies that this open set contains a finite-to-
one extension of a. Conversely, suppose the above condition holds. Consider a
standard non-atomic probability space (Y, v), an a-extension (¢, b) € F4 ([} Y, X),
and an open neighborhood U®H¢(¢,b). Choose o : Y — pand B : X — ¢ so
that A ={a'(i):icpland B ={B'(G) :j € q}. Let T ~Y" (Y, v'), d": Y =X,
and o’ : Y — p satisfy (16) for all m € p" and j € q. We can assume that
(Y’,v') is non-atomic, and by passing to a factor of Y’ for which ¢’ and «’ remain
measurable, we may further assume that (Y’, v') is a standard probability space.
Notice that the sets appearing in (16) partition Yand Y’ as 7t € p"and j € g vary.
Since (16) implies that the measures of these pieces are within € of one another,
there is an isomorphism of probability spaces S : (Y, v') — (Y;v) that matches
the respective pieces of the partitions, for each 7 € p" and j € g, up to an error
(symmetric difference) of measure €. The resulting pair (S-¢’, S-b’) will belong
to UHBRe(¢, b), and since ¢’ is finite-to-one and S is an isomorphism, S - ¢’ will
be finite-to-one as well. O

The above proposition allows us to extend the definition of extension-MD to
actions on non-standard probability spaces: we say that a p.m.p. action I' ~¢
(X, u) is extension-MD if it satisfies the condition of the above proposition. It is
easily seen then that if I' has the extension-MD property as defined in Definition
6.7 then all free p.m.p. actions of I' (on both standard and non-standard spaces)
are extension-MD.
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A trivial consequence of the above proposition and Proposition 3.6 is that every
e.c. action is automatically extension-MD. The following is also clear.

Lemma 6.9. An extension-MD action is e.c. if and only if it is e.c. for finite-to-one
extensions.

Before ending this subsection, we make an additional observation about extension-
MD actions and show that free groups have the extension-MD property.

Lemma 6.10. Let ' ~° (X, ) be a p.m.p. action. Let G = Aut([0, 11, A), where A is
Lebesgue measure, equipped with the weak topology, and let py be a metric on C'(T; G")
compatible with its product topology. Write Z'(a, G)in for the set of all measurable
cocycles on a that map to a finite subgroup of G. Then the following are equivalent:

(1) Z'(a, G)fin is dense in Z'(a, G);

(2) for every measurable cocycle o : T x X — G, every finite set F C T, every
€ > 0, and every finite tuple (Ci)icn of Borel subsets of [0, 1], there is a finite
subgroup H < G and a measurable cocycle o' : T x X — H such that, for all
vy € Fandalli e n:

jx(ow,x)‘(ci)Ao/w,x)‘(cn) du < e

(3) for every measurable equivariant map z : X — Z'(I, G") and every € > 0,
there is a finite subgroup H < G and a measurable equivariant map z' : X —
Z' (T H") satisfying [ p1(z(x),2z/(x)) dpu < e.

Moreover, the above properties imply that the action T ~¢ (X, u) is extension-MD.

Proof. The equivalence of (1), (2), and (3) is immediate from the definitions.
So it will be enough to show that (2) implies that ' ~* (X, p) is extension-MD.
We will do this by checking the condition in Proposition 6.8.

LetT A% (Y, v) be a p.m.p. extension of ' ~A® (X, p), say via themap ¢ : (Y, v) —
(X, ). By disintegrating v with respect to ¢ we obtain a measurable map x €
X — vy € Prob(Y) satisfying v (¢ ' (x)) = 1 for p-almost-every x and [ v, dp =
v. Since, in verifying the criterion in Proposition 6.8, we could let I" act trivially
on ([0,1],A), where A is the Lebesgue measure, and lift any o : Y — p to the
direct product action " ~ (Y x [0, 1], v x A), we see that without loss of generality
we may assume that v, is non-atomic for p-almost-every x € X. Then by the
Rokhlin skew-product theorem we can assume that (Y, v) = (X x [0, 1], 1 X A),
that ¢ is the projection map to X, and that there is a measurable cocycle o :
' x X — Aut([0, 1],A) so that the action b is the skew-product action given by

the formula

Y (1) = (v* %, 0y, X) (1))
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Now consider a pair of measurable maps o« : X x [0,1] - pandf : X — q,a
finite F C I'and an € > 0. Since MALG([0, 1], A) is complete, we can find a finite
algebra C of Borel subsets of [0, 1] and a measurable function & : X x [0,1] — p
satisfying {r € [0,1] : &(x,7) = i} € C for every x € X and (p x A)({(x,7) :
x(x, 1) # &(x,1)}) < €/(2|F|). Notice that for every 7 € pF and j € q

(17)  lrx Ao () 1 (B0 §)7 () — (1 x N(& () N (B o)) < 5
Define AY ={r € [0,1] : &(x,r) =i} € Cforeachx € Xand i € p.

Let o’ : ' x X — G be a measurable cocycle that takes values in a finite subgroup
of G and satisfies

> Y [Motr0) (04013 1 (0) du < 5.
yer-1 Cet

Let b’ be the skew-product action of I' on (X x [0, 1], x A) given by ¢’, that
is, v*' - (x,7) = (v - x,0'(v,x)(r)), and regard b’ as an extension of a via the
projection map ¢. We will write &) and &y (r) in place of & in order to clarify
the action being considered. Then for every 7t € p' and j € q we have

(u><7\)(“2](71)(7([50(1))_‘())) (1 % A) (B () N (B o d) 7' (5)) |
< (o A)( () A8,y (10)) N (B o )7 ()

A (( AL ))A( M o’(v,x)I(Azfy"‘w))) du
yEF-! YEF!

X ! —1 dx €
)AL Ay x) T ALY ) di< S

yeF ‘

Consequently, for every 7 € p' and j € q we have

(1 % A) (06,5 (70) O (B 0 )1 (5)) — (1 X A) (&) iy () N (B o) ' ()) < e

Finally, say o’ takes values in the finite subgroup H < G, and let €’ be the finite
H-invariant algebra generated by C. Let (U, p) be a finite probability space and
P : ([0,1,A) — (U, p) a measure-preserving map such that the \-preimage of
the powerset of U is C’. Since H descends to the group of measure-preserving
automorphisms of (U, p), the skew-product action b’ descends to an intermedi-
ary extension " ~¢ (X x U, u x p) of a, and the map & descends as well. Since U
is finite, this is a finite-to-one extension of a that, together with the descended
map &, approximates the extension b and the map « relative to the parameters
F and €, in accordance with Proposition 6.8. O
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We remark that we do not know if the converse of the previous lemma holds.
IfI' ~® (X, ) is extension-MD, then one can show that, for every measurable
cocycle o : ' x X — Aut([0,1],A), every finite F C T, every € > 0, every finite
tuple (Ci)icn of Borel subsets of [0, 1], and every finite tuple (Ay)xem of Borel
subsets of X, there is a finite subgroup H < Aut([0,1],A), and a measurable
cocycle 0’ : T'x X = Hsuch thatforally € F,i,jenandk e m

| Moty e du= | MGGy C) d| <.

Ak

Compare this with (2) above.
Lemma 6.11. If F is a free group, then F has the extension-MD property.

Proof. Suppose that F is freely generated by the set S, and let F ~¢ (X, u) be
a free p.m.p. action. Every measurable cocycle o : F x X — Aut([0,1],A) is
uniquely determined by its restriction to S x X, and conversely every measur-
able map from S x X to Aut([0, 1], A) uniquely determines a cocycle. Moreover, if
we topologize the collection of measurable functions from S x X to Aut([0, 1],A)
so that f, — f if and only if f,(s,-) converges to f(s,-) in measure for every
s € S, then this correspondence is a homeomorphism. Since Aut([0, 1],A) ad-
mits an increasing sequence of finite subgroups whose union is dense (that is,
consider the subgroup H,, of automorphisms that fix 1 and permute the inter-
vals [, 1) via order-preserving isometries), it is immediate that the measur-
able maps from S x X to finite subgroups of Aut([0, 1],A) are dense in the space
of all measurable maps from S x X to Aut([0, 1],A). Therefore condition (1) of
Lemma 6.10 is satisfied. O

6.3. The axiomatization. In this section, we combine the ideas from the previ-
ous subsections to show that, for a certain class of groups, the model companion
T7 exists and has a concrete set of axioms that are ergodic-theoretic in nature.

Theorem 6.12. Suppose that I has the extension-MD property and that Tp e has the
definable cocycle property. Then T} exists.
Proof. For each k, q > 1 and each finite F C T, let 0y 4 r be the Trfe.-sentence

sup sup inf max(¢1(C), @2(A, C), 3(B, C)),

Ag€Partq BEZ(COCYSym(k) ) cep

where:

(1) @:(C) is the formula

max |u(Ci) —

i=1,...k
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(2) @2(A, C) is the formula

max max (AN Cy) — w(AD (G,

(3) @3(B, C) is the formula

max max max d B) N Cy,mty,(B) Ny 'Cppi

nax max max d (7yp(B) N Ciyye(B) Ny Cop)

Here, Part, denotes the Tr-definable set of k-tuples that form a partition of the
measure space. Since Trfe. has the definable cocycle property, the above sen-
tences are indeed (equivalent modulo Trree t0) Trree-sentences.

Set Ty to be Tr¢ree together with all of the sentences 0 o r. Theorem 6.5, together
with Lemma 6.9, shows that T does indeed axiomatize the class of e.c. models
Of Tr. O

Recalling Lemmas 6.4 and 6.11, we see that the concrete axioms in the previous
theorem yield an alternative axiomatization for T; for free groups F.

The exact same proof as that of Theorem 6.12 yields the following theorem:

Theorem 6.13. If Tryqx has the definable cocycle property and every action of T that is
maximal with respect to weak containment is extension-MD, then Ty exists. Moreover,
the axioms for Tr are given by the axioms for Trymax together with the sentences 0y qr
from the proof of Theorem 6.12.

In the remaining three subsections, we will show that if I' is strongly treeable,
then I' has the extension-MD property and Tre. has the definable cocycle prop-
erty. Thus Theorem 6.12 yields a concrete axiomatization for T when I' is strongly
treeable. We will additionally show that when I is only assumed to be treeable,
Trmax has the definable cocycle property and all actions of I' that are maximal
with respect to weak containment are extension-MD. As a result, Theorem 6.13
provides an axiomatization for T} when I' is treeable.

6.4. Trees and group cohomology. We now turn our attention towards the goal
of (partially) generalizing Lemmas 6.4 and 6.11 to (strongly) treeable groups.
The proofs of these prior results for a free group F were based on the simple
observation that cocycles o : F x X — G are in one-to-one correspondence with
measurable maps S x X — G, where S is a free generating set for F. In fact, the
map that restricts cochains 0 : F x X — G to the domain S x X, when combined
with the one-to-one correspondence just mentioned, provides a retraction from
the space of cochains to the space of cocycles. (Recall that if Y is a topological
space and A C Y, thenamap r: Y — A is called a retraction if it is continuous
and restricts to the identity map on A.)
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The lemma below generalizes this retraction phenomena to other groups by
replacing the role of the free generating set S with the set of edges of a tree
TeT().

Lemma 6.14. Let T be a countable group and G a Polish group. There is a map assign-
ing each tree T € T(T) a retraction vr : C'(T; G") — Z'(T; G") such that:

(1) ryar(yt-c)=v"rr(c) forall T€ T(T),c € C'(,G"), and y € T; and
(2) forevery «, 3 € T there is a clopen partition U of T(T") so that rr(c)(B)(x) =
r1/(c)(B)(ex) forall c € C'(T, G") when T and T’ belong to a common V € V.

Proof. For (T,c) € T(T') x C'(TI, G") define a function g$ : TUT — G by setting,
for each (v,u) €T,
g5 (v,u) = clu'v)(u)

and

g7(u,v) = c(u™v)(u)".

Clearly the map ¢ — g§(v,u) is continuous for fixed T. Also note that for any
v € T we have that (v,u) € T if and only if (yv,yu) € y¢ - T, moreover when
this occurs we have

t

gle5 (v yu) = (v o) (u ) (vw) = clu V) (u) = gf(v,w).

Similarly gzsz(yv,yu) = g$(v,u) when (v,u) € T.

For (T,c) € T(TI') x C'(T, G") we define r1(c) € Z'(I,G") as follows. For each
«, 3 €T, letwvy,...,v, be the sequence of vertices in the geodesic path from « to
af in TUT (meaning vo = «, (viy1,vi) € TUT for every i, and v, = «f3) and set

(18) rr(e)(B)(x) = g7(Vn, Vn-1) gt (Vi1y V2] - - - g (vi, Vo).

Based on the previous paragraph, it is immediate that ¢ — r1(c) is continuous
for fixed T. Additionally, rr(c)(f3)(e) only depends on T in so far as T determines
the path vy, ..., v,; hence (2) holds. Note that since T is a tree and g$(u,v) =
g$(v,u)~! for all (v,u) € TUT, in the above formula one can use any path in
TUT from « to af, not necessarily the geodesic path. Consequently, if uy =
Yy ooy U :yocisapathfromytoyocinTUTandvo =YXy ..., Vmn = YXPB is a
path from yo to ya in TU T, then wy, ..., Wy Vi, ...,V is a path in TU T from
Y to yaP and it from equation (18) that, forally € I™:

rr(c)(B)(vedrr(c) (o) (v) = rr(c) (B)(v)-
Thus
rr(c)(B)*rr(c)(e) = rr(c)(xP)
and r1(c) € Z'(T; G") as required.
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To see that 77 is a retraction, consider any z € Z'(I; G"). For all «, 3,y € T we
have 0z(«, 3)(y) = eg, meaning

z(B)(vez(a)(v) = z(aB)(v).
By making the substitutions &« = u, = u~'v, and y = e we obtain

z(uw V) (Wz(uw)(e) = z(v)(e).

Thus when (v, u) € T we have

gi(v,u) = z(u V) (u) = z(v)(e)z(u)(e) ™
and

g7 (u,v) = gi (v, )" =z(u)(e)z(v)(e) .

It now immediately follows from the formula (18) that for all &, € T

rr(2)(B) (o) = z(xB)(e)z(e) (€)' = z(B) (),
and thus rr(z) = z.

Lastly, when vy =y '«,...,v, =y 'ap is a path in TU T fromy ' toy 'af,
we have yvy, ..., yv, isapathiny?- (TUT) from o to «p. Therefore

ryar(y' ) (B)() = glaS (Y, YVn 1) -+ glaS (v, Ywo)
= g7(VnyVn-1) - - - 97 (v1, Vo)
=r1(c)(B)(y ')
= (v 77(e)) (B (),

and rya1(y"' - ¢) =v" - rr(c) as required by (1). O

Note that if H is a subgroup of G then C'(I;H") and Z'(I;H") are subsets of
C'(I; G") and Z'(T; G"), respectively; moreover if r1 is the map defined in the
previous lemma with respect to G, then vt maps the subset C'(I; H") to Z' (T, H").

When I' ¢ (X, ) is a free p.m.p. treeable action there is a measurable equi-
variant map x € X — T(x) € T(TI') from T ~°* (X, ) to T ~4 (T(T), 1) for some
invariant Borel probability measure T = T, . In this case the above lemma pro-
vides a technique for turning cochains into cocycles (recall Lemma 2.3): given
any measurable equivariant map 6 : X — C'(I; G") we obtain a measurable equi-
variant map ¢ : X — Z'(T; G") via the formula ¢ (x) = r1(x)(0(x)). Although this
does closely resemble the technique we used for verifying the definable cocycle
and extension-MD properties for free groups, this new variant of the technique
has a significant limitation in that the measure T € Probr(7(I')) may vary as
one considers different treeable actions of I'. The constraint of factoring onto
I' ~4 (T(T), ) for some particular T poses an obstruction that, for the moment,
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prevents us from proving that Tr.. has the definable cocyle property when I'
is strongly treeable.

6.5. Weak containment of treeings. The purpose of this section is to overcome
the limitation described at the end of the previous subsection. We will do this
by relaxing the requirement of factoring onto I' ~¢ (T(T'), 1) to merely weakly
containing the action T ~4 (T(T'), T). We will show that in this case the mapping
T — 17 from Lemma 6.14 is still usable in an approximate form.

We begin with a technical lemma.

Lemma 6.15. Let X and Z be compact Hausdorff spaces, let x : X x Z — X be the
projection map, let w be a Borel probability measure on X, and let Y C Z be Borel. Set

Q={weProb(X x Z): w(XxY) =1, (mmx),w = u},

and equip Q with the relative topology inherited from the weak* topology on Prob(X x
Z). If f : X x Y — [0, 1] is a measurable function having the property that for every
€ > 0 there is a relatively clopen partition V of Y satisfying

Sup |f(X)y) - f(X»y,” <€

xeX

whenever y and y’ belong to a common V € V, then the map w € Q — [f dw is
continuous.

Proof. Fix € > 0 and let V be as described. Also fix a point wy, € Q. Choose a
finite subcollection V' C 'V so that wo(Y \ UV’) < €, and choose a clopen set
WCZwithWnY=Y\|JV' ForeachV € V' pick a point yy € V and choose
a continuous function gy : X — [0, 1] satisfying

<

V7

Pick a collection U’ of pairwise disjoint clopen subsets of Z having nonempty

intersection with Y and satisfying {UNY : U € U’} = V’, and define a continuous
function g : X x Z — [0, 1] by

9(,2) = Y guw(x)Tu(2).

ueu’

J|QV(X) (% yv)l dyt <

For every w € () we have

1= glaw <o+ 3 | itx,y) - gyl dw

veyr XXV

<oW) et 3| itxu) - gvixl doo
veyr XXV
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<oW)tet Y| Ifnuv) - gv(l do
veyr XXz

—wW) et 3 [Ix ) - gvlx)l du

vev!
Jg dw—Jg dwy <e}

is a relatively open neighborhood of w,, and every w in this set satisfies

dew—dewo

For the lemma below, fix metrics p; and p, on C'(I; G") and C*(T; G"), respec-
tively, that map to [0, 1], are compatible with the product topologies, and satisfy
the following uniform condition: for every e > 0 there is a finite set F C I" such
that Vc,c’ € C'(I, G"):

(c(B)() =c'(B)(«) forall o, p € F) = py(c,c’), p2(dc,dc’) < €.

When G is compact this uniform condition automatically holds for all metrics
that are compatible with the topology. In any case, such metrics p; and p; can
be constructed by, for example, fixing an enumeration (v, )nen of I', picking a
[0, T]-valued metric py on G compatible with its topology, and defining

pilc,c) = Y 27" ™po(clvn) (Ym)s €' (¥n) (Ym))

n,meN

< w(W) + 2e.
The set
{weQ:w(W)<e,

< w(W) +2e + wo(W) +2¢e + € =7e. O

and
pac,e) = D 27 Fpg(cYny Vi) (Yid)y €/ (Yny Ym) (V1)) -
n,mkeN

Lemma 6.16. Let T be an invariant Borel probability measure on T(T'), let X be a
standard Borel space, and let T ~ (X, ) be a p.m.p. action that weakly contains
I A8 (T(T),t). Then there is an invariant Borel probability measure w on X x T(T')
that pushes forward to p and t under the projection maps to X and T(T"), respectively,
and satisfies the following: for every measurable equivariant map 6 : X — C'(I; G")
and € > 0 there is a measurable equivariant map 0’ : X — C'(T; G") satisfying

jm(e(x), 6'(x)) du < Jm(e(X),TT(S(x))) dw e

and
Jpz(ae’(x), ec2rgn)) dp < e.
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Proof. We let T" act on Pow (T x T')" by the usual left-shift action
vyl =y(y ') yePow(xT), o,y eT

and we define an equivariant lifting map ¢ : T7(I') — T(I')" C Pow (T x "' via
the formula

(My) =K T

We will first construct a sequence of measurable equivariant maps ), : X —
T(IM)" such that (P, ). converges to £, T in the weak* topology on Prob(Pow (T" x
M. Since Pow(I' x T) is 0-dimensional, we can pick an increasing sequence
U,, of finite clopen partitions of Pow(I" x T') such that U,; is finer than U,, for
every n and such that [ J,, U, is a base for the topology on Pow(I" x T'). Also fix
an increasing sequence of finite sets F,, C I having the property |J,, F. = T. For
each n write U,, = {U} : i € k,}. Define the clopen partition V,, ={V,, . : T € kil
of Pow(T" x T")" where

\/n’7T — H ug(v).

Y€EFn

Then (V,,) is a sequence of clopen partitions of Pow (" x T')" with V, ; finer than
V,, for every n and with | J V,, a base for the topology on Pow (" x T')". It easily
follows from these properties, as well as the compactness of Pow (I'xT")", that the
set of all finite linear combinations of characteristic functions of sets in | J,, Vs is
uniformly dense in the space of all real-valued continuous functions on Pow (I" x
M. So it will be enough for our maps 1, to satisfy ({).pn(V) — €1(V) as
n — oo forevery V € |, Vim.

Since I' ¢ (X, n) weakly contains I' ~ (T(T'), 1), for every n there is a partition
9, ={Q} : 1 € ky} of X such Q! = @ when U} N T(T") = @ and satisfying

(19 ) e ( N e Qiim> — ( N e uﬁ”)

nekfln YEFn YEFn

<1
o

For every n and every i € k, with U}, N T(T") # &, pick a point u}, € W, N T(T).
Define 1, : X — T(I')" by setting ,,(x)(y) = u}, when (y)*-x € Q}. Then we
have that for every n

Z )(ll)n)* H(VT‘L,T[) _ e*T(vn,ﬂ)

ﬂekfl“

-3

nekin

(Pn) 1t <H U.?f”) T (H uz(v))

YEFn YEFn
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=) |n ( e QZEW)> - ( N u?f”)

nekhm YEFR Y€EFn

It follows that (). weak* converges to £, as desired.

We will now define w. Without loss of generality, we can assume X is un-
countable. Since X is a standard Borel space, we can pick a compact Hausdorff
topology on X that is compatible with its Borel o-algebra. Since Pow (T x T)" is
also compact, the space of all Borel probability measures on X x Pow(I" x T')"
is compact in the weak* topology. So there is a Borel probability measure @
on X x Pow(I" x T')" that is a subsequential limit of the measures (id XY, ). L.
Since each 1, is equivariant, & is I'-invariant, and since the projection map from
X x Pow(T" x ') to Pow(I" x T)" is continuous, the pushforward of ® with re-
spect to the projection must be equal to £, . Also note that @ and every measure
(id XYy, ).p belong to the set Q of Borel probability measures on X x Pow (' x )"
that assign measure 1 to X x T(I')" and pushforward to p under the projection
map to X.

We let w be the measure obtained as the pushforward of @ under the map
(x,y) — (x,y(e)), and note that the pushforwards of w to X and T(T') are n
and T. Also notice that @ is similarly obtained as the pushforward of w under
the map (x, T) — (x,£(T)).

Finally, let 6 : X — C'(I; G") be any equivariant measurable map. Let T — r1
be the map from Lemma 6.14. Fory € T(I')" and ¢ € C'(I; G") define #,(c) €
C'(T; G") by the formula

By(e)(B) (&) = Ty () - c)(B)(e).
We claim that, using Z = Pow(I" x )" and Y = T(TI")", both of the functions
(%, y) = p1(0(x),7y(0(x))) and (x,y) = p2(0%,(0(x)), ec2(rgr))

satisfy the assumptions stated in Lemma 6.15. To see this, let € > 0. Pick a finite
set F C I' such that, for all c,c’ € C'(T, G"):

(c(B)() =c(B)(«) forall o, B € F) = pi(c,c’), p2(dc, 0¢) < e.

By Lemma 6.14 there is a clopen partition U of T(T") so that for every U € U
we have 11(c)(B)(e) = r1/(c)(B)(e) forallc € C'(I,G"), B € F,and T,T’ € U.
Letting V be the clopen partition of T(I')" whereby y,y’ € T(I")" belong to the
same piece of V if and only if y(«) and y’(«) both belong to a common piece
of U for every « € F, it follows that when y,y’ € V € V we have that for all
ce CY(;G")
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for all «,3 € F and hence p;(%y(c), Ty (c)), p2(0%y(c), 0%y (c)) < €. Therefore
when y,y’ € V € V we have that

sup | p1(8(x), Ty (8(x))) — p1(8(x), By (8(x)))| < e

xeX
and

sup ‘Pz(a?y(e(x))’ ecZ(r,GF)) - pZ(a?y’(e(x))) eCZ(RGr))‘ <e.
xeX

This verifies our claim. Thus Lemma 6.15 applies to these two functions and the
measures @ and (id x{, ), 1.

Notice that the map (y, c) — 7y(c) is jointly equivariant since

Pyey (V- ) (B (@) = Tiys e (7' ¥) - ) (B (€)

Therefore x — Fy,,, () (0(x)) is a measurable equivariant map from X to C'(I; G")
for every n. Additionally, for every T € T(I") we have

and thus 7y1) = r1. Therefore

Jm(G(X),rT(G(X))) dw = Jm(e(x),?y(e(x))) a®

and, since each rr maps to Z'(T; G"),

~

0= [ pafare(B1x)), ecuron) dw = [ p2(2%,(8(x)), ecaqier) d
By applying Lemma 6.15 we conclude that for any € > 0 there is an n with
[ p1(600), 2 (00x1) lic xibu) < [ pr(@0x), r(00x)) deo +-e

and
Jpz(an(e(xn,eczm) d(id xby).p < €.

Defining 0'(x) = 7y, (x) (0(x)) for any such value of n completes the proof. [
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6.6. Cocycles on actions of treeable groups. The next proposition is a “defin-
able cocycle property” for the class of actions that weakly contain a particular
treeable action.

Proposition 6.17. Let I be a treeable group, let T be an invariant Borel probability
measure on T(T), let G be a compact metrizable group, and let py and p, be metrics on
CY(I; G") and C*(T, G"), respectively, that are compatible with their product topologies
and map to [0, 1].

Then for every € > O there is 5(e) > 0 with the following property: whenever I' ~¢
(X, ) is a p.m.p. action that weakly contains T ~¢ (T(I"),1) and 6 : X — C'(I; G")
is an equivariant measurable map satisfying

Jpz(ae( )y ec2(ngr)) du < 8(e),

there is an equivariant measurable map & : X — Z'(T, G") satisfying
[ prte00), 00x0) au < e

Proof. If needed, we can replace I' ¢ (X, n) with a factor that is an action on
a standard Borel space such that 6 descends to this factor and this factor still
weakly contains I' ~? (T(T'), 7). So without loss of generality, throughout the
proof we always assume that X is a standard Borel space.

We first show that under the stated assumptions there is 6(e) > 0 so that when-
ever [ n® (X, p) is a p.m.p. action that weakly contains ' ~4 (T(T"),t) and
0 : X — C'(I,; G") is a measurable equivariant map with

Jpz(ae( ), ecainer)) dit < 8(e),

then there is an €’ € (0, €) so that for every &’ > 0 there is an equivariant mea-
surable map 6’ : X — C'(I; G") satisfying

mee(x),e’(x))dwe’ and Jpz(ael()eczrer)du<5,

Let P be the set of all invariant Borel probability measures on Pow(I" x T') x
C'(I; G") whose pushforward under the projection map to Pow (I x T') is equal to
7. Since G is compact and the pushforward map associated with the projection
map is continuous, it follows that P is a compact subset of Prob(Pow (" x I') x
C'(,GN).

For each T € T(I') let rr : C'(I,G") — Z'(T, G") be the retraction described in
Lemma 6.14, and note that for every e > 0 there is a clopen partition W of T(T")
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with

sup |p1(c,rr(c)) —pile, ()| < e
ceC (LGN

forallWe Wand T, T’ € W. For €,5 > 0 set
Ve = {w S P:Jm(c,rT(c)) dw < e}

and
Us = {w € P:Jpz(ac eczrgr)) dw < 6}

Since each rris aretraction to Z' (T, G"), we have that s=0 Us € V.. Additionally,
using C'(I; G"), Pow (T x T'), and T(T') for X, Z, Y in Lemma 6.15, respectively, we
see that V. is an open subset of P. Also, each U; is compact since p;(9c, ec2(rgry)
is a continuous function on Pow (' x ') x C'(T; G"). It follows that for every e > 0
there is some 8(e) > 0 such that Us() C V,, and since V. is covered by the open
sets Vs, €’ < €, thereis an €’ < e with Us() C V..

Now fix € > 0 and suppose that I' ~¢ (X, ) is a p.m.p. action that weakly
contains ' 4 (T(T"), ) and that 0 : X — C'(I; G") is a measurable equivariant
map satisfying

Jpz(ae( ), ecz(rgry) dp < 8(€).
Letting w € Prob(X x T(T")) be the measure obtained from Lemma 6.16, we have
(ﬂ‘r(r) X 0),w € Use) € Ve

for some €’ < €, where 7ty(r) denotes the projection map. It follows from Lemma
6.16 that for every ' > 0 there is a measurable equivariant map 0’ : X —
C'(I; G") satisfying

Jp1(6(X),9’(X))du<€’ and Jpz(ael()eczrer)du<5,

This establishes our claim. We will now use this claim to complete the proof.

Lete > 0,letT" ~° (X, u) be a p.m.p. action that weakly contains I' ~¢ (T(T'), )
and let 0 : X — C'(I; G") be a measurable equivariant map satisfying

Jpz(ae( ), ecaran) di < 8(e).

Set 0p = 0 and €y = €. Inductively suppose that 0,, and €,, have been defined
and satisfy

Jpz(aen( )y ecanan) dit < min(8(en), 2™
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(this holds when n = 0 since p;, is bounded by 1). Applying our above claim
givesus an €’ € (0, e,). Choose any 0 < €1 < min(e, — €’,27"). Then by ap-
plying our above claim with ' = min(8(e,.1),2~™""*1) we obtain a measurable
equivariant map 60,1 : X = C'(T; G") satisfying

Jm(en(x))enﬂ (X)) d}.i < €/ < €p— €nt1 < €q

and
J pZ(aenH( ) €c2(ren) ) dp < 8 = mln(S(enH))zi(nHH] )
This allows the inductive construction to proceed.

Since ) , €n < 0o, the sequence (0,,) is Cauchy with respect to the metric f P1(+ ) dp.
Since G is Polish, C'(T; G") is Polish as well and therefore both p; and [ p;(- du
are complete. So (0,,) converges p-almost-everywhere to a measurable funct1on

¢ : X — CY(I;G"). Since each 6, is equivariant, ¢ is as well (if needed, we
can redefine ¢ to have value ecigry on the null set of orbits for which it fails

to be equivariant). Also, since the coboundary map 0 is continuous we have
that (00, ) converges to 0¢ almost-everywhere. So [ p2(dd(x), eczrgr)) du =0
and by redefining ¢ on a I'-invariant null set if necessary we have that ¢ isa
measurable equivariant map from X to Z'(T; G"). Finally,

JP1(9( H<ZJP1 y O (x ))dM<Z€n—€n+1:€o:€- 0J
n=0

We can now conclude the following, generalizing Lemma 6.4:

Theorem 6.18.

(1) IfT is strongly treeable, then Trre. has the definable cocycle property.
(2) IfT is treeable, then Trmax has the definable cocycle property.

Proof. The theorem follows immediately from the previous proposition by not-
ing that, in either case, a model of the respective theory weakly contains (7(I"), 1)
for some invariant Borel probability measure T on T(I'). Indeed, this is imme-
diate in the second case by assumption. In the first case, by a result of Abert-
Weiss [1], every free p.m.p. action of I" weakly contains the Bernoulli shift ac-
tion ' ~* ([0, 1], A). Since T is strongly treeable, the action I' ~* ([0, 1], A) must
be treeable, meaning it admits a factor map to ' ~4 (T(I'), T) for some invari-
ant Borel probability measure 7. It follows that I' ~° ([0, 1], A) weakly contains
I A4 (T(I), 1), and since weak containment is transitive, every free p.m.p. ac-
tion of I weakly contains I' ~ (T(T), 7). O

We similarly generalize Lemma 6.11:
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Theorem 6.19. If I' is strongly treeable, then T has the extension-MD property. More
generally, if T is a treeable group, and T ~“ (X, ) is a p.m.p. action that weakly
contains a free treeable p.m.p. action of T', then ' ~¢ (X, ) is extension-MD.

Proof. Recalling that every free p.m.p. action of a strongly treeable group weakly
contains a free treeable p.m.p. action (see the proof of Theorem 6.18), it suffices
to prove the second statement. So let Tbe an invariant Borel probability measure
on T(I') and suppose that I' ~* (X, ) is a p.m.p. action that weakly contains
I A% (T(M),t). It will suffice to verify condition (3) of Lemma 6.10. So let
z : X = Z'(T; G") be a measurable equivariant map, where G = Aut([0, 1], )
equipped with the weak topology, and let € > 0. Also let p; and p, be metrics
on C'(I; G") and C*(T; G") satisfying the conditions stated prior to Lemma 6.16.
As in the proof of Proposition 6.17, without loss of generality we will assume
that X is a standard Borel space.

For any subgroup H < G we can build an equivariant map 0 : X — C'(I; H")
approximating z by choosing, independently for each 3 € I', a measurable map
x € X — 0(x)(B)(e) € H that approximates x — z(x)(3)(e), and then define
0(x)(B)(x) = O((ec ) - x)(B)(e) for «, B € T. It is easily checked that any
such 6 will indeed be equivariant. Upon noting that the map ¢ € C'(I;G") —
pi(c,rr(c)) is continuous for every T € T(T'), that p;(z(x), rr(z(x))) = 0 for w-
almost-every (x, T), and that G admits a dense subset that is an increasing union
of finite subgroups, we see that we can find a finite subgroup H and construct a
measurable equivariant map 6 : X — C'(I; H") that approximates z sufficiently
well so that

J o1(z(x),0(x)) dp < /3 and Jpl(e(X),rT(e(X)))dw<€/3-

Let 5(e/3) > 0 be as given by Proposition 6.17 for T and the compact group
H. Now apply first Lemma 6.16 to get a measurable equivariant map 6’ : X —
C'(I; H") satisfying

J 01(0(x),0'(x)) it < €/3
and
j 02(00'(x), ecaon) du < 8(e/3),

and next apply Proposition 6.17 to 6’ to obtain a measurable equivariant map
z': X — Z'(TyH") with [ p1(8/(x),2'(x)) di < €/3. Since

p1(z(x),2'(x)) < pi(z(x), 8(x)) + p1(8(x),0'(x)) + p1(8'(x), 2" (x)),
we have [ p1(z(x),2/(x)) du < e. O

The following is the main conclusion of this section:



E.C. PM.P. ACTIONS OF APPROXIMATELY TREEABLE GROUPS 65

Theorem 6.20. If I' is treeable, then T; exists and the axioms for T} are given by the
axioms for Trmax together with the sentences 0y o from the proof of Theorem 6.12. If, in
addition, T is strongly treeable, then we may replace the axioms for Trmax by the axioms
f or Tl",free-

Furthermore, we obtain a natural-to-state characterization of the e.c. actions of
treeable groups.

Theorem 6.21. Let I be a treeable group. Then a p.m.p. action ' ~* (X, u) is e.c. if
and only if all of the following hold:

(1) T' 2 (X, u) weakly contains a free treeable action of T;
(2) T A& (X x [0, 1], x A) is an e.c. extension of T ~® (X, w);
(3) B'(a,Sym(k)) is dense in Z'(a,Sym(k)) for every k € N.

Notice that when I is strongly treeable (1) can be replaced with the requirement
that the action a is free.

Proof of Theorem 6.21. The forward implication follows from Lemmas 3.8 and
3.11 and the definition of being e.c., and the reverse implication follows from
Corollary 6.6, Lemma 6.9 and Theorem 6.19. 0

Since conditions (1) and (2) are obviously necessary but not sufficient, the key
condition in the above characterization is (3). This reveals that being e.c. (for
treeable groups) is closely tied to cohomological properties of the action. We
also remark that when I' ~* (X, ) is ergodic, condition (2) is equivalent to
'~ (X, n) not being strongly ergodic (the forward implication holds since a
weakly contains the non-ergodic action a x id, and the reverse implication can
be seen from the (very short) proof of [1, Theorem 3]).

7. APPROXIMATELY TREEABILITY AND EXISTENCE OF THE MODEL COMPANION

In this final section, we seek to establish the existence of T; for as large a class
of groups as we are able, but without insisting on finding explicit axioms for
T (though the general set of axioms described in Subsection 5.5 will always
apply). Ultimately, we use the open mapping characterization of the existence
of the model companion (Theorem 5.26) to show that T; exists whenever I is
an approximately treeable group.

7.1. Approximately treeable groups. We first give some constructions for and
examples of approximately treeable groups. Recall that every treeable group is
necessarily approximately treeable.
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Lemma 7.1. If T is an increasing union of approximately treeable groups, then T is
approximately treeable.

Proof. Say I' = | J,, I'h, with I, < T34 and I}, approximately treeable for every n.
Let H C T be finite and let € > 0. Pick any n with H C T},. Let v be a I,-invariant
Borel probability measure on F(I},) with v({F € F(I},) : H x H € Ef}) < e.
Viewing F(T’,) as a subset of F(TI'), the pushforward measure y¢v depends only
on the coset yIl, € T/I;, and not on the particular representative y. We can
view the product [T, cpr, ¥¢-F(Tn) as a subset of F(I'), and by letting 1 be the
measure on F(I') obtained as the product of the measures yv for yI, € T/T,,,
we see that p is a I'-invariant measure satisfying u({F € F(I') : Hx H Z E¢}) < e.
Thus T' is approximately treeable. O

Lemma 7.2. If A < T, A is approximately treeable, and T/A is amenable, then T is
approximately treeable.

Proof. Fix a choice of representatives r : /A — T for the cosets of A in I" with
T(A) = e. Define the cocycle p : T x (T/A) — A by p(y, aA) = r(yaA) 'yr(aA).
Let A ~° (Y, V) be a free approximately treeable p.m.p. action. Define the action
I AL (YVA VM) by

(Y*" - g)(aA) = (p(y ', aA) ) - gy aA).

Since A R (Y,v) is free and measure-preserving, it is easily seen that I' A"’
(YA VM) is free and measure-preserving as well.

Let m denote Lebesgue measure on [0,1] and let I' ~¢ ([0, 117", m") be the
left-shift action given by

(v¢-2)(aA) = z(y"'aA).

Let (X, n) be the product (YV* x [0, 1]7A v/ x mI/A) and let T A9 (X, ) be
the direct product action a = b’ x c. Since the action I' ~* (X, u) is free and
measure-preserving, it suffices to show that it is approximately treeable. To-
wards this end, fix a finite set Hy C I'and an ¢ > 0.

Since A is normal in I, almost-every z € [0, 1177 has stabilizer equal to A. This
means that T ~° ([0, 117", m"”) descends to a free action of I/A. Since T/A is
amenable, the orbit equivalence relation R, = {(z,v° - z) : z € [0,1]"", v €
' must be m”*-hyperfinite [36], meaning there is a sequence of measurable
equivalence relations E,, C R, such that each class of each E, is finite, E,, C E, 4,
for alln, and | J,, E,, coincides with R, on a I/A-invariant conull set. This implies
that we can pick n large enough so that F = E,, satisfies m""(Z,) > 1—e/3 where

Zyo={z€ Z:YheHy(h z2z)eF}L
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Since F is a Borel equivalence relation whose classes are all finite, there exists a
Borel set D C [0, 1]7” that contains precisely one point from every F-class [29,
Theorem 12.16]. Let d : [0, 1]"* — T be a function satisfying d(z)¢ - z € D and
(d(z)¢ - z,z) € Fforall z € Z. By fixing an enumeration of the elements of I'
and letting d(z) be the least element satisfying these conditions, we have that d
is measurable. Pick a finite set H; C T large enough that m"(Z;) > 1 —¢/3
where
Z1={z€[0,1]"":Vh € Hy d(h®- z) € HyL.

Using the fact that A is approximately treeable, pick a measurable directed
graph H{ C R, having no cycles such that the equivalence relation Ry given
by the J{-connected components satisfies v(Y;) > 1 — e/(3|H;|) where

Yi={yeY:Yhe HiHH'NA (h°-y,y) € Ry

Now define a measurable directed graph ' C {((g,z), (A §,z)) : § € Y/ z €
D, A € A} via the rule

((U1,2), (U2,2)) € H' &z € DA (Gi(e),G2(e)) € H.
Since the map 7t: Y/A — Y given by n(§) = y(e) is A-equivariant and since the
action A ~? (Y, v) is free, we see that H’ has no cycles.
Finally, define
§=90"U{((9,2),d(2)* - (§,2)) : g € Y, z € [0,1]"*\ D}.

When (g,z) € Y/ x ([0, 1174\ D) we have that ((g,z),d(z)* - (§,z)) is the only
edge in G leaving (U,z) and there are no edges in § pointing towards (4, z).
Therefore G remains acyclic.

Now suppose (1, z) € X, where

Xo = ( m (") (Y1)> X (Zo N Zy),

heH;
and let hy € Ho. Then (h§-z,z) € Fwhich implies that z’ = d(z)¢-z € D is equal
to (d(h§ - z)hy)¢ - z. Also note that
((G,2),d(z)° (§,2) €S and (RS- (T,2), (d(hS - 2)ho)® - (§,2) € G.

Since z € Z; we have that h; = d(h§-z)hod(z) ™" belongs to HiHoH;"'. Moreover,
h{ -z’ = z/. Since the stabilizer of z’ must be A (excluding a null set), we have
h, € H1H0H(1 N A. Finally, since n(d(z)® -9) € Y; we have that the points

d(z)*- (g,2) = (d(2)* - G, 2")
and
(d(h§ - 2)he)® - (§,2) = (hyd(2))* - (§,2) = h$ - (d(2)® -G, 2')
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belong to the same connected component of H'. Thus h§- (4, z) and (g, z) belong
to the same connected component of §. This completes the proof since p(X,) >
1—e. O]

Corollary 7.3. Universally free groups are approximately treeable.

Proof. By Lemma 7.1 we may assume that I' is finitely generated, that is, that I'
is a limit group. By the aforementioned theorem of Kochloukova [34], T" has
a normal coamenable free subgroup A. Since A is a free group, it is strongly
treeable. Therefore I' is approximately treeable by Lemma 7.2. 0

7.2. Outline of the proof. Recall from Subsection 2.5 that I'" is approximately
treeable if for every weak* open neighborhood U of the point-mass dr«r € Prob(&E(T)),
there is an invariant Borel probability measure u on F(I') so that the pushfor-
ward of p under the map F € F(T") — Ef € E(T') belongs to U.

For any set A, we let s denote the left-shift action of I' on A" given by the formula
(v¢-x)(8) = x(y'8) fory,d € Tand x € AT. When C C l'and y € T, we also
write v to denote the map from A€ to AYC given by the same formula (where
now d € yC).

The following is the main theorem of this section.

Theorem 7.4. If I is an approximately treeable group, then T} exists.

We provide a brief sketch of the proof. As mentioned earlier, our proof of
this theorem will use the open mapping characterization of the existence of the
model companion given in Theorem 5.26. Towards that end, consider p,q € N,
nonempty open A C Probr(q" x p"), and A € A. Let v € Probr(q") be the
pushforward of A under the canonical projection map, and lety € " — A, €
Prob(p") be the disintegration of A over v, so that A = [, x A, dv where &, is
the point-mass measure at y.

Fory € q" and F € F(I), we can construct a Borel probability measure ¢ (A, Ef)
on p' by taking the independent product over the classes C € I/E of the push-
forward of A, with respect to the projection p" — p°. In other words, ¢(Ay, Er)
is obtained from A, by independently re-randomizing A, over each of the classes
C € I/Ef. A simple but important observation is that if Ef = T' x T is the indis-
crete equivalence relation then ¢(A, Ef) = A, and moreover if Ef is sufficiently
close to " x T then ¢(Ay, Ef) will be close to A,. The fact that I' is approximately
treeable allows us to pick an invariant measure pu € Prob(J(T")) so that Ef is
close to I' x I with probability close to 1. This can be done so that when we aver-
age the measures &, x ¢(Ay, Ef) over v and 1 we obtain an invariant probability
measure contained in A.
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In the next step in the proof, which is the more technically challenging portion,
we choose a continuous function k : " — Prob(p") that approximates the func-
tiony € q" — A, sufficiently well in v-measure. Fory € ¢" and F € F(I') we
build a measure on (p")" whose projection to (p")™ is k((y™")*-y) & Ay-1)s, for
eachy € T. When (8,7v) € F the projections of the measure to (p")® and (p")"
will be coupled via an isomorphism from (p", k((y ") -y)) to (p", k((67")* - y))
that is close to the shift map (57 'y)® with probability close to 1. Additionally,
as in the previous paragraph the measure will have independent projections to
the sets (p")¢ for C € T/E. Using the map z € (p")" + z(-)(e) € p" we pushfor-
ward this measure to p" and call the resulting measure 8 («ky, F). The fact that the
couplings associated with the edges in F are close to the respective shift maps,
together with the fact that Er is close to I' x I" with probability close to 1, will im-
ply that 6(ky, F) is close to k(y) with probability close to 1. Finally, after taking
the average of 0(ky, F) with respect to v and p we obtain an invariant measure
close to the one we constructed before and therefore still belonging to A.

The final step is to observe that the construction of the previous paragraph can
be repeated for any invariant probability measure v’ on q". Moreover, since k
and the overall construction are continuous, the measure obtained will depend
continuously on v'. Therefore if v’ is sufficiently close to v the construction will
yield an invariant measure in A whose projection to q" is v/, completing the
proof.

We now proceed to develop all of the necessary details. Throughout the discus-
sion below, fix p € N.

7.3. Map-measure pairs. Let M be the set of all pairs (h, w) where h: p" — p"

is Borel measurable and w is a Borel probability measure on p". We equip
M with the weakest topology making the map (h,w) € M — (h x id).w €
Prob(p" x p") continuous. Equivalently, since p" x p" is compact and zero-
dimensional, the topology on M is the weakest topology making the maps (h, w) —
w(A Nh'(B)) continuous for all pairs of clopen sets A, B C p'.

We call a pair ((hy, wq), (ho, wo)) of elements of M composable if w; = (hy).wy.
We write M, for the set of all composable pairs and define a composition opera-
tion from M, to M, which we denote simply by -, by the rule (h;, w;) - (ho, wg) =
(hy o ho, wo).

Lemma 7.5. The composition function ((hy, w1), (ho, wo)) € My — (hy o hy, wy) €
M is continuous.

Proof. Let ((hq, w1), (ho,wo)) € My, let AJB C p' be clopen, and let € > 0.
Pick a clopen set By C p' such that wj (B1Ahf (B)) < e. Now consider any
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((g1,¢1), (9o, Co)) € M, that is close to ((hy, w1), (ho, wp)) in the sense that
G1(B1Ag;'(B)) < eand [Go(A N gy (B1)) — wo(A Nhy'(By))| < e.

Since each pair is composable, we have that (; = (go).{o and w; = (ho).wo.
Therefore

1G(ANgy' (g7 (B)) — wo(ANhg! (hy! (B))]
< [Co(AN gy (B1)) — wo(A Nhy' (By))
+ Colgy ' (B1Ag; ' (B))) + wo(hy ' (BiANy ' (B)))
=1[Co(AN gy (B1)) — wo(A Nhy'(By))+ Ci(BiAgy ! (B)) + wi(B1Ahy ' (B))
< 3e. OJ

Let C C I and write M(© for the set of all pairs ((h,),cc, w) where h, : p" — p"
is a Borel measurable function for every y € C and w is a Borel probability mea-
sure on p'. We give M!®) the weakest topology so that the map ((hy)yec, w) €

“ '+ (h,,w) € M is continuous for every y € C. For ((hy)yec, w) € M©
write [ . hy for the function from p" to (p")€ given by

(JTr) ) (3)(B) = hs(x)(B)
yeC

forxep', 6§ C,andpB €T.
Lemma 7.6. The map

((y)yee, w (Hm) w € Prob((p")°)

yeC "

is continuous.

Proof. Choose any cylinder set of (p")<, say A = [ .. B, where B, C p' is
nonempty and clopen for every y € C and where, for some finite set D C C,
B, =p' forally € C\D. Fixany ((hy)yec,w) € M!% and € > 0. Foreachy € D
pick a clopen set B), C p' satisfying w(B’Ahf] (By)) < €/(2|D[ + 2). Then, for
any ((gy)yec, ¢) € M9 satisfying ¢, cp By) — w(,ep By)l < €/(ID| + 1) and
¢(B,Ag,'(By)) < €/(2D| + 2) for every y € D, we have

(ITar) - (TTw) ot
() o (we)
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() -« (n))+

Let P* denote the set of all pairs (i, ko) of Borel probability measures on p" hav-
ing the property that either k; = K or else both ky and k; are non-atomic. We
equip P* with the subspace topology inherited from the product space Prob(p") x
Prob(p").

|D| < €. O

|+1

Lemma 7.7. There exists a function \p assigning to each pair (k1,ko) € P* a Borel
measurable function P(kq, ko) : p' — p' such that

(1) x K1,Ko) Ko;

(2) ¥ Ko, K1) o (K1, Ko) is equal to the identity ko-almost-everywhere;
(3) the map |<1, Ko) € P* — (P(ky, ko), Ko) € M is continuous; and
(4) Kh KO KO) (ld K) as (K1) KO) - (K) K)'

Proof. Let < denote the (non-strict) lexicographical ordering on p" obtained
from some fixed enumeration of the elements of I', and for z € p" set L, =
{z/ € p": 2’ X z}. For (ky, ko) € P* define P (k1, ko) : p" — p" by

V(K1 ko) (2) = inf{z" € p' : iy (Lar) > Ko(La)}

The above set will always be nonempty since the function on I' having constant
value p — 1 is <-maximal. Consequently 1 is well-defined.

The function P(k, ko) : p* — p' is Borel measurable since it is <-monotone
increasing. Specfically, the sets L,/, z' € p', generate the Borel o-algebra of p"
and each preimage (K1, ko) ™' (L,/) is necessarily Borel (it is either empty or else
equal to L, or L, \ {z} where z = sup_ {(«k;, Ko) M (L.)).

For k € Prob(p") set
Zc={zep :Vz <zk(L,\ L) >0l

Since p" contains a countable set that is dense in the <-ordering, we have that
kK(Z¢) = 1. From these definitions it is clear that 1\ (k, k) restricts to the identity
map on Z,. Thus conditions (1) and (2) hold when (k;, ko) = (k, k). Addi-
tionally, since 1\ (k, k) is k-almost-everywhere equal to id, no open set in M can
separate the points ((k, k), k) and (id, k) and therefore condition (4) will be
implied by condition (3). When k; # K, are non-atomic it is easy to see from the
definitions that \(k;, ko) maps Z,, bijectively onto Z,, and {(ko, k1) o (K1, Ko)
restricts to the identity on Z,, (in fullfillment of condition (2)). Finally, since
Borel probability measures on p' are uniquely determined from their values on
the sets L,, z € p', condition (1) easily follows.
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To conclude we verify condition (3). First observe that, while L, is always closed,
it is open precisely for those countably many z € p" which evaluate to p — 1 at
all but finitely many elements of I'. Write L, = @ and define Z to be the set of
all z € p" U {@} for which L, is clopen. Extend < to Z by declaring & to be <-
minimum. For any nonempty clopen sets A, B C p" we can choose <-increasing
sequences Zo, . ..,Zm_1 € Zand z|,...,z5. ; € Zso that A and B are the disjoint
unions
A=||L,. \L, and B=| Ly \L,.
ken tem

Then, by a simple inclusion-exclusion computation, ko(A N W(k1, ko)~ (B)) is

equal to
> D 1 ke (L Nl ko) Ly, ) -
(k,0)enxmi,je2
Since (1, ko) is <-monotone increasing, one of the two sets VP (k, ko) ' (L,;

Zze+j)
and L., ,, must contain the other, meaning the measure of their intersection is

the smaller of their two measures. Combining this observation with condition
(1), we obtain

k(AN k) (B = Y Y (—1)min (kolLay ) k(L)) -
(k,0)enxmije2

Since each of the sets L, and L;; . are clopen, the above is a continuous func-
tion of (Ko, k1) € P*. O

7.4. Measure constructions. Recall the space £(I") of equivalence relations on
I and the space F(T") of directed forests on I' from Subsection 2.5.

Lemma 7.8. There is a map ¢ : Prob(p") x &(TI') — Prob(p") such that:

(1) ¢ is continuous;
(2) ¢(w, T xT) = w forall w € Prob(p");
(3) vib(w,E) = dp(ySw,y*-E) forally € T, w € Prob(p") and E € E(T).

Proof. For C C T let ic : p" — p© be the projection map. Notice that 3 o 7tc =
TtgC © BS for [?) erl.

For E € &(T') and w € Prob(p") define
b(w,E) = ] (7).
CelVE

While the above is formally a product measure indexed by the E-classes in T,
since (7c).w is a probability measure on p® and the sets C € I/E partition ' we
will identify ¢(w, E) as a Borel probability measure on p'.
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Clause (2) follows immediately from the definition. Also (3) holds since for
€ I' we have

Bsdp(w,E) =B3 [ ] ()

Cel/E

IT 8o

BCel/pd-E

= I (mec)Biw = d(Bsw, Be-E).

BCerl/pd-E

Lastly, suppose that @ # B, C pfory € I'and that B, = pforally e '\ D
where D C T is finite. Consider the cylinder set A = Hyer B,. Then ¢(w, E)(A)
is a continuous function of (w, E) since the family of sets D¢ ={DNC: C € I/E}
is a locally constant function of E and when D¢ = D

d(w,B)A) =] w (HB xp" )

C'eD yeC’

is a continuous function of w. It follows that ¢ is continuous, in fulfillment of
(1). O

Recall that P* denotes the set of all pairs (ki, ko) € Prob(p") x Prob(p") such
that either k; = K, or else both k; and k, are non-atomic. Let P") be the set of
all w € Prob(p")" satisfying:

(1) w(y) is non-atomic for every y € I'; or
(2) viw(y) = w(e) for every y € T.

In other words, w € Prob(p")" belongs to P if and only if ((6~'y)Sw(y), w(8)) €
P* forall 5,y €T.

Lemma 7.9. There is a map 0 : P x F(T") — Prob(p") such that:

(a) O(w,F) is a Borel function of (w, F) and is a continuous function of w;

(b) 8(w,F) = d(w(e), Ef) whenever w € P satisfies ySw(y) = w(e) for all
Y € r;

(c) v$0(w,F) =0(y* - w,y4-F)forally €T, w € PN and F € F(T).

Proof. Let 1\ be the function described in Lemma 7.7. For 8,y € I'and w € Pl
define Borel functions gg’,, g, : p" — p" by

9oy = W(w(8), (37y)iw(y)) o (67'y)°
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and
gy, = (07y) o (v '8 w(8), w(y)).

The definition of P(") ensures that \ is defined in both of the expressions above.
With these definitions, gy’ first performs the shift on p" by 8 'y and then, ac-
cording to \, applies a map from p' to itself that pushes (&y').w(y) forward
to w(d). Similarly, g¢, first applies a map from p" to itself that pushes w(y)
forward to (Y '8)Sw(8) and then performs the shift on p" by 5 'y.

We observe that the following statements hold for all 5,y € T™:

(1) Each map gy, and gy, pushes w(y) forward to w(8). This is clear from
the definitions together with clause (1) of Lemma 7.7.

(2) Both compositions gJ'; o g, and g7'5 o gy, are equal to the identity w(y)-
almost-everywhere. This follows from the definitions and clause (2) of
Lemma 7.7.

(3) The pairs (gy,, w(v)), (g5, w(y)) € M are continuous functions of w.
Indeed each pair can be expressed as the result of a composition M, —
M:

(g5y, w(¥)) = (W(w(8), (' y)iw(¥)), (6 'y)iw(y)) - (67'y)%, w(y))

(38, w(¥)) = ((67¥)%, (v 18)w(8)) - (W((y'8)w(8), w(¥)), w(y)).
Continuity is a consequence of Lemma 7.5, Lemma 7.7.(3), and the con-
tinuity of the push-forward maps v$ : Prob(p") — Prob(p") fory € T.

(4) When 6;w(8) = yviw(y) both g§’, and gy, are equal to (57 y)s.

(5) gE;EUY = gy, and gg;g’y = gy, for all € T'. This is immediate from
the definitions together with the facts that (3° - w)(Bd) = w(d), (B* -
w)(By) = w(y), and (B3)'(By) = &1y

Now for w € P" and F € F(I') we define a function ¢¥ assigning to each pair
(8,¥) € Ef a Borel measurable function o¥(8,y) : p° — p" as follows. First,
when & =y we set 0 (8,y) equal to the identity function. Next, if (8,y) € FUF
then we set

w © o if(d,y) eF
0¥ (8,y) = P OV
gy, 1if(5,v) €F.
In general for (8,y) € Ef, consider the unique sequence of vertices yo, y1,...,Vn
forming a path in F U F from 7y to §, specifically vo =y, yn = §, and (yi11,7vi) €
FUFforall 0 <1i<n,and set

G}L?U(&’Y) = G}L?U('YmYnfl) ©---0 G%U(’YHYO)-

The following properties hold for all w € P, F € F(T'), and (8,v) € Ef.



E.C. PM.P. ACTIONS OF APPROXIMATELY TREEABLE GROUPS 75

(6) op(d,v) pushes w(y) forward to w(d). This is an immediate conse-
quence of (1) above.

(7) If 3 lies on the path from y to & then o’ (8,v) = o (8, B) o 0t (B,v). This
is immediate from the definition.

(8) of'(v,d)oop(d,v)is equal to the identity w(y)-almost-everywhere. When
(8,v) € FUTF this fact follows immediately from (2) above. The general
case follows by induction on the length of the path from vy to 8. Specifi-

cally, if {3 lies on the path from vy to 6 then by (7)
of (v,8) 0 0¥ (8,v) = o (v, B) 0 0¥’ (B, 8) 0 0¥’ (8, B) © 0¥ (B, V).

By induction we can assume o{’(3,0) o of’(8, ) is equal to the iden-
tity w(p)-almost-everywhere. Since of’(j3,y) pushes w(y) forward to
w(B) by (6), it follows that w(y)-almost-everywhere o}’ (v, 8) o 01 (9, v)
is equal to o’ (v, 3) o of’(B,7y), and by induction this latter function is
equal to the identity w(y)-almost-everywhere.

(9) Whenever  is in the same connected component as & and vy, o' (9,v)
is w(y)-almost-everywhere equal to 0'(9, 3) o of’(3,v). To see this, let
B’ be the unique point belonging to all three of the paths between the
points , v, and 3. Two applications of (7) yield the two equations:

of (8, B) 0 0¥ (B, Y) = o' (8,B") 0 0¥ (B', B) 0 oF (B, B) 0 0F (B', V)
oF (8,¥) = 0¥ (8, ") o 0¥’ (B', V).

The right-sides of these two equations are w(y)-almost-everywhere equal
since of’(f3/,v) pushes w(y) forward to w(B’) by (6) and of’(B’, ) o
o (B, R’) is w(P’)-almost-everywhere equal to the identity by (8). This
establishes the claim.

(10) IfySw(y) = w(e) for ally € T then o (8,v) = (6 y)* for all (8,7v) € Ef.
This follows from (4).

(11) o2,“(Bs, By) = 0@ (8,v) forall p € T. Thisis a consequence of (5) to-

paF
gether with the fact that if o, . . ., yn is the sequence of vertices forming
a path in F from 7y to & then Bvy,..., Byn is the sequence of vertices for

the path from By to 35 in ¢ - F.
Additionally, we observe the following facts:

(11) The function (w,F) € PM x U5, — (0¥ (8,v), w(y)) € M is continuous,
where Us ., is the open set {F € F(I') : (8,v) € Ef}. Specifically, we can
partition Us , into a collection U of clopen sets so that for every U € U the
path from & toy in Fis constantover all F € U. It’s enough to observe that
for each U € U the map (w, F) — (0¥ (8,v), w(y)) is continuous on P x
U. Say v = Yo, Y1y.-.,¥Yn = 0 is the path from y to d in F for all F € .
Then from the definition of of’ and by (6) we see that (o7’(8,v), w(y)) €
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M is the composition of the elements (0 (vit1,7vi), w(yi)) € M when
F € U. It then follows from (3) and Lemma 7.5 that (o{(3,v), w(y)) is a
continuous function of (w, F) € P x U.

(12) If C C T is nonempty, vy € I, and C U {y} is contained in a single E¢-
class for all Fin a set H C JF(T'), then the function (w,F) € P x H —
((0¥(8,7))sec, w(y)) € MY is continuous. Indeed, for every § € C the
map (w,F) € PV x H — (0¥(5,v),w(y)) € M is continuous by (11)
since H C Us,.

Let C € I/Ef be a connected component and fix any y¢ € C. From w we define
a Borel probability measure on (p")¢ by the formula

(H o%’(ém)) w(ve).

6eC

Notice that this measure depends continuously on w by (12) and Lemma 7.6.
Additionally, the measure we obtain does not depend upon the choice of y¢ € C
since for any other element y(. € C properties (6) and (9) imply

oeC deC

<H UFU(5»YC)> w(yc) = HG?J(&YC)) oF (ve, ve)sw(ve)

= Ho{;“(é,w/c)ocr%”(w,vé)) w(yc)

5eC

- HG%”(&VU) wlve).

6eC

For each C € T/E pick some yc € C. Alsolet f: (p")" — p' be the flattening
map given by the formula f(z)(y) = z(y)(e). We define the Borel probability
measure 0(w, F) € Prob(p") by

o(w,F) =f. ][] (Hc‘e’(zs,m) wlyc).

Cel/Er \5eC

Formally the expression above to the right of f, is a product measure on a prod-
uct space indexed by the set I'/Ef, however since the measure associated to the
coordinate C € T/Er is a measure on (p")¢, we identify the expression to the
right of f, as a Borel probability measure on (p")" (and therefore the applica-
tion of f, is defined).
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We first check (b). Denote by 7ic : p" — p© the projection map for C C T, and
recall that
dlwle),E) = [ (mc)wle).
Cel/Er

Let us also write f for the map from (p")€ to p© glven by the same formula as
before: f(z)(y) = z(y)(e) for y € C. Since Hyec s maps p' to (p")S, it is
easily checked that m¢c = f o Hyec( s Ifyiw(y) = w(e) forall y € T then
using (10) we obtain

I (me)wle)= T

Cel/Er Cel/Er

AT Yc)) w(vc)

5eC *

HGF yYcC ) w(yc) = 6(w,F),

Cel/Er \5eC

confirming (b).

Next we check (a). Let A C F(T') x E(T') be the Borel set A = {(F, Ef) : F € F(I")}.
Since the map F € J(T') — (F, Ef) € A is Borel, it suffices to show that 6(F, w) is
a continuous function of (w, F, E¢) € P(" x A. In fact it is enough to show that
O(w, F)(A) is a continuous function of (w, F, Ef) when A is a cylinder set. Say
A =[], By where g # B, Cpforally € 'and B, = p forall y € '\ D where
D C T is finite. Partition A into a collection V of clopen sets so that for each
V € V the restriction of Ef to D is constant over all (F, Er) € V. It will be enough
to check that for each V € V the map (w, F, Ef) — 6(w, F)(A) is continuous on
PN x V. Say every (F,Ef) € V partitions D into the family of sets D. When
(F,Ef) € Vand C € I/Er we have that

(+(LLeroa) woo ) (112

isequal to 1if CN D = @ and is equal to

(L) woer) (112
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when CND = C’ € D and y¢- is any element of C’ (changing y¢ to y¢/ does not
change the resulting value, as explained three paragraphs prior). Now notice
that the map

(w,FE) € P x Vi f, (H oF (8, vcr ) w(ycr) € Prob(p®')

oeC’

is continuous by (12), Lemma 7.6, and the fact that f, is continuous. Therefore
when (w, F, Ef) € P x V we have that

6(w,F)(A) = H( <H0F n@) w)(HB)

c’ed 5eC’ yec’
is a continuous function of (w, F, Ef) as claimed.

Lastly, to check (c) consider any 3 € TI'. Since left-multiplication by 3 provides
a bijection from the Ef-classes to the Egap-classes, for each C € I/Er we can use
the point Yc = Byc as the representative for 3C in computing 6(p* - w, B¢ - F).
Then by (11) and the fact that the map f is I*-equivariant we have

Bi6(w,F) =pif. ] (HUF ,vC) w(yc)

Cel/Eg \beC
= f. H H of ( »YC) w(yc)
BCET/Egar \BOEBC
= [T (11 cEZ’.ﬁf(B&Bvd) wlyc)
BCE/Egay \BOERC ;
=, H H O-Bd]: (5,9pc) > w(B Ppc)
BCET/Ega.r \8€BC *
- 11 (H%dF 6%) (B* w)(9c) = 0(p* - w, B¢ F). O
CeF/EBdF 5eC «

7.5. Existence of the model companion. We are now ready to prove that T}
exists when I' is approximately treeable:

Proof of Theorem 7.4. We verify the criterion from Theorem 5.26. Fix p,q € N,
nonempty open A C Probr(q" x p"), and A € A. Let v € Probr(q") be the
pushforward of A under the canonical projection map, and lety € " — A, €
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Prob(p") be the disintegration of A over v, so that A = [ 5, x A, dv where &, is
the point-mass measure at y.

Let ¢ : Prob(p") x (') — Prob(p") be the map from Lemma 7.8. Since ¢
is continuous, a routine calculation shows that the map E € &(T) — [ &, x
$(Ay, E) dv € Prob(q" x p") is continuous. It follows from this that the function
¢ : Prob(&(T")) — Prob(q" x p") defined by the formula

L) = Jjéy % (Mg, E) dv(y) dys(E)

is continuous. Moreover, if u is an invariant Borel probability measure on J(T")
and fi is the pushforward of u with respect to the map F € F(I') — Ef € E(T),
then ((fi) is also an invariant measure since ¢ as well as each of the maps y — 9,
y — Ay, and F — E are '-equivariant. By Lemma 7.8 we have that {(drxr) = A
belongs to the open set A, so by continuity and the fact that I' is approximately
treeable there is an invariant Borel probability measure u € Prob(JF(T")) satisfy-
ing C(fi) € A.

Recall the sets P* C Prob(p") x Prob(p") and P(") C Prob(p")" defined earlier.
Define ko : q° — Prob(p") by k«(y) = Ay. Pick a sequence of continuous
functions k,, n € N, mapping q" to the space of non-atomic Borel probability
measures on p' such that (k,) converges v-almost-everywhere to k.. Forn €
NU{oco}and y € q" define w,, € Prob(p")" by

Wy (Y) = Kn((’y71 )S ’ y)

Observe that for 3 € I’ we have 3° - wny = Wy sy since forally € T

(BS : wn,y)h/) = wn,y(ﬁ_]Y) = Kn((y_1f’)s U) - wn,ﬁs-yh’)°

Our definitions ensure that w,, € P foralln € Nand ally € ", and that
Weoy € P for v-almost-every y € q". This fact allows us to define for each
n € NU{oo} a Borel probability measure on " x p" by the formula

JJ&U X 0(wWny, F) dv(y) du(F).

Notice that the above measure is in fact I-invariant since the measures v and pn
are I-invariant and the mapsy — wn, y — 8, and 0 are I'-equivariant. Now
observe that for every y € I’

YiWooy (V) =75 Koo((V_1)s y) = ij\(v”)s-y
is equal to

'Yi('yil)i)\y = )\y = woo,y(e)
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for v-almost-every y € q". Additionally, w,, converges to w.,y as . — oo for
v-almost-every y € q". Combining these two facts with Lemma 7.9 yields

lim JJ% X 0(Wny, F) dv(y) du(F)

n—oo

_ JJay % 0(Weoy, F) dv(y) du(F)

— Hsy % oAy, Er) dv(y) dus(F) = C(f1) € A.

We fix from this point forward ann € Nsatisfying [ [ 8,x0(wny, F) dv(y) du(F) €
A.

Since wny € P for all ycq,we may define a function & taking invariant Borel
probability measures on ¢' to invariant Borel probability measures on q" x p"
by the formula

E(V) = Jjéy X 0(wny, F) dv'(y) du(F).

Of course, by construction we have &(v) € A. On the other hand, we chose
Kn, and hence the map y — wy,,, to be continuous. Consequently the map
y € 4" — [8y X 0(wny, F) du(F) is continuous as well. It follows that & is
continuous and therefore &7'(A) is an open set of invariant Borel probability
measures containing v. Every v/ € £7'(A) is immediately seen from the defini-
tion to be the pushforward of &(v') with respect to the projection map to q". We
conclude that the pushforward of A with respect to the projection map is open
and thus T} exists. 0
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