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Abstract. An open question in quantum complexity theory is whether or not
the class MIPco, consisting of languages that can be efficiently verified using
interacting provers sharing quantum resources according to the quantum com-
mutingmodel, coincideswith the class coRE of languageswith recursively enu-
merable complement. We introduce the notion of a qc-modulus, which encodes
approximations to quantum commuting correlations, and show that the exis-
tence of a computable qc-modulus gives a negative answer to a natural variant
of the aforementioned question.

1. Introduction

Throughout this note, n and m denote natural numbers that are at least 2 and
[n] denotes the set {1, . . . , n} (and likewise for [m]).
We recall the following definitions fromquantum information theory and quan-
tum complexity theory.

Definition 1.1.

(1) The setCq(n,m) of quantum correlations consists of the correlations of
the form p(i, j|v,w) = 〈Avi ⊗ Bwj ξ, ξ〉 for v,w ∈ [n] and i, j ∈ [m], where
H is a finite-dimensional Hilbert space, ξ ∈ H ⊗ H is a unit vector, and
for every v,w ∈ [n], (Avi : i ∈ [m]) and (Bwj : j ∈ [m]) are positive
operator-valued measures (POVMs) on H.

(2) We set Cqa(n,m) to be the closure in [0, 1]n
2m2 of Cq(n,m).

(3) The set Cqc(n,m) of quantum commuting correlations consists of the
correlations of the form p(i, j|v,w) = 〈AviBwj ξ, ξ〉 for v,w ∈ [n] and i, j ∈
[m], where H is a separable Hilbert space, ξ ∈ H is a unit vector, and for
every v,w ∈ [n], (Avi : i ∈ [m]) and (Bwj : j ∈ [m]) are POVMs on H for
which AviBwj = Bwj A

v
i for all v,w ∈ [n] and i, j ∈ [m].
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Note that Cq(n,m) ⊆ Cqc(n,m); since it is know that the latter set is closed, we
in fact have that Cqa(n,m) ⊆ Cqc(n,m). Tsirelson’s problem in quantum infor-
mation theory asks if these latter two sets in fact coincide; a negative resolution
to this problem follows from the main result of [1].

Definition 1.2.

(1) A nonlocal gamewith n questions andm answers is a pairG = (µ,D),
where µ is a probability distribution on [n]× [n] and

D : [n]× [n]× [m]× [m] → {0, 1}

is a function.
(2) Given a nonlocal game G as in the previous item and p ∈ [0, 1]n

2m2 , we
define the value of G at p to be

val(G, p) :=
∑
v,w∈[n]

µ(v,w)
∑
i,j∈[m]

D(v,w, i, j)p(i, j|v,w).

Definition 1.3. Given a nonlocal game G with n questions andm answers, we
define:

(1) the entangled value of G to be

val∗(G) := sup
p∈Cqa(n,m)

val(G, p);

(2) the quantum commuting value of G to be

valco(G) := sup
p∈Cqc(n,m)

val(G, p).

Definition 1.4. A language L (in the sense of complexity theory) belongs to
the class MIP∗ if there is an effective mapping z 7→ Gz from strings to nonlocal
games such that:

• if z ∈ L, then val∗(Gz) ≥ 2
3

• if z /∈ L, then val∗(Gz) ≤ 1
3
.

The complexity class MIPco is defined in the analogous fashion, using valco in-
stead of val∗.

The following landmark result in quantum complexity theory appears in [1]:

Theorem 1.5. MIP∗ = RE. In other words, the languages that belong to MIP∗ are
precisely the recursively enumerable languages, that is, those languages L for which
there is an algorithm that enumerates L.
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In particular, MIP∗ contains undecidable problems (such as the halting prob-
lem).
In [1], it was pointed out that every element of the classMIPco is co-recursively
enumerable, that is, the complement of MIPco is recursively enumerable. De-
noting by coRE the complexity class of langauges that are co-recursively enu-
merable, the authors of [1] ask whether or not the aforementioned inclusion is
actually an equality:

Question 1.6. Does MIPco = coRE?

The main result of this note is that a very natural variant of the above ques-
tion has a negative answer provided a certain computability assumption about
“approximate” quantum commuting correlations holds, and that, in fact, all
languages that belong to this natural variant ofMIPco are actually decidable.
First, we recall the following definitions:

Definition 1.7.

(1) Given p ∈ [0, 1]n
2m2 , we say that p is synchronous if p(i, j|v, v) = 0 for

all v ∈ [n] and all distinct i, j ∈ [m].
(2) We let Csqa(n,m) and Csqc(n,m) denote the synchronous elements of

Cqa(n,m) and Cqc(n,m) respectively.
(3) Given a nonlocal gameG, we let s-val∗(G) and s-valco(G) denote the cor-

responding synchronous values of G, which are defined analogously
to val∗(G) and valco(G), except that we only take the supremum over
Csqa(n,m) and Csqc(n,m) respectively.

(4) We define the complexity class MIP∗,s and MIPco,s analogously to MIP∗
and MIPco, this time using the appropriate synchronous values of the
games in the definition.

The main result of [1] actually shows that MIP∗,s coincides with RE and thus
a reasonable variant of Question 1.6 above is whether or not MIPco,s coincides
with coRE.
We will see later in Proposition 3.5 that synchronous commuting correlations
satisfy a certain “stability” property, namely that correlations that are almost
quantum commuting correlations (in a certain technical sense) are near actual
quantum commuting correlations. The main result of this note (Theorem 4.3
below) will show that if this stability relation can be realized “effectively,” then
all languages in MIPco,s are in RE, and are thus decidable. Since there are el-
ements of coRE that are undecidable (such as the complement of the halting
problem), we would obtain a negative solution to the synchronous version of
Question 1.6 above. Said in the opposite direction: if it turns out thatMIPco,s =
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coRE, then there is no effective version of stability for almost quantum commut-
ing correlations.
The authors would like to thank Alec Fox, Thomas Vidick, and Henry Yuen for
helpful conversations around this work.

2. Preliminaries: traces on groups and group C∗-algebras

Fix a countable group G and let CG denote the corresponding group ring. We
recall the following terminology:
Definition 2.1. A function τ : G→ C is called:

(1) of positive type if for all
∑

λ aλuλ ∈ CG, we have
∑

λ,γ aλaγτ(λ
−1γ) ≥ 0

(2) a class function if τ is constant on conjugacy classes.

The following terminology is not standard, but convenient for our purposes. In
what follows, D denotes the unit disc in the complex plane.
Definition 2.2. A function τ : G→ D is called a trace onG if it is a class function
of positive type.

Here is the reason for the abuse in terminology. Below, C∗(G) denotes the uni-
versal C∗-algebra of the group G.
Fact 2.3. Given a trace τ on C∗(G), its restriction to G is a trace on G (in the sense of
Definition 2.2). Moreover, the map τ 7→ τ|G is a bijection between traces onC∗(G) and
traces on G.

In the sequel, we will freely abuse notation and use τ to denote both the trace
on the group G as well as the corresponding trace on C∗(G).
Note that in the definition of being positive type, we can restrict attention to el-
ements of the subring Q(i)Gwithout changing the notion. Assuming then that
some countable enumeration G = (g0, g1, g2, . . .) of G has been given, there is
thus an effectively enumerable countable list (Rl) of requirements that charac-
terize when a function τ : G → D is a trace on G. Note really that this list of
requirements is independent of the group G in question and just depends on
some fixed effective coding of Q(i).
We now consider “relaxations” of these requirements:
Definition 2.4. Fix k, l ∈ N with k ≥ 1.

(1) IfRl is the requirement
∑

λ,γ aλaγτ(λ
−1γ) ≥ 0, thenwe define the relaxed

requirement Rkl to be that
∑

λ,γ aλaγτ(λ
−1γ) is within 1

k
of the positive

real axis.
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(2) If Rl is the requirement τ(γ−1λγ) = τ(λ), then we define the relaxed
requirement Rkl to be |τ(γ−1λγ) − τ(λ)| < 1

k
.

We say that τ : G→ D is a k-approximate trace onG if the relaxed requirements
Rk1, . . . , R

k
k hold.

The following lemma is obvious:

Lemma 2.5. For each k ∈ N, there is δ > 0 such that, for all functions τ, τ ′ : G→ D,
if τ is a trace onG and ‖τ−τ ′‖∞ < δ, then τ ′ is a k-approximate trace onG. Moreover,
δ depends only on k and not on G and this dependence is computable from k.

3. The groups F(n,m)

Below, for n,m ≥ 2, we let F(n,m) denote the group freely generated by n
elements of order m. In the C∗-algebra C∗(F(n,m)), for each v ∈ [n], we let
en,mv,1 , . . . , e

n,m
v,m denote the projections onto the eigenspaces corresponding to the

eigenvalue ξim of the unitary operator corresponding to the vth generator un,mv
of F(n,m), where ξm denotes a primitive mth root of unity. We then have that
(un,mv )j =

∑m
i=1 ξ

ji
me

n,m
v,i for each v ∈ [n] and j ∈ [m].

Definition 3.1. Given p ∈ [0, 1]n
2m2 , we say that a trace τ on F(n,m) is adapted

to p if p(i, j|v,w) = τ(en,mv,i en,mw,j ) for all v,w ∈ [n] and all i, j ∈ [m].

Here is the key fact relating traces on F(n,m) and quantum commuting corre-
lations:

Fact 3.2. ([2]) For p ∈ [0, 1]n
2m2 , we have p ∈ Csqc(n,m) if and only if there is a trace

τ on F(n,m) that is adapted to p.

Proof. In [2], they show that p ∈ Csqc(n,m) if and only if there is a tracial C*-
algebra (A, τ) and a generating family of projections pv,i such that

∑m
i=1 pv,i = 1

for each v = 1, . . . , n and such that p(i, j|v,w) = τ(pv,ipw,j). However, letting
π : C∗(F(n,m)) → A be the surjective *-homomorphismdetermined by sending
ev,i to pv,i and defining τ ′ on C∗(F(n,m)) by τ ′(x) := τ(π(x)), we obtain the
equivalence with the above statement. �

Lemma 3.3. There is a computable function s : N7 → ⋃
n,m≥2Q(i)F(n,m) so that,

for each n,m ≥ 2, each v,w ∈ [n], each i, j ∈ [m], and each k ≥ 1, we have that
s(v,w, i, j, k, n,m) ∈ Q(i)F(n,m) and ‖en,mv,i en,mw,j −s(v,w, i, j, k, n,m)‖ < 1

k
, where

the norm is the norm on the universal representation of CF(n,m), that is, the norm on
C∗(F(n,m)).
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Proof. The theorem follows from the fact that the relation (un,mv )j =
∑m

i=1 ξ
ji
me

n,m
v,i

mentioned above can be effectively inverted to express each en,mv,i as a polynomial
in the generator un,mv with coefficients in the computable fieldQ(ξm). Moreover,
this procedure is uniform in n andm. �

In order to match notation, in what follows we will rewrite s(v,w, i, j, k, n,m)
as sn,mv,w,i,j,k. Also, given a function τ : F(n,m) → D, we extend it to a function
τ : Q(i)F(n,m) → C by linearity.

Definition 3.4. Fix n,m ≥ 2, p ∈ [0, 1]n
2m2 , and k ≥ 1. We say that a function

(not necessarily a trace) τ : F(n,m) → D is k-adpated to p if

|p(i, j|v,w) − τ(sn,mv,w,i,j,k)| <
1

k

for all v,w ∈ [n] and all i, j ∈ [m].

Here is the “stability” property satisfied by synchornous quantum commuting
correlations:

Proposition 3.5. Given m,n ≥ 2 and ε > 0, there is k ≥ 1 such that, for all p ∈
[0, 1]n

2m2 , if there is a k-approximate trace τ on F(n,m) that is k-adpated to p, then
there is p ′ ∈ Csqc(n,m) with ‖p− p ′‖∞ < ε.

Proof. Suppose that the lemma is false for somem,n, ε, that is, for each k ≥ 1,
there is pk ∈ [0, 1]n

2m2 for which there is a k-approximate trace τk on F(n,m)
that is k-adapted to pk and yet ‖pk − p‖∞ ≥ ε for all p ∈ Csqc(n,m). Let p
be a subsequential limit of pk. Since τk is pointwise bounded, by passing to
a subsequence if necessary, we may suppose that τk converges pointwise to a
function τ : F(n,m) → D. Note then that τ is an actual trace on F(n,m) that is
adapted to p, whence p ∈ Csqc(n,m). Since ‖p − pk‖∞ < ε for some k, this is a
contradiction. �

4. The main theorem

Definition 4.1. We say that T : N2 → N is a qc-modulus if it satisfies the conclu-
sion of Proposition 3.5 for ε = 1

12
, that is, for all n,m ≥ 2 and all p ∈ [0, 1]n

2m2 ,
if there is a T(n,m)-approximate trace τ on F(n,m) that is T(n,m)-adapted to
p, then there is p ′ ∈ Csqc(n,m) with ‖p− p ′‖∞ < 1

12
.

We let Xn,mk denote those p ∈ ([0, 1]∩Q)n
2m2 for which there is a k-approximate

trace τ : F(n,m) → Q(i) that is k-adpated to p.
The following lemma is clear:
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Lemma 4.2. Each Xn,mk is recursively enumerable, uniformly in k, n, andm.

Here is the main result of this note:

Theorem 4.3. If there is a computable qc-modulus T : N2 → N, then every language
inMIPco,s is in RE (and thus decidable).

Proof. Fix a computable qc-modulus T and suppose that L ∈MIPco,s. Let z 7→ Gz

be an efficient mapping from strings to nonlocal games such that:

• if z ∈ L, then s-valco(Gz) ≥ 2
3

• if z /∈ L, then s-valco(Gz) ≤ 1
3
.

Here is the algorithm for enumerating L. Given a string z, first determine the
dimensions n and m for Gz. Set k := T(n,m) and let (pl) be a computable
enumeration of Xn,mk . The algorithm then simply starts computing val(Gz, pl)
for each l; if for some lwe see that val(Gz, pl) >

1
2
, then we declare that z ∈ L.

Soundness of the algorithm: suppose that val(Gz, pl) >
1
2
. By the choice of k,

there is p ∈ Csqc(n,m) such that ‖pl − p‖∞ < 1
12
. It follows that valco,s(Gz) ≥

val(Gz, p) >
1
2
− 1

12
> 1

3
, which tells us that z ∈ L.

Completeness of the algorithm: suppose that z ∈ L and take p ∈ Csqc(n,m)

such that val(Gz, p) ≥ 2
3
. Let τp be a trace on F(n,m) that is adapted to p,

whence |p(i, j|v,w) − τp(s
n,m
v,w,i,j,k)| ≤ ‖en,mv,i en,mw,j − sn,mv,w,i,j,k‖ < 1

k
for all v,w ∈ [n]

and all i, j ∈ [m]. Fix η > 0 small enough and let p ′ ∈ ([0, 1] ∩ Qm)n
2m2 and

τ ′ : F(n,m) → D ∩Q(i) be such that ‖p− p ′‖∞, ‖τp − τ ′‖∞ < η. By Lemma 2.5,
if η is small enough, then τ ′ is a k-approximate trace on F(n,m). Note also that

|p ′(i, j|v,w) − τ ′(sn,mv,w,i,j,k)| < 2η+ ‖en,mvi e
n,m
w,j − sn,mv,w,i,j,k‖ <

1

k

as long as η is small enough. (Note that the conditions on η are effective in terms
of k and thus in terms of n andm.) It follows that τ ′ is k-adapted to p ′, whence
there is l such that p ′ = pl. As long as η < 1

12
, we have that val(Gz, pl) ≥ 2

3
− 1
12
>

1
2
. Consequently, the algorithm will tell us that z ∈ L. �

We note that it remains a possibility thatMIPco,s is properly contained in co-RE
and yet there is no computable qc-modulus.
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