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Fix H = (2, SA(H)=self-adjoint operators on H (possibly unbounded).

Ongoing project aimed at understanding U(H) ~ SA(H).

Why U(H) actions?

@ Satisfactory non-<g criterion to S, ™~ X by Hjorth's turbulence
theory.

o Very often classification problems (=equivalence relations) E are
beyond S..-action.

@ Many E's in operator algebras are related to U(H).
(Tornquist suggests to find a “turbulence theory” of U(H))

e Ultimately we want to understand U(H) ~ vN(H).
(cf. Sasyk-Tornquist).

@ One of the most important example is U(H) ~ B(H)sa,1 by

conjugation: it's known to be generically turbulent
(Kechris=Sofronidis).
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Why SA(H)?

o While B(H)sa,1 is SOT-Polish, the restriction to the unit ball can be
inconvenient.

@ B(H)sa is standard Borel by SOT, but none of nice topologies (norm,
(0)SOT, (o0)WOT,: ) make it Polish.

e SA(H) is SRT-Polish in which B(H)s, is F.

AR AL (4, - ) 18T (a- Y

e It is sometimes crucial to use unbounded operators (e.g. modular
theory of type Ill factors, affiliated operators in Il factors)

@ Unbounded operators can produce substantially more complex E than

bounded ones.
Theorem (A-Matsuzawa '14)
Let G = K(H)sa x U(H) act on SA(H) by

(K,u)-A:=uvAu" + K, uel(H), K € K(H)sa, A€ SA(H).

Then G ~ SA(H) is unclassifiable by countable structures, while the
restriction G ~ B(H)s, is smooth (Weyl-von Neumann).

v
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We'll attempt the ultraproduct approach to U(H) ~ SA(H).

Unbounded self-adjoint operator

@ A densely defined operator on H is a linear map A: D(A) — H, where
D(A) C H (domain of A) is a dense subspace.

@ B is an extension of A, written A C B if D(A) C D(B) and
Af = Be, € € D(A).

A=Bif AC Band B CA.

The adjoint A* of A'is

D(A") = {¢ € H; 3¢ € HVne D(A) (£, An) = ((,n)},
A*E = (.

A is symmetric if A C A* i.e.,
vE.ne D(A) (& An) = (A&, m).

o A is self-adjoint if A= A*.
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Example

Fix an orthonormal basis (ONB) (£,)72; for H and (a,)%2; in R.
Then A=3""", ase, € SA(H), where e, = (&n, - )én,

D(A)—{seH:Za2\<§,§n>\2<oo} Z (€, €nYn, € € D(A).

n=1

B = A‘Span{ﬁn}new is symmetric but not self-adjoint B C A C B*.
We denote A by diag(a1, a2, - )

Example
Fix p € Prob(R) and H = L?(R, ;). Then A € SA(H), where

| \

D(A) = {f € H;/Rx2|f(x)|2du(x) < oo} , [Af](x) := xf(x), f € D(A).

v
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Given (an)02, € £°°(B(H)), it's easy to define (an)y € B(Hy):

(an)ug = (angn)l/la §= (fn)u € Hy.

Here, we can take any representing seq (£,)7; for & € Hy.
How should we define Ay for A € SA(H)? What's D(Ay) C Hy?

Definition (doesn't work...)

D(Ay) = {€ € Hy; € = (&x)u, Vn &, € D(A)} and
Aué = (Asnu, &€ D(Ay). (1)

where § = (§n)u, &n € D(A) (n € N).

o D(Ay) = Hy. (D(A) is dense in H).
e This Ay& depends on the choice of representing (£,)72 .
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Example
Let A =diag(1,2,3,:-) relative to the ONB {7,}72;, and consider
Eni=m, & =m+in (n>1).

Clearly &n, &}, € D(A), € = (€n)u = (§n)u € Hy, and
(Agn)nty = (m)aZy, (ASh)o2y = (m +1n)52y € £2°(H), but
A0 — ASH = lim ol = 1#0,

lim
n—U

so (An)u # (A&)u-
Should we define A& = (AL)u or Aué = (AEL)u?

Krupa—Zawisza ('84) gave the right definition of Ay as a self-adjoint
operator.
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Definition (Krupa—Zawisza)
Let A = (A,)72; be a sequence in SA(H).
(i) (€n)52; € £°(H) is an A-sequence if £, € D(A,) for each n € N.

(”) Dn = {g € Hy; E|(£n o A-seqst. § = (gn)lxh sup, ||An£n|| < OO}
Such (£,)72 4 is called A-bounded.

(ii) The Krupa-Zawisza subspace is defined by J#(A) := Zp C Hy.
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Theorem (Krupa-Zawisza ('84))

(i) Ay € SA((A)) with D(Ay) = Pa s.t. for & € In,n € H(A),
Ay & =n iff € = (En)u (A-bounded) and n = (Anén)u holds.

(ii) (A=)t = ((An— 1) Nulwa)y and Ker(((An—i) )" = H#(A).

@ The above example shows that different choice of A-bounded rep seq
(&n)02q of € € Dn may result in different (Anén)u!

o The rep seq (£,)52, is determined to be the unique one (up to
cu(H)) for which n = (Ax&n)u € 72 (A) holds.

o In the above example, (A&, u € F(A), while (AS))u & H(A).

We can't see if a chosen bounded one (£,)52; is the right one without

computing (Anén)u-
Intrinsic characterization of the right representative is desirable.
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This motivates us to define the following notions:
Definition (A-QOjima—Saigo '13)

(i) A-seq (£,)%2, is A-regularif R > t — e™n¢, € H (n € N) is
U-equicontinuous, i.e., Ve > 030 >0 IW € U s.t.
Vt € (=6,0) Yne W,

le™ne, — &, < e.

H(A) = {€ € 1°(H); €= (Enuis (€0)32; A-regular}
(ii) A-seq (£5)52; is A-proper, if Ve > 0 3a > 0 3(n,)52, € £>°(H) s.t.
Vn e N &, € ranlj_, ;(As) and limy/ [|€n — 1nlla, < €, where

l€lla = ClEl? + 114&]2)2

Dn = {6 € L(H); &= (n)us (£n)32; A-proper}
Do(A) = {(n)52y € €°(H); 3a>0VneNE, €ranl|_, ;(As)}
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Theorem (A-QOjima—Saigo '13)
(i) Za = 9a, #(A) = A (A).
(ii) If& € F(A), then any rep A-seq of & is A-regular.
(iii) If€ € D, then an rep A-seq (£,)72, of & is the “right one”, i.e.,
A& = (Anén)u iff (€n)524 is A-proper.
(iv) Zo(A) is a core for Ay.

Now consider the unitary orbit O(A) := {uAu*; u € U(H)} C SA(H).
Problem

Let A, B € SA(H).

(a) When does B € O(A) hold?

(b) 3A with a dense orbit? O(A) = SA(H). Is O(A) meager?

(c) When is O(A) closed? (obvious if A= \1y)

(d) Is it possible to have A= Ay ? (obviously no if A bounded)

They can be answered by KZ ultraproduct (model theory?)
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Definition

For H, H' Hilbert spaces and A € SA(H), B € SA(H'), we write B < A
if 3K C H reducing A and Ju: H' = K s.t. uBu* = Alknp(a)-

Example (2A € O(A))

Let A =diag(1,2,---) € SA(H), w.r.t {{,}52;. Then 3(uy)?2, in U(H)
s.t. upAut "5 2A.

OBS: 2A € O(A) is impossible if A is bounded.

Outline.
K := proj onto Span{&,; n € N}. Fix v € B(H), w* = proj onto K s.t.
@ K reduces A, v*Av = 2A and v*Av — Ay (in fact v*Av — A).
o I(uy)o2y in U(H) s.t. u, "= v (SOT).
o uiAu, "= v*Av = 2A (SRT). (Note: uf /4 v*)
[

v
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Theorem (Answer to (a) B € O(A))

Let A = (A))2,, An, B € SA(H) (n€N). TFAE.

(i) B — Ay.

(ii) Jup, € U(H) s.t. Iimu upAnuy, = B in SA(H).
n—

§

Proof of (i)=-(ii).

(i)=(ii) 3K Cc 2 (A), Jv: H S K sit. vBv* = (Ay)|k. By
Haagerup—Winslgw '00, 3w,: K = H s.t. V€ € K (wp€)y = &. Then
up = v*wy € U(H) satisfies for £, € H (use WRT=SRT),

i (v* w3 (An = 1) v, ) = lim ((Ay — 1) wv, wpv)
((An = i) D (WavE)uss (Wavn))

((An — i) uvE, vy = (v(B — i) v*ve, vy

(B—i)em).

L[]
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Let (X, ), (Xn, itn) be standard prob spaces, I a countable group.
Act(T, X, 1) = {a: T 77 (X, 1)} is Polish.
Given (a,)7°; one can construct (ap)y: T~ (Xu, p)-

Theorem (Conley—Kechris—Tucker—Drob '13)

b e Act(T, X, p), an € Act(, X, un) (n € N). TFAE.

(i) b= (an)u € Act(T, Xy, pir).-
(ii) 33, € Act(l, Xp, fn), 3n = ap s.t. Iinflll ap = b in Act(l', X, ).
n—

Nal
YN(H) = {M "C ° B(H)} is Polish w.r.t. the Effros-Maréchal topology.
Given (M, p,)°%; one can construct (M,, p,)¥.

Theorem (A-Haagerup—Winslgw '14)

Let M,, N € vN(H) (n € N). TFAE.
() 3N S (M, 0n).
(i) IM, € vN(H), M, = M, s.t. lim, 4 M, = N in vN(H).
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The above three theorems are proved by methods specific to each
structures. It seems that there is some principle which leads to a unified
proof for all of the above theorems and more.

Problem (777)

Given a category C of objects with a certain metric structure which admits
an ultraproduct (X,)y. Find a nice Polish space X of separable objects in
C (which should contain all the isomorphism classes of separable objects)
s.t. the following is true:

Let X,,Y € X. Then TFAE.
1) Y = (Xo)u-
(i) 3X, € X, X, = X, s.t. lim, sy X, = Y.
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Let's go back to the remaining 3 questions about
O(A) = {uAu*; ue U(H)}.

(b) 3A with a dense orbit? O(A) L SA(H). Is O(A) meager?

Definition

For A € SA(H), the essential spectrum o.(A) is the set of all A € o(A)
which is either

(1) an accumulation point in o(A) or

(2) an isolated eigenvalues of co multiplicity.

oe(A) is always closed, and nonempty if A bounded but can be empty in
general.

Proposition

Let A€ SA(H) and let A € R. TFAE.
(i) X € ge(A).
(ii) A1y < Ay. That is, X is an eigenvalue of Ay of oo multiplicity.
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Let A € SA(H). TFAE.

(i) O(A) = SA(H).

(ii) oo(A) = R.

Proposition (Chokski-Nadkarni ‘98 (bounded case),

A—Matsuzawa '16)

(1) The set of all A € SA(H) which has purely singular continuous
spectrum equal to R, is a dense G5 subset of SA(H).
In particular, o.(A) = R is SRT-generic.

(2) VA € SA(H) O(A) is SRT-meager.
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The equivalence 0.(A) =R < O(A) = SA(H) can be proved using
Hadwin's result below, of which we can give a simple proof using KZ
ultraproduct.

Theorem (Hadwin '75)

Let A, B € B(H) be normal. TFAE.

(i) B€ O(A).
(ii) rank(1y(B)) < rank(1y(A)) for all U C C open.

Hadwin's theorem is reformulated as such and is generalized to vNalg
setting by Sherman '07.

Proposition
Hadwin's theorem holds for all A, B € SA(H).
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(c) When is O(A) closed? (obvious if A= A1p)

Let A€ SA(H). Then O(A) is SRT-closed iff A= A1y for some A € R.

When 0,(A) = (), then A = diag(af™,a5™,---) (Ja1| < |a2| / o) and

B := diag(ay™,a5"™,--+) < Ay hence B € O(A) but B A.
So fix A € go(A). If I € o(A) \ {A}, then B := A1y — Ay but B % A.
Thus o(A) = {\}, which means A = \1y. O
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(d) Is it possible to have A = A;?

If A€ SA(H) is bounded, then A # Ay, because
D(A) = H C D(Ay) = Hy.
For unbounded A, it can happen that A = A.

For A € SA(H), TFAE.
(i) A=Ay
(i) oo(A) = 0.

Note that o.(B) # 0 if B is bounded.

A = diag(1,2,3,- ) satisfies A = Ay and go(A) = 0.
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Future direction

e Study dynamical properties of U(H) ~ SA(H) and related
equivalence relations on SA(H) (e.g. Weyl-von Neumann type
relations)

e Adapt our method to von Neumann (or C*) framework. Cf.
Sherman’s work on unitary orbits for normal operators in a von
Neumann algebra.

@ Applications to R-actions.

@ Study of norm resolvent convergence in SA(H).
Cf. Voiculescu's non-commutative Weyl-von Neumann Theorem.

Definition

Say that A, B € SA(H) are Weyl-von Neumann equivalent A WN B if
JueU(H), K e K(H)w [ B = uAur* + K ].

Namely W= EEA(H), where G = K(H)sa x U(H). We know that Wi

unclassifiable by countable structures. What can we say more about it?
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Although Weyl-von Neumann type theorem
AN B & 00(A) = 0o(B)

miserably fails for unbounded operators (= is true), we do know that it

holds on R, i.e.,

0o(A) = 0o(B) =R = A "IN B.

Similarly, W—vN holds e.g. on R\ (—2,3) U (6,9) but fails on N or 0.

On which closed subset M C R does the Weyl-von Neumann Theorem
hold?

WVN

VA, B € SA(H) [06(A) = 0o(B) = M = AN B,
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Theorem (A—Matsuzawa '17)
Let M be a closed subset of R. TFAE

(i) The Weyl-von Neumann theorem holds on M. That is,
VA, B € SA(H) [06(A) = 0o(B) = M = A "N B].
(ii) M has no large gaps at infinity. That is, M # 0 and

(*) dm := limsup dist(A, M) = 0.

[A] =00

Here we assume sup ) = 0.

Thank you for your attention!
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