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ABSTRACT. We give an example of a unital C*-algebra A with a computable
presentation and for which neither Ko(A) nor Ki(A) has a computable pre-
sentation.

INTRODUCTION

In [6], we initiated the study of the effective content of the construction of the
K-theory of a C*-algebra. In particular, we constructed a computable functor that
takes as input a c.e. presentation of a C*-algebra A and outputs a c.e. presenta-
tion of the group Ky(A) and another such functor outputting a c.e. presentation
of K1(A). In some cases, such as when A is an AF algebra, our functor maps
computable presentations of A to computable presentations of Ky(A); see [5, Main
Theorem 3]. This naturally raises the question of whether there is a C*-algebra A
such that A has a computable presentation but Ky(A) does not (see [6, Question
2.17]). In this note, we give an example of a C*-algebra A such that A has a com-
putable presentation but neither Ky(A) nor K;1(A) has a computable presentation.
We refer the reader to [6] for background on computability theory for C*-algebras
and the computable Ky and K; functors.

1. A GROUP WITH NO COMPUTABLE PRESENTATION

Fix, for the remainder of the note, a set R C N that is c.e. but not computable
(for example, we can take R = (', the halting problem). Enumerate the prime
numbers in order as (pp)neN.

For each n € N, set

o {{0} neRr
" Z/pnZ n &R
For the rest of the note, set G = @,y G-
Proposition 1.1. There is no computable presentation of the group G.

Proof. Suppose, towards a contradiction, that G# is a computable presentation
of G. Let P = {n € N : G contains an element of order p,}. Note that G has
an element of order p, if and only if G,, = Z/p,Z if and only if n ¢ R, that is,
P=N\R.

I Supported by NSERC Discovery Grant RGPIN-2021-02459.

2 Supported by NSF grant DMS-2054477.

3 Supported by NSF grant DMS-2348891, by Simons Foundation award #MP-TSM- 00007933,
and by several grants from the City University of New York PSC-CUNY Research Award Program.

1



2 C. J. EAGLE, I. GOLDBRING, T. H. MCNICHOLL, AND R. MILLER

Since G# is computable we can use it to successively compute the orders of each
element of G, whence P is a c.e. set. Since R was chosen to be a c.e. set, this
implies that R is a computable set, contradicting our choice of R. (]

Remark 1.2. It is not too difficult to show that the above group G admits a c.e.
presentation. However, using [6, Corollary 2.16], this will be a consequence of the
fact that G is isomorphic to Ky(A) for a computably presentable C*-algebra A.

2. NON-COMPUTABLE K

For each n € N, set

C €ER
B, = "
Op,+1 n¢R
Here, Oy is the Cuntz algebra on k generators, that is, O is the universal C*-
algebra generated by partial isometries si,...,s; such that each sis; = 1 and

Zle sisf = 1. It is well-known that each Oy, is simple ([3, Remarks after Theorem
1.12]) and has Ko(Ox) 2 Z/(k —1)Z ([4, Theorem 3.7]). We will also need the fact
that the standard presentations of the Cuntz algebras are computable, uniformly
in n; see [7, Corollary 3.16].

Lemma 2.1. The algebras B,, have computable presentations, uniformly in n.

Proof. We begin by noting that it suffices to show that each B,, has a c.e. pre-
sentation, uniformly in n. Indeed, by a result of Fox [7, Theorem 3.14], any c.e.
presentation of a simple C*-algebra is computable (and the proof shows that the
computability of the presentation is indeed uniform in the c.e. presentation).

Towards this end, fix n and fix a computable enumeration (R;)sen of R, that is,
R consists of those natural numbers that have been determined to belong to R by
stage s. Let g denote the kth special point of the standard presentation of O, 1.
For all k,s € N with s > k, we define p;, s € B,, as follows:

o If n ¢ R, set prs := Q-

o If n € Rs \ Ry, set pis := 0.

o If n € Ry, set pi s :=1.
If s < k, we declare that py, s is undefined. Given k € N, note that p;, , is eventually
defined and constant; we denote this eventual constant value by pr and we set
Q:={pr : keN}.

Next note that in the case that n ¢ R, we have p, = ¢ for all k. On the
other hand, if n € R and sqg € N is the least s for which n € R, then we have
pr =0 for k < sg and pr = 1 for k > sg. As a result, in either case, Q) generates a
dense *-subalgebra of B,,, whence we may consider py as the kth special point of a
presentation B¥ of B,,.

It remains to observe that B¥ is a c.e. presentation of B, uniformly in n. To
see this, consider a rational x-polynomial p(zo,...,%m). Let (7s)seny be a com-
putable nonincreasing sequence converging to ||p(qo, ..., ¢m)| in Oy, ,. We define
a sequence (ts)s>m as follows. If n ¢ A, set t; :=rs. If n € Rs\ Ry, set t5:= p(ﬁ)
If n € Ry, set tg := p(f) It follows that (¢s)sen is a computable nonincreasing se-
quence, uniformly in n, which converges to p(po, . .., pm ), completing the proof. O

Set B =@D,,cnBn.

Proposition 2.2. B has a computable presentation.
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Proof. Using Lemma 2.1, fix presentations B} for the algebras B,, such that these
presentations are computable uniformly in n. For each N, set By = @2{:1 B,.
Then each By has a computable presentation Bﬁ, uniformly in N, obtained by
taking the direct sum of the presentations Bfé, e ,Bﬁ. The inductive limit pre-
sentation constructed from the presentations Bﬁ as described in [8, Section 2] is
then a computable presentation of limy By = B, by [8, Lemma 2.7(3)]. O

Theorem 2.3. Ky(B) = G and K1(B) =0.

Proof. If n € R then B,, = C, so K¢(B,,) = {0}, while if n ¢ R then B,, = O, 41,
so Ko(By) = Z/pnZ. That is, Ko(B,,) = G,, for all n.

Applying the fact that Ky commutes with direct sums and direct limits [10,
Proposition 4.3.4 and Theorem 6.3.2], we have:

Ko(B) = K, (@ Bn>

neN

= @ KO(Bn)

neN

The proof is complete by Proposition 1.1. O
Putting together the results so far, we have:
Corollary 2.4. B is a computably presentable C*-algebra and Ko(B) has no com-
putable presentation.
3. NON-COMPUTABLE K

Using the algebra B from the previous section, let C be the suspension of B,
that is, C = SB := (C(0,1) ® B.

Proposition 3.1. C has a computable presentation.
Proof. This follows immediately from Proposition 2.2 and [6, Lemma 3.1]. (]
Proposition 3.2. K(C) = G and K;1(C) =0.

Proof. Since C = SB, we have Ky(C) = K;(B) and K;(C) = Ky(B) (see [10,
Theorem 10.1.3 and Corollary 11.3.1]). O

‘We therefore have:

Corollary 3.3. C is a computably presentable C*-algebra and K1(C) has no com-
putable presentation.

4. THE MAIN EXAMPLES

Putting together the examples from the previous two sections, we get a single
computably presentable C*-algebra where neither Ky nor K; is computably pre-
sented.
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Theorem 4.1. There is a computably presentable C*-algebra A such that neither
Ko(A) nor K1(A) are computably presentable.

Proof. Using the algebras B and C defined earlier, let A = B @ C. The algebra A
has a computable presentation because B and C have computable presentations.
As mentioned above, Ky commutes with direct sums, so Propositions 2.3 and
3.2 yield that
Ko(A) =2 Ko(B)® Ko(C) = Go0=G.
Likewise, K1 commutes with direct sums ([10, Proposition 8.2.6]), so we have
Ki(A)ZKi(B)@e K1(C)=04G=G.
By Proposition 1.1, neither Ky(A) nor K;(A) has a computable presentation. O

Finally, we reach our main result.

Theorem 4.2. There is a computably presentable, unital, nuclear C*-algebra D
such that neither Ko(D) nor K1(D) is computably presentable.

Proof. Let D be the unitization of the algebra A used in the proof of Theorem 4.1.
Note that since each B,, is nuclear, D is nuclear as well. Since A has a computable
presentation, D does as well by [6, Proposition 2.21]. We have K;(D) = K;(A)
([10, Equation 8.4]), so K1 (D) has no computable presentation.

For Ky, we have Kyo(D) = Ky(A) @ Z ([10, Example 4.3.5]). Thus it remains
only to show that G ® Z has no computable presentation. Observe that for each
n € N there is an element of order n in G @ Z if and only if there is an element
of order n in G. Thus the same proof used to show that G has no computable
presentation also shows that G @ Z has no computable presentation, so Ky(D) has
no computable presentation. O

5. A STABLY FINITE EXAMPLE

The algebra D in the previous section is infinite in the sense that it has a proper
isometry. As mentioned in the introduction, AF algebras have the property that
any computable presentation of them yields a computable induced presentation on
the Ky group. Since AF algebras are finite, one might suspect that the distinction
at play here is the finite vs. infinite one. In this section, we show that one can in
fact find stably finite C*-algebras satisfying the conclusion of Theorem 4.2.

For each n > 2, let T',, := (a,b | bab~ = a™), the so-called Baumslag-Solitar
group BS(1,n). The following lemma captures the key facts we need about the
group C*-algebras of the Baumslag-Solitar groups.

Lemma 5.1. For everyn > 2, C*(I',,) is a stably finite residually finite dimensional
C*-algebra and has Ko(C*(T'y)) 2 Z and K1(C*(T),)) X Z D Z/(n — 1)Z.

Proof. We may view I';, = (a,b | bab™! = a™) as a semi-direct product Z[1/n] x Z,
where the Z factor corresponds to the subgroup (b) which acts by taking nth powers.
Thus T, is an extension of Z[1/n] by Z, and hence is an (elementary) amenable
group. Therefore C*(T',,) = C*(T,,) (see [2, Theorem 2.6.8]). It thus suffices to show
that C(T',,) is residually finite dimensional and stably finite. The latter property
is shared by all reduced group C*-algebras, because they have faithful tracial states
(see [2, Proposition 2.5.3]), so we only need to show that C;(T';,) is residually finite
dimensional.
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Each I',, is a linear group, as it is isomorphic to the subgroup

{ﬁ‘f ‘i] ke€Zse Z[l/n]}

of GLy(C). Thus by [1, Theorem 4.3] each C}(T',,) is residually finite dimensional.
Again, we have C*(T',) = C*(T',,), so the former is also residually finite dimensional.
The statements about the K-theory of C*(T',,) are proved in [9, Theorem 1]. O

Now define B,, as in Section 2, except replace Op,, 1 by C*(I'p, +1) when n ¢ R.
Equip C*(T',, +1) with its standard presentation. Now one observes that Lemma 2.1
continues to hold in this setting. Indeed, the standard presentation of C*(T'), 41)
is clearly c.e. uniformly in n. Moreover, this presentation is in fact computable
uniformly in n by [7, Theorem 3.5], since C*(I',,, +1) is residually finite dimensional,
thereby establishing Lemma 2.1 with the redefined B,,. As a result, setting B :=
,, B, we have that K;(B) = G, where G is the group admitting no computable
presentation defined in Section 1, and K¢(B) = @,,Z. The algebra B is stably
finite because each B,, is stably finite. We note also that since each IT';, is amenable
each B,, is nuclear, and hence B is nuclear as well.

We have thus found a stably finite C*-algebra B that is computably presentable
(the validity of Proposition 2.2 depended only on the conclusion of Lemma 2.1)

for which K (B) is not computably presentable. Setting A := E\Bj‘, the unitization
of the suspension of B, we have that Ko(A) = K1(B) ® Z = G @ Z, which is
still not computably presentable as argued in the previous section. Note also that
A is computably presentable, stably finite and that K;(A) = Ky(B) = @,, Z.
Finally, setting E := A®B yields a computably presentable, stably finite C*-algebra
with Ko(E) = Ky(A) © Ko(B) and K;(E) = K;1(A) ¢ K;(B), neither of which
are computably presentable (the argument for why G @ @,, Z is not computably
presentable is identical to the argument for G @ Z). In summary, we have shown:

Theorem 5.2. There is a computably presentable, stably finite, unital, nuclear
C*-algebra E such that neither Ko(E) nor K1(E) has a computable presentation.
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