
 

Last time
CEP Every tracial v Na embeds
into an ultrapower R ol the
hyperfinite 11 factor R

90s

Goal CEP Kirchberg's QWEP Problem

Recall A concrete Ct algebra is a

subalgebra ol Bot closed in the

operator norm topology

Def A Chore on a alg A B

a norm till an A satisfying

llxylkllxll.lyIl
Ux 1 11 11

Ct quality
11 11 11 112



An abstactoratgebe is a algebra

equipped with a complete Ct norm

Exercise Concrete Ct algebras are abstract
Ct alg

Def A representation of a alg A
is a alg hom IT A Bot
It is faithful if it is injective

Tha Gelfand Naimeta If A is an
abstract Ct als then A admits a
faithful rep It A BCH
Then A E THI E BED

concrete Ct alg

Convention All Ct algebras are unital 11111 1



All geb s a 11111 I

example If X is a compact Hausdorff

space CA cant functions X A

then Axl is an abelian Ct alg
FX FAT
IIFLI ER IfGil

Gelfand Duality All abelian Ct alg
are of this form

S.BYagtnfthx CCCxl fX lR

positive x
ytry forsome y

CA f X

projection self adj Xx
Bot Protection onto closed subspace
x f X 7 0 1

Unitary xx xx

Bot unitary operators



B I y open
c41 fx S

Def A line map 0 A B
between Ct alg is positive if it sends

positive elements to positive elements
e g han are positive maps

Given
any

net view MNA n xn matrices

with entries from A as a Ct subals
ol BCKEEFE CA e Bea

If 0 A B is linear get
0cm Mn A Mn B

If each 0 is positive we say
0 is completely positive Cop

LP unital 047 1 and op



homomorphisms are Ucp
Converse is false but not too badly

If T A BCK is a han and
V ft k is an isometry ie

VS V27 5,27 for all 9 yet
get O A Bat by
0 a s Vitals

Compression ol it
Check O is up

Stinespring's Thm All up maps
0 A Bat are this way



Examplescaningfongrops

G countable discrete group
Last time left regular representation
X G BLOG unitary rep
Xg f h f g h

Alternatively If 8h is the Dirac mess

at he G then X g In dgh

L G von Neumann algebra generated

by ACG
group vonNemen at

Ctr G Ct alg generated by X G

reduced group Chad L G



IT G UCA unitary rep ol G
I
group ol unitaries in a
G alg A

Extends to alg map
IT EEG A
G group ring

formal linear comb IgeGgg
w only fin many nomen coeff

Ecg g
E Z G g

Define 112cg.gl sup211EgeoCgltcg7ll

IT G UCA unitary rep

Check 112cg.gl Ko
Il Il is a Ct norm on CCG



I 1 a C C

Det C G completion ol ECG
W r t this norm

universal group Ct alg of G

Universal property HT G UCA is

a unitary rep then IT extends uniquely
to a a lg hom IT CHG A

Cos For any separable Ct als A there
is a surjective han CHEN A
PI A sep there exists unitaries Cuilien

that generate A
IF UCA group hom

Ci t Ui

Extends to alg CECIFor A B



surjective
Get C G CY G alg

Usually not i so
In fact Isomorphism iff G amenable

Functorial GH group him

Ct Cal CAN alg

If HE G then CACHE Ct G

c CG H EC CO
CtW.n

Tensorproductsolet algebm

Vector spaces V W a tensor product
VOW



S Vava liner maps
T WW2

SOT NOW V2 Wz
SOT Vaw Sv Tw

If It Kare Hilb spaces then
we have an inner product on

Hok Toni 72 927
L Jz ya

Complete Hilbert space HOK
S H H2 bounded linear
T K kn
S T It Ki He Ka



Main issue A B A alg
Want their tensor product
A B is a algebra again

X Xy Xyz x x2 lyya
xx Hay
unit I I

Want C't norm on A OB
The completion will be a Ct alg
that could be called Axe B

In general no canonical Ct norm on

A B

Two natural extreme chores



A EBLA
B EB K
A BE BLAK

The operator norm or Bak
induces a C norm on A B
called Il 11min
Check Independent ol representation

Thin Takesaki Il llmin Ell Ila
for any Ct nom Il.lk on AO B

Completion ol ADB w rt All min
is denoted Axomin B or ADB
Minimal tensor product



Properties

If Ta An Az Tn B Bz
are hams then Ta In extends

uniquely to

ITA ITB A min B Az min B2
Ditto for ucp maps

Ctr Gx H E C'T G min CECH

Define maximal not Hillman

in AO B by

Uxllmqsuphllitall T A B Bot han

Check Ux Imax Lo

Il Il max is a C norm on Ao B



Fact Holla ell Il max for any CA norm
on A B
Completion A max B B Bot

Property
If Ta A But m B 73Gt

are hams with commuting ranged

get han

Ta ITB A max B 7 BCH
Ditto for ucp maps

GH ECHO max CECH

Fact In general Admin B Amex B

Always A mex BA AAmin B
When this map is an isomorphism

call CA B a nuclear pay



Cal la BI a Epa

A B huck if A B is a

nuclear pair for all B

811 21 CECE not nuclearpair
CLIFT CHIE is a nuclearpair
iff CEP Next time

BCH BCH not nuclearpair
Junge Pisier Eni giffind

tha Kirchberg CCCFool BCH

is a nuclear pair

C G nuclear if f CI G

iff G amenable so



G Er CG


