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Abstract. We use nonstandard methods to prove the direct integral ver-
sion of the Spectral Theorem for Unbounded Self-adjoint Operators. Our
proof avoids the standard reduction to the case of bounded normal oper-
ators via the Cayley transform and, as such, works uniformly for both real
and complex Hilbert spaces. Our method also yields a new nonstandard
proof of the spectral measure version of the Spectral Theorem.

1. Introduction

1.1. Statement of the main result. Given a direct integral
∫⊕
R Htdµ(t) of

Hilbert spaces1, the “multiplication operator” T on
∫⊕
R Htdµ(t) given by

T(X)(t) := t·X(t) is an unbounded self-adjoint operator2. One version of the
Spectral Theorem for Unbounded Operators states that all unbounded self-
adjoint operators on a separable Hilbert space are essentially of this form.
More precisely, if A is an unbounded self-adjoint operator on the Hilbert
spaceH, then there is a unitaryU : H → ∫⊕

R Htdµ(t) for some direct integral∫⊕
R Htdµ(t) such that U(A(x)) = T(U(x)) for all x ∈ dom(A). Viewing the

direct integral construction as the natural generalization of the direct sum
construction, this version of the Spectral Theorem is the obvious general-
ization of the usual finite-dimensional Spectral Theorem in terms of diago-
nalizable operators.

In this paper, we use the nonstandard methods inspired by [3] and [7]
to prove the previous theorem. We actually prove the above theorem in a
slightly more general form:
Theorem 1.1. Given a (real or complex) separable Hilbert space H and an un-
bounded symmetric operator3 A on H, there exists a Borel probability measure µ
on R, a measurable family {Ht}t∈R of Hilbert spaces, and an isometry

U : H → ∫⊕
R
Htdµ(t)

such that, for any x ∈ dom(A), U(Ax)(t) = t · (U(x)(t)) for µ-almost all t ∈ R.

I. Goldbring was partially supported by NSF grant DMS-2054477.
1See the appendix of this paper formore information on direct integrals of Hilbert spaces.
2We assume the reader is familiar with the basics of unbounded operators on Hilbert

spaces. The reader unfamiliar with this material can consult [1, Chapter X].
3We always assume that our unbounded operators are densely defined.
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As a byproduct of our analysis, in Section 6, we will see that if A is self-
adjoint, then the isometry U that we construct will be surjective (and thus
unitary).

1.2. Overview of the proof. Unfortunately, the quality of a nonstandard
proof is often judged by how much shorter it is than the standard argu-
ment. The reader of this paper might look at its length and judge that the
nonstandard proof is longer than its standard counterpart! In our opinion,
the correct yardstick for measuring the quality of a nonstandard argument
is the clarity of the structure of the proof and of its pedagogical advantage
over the standard argument. In the case of the current paper, we believe that
this is certainly true for the proof of the direct integral spectral theorem be-
ing presented here. In this subsection, we offer a high-level overview of
the proof. The rest of the paper can be viewed as simply checking that the
details and calculations are as expected.

As with many nonstandard arguments in functional analysis, the basic
idea is to “model” the situation by a hyperfinite-dimensional subspace of
the nonstandard extension. In our case, we should consider a hyperfinite-
dimensional subspace H̃ of ∗H and an internal symmetric (equiv. self-adjoint)
operator Ã : H̃ → H̃ which sufficiently approximates A in a certain sense.
While our proof is carried out under much more general assumptions (see
the definitions in the next section), the most natural thing to do is to start
with an orthonormal basis (ej)j∈N forH consisting of vectors from dom(A),
extend it to a hyperfinite sequence (ej)Nj=1 from ∗H, let H̃ denote the internal
span of this hyperfinite sequence, and let Ã be projH̃ ◦A|H̃, the composition
of the restriction of (the nonstandard extension of) A to H̃ with the (inter-
nal) orthogonal projection operator onto H̃.

Themain idea behind the proof is to apply the (transferred version of the)
finite-dimensional version of the spectral theorem to (H̃, Ã). As such, we
have that H̃ is the (internal) direct sum of its eigenspaces H̃λ corresponding
to the eigenvalues λ ∈ ∗R. One may consider any weights cj ∈ ∗R≥0 for j ∈
[N] and define an internal measure on the set σ̃ of eigenvalues by declaring
µ̃({λ}) :=

∑N
j=1 cj∥projHλ

ej∥2; for this measure to be a probability measure,
we further require

∑N
j=1 cj∥ej∥2 = 1. The map

x 7→ (λ 7→ 1√
µ̃(λ)

projH̃λ
x)

is an internal unitarymapbetween H̃ and the internal direct integral
∫⊕
σ̃ H̃λdµ̃(λ)

which intertwines Ã and the canonical multiplication operator on the inter-
nal direct integral.

In order to obtain the statement of Theorem 1.1, one somehow needs to
take the “standard part” of the picture from the previous paragraph. One
immediate observation is that, for one to not lose too much information
from such a procedure, one would want that almost all (with respect to
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the Loeb measure µL induced by µ̃) eigenvalues are finite. This can be
achieved with one further condition on the weights (cj)j∈[N], namely that∑

j∈N st(cj) = 1. One can then pushforward µL along the standard part
map to obtain a Borel probability measure µ on R.

In what sense should one take the “standard part” of the internal direct
integral? The mindset taken in this paper is that the information carried
by the integral direct integral is contained in the inner product function
λ 7→ ⟨Ũ(x)(λ), Ũ(y)(λ)⟩, where, for x ∈ H, one defines Ũ(x) ∈

∏
λ H̃λ by

Ũ(x)(λ) := 1√
µ̃(λ)

projH̃λ
x. An important technical result (Theorem 4.6 be-

low) is that this function is an S-integrable function. As a result, we are en-
titled to consider the µL-integrable function fx,y(λ) := st⟨Ũ(x)(λ), Ũ(y)(λ)⟩.
We can use fx,y to define a measure fx,ydµL on σ̃, which we can then push
forward along the standard part map to a Borel probability measure νx,y

on R. It is in this sense that we take the standard part of the internal direct
integral.

So how does one obtain the conclusion of Theorem 1.1 from this family
of measures? The idea is to reverse the steps of the previous paragraph.
Indeed, for each j, l ∈ N, one can consider the Radon-Nikodym derivative
Uj,l := dν

ej,el

dµ and then show that there is a sequence (Vj : R → ℓ2)j∈N
of measurable functions for which ⟨Vj(t), Vl(t)⟩ = Uj,l(t) for µ-almost all
t ∈ R. This allows one to conclude that mapping ej to Vj extends to an
isometryU : H → ∫⊕

R ℓK2 dµ. For the purposes of obtaining a unitary operator
in caseA is self-adjoint, it is better to viewU as taking its values in

∫⊕
R Htdµ,

where Ht is the subspace of ℓK2 spanned by {Vj(t) : j ∈ N}, and where
(Ht)t∈R is endowed with its “induced” measurable structure.4

It is straightforward to show that the standard part of the graph of Ã is
the graph of a closed symmetric operator Â extending A. In Section 6, we
show that our construction is robust enough so that Â is self-adjoint if and
only if U is unitary.

One pointworthmaking is that our strategy holds irrespective ofwhether
the Hilbert space is a real Hilbert space or a complex Hilbert space. The
usual approach to the direct integral version of the spectral theorem for un-
bounded self-adjoint operators uses the Cayley transform to reduce to the
case of bounded unitary operators, and such a reduction is only possible
when the field of scalars is the complex field, and when the operator is self-
adjoint (see, for example, [1, Chapter X] or [5, Chapter 10]). We also note
that our proof relies only on the spectral theorem for self-adjoint operators
on finite-dimensional Hilbert spaces, which is much easier to prove than
any of its infinite-dimensional counterparts.

The methods use in this paper are partly inspired by those used in [7],
and share apparent similarities, notably when it comes to samplings and

4A short argument is needed to show that this makes sense.
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scales. In that body of work, the flexibility afforded by these objects are fur-
ther used to work with specific examples of symmetric operators, such as
−i d

dx on C∞
c (R), to establish explicit isometries (in this case, the resulting

isometry being the Fourier transform). We think such applications might
be possible in our context as well, helping one find clear descriptions of
the measurable families for a given symmetric operator. In that case, such
descriptions would most likely provide a more complete picture of "eigen-
value" multiplicity. We leave this possibility for a future project.

Finally, we mention that our methods quite easily yield yet another non-
standard proof of the projection-valued measure version of the Spectral
Theorem, first established in [3] and then again in [7] (see also [6]). This
derivation is given in Section 7.

1.3. Conventions. Throughout this paper, we fix a separable Hilbert space
H over the field K ∈ {R,C} and a symmetric unbounded operator A on
H, which we assume is densely defined. The inner product of x, y ∈ H,
which is linear in x (thus conjugate linear in y), will be denoted with ⟨x, y⟩.
Meanwhile, the ordered pair from H×Hwill be denoted (x, y).

If {Hx}x∈M is a family of K-Hilbert spaces, then given X, Y ∈
∏

x∈MHx,
we let ⟨X, Y⟩ denote the map x → ⟨X(x), Y(x)⟩ : M → K. In contrast, if
µ is a measure on some σ-algebra on M for which the function ⟨X, Y⟩ is
µ-integrable, then we set ⟨X, Y⟩µ =

∫
M⟨X, Y⟩dµ. Similarly, ∥X∥ is the map

x → ∥X(x)∥,while ∥X∥µ =
√

⟨X,X⟩µ =
√∫

M ∥X∥2dµwhen applicable.
We assume that our reader is familiar with the basics of nonstandard

analysis. The reader unfamiliar with these methods may consult [4]. The
only somewhat nonstandard nonstandard ingredient5 in ourwork is the no-
tion of an S-integrable function; we include the basic information about this
notion when it is first needed in Section 4.

As is customary, we assume our nonstandard extension is ℵ1-saturated;
this suffices since our Hilbert space is separable.

In order to prevent the paper from becoming cluttered with too many
stars, we omit stars on the nonstandard extensions of functions. Similarly,
when considering an internal function on an internal measure space, we
write

∫
fdµ rather than ∗ ∫ fdµ for the internal integral. Another instance of

this convention is that, for an internal subspace H̃ of ∗H, we write projH̃ for
the internal operator on ∗Hwhich projects onto H̃.

Finally, we assume that the natural numbersN begin at 1. When referring
to the set of nonnegative integers, we write Z≥0.

2. Quasi-samplings

Our definitions in this section are heavily inspired by the notion of sam-
pling introduced in [7]. However, not all of the structure of samplings is

5Pun intended.
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needed for our current purposes and so we define the following weaker
notion:

Definition 2.1. The pair (H̃, Ã) is called a quasi-sampling for A if:

(1) H̃ is a hyperfinite-dimensional subspace of ∗H;
(2) Ã : H̃ → H̃ is an internal symmetric operator;
(3) We have the graph relation G(A) ⊆ st(G(Ã)). In other words, for each

x ∈ dom(A), there exists x̄ ∈ H̃ such that x = st(x̄) and Ax = st(Ãx̄).

Wenext recall the definition of a standard-biased scale from [7, Definition
2.4]. We also take the opportunity to say what it means for such a scale to
be compatible with a quasi-sampling.

Definition 2.2. If (ẽj)Nj=1 is a hyperfinite sequence from ∗H, and (c̃j)
N
j=1 is a hy-

perfinite sequence from ∗R>0, then the pair
(
(ẽj)

N
j=1, (c̃j)

N
j=1

)
is called a standard-

biased scale if:
(4) for each j ∈ N, ẽj is nearstandard in H, c̃j is near standard in R, and

st(c̃jẽj) ̸= 0.
(5) the set {st(ẽj)}j∈N is dense-spanning in H.
(6)

∑N
j=1 c̃j∥ẽj∥2 = 1.

(7)
∑

j∈N st(c̃j)∥ st(ẽj)∥2 = 1.

Furthermore, we say that this scale is compatible with the quasi-sampling (H̃, Ã)
if:

(8) for each j ∈ [N], ẽj ∈ H̃.
(9) for each j ∈ N, ∥Ãẽj∥ is finite.

The results of [7, Section 2] show that quasi-samplings forA and standard-
biased scales compatible with a given quasi-sampling exist. We provide one
such construction here, constructing the quasi-sampling and scale at the
same time; the details are left to the reader (or they may consult [7, Section
2]).

Let (ej)j∈N be an orthonormal subset of dom(A) such that {(ej, Aej)}j∈N
is dense-spanning in G(A). Such a set must necessarily be an orthonormal
basis of H. Then, for some infinite hypernatural N, let H̃ be the internal
subspace of ∗H spanned by (∗ej)

N
j=1 and set Ã = (projH̃ ◦∗A)|H̃. Finally, for

j ∈ [N], set ẽj = ∗ej and c̃j :=
1

2j(1−2−N)
. Then it is straightforward to verify

that (H̃, Ã) is a quasi-sampling for which ((ẽj)
N
j=1, (c̃j)

N
j=1) is a compatible

standard-biased scale.

Convention 2.3. For the remainder of this paper, we fix a quasi-sampling (H̃, Ã)

for A as well as a standard-biased scale
(
(ẽj)

N
j=1, (c̃j)

N
j=1

)
compatible with (H̃, Ã).

Furthermore, for j ∈ N, we set cj := st(c̃j) and ej := st(ẽj).
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3. The induced measure

We begin with a few preliminary definitions.

Definition 3.1. For each λ ∈ ∗R, we set H̃λ = ker(λIH̃ − Ã), while for internal
V ⊆ ∗R, we set H̃V = ∗⊕

λ∈V H̃λ (so H̃λ = H̃{λ}).

Remarks 3.2.
(1) Since Ã is symmetric, we have that all H̃λ are orthogonal to each other.
(2) Since Ã is symmetric, we have projH̃λ

Ãx = ÃprojH̃λ
x for all x ∈ H̃.

(3) Since H̃ is hyperfinite-dimensional, we have {λ ∈ ∗R | H̃λ ̸= (0)} is
hyperfinite.

(4) By the Transfer Principle and the finite-dimensional version of the Spectral
Theorem, we have H̃ = H̃∗R.

Definition 3.3. Let σ̃ = {λ ∈ ∗R | {ẽj}
N
j=1 ̸⊆ H̃⊥

λ }. In other words, λ ∈ σ̃ if and
only if there exists j ∈ [N] for which ∗ projH̃λ

ẽj ̸= 0.

Remark 3.4. Since λ ∈ σ̃ implies H̃λ ̸= (0), we have that σ̃ is hyperfinite.

Proposition 3.5. For each j ∈ [N], we have ẽj ∈ H̃σ̃.

Proof. By Remark 3.2, we have that H̃ = H̃σ̃ ⊕ H̃∗R\σ̃. Since Property 8 of
Definition 2.2 establishes that ẽj ∈ H̃, we only need to show that ẽj ⊥ H̃∗R\σ̃.
However, since the sum in Definition 3.1 is (internally) algebraic, and since
by definition ẽj ∈ H̃⊥

λ for each λ ∈ ∗R \ σ̃,we indeed have ẽj ⊥ H̃∗R\σ̃. □

Remark 3.6. In the construction of a quasi-sampling and standard-biased scale
given in the previous section, we have that σ̃ is simply the collection of eigenvalues
of Ã and that H̃σ̃ = H̃. The reader will lose nothing moving forward if they keep
this special case in mind.

We now work towards defining our main measure.

Definition 3.7. Let Ã = ∗P(σ̃) be the internal algebra of internal subsets of σ̃ and
define µ̃ : Ã → ∗R≥0 by

µ̃(V) :=

N∑
j=1

c̃j∥∗ projH̃V
ẽj∥2.

For λ ∈ σ̃, we set µ̃(λ) := µ̃({λ}) =
∑N

j=1 c̃j∥∗ projH̃λ
ẽj∥2.

Remark 3.8. By the definition of σ̃, we have that µ̃(λ) > 0 for every λ ∈ σ̃.

By Remark 3.2, Proposition 3.5, and Property 6 of Definition 2.2, we di-
rectly conclude the following:

Proposition 3.9. (σ̃, Ã, µ̃) is an internal probability space.

Definition 3.10. Let (σ̃,AL, µL) be the Loeb probability space associated to (σ̃, Ã, µ̃).
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The goal is to push forward µL via the standard part map to a measure
on R. In order to do so, we need the following proposition:

Proposition 3.11. Fin(∗R) ∩ σ̃ ∈ AL and µL(σ̃ \ Fin(∗R)) = 0.

Proof. Set Fin(σ̃) = Fin(∗R)∩ σ̃.We have Fin(σ̃) =
⋃

n∈N(σ̃∩∗[−n,n]). Since
all the sets in the union are in Ã ⊂ AL, we have that Fin(σ̃) ∈ AL, proving
the first statement of the proposition. Note also that

µL(σ̃ \ Fin(σ̃)) ≤ st(µ̃(σ̃ \ ∗[−n,n]))

for any n ∈ N.
Fix ϵ ∈ R>0. Using Properties 6 and 7 of Definition 2.2, we have

lim
n→∞ st

 N∑
j=n+1

c̃j∥ẽj∥2
 = 1− lim

n→∞ st

 n∑
j=1

c̃j∥ẽj∥2
 = 0.

Thus, we may take j0 ∈ N such that

st

 N∑
j=j0+1

c̃j∥ẽj∥2
 < ϵ.

Then, for any n ∈ N, we have, using Remark 3.2 to commute Ã and projH̃λ
,

µ̃(σ̃ \ ∗[−n,n]) =

N∑
j=1

c̃j
∑

λ∈σ̃\∗[−n,n]

∥projH̃λ
ẽj∥2

=

j0∑
j=1

c̃j
∑

λ∈σ̃\∗[−n,n]

∥projH̃λ
ẽj∥2 +

N∑
j=j0+1

c̃j∥projH̃σ̃\∗[−n,n]
ẽj∥2

≤
j0∑
j=1

c̃j
∑

λ∈σ̃\∗[−n,n]

λ2

n2
∥projH̃λ

ẽj∥2 +
N∑

j=j0+1

c̃j∥ẽj∥2

≤ ϵ+

j0∑
j=1

c̃j
∑

λ∈σ̃\∗[−n,n]

λ2

n2
∥projH̃λ

ẽj∥2

= ϵ+
1

n2

j0∑
j=1

c̃j
∑

λ∈σ̃\∗[−n,n]

∥λprojH̃λ
ẽj∥2

= ϵ+
1

n2

j0∑
j=1

c̃j
∑

λ∈σ̃\∗[−n,n]

∥ÃprojH̃λ
ẽj∥2

= ϵ+
1

n2

j0∑
j=1

c̃j
∑

λ∈σ̃\∗[−n,n]

∥projH̃λ
Ãẽj∥2
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= ϵ+
1

n2

j0∑
j=1

c̃j∥projH̃σ̃\∗[−n,n]
Ãẽj∥2

≤ ϵ+
1

n2

j0∑
j=1

c̃j∥Ãẽj∥2.

By Property 9 of Definition 2.2 and our earlier observation, for any n ∈ N
we deduce that

µL(σ̃ \ Fin(σ̃)) ≤ ϵ+
1

n2

j0∑
j=1

cj st(∥Ãẽj∥)2.

Letting n → ∞, we have that µL(σ̃ \ Fin(σ̃)) ≤ ϵ. Since ϵ ∈ R>0 is arbitrary,
we conclude that µL(σ̃ \ Fin(σ̃)) = 0 □

Definition 3.12. Let stσ̃ := st |Fin(σ̃) : Fin(σ̃) → R.

By [8, Theorem 3.2], we have that the function stσ̃ is measurable. We can
now define themeasure onR that will be part of the verification of Theorem
1.1.
Definition 3.13. Let µ be the probability measure on Borel(R) obtained by push-
ing forward µL via stσ̃ .

4. Internal Isometry

In this section, we consider properties given by the internal direct inte-
gral.
Definition 4.1. Define

Ũ : ∗H → ∫⊕
σ̃

H̃λdµ̃(λ)

by (Ũ(x))(λ) = 1√
µ̃(λ)

projH̃λ
x.

Remark 4.2. Since σ̃ is hyperfinite, Ã = ∗P(σ̃), and µ̃(λ) > 0 for all λ ∈ σ̃, we
have that

∫⊕
σ̃ H̃λdµ̃(λ) =

∏
λ∈σ̃ H̃λ (as internal sets). As such, for any x ∈ ∗H,we

have that λ → 1√
µ̃(λ)

projH̃λ
x is an internal function, and so Ũ(x) ∈ does indeed

belong to
∫⊕
σ̃ H̃λdµ̃(λ).

Proposition 4.3. Ũ is an internal linear map. Furthermore, ker(Ũ) = H̃⊥
σ̃ and

Ũ|H̃σ̃
is an isometry. Finally, for any λ ∈ σ̃ and x ∈ H̃, (Ũ(Ãx))(λ) = λ(Ũ(x))(λ)

holds.

Proof. It is clear that Ũ is internal. Linearity of Ũ follows from linearity of
othogonal projection maps.

Furthermore, for any x ∈ ∗H, we have that

∥Ũ(x)∥2µ̃ =

∫
σ̃

∥(Ũ(x))(λ)∥2dµ̃(λ)
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=
∑
λ∈σ̃

∥∥∥∥∥ 1√
µ̃(λ)

projH̃λ
x

∥∥∥∥∥
2

µ̃(λ)

=
∑
λ∈σ̃

∥∥∥projH̃λ
x
∥∥∥2

= ∥projH̃σ̃
x∥2.

Therefore, we have ker(Ũ) = H̃⊥
σ̃ and that Ũ|H̃σ̃

is an isometry. The last part
of the proposition follows from Remark 3.2. □

An interesting idea would be to use the internal direct integral above to
construct an external direct integral

∫⊕
σ̃ ĤλdµL, where Ĥλ is theHilbert space

nonstandard hull of H̃λ. While such a construction is certainly possible, it
presents significant technical difficulties, most notably with the measurable
structure of the direct integral. Furthermore, pushing forward that struc-
ture to obtain a suitable direct integral

∫⊕
R Hλdµ also presents quite nontriv-

ial difficulties.
Instead, as mentioned in the introduction, the proposed path here is to

use the internal direct integral to establish how the interactions between
sections should behave, and use these results to construct

∫⊕
R Hλdµ.

Our next result (Theorem 4.6 below) is crucial moving forward. We first
recall the definition of S-integrability.

Definition 4.4. Suppose that (X,Ω, ν) is an internal probability space. Then an
internally measurable function f : X → ∗K is S-integrable if :

•
∫
X |f|dν is finite; and

• for all E ∈ Ω such that ν(E) ≃ 0, we have
∫
E |f|dν ≃ 0.

Remark 4.5. Suppose that f as above is S-integrable. One can then verify that f is
ν-almost everywhere finite. Furthermore, [8, Theorem 6.2] establishes that st ◦f is
µL-integrable and

st
(∫

X

fdν

)
=

∫
X

(st ◦f)dνL.

Given B ∈ Ω, it is straightforward to see that f · 1B is also S-integrable, whence the
equaltiy in the above display remains true when integrating over B; we shall use
this fact a number of times in the sequel.

Theorem4.6. For all x, y ∈ ∗Hwith x nearstandard andy finite, themap ⟨Ũ(x), Ũ(y)⟩
is an S-integrable function on σ̃ with respect to µ̃.

Proof. First, using the Cauchy-Schwarz inequality twice, it is clear that∫
σ̃

∣∣⟨Ũ(x), Ũ(y)⟩
∣∣dµ̃ ≤

∫
σ̃

∥Ũ(x)∥ ∥Ũ(y)∥dµ̃ ≤ ∥Ũ(x)∥µ̃ ∥Ũ(y)∥µ̃ ≤ ∥x∥∥y∥.
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Thus,
∫
σ̃

∣∣⟨Ũ(x), Ũ(y)⟩
∣∣dµ̃ is finite. It remains to show that, for any internal

E ⊂ σ̃with µ̃(E) ≃ 0, we have

st
(∫

E

|⟨Ũ(x), Ũ(y)⟩|dµ̃
)

= 0.

We have∫
E

|⟨Ũ(x), Ũ(y)⟩|dµ̃ =
∑
λ∈E

∣∣〈Ũ(x), Ũ(y)
〉
(λ)
∣∣ µ̃(λ)

=
∑
λ∈E

∣∣∣∣∣
〈

1√
µ̃(λ)

projH̃λ
x,

1√
µ̃(λ)

projH̃λ
y

〉∣∣∣∣∣ µ̃(λ)
=

∑
λ∈E

∣∣∣〈projH̃λ
x,projH̃λ

y
〉∣∣∣

≤
∑
λ∈E

∥projH̃λ
x∥∥projH̃λ

y∥

≤
√∑

λ∈E
∥projH̃λ

x∥2
√∑

λ∈E
∥projH̃λ

y∥2

= ∥projH̃E
x∥∥projH̃E

y∥ ≤ ∥projH̃E
x∥∥y∥.

Since y is finite, it is sufficient (in fact necessary) to show that ∥projH̃E
x∥

is infinitesimal. Let ϵ ∈ R>0. Using Property 5 of Definition 2.2 and the
fact that x is nearstandard, we may find k ∈ N and {aj}

k
j=1 in K such that

∥
∑k

j=1 ajẽj − x∥ < ϵ. Then we have

∥projH̃E
x∥ ≤

∥∥∥∥∥∥projH̃E
x− projH̃E

 k∑
j=1

ajẽj

∥∥∥∥∥∥+
∥∥∥∥∥∥projH̃E

 k∑
j=1

ajẽj

∥∥∥∥∥∥
≤

∥∥∥∥∥∥x−
k∑

j=1

ajẽj

∥∥∥∥∥∥+
k∑

j=1

|aj|
∥∥∥projH̃E

ẽj

∥∥∥
≤ ϵ+

k∑
j=1

|aj|√
c̃j

√
c̃j∥projH̃E

ẽj∥2 ≤ ϵ+

k∑
j=1

|aj|√
c̃j

√
µ̃(E).

Since st(µ̃(E)) = 0, st(∥projH̃E
x∥) ≤ ϵ. Since ϵ is arbitrary, we get that

∥projH̃E
x∥ is infinitesimal, as desired. □

Remark 4.7. In the course of the above proof, we established that, for all x, y ∈ ∗H,
we have ∫

σ̃

∣∣⟨Ũ(x), Ũ(y)⟩
∣∣dµ̃ ≤ ∥x∥∥y∥.

This important inequality is worth isolating here.
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Corollary 4.8. Suppose that x1, x2, y1, y2 ∈ ∗H are all nearstandard. Further
suppose that st(x1) = st(x2) and st(y1) = st(y2). Then

st
(
⟨Ũ(x1), Ũ(y1)⟩(λ)

)
= st

(
⟨Ũ(x2), Ũ(y2)⟩(λ)

)
for µL-almost all λ ∈ σ̃.

Proof. ByTheorem 4.6, we know that both ⟨Ũ(x1), Ũ(y1)⟩ and ⟨Ũ(x2), Ũ(y2)⟩
are S-integrable. Using the triangle inequality, it is straightforward to see
that the internal function

∣∣⟨Ũ(x1), Ũ(y1)⟩− ⟨Ũ(x2), Ũ(y2)⟩
∣∣ is S-integrable

as well. Therefore,∫
σ̃

∣∣st(⟨Ũ(x1), Ũ(y1)⟩) − st(⟨Ũ(x2), Ũ(y2)⟩)
∣∣dµL

=

∫
σ̃

st
(∣∣⟨Ũ(x1), Ũ(y1)⟩− ⟨Ũ(x2), Ũ(y2)⟩

∣∣)dµL

= st
(∫

σ̃

∣∣⟨Ũ(x1), Ũ(y1)⟩− ⟨Ũ(x2), Ũ(y2)⟩
∣∣dµ̃)

= st
(∫

σ̃

∣∣⟨Ũ(x1), Ũ(y1 − y2)⟩+ ⟨Ũ(x1 − x2), Ũ(y2)⟩
∣∣dµ̃)

≤ st
(∫

σ̃

∣∣⟨Ũ(x1), Ũ(y1 − y2)⟩
∣∣dµ̃)+ st

(∫
σ̃

∣∣⟨Ũ(x1 − x2), Ũ(y2)⟩
∣∣dµ̃)

≤ st (∥x1∥ ∥y1 − y2∥) + st (∥x1 − x2∥ ∥y2∥) = 0.

Therefore,
∫
σ̃

∣∣st(⟨Ũ(x1), Ũ(y1)⟩) − st(⟨Ũ(x2), Ũ(y2)⟩)
∣∣dµL = 0, from which

we conclude
st
(
⟨Ũ(x1), Ũ(y1)⟩(λ)

)
= st

(
⟨Ũ(x2), Ũ(y2)⟩(λ)

)
for µL-almost all λ ∈ σ̃, completing the proof. □

5. Hilbert Family Construction

In this section, we build the spectral family that will be used to complete
the proof of Theorem 1.1. We begin by using Theorem 4.6 to construct our
direct integral using the expected interactions.

Definition 5.1. For x, y ∈ H, let νx,y be the K-signed measure6 on Borel(R)
defined by

νx,y(B) =

∫
st−1

σ̃ (B)
st
(〈
Ũ(x), Ũ(y)

〉)
dµL.

Note that νx,y is in fact a finite K-signed measure on Borel(R). Indeed,
by Theorem 4.6, st

(〈
Ũ(x), Ũ(y)

〉)
is a µL-integrable function on σ̃, whence

the map
V 7→ ∫

V

st
〈
Ũ(x), Ũ(y)

〉
dµL

6When K = C, a K-signed measure is simply a complex measure.
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is a finiteK-signedmeasure onAL; themeasureνx,y is then the push-forward
of this measure along stσ̃. Furthermore, the following is a direct conse-
quence of Corollary 4.8.

Lemma 5.2. Fix x, y ∈ H and take x̃, ỹ ∈ ∗H such that x̃ ≃ x and ỹ ≃ y. Then

νx,y(B) =

∫
st−1

σ̃ (B)
st
〈
Ũ(x̃), Ũ(ỹ)

〉
dµL.

Proposition 5.3. For all x, y ∈ H, we have νx,y ≪ µ.

Proof. Let B ⊂ R be any Borel set such that µ(B) = 0. Then, by definition of
µ, we have µL(st−1

σ̃ (B)) = µ(B) = 0, and thus∫
st−1

σ̃ (B)
st
〈
Ũ(x), Ũ(y)

〉
dµL = 0.

□

Definition 5.4. For j, l ∈ N, set Uj,l = dν
ej,el

dµ : R → K. Furthermore, given
t ∈ R and n ∈ N, letMn(t) be the square matrix of size n whose coefficients in K
are given by (M(n)(t))i,j = Ui,j(t).

These coefficientsUj,lwill be the foundation of the family of spaces {Ht}t∈R,
as well as the sections corresponding to each ej.

Proposition 5.5. There exists a sequence (Vj : R → ℓK2 )j∈N of Borel measur-
able functions such that, for all j, l ∈ N and for µ-almost all t ∈ R, we have
⟨Vj(t), Vl(t)⟩ = Uj,l(t).

To prove the above proposition, we need a lemma.

Lemma 5.6. For µ-almost all t ∈ R, the matrix M(n)(t) is positive semi-definite
for all n ∈ N.

Proof. For n ∈ N, set Sn = {t ∈ R | M(n)(t) is positive semi-definite}; we
want to show that µ(

⋂
n∈N Sn) = 1.

Fix n ∈ N and let {v(k)}k∈N be a dense subset of Kn. By density, we have
that t ∈ Sn if and only if ⟨M(n)(t)v(k), v(k)⟩ ≥ 0 holds for all k ∈ N. Fix k ∈ N;
for t ∈ R, we have

⟨M(n)(t)v(k), v(k)⟩ =
n∑

j,l=1

Ul,j(t)v
(k)
j v

(k)
l .

As such, for any Borel B ⊆ R, we have

∫
B

⟨M(n)(t)v(k), v(k)⟩dµ(t) =
n∑

j,l=1

v
(k)
j v

(k)
l

∫
B

Ul,jdµ

=

n∑
j,l=1

v
(k)
j v

(k)
l νel,ej(B)
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=

n∑
j,l=1

v
(k)
j v

(k)
l

∫
st−1(B)

st
(〈
Ũ(el), Ũ(ej)

〉)
dµL

=

∫
st−1(B)

st


∥∥∥∥∥∥

n∑
j=1

v
(k)
j (Ũ (ej))(λ)

∥∥∥∥∥∥
2
dµL(λ)

≥ 0.

Since this holds for any Borel B ⊆ R, we have that ⟨M(n)(t)v(k), v(k)⟩ ≥ 0 for
µ-almost all t ∈ R. Since this held for an arbitrary k ∈ N, we have that we
have that µ(Sn) = 1. Since the latter sentence held for an arbitrary n ∈ N,
we conclude that µ(

⋂
n∈N Sn) = 1. □

Proof of Proposition 5.5. We begin by setting up some notation to be used
throughout the proof. First, given any Hilbert space E, let RE : E ′ → E
be the map given by the Riesz representation Theorem, that is, for f ∈ E ′

and x ∈ E, we have that ⟨x, RE(f)⟩ = f(x). Second, we let (g1, g2, . . . ) denote
the standard orthonormal basis of ℓK2 . Finally, we set

S := {t ∈ R | for all n ∈ B,M(n)(t) is positive semi-definite}.
By the preceding lemma, µ(S) = 1. As a result, we only need to define

each Vi on S. We define the sequence (Vi)i∈N by recursion. Throughout the
construction, we recursively assume that, for any t ∈ S, we have Vn(t) ∈
span{gj}nj=1.

Suppose that V1, . . . , Vn−1 have been defined satisfying the conclusion of
the proposition and the extra condition stated above. We now show how to
define Vn on S. In the rest of the proof, we assume that t ∈ S.

Givena1, . . . , an−1 ∈ K, leta = (a1, . . . , an−1, 0) ∈ Kn. Using theCauchy-
Schwarz inequality and the fact that M(n)(t) is positive semi-definite, we
have that:∣∣∣∣∣∣

n−1∑
j=1

ajUj,n(t)

∣∣∣∣∣∣
2

= |⟨M(n)(t)(0, . . . , 0, 1), a⟩|2

≤ ⟨M(n)(t)(0, . . . , 0, 1), (0, . . . , 0, 1)⟩ · ⟨M(n)(t)a, a⟩

= Un,n(t)

n−1∑
j,l=1

ajalUj,l(t)


= Un,n(t)

n−1∑
j,l=1

ajal⟨Vj(t), Vl(t)⟩


= Un.n(t)

∥∥∥∥∥∥
n−1∑
j=1

ajVj(t)

∥∥∥∥∥∥
2

.



14 ISAAC GOLDBRING AND FABRICE NONEZ

Set En(t) := span{Vj(t)}
n−1
j=1 . The above inequality allows us to define the

function Tn(t) : En(t) → K by

Tn(t)

n−1∑
j=1

ajVj(t)

 =

n−1∑
j=1

ajUj,n(t).

It also follows that Tn(t) is a bounded linear functional with ∥Tn(t)∥2 ≤
Un,n(t).

Set
Vn(t) = REn(t)(Tn(t)) +

√
Un,n(t) − ∥Tn(t)∥2gn.

Note first that Vn(t) ∈ span{gj}nj=1. We next show that the inner products of
Vi(t) and Vn(t) for i = 1, . . . , n− 1 are as desired. To see this, first note that
gn ⊥ En(t). Using that M(n)(t) is self-adjoint, we have, for any j ∈ [n − 1],
that:

⟨Vj(t), Vn(t)⟩ = ⟨Vj(t), REn(t)(Tn(t))⟩ = Tn(t)(Vj(t)) = Uj,n(t);

⟨Vn(t), Vj(t)⟩ = ⟨Vj(t), Vn(t)⟩ = Uj,n(t) = Un,j(t);

⟨Vn(t), Vn(t)⟩ = ∥REn(t)(Tn(t))∥
2 +Un,n(t) − ∥Tn(t)∥2 = Un,n(t).

To finish the proof, we must show that Vn is measurable. SinceUn,n is mea-
surable (by definition), since ∥Tn(t)∥2 = ∥REn(t)(Tn(t))∥2, and since ℓK2 is
separable, it follows from Lemma A.4 of the Appendix that it is sufficient to
show that
t → ⟨y, REn(t)(Tn(t))⟩ = ⟨projEn(t)

y, REn(t)(Tn(t))⟩ = (Tn(t))(projEn(t)
y)

is measurable for any y ∈ ℓK2 . By Lemma A.6 of the Appendix, there are
measurable functions a1, . . . , an−1 : S → K such that

projEn(t)
y =

n−1∑
j=1

aj(t)Vj(t).

It follows that

(Tn(t))(projEn(t)
y) =

n−1∑
j=1

aj(t)Uj,n(t),

which is thus measurable, as desired. □

Convention 5.7. We now fix a sequence (Vj)j∈N of functions satisfying Proposi-
tion 5.5. Furthermore, given t ∈ R, we define

Ht = span{Vj(t)}j∈N ≤ ℓK2 .

Remark 5.8. By Proposition A.7 of the Appendix, we have an induced measurable
structure on

∏
t∈RHt whose measurable sections are those elements X ∈

∏
t∈RHt

for which X is measurable when viewed as a function R → ℓK2 .
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We can now establish the existence of the map from Theorem 1.1.

Proposition 5.9. There exists a unique linear isometry U : H → ∫⊕
R Htdµ such

that for each j ∈ N, U(ej) = Vj.

Proof. For each j, l ∈ N, we have

⟨Vj, Vl⟩µ =

∫
R
⟨Vj, Vl⟩dµ =

∫
R
Uj,ldµ = νej,el(R)

=

∫
Fin(∗R)∩σ̃

st
(〈
Ũ(ẽj), Ũ(ẽl)

〉)
dµL

=

∫
σ̃

st
(〈
Ũ(ẽj), Ũ(ẽl)

〉)
dµL

= st
(∫

σ̃

〈
Ũ(ẽj), Ũ(ẽl)

〉
dµ̃

)
= st(⟨Ũ(ẽj), Ũ(ẽl)⟩µ̃)

= st(⟨ẽj, ẽl⟩) = ⟨ej, el⟩.

Note that the fourth equality used Lemma 5.2, while the fifth followed from
Proposition 3.11 and the sixth used Theorem 4.6.7 Aparticular consequence
of this calculation is that each Vj does indeed belong to

∫⊕
R Htdµ(t). An-

other consequence is that, for any sequence a1, . . . , ak in K, we have∥∥∥∑k
j=1 ajej

∥∥∥ =
∥∥∥∑k

j=1 ajVj

∥∥∥
µ
. From that, we conclude that there is a unique

linear isometry U : span({ej}j∈N) → ∫⊕
R Htdµ(t) such that for any j, U(ej) =

Vj. Furthermore, this isometry uniquely extends to all ofH by Property (5)
of Definition 2.2. □

We have almost completed the proof of Theorem 1.1. The only thing
remaining to show is that U indeed “intertwines” A and the multiplica-
tion operator on the direct integral. Note that, for all j, l ∈ N, we have
dν

ej,el

dµ = ⟨U(ej), U(el)⟩. The next proposition, which is key for linking U

and A, shows that this remains true for all x, y ∈ H.

Proposition 5.10. For all x, y ∈ H, we have
dνx,y

dµ
= ⟨U(x), U(y)⟩.

Proof. Fix x, y ∈ H and Borel B ⊆ R. We must show that

νx,y(B) =

∫
B

⟨U(x), U(y)⟩dµ.

Fix ϵ ∈ R>0. Then, given some large enough k, let xϵ =
∑k

j=1 ajej and
yϵ =

∑k
j=1 bjej such that ∥x− xϵ∥ < ϵ

4(∥y∥+1) and ∥y− yϵ∥ < ϵ
4(∥x∥+ϵ) . Then,

7In the sequel, we will not comment on such applications of these results.
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we have∣∣∣∣∣∣νx,y(B) −

k∑
j,l=1

ajblν
ej,el(B)

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∫
st−1(B)

st

⟨Ũ(x), Ũ(y)⟩−
k∑

j,l=1

ajbl⟨Ũ(ej), Ũ(el)⟩

dµL

∣∣∣∣∣∣
≤ st

(∫
σ̃

∣∣⟨Ũ(x), Ũ(y)⟩−
〈
Ũ(xϵ), Ũ(yϵ)

〉∣∣dµ̃)
≤ st

(∫
σ̃

∣∣〈Ũ(x− xϵ), Ũ(y)
〉∣∣dµ̃)+ st

(∫
σ̃

∣∣〈Ũ(xϵ), Ũ(y− yϵ)
〉∣∣dµ̃)

≤ st
(
∥Ũ(x− xϵ)∥µ̃∥Ũ(y)∥µ̃

)
+ st

(
∥Ũ(xϵ)∥µ̃∥Ũ(y− yϵ)∥µ̃

)
≤ ∥x− xϵ∥ ∥y∥+ ∥xϵ∥ ∥y− yϵ∥ <

1

2
ϵ.

On the other hand, we have∣∣∣∣∣∣
∫
B

⟨U(x), U(y)⟩dµ−

k∑
j,l=1

ajblν
ej,el(B)

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∫
B

⟨U(x), U(y)⟩dµ−

k∑
j,l=1

ajbl

∫
B

⟨Vj, Vl⟩dµ

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∫
B

⟨U(x), U(y)⟩− ⟨
k∑

j=1

ajU(ej),

k∑
j=1

bjU(ej)⟩

dµ

∣∣∣∣∣∣
≤

∫
R
|⟨U(x), U(y)⟩− ⟨U(xϵ), U(yϵ)⟩|dµ

≤
∫
R
|⟨U(x− xϵ), U(y)⟩|dµ+

∫
R
|⟨U(xϵ), U(y− yϵ)⟩|dµ

≤ ∥U(x− xϵ)∥µ∥U(y)∥µ + ∥U(xϵ)∥µ∥U(y− yϵ)∥µ

= ∥x− xϵ∥∥y∥+ ∥xϵ∥∥y− yϵ∥ <
1

2
ϵ.

It follows that |
∫
B⟨U(x), U(y)⟩dµ−νx,y(B)| < ϵ. Since ϵ is arbitrary, we have∫

B⟨U(x), U(y)⟩dµ = νx,y(B), completing the proof. □

We can now prove the final piece of Theorem 1.1.

Theorem 5.11. For any x ∈ dom(A), we have (U(Ax))(t) = t · (U(x))(t) for µ-
almost all t ∈ R. In other words, for any such x ∈ dom(A), idR ·U(x) = U(Ax).

Proof. Since {Vj(t)}j∈N is dense-spanning in Ht, we only need to show that,
for all j ∈ N, we have ⟨(U(Ax))(t), Vj(t)⟩ = ⟨t(U(x))(t), Vj(t)⟩ for µ-almost
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all t ∈ R. Thus, it is sufficient to show, for any bounded Borel set B ⊆ R,
that ∫

B

(⟨U(Ax), Vj⟩− idR ·⟨U(x), Vj⟩)dµ = 0,

noting that the function is indeed integrable since B is bounded. However,
by Proposition 4.3, Corollary 4.8, and Proposition 5.10, we have that∫

B

idR ·⟨U(x), Vj⟩dµ =

∫
B

idR dνx,ej

=

∫
st−1(B)

(idR ◦ stσ̃) · st(⟨Ũ(x), Ũ(ej)⟩)dµL

=

∫
st−1(B)

st(λ) · st(⟨Ũ(x̄), Ũ(ẽj)⟩(λ))dµL(λ)

=

∫
st−1(B)

st(λ⟨(Ũ(x̄))(λ), (Ũ(ẽj))(λ)⟩)dµL(λ)

=

∫
st−1(B)

st(⟨(Ũ(Ãx̄))(λ), (Ũ(ẽj))(λ)⟩)dµL(λ)

=

∫
st−1(B)

st(⟨Ũ(Ãx̄), Ũ(ẽj)⟩)dµL = νAx,ej(B)

=

∫
B

⟨U(Ax), Vj⟩dµ.

Here, x̄ is given by Property (3) of Definition 2.1 applied to x. Therefore,
as stated, we conclude that t(U(x))(t) = (U(Ax))(t) for µ-almost all t ∈ R,
concluding the proof. □

6. Self-Adjointness and Surjectivity of the Isometry

Up until now, we have only assumed that A is a symmetric operator on
H. As a result, the resulting isometry U cannot be expected to be unitary
if A does not have a self-adjoint extension. A significant point of departure
from the results given in [7] is that the mere fact that A is self-adjoint will
guarantee that the resulting U is surjective. In this section, we in fact prove
a bit more.

First, we establish a general fact about quasi-samplings.

Proposition 6.1. We have st(G(Ã)) ⊂ H×H is the graph of a closed symmetric
extension of A.

Proof. It is clear that st(G(Ã)) is a linearK-subspace ofH×H. Furthermore,
since ∗ isℵ1-saturated, st(G(Ã)) is closed. We next show that it is the graph
of an operator.

First, to show that it is the graph of a function, take (x, y1), (x, y2) ∈
st(G(Ã)); wemust show thaty1 = y2. Take x̄1, x̄2 ∈ H̃ such that st((x̄1, Ãx̄1)) =
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(x, y1) and st((x̄2, Ãx̄2)) = (x, y2). Fix z ∈ dom(A) and take z̄ ∈ H̃ satisfying
Property (3) of Definition 2.1; we then have

⟨y1, z⟩ = st(⟨Ãx̄1, z̄⟩) = st(⟨x̄1, Ãz̄⟩) = ⟨x,Az⟩ = st(⟨x̄2, Ãz̄⟩) = st(⟨Ãx̄2, z̄⟩) = ⟨y2, z⟩.

Since dom(A) is dense in H, we conclude that y1 = y2. Thus, st(G(Ã)) is
the graph of a function, which we call Â. Since A ⊂ Â by Property (3)
of Definition 2.1, we know that Â is densely defined, and since G(Â) =

st(G(Ã)) is a linear closed subspace of H × H, we know that Â is a linear
and closed operator.

To conclude the proof, we show that Â is symmetric. Fix x, z ∈ dom(Â)

and take x̄, z̄ ∈ H̃ such that st((x̄, Ãx̄)) = (x, Âx) and st((z̄, Ãz̄)) = (z, Âz).
We then have that

⟨Âx, z⟩ = st(⟨Ãx̄, z̄⟩) = st(⟨x̄, Ãz̄⟩) = ⟨x, Âz⟩.

We conclude that Â is symmetric. □

In what follows, we continue to let Â denote the closed symmetric exten-
sion of Awhose graph is given by st(G(Ã)).

Remark 6.2. Note that (H̃, Ã) is also a quasi-sampling for Â.

We can now state the main result of this section.

Theorem 6.3. Letting U : H → ∫⊕
R Htdµ be the isometry defined above, we have

that U is surjective if and only if Â is self-adjoint.

Remark 6.4. As a consequence of the previous theorem, we have that if A is es-
sentially self-adjoint, then any choice of the quasi-sampling and scale induces that
Â = A and U is surjective.

Before we begin the proof of the previous theorem, we need a definition.

Definition 6.5. For a measurable function f : R → R, we define the operator Tf on∫⊕
R Htdµ(t) with dom(Tf) = {X ∈

∫⊕
R Htdµ(t) :

∫
R |f(t)|2∥X(t)∥2dµ(t) < ∞}

by (Tf(X))(t) = f(t) · X(t). Furthermore, we set T = TidR .

Remark 6.6. It is well-known that, for any measurable function f, Tf is a self-
adjoint operator.

Remark 6.7. The statement of Theorem 5.11 can now be stated as U ◦A ⊂ T ◦U.
We can conclude from Remark 6.2 that U ◦ Â ⊂ T ◦U holds as well.

Proof of Theorem 6.3. Fist suppose thatU is surjective; we show that Â is self-
adjoint. Set T̂ = U−1 ◦ T ◦U as an operator onH. Since U is unitary and T is
self-adjoint, we have that T̂ is self-adjoint. Furthermore, from the previous
remark, we have that Â ⊂ T̂ . Thus, to conclude that Â is self-adjoint, it is
sufficient to show that dom(Â) ⊃ dom(T̂) = U−1(dom(T)).
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Suppose that x ∈ U−1(dom(T)), so that∫
R
|t|2∥(U(x))(t)∥2dµ < ∞.

We aim to show that x ∈ dom(Â).
Let (an)n∈Z be an integer-indexed sequence inR such that, for eachn ∈ Z,

we have an ∈ [n,n+ 1] and µ({an}) = 0. For n ∈ N, set
xn = (U−1 ◦ T1[a−n,an]

◦U)(x),

so thatU(xn) = 1[a−n,an]·U(x). Since
∫
R | idR |2∥U(xn)∥2dµ ≤ (n+1)2∥U(xn)∥2µ,

we have that xn ∈ dom(T ◦U). Furthermore, by theMonotone Convergence
Theorem, we have that xn → x and T̂xn → T̂x as n → ∞. Thus, since Â is
closed, in order to conclude that x ∈ dom(Â), it is sufficient to show that
(xn, T̂xn) ∈ G(Â) for all n ∈ N.

Towards that end, fix n ∈ N and set In = ∗[a−n, an] ∩ σ̃ and x̄n =

projH̃In
xn ∈ H̃. It will suffice to show that x̄n ≃ xn and Ãx̄n ≃ T̂xn. Indeed,

if we prove these two facts, we will have (xn, T̂xn) ∈ st(G(Ã)) = G(Â), as
desired.

To see that x̄n ≃ xn, first note that In ⊆ st−1
σ̃ ([a−n, an]) ⊆ In∪ st−1

σ̃ ({a−n, an}),
whence In and st−1

σ̃ ([a−n, an]) have aµL-null-measure symmetric difference.
As a result, we have

st
(
∥x̄n∥2

)
= st

(∑
λ∈In

∥projH̃λ
xn∥2

)

= st
(∫

In

∥Ũ(xn)∥2dµ̃
)

=

∫
In

st
(
∥Ũ(xn)∥2

)
dµL

=

∫
st−1

σ̃ ([a−n,an])
st
(
∥Ũ(xn)∥2

)
dµL

= νxn,xn([a−n, an])

=

∫
[a−n,an]

∥U(xn)∥2dµ

=

∫
R
∥U(xn)∥2dµ = ∥U(xn)∥2µ = ∥xn∥2.

Thus, since ∥xn∥2 = ∥xn − x̄n∥2 + ∥x̄n∥2, we have that x̄n ≃ xn.

We next show that Ãx̄n ≃ T̂xn. To do this, it is sufficent to show that: (1)
st(∥Ãx̄n∥2) = ∥T̂xn∥2, and (2) st(⟨Ãx̄n, y⟩) = ⟨T̂xn, y⟩ for all y ∈ H. Indeed,
(1) and (2) imply that

∥Ãx̄n∥2 = ∥Ãx̄n − T̂xn∥2 + ∥T̂xn∥2 + 2Re(⟨Ãx̄n − T̂xn, T̂xn⟩),

which leads to 0 = st(∥Ãx̄n− T̂xn∥2) by taking standard parts on both sides.
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To prove (1), we note that since | idσ̃ |
2 ·1In is always bounded by (n+1)2,

the function | idσ̃ |
2 · 1In · ∥Ũ(xn)∥2 is S-integrable. As such, we have:

st
(
∥Ãx̄n∥2

)
= st

(∑
λ∈In

|λ|2∥projH̃λ
xn∥2

)

= st
(∫

In

| idσ̃ |
2 · ∥Ũ(xn)∥2dµ̃

)
=

∫
In

st
(
| idσ̃ |

2 · ∥Ũ(xn)∥2
)
dµL

=

∫
st−1

σ̃ ([a−n,an])
| stσ̃ |2 · st

(
∥Ũ(xn)∥2

)
dµL

=

∫
[a−n,an]

| idR |2dνxn,xn

=

∫
[a−n,an]

| idR |2 · ∥U(xn)∥2dµ

=

∫
R
∥T(U(xn))∥2dµ = ∥T(U(xn))∥2µ = ∥T̂xn∥2.

To prove (2), fix y ∈ H. For the same reasons as earlier, we have that the
internal map idσ̃ ·1In · ⟨Ũ(xn), Ũ(y)⟩ is S-integrable. Thus,

st
(
⟨Ãx̄n, y⟩

)
= st

(∑
λ∈In

λ⟨projH̃λ
xn, y⟩

)

= st
(∑

λ∈In

λ⟨projH̃λ
xn,projH̃λ

y⟩

)

= st
(∫

In

idσ̃ ·⟨Ũ(xn), Ũ(y)⟩dµ̃
)

=

∫
In

st
(
idσ̃ ·⟨Ũ(xn), Ũ(y)⟩

)
dµL

=

∫
st−1

σ̃ ([a−n,an])
stσ̃ · st

(
⟨Ũ(xn), Ũ(y)⟩

)
dµL

=

∫
[a−n,an]

idR dνxn,y

=

∫
[a−n,an]

idR ·⟨U(xn), U(y)⟩dµ

=

∫
R
⟨T(U(xn)), U(y)⟩dµ

= ⟨T(U(xn)), U(y)⟩µ = ⟨T̂xn, y⟩.
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This concludes the proof of the forwards direction of the theorem. For
the converse direction, suppose that Â is self-adjoint; we aim to show that
U is surjective. We begin with the following:

Claim 1: To prove thatU is surjective, it suffices to show that, for any a, b ∈
Rwith a < b, we have 1[a,b] · X ∈ U(H)whenever X ∈ U(H).

Proof of Claim 1: Since Vj = U(ej) for all j ∈ N, it suffices to establish that
{1[a,b] · Vj | j ∈ N, a, b ∈ R a < b} spans a dense subset of

∫⊕
R Htdµ(t). To

see this, suppose that X ∈
∫⊕
R Htdµ(t) is such that ⟨X, 1[a,b] ·Vj⟩µ = 0 for any

j ∈ N and a, b ∈ R with a < b; we need to show that X = 0. For any j ∈ N,
we then have, for all closed intervals [a, b] ⊆ R, that∫

[a,b]
⟨X,Vj⟩dµ = 0.

Since the collection of closed intervals generates the Borel σ-algebra on
R, we have that ⟨X(t), Vj(t)⟩ = 0 for µ-almost all t ∈ R. Thus, there is a
Borel set M ⊂ R such that µ(R \ M) = 0 and such that, for all t ∈ M and
for all j ∈ N, we have ⟨X(t), Vj(t)⟩ = 0. By definition of Ht, we have that for
all t ∈ M, we have X(t) = 0. It follows that X = 0, as desired, finishing the
proof of the claim.

We now fix X ∈ U(H) and a, b ∈ R with a < b; we aim to show that
1[a,b] · X ∈ U(H). For n ∈ N, set Zn = 1[−n,n] · X and Xn = projU(H) Zn. We
note that

lim
n→∞ 1[a,b] · Xn = 1[a,b] · projU(H) lim

n→∞Zn = 1[a,b] · projU(H) X = 1[a,b] · X;

since U(H) is closed, it is sufficient to show that, for each n ∈ N, 1[a,b] ·Xn ∈
U(H).

Fix n ∈ N. Since Zn is supported on [−n,n], it is clear that Zn ∈ dom(Tk)
for all k ∈ N.

Claim 2: For all k ∈ Z≥0, we have Xn ∈ dom(Tk), and that

TkXn = projU(H) T
kZn.

Proof of Claim 2: We prove the claim by induction on k. The case k = 0 is
trivial, since T 0 = I and Xn = projU(H) Zn by definition. Suppose now that
Xn ∈ dom(Tk) and TkXn = projU(H) T

kZn. We show Xn ∈ dom(Tk+1) and
Tk+1Xn = projU(H) T

k+1Zn.
Set Z = TkZn. Since TkXn = projU(H) Z by hypothesis, what we want to

show is that projU(H) Z ∈ dom(T) and that T(projU(H) Z) = projU(H) TZ.
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Take z,w ∈ H such that U(z) = projU(H) Z and U(w) = projU(H)(TZ).

Then, for all y ∈ dom(Â),

⟨z, Ây⟩ = ⟨U(z), U(Ây)⟩ = ⟨projU(H) Z,U(Ây)⟩ = ⟨Z,U(Ây)⟩ = ⟨Z, T(U(y))⟩
= ⟨TZ,U(y)⟩ = ⟨projU(H)(TZ), U(y)⟩ = ⟨U(w), U(y)⟩ = ⟨w,y⟩.

Thus, since Â is self-adjoint, we have that z ∈ dom(Â), and Âz = w. There-
fore, projU(H) Z = U(z) ∈ dom(T) and

T(projU(H) Z) = T(U(z)) = U(Âz) = U(w) = projU(H)(TZ).

This finishes the proof of the claim.
By the claim and the definition of T , it follows that for any real polynomial

p, we have that
p · Xn = projU(H)(p · Zn) ∈ U(H).

Let (pk)k∈N be a sequence of real polynomials such that:
• for any t ∈ R, limk→∞ pk(t) = 1[a,b](t);
• for any t ∈ [−n,n] and k ∈ N, |pk(t)| ≤ 2.

To obtain such a sequence, consider, for k ∈ N, the function ck : R → R
given by

ck(t) = 1[a,b](t) + (1+ k(t− a))1(a− 1
k
,a) + (1+ k(b− t))1(b,b+ 1

k
).

We have that each ck is continuous and with values in [0, 1], while the se-
quence pointwise converges to 1[a,b]. Thus, by the Stone-Weierstrass Theo-
rem, we can take pk such that |pk(t) − ck(t)| ≤ 1

k for all t ∈ [−n− k, n+ k].
By the Dominated Convergence Theorem and the fact that Zn is sup-

ported on [−n,n], we have that limk→∞(pk ·Zn) = 1[a,b] ·Zn in
∫⊕
R Htdµ(t).

Since projections are continuous, we have that
lim
k→∞(pk · Xn) = projU(H)(1[a,b] · Zn).

In other words, we have

lim
k→∞

∫
R

∥∥∥(pk · Xn)(t) − (projU(H)(1[a,b] · Zn))(t)
∥∥∥2 dµ(t) = 0,

and so there exists a subsequence (pkl)l∈N such that

lim
l→∞ ∥(pkl · Xn)(t) − (projU(H)(1[a,b] · Zn))(t)∥2 = 0

and thus
lim
l→∞(pkl · Xn)(t) = (projU(H)(1[a,b] · Zn))(t)

in Ht for µ-almost all t ∈ R. However, for all t ∈ R, we have
lim
l→∞(pkl · Xn)(t) = 1[a,b](t) · Xn(t).

Thus, we have that projU(H)(1[a,b] ·Zn) = 1[a,b] ·Xn in
∫⊕
R Htdµ(t). Therefore,

1[a,b] · Xn ∈ U(H), concluding the proof that U is surjective. □
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7. The Spectral measure version of the Spectral Theorem

In this section, we establish a relationship between the spectral measure
of a self-adjoint operatorA and the measures νx,y constructed above, yield-
ing a proof of the spectral measure version of the Spectral Theorem. We
begin by recalling some basic definitions and facts:

Definition 7.1. A projection-valued measure is a function P from the Borel
subsets of R to the set of projections on H such that:

(1) P(∅) = 0 and P(R) = I;
(2) P(V ∩W) = P(V)P(W); and
(3) P(

⋃
j∈N Vj) =

∑
j∈N P(Vj) whenever the Vj are pairwise disjoint.

Projection-valued measures are described in detail in [1, Chapter IX].
We note here that for all x, y ∈ H, the map Px,y : Borel(R) → K given by
Px,y(B) = ⟨P(B)x, y⟩ is aK-signed measure, which is positive whenever x =
y. Furthermore, for anymeasurableϕ : R → R, there is a unique self-adjoint
map, denoted

∫
RϕdP, such that dom(

∫
RϕdP) = {x ∈ H |

∫
R |ϕ|2dPx,x < ∞}

and such that, for any x ∈ dom(
∫
RϕdP) and y ∈ H, we have〈(∫

R
ϕdP

)
x, y

〉
=

∫
R
ϕdPx,y;

see, for example, [1, Chapter X, Theorem 4.7]).
The following is another form of the Spectral Theorem, which one might

call the spectral measure version of the Spectral Theorem, to distinguish it
from the direct integral version proved earlier in this paper.

Theorem 7.2. Suppose that A is self-adjoint. For any Borel set B ⊆ R, there is a
bounded operator P(B) : H → H for which ⟨P(B)x, y⟩ = νx,y(B) for all x, y ∈ H.
Moreover, P(B) is a projection for each Borel set B ⊆ R and P is a projection-valued
measure for which A =

∫
R idR dP.

Proof. UsingDefinition 5.1, it is clear that given any Borel setB ⊆ R, themap
(x, y) → νx,y(B) is a positive semi-definite inner product onH×H for which
|νx,y(B)| ≤ ∥x∥∥y∥ holds for all x, y ∈ H. As such, there is a well-defined
bounded operator P(B) onH satisfying the condition in the statement of the
theorem. Moreover, it is easy to see that P(B) is a non-negative operator on
H.

Furthermore, for all x, y ∈ H, by Proposition 5.10, we have

⟨P(B)x, y⟩ = νx,y(B) =

∫
B

⟨U(x), U(y)⟩dµ =

∫
R
1B · ⟨U(x), U(y)⟩dµ

=

∫
R
⟨T1B(U(x)), U(y)⟩dµ = ⟨T1B(U(x)), U(y)⟩µ

= ⟨(U−1 ◦ T1B ◦U)x, y⟩.

Thus, P(B) = U−1 ◦ T1B ◦ U holds for any Borel set B. It follows that P
is a spectral measure on H for which Px,y = νx,y for all x, y ∈ H. Since
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both A and
∫
R idR dP are self-adjoint, to conclude A =

∫
R idR dP, it is suf-

ficient to show that, for any x ∈ dom(A), we have
∫
R | idR |2dνx,x < ∞ and∫

R idR dνx,x = ⟨Ax, x⟩. For any such x ∈ dom(A), we have, by Theorem
5.11, that∫

R
| idR |2dνx,x =

∫
R
| idR |2 · ∥U(x)∥2dµ =

∫
R
∥U(Ax)∥2dµ = ∥Ax∥2 < ∞,

and that ∫
R
idR dνx,x =

∫
R
idR ·∥U(x)∥2dµ =

∫
R
⟨T(U(x)), U(x)⟩dµ

= ⟨U(Ax), U(x)⟩µ = ⟨Ax, x⟩.

Thus A =
∫
R idR dP, concluding the proof. □

Appendix A. Appendix on measurable structures

In this appendix, we review the necessary material on measurable struc-
tures and direct integrals of Hilbert spaces needed throughout the paper.
For more details, we recommend the reader consult [2].

Definition A.1. Suppose that (M,Ω) is a measurable space and (Hx)x∈M is a
family of separable Hilbert spaces. Then a measurable structure (relative to this
data) is a subspace S of

∏
x∈XHx satisfying the following conditions:

(1) For all Y ∈
∏

x∈XHx, one has Y ∈ S if and only if ⟨X, Y⟩ is measurable for
all X ∈ S.

(2) There is a countable subset S ′ of S such that span({X(x) : X ∈ S ′}) = Hx

for all x ∈ M.
The elements of S are referred to as the measurable sections of the measurable
structure.

Remark A.2. By the first property in the previous definition, we have that if X ∈ S
and a : M → K is any measurable function, then a · X ∈ S.

Example A.3. Suppose that Hx = H for all x ∈ M (so that
∏

x∈MHx = HM),
where H is some separable Hilbert space. Then the collection of all measurable
functions M → H is a measurable structure, which we refer to as the canonical
measurable structure. Here, and in what follows, we always view a Hilbert space
as a measuable space by equipping it with its Borel σ-algebra.

In connection with the previous example, we mention the following fact,
which is probably well-known but for which we were unable to find a ref-
erence:

Lemma A.4. Suppose that (M,Ω) is a measurable space and thatH is a separable
Hilbert space. Then a function X : M → H is measurable if and only if, for every
y ∈ H, one has that the function x 7→ ⟨X(x), y⟩ : M → K is measurable.
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Proof. On the one hand, since u 7→ ⟨u, y⟩ is a continuous function on H, it
is clear that if X is measurable, then x 7→ ⟨X(x), y⟩ is measurable as well.

On the other hand, sinceH is a separable metric space, any open set is the
countable union of open balls. Thus, the collection of open balls generates
the Borel σ-algebra on H; consequently, X is measurable if and only if, for
any u ∈ H and r ∈ R>0, X−1(Br(u)) is measurable, which happens if and
only if, for any u ∈ H, x 7→ ∥X(x) − u∥2 is measurable. If {gj}j∈N is an
orthonormal basis of H, Parseval’s identity yields that

∥X(x) − u∥2 =
∑
j∈N

|⟨X(x), gj⟩− ⟨u, gj⟩|2

for any x ∈ M. Thus, if x 7→ ⟨X(x), y⟩ is measurable for each y ∈ H, it easily
follows that x 7→ ∥X(x) − u∥2 is measurable. □

In the paper, we will need the following construction, which is probably
well-known but for which we could not find a suitable reference.

Definition A.5. Suppose that (Vj : M → H)j∈N is a collection of measurable
functions. For each x ∈ M and n ∈ N, we define En(x) = span{Vj(x)}

n
j=1.

Finally, given x ∈ M, we define

Hx = span{Vj(x)}j∈N =
⋃
n∈N

En(x) ≤ H.

Wewish to have the canonicalmeasurable structure onHM induce amea-
surable structure on

∏
x∈XHx in the obvious way. The key to doing so is the

following lemma:

Lemma A.6. For any n ∈ N and measurable function Y : M → H, there exists
measurable functions a1, . . . , an : M → K such that, for any x ∈ M, we have

projEn(x)
Y(x) =

n∑
j=1

aj(x)Vj(x).

In particular, x → projEn(x)
Y(x) is measurable. Finally, the map x → projHx

Y(x)

is measurable as well.

Proof. We prove the lemma by induction on n. If n = 1, then the formula is
satisfied by the measurable coefficient

a1(x) = 1V−1
1 (H\{0})(x)

⟨Y(x), V1(x)⟩
∥V1(x)∥2

.

Thus, the lemma holds for n = 1.
If, given n ≥ 2 the lemma holds for n− 1,we show it holds for n.
Let V̂(x) = Vn(x) − projEn−1(x)

Vn(x) and a(x) = 1V̂−1(H\{0})(x) ·
⟨Y(x),V̂(x)⟩
∥V̂(x)∥2 ,

where x ∈ M. Then, for any such x, we have that

projEn(x)
Y(x) = projEn−1(x)

(Y(x)) + a(x)V̂(x)



26 ISAAC GOLDBRING AND FABRICE NONEZ

= a(x)Vn(x) + projEn−1(x)
(Y(x) − a(x)Vn(x)) .

By hypothesis, we have that V̂ : M → H is measurable, fromwhich we have
that a : M → K is measurable as well. Thus, Y − a · Vn is measurable. By
hypothesis, let a1, . . . , an−1 : M → K be measurable coefficients satisfying

projEn−1(x)
(Y(x) − a(x)Vn(x)) =

n−1∑
j=1

aj(x)Vj(x).

Letting an = a, we obtain

projEn(x)
Y(x) =

n∑
j=1

aj(x)Vj(x)

for any x ∈ M. Thus, the lemma holds for n, completing the induction. The
fact that x → projHx

Y(x) is measurable follows from Lemma A.4 and the
fact that ⟨projHx

Y(x), y⟩ = limn→∞⟨projEn(x)
Y(x), y⟩ for any x ∈ M. □

PropositionA.7. Define S ⊆
∏

x∈MHx to be the collection of those functionsX ∈∏
x∈MHx such that X is measurable as an element of HM. Then S is a measurable

structure.

Proof. We check the two conditions from Definition A.1. The forward di-
rection of (1) is immediate. To check the reverse direction, suppose that
Y ∈

∏
x∈MHx is such that the map x 7→ ⟨Y(x), X(x)⟩ : M → K is mea-

surable for all X ∈ S. We wish to show that Y ∈ S. In other words, we
want to show that, for any y ∈ H, x 7→ ⟨Y(x), y⟩ is measurable. For any
x ∈ M, we have that ⟨Y(x), y⟩ = ⟨Y(x),projHx

y⟩. Since constant maps are
measurable, it follows from Lemma A.4 that x → projHx

y : M → H is
measurable, and as such it belongs to S. Thus, by assumption, we have that
x → ⟨Y(x), y⟩ = ⟨Y(x),projHx

y⟩ is measurable.
Item (2) of Definition A.1 is immediate with S ′ = {Vj}j∈N. □

Finally, we recall the definition of a direct integral of Hilbert spaces. Sup-
pose that µ is a σ-additive measure on (M,Ω) and let S ⊆

∏
x∈MHx be a

measurable structure. We define
∫⊕
MHxdµ(x) to be the Hilbert space con-

sisting of those measurable sections X ∈ S such that∫
M

∥X(x)∥2dµ(x) < ∞,

quotiented by those sections that are almost-everywhere 0, and where the
inner product is given by

⟨X, Y⟩µ =

∫
M

⟨X, Y⟩dµ.

That
∫⊕
MHxdµ is indeed a Hilbert space follows from [2, Chapter II]; the

proof of this fact is very similar to the usual proof that Lp-spaces are com-
plete.
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We note that in this paper, we apply the direct integral construction in
two special cases: (1)M is a finite probability space with µ(x) > 0 for every
x ∈ M, in which case

∫⊕
MHxdµ(x) =

∏
x∈MHx (in the text we really work

with the transferred version of the notion), and (2) M = R with its Borel
algebra.
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