A NONSTANDARD APPROACH TO THE DIRECT INTEGRAL
VERSION OF THE SPECTRAL THEOREM

ISAAC GOLDBRING AND FABRICE NONEZ

AsstrACT. We use nonstandard methods to prove the direct integral ver-
sion of the Spectral Theorem for Unbounded Self-adjoint Operators. Our
proof avoids the standard reduction to the case of bounded normal oper-
ators via the Cayley transform and, as such, works uniformly for both real
and complex Hilbert spaces. Our method also yields a new nonstandard
proof of the spectral measure version of the Spectral Theorem.

1. INTRODUCTION

1.1. Statement of the main result. Given a direct integral f% Hidup(t) of
Hilbert spacesl, the “multiplication operator” T on J}g Hidu(t) given by
T(X)(t) := t-X(t) is an unbounded self-adjoint operatorz. One version of the
Spectral Theorem for Unbounded Operators states that all unbounded self-
adjoint operators on a separable Hilbert space are essentially of this form.
More precisely, if A is an unbounded self-adjoint operator on the Hilbert
space H, then there is a unitary U: H — fg Hdp(t) for some direct integral
f% Hdu(t) such that U(A(x)) = T(U(x)) for all x € dom(A). Viewing the
direct integral construction as the natural generalization of the direct sum
construction, this version of the Spectral Theorem is the obvious general-
ization of the usual finite-dimensional Spectral Theorem in terms of diago-
nalizable operators.

In this paper, we use the nonstandard methods inspired by [3] and [7]
to prove the previous theorem. We actually prove the above theorem in a
slightly more general form:

Theorem 1.1. Given a (real or complex) separable Hilbert space H and an un-
bounded symmetric operator® A on H, there exists a Borel probability measure p
on R, a measurable family {H}rcr of Hilbert spaces, and an isometry

®

U:H — J Hedp(t)
R

such that, for any x € dom(A), U(Ax)(t) =t - (U(x)(t)) for p-almost all t € R.

I. Goldbring was partially supported by NSF grant DMS-2054477.
1See the appendix of this paper for more information on direct integrals of Hilbert spaces.
2We assume the reader is familiar with the basics of unbounded operators on Hilbert
spaces. The reader unfamiliar with this material can consult [1, Chapter X].
*We always assume that our unbounded operators are densely defined.
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As a byproduct of our analysis, in Section 6, we will see that if A is self-
adjoint, then the isometry U that we construct will be surjective (and thus
unitary).

1.2. Overview of the proof. Unfortunately, the quality of a nonstandard
proof is often judged by how much shorter it is than the standard argu-
ment. The reader of this paper might look at its length and judge that the
nonstandard proof is longer than its standard counterpart! In our opinion,
the correct yardstick for measuring the quality of a nonstandard argument
is the clarity of the structure of the proof and of its pedagogical advantage
over the standard argument. In the case of the current paper, we believe that
this is certainly true for the proof of the direct integral spectral theorem be-
ing presented here. In this subsection, we offer a high-level overview of
the proof. The rest of the paper can be viewed as simply checking that the
details and calculations are as expected.

As with many nonstandard arguments in functional analysis, the basic
idea is to “model” the situation by a hyperfinite-dimensional subspace of
the nonstandard extension. In our case, we should consider a hyperfinite-
dimensional subspace H of *H and an internal symmetric (equiv. self-adjoint)
operator A : H — H which sufficiently approximates A in a certain sense.
While our proof is carried out under much more general assumptions (see
the definitions in the next section), the most natural thing to do is to start
with an orthonormal basis (e;);en for H consisting of vectors from dom(A),
extend it to a hyperfinite sequence (e; )]N: , from *H, let H denote the internal
span of this hyperfinite sequence, and let A be projp oAly, the composition
of the restriction of (the nonstandard extension of) A to H with the (inter-
nal) orthogonal projection operator onto H.

The main idea behind the proof is to apply the (transferred version of the)
finite-dimensional version of the spectral theorem to (H,A). As such, we
have that H is the (internal) direct sum of its eigenspaces H, corresponding
to the eigenvalues A € *R. One may consider any weights ¢; € *R> for j €
[N] and define an internal measure on the set & of eigenvalues by declaring
a({A} = Z)N:] Gl projy, € ||2; for this measure to be a probability measure,
we further require Z}\’: 1¢ille|I> = 1. The map

x— (A

1
VA Pl

is an internal unitary map between H and the internal direct integral f? Hadfi(A)
which intertwines A and the canonical multiplication operator on the inter-

nal direct integral.

In order to obtain the statement of Theorem 1.1, one somehow needs to
take the “standard part” of the picture from the previous paragraph. One
immediate observation is that, for one to not lose too much information
from such a procedure, one would want that almost all (with respect to
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the Loeb measure p; induced by {i) eigenvalues are finite. This can be
achieved with one further condition on the weights (c;)jen), namely that
Zj enst(cj) = 1. One can then pushforward pp along the standard part
map to obtain a Borel probability measure p on R.

In what sense should one take the “standard part” of the internal direct
integral? The mindset taken in this paper is that the information carried
by the integral direct integral is contained in the inner product function
A = (U()(A), U(y)(A)), where, for x € H, one defines U(x) € L Hy by

U(x)(A) = ﬁ projy, x. An important technical result (Theorem 4.6 be-

low) is that this function is an S-integrable function. As a result, we are en-
titled to consider the p -integrable function f*Y(A) := st(T(x)(A), U(y)(A)).
We can use ™Y to define a measure f*Ydu; on &, which we can then push
forward along the standard part map to a Borel probability measure vV
on R. It is in this sense that we take the standard part of the internal direct
integral.

So how does one obtain the conclusion of Theorem 1.1 from this family
of measures? The idea is to reverse the steps of the previous paragraph.
Indeed, for each j,1 € N, one can consider the Radon-Nikodym derivative
Uy = dvgi;el and then show that there is a sequence (V; : R — {3)jen
of measurable functions for which (Vj(t), Vi(t)) = U;:(t) for p-almost all
t € R. This allows one to conclude that mapping e; to Vj extends to an
isometry U : H — ﬁ? 5 dp. For the purposes of obtaining a unitary operator

in case A is self-adjoint, it is better to view U as taking its values in f g Hidy,
where Hy is the subspace of {5 spanned by {Vj(t) : j € N}, and where
(Hy¢)ter is endowed with its “induced” measurable structure.*

It is straightforward to show that the standard part of the graph of A is
the graph of a closed symmetric operator A extending A. In Section 6, we
show that our construction is robust enough so that A is self-adjoint if and
only if U is unitary.

One point worth making is that our strategy holds irrespective of whether
the Hilbert space is a real Hilbert space or a complex Hilbert space. The
usual approach to the direct integral version of the spectral theorem for un-
bounded self-adjoint operators uses the Cayley transform to reduce to the
case of bounded unitary operators, and such a reduction is only possible
when the field of scalars is the complex field, and when the operator is self-
adjoint (see, for example, [1, Chapter X] or [5, Chapter 10]). We also note
that our proof relies only on the spectral theorem for self-adjoint operators
on finite-dimensional Hilbert spaces, which is much easier to prove than
any of its infinite-dimensional counterparts.

The methods use in this paper are partly inspired by those used in [7],
and share apparent similarities, notably when it comes to samplings and

4 A short argument is needed to show that this makes sense.
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scales. In that body of work, the flexibility afforded by these objects are fur-
ther used to work with specific examples of symmetric operators, such as
—id on CX(R), to establish explicit isometries (in this case, the resulting
isometry being the Fourier transform). We think such applications might
be possible in our context as well, helping one find clear descriptions of
the measurable families for a given symmetric operator. In that case, such
descriptions would most likely provide a more complete picture of "eigen-
value" multiplicity. We leave this possibility for a future project.

Finally, we mention that our methods quite easily yield yet another non-
standard proof of the projection-valued measure version of the Spectral
Theorem, first established in [3] and then again in [7] (see also [6]). This
derivation is given in Section 7.

1.3. Conventions. Throughout this paper, we fix a separable Hilbert space
H over the field K € {R,C} and a symmetric unbounded operator A on
H, which we assume is densely defined. The inner product of x,y € H,
which is linear in x (thus conjugate linear in y), will be denoted with (x, y).
Meanwhile, the ordered pair from H x H will be denoted (x, y).

If {Hy}xem is a family of K-Hilbert spaces, then given X,Y € ] . Hx,
we let (X,Y) denote the map x — (X(x),Y(x)) : M — K. In contrast, if
u is a measure on some o-algebra on M for which the function (X,Y) is
p-integrable, then we set (X,Y), = [,,(X,Y)du. Similarly, [|X]| is the map

x = [ X(x) |, while [| X[, = /(X, X)x = 1/ [\ [IX||*dit when applicable.

We assume that our reader is familiar with the basics of nonstandard
analysis. The reader unfamiliar with these methods may consult [4]. The
only somewhat nonstandard nonstandard ingredient in our work is the no-
tion of an S-integrable function; we include the basic information about this
notion when it is first needed in Section 4.

As is customary, we assume our nonstandard extension is ¥Xi-saturated;
this suffices since our Hilbert space is separable.

In order to prevent the paper from becoming cluttered with too many
stars, we omit stars on the nonstandard extensions of functions. Similarly,
when considering an internal function on an internal measure space, we
write [ fdu rather than * [ fdu for the internal integral. Another instance of
this convention is that, for an internal subspace H of *H, we write proj, for
the internal operator on *H which projects onto H.

Finally, we assume that the natural numbers N begin at 1. When referring
to the set of nonnegative integers, we write Z>.

2. QUASI-SAMPLINGS

Our definitions in this section are heavily inspired by the notion of sam-
pling introduced in [7]. However, not all of the structure of samplings is

5Pun intended.
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needed for our current purposes and so we define the following weaker
notion:

Definition 2.1. The pair (H, A) is called a quasi-sampling for A if:

(1) W is a hyperfinite-dimensional subspace of *H;

(2) A :H — His an internal symmetric operator;

(3) We have the graph relation G(A) C st(G(A)). In other words, for each
x € dom(A), there exists x € H such that x = st(X) and Ax = st(AX).

We next recall the definition of a standard-biased scale from [7, Definition
2.4]. We also take the opportunity to say what it means for such a scale to
be compatible with a quasi-sampling.

Definition 2.2. If (&)}, is a hyperfinite sequence from *H, and (&)}, is a hy-
perfinite sequence from *R., then the pair ((éj )}\’: 1 (& )}L) is called a standard-
biased scale if:

(4) for each j € N, & is nearstandard in H, &; is near standard in R, and
St(é]' éj) 7é 0.
(5) the set {st(&;)}jen is dense-spanning in H.
6) XL glgl* =1
(7) X jenst(&)] st(g)[* = 1.
Furthermore, we say that this scale is compatible with the quasi-sampling (H, A)
(8) foreachj € [N], & € H.
(9) foreachj € N, |Ag|| is finite.

The results of [7, Section 2 | show that quasi-samplings for A and standard-
biased scales compatible with a given quasi-sampling exist. We provide one
such construction here, constructing the quasi-sampling and scale at the
same time; the details are left to the reader (or they may consult [7, Section
2]).

Let (ej)jen be an orthonormal subset of dom(A) such that {(ej, Aej)}jen
is dense-spanning in G(A). Such a set must necessarily be an orthonormal
basis of H. Then, for some infinite hypernatural N, let H be the internal
subspace of *H spanned by (*ej)}i , and set A = (projy o*A)lp. Finally, for

j € [N], set & = *"ej and ¢ := - Then it is straightforward to verify

1
1 56 (-2 N
that (H, A) is a quasi-sampling for which ((é]-)]N: 1 (Ej)]!\‘:]) is a compatible
standard-biased scale.

Convention 2.3. For the remainder of this paper, we fix a quasi-sampling (F, A)
for A as well as a standard-biased scale ((é]- AR (Ej)}\’:]) compatible with (H, A).

Furthermore, for j € N, we set ¢j == st(&;) and e; := st(g;).
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3. THE INDUCED MEASURE
We begin with a few preliminary definitions.
Definition 3.1. For each A € *R, we set Hy = ker (Al — A), while for internal
V C *R, we set Hy = * @, oy, Ha (so Hy = Hpy).

Remarks 3.2.
(1) Since A is symmetric, we have that all H, are orthogonal to each other.
(2) Since A~ is symmetric, we have projy, Ax=A projy, x f0r~all x € H.
(3) Since H is hyperfinite-dimensional, we have {A € *R | Hy # (0)} is
hyperfinite.
(4) By the Transfer Principle and the finite-dimensional version of the Spectral
Theorem, we have H = Hsg.
Definition 3.3. Let 5 = (A € *R | {g;}}\,; Z Hy}. In other words, \ € & if and
only if there exists j € [N] for which * projy & # 0.

Remark 3.4. Since A € & implies Hy # (0), we have that & is hyperfinite.
Proposition 3.5. For each j € [N], we have & € Hs.

Proof. By Remark 3.2, we have that H = Hg @ H.g\5. Since Property 8 of

Definition 2.2 establishes that &; € H, we only need to show that & L H. R\G-
However, since the sum in Definition 3.1 is (internally) algebraic, and since
by definition & € Hy for each A € *R \ &, we indeed have & L Hig\5. O

Remark 3.6. In the construction of a quasi-sampling and standard-biased scale
given in the previous section, we have that & is simply the collection of eigenvalues
of A and that Hs = H. The reader will lose nothing moving forward if they keep
this special case in mind.

We now work towards defining our main measure.

Definition 3.7. Let A = *P(&) be the internal algebra of internal subsets of & and
define fi : A — *R>¢ by

N

B(V) =D §l*projy, &l*

j=1
For A € &, we set fi(\) := (A} = 1, &|* proj, &l
Remark 3.8. By the definition of &, we have that {i(A\) > O for every A € &.

By Remark 3.2, Proposition 3.5, and Property 6 of Definition 2.2, we di-
rectly conclude the following;:

Proposition 3.9. (5,4, fi) is an internal probability space.

Definition 3.10. Lef (&,.AL, i) be the Loeb probability space associated to (G, A b).
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The goal is to push forward p; via the standard part map to a measure
on R. In order to do so, we need the following proposition:

Proposition 3.11. Fin(*R) N & € Ay and u (6 \ Fin(*R)) = 0.

Proof. Set Fin(&) = Fin(*R)N&. We have Fin(&) = (J, (6N *[-m,n]). Since
all the sets in the union are in A C A, we have that Fin(§) € A, proving
the first statement of the proposition. Note also that

pe (6 \ Fin(5)) < st(f(\ *[-n,n]))

for any n € N.
Fix e € R.(. Using Properties 6 and 7 of Definition 2.2, we have

N n
lim st | Y &le)? | =1— limst | Y &llgl? | =o.
n—oo n—oo

j=n+1 j=1

Thus, we may take jo € N such that

N
~ 11 (12
st Z Gllgll= | <e.

j=jo+1
Then, for any n € N, we have, using Remark 3.2 to commute A and Projy, ,

N
RN )= & Y |lprojy, &’

j=1  Aed\*[-n,n]

Jo N
~ =2 ~ . =112
=2 & > llprojp, GlP+ Y gllprojy,. . &l

j=1  Aed\*[-n,n] j=jo+1
. A 2 A 2
<35 3 sleoi P+ 3 gligl

j=1  Aed\*[-n,n] j=jo+1
j 2

)0
» A a2
e+) & ) —lproj, &l

j=1  Ae&\*[-n,n]

1 & o
=€+ Ech Z ||7\pro]ﬂ)\ ej||2
1

j= AET\*[—n,n]

IN

jo

1 . 5 .
= e+chj Z HApro],glA esz

j=1  Aed\*[-n,n]

1 Jo ~ ) .
=€+ EZC]' Z ||pro],1lA Aej||2
1

j= AET\*[—n,n]
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1 Jo ~ ) <
=et 3 Z] Gl Proj . AG |
j=

] Jo Cx o
< €+pZCjHA€jH .
j=1

By Property 9 of Definition 2.2 and our earlier observation, for any n € N
we deduce that
~ . ~ -I jo - 5
u (6 \ Fin(6)) < e + ) Z] c;jst(||Ag]]).
):
Letting n — oo, we have that p; (& \ Fin(6)) < e. Since € € R is arbitrary,
we conclude that u (& \ Fin(&)) =0 O

Definition 3.12. Let st5 := st [gin(5) : Fin(d) — R.

By [8, Theorem 3.2], we have that the function sts is measurable. We can
now define the measure on R that will be part of the verification of Theorem
1.1.

Definition 3.13. Let w be the probability measure on Borel(R) obtained by push-
ing forward py via st .

4. INTERNAL ISOMETRY

In this section, we consider properties given by the internal direct inte-
gral.

Definition 4.1. Define
®

U:*H%J Hadfi(A)

o

by (U(x))(A) = \/ﬁ projp, x.

Remark 4.2. Since & is hyperfinite, A = *P(&), and fL(\) > O for all A € &, we
have that f? Hadit(A) = I hes Hy, (as internal sets). As such, for any x € *H, we
have that X — —~ projp, x is an internal function, and so U(x) € does indeed

oV fi(A)
belong to j? Hadi(A).

Proposition 4.3. U is an internal linear map. Furthermore, ker(U) = Hz and
Ul is an isometry. Finally, forany A € & and x € H, (((Ax))(A) = A(U(x))(A)
holds.

Proof. Tt is clear that U is internal. Linearity of U follows from linearity of
othogonal projection maps.
Furthermore, for any x € *H, we have that

I = [ ) Pty
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-5

AET

= Z Hprojp[A X

AET

. 2
= || projp, x|

2

1 i)

VR P

I

Therefore, we have ker(Ul) = l:{(TL and that H|H(~, is an isometry. The last part
of the proposition follows from Remark 3.2. O

An interesting idea would be to use the internal direct integral above to
construct an external direct integral f? A,dpy, where A, is the Hilbert space
nonstandard hull of Hy. While such a construction is certainly possible, it
presents significant technical difficulties, most notably with the measurable
structure of the direct integral. Furthermore, pushing forward that struc-
ture to obtain a suitable direct integral [ ]g Hjdp also presents quite nontriv-
ial difficulties.

Instead, as mentioned in the introduction, the proposed path here is to
use the internal direct integral to establish how the interactions between
sections should behave, and use these results to construct fg Hdu.

Our next result (Theorem 4.6 below) is crucial moving forward. We first
recall the definition of S-integrability.

Definition 4.4. Suppose that (X, Q,v) is an internal probability space. Then an
internally measurable function f : X — *K is S-integrable if :

o [\ Ifldv is finite; and

e forall E € Q such that v(E) ~ 0, we have [ |f|dv ~ 0.

Remark 4.5. Suppose that f as above is S-integrable. One can then verify that f is
v-almost everywhere finite. Furthermore, [8, Theorem 6.2] establishes that st of is

wp-integrable and
st <J fdv) :J (stof)dvy.
X X

Given B € Q, it is straightforward to see that f - 1g is also S-integrable, whence the
equaltiy in the above display remains true when integrating over B; we shall use
this fact a number of times in the sequel.

Theorem 4.6. Forallx,y € *H withx nearstandard and y finite, the map (U(x), U(y))
is an S-integrable function on & with respect to fi.

Proof. First, using the Cauchy-Schwarz inequality twice, it is clear that

j [(Cx), Uly))| di < j 1800 [Ty df < 60 18 s < Xl Tyl

o
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Thus, [ [(U

x), U(y ‘ dfiis finite. It remains to show that, for any internal
E C & with ( J~0

we have

We have
|, oo, Tepian = Y- (@0, ) ] £
E ACE
= ) ~( )
AGZE< T PR ﬁp Ojii, Y >u

= > |{proi, x,projg, )|
A€t

< 2l projgy, x|l projg, yll

A€E
< 1> lproja, xI12, /3 [l projg, yl?
A€E A€E

= [l proju, X[l projn, yll < [l projg, x[lyll-

Since y is finite, it is sufficient (in fact necessary) to show that || projy_x||

is infinitesimal. Let € € R.. Using Property 5 of Definition 2.2 and the
fact that x is nearstandard, we may find k € N and {qj }}‘:1 in K such that

[ Z;‘ZI a;& — x|| < e. Then we have
K
+ [projg,  D_ a8
j=1

+.Z'aj'HPr°mE d
k
<e+Z Ia;l\/m<e+z a )I

Since st(fi(E)) = 0, st(|[ projy,x||) < e. Since € is arbitrary, we get that
| projp, x| is infinitesimal, as desired. O

IN

IProjp, x|l

Projy, X — projy (Z a; e])

k
< X—Zajéj

Remark 4.7. In the course of the above proof, we established that, for all x,y € *H,
we have

|| oo, tp] ag < iyl

This important inequality is worth isolating here.
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Corollary 4.8. Suppose that x1,%x2,Y1,Y2 € *H are all nearstandard. Further
suppose that st(x1) = st(xz) and st(y1) = st(yz). Then

st ((U(x1), Uly1))(A)) = st ((U(x2), Uly2))(N))
for w-almost all A € &.

Proof. By Theorem 4.6, we know thatboth (U(x1), U(y1)) and (U(x2), U(y2))
are S-integrable. Using the triangle inequality, it is straightforward to see
that the internal function ‘(ﬂ(vq ), U(y1)) — (U(x2), tl(yz)>| is S-integrable
as well. Therefore,

| IstCcatcen, Ty = se(q@iea), Tiwa))| da
= | st (a0, Tw) - (@), Tlwa) ) da
—st (]I, Qo) - (@), U] an)

= st ( i [(U(x1), Ulyr — ya)) + (U0 —x2), U(ya)) | dﬂ)

< st < h [(Q(x), Ulyr —y2))| dﬁ) + st <J [(U(x1 —x2), Ulya))| dﬂ)

<st([xall lyr —yzll) + st ([x1 — x| [ly2l]) = 0.
Therefore, Ia ]st((fl(x]),ﬂ(y]))) - st((ﬂ(xz),ﬂ(yz)m dup = 0, from which
we conclude
st ((U(x1), U(y1))(A)) = st ((U(x2), Uly2))(N))
for pr-almost all A € &, completing the proof. O

5. Hiusert FamiLy CONSTRUCTION

In this section, we build the spectral family that will be used to complete
the proof of Theorem 1.1. We begin by using Theorem 4.6 to construct our
direct integral using the expected interactions.

Definition 5.1. For x,y € H, let v*Y be the K-signed measure® on Borel(R)
defined by

VOB = st ({0, Uly))) du
sty (B)

Note that v*¥ is in fact a finite K-signed measure on Borel(R). Indeed,
by Theorem 4.6, st ((U(x), U(y))) is a p -integrable function on &, whence
the map

Vi Jv st (U(x), Uly)) dur

*When K = C, a K-signed measure is simply a complex measure.
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is a finite K-signed measure on A; ; the measure v*V is then the push-forward
of this measure along st;. Furthermore, the following is a direct conse-
quence of Corollary 4.8.

Lemma 5.2. Fix x,y € Hand take X, € *H such that X ~ x and § ~y. Then
V() = | st(U(R), W) du
stz (B)
Proposition 5.3. For all x,y € H, we have v*¥ < p.
Proof. Let B C R be any Borel set such that (B) = 0. Then, by definition of
u, we have uL(stg] (B)) = u(B) =0, and thus
J st (U(x), U(y)) du = 0.
st ! (B)

0

Definition 5.4. For j,1 € N, set U;j; = dv(?:l : R — K. Furthermore, given
t € Randn € N, let My (t) be the square matrix of size n whose coefficients in K
are given by (M) (t))i; = Ug;(t).

These coefficients U;; will be the foundation of the family of spaces {H}icr,
as well as the sections corresponding to each e;.

Proposition 5.5. There exists a sequence (V; : R — (%Hf)jeN of Borel measur-
able functions such that, for all j,1 € N and for yu-almost all t € R, we have
(Vi(t), i(t)) = Uy (t).

To prove the above proposition, we need a lemma.

Lemma 5.6. For p-almost all t € R, the matrix M (t) is positive semi-definite
foralln € N.

Proof. Forn € N, set S, = {t € R | MM () is positive semi-definite}; we
want to show that p((, c Sn) = 1.

Fix n € N and let {v(¥} ey be a dense subset of K™. By density, we have
thatt € S, if and only if (M™ (t)v®) v(K)) > 0 holds forall k € N. Fixk € N;
for t € R, we have

n
k
<M(n) (t)v(k),v(k)> _ Z U.l‘j(t)v]g )V{ )'
]71:]
As such, for any Borel B C R, we have
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. "
= Y ] st((Tfe), Uley)))
= Jst=1(B)

Since this holds for any Borel B C R, we have that (M(“) (t)vik) ylk) ) > 0 for
p-almost all t € R. Since this held for an arbitrary k € N, we have that we
have that p(S,,) = 1. Since the latter sentence held for an arbitrary n € N,
we conclude that p((, o Sn) = 1. O

Proof of Proposition 5.5. We begin by setting up some notation to be used
throughout the proof. First, given any Hilbert space E, let Rg : E/ — E
be the map given by the Riesz representation Theorem, that is, for f € E’
and x € E, we have that (x, Rg(f)) = f(x). Second, we let (g1, g2, ...) denote
the standard orthonormal basis of Eﬂf. Finally, we set

S:={teR| foralln e B, MM (t) is positive semi-definite}.

By the preceding lemma, u(S) = 1. As a result, we only need to define
each V; on S. We define the sequence (V;)icn by recursion. Throughout the
construction, we recursively assume that, for any t € S, we have V,(t) €
span{g; 5" ;.

Suppose that Vi,.. ., Vy_1 have been defined satisfying the conclusion of
the proposition and the extra condition stated above. We now show how to
define V;, on S. In the rest of the proof, we assume that t € S.

Givenay,...,an_1 € K leta = (ay,...,ay_1,0) € K". Usingthe Cauchy-
Schwarz inequality and the fact that MM (1) is positive semi-definite, we

have that:
2

n—1
D aqUin(t)] = (MM (1)(0,...,0,1),a)f
j=1
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Set E,(t) = span{V; (t)};‘:_]]. The above inequality allows us to define the
function T, (t) : En(t) = Kby

It also follows that T,(t) is a bounded linear functional with ||T,(t)||*> <
Unn(t).

Set

V ( ) RErL + \/unn HTn(t)Hzgn-
Note first that V,,(t) € span{g]}j:1 . We next show that the inner products of
Vi(t) and V,,(t) fori =1,...,n— 1 are as desired. To see this, first note that
gn L En(t). Using that MM (1) is self-adjoint, we have, for any j € [n — 1],
that:

(V5 (1), Va (1)) = (V;(t) REn(t(T (1)) = Tu()(V5(t)) = Ujn(t);
(Va(1), V;(1)) = (V;(1), V(1)) = Ujn(t) = Unj(t);
(Va(t), Va (1)) = |IRe, (1) (Ta (D) 1P + Unin (t) — [Ta(t) > = Unn(t).

To finish the proof, we must show that V,, is measurable. Since U, ,, is mea-
surable (by definition), since || To(t)[|> = [Rg, (1) (Tn(t))]|%, and since €5 is
separable, it follows from Lemma A.4 of the Appendix that it is sufficient to
show that

t— <y> REn(t)(Tn(t)» = <pr0jEn(t) Yy REn(t)(Tn(t))> = (Tn(t))(proj}gn(t)y)

is measurable for any y € {r. By Lemma A.6 of the Appendix, there are
measurable functions aj, ..., ay_1: S — Ksuch that

Proje, (Y = ) 4(t)Vj(t)
i=1
It follows that

(Ta(t)) (proje, ZaJ

which is thus measurable, as desired. O

Convention 5.7. We now fix a sequence (V;);en of functions satisfying Proposi-
tion 5.5. Furthermore, given t € R, we define

He = span{Vj(t)}jen < &5

Remark 5.8. By Proposition A.7 of the Appendix, we have an induced measurable
structure on | [, g Hi whose measurable sections are those elements X € ][, Ht
for which X is measurable when viewed as a function R — €5.
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We can now establish the existence of the map from Theorem 1.1.

Proposition 5.9. There exists a unique linear isometry U : H — f% Hedp such
that for each j € N, U(e;) = V.

Proof. For each j,1 € N, we have

(Vi Vipu = | (Vj, Vdp J Ujdp = voreL(R)
JR R

= st((, &) = (¢, e).
Note that the fourth equality used Lemma 5.2, while the fifth followed from

Proposition 3.11 and the sixth used Theorem 4.6.” A particular consequence

of this calculation is that each V; does indeed belong to f% Hidup(t). An-
other consequence is that, for any sequence a;, ... ,ax in K, we have

HZ}; a)‘ejH = HZ};] a4 Vvj

linear isometry U : span({ej}jen) — f% Hidu(t) such that for any j, U(e;) =
Vj. Furthermore, this isometry uniquely extends to all of H by Property (5)
of Definition 2.2. O

. From that, we conclude that there is a unique
n

We have almost completed the proof of Theorem 1.1. The only thing
remaining to show is that U indeed “intertwines” A and the multiplica-
tion operator on the direct integral. Note that, for all j,1 € N, we have

%L’el = (U(ej), U(er)). The next proposition, which is key for linking U

and A, shows that this remains true for all x,y € H.

Proposition 5.10. For all x,y € H, we have
dvay

dp
Proof. Fix x,y € H and Borel B C R. We must show that

= (U(x), U(y)).

V9Y(B) = L<u(x),u(y)>du.

Fix e € R.o. Then, given some large enough k, let x = Z;‘ 1 aje; and
Ye = ZJ 1 bjej such that [|x —xe| < gy and [[y — yell < gy~ Then,

“In the sequel, we will not comment on such applications of these results.
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we have

< st (J [(Ux —xe), Uly))] dﬂ) + st (J [(Ulxe), Uly —ye))| dﬁ)

< st (U0 = xe) I Uy)llg) + st (U [l Uy = ye) )

—_—

< I =xell Tyl + Pxell Iy —yell < 5

On the other hand, we have

k
| oo, unau 3 apvee)

j,l=1

k

jyl=1

_ J ( ZaJ (e), ¥ bu( )))) dy
B P

l\/]w

gj o ~(U(xe), Ulye))| dpe

R

<[ 1ux—xo,ugy )>|du+j {Uxe), Uly — ye))l ds
R R

< UG =xe) ulWw) [ + U)Wy = ye)llw
1
= I =xellllyll + lIxelllly = yell < e

It follows that | fB (U(x), U(y))dp—v*Y(B)| < e. Since e is arbitrary, we have
IB (U(x), U(y))dp = v*¥(B), completing the proof. O

We can now prove the final piece of Theorem 1.1.

Theorem 5.11. For any x € dom(A), we have (U(Ax))(t) =t - (U(x))(t) for u-
almost all t € R. In other words, for any such x € dom(A), idg -U(x) = U(Ax).

Proof. Since {Vj(t)}jen is dense-spanning in H;, we only need to show that,
for all j € N, we have ((U(Ax))(t), V;(t)) = (t(U(x))(t), V;(t)) for p-almost
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all t € R. Thus, it is sufficient to show, for any bounded Borel set B C R,
that
JB ({U(AX), Vj) — id -(U(X), Vi) dit = 0,

noting that the function is indeed integrable since B is bounded. However,
by Proposition 4.3, Corollary 4.8, and Proposition 5.10, we have that

[ i, v = [ s aves

B B
= (idg o sts) - st((Ul(x), Ule;))) dpr

Jst=1(B)

= J1 gy SV UL, UED ) i ()
i . st(A((TU(x)(A), (T(&))(A)))due(A)
= o . st(((T(AX))(A), (T(&))(A)))duc(A)
I P st((UL(AR), U(g))) dp = v (B)
= B<U(AX),\G>du

Here, % is given by Property (3) of Definition 2.1 applied to x. Therefore,
as stated, we conclude that t(U(x))(t) = (U(Ax))(t) for p-almost all t € R,
concluding the proof. O

6. SELF-ADJOINTNESS AND SURJECTIVITY OF THE ISOMETRY

Up until now, we have only assumed that A is a symmetric operator on
H. As a result, the resulting isometry U cannot be expected to be unitary
if A does not have a self-adjoint extension. A significant point of departure
from the results given in [7] is that the mere fact that A is self-adjoint will
guarantee that the resulting U is surjective. In this section, we in fact prove
a bit more.

First, we establish a general fact about quasi-samplings.

Proposition 6.1. We have st(G(A)) C H x H is the graph of a closed symmetric
extension of A.

since * is Ny-saturated, st(G(A)) is closed. We next show that it is the graph
of an operator.

First, to show that it is the graph of a function, take (x,y1), (x,y2) €
st(G(A)); we must show thaty; = y,. Take X1, X, € Hsuch thatst((X1, AX;)) =

Proof. Itis clear that st(G (A)) is a linear K-subspace of H x H. Furthermore,
G
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(x,y7) and st((X2, AX2)) = (x,12). Fixz € dom(A) and take z € H satisfying
Property (3) of Definition 2.1; we then have

(y1,2) = st((Ax1,2)) = st((X1,Az)) = (x,Az) = st((x2,AZ)) = st((Ax2,2)) = (y2,2).

Since dom(A) is dense in H, we conclude that y; = y;. Thus, st(G(A)) is
the graph of a function, which we call A. Since A C A by Property (3)
of Definition 2.1, we know that A is densely defined, and since G(A) =
st(G(A)) is a linear closed subspace of H x H, we know that A is a linear
and closed operator.

To conclude the proof, we show that A is symmetric. Fix x,z € dom(A)
and take %,z € H such that st((x, AX)) = (x, Ax) and st((z,Az)) = (z,Az).
We then have that

(Ax,z) = st((A%, Z)) = st((X, AZ)) = (x, Az).
We conclude that A is symmetric. O

In what follows, we continue to let A denote the closed symmetric exten-
sion of A whose graph is given by st(G(A)).

Remark 6.2. Note that (Fl, A) is also a quasi-sampling for A.
We can now state the main result of this section.

Theorem 6.3. Letting U : H — jg Hidu be the isometry defined above, we have
that U is surjective if and only if A is self-adjoint.

Remark 6.4. As a consequence of the previous theorem, we have that if A is es-
sentially self-adjoint, then any choice of the quasi-sampling and scale induces that
A = A and U is surjective.

Before we begin the proof of the previous theorem, we need a definition.

Definition 6.5. For a measurable function f : R — R, we define the operator T on
JE Hedu(t) with dom(Ty) = {X € [ Hedp(t) : [5 FORIX(0)[2dut) < oo}
by (Te(X))(t) = f(t) - X(t). Furthermore, we set T = Tiq,,.

Remark 6.6. It is well-known that, for any measurable function f, T¢ is a self-
adjoint operator.

Remark 6.7. The statement of Theorem 5.11 can now be stated as Uo A C To UL
We can conclude from Remark 6.2 that U o A C T o U holds as well.

Proof of Theorem 6.3. Fist suppose that U is surjective; we show that A is self-
adjoint. Set T = U~" o T o U as an operator on H. Since U is unitary and T is
self-adjoint, we have that T is self-adjoint. Furthermore, from the previous
remark, we have that A C T. Thus, to conclude that A is self-adjoint, it is
sufficient to show that dom(A) > dom(T) = U~ (dom(T)).
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Suppose that x € U~ (dom(T)), so that
JR 2] () (0] 2 < oo,

We aim to show that x € dom(A).
Let (an)nez be an integer-indexed sequence in R such that, foreachn € Z,
we have a, € n,n+ 1] and p({an}) =0. Forn € N, set

XTL = (u71 o Tl[a,n,an] o u) (X))

sothat U(xn) = 1jq_, q,1-U(x). Since [} [idr W) [Pdp < (m+1)2[Uxn) |12,
we have that x,, € dom(T o U). Furthermore, by the Monotone Convergence
Theorem, we have that x,, — x and Tx, — Tx as n — co. Thus, since A is
closed, in order to conclude that x € dom(A), it is sufficient to show that
(xn, Txn) € G(A) foralln € N.

Towards that end, fix n € N and set I, = *[a_n,a,] N & and X, =
Projpy, Xn € H. Tt will suffice to show that %, ~ x,, and A%, ~ Tx. Indeed,

if we prove these two facts, we will have (xy, Txn) € st(G(A)) = G(A), as
desired.

To see that X, =~ x,,, firstnote thatI,, C stg1 (la_n, anl) C LU s’cg1 {a_n, an}),
whence I, and stg1 ([a—n, an]) have a ui -null-measure symmetric difference.
As a result, we have

st (%) = st (Z | projp, an2>

A€

— st (j ||H(Xn)\zdﬁ>

= | st (1a0i?) due

J

r‘ ~
- st (1[G ) diue
uStg1([a7ﬂ)anD

= VX“’XH([a—n) anl)

.
= U (xn) [[*dpe
v [afn»an

.

=, Un)][*di = [U(xn) [ = [[xn]|*.

J

Thus, since ||xn [ = [|[xn — %n|? + [|Xn]|?, we have that %, ~ x,.

W~e next show that Ax, ~ Tx,. To do this, it is sufficent to show that: (1)
st(|A%n|?) = [|Txn % and (2) st((A%n,y)) = (Txn,y) for ally € H. Indeed,
(1) and (2) imply that

AR |? = [|A%n — Txn||> + | Txnl? + 2Re((Axn — Txn, Txn)),

which leads to 0 = st(|| A%, — Txn ||?) by taking standard parts on both sides.
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To prove (1), we note that since |ids 2. 11, is always bounded by (n+1 )2,
the function |ids |? - 1, - 1T (xn)]? is S-integrable. As such, we have:

st (H;‘b‘cnuz> =st (Z A Projp, xn\|2>

AElL

— st (L lida - utt(xn)uzda>

[ 2 "~ 2
= | st(lide P Q0 2) dre

JIn
r ~

= [sto 2 st (IT0xn)I7) die

Jst3 1 ([an,an])

X

= |idg [*dv

J [(lfn,(ln}

;

= Jidg 2 - [|U () [2dn

J [(lfn,(ln}

k

i IT(UG)) [P = [ T2 = [ Txnl |

J

To prove (2), fix y € H. For the same reasons as earlier, we have that the

internal map ids ‘15, - (U(xn), U(y)) is S-integrable. Thus,

st ((Axn,y)) = st (Z AMproji, Xm‘ﬁ)

AEIL

st <Z 7\<p1‘0jﬂ)\ Xn, prO]'}:b\ y>>

AL

st <J ida-<ﬂ(xn),ﬂ(y)>dﬁ>

r

1 st (ids - (U(xn), U(y))) dpe

= st - st (<ﬂ(xn)au(9)>) dpg
Jstz 1 (la—n,an])

= idR dv*my

J [afﬂyan}
~

=], }idRKU(Xn),U(y))du

= R(T(U(Xn)),U(UDdM

= <T(U(Xn))»u(y)>u = <?Xn,y>.
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This concludes the proof of the forwards direction of the theorem. For
the converse direction, suppose that A is self-adjoint; we aim to show that
U is surjective. We begin with the following:

Claim 1: To prove that U is surjective, it suffices to show that, for any a,b €
R with a < b, we have 1jy ) - X € U(H) whenever X € U(H).

Proof of Claim 1: Since V; = U(e;) for all j € N, it suffices to establish that
{Iqp - Vi1 €N, a,b € R a < b} spans a dense subset of ﬁ? H¢du(t). To
see this, suppose that X € f% Hidp(t) is such that (X, 1(q ) - Vj)u = O for any
j € Nand a,b € R with a < b; we need to show that X = 0. Forany j € N,
we then have, for all closed intervals [a, b] C R, that

| xovian=o.
[a,b]

Since the collection of closed intervals generates the Borel o-algebra on
R, we have that (X(t), V;(t)) = 0 for u-almost all t € R. Thus, there is a
Borel set M C R such that (R \ M) = 0 and such that, for all t € M and
for all j € N, we have (X(t), V;(t)) = 0. By definition of H, we have that for
all t € M, we have X(t) = 0. It follows that X = 0, as desired, finishing the
proof of the claim.

We now fix X € U(H) and a,b € R with a < b; we aim to show that
1jgp) - X € U(H). Forn € N, set Zn =1 ) - X and X = projy 3y Zn. We
note that

lim 1[a,b} : Xn = ][u,b} : proju(H) lim Zn = ][a,b] : prOjU(H) X= ][a,b} : X;

n—oo n—oo

since U(H) is closed, it is sufficient to show that, for eachn € N, 114 ) - Xy, €
U(H).

Fixn € N. Since Z, is supported on [-n, n], it is clear that Z,, € dom(Tk)
forall k € N.

Claim 2: For all k € Z>, we have X, € dom(T¥), and that

T*Xn = projy gy TZn.

Proof of Claim 2: We prove the claim by induction on k. The case k = 0 is
trivial, since T® = [ and X,, = Projy ) Zn by definition. Suppose now that
Xn € dom(T¥) and T*X,, = Projy ) TkZ,.. We show X;, € dom(T*"") and
T1X, = Projyn) T*1Z,..

Set Z = T*Z. Since T*Xy, = projy, Z by hypothesis, what we want to
show is that projy;;, Z € dom(T) and that T(projy 4y, Z) = projyy, TZ.
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Take z,w € H such that U(z) = projy,, Z and U(w) = projy,(TZ).

Then, for ally € dom(A),
(z,Ay) = (U(z), U(Ay)) = (proj, ) Z, U(Ay)) = (Z,U(Ay)) = (Z, T(U(y)))
= <TZ>U(U)> = <pr0ju(H)(TZ)>u(y)> = <U(W),U(y)> = <Way>

Thus, since A is self-adjoint, we have that z € dom(ﬁ\), and Az = w. There-
fore, projy ) £ = U(z) € dom(T) and

T(projyy Z) = T(U(z)) = U(Az) = U(w) = projyy, (TZ).

This finishes the proof of the claim.
By the claim and the definition of T, it follows that for any real polynomial
p, we have that

P - Xn = projy gy (p - Zn) € U(H).
Let (px)ken be a sequence of real polynomials such that:
e forany t € R, limy_,o pr(t) = 1jqp)(t);
e forany t € [-n,n]and k € N, [py(t)| < 2.
To obtain such a sequence, consider, for k € N, the function ¢y : R — R
given by
ck(t) = 1y p () + (1T + Kk(t — a))l( gt (14+%k(b— t))l(b’b+%).

a—yp,a

We have that each cy is continuous and with values in [0, 1], while the se-
quence pointwise converges to 1, ). Thus, by the Stone-Weierstrass Theo-

rem, we can take py such that [py(t) — ci(t)] < % forallt € [m —k,n +Xk].

By the Dominated Convergence Theorem and the fact that Z,, is sup-
ported on [—n, n], we have that limy_,o (px - Zn) = 1jgp) - Zn in f]% Hedp(t).
Since projections are continuous, we have that

Jim (pic - Xn) = projy ) (Ta,p) - Zn)-

In other words, we have

tim | |Jtpi X0 (6) = (projy (T - Za))0) ) =0,

k—o0

and so there exists a subsequence (py, )ien such that
Tim |[(pr - Xn) (1) = (Projypy) (Lia,e) - Zn)) (D)]F = 0
and thus
lim (i, - Xa)(8) = (Projy gy (Lia - Zn)) (1)
in Hy for pu-almost all t € R. However, for all t € R, we have
Tim (i, - X (1) = Ty (£) - X ).

Thus, we have that projy ;) (1ja,b) - Zn) = 1jq,p) - Xn in ﬁ? H¢du(t). Therefore,
1q,p) - Xn € U(H), concluding the proof that U is surjective. O
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7. THE SPECTRAL MEASURE VERSION OF THE SPECTRAL THEOREM

In this section, we establish a relationship between the spectral measure
of a self-adjoint operator A and the measures v*Y constructed above, yield-
ing a proof of the spectral measure version of the Spectral Theorem. We
begin by recalling some basic definitions and facts:

Definition 7.1. A projection-valued measure is a function P from the Borel
subsets of R to the set of projections on H such that:

(1) P(0) =0and P(R) =1;

(2) P(VAW) =P(V)P(W); and

(3) P(UjGN Vj) = ZjeN P(V;) whenever the V; are pairwise disjoint.

Projection-valued measures are described in detail in [1, Chapter IX].
We note here that for all x,y € H, the map P, : Borel(R) — K given by
Py y(B) = (P(B)x,y) is a K-signed measure, which is positive whenever x =
y. Furthermore, for any measurable ¢ : R — R, there is a unique self-adjoint
map, denoted [, ¢dP, such thatdom ([ ¢dP) ={x e H| [} Iq)lzdPX’X < oo}
and such that, for any x € dom(f]R ¢dP) and y € H, we have

(], 00e) s} = | oapus

see, for example, [1, Chapter X, Theorem 4.7]).

The following is another form of the Spectral Theorem, which one might
call the spectral measure version of the Spectral Theorem, to distinguish it
from the direct integral version proved earlier in this paper.

Theorem 7.2. Suppose that A is self-adjoint. For any Borel set B C R, there is a
bounded operator P(B) : H — H for which (P(B)x,y) = v*Y(B) forall x,y € H.
Moreover, P(B) is a projection for each Borel set B C R and P is a projection-valued
measure for which A = [ idg dP.

Proof. Using Definition 5.1, it is clear that given any Borel set B C R, the map
(x,y) — v©Y(B) is a positive semi-definite inner product on H x H for which
[vY(B)] < |x||||ly]| holds for all x,y € H. As such, there is a well-defined
bounded operator P(B) on H satisfying the condition in the statement of the
theorem. Moreover, it is easy to see that P(B) is a non-negative operator on
H.

Furthermore, for all x,y € H, by Proposition 5.10, we have

(P(B)x,y) = v (B) = L<u(x),u<y)>du - jR 15 - (U(x), U(y))du

— JR<T13(u(x)),u(y)>du — (T, (UG, Uy
= ((U*] o T1, o U)x, ).

Thus, P(B) = U™ o Ty, o U holds for any Borel set B. It follows that P
is a spectral measure on H for which Py, = v*Y for all x,y € H. Since
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both A and [ idgr dP are self-adjoint, to conclude A = [} idr dP, it is suf-
ficient to show that, for any x € dom(A), we have IR lidg [2dv¥* < oo and

Jgpidr dv¥* = (Ax,x). For any such x € dom(A), we have, by Theorem
5.11, that

| idi Pt = | Jida P ue) Pan = | Ut Paw = Ax]E < o,
R R R
and that

| ide v = | ide fuolPan = | (T, ut)ap
= (U(Ax), U(x))p = (Ax,X).
Thus A = [ idg dP, concluding the proof. O

APPENDIX A. APPENDIX ON MEASURABLE STRUCTURES

In this appendix, we review the necessary material on measurable struc-
tures and direct integrals of Hilbert spaces needed throughout the paper.
For more details, we recommend the reader consult [2].

Definition A.1. Suppose that (M, Q) is a measurable space and (Hy)xem is a
family of separable Hilbert spaces. Then a measurable structure (relative to this
data) is a subspace S of | [, x Hx satisfying the following conditions:

(1) ForallY € [ ] ex Hx, onehasY € Sifand only if (X,Y) is measurable for
allX € S.

(2) Thereis a countable subset S’ of S such that span({X(x) : X € S’}) = Hy
forall x € M.

The elements of S are referred to as the measurable sections of the measurable
structure.

Remark A.2. By the first property in the previous definition, we have that if X € S
and a : M — K is any measurable function, then a - X € S.

Example A.3. Suppose that Hy = H for all x € M (so that [ [,y He = HM),
where H is some separable Hilbert space. Then the collection of all measurable
functions M — H is a measurable structure, which we refer to as the canonical
measurable structure. Here, and in what follows, we always view a Hilbert space
as a measuable space by equipping it with its Borel o-algebra.

In connection with the previous example, we mention the following fact,
which is probably well-known but for which we were unable to find a ref-
erence:

Lemma A.4. Suppose that (M, Q) is a measurable space and that H is a separable
Hilbert space. Then a function X : M — H is measurable if and only if, for every
y € H, one has that the function x — (X(x),y) : M — K is measurable.
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Proof. On the one hand, since u — (u,y) is a continuous function on H, it
is clear that if X is measurable, then x — (X(x),y) is measurable as well.

On the other hand, since H is a separable metric space, any open set is the
countable union of open balls. Thus, the collection of open balls generates
the Borel o-algebra on H; consequently, X is measurable if and only if, for
anyu € Hand r € Ry, X~1(B,(u)) is measurable, which happens if and
only if, for any u € H, x — [|X(x) — u/|? is measurable. If {gjljen is an
orthonormal basis of H, Parseval’s identity yields that

IX00) =l = D 1(X( (u, gy)l°
jeN

for any x € M. Thus, if x — (X(x),y) is measurable for each y € H, it easily
follows that x — ||X(x) — u||? is measurable. O

In the paper, we will need the following construction, which is probably
well-known but for which we could not find a suitable reference.

Definition A.5. Suppose that (V; : M — H)jen is a collection of measurable
functions. For each x € M and n € N, we define E,,(x) = span{Vj(x) }1:1
Finally, given x € M, we define

Hy = span{V; (x)}jen = U En

neN

We wish to have the canonical measurable structure on HM induce a mea-
surable structure on [ [, . Hy in the obvious way. The key to doing so is the
following lemma:

Lemma A.6. For any n € N and measurable function Y : M — H, there exists
measurable functions ay, ..., an: M — K such that, for any x € M, we have

Projg, () Y(x) = Z aj(x)V;(x)
=1

In particular, x — projg, (., Y(x) is measurable. Finally, the map x — projy, Y(x)
is measurable as well.

Proof. We prove the lemma by induction on n. If n = 1, then the formula is
satisfied by the measurable coefficient

(Y00, Vi)

a1 09) = Iy ooy Xy

Thus, the lemma holds forn = 1.

If, given n > 2 the lemma holds for n — 1, we show it holds for n.

Let V(x) = Vi (x) — PrOjE | (x) Vi(x) and a(x) = 1¢ 4 (H\{O})(X) LM o0 ;XIIZ >,

where x € M. Then, for any such x, we have that

Proje, ) Y(X) = proje (Y(¥) + a(x)V(x)
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= a(x)Va(x) +proje__ ) (Y(x) —a(x)Vn(x)).

By hypothesis, we have that V : M — H is measurable, from which we have
that a : M — K is measurable as well. Thus, Y — a - V;, is measurable. By
hypothesis, let aj, ..., an_1 : M — K be measurable coefficients satisfying

n—1
Proje oy (Y(x) — ax)Val(x)) = ¥ q(x)V;(x).
=1
Letting a, = a, we obtain
Proje, (x) Y(x) = Z a; (x)Vj(x)
j=1

for any x € M. Thus, the lemma holds for n, completing the induction. The
fact that x — proj,; Y(x) is measurable follows from Lemma A.4 and the
fact that (proj, Y(x),y) = limn 0 (projg () Y(x),y) for any x € M. O

Proposition A.7. Define S C [ [, cpm Hx to be the collection of those functions X €

[ Txem Hx such that X is measurable as an element of HM. Then S is a measurable
structure.

Proof. We check the two conditions from Definition A.1. The forward di-
rection of (1) is immediate. To check the reverse direction, suppose that
Y € Jliem Hx is such that the map x — (Y(x),X(x)) : M — K is mea-
surable for all X € S. We wish to show that Y € S. In other words, we
want to show that, for any y € H, x — (Y(x),y) is measurable. For any
x € M, we have that (Y(x),y) = (Y(x), proj_y). Since constant maps are
measurable, it follows from Lemma A.4 that x — proj, y : M — H s
measurable, and as such it belongs to S. Thus, by assumption, we have that
x = (Y(x),y) = (Y(x), proj,, y) is measurable.

Item (2) of Definition A.1 is immediate with S’ = {Vj}jen. O

Finally, we recall the definition of a direct integral of Hilbert spaces. Sup-
pose that p is a o-additive measure on (M, Q) and let S C [], . Hx be a

measurable structure. We define ffa Hydp(x) to be the Hilbert space con-
sisting of those measurable sections X € S such that

J IX(0)IPdux) < oo,
M

quotiented by those sections that are almost-everywhere 0, and where the
inner product is given by

X, V) = JM X, Y)du,

That J"ﬁl Hydu is indeed a Hilbert space follows from [2, Chapter II]; the
proof of this fact is very similar to the usual proof that LP-spaces are com-
plete.
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We note that in this paper, we apply the direct integral construction in
two special cases: (1) M is a finite probability space with pu(x) > 0 for every
x € M, in which case [ 1651 Hydu(x) = [ [yem Hx (in the text we really work
with the transferred version of the notion), and (2) M = R with its Borel
algebra.
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