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Introduction

This is a continutation of 218A. In 218B, we will discuss vector bundles, differential forms,
etc. In 218C, we will discuss de Rham cohomology. References are [Leel3), [Spi79, War8&3].

1 Lecture 1

1.1 Vector bundles

Definition 1.1. A smooth real vector bundle of rank k over a smooth manifold M" is a
topological space E together with a smooth projection

T E—M (1.1)
such that
e For p e M, m!(p) is a vector space of dimension k over R.
e There exists local trivializations, that is, there are smooth mappings
by : U, xR - F (1.2)
which maps p x R¥ linearly onto the fiber 7=1(p) for every p € U,.
The transition functions of a bundle are defined as follows.
Yap : Ua MUz — GL(k,R) (1.3)
defined by
Pas(@)(v) = mo(®51 0 Dyl ), (1.4)

for v € RF.
On a triple intersection U, N Ug N U,, we have the identity

Pay = PaB © Ppry- (15)

Conversely, given a covering U, of M and transition functions ¢,s satifsying (1.5)), there is a
vector bundle 7 : E — M with transition functions given by ¢,s. If the transitions function
©Yap are C°, then we say that F is a smooth vector bundle.

Exercise 1.2. If M is a smooth n-dimensional manifold then 7= : TM — M is a rank n
vector bundle. (This was done in 218A). A coordinate system (U,, ), where z, : U, — R"
gives a trivialization

Do (p, (V4 ... 0") = Z”i 0

i
— ozt

(1.6)

)
Given another coordinate system (Ug, xg) with U,NUjs # 0, find the transition functions ¢,s.
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The tangent bundle has some extra structure which an arbitrary vector bundle does not
possess. Recall from 218A that a smooth mapping between smooth manifolds f : M — N
induces a mapping f. : TM — T'N. The following diagram

™ —I s TN

lﬂM lﬂN (1.7)

ML N

commutes and f, restricts to a linear mapping on fibers. Given a smooth mapping h: N —
X, consider the composition ho f: M — X. The chain rule says that

(hof)y=hyof, : TM — TX. (1.8)

Definition 1.3. A bundle mapping between vector bundles E; over M and FE, over N is
a mapping F' : Fy — E5 which maps fibers linearly to fibers and covers a smooth mapping
between the base spaces. That is, the diagram

E1L>E2

lﬂM lﬂN (1.9)

M1 N

commutes.

Definition 1.4. The category of smooth manifolds Man® has objects as smooth manifolds
and morphisms as smooth mappings, where composition of morphisms is just composition
of mappings.

Composition of morphisms is obviously associative, i.e.,
(\Ijl (0] \IJQ) o \Ijg = \Ijl O (‘112 (¢] \113) (110)

and every manifolds has an identity morphism idx : X — X, which is obviously smooth, so
this is indeed a category.

Definition 1.5. The category Vect of smooth vector bundles over smooth manifolds is the
collection of all vector bundle (of any rank) over smooth manifolds. The morphisms are the
bundle mappings.

We therefore have a functor 7 : Man®™ — Vect where Vect is the category of smooth
vector bundles over smooth manifolds given by M +— TM and f : M — N maps to
fo : TM — TN. The mapping T satisfies T (Idy) = Idry and by , T(fio fo) =
T (f1) o T(f2), so this is a covariant functor, called the tangent functor.

Definition 1.6. For a fixed smooth manifold M, the category Vect(M) is the collection of
smooth vector bundles over M (of any rank). A morphism in this category is a mapping
F . Fy — FE, covering the identity mapping, that is, the diagram

E1L>E2

lﬂM le (1.11)

M Dy



We say that bundles F; and F, over M are isomorphic if there exists an invertible bunble
mapping between ), and F,. If F is isomorphic to the trivial bundle over M, my; : M xRF —
M defined by 7y (p,v) = p, then we say that E is trivial.

We next express the above in coordinates. Assume we have a covering U, of M such that
Ey has trivializations ®, and FE, has trivializations ¥,. Then any vector bundle mapping
gives locally defined functions

fo : Uy — Hom(RF R™) (1.12)
defined by
fa(2)(0) = T (W o F o ®y(z,v)). (1.13)
It is easy to see that on overlaps U, N Usg,
fo = Posfsvhe: (1.14)
equivalently,
wpefo = fa05n (1.15)

Bundles F; and Fy are equivalent if and only if rank(F;) = rank(FEs) and there exist f, as
above with det(f,) # 0. A vector bundle is trivial if and only if there exist functions

fo : Uy = GL(k,R) (1.16)
such that

Ppo = fafa" (1.17)

Remark 1.7. In the above, for a fixed base space M, we only defined morphisms in the
category of vector bundles to be mappings covering the identity map. We could have in-
stead morphisms to cover arbitrary diffeomorphisms. This would lead to a coarser notion of
equivalence. More on this later.

1.2 Sections of bundles

Definition 1.8. Let 7 : E — M be a vector bundle. A section of a bundle is a smooth
mapping s : M — E such that 7w o s = id);. The space of sections is denoted by T'(E).

In other words, s(z) € E,, s maps = to a vector in the fiber over z. In terms of local
trivializations we have the following. Let

By Uy x RF — 771(U,,) (1.18)
be a local trivialization. Then

Sq=m0® tos: U, = R (1.19)



is called a local representative of s with respect to ®,. On Us such that U, N Uz # 0, we
have

®g: Us x R — 77 1(Up). (1.20)

Recall that the transition functions of a bundle are

Yap : Ua MUz — GL(k,R) (1.21)
defined by
Pas() () = ma (@, 0 g(z,0)), (1.22)
for v € R*. Then for any e, € 7~ 1(z), we have
Pap()(ma 0 P5t(es)) =m0 B (ea). (1.23)
Choosing e, = s(x) we have
Pap(s)(my 0 @5t 0 s(x)) =m0 @1 0 s(x), (1.24)
or simply
©PapSp = Sa, on Uy, NUg, (1.25)

which is the local transformation law for a section.
Conversely, if a bundle 7 : E — M is given to us in terms of transition functions, then
any collection of functions

Sa 1 Uy — R” (1.26)

satisfying ((1.25)) gives a well-defined smooth section s : M — E.

2 Lecture 2

2.1 Pull-back bundles

If M and N are smooth manifolds, and 7y : £ — N is a vector bundle over N, then given
a smooth mapping f: M — N, define

J'E=A{(p,v) e M x E| f(p) = 7n(v)}. (2.1)

Proposition 2.1. The pullback f*E is a vector bundle over M, with projection given by
m(p,v) = p, and the fiber f*E over p € M is identified with the fiber Ey, i.e., the
following diagram commutes

ff(E) —= E
T lﬂ'N (22)
M—L N
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Proof. Let ® : U x R¥ — 73'(U) be a local trivialization for E. The set f~'(U) is open
since f is continuous, and define

fro: fHU) x R —» a'(f7H(U) (2.3)

by
[ro(z,v) = (2, (f(x),v)). (2.4)
The reader can verfiy that this is a local trivialization for f*FE. ]

Next we note that sections can be pulled back to sections of the pullback bundle.

Definition 2.2. Let f : M — N be a smooth mapping between smooth manifolds, and
m: E — N be a vector bundle over N. If 0 : N — E' is a section of E, then (oo f)(z) =
(x,0(f(x))) is a section of 71 : f*E — M and is called the pullback of o under f.

The fact that this is a section of the pullback bundle is almost obvious, we just need to
check that

m(oo f)(x) = m(z,0(f(x))) = =. (2:5)

2.2 Push-forward of vector fields

Next, we restrict to tangent bundles. Let f : M — N be a smooth mapping between smooth
manifolds. Then f*T'N is a vector bundle over M. Define

(fi)p:TM — f*TN (2.6)
by

(f)B(vp) = (p, fuv). (2.7)
(the subscript B is short for “bundle mapping”). We have the commutative diagram

™ Y22 prN

lﬂM l’” (2.8)

M —“— M.
Definition 2.3. If X € I'(T'M), then we can define f.X € I'(f*T'N), by
f:X=(fo)poX. (2.9)

In words: under smooth mappings, vector fields push-forward to sections of the pull-back
bundle.



Remark 2.4. Note that for f: M — N, although we can push-forward individual tangent
vectors, in general there is not a mapping

fo : T(TM) = T(TN). (2.10)

For example, f might not even be surjective. This is one reason we had to consider pull-back
bundles in the above discussion.

Example 2.5. Let v : R — R" be a smooth curve. Then the tangent vector X = % €
['(TR), and v.X € I'(v*TR") is a vector field along the curve. Note the curve might have
self-intersections, and it could even be a constant path, in which case the pull-back bundle
is the trivial bundle.

2.3 Example: The Mobius bundle

Let B = S* be the base space. Of course, we have the trivial bundle 7 : S x R — S!. Let
us define another bundle over S'. Consider S = {v € R? | |v| = 1}. Consider RP* = S/ ~
where ¢ ~ ¢'%+™  The quotient space is clearly S'. Note that a line through the origin
is hits the unit circle in exactly 2 opposite points. Therefore we can identify RP! with the
space of lines through the origin in R?. Denote the line determined by p € RP* as [p]. We
then define the following:

M = {(p,v) € RP' x R* | v € [p]}. (2.11)
Define a local trivialization as follows. Cover RP* by 2 open sets
Uy={l=re" |reR0<0 <7m}, U={l=re”|recRn/2<0,<3r/2} (2.12)
Then define ®; : U; x R — M by
Oy (01, 7) = {[lg,], e}, (2.13)
and @y : Uy x R — M by
Dy (0a, 1) = {[ls,], €™}, (2.14)
Next, we determine the overlap mapping
012 =m0 P 0 @y, (2.15)
Note that U; N Uy = V1 [ Va, where

Vi={0<0, <m/2} ={m <0y < 31/2}, (2.16)
Vo={n/2< 6, <7} ={r/2 <6 <m}. (2.17)

We have on V5, p15 = Idg, since 61 = 6, there. But on Vi, p19 = —Idg, since 1 = 0, — 7
there.

Proposition 2.6. The bundle m: M — S* is not trivial.
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Proof. 1f this bundle were trivial, there would exist a non-zero section. With respect to the
above local trivializations, we have

s1: U — R, Sq : Uy — R, (218)

with s1 = 1989 on U; N Us. So we have

51 = {82 on Vo (2.19)
—s9 onVj

Since s, is not zero on a connected set, it is either positive or negative. But this implies
that s; is both positive and negative somewhere on U;. But since U; is connected and sy is
continuous, it would have to be zero somewhere.

]

Proposition 2.7. Let f : S' — RP' be the 2-fold covering mapping. Then m : f*M — S
1s a trivial bundle.

Proof. We have
f*M ={(p,v) € 8" x M | n(v) = f(p)}. (2.20)
Consider the mapping o : S* — f*M given by o : p — (p, ([p],p)). Then

mo(p) =m(p,[pl) = p, (2.21)

so o is a section of f*M which is nowhere-zero. We then have a global trivialization of f*M

by @ : S x R — f*M by

O(p,r) = (p,r- o). (2.22)

]

3 Lecture 3

3.1 Direct sums

If Vi,..., Vi are vector spaces over R, then the direct sum V; @ --- @ V} is the Cartesian
product Vj x --- x Vj, with the following vector space structure:

c(vy,...,vK) = (cvy, ..., cog) (3.1)

(Ula"ka)_'—(vlw"vv;g) :(U1+’U,1,...,’Uk—|—’l}]/€),

for ¢ € R. The space V] & - - - @ V}, satisfies the following “universal” mapping property. For
1<i<Ek let ¢; : V; = Vi & --- & Vi be the inclusion mapping

ti:v—=(0,...,7v Y ...,0). (3.3)



Let W be any vector space, and f; : V; — W be linear mappings for 1 < ¢ < k. Then there
is a unique linear map f: Vi @ --- @® Vi, — W which makes the following diagram

Vi _h Vi@V
3.4
fi lf ( )
W
commute for 1 < i < k.

This property uniquely characterizes the direct sum. That is, a vector space with the
above universal mapping property is isomorphic to the direct sum. Note that obviously

k
dimg (Vs @ -+~ @ Vi) = _ dimp(V5). (3.5)

Exercise 3.1. Prove that for 3 vector spaces Vi, V5, V3 we have
MieV)eVs=Vio (VadVs). (3.6)

Definition 3.2. Let V;,7 € Z be any collection of vector spaces. The Cartesian product
IT,c7V; is the collection of all functions

[iZL = UieVi, (3.7)

such that f(i) € V; for all i € Z. The direct product Il;c7V; is the Cartesian product with
the vector space structure

cf (i) = cf (i)
(f +9)(@) = f(i) + g(0).

The projection 7; : IL;ezV; — V; is the mapping m;(f) = f(i). The above definition
satisfies the following universal property. If V' is any vector space and ¢; : V' — V; are linear
mappings for ¢ € Z, then there is a unique linear mapping ¢ : V' — Il;c7V; such that the
diagram

V—>V

\ B (3.10)

ZEZV

commutes for each ¢ € Z. This property uniquely characterizes the direct product. That
is, any vector space with the above universal mapping property is isomorphic to the direct
product.

Definition 3.3. Let V;,i € Z be any collection of vector spaces. The direct sum @;c7V; is
the subspace of the direct product consisting of the functions f such that f(z) # 0 for only
finitely many ¢ € 7.

Remark 3.4. The direct sum satisfies the first universal property (3.4]), but not the second
(3.10]), unless Z is finite. (We leave the proof to the interested reader.)
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Definition 3.5. Given vector bundles 7, : £y — M; and 75 : Ey — My, the Cartesian prod-
uct is the bundle m X 79 : Fy X Ey — M X My, defined by m X ma(eq, e3) = (m1(e1), ma(e2)).

Exercise 3.6. (i) Show that this is a vector bundle of rank equal to rank(F;) + rank(E»)
over M, x My, with fiber over (pi, ps) isomorphic to 7' (py) © 75 ' (p2).
(i) If M; and My are smooth manifolds, then T'(M; x Ms) is isomorphic to "My x T'Ms.

Definition 3.7. Let A : M — M x M be the diagonal embedding, that is, A(p) = (p, p)-
Given vector bundles m : Ey — M and my : Ey — M, define the direct sum F, & Ey, =
A*(El X EQ)

We can also give a description of the direct sum in terms of trivializations. If &, :
UxRM — 771 U) and @, : U x R¥2 — 7, 1(U) are local trivializations then

®:U x (R" @ R?) - 771(U) (3.11)
defined by
O(z, (v1,v2)) = (P1(x,v1), Pa(z, v2)) (3.12)
is a local trivialization for E; @& FE>. Note that the transition functions satisfy
Pt = oL ® o2 € GL(ky + k2, R), (3.13)

where this is the “block” matrix

PEAE2 (1) (v, w) = (%E%(I) X )(U> (3.14)

el(x)) \w

3.2 Tensor products

Definition 3.8. If A is any set, then the free vector space over A is
F(A) = ®aeaR. (3.15)

This can be thought of as the vector space with basis elements a € A. That is, F(A) is
the set of formal sums

F(A) = { Z faa | fo # 0 for only finitely many a € A} (3.16)

a€A

with vector space structure

CZ faa = Z(cfa)a (3.17)

acA acA
Y faat Y fra=) (fat fi)a. (3.18)
acA acA acA

13



Definition 3.9. If Vi, ...,V are vector spaces over R, then the tensor product Vi ®---® Vj,
is the free real vector space F (Vi x - -+ x Vi) modulo the subspace spanned by all elements
of the form

(V1,0 e oy Uy U) — (V1 oo Uy ey UR) (3.19)

(V1,0 F U 0g) — (U1, e Uk) — (V1 UL R, (3.20)

for ¢ € R.

The space V] ® --- ® V}, satisfies the universal mapping property as follows. Let W be
any vector space, and F': V| x ---V, — W be a multilinear mapping, i.e., F' is linear when
restricted to each factor, with the other variables held fixed. Then there is a unique linear
map F: V; ® -+ ® V}, which makes the following diagram

VixoxVy ——= V@

\ l (3.21)

commutative, where 7 is the projection to the quotient space, which we write as
TV, ) =01 ® -+ - ® V. (3.22)

We say that an element in V] ® - - - ® V}, of the form v; ® - - - ® vy, is decomposable. A general
element of V] ® - -+ ® V) is not decomposable, but can always be written as a finite sum of
decomposable elements.

Exercise 3.10. (i) Prove that
dimp(V1 ® -+ - ® V) = dimg(V7) - - - dimg (V},). (3.23)
(ii) Prove that for 3 vector spaces Vi, Vo, V3 we have
Vi@V eV =2Vie (Vae V). (3.24)

Definition 3.11. The tensor product of vector bundles 7 : By — M and 7y : Ey — M is
the vector bundle 7 : B} ® Ey — M defined by 7 1(p) = 7, '(p) @ 75 ' (p). If & : U x RF —
771 (U) and @, : U x R* — 77 1(U) are local trivializations then consider

F:Ux (R x R?) = 771(U) (3.25)
defined by
F(z, (v1,v2)) = ®1(x,v1) @ o, v3). (3.26)

This is clearly a multilinear mapping on each fiber, so by the universal property of tensor
products, there is a unique induced mapping

F:U x (RM @ R™) — 771(U) (3.27)

which, using an isomorphism R @ R*2 = R*¥1k2 defines a local trivialization for F; ® Fs.

14



We could have equivalently defined the tensor product in terms of transition functions.

To do this, note the following. If ¢; € GL(k1,R) and ¢o € GL(k2, R) then define
b1 X ¢y : RF x R — RM @ R* (3.28)
by
(@1 X Pa2)(v1,v2) = ¢1(v1) @ Pa(v2). (3.29)

This is clearly a multilinear mapping, so by the universal property for tensor products, there
is a unique induced mapping

b1 @ ¢ : RM @ R*2 — RF @ R*2. (3.30)
Given transition functions for F;
¢l UaNUs — GL(ky, R), (3.31)
and transition functions for F,
¢ Uy NUs — GL(ky, R), (3.32)
we define
PEEE = B @ P2 € GL(kika, R), (3.33)

where we choose some isomorphism R*1 @ RF2 =2 RF1k2,

3.3 Dual bundles

Definition 3.12. The dual of a vector space V is V* = Hom(V,R), which is the space of
all linear mappings from V' to R.

Remark 3.13. If V is finite-dimensional, we have that V* = V' equivalently, dimg(V*) =

dimg (V). Warning: this is not true over C. In this case, we have V* = V| more on this
later.

Definition 3.14. The dual of a vector bundle 7 : E — M is the vector bundle Il : E* — M
defined by II71(p) = (77 (p))*. f & : U x R* — 7= 1(U) is a local trivialization then

O U x (R - I 1(U) (3.34)
defined by
®*(z, f)(v,) = f(m20 @7 (1)) (3.35)
is a local trivialization for E*.

Exercise 3.15. Show that the transition functions of E* are
. T
ohs = ((05s)7") = (eh)". (3.36)

15



4 Lecture 4

4.1 Riemannian metrics on real vector bundles

If : E — M is a real vector bundle, a Riemannian metric on E is a choice of smoothly
varying positive definite symmetric inner product on each fiber. That is g € I'(E* ® E*)
satisfying

gler,e2) = glez, e1), (4.1)
and
g(e,e) > 0 for e # 0. (4.2)
Proposition 4.1. If E is any real vector bundle, then E admits a Riemannian metric.
Proof. Let
B, : Uy x RY = 771U, (4.3)

be a local trivialization for U, an open covering of M which is locally finite.. For x € U,
and ey, es € F,, define

galer, e2) = (0 ® 1 (er), m 0 @, (€3)), (4.4)

where (-, -, ) denotes the Euclidean inner product on R*. Next, let x,, be a partition of unity
subordinate to the cover U,, that is

supp(Xa) C Uay 0<Xa <1, and ) xa=1. (4.5)

Define

9(61762) = ZXaga(ela€2>- (46)

This is clearly symmetric since each g, is symmetric. It is positive definite since for e; =
e =v € 7 1(x)\ {0}, the right hand side is a finite sum of nonnegative terms, with at least
one strictly positive term. L]

Corollary 4.2. For any real vector bundle £, E* = E.

Proof. Choose a Riemannian metric g on E. Then the mapping b : E — E* defined by

b(e1)(e2) = gler, e2) (4.7)
is an isomorphism on fibers, and covers the identity map. O

Definition 4.3. Given vector bundles m; : £y — M and my : E3 — M over the same base
space M, and assume that F; C FE,. We say that E; is a subbundle of E,, if each fiber
77 (x) C 7, () is a vector subspace.

16



In bundle terms, existence of a Riemannian metric g implies that there is always a non-
zero section of B* @ E*, which says that £* @ E* always admits a trivial 1-dimensional
subbundle A = ¢ - g for ¢ € R. That is, span(g(x)) defines a 1-dimensional subspace of
every fiber, and noting that any 1-dimensional bundle with a non-vanishing section must be
a trivial bundle. Of course, the metric gives an isomorphism

E*® E*~ E*® F ~ Hom(E, E). (4.8)

The latter bundle always admits the identity section I : E — FE, so ¢ - I for ¢ € R defines
a 1-dimensional trivial subbundle of Hom(F, E'). The latter choice is canonical, but the
sub-bundle A is not.

Remark 4.4. In the special case of a real line bundle 7 : L — M, the bundle Hom(L, L)
must be a trivial line bundle. So L*® L* is always a trivial bundle, and a Riemannian metric
can simply be viewed as a positive function on M.

Definition 4.5. If F; C FE, is a subbundle, then the quotient bundle E,/F; is the vector
bundle with fiber 7, }(2) /7! (x) over z.

Exercise 4.6. Prove that the quotient bundle is a vector bundle. That is, find local trivi-
alizations for Ey/Fj.

Note the following corollary.
Corollary 4.7. If £y C E is a sub-bundle, then there exists a subbundle Fy C E such that
E~F & E,. (4.9)
Furthermore, the quotient bundle (E/E,) = Es.

Proof. Choose a Riemannian metric g on E, and let E, = (E;)*. Use Gram-Schmidt to
construct local trivializations for (F;)* to show this is indeed a subbundle. The rest is just
linear algebra. [

Example 4.8. If f : M¥ — R" is an embedded (or immersed) submanifold, then define the
normal bundle

var = {(p,v) € M x TR™ | v € Ty,R", v L f,(T,M)}, (4.10)

where where use the Euclidean metric on TR™. This is a bundle of rank n — k over M, since
f« is injective at any point. We then have the decomposition

J*TR™ = TM & vy, (4.11)

For example, take ¢ : S® — R™*! to be the standard inclusion. The radial vector field is a
nontrivial normal vector field, so we have

TR =TS" @ (S™ x R), (4.12)

where the latter factor is just the trivial line bundle over S™. Note this shows that a trivial
vector bundle can have a non-trivial sub-bundle (for non-parallelizable spheres).

There is nothing special about R” in the above: if f : M*¥ — N™ is an immersed
submanifold, and ¢ is a Riemannian metric on 7'V, then we similarly have

FTN =TM & vy, (4.13)

where we use Riemannian metric on /N to define the orthogonal complement.
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4.2 Reduction of structure group

Definition 4.9. If a bundle 7 : E — M is equivalent to a bundle which has transition
functions ¢.p : Uy, N Uz — K, where K is a subgroup of GL(k,R), then we say that the
structure group of E can be reduced to K.

Another way to state the results from the previous section is as follows.

Proposition 4.10. We have the following.

o A bundle is trivial if and only if its structure group can be reduced to {Id}.

e The structure group of any real vector bundle m : E — M of rank k can be reduced to

O(k).
Proof. If E is trivial, there is a global trivialization ® : M xR* — E. Given an open covering
{Us}, 0 € T of M, then &, = & is a system of local trivializations which has overlap
Ua XRk

mappings ¢.s = Id. Conversely, a system of local trivializations which have identity overlap
mappings patch together to give a global trivialization.

For the second case, from above E admits a Riemannian metric. By Gram-Schmidt, for
any point x € M, there exists a neighborhood U, and a local basis of sections {ey,...,ex}
which are orthonormal at every point in U,. Define local trivializations by

Doz, (v1,...,0") = Zviei. (4.14)

Then overlaps maps then necessarily satisfy
(ba/j U, N Ug — O(k), (4'15)

where O(k) is the orthogonal group of k x k real matrices satisfying AAT = I;. O

4.3 Real line bundles

Note for a real 1-dimensional line bundle 7 : L — M, we have that the structure group can
be reduced to O(1) = {£1}, Consider the set

M ={velLlgvuv) =1} (4.16)

Since there are exactly two unit norm vectors in any fiber, we have that 7 : M — M is
a 2-fold covering space. So any real line bundle give an associated 2-fold covering space.
Conversely, any 2-fold covering space gives a real line bundle, which is uniquely determined
up to equivalence. To see this, note that a 2-fold covering space can be viewed as a fiber
bundle with group Z,, and viewing Z, = {£1} C GL(1,R), we naturally obtain an associated
real line bundle.
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Therefore real line bundles over M are in one-to-one correspondence with 2-fold covering
spaces of M, up to equivalence. Using some covering space theory, the 2-fold coverings
correspond to index 2 subgroups of (M), which is

Hom(my (M), Zs). (4.17)

Since the abelianization of m (M) is Hy(M, Zs), and from the universal coefficient theorem,
we have the isomorphisms

HOm(7Tl<M), ZQ) = HOI’Il(Hl(M), ZQ) = Hl (M, ZQ), (418)
the first cohomology group with Z, coefficients. Consequently, we have proved the following.

Proposition 4.11. The real line bundles on M up to bundle equivalence, are in one-one
correspondence with H*(M, Zs).

5 Lecture 5

5.1 Cech cohomology with Z, coefficients

The above used a lot of topology, so we give another explanation for this isomorphism. Given
an open covering {U,},a € Z, define C°(4, Z,) to be the free vector space over Z with Z,
coefficients. We can think of this as a choice f, € Zs, for each a € Z. Define C*(i, Zs) to
be the free vector space over U, N Uz for nontrivial intersections with Z, coefficients, which
we can think of as a choice fu5 :€ Zs, o, € Z, and U, N Uz # 0. Define C*(8,Zs) to
be the free vector space over U, N Uz N U, with Z, coefficients, which we can think of as a
choice fopy € Zo, v, 8,7 € Z, and U, N Uz N U, # 0. Finally, define C3(4, Zs) to be the free
vector space over U, N Ug N U, N Us with Zy coefficients, which we can think of as a choice
fapys € Lo, a,B,7,0 € I, and U, NUg N U, N Us # 0.

Next, we define linear operators 6° : CO(U, Zy) — C' (4, Zs) by (6°f)ap = f5 — fa» and
ot CY (U, Zs) — C*(U, Zs) by (6" fapy = foy — far + fap, and 6% : C*(8, Zy) — C3(U, Zs)
by ((Szf)a/jms = f/gfy(; — fa,yg + fagg — fa/gv. We check that

((51 o (Sof)aﬁfy = (51(fﬁ - fa))aﬂ'y = f'y - f,@ - f'y + fa + fﬁ - fa = 07 (51)

and

(0206 [apys = (0" f)pys — (8" [avs + (6" f)aps — (8" f)apy
= fyo = fos + foy — (Fys — fas + fory) (5.2)
+ fo5 — fas + fap — (fy — for + fap) = 0.

This allows us to define

HY(U, Zy) = Ker(8%), H'(U,Zy) = Ker(6)/ Image(6°), H?*(U, Zy) = Ker(6?)/ Imaugegél)j
5.3
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It is easy to see that if M is connected, then
HO(U, Zy) = Zy. (5.4)

Back to real line bundles: after reduction the structure group to Z,, the transition
functions of the bundle are given by

Pap - Ua N Ug — Zg. (55)

Since Zo with multiplication is isomorphic to Z, with addition, the condition on transition
functions

Pay = PapPpy (56)
says that ,s form a Cech 1-cocycle, so
Pap € Hy(M,Zs). (5.7)

The condition that .5 be a coboundary is that there exists a O-cochain f, : U, — Z3 so
that

Cap = fafo' (5.8)

on U, NUpg which is exactly the condition for the bundle to the equivalent to a trivial bundle.

However, note there is a slight difference in the definitions because the transition functions
in the bundle definition are smooth, so the ¢,z in are constant on each components of
Ua N Up, with possibly different values on different components. But a Cech 1-cocycle is the
same constant on all components of U, N Ug.

Remark 5.1. The Cech cohomology as defined above obviously depends on the open cover.
It turns out that if the cover is sufficiently nice, it is independent of the cover. Such a cover is
called a “good” cover, which is a covering so that all open sets in the cover and all nontrivial
intersections are contractible. We will not prove this right now (maybe later).

Example 5.2 (Case of S*). If {l is a covering with 2 intervals so that the intersection is 2
intervals. So

CO(, Zy) = Ly ® Ly, CY(U, Zs) = Zo. (5.9)
We conclude that
HO(M, Zy) = Zo, H'(U,Zy) = 0. (5.10)

However, if cover by 3 intervals, so that the intersections are connected intervals, we then
have

COU U, Zy) =753, CYHU, Zy) = Z.3°. (5.11)
We conclude that
HOM, 7o) = Zy, H'(,Zy) = Zs. (5.12)

Therefore we know all real line bundles on S': the trivial bundle and the Mobius bundle.
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Example 5.3 (Case of S?). We can find a good cover of S? by slightly enlarging the faces
of tetrahedron, call these Uy, Uy, Us, Us, Uy = U, NUps, and Uypy = Uy, N Ug N U,. We see
that

CUU, Zy) = 734, CHU, Zy) = Z3°, C* (U, Zy) = Z3*. (5.13)
We compute that

Ker§' = {fo1, foz, fos, fizs fiss fos |
fiz = foo + for =0, fis — fos + for = 0, fas — fos + foo = 0, fag — fiz + fi12 = 0}.

This shows that a kernel element is determined by fo1, foe, fo3. We conclude that
HO(U, Zo) = Zo, H'U,Zy) = {0}, H*(U,Zy) = Zs. (5.14)
Consequently, every real line bundle on S? is trivial.

Remark 5.4. Instead of a tetrahedron, one could also use a cube to construct a good cover
of S2. We leave it to the interested student to compute the Cech cohomology of this cover,
and verify you get the same answer for the cohomology groups.

Example 5.5 (Case of T?). We can find a good cover of T? by viewing T2 as a square with
opposite sides identified, dividing into 9 squares, and slightly enlarging each square. We see
that

COU, Zy) = 737, CY W, Zy) = Z3%, C*(U,Zy) = Z3*, C*(U,Zy) = Z3°.  (5.15)

Since T? is a 2-manifold, it is possible to show that §, is surjective. This implies that
Ker(dy) = Z37. Next, by consider a “dual” good cover (where faces become vertices and
vice-versa), we can show that H?(4, Zy) = HO(8, Zy) = Zy. Consequently, Image(d;) = Z3°,
so Ker(d;) = Z3°. We already know that Image(dy) = Z3, so we conclude the following:

Zs k=0,2

(5.16)
Ty @7y k=1

H*(T? Zy) = {
We can write down generators using the following. Let 7; : ST x S — S! be the projection
mappings, and let v denote the Mobius bundle over S*. In addition to the trivial bundle, we
have 757, 3!, and 7! @ 3yt To get the Cech generator(s), we take a 1-cocycle which is
+1 along the intersections on a vertical (horizontal) strip of 3 squares, and zero elsewhere.

Remark 5.6. In the previous example, we found there are exactly 4 real line bundles on 772,
up to bundle equivalence. Recall that this equivalence only considers bundle isomorphisms
covering the identity mapping. If we had allowed arbitrary diffeomorphisms of the base then
pullback under the mapping f(6;,602) = (6s,6;) would identify 7+ and m3~v'. So with this
notion of equivalence, there would only be 3 line bundles over T72.

Example 5.7 (Klein bottle). The Klein bottle can be constructed similar to a torus by
identifying opposite sides of a square, but with a twist on one pair of opposite sides. Similar
to the above computation for a torus, we can compute that

ZQ kIO,Q

(5.17)
Zo®Zy k=1

H*(K? Zy) = {

21



Example 5.8. (Tautological bundle on RP") Recall that RP" is the space of lines through
the origin in R™™!. Equivalently, RP" is the space of vectors in R"™! modulo the equivalence
relation

(U1, Vpg1) ~ (cvr,. .., CUst1), ¢ #O. (5.18)
Define
: = {([z],v) € RP" x R"™ | v € [2]} (5.19)

We claim that 7} is a nontrivial 1-dimensional bundle over RP"”. Assume by contradiction
that it were the trivial bundle. Then there would exists a nowhere vanishing section o :
RP" — ~}. This is a mapping

o : RP" — RP" x R""! (5.20)
of the form for x € S™,

o(la]) = ([], e(x) - z) (5.21)

For this to be well-defined, we require that c¢(z) : S™ — R is a function satisfying ¢(—x) =
—c(x). Since ¢ must take negative and positive values, by the intermediate value theorem,
c(xg) = 0 for some z, which is a contradiction.

Example 5.9 (Case of RIP’Q). We can construct RP? by identifying opposite sides of a square,
but twisting on both pairs of sides. To find a good cover: divide the square into 9 squares,
but shave off the corner squares to become triangles, so that we have an octagon on the
boundary. We slightly enlarge the each square and triangle to obtain a good cover. We see
that

COUU, Zy) =737, CY U, Zy) = 73%%, C*(U,Zy) = Z5%*, C*(U, Zy) = Z.° (5.22)

Since RP? is a 2-manifold, it is possible to show that d, is surjective. This implies that
Ker(dy) = Z3'. Next, by consider the “dual” open cover, we can show that H?(U,Z,) =
H°(U,Zy) = Zy. Consequently, Tmage(d;) = Z32*, so Ker(d;) = Z3j. We already know that
Image(dp) = Z3, so we conclude the following:

H*(RP? Zy) = Zy, k=0,1,2. (5.23)

So there are exactly 2 real line bundles over RP*: the trivial bundle and the tautological
bundle ~1.

6 Lecture 6

6.1 Exterior powers

Let V' be a real vector space. The exterior algebra A(V) is defined as

A(V) = { D v®’“}/z - P {v®’“/zk} — P, (6.1)

k>0 k>0 k>0
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where Z is the two-sided ideal generated by elements of the form v ® v € V ® V, and
T = V¥ NZ. The wedge product of v € A?(V) and w € A9(V) is just the multiplication
induced by the tensor product in this algebra, that is, lift v and w to ¥ € V®", and w € V®*,
and define v Aw = (¥ ® W), where 7w : V™" — APT9V is the projection. This is easily seen
to be well-defined. We say that an element in A*(V') of the form vy A+ - Avy is decomposable.
A general element of A*(V) is not decomposable, but can always be written as a sum of
decomposable elements.

The space A¥(V) satisfies the universal mapping property as follows. Let W be any
vector space, and let

—
F:Vx---xV—>W (6.2)
be an alternating multilinear mapping. That is, F' is multilinear and F(vy,...,v;) = 0 if

v; = v; for some 7 # j. Then there is a unique linear map F which makes the following
diagram
k

Vx.ooxV —"— ANV
\l

commutative, where 7 is the projection, which we denote as
(V1. 08) = U A A U (6.3)
Exercise 6.1. Prove the following properties of the wedge product.
e Bilinearity: (v; +v2) Aw = v Aw+ vy Aw, and (cv) Aw = ¢(v Aw) for ¢ € R.
o If v e AP(V) and w € AY(V), then v A w = (—1)Pw A v.
e Associativity (v1 A ve) Avg =v1 A (vg Avs).
Exercise 6.2. If dimg (V) = n, prove that A*(V) = {0} if k > n,

dim(A*(V)) = (Z) if0<k<n, (6.4)

and
dim(A(V)) = 2", (6.5)

Definition 6.3. For a real vector bundle 7 : £ — M, we define II : AP(E) — M by
I-Y(x) = AP(m~Yx)). If @ : U x R¥ — 771(U) is a local trivialization for E, then consider
the mapping

——N
F:UxRFx.. . xR - TIT7HU) (6.6)
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defined by
F(z, (v1,...,0)) = ®(z,v1) A -+ A D(z, v) (6.7)

This is clearly an alternating multilinear mapping on fibers, so by the universal property,
there is an unique induced mapping

F:Ux AR - TT7Y(0) (6.8)
which is a local trivialization for AP(E).

We can equivalently define the pth exterior power in terms of transition functions. To do
this, note that for any linear map f : R¥ — R*, there is a naturally induced mapping

APf . AP(R*) — AP(RF) (6.9)
define as follows. Define
p
——N—
F:RY x - x R¥ = AP(RF) (6.10)
by
F(uy,...,v,) = f(oa) A+ A f(vy) (6.11)

This is clearly an alternating multilinear mapping, so by the universal property, there exists
a unique mapping

APf = F: AP(RF) — AP(RF). (6.12)

therefore for any vector bundle F, the pth exterior power AP(F) is defined to be the bundle
with transition functions

AP
b = N (ers). (6.13)
Putting all of these together, we can define the following.

Definition 6.4. For a real vector bundle 7 : £ — M, define the exterior algebra bundle
A(E) = @)_(\P(E).

Note in the above discussion, if we sum together all of the AP f mappings, we get an
induced mapping between the exterior algebras

A(f) - A(RF) — A(RF) (6.14)
which satisfies

A(f) (A B) = A(f) (@) AA)(B) (6.15)

Therefore, the wedge product gives an algebra structure on each fiber of A(E).
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6.2 Differential forms

Definition 6.5. Given a smooth manifold M, a differential k-form on M is smooth section
of the kth exterior power of the cotangent bundle, that is, w € T'(A*(T*M)) = Q¥(M).

Given a function f € C*(M,R) we define df € Q'(M) in two ways. First, viewing vector
fields as derivations on smooth functions, we can define

df (X) = X(f). (6.16)

Alternatively, since f : M — R, we have f, : TM — TR. But there is a natural identification
T,R = R for any p € R, so we can view

f« : TU = R, (6.17)
which is naturally an element in df € Q' (U).
Exercise 6.6. Verify that these two definitions agree.

Given a coordinate system x : U — R", write the component functions as z* : U — R,
for i =1,...,n. We then have that

dz" A---Nda', 1<iy <ig<---<ip<n (6.18)

are a basis of local sections of A*(T*U). That is, any w € Q*(U) can be written as a linear
combination

w= > foade™ Ao Adat (6.19)
1<41 <9< <1 <n
for some functions f;, ; € QUU) = C=(U,R).
Example 6.7. Let M =R* and f, g € Q°(R?), and define
wy = f(dz' A dz® + d2® A dz?) (6.20)
wy = g(da* A da® — dx® A dat). (6.21)
Then
wi Awy = f(det Ada? 4 da® Adat) A f(dat A da® 4 do® A da)
= f2 (dac1 A dz? A dat A da? + dat A da® A dad A dat
+ da® A dat A dat A da? + dad A dat A dad A da:'4) (6.22)
= f2(0 +dat Ada? A da® Adxt + da® A dat A dat A da? + 0)
= 2f%daz! A da? A da® A da?
Also,
wi Awy = f(dz' Ada? + dz® A dat) A g(dat A da® — da® A da?)
= fg(dgl:1 Adx® Adet A dad — dat A da? A da? A dat
+ dz® A dx* A dat A da® — da® A dat A da? A dx4)
=0.

(6.23)
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6.3 Differential forms as multilinear mappings

We could just stick with the above definition of the exterior algebra and prove all results
using only this definition. However, it is very useful to think of elements of A¥(V*) as
alternating multilinear maps on V' as follows. One first has to choose a pairing

AF(V*) = (AR (V)" (6.24)
The pairing we will choose is as follows. If « = a' A--- Ao and v = v; A --- A vy, then
a(v) = det(a'(v))), (6.25)
(note this is not canonical). For example,
o' Aa?(vr Avg) = at(v1)a?(vs) — at(vy)a(vy). (6.26)

We would then like to view an element of (A*(V))* as an alternating multilinear mapping
from

k
—
Vx--xV =R (6.27)

For this, we specify that if « € (A*(V))*, then
a(vy, ..., vE) = alvp A Avg). (6.28)
For example
al A a®(vy,v9) = al(v)a?(vy) — al(vg)a® (vy). (6.29)
With this convention, if &« € AP(V*) and 5 € AY(V*) then
QNP1 psa) = = D SEN()A(Cat0 - 0r) BTy Vi) (630)
0ESpq

This then agrees with the definition of the wedge product given in [Spi79, Chapter 7].

It is convenient to have our 2 definitions of the wedge product because some proofs can
be easier using one of the definitions, but harder using the other (for example, associativity
of the wedge product).

6.4 Orientability of real bundles

Note that if V' is an n-dimensional vector space, then A"V is 1-dimensional. Soif L : V — V
is a linear transformation then A”L : A"V — A"V is an endomorphism of a 1-dimensional
vector space. Therefore A"L(w) = ¢ - w for some scalar ¢. So we can make the following
definition:

Definition 6.8. For a linear transformation L : V' — V', define det(L) to be the real number
so that

AN'L(w) = det(L) - w. (6.31)
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Exercise 6.9. Show that this definition of determinant agrees with the usual linear algebra
definition of determinant.

Proposition 6.10. Let 7 : E — M be a real vector bundle of rank k. The following are
equivalent.

o The line bundle A*(E) is trivial.
o A*(E) admits a nowhere zero section.
e The double cover M corresponding to AF(E) is a trivial 2-fold covering space.

o The structure group of E can be reduced to

GL,(k,R) ={A € GL(k,R) | det(4) >0} (6.32)

e The structure group of E can be reduced to SO(k)

Proof. The proof follows from the above discussion, with the following remarks. If e,. .., e
is a local basis of sections, we say that {ej,...,ex} is oriented if
etN--Nep = fw, (6.33)

with f > 0 and w € A¥(E) is the nowhere zero section. Restricting to local trivializations

arising from oriented local bases of sections will give a reduction of structure group to
GL,(k,R). O

Definition 6.11. We say that a real vector bundle 7 : £ — M is orientable if any of the
equivalent conditions in Proposition [6.10] are satisfied.

Remark 6.12. If we use the 2-fold covering notion, then we see that if m; (M) = {e} then
every vector bundle over M is orientable. This is because any covering of a simply connected
space is trivial. (Actually, we just need to assume that H'(M,Z,) = 0.) Thus, every vector
bundle over S™ is orientable for n > 2.

Example 6.13. Returning to RP", since RP" is double covered by 5", we have m; (RP") =
7,/27. Therefore there are exactly 2 real line bundles over RP", the trivial bundle and the
tautological line bundle. Note that if we put a Riemannian metric on the tautological bundle
7yl — RP", then the total space of the unit sphere bundle is just S™. But for the trivial
bundle over RP", the unit sphere bundle is just 2 copies of RP".

7 Lecture 7

7.1 Induced mappings

Recall that if L : V' — W is a linear mapping between vector spaces, then there is a mapping,
L* : W* — V* called the transpose, defined by the following. If w € W*, and v € V| then

(L*'w)(v) = w(Lv). (7.1)
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This is called the transpose for the following reason. Let dim (V) = n, and dim(W) = m.
Let eq,...,e, be a basis of V and fi,..., f, be a basis of W. Let e!,...,e", and f!,..., "
denote the dual bases, that is

ei(ej) = 5;, 1<i,j7<n
fi(fy) =65, 1<ij<m.
We define the quantities Lf, 1<i<n,1<53<m,by
Le; = L1 f;. (7.4)
Note that if we write v € V as v = v'e;, and w € W as w = w'f;, then
Lv = L(v'e;) = v'L(e;) = (v'L)) f;. (7.5)
So the components of a vector transform like
[} (L'}, (7.6)

which is the matrix corresponding to the transformation L.
We define the quantities (L*);, 1<i<m, 1<j<n,by

L*f' = (L*)ke’ (7.7)

Plugging in the dual bases, we compute

(L* ) (exn) = (L) (ex) = (1Y)}, = (L) (7.8)
However, by the definition of the transpose mapping, we have
(L") ex) = f'(Lex) = f'LLf; = LLF'(f;) = L16; = Li (7.9)

So if we write w € V* as w;e’ and n € W* as n; f7, the components of a dual vector transform
like
{n;} = {Lym} (7.10)

So the matrix corresponding to L* in the dual basis is indeed the transpose matrix.
The mapping L* : W* — V* induces a mapping

p
A

Ve

(L) W e x WE = (V5 (7.11)
by
(L) (o), ..., a") = (L*a") @ - ® (L*a?). (7.12)

This mapping is a multilinear mapping, so by the universal property of tensor products, this
induces a unique mapping

(L9)®" (WA — (V9. (7.13)
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By composing with the projection 7 : (V*)®" — AP(V*), we obtain an alternating multilinear
mapping

(L) (W) — AP(V*). (7.14)
Now by the universal property of exterior products, this induces a mapping
AP(L") : AP(W™) — AP(V™). (7.15)

Note that by taking the direct sum on all p-s, we obtain a mapping between the full exterior
algebras

A(LY) - A(W™) = A(V) (7.16)
which is an algebra homomorphism, that is,

AL (a A B) = (AL )a) A (A(LY)B). (7.17)

7.2 Pull-back of differential forms

Recall that if f : M — N is a smooth mapping between smooth manifolds, then the mapping
(fo)p : TM — f*T'N defined by (f.)g(v,) = (p, frv) makes the following diagram commute

TM f*)B f TN

lﬂM lﬂ (7.18)

M —4

Noting that (f*(T'N))* is naturally isomorphic to f*(T*N), let us dualize (7.18]) to obtain
the commutative diagram

FTeN) Lo e

lm lw (7.19)

M — AL

Next, by the diagram (21.9) and the above discussion, we obtain bundle mappings

£ NY) YL Ap (e
lm lw (7.20)

M—

Definition 7.1 (Pull-back of a differential form). If f: M — N is a smooth mapping, and
w € AP(T*N), then define wo f € I'(f*(AP(T*N)) by wo f(p) = (p,wyse)). Then define

ffw=AP(f5)(wo f) e T(AP(T*M)). (7.21)
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Remark 7.2. If we view differential forms as multilinear mappings, for f : M — N, and
w € QF(N), then we have the following “formula”. If p € M and Xi,--- X}, € T,M, then

(f*w>(X17"' an) :wf(P)(f*X17"' 7f*Xk) (7'22)

We could have defined pulback of forms this way, but we would need an extra step to show
the pullback of a smooth form is smooth.

For any manifold M, define

Q(M) = D(A(T*M)) = r(@AP(T*M)> = Pruvrm) =@, (7.23)

p=>0 p>0 p>0
By taking the direct sum of the above mappings on each exterior power, we obtain a mapping

£ Q(N) = Q(M), (7.24)

which by satisfies
F*(a A B) = (fa) A (£B). (7.25)
Proposition 7.3 (The chain rule). If f : M — N, and h: N — M’ are smooth maps, then
(ho f)* = f*oh*: QM) — Q(M). (7.26)

Proof. We have that f, : TM — TN is a bundle mapping covering f, and h, : TN — T M is
a bundle mapping covering h,. The above chain rule for the differential says that the bundle
mapping (ho f), : TM — TM’ is given by (ho f). = h, o f.. Next, we have the mappings
(fi)p : TM — f*TN, (hy)p : TN — h*TM', and ((ho f).), : TM — (ho f)*TM'. The
mapping (h,)p induces a mapping (hi)p o f : f*T'N — f*h*TM’. Since (ho f)*TM' =
f*(h*TM’"), the chain rule implies that ((ho f).), = ((h)s © f) o (f.)p. Dualizing and

taking the induced mapping on exterior powers then implies the result.

O
Example 7.4. Let f : R? — R? be defined by
f(z,y) = (2* + 2 2% — 92, 2°). (7.27)
Denote the coordinates on R? as (u, v, w), and let
a = wdu A dv —vdu A dw + udv A dw. (7.28)
Then
fra = 4z'ydr A dy. (7.29)

(Details were done in lecture.)
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8 Lecture 8

8.1 The exterior derivative

Choose a coordinate system (U, z), and let % denote the coordinate vector field. Recall
that viewing vector fields as derivations on germs of functions, this is characterized by

0

% (27) = 6. (8.1)

We then define a local basis of 1-forms dz* by

dxi( ai‘) — 5. (8.2)

Note this is just the dual basis, but these are also d(z") as defined above in (14.18)).
An element a € QP(U) can be written as

o= Z ail__.z-pdx“ A - Adxir, (8.3)

1<iy <ig < <ip<n

where the coefficients «;, ;, : U — R are well-defined functions. Note these coefficients
are only defined for strictly increasing sequences i; < --- < 2,,. Using our identification of
AP(T*M) with AltP(T M), the alernating multilinear maps from TM*" — R, we have that
the coefficient functions are given by

0 0
We next define the exterior derivative operator [War83, Theorem 2.20].
Proposition 8.1. There exists an exterior deriwative operator
d: QP (M) — QPHH(M) (8.5)

which 1s the unique linear mapping satisfying

o Forac OP(M), dlaNp)=daAp+ (—1)PaAdS.

o d’>=0.

o If f € C®(M,R) then df is the differential of f defined above.

Proof. Note that the differential of a function is given locally by
df =) O 4y (8.6)

To see this, we have df = > ¢;dx’, and plugging in the coordinate vector field identifies
the coefficient ¢;. Since we gave a global definition of df, this is obviously well-defined and
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independent of the coordinate system. Given a p-form «, write « locally as in (8.3]), and
then define

do = Z dag,..i, N Az A - A da

1< <ig < <ip<n

- Z Z 8% lp — 2 gt Adat A - A dat

1< <ig < <ip<n 1=1

(8.7)

The first “anti-derivation” property is easily verified by computation. The second property
holds on functions, because

d(df) = d(; %dﬂc’) =) Z; ajjg _da? A da' =0, (8.8)

since the Hessian of a smooth function is symmetric.

For existence, we need to check that this definition is independent of the coordinate
system. Let d’ be the operator defined with respect to another coordinate system ' : U —
R™. Then

d(a) = d’( Z ozilmz-pda:il A A dacip>

1<i1 <ig < <ip<n

= Z (d'ovy.ip) A Az A - Adz®

: , , (8.9)
+ Z Qi iy, Z(—l)k_ldx“ A AN (dz® )N A da
|=p k
= Z (deviy ) Ada™ A+ Adz' = d(a),
[l=p

since d and d’ agree on functions, and since d'dx’ = d'd'xz* = 0.
Then for any p-form «,

d(da) = d( 3" (day) A da:[> = S (&) Ada! —dag Ad(da') = 0. (8.10)

|I|=p |I|=p
Uniqueness will be left as an (optional) exercise. O
An important fact is that d commutes with pull-back.
Proposition 8.2. If f : M — N is a smooth mapping, and w € QP(N), then
frldyw) = dy(f*w). (8.11)

Proof. 1f w is a 0-form, which is a function, then f*w = w o f. So by above, we have

d(f*w) =dwo f) = (wo f).. (8.12)

32



By the chain rule, we then have

d(f*w) = ws o fi.

On the other hand, we have that

JH(dw)(X) = dw(f.(X)) = w, o fo(X).

So the claim is true on functions. Then if w is a p-form, write

Since the pull-back operation is an algebra homomorphism, we have

fro =" (frw)frde’ = (wro fd(a' o f).

|I|=p |I|=p
Then
d(frw) =7 dwro f) Ad(a' o f).
[T|=p
On the other hand, we have
dw = Z(dw;) A dz’,
[7|=p
SO

fr(dw) =" fH(dwr) A frda’ = d(ffwr) Ad(fa)

[I|=p [I|=p

= dwro f)nd(a' o f) = d(fw).

[I|=p

8.2 Lie derivatives

Given a vector field X € I'(T'M), the Lie derivative of Y with respect to X is

LXY = [X7 Y]a
where [X,Y]f = X(Yf) - Y(Xf)

Proposition 8.3. For X,Y € I'(T M), we have [X,Y] € I'(TM).
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Proof. In a local coordinate system, write

0 0
P, (i 21
X=X Er Y = 5 (8.21)
then
[(X,Y]f = XZ Yi 9f Yﬂ'i i 0f
Ox! dxJ O 890’ (8.22)
(0Y7 Of - 0%f L (0X'Of . O0%f '
=X'|—=+Y—= ) V| —=+X'—— ).
<8xz O’ N 8x’8m1) <8xﬂ Ox? * 0xJ 0z!
Since f is smooth, we have equality of the mixed partials, so
i[OV Of ; (0X"Of
X Ylr=X (81,“' 81:7') -r ((%Uj 8951')
. ; (8.23)
XZaY _yi9X 0X'\ df
oz’ D7 ) Ozl
This shows that [X,Y] is a derivation on germs of functions, so is a well-defined vector
field. O
Next, for X, Y € I'(TM), and w € I'(T*M), define
Lxw(Y)=Xw(l)) —w(lLlxY). (8.24)
Proposition 8.4. If X € I'(T'M) and w € I'(T*M), then Lxw € I'(T*M).
Proof. Let f: M — R. Then
Lxw(fY) = X(w(fY)) —w(Lx(fY))
=X Y) —w([X, fY
(fu(Y) = w(X, fY) 525

= (XNw) + fX(w(Y)) —w(f[XY] = (X[)Y)
= fX(w()) —w(f]X,Y]) = fLxw(Y).
Since this expression is linear over C*° functions, it is a well-defined tensor. To see this, let
a:T'(TM) — C*(M) be a mapping which is linear over C*°-functions. It sufices to show

that a(X)(p) = 0 if X}, = 0. This is because if we let X and X be any smooth extensions of
X,, then since X — X vanishes at p

w(X = X)(p) =0, (8.26)
sow(X)(p) = w(f( )(p) has a well-defined value, independent of the extension of X,. To pro-

ceed, given a coordinate system around p, choose a cutoff function which is 1 in a coordinate
neighborhood of p, and 0 outside. Then

, 0
= (0X")(95-) + (1 —¢M)X. (8.27)
Both terms in the above are smooth vector fields on M, so using linearity,
, 0
a(X)(p) = ()X (P))a (65— ) (p) + (1= $*) (P)a(X) (p) = 0. (8.28)

O
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9 Lecture 9

9.1 Lie derivative of differential forms

For a functions, we define Lxf = X f. In the previous lecture, we defined Lxw for w €
QY(M). We now extend the Lie derivative operator to differential forms in QP(M) for p > 1
by

Lx (WA~ AwP) Zw A ALxw) A AWP, (9.1)

for w' € T'(T*M). Note this is for decomposable forms, but extends to arbitrary forms by
linearity. Tensorality is proved similar to the 1-form case. The analog to (8.24]) is

(Lxw) (X, ..., X,) = X(w(Xl, e ,Xp))

Proposition 9.1. For w € QP(M) and X € I'(T M), we have Lxdw = dLxw.
Proof. First, for a function, this is

Lxdf =d(Xf). (9.3)
To see this, take Y € I'(T'M), and compute

(Lxdf) (V) = X(df(Y)) — df(LxY)
=XYf)—(LxY)f (9.4)
— X(Vf) = X(V )+ Y(Xf) = Y(X])

Plugging Y into the right hand side of (9.3) yields
d(Xf)Y) =Y (X]), (9-5)

which proves this for functions.

Next, we consider the case that p > 1. Since both sides of this equation are tensors, it
suffices to prove this in a local coordinate system, and we can assume that w is of the form
w = fdx* A--- Adz'». We have dw = df Adx A--- Adz', so

p
Lyxdw = (Lxdf) Adaz™ A--- Ada'™ + " df Ada™ A-- A Lxda™ A« A da™ (9.6)

Next, we claim that for w € Q'(M), we have

Lx(fw) = (X[lw+ fLxw (9.7)
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To see this, take Y € I'(T'M) and plug into (9.7)
Lx(fw)(Y)=X(fw(Y)) = fw(lxY)
= (X [wY) + fX(w(Y)) — fu(lxY) (9.8)
= ((Xf)w + fﬁxw) (Y).
So we then have

dﬁxw = d(Edex“ A A dxip)

p
- d(ﬁx(fdx“) Ao Adat 43 fdait A A Lxda A A dxip)
k=2

p
- d((Xf)dx“ Ao Nda' +) 7 fda Ao Ad(Xa) A A dﬂ) 09
k=1 .

p
:d(Xf)/\dxil/\---/\dxi”—i—de/\dx“A~~-Ad(Xxik)A---Adxip)
k=1

p
= (Lxdf) Nda™ A+ Nda' + Y df Ada Ao A Lxda® A Ada,
k=1

[l
Definition 9.2. Given w € AP(T M), and X € T, M, define the interior product
X2 A(TM) — APHTEM) (9.10)
by
Xoa(Xy, .. X)) = a(X, X1, .., X, ). (9.11)

Exercise 9.3. Prove that this is equivalent to the following definition. Given v € T, M, we
get a mapping ¢, : AP"H(T, M) — AP(T, M) by

() =vAa. (9.12)
The transpose mapping is
2+ (AP(TM)Y > (AT, M) (9.13)
Above, we chose an identification of (A*(T,M))* = A¥(T* M), so using this we get a mapping
v AP(TEM) — APH(TEM). (9.14)
Show that v = (¢,)*. Also, show that v is an anti-derivation, that is
va(a A B) = (vaa) A B+ (—1)Pa A (vaf) (9.15)

if o € AP(T*M).
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An important formula is Cartan’s formula relating the Lie derivative and the exterior
derivative.

Proposition 9.4 (Cartan’s magic formula). If w € QP(M), then

Lxw =d(X_w)+ X sdw, (9.16)
Proof. Define the operator H : QP (M) — QP(M) by
Hw = d(X w) + X sdw. (9.17)
We claim that H is a derivation, that is
H(aANpB)=H(a)\NB+aNH(). (9.18)

To prove this, assume that o € QP(M), then

H(aApB)=dXi(aApB)+ Xid(aApP)
= d((Xsa) A B+ (=1)Pa A (X3B)) + Xa(da A B+ (—1)Pa A dB)
= d((Xoa)) A B+ (1) Xua) AdB+ (—1)Pda A (X28) 4+ (=1)*a A d(X 1B)
+ (Xoda) A B+ (=1)P da A (X2B) + (=1)P(Xoa) AdB + (—1)*a A (XodB)
=H(a) NS +aNH(S).

(9.19)
Then the operators Lx and H are derivations which commute with d, and agree on functions.
So they must be the same operator on forms, since they agree in local coordinates. O]

We also have the following formula for the exterior derivative which agrees with the
formula for d given in [Spi79, Chapter 7].

Proposition 9.5.

L . A

dw(Xo, ..., X)) :Z(—l)ﬂX( (XO,...,Xj,...,Xp))
(9.20)
+Z D)™ w([X5, X5), Xoy oy Xy oo Xy, X)),
i<j

Proof. This formula follows from and , with an induction argument. To see this,
if we QY(M), then

dw(Xo, X1) = (Xoadw)(X1) = (Lxow)(X1) — d(w(Xo))(X1)

= Xo(w(X1)) — w([Xo, X1]) — X1 (w(Xo)) (9.21)
= Xo(w(X1)) = X1(w(Xo)) — w([Xo, X1]).
Then we use induction to get the formula for higher degree forms. O]

Remark 9.6. The Lie derivative operator can be defined by using the 1-parameter group
of diffeomorphisms generated by X via

d
LxY = dt(cb_t)*Y - (9.22)
d *
Lxw = £(©t> wl (9.23)

but for this, we next first need to discuss the flow of a vector field.
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9.2 The flow of a vector field

Given a vector field X € I'(T'M), an integral curve of X is a mapping v : (—€,€) — M such
that v/(t) = X (y(t)). Let’s look at the case of the real line first, and more general cases next
time.

9.3 The real line
Let M = R. Then a vector field X = f (t)%. The differential equation for an integral curve

is 9 = f(y). We can rewrite this as
dy
— =dt, (9.24
f() )
which is a separable equation, and we get
F(y)=t+C, (9.25)

where F' is an anti-derivative for 1/f, and C is a constant of integration. If we plug in
7(0) = to, then C' = F(ty), so we then have

V() = F~Ht + F(to)), (9.26)
where F'~! is an inverse function to F. Thinking of ¢, as a parameter, we get
Dt tg) = F ' (t+ F(ty)). (9.27)

The standard existence and uniqueness theorem for ODEs says that the domain of ¢ is an
open set in R? containing the t-axis.

Example 9.7. We write down a few explicit examples.

If f=1, then ®(t,ty) =t + to. For any tg, the flow is defined for all ¢.

If f =1, then ®(t,ty) = toe'. For any to, the flow is defined for att ¢

o If f =12 then ®(t,t9) = 2. The flow is only defined from (—oo,t;") if ¢, > 0 and

1—tot”
from (t;', —o0) if ty < 0. We say this is incomplete.

o If f=1¢*+1, then ®(t,t5) = tan(t + tan"'(ty)), also incomplete.
Proposition 9.8. We have ®(t + s,t9) = ®(t, P(s, o))
Proof. From the formula (9.27), we have
O(t+s,t0) = F Ht+s+ Ftg) = FHt+ (s + Flt)). (9.28)
Let us write s + F(ty) = F(t;). Then t, = F~'(s + F(ty)), so
Dt + s,tg) = FHt+ F(ty)) = ®(t, 1)) = ®(t, P(s,19)). (9.29)
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Corollary 9.9. If the flows at time t and —t are defined for all x € R, then the mapping
x> O(t,x) is a diffeomorphism.

Proof. From the previous proposition, we have

so the mappings = — ®(t,x) and = — ®(—t,x) are inverses of each other. Smoothness
follows from the standard ODE existence and uniqueness theorem. O]

10 Lecture 10

10.1 The flow of a vector field

Given a vector field X € I'(T'M), an integral curve of X is a mapping v : (—€,¢) - M
such that 7/(t) = X (y(t)). Define ®(t,x) = (t), where v(t) is the integral curve satisfying
7(0) = . The fundamental theorem is the following.

Proposition 10.1. Assume X is smooth. Then through each x € M there passes a unique
integral curve of X. The domain of ®(t,x) is an open set U C R x M containing {0} x M,
and ® : U — M 1is smooth. We have

O(t + s,2) = O(t, (s, x)), (10.1)
for t, s, x for which the above is defined.

Proof. We discuss the uniqueness, since this is a local property, we assume that M is an
open subset of R, and the differential equation is

y(t) = X)), y(0)=uz (10.2)

Assume we have 2 solutions y; and y,. Integrating, we obtain
t
yi(t) = x —I—/ X (yi(s))ds, (10.3)
0
for i = 1,2. We assume that ¢ > 0, the argument for ¢ < 0 is similar. First, we have
t
1(8) = 3a(6)] = | [ (X(01(5) = X(walo))ds
0
t
< [ X @) - X (el s (10.4)
0
t
<K [ nls) - mls)lds.
0

using that X, being smooth, is necessarily Lipschitz.
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Next, define

00 = [ nls) ~ m(s)ds (105)
Then U(t) > 0 for ¢ > 0, and says that
U'(t) < KU(t). (10.6)
or U'(t) — KU(t) < 0. Multiplying by e ** yields
(e MU@) <o. (10.7)
Integrating from 0 to ¢, we obtain
e U(t) <0, (10.8)

which says that U(t) <0, so U(t) =0 for t > 0 which implies that y, () = y2(¢) for £ > 0.
Next, we prove ([10.1)). Note that for x and s fixed, we define L(t) = ®(t + s, z). Then

d d d
EL(tﬂt:O = EQ)(t + S,x)|t:0 = E(b(t’ x)|t:s == X((I)(S, l‘)), (109)

and L(0) = ®(s,x). Define R(t) = ®(t, (s, 2)). Then
4
dt

and R(0) = ®(s,x). So L(t) and R(t) are integral curves of X passing through the same
point at t = 0, so they are equal by the uniqueness theorem.
Existence of solutions is proved by writing as an integral equation

R(t)]ieo = X (®(s, z)), (10.10)

o) =+ [ Xo)ds. 10.11)
Let
yo(t) = =, (10.12)
ntt) <o+ [ X (10.13)
w(0) =+ [ Xn(s))ds (10.14)
: (10.15)
n®) =0+ [ Xlona(s))ds (10.16)

One then proves this converges to a solution defined on some small interval (details omitted,
this is called Picard’s iteration method).
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Next, we discuss continuous dependence on initial conditions. We have

O(t,z) =z + /OtX(CD(s,x))ds (10.17)
o(t,2') =2 + /O X (@(s,2'))ds. (10.18)
Then
D(t, ) — D(t,2)| < |z — 2| + K/Ot D(s,x) — B(s,2')|ds (10.19)
Letting
Ut) = |z — /| + K/Ot |D(s, ) — D(s, 2')|ds, (10.20)

we have U(t) > 0 and U(0) = |z — 2’|. Then
U'(t) = K|®(t,x) — ®(t,2")| < KU(t). (10.21)

This implies that U’(t) — KU(t) < 0. Similar to above, it follows that

(e ®'U(t)) <o. (10.22)
Integrating from 0 to ¢, we obtain
e BU®t) < |z — 2] (10.23)
This implies that
|B(t, ) — ®(t,2")| < &z — 2| (10.24)
Assuming ¢t < ', we also estimate
"
|D(t,2") — d(t', 2| < /t | X (P(s,2")) — X(D(s,2"))|ds < M|t —t'|. (10.25)
Finally, we have
|D(t,x) — (', 2")| < |D(t,x) — D(t,2")| + |®(t, 2") — D(t', ') (10.26)
<efz — 2|+ M|t — | (10.27)
Given e > 0, choosing
§ = —Q(BK: ik (10.28)

proves the continuity. Higher derivatives are estimated in a similar way by differentiating
the equation, details are omitted. O
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Proposition 10.2. If M is compact, then the domain of ® is R x M. In other words, every
vector field on a compact manifold is complete.

Proof. The previous result says the domain of definition of ® is an open subset U of R x M
containing {0} x M. Since M is compact, the “Tube Lemma” from basic topology says that
U contains (—¢,€) x M for some € > 0. Given any ¢t € R, write t = ke 4+ r, where 0 < r < e.
Writing ¢¢(x) = ®(t, z), we define

k

—_——
¢t(x) = ¢€ ©---0 (,be O¢r(x) (1029)
if £ >0, and
k
—~—
gbt(x) - ¢_€ ©---0 ¢—e O¢r($) (1030)
if £ <0. O
Theorem 10.3. Let X be a vector field on M such that X (p) # 0. Then there exists a local
coordinate system (x',---  x™) around p such that r,.X = %.

Proof. This is local, so we can assume we are in R™, with coordinates y*. We can also assume
that X (0) = aiy1|0‘ We then define coordinates 2*(y',...,y") by

(2., 2") =0, (0,9%, ..., 9" (10.31)
We compute that

0

g7

0
)f = 3_y1(foz)

7 ]- 2 ny 2 n
—llmﬁ(foﬁbyhrh(oayu-”?y) fo¢y1(07y"”’y) (1032)

h—0

:lim%(fO(bhoz—foz)

h—0

=Xfoz.
Clearly, we have

O 1y=2
ayi[) —ayim

2. i> 1. (10.33)

1

Thus we have that z,|0 = Id. By the inverse function theorem, x = z~' exists in a neigh-

borhood of the origin. Above, we showed that
0

so applying z, to this equation yields
0 0
a—?ﬂ:x*oz*(a—yl) =x,(Xoz)=z,Xozox=uxX. (10.35)

O
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11 Lecture 11

11.1 Method of characteristics

The above proof seems magical, so let’s give another explanation of the proof of Theo-
rem [10.3} For simplicity, let’s just consider the case of n = 2, and our vector field is written
near the origin as

X—f(:c,y)a%Jrg(x,y)% (11.1)

with f(0,0) =1 and ¢(0,0) = 0. We want to find coordinates u(z,y) and v(z,y) so that

oud  Ov 0 oud Ov 0
X= 5 ou f(@x(?u 3x%> +g(8_y%+a_y%) (11.2)
Ju ouy 0 ov ov\ 0
= (15 +95,) 30 * Uz *93,) 0 (113)
So we want to solve the equations
Ju v ov
Fort93, =1 T3 95, = 0, (11.4)
which are more simply
Xu=1 Xv=0, (11.5)

together with a condition that u(z,y),v(z,y) form a coordinate system near (0,0). This will
be true if the Jacobian determinant

ou  du
det<‘3f5 gg) (0,0) # 0. (11.6)

9z dy

Remark 11.1. The pair of equations ([11.5]) is obviously a completely uncoupled system of 2
first order linear PDEs for 2 functions of 2 variables. This is a “determined” system. There
is some slight coupling of the “initial conditions” in (11.6)).

The method used in Theorem [10.3] is a special case of the “method of characteristics”,
which we explain next. This method reduces solving a first order linear PDE to solving an
ODE. The only “drawback” of this method is that the ODE is nonlinear.

First, consider the equation Xu = 1, which is just

ou ou

5 95, = b (11.7)

Consider the graph of the solution as a hypersurface in R3:

G ={(z,y,u(z,y)) |(z,y) € U}. (11.8)
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A normal vector field to the graph is given by

—

N = (ug, uy, —1). (11.9)
Define the vector field along G by
F=(fg1). (11.10)
Then
F-N = fu, +gu, —1=0. (11.11)

So the vector field F is everywhere tangent to the graph G. Consequently, G is stratified by
the integral curves of F'. We then solve the ODE system:

dx dy du
= A =1 11.12
o= fwy), —o=gry), —o=1, ( )
with initial conditions
z(0) =0, y(0)=wv, u(0)=0 (11.13)

The last equation gives u = s+ C', which yields u = s. The first 2 equations are just the flow
of the vector field X, with initial conditions along the y-axis. The solution is of the form

((IJ(S, (O,v)),s)

(11.14)

(x(s,v), y(s,v), u(s))

(x(u,v),y(u,v)) = ®(u, (0,v)). (11.15)

This determines the variables (u,v) implicitly as functions of the variables x and y. This is
solvable by the inverse function theorem, provided that

0P (u,(0,0)) 0P (u,(0,v))
det | 90, Q%0w)) 002000y | (0,0) # 0. (11.16)
ou ov
But we have
0P (u, (0,v)) Oz
2\ A ) e = f(0.0) =1 11.17
9 (0,0 s l0,0) = f(0,0) =1, ( )
8(132(U, (07 'U)) 8y
T A )T - -7 — — 11.1
ou |(0,0) Os |(0,0) 9(07 0) 07 ( 8)
o l0,0) = %ho,o) = flng(l) - =1, (11.19)

so the determinant is equal to 1 at (0,

of x and y.

0), and we can indeed solve for u and v as functions
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Finally, since

(u(m(u, v),y(u,v)),v(z(u,v),y(u, v))> = (u,v), (11.20)

by the inverse function theorem,
Uy Uy Ty Ty) (1 0
G G- 2

0 = U2y + VyYu = fUz + guy. (11.22)

In particular, we have

Consequently, this v solves the equation Xv = 0, and we are done since we already know
that (u,v) forms a coordinate system in a neighborhood of the origin.

Remark 11.2. Note that the initial conditions (|11.13]) specify the solution to vanish along
the y-axis, and the parameter u was just a parametrization of the y-axis. We could also
get a solution of Xu = 1, with initial data specified along a non-characteristic curve. That
is, a curve passing through (0,0) which is not tangent to X at the origin. Then our initial
condition would be

z(0) =a(v), y(0)=>b(v), u(0)=-c(v). (11.23)

Here we have parametrized the curve by the parameter v, and we require that & (0) # 0. We
then have u = s + ¢(v), so the solution is of the form

(z(s,0),y(s,v), u(s)) = (B(s, (a(v), b(v))), s + ¢(v)) (11.24)

SO
(x(u,v),y(u,v)) = ®(u—c(v), (a(v),b(v))). (11.25)

The ¢(v) term can be eliminated by the transform
u=u—cl), v=w, (11.26)

which has Jacobian determinant
o
det ((1] Cl<”)) =140 (11.27)

Then the main modification to the above is

0P (u, (a(v), b(v))) 00 = @’( = lim y(a(h),b(h)) — y(0,0)
v 000 9p" 0 T 50 h
(11.28)
. b(h)y—=0
:}ng%—h =0'(0) # 0.
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Example 11.3. Let’s do the above “straightening” procedure for the vector field

v (Hy)%ﬂj&% (11.29)
If we write an integral curve as y(t) = (71(t),72(t)), the flow ODE is
V=147, %=m (11.30)
Differentiating the first equation yields
M=% =", (11.31)

80 1 = ¢ cosh(t)+cy sinh(t). The second equation then gives v, = ¢y sinh(t)+ ¢y cosh(t) +cs.
The first equation shows that ¢3 = —1. The initial conditions are v(0) = (0, y), which yields

7(t) = (y + 1)sinh(¢), 72(t) = —1+ (y + 1) cosh(t) (11.32)
So we have
(z(u,v), y(u,v)) = ®(u, (0,v)) = ((v+ 1)sinh(u), =1 + (v + 1) cosh(u)). (11.33)

This can be inverted explicitly

u(z,y) = tanh™* ( v >, v(z,y) = -1+ (y+1)% — a2 (11.34)

y+1

11.2 Lie derivatives

Now that we understand the flow of a vector field, we give an alternative characterization
of the Lie derivative. First, for vector fields. Recall that for X,Y € I'(T'M), we previously
defined LxY = [X,Y], where [X,Y]f = X(Yf) — Y(Xf). We showed that in a local
coordinate system, if

0 .o,

X=X'—=,Y=Y_— 11.35
ox?’ oz’ ( )
then
,0Y! OXN\ 0
Furthermore, if w € Q'(M), we defined
Lxw(Y)=Xw(Y)—w(LxY). (11.37)
Now we will give the new definitions
Definition 11.4. For X, Y € T(TM), f € Q°(M), and w € Q' (M), define
Ly f(p) = Tim h™ (f 0 6n(p) = /(7)) (11.38)
—0
Lyw(p) = lim h™! ((¢;;w)p - wp)) (11.39)
h—0
/ — =1y _
LY (p) = lim A (Y, = ((60).Y )y ). (11.40)
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Note that obviously L f = X f.

Proposition 11.5. The operator L'y acts as a derivation, that is,

L’ YY) = (XY + fLYY (11.41)
Ly (fw) = (Xflw+ fLxw (11.42)
Lew(Y) = Xw(Y) — w(LLY). (11.43)

Proof. We prove (|11.41)), the others are proved similarly. We have

Ly (fY) = lim h™! ((fY) - <<¢h>*fy>p)

= ]llgr%)h ( n)« (Y ) p))
— 1im i (1 (p) )60 i)
= hm h™ ( P)(Dr)+Ys_ ) + () (D) Yo_,0) — f(¢*h<p))(¢h)*y¢fh(p)>

= f(p) lim h! ( ) <¢h>*Y¢_h<p>) +1im b (£0) = F(6-0(0)) ) (60):Ys 0
= JO)LAY + i b (F(p) = F(6-a(p))) - Tim(@n)Y 0

(11.44)
Note that by letting k = —h, we have
tim A7 (f(0) = £(6-(p))) = lim =k () = Fon(p)))
= m k7! (f(0(p) = /() = X F(p).
—0
Finally, we have
lim(¢p). Y5, ) = lim <(¢h) Yo ) — Yo_u0) +Y¢>7h(p))
(11.46)
= lim ((9n). = 1)V ) + 1 Yo ) = Y (),
and we are done. O
Exercise 11.6. Prove ((11.42)) and ((11.43)).
Proposition 11.7. For X, Y € I(TM) and w € Q*(M), we have
LxY =L%Y, Lxw=LYw. (11.47)
Proof. From (|11.43)), we have
0= L’X(Sé = L'y (d2"(9;)) = L'x(dz")(8;) + dx'(L'x9;), (11.48)
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SO

L0, = —(L'X(dmi)(ﬁj)>6i. (11.49)
We compute
Ly (d2')(9;) = <¢hdx —dx) )

gn 1( ¢:da)(8;) — da' (9 ))

fan% 1<d z' o ¢p,)(0;) — dx'(9; )) 10

= lim h~ (d 2 0 ¢)(8;) — da' (9 ))
( 1mh <:L' ogpp —1a' ))(8])
= d(Xa)(3) = 55 X

So we have
LY = L (Y79;) = (X (Y7))8; + Y7 L ()

— X(Y)9, — Y <%X") )
9

() ()

- (¢ () - (5

which agrees with (11.36]). This proves Lx = L’y on vector fields. Since they both satisfy
the Leibniz rule on 1-forms,

(11.51)

Lw(Y) = Xw(Y) —w(LyY) (11.52)
Lxw(Y)=Xw(Y)—-w(LxY), (11.53)
they also agree on 1-forms. O

Exercise 11.8. Show that for w € Q% and k > 1, we have Lyw = Lw.

12 Lecture 12

12.1 Frobenius Theorem (local version)

Today we address the following question. Assume we are given vector fields Xy,..., X €
['(TU) which are linearly independent at every point. Then does there exists a coordinate
system (x!,... ") such that X; = 9; for 1 < i < k. Before we give the answer, we need a

few auxiliary results.
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Proposition 12.1. Let X € I'(TM) with 1-parameter group ¢;. If o : M — M is a
diffeomorphism, then the 1-parameter group of a, X is given by oo ¢y o o™ L.

Proof. Recall the formula that
(@ X)q = (@)a1(9)Xa1(e); (12.1)
for any ¢ € M. Given a point p € M, consider the curve
Y(t) =ao g oat(p) =aod(t,a(p)). (12.2)
This satisfies

/y/(t) = 7*(60 = (a*)d)toffl(l)) © X¢toa*1(’P)
= (a*)a_loao@oa—l(p) o Xa_loa¢toa_1(p) (123)
= (@ X)aopioa-1(p)s

using (12.1)) with ¢ = @ o ¢; o a~!(p). Therefore v(¢) is an integral curve of @, X, so by
uniqueness of integral curves, we are done. O

Proposition 12.2. Let X,Y € I'(T'M) with 1-parameter groups ¢y, 1y, respectively. Then
(X, Y] =0 if and only if ¢s 0 by = s 0 ¢y for all s,t.

Proof. Assume that [X,Y] = 0. Then for ¢ € M,

0= lim b (v = ((6n).Y), ). (12.4)

Next, given any p € M, consider the curve 7 : (—¢,e) — T,M defined by c(t) = ((gzﬁt)*Y)p.
We then compute
d(t) = lim b~ (c(t + h) — c(t))

h—0

= lim A~ 1( Gr )Y ((¢t) ) )

lim A~ ((
= lim ™ (((é1 0 ~ (6o
(( ) — () Yo, ))
g {(60-(601), - 6o )
(@) lim /2 <((<Z5h) Y) s Y¢>7t(p)) =0,

using with ¢ = ¢_;(p). Therefore ¢(t) is constant, and ¢(t) = ¢(0) = Y,. This implies
that (¢;).Y =Y. By Proposition , the flow of Y, 1, must be equal to ¢, o 1, 0 ¢; *.
For the converse let a = 1, and by assumption ¢, = a0 ¢, o = !. By Proposition m,
¢; must be the l-parameter group generated by a,X = (15).X. So we have (¢,), X = X,
which obviously implies that [X,Y] = LY = 0. O

12.5
= lim h™ ( )

h—0
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The main result is the following.

Theorem 12.3. Assume we are given vector fields X1,..., Xy € U(TU) which are linearly
independent in a neighborhood U of p € M and which satisfy [X;, X;] =0 for 1 <i,j < k.

Then there exists a local coordinate system (:cl, ..., x™) such that X; = 8‘; forl1 <i<k.
Proof. Without loss of generality, we can assume there is a coordinate system (t!,... ")

such that X;(0) = %(0) for 1 <4 < k. Call the 1-parameter group of X; by ¢! for 1 <i < k.
Define

(2t a™), (2t 2™) = g (@2 (R (0, ., 0,28 L ey ). (12.6)

It is easy to see that the Jacobian as 0 is the identity, so by the inverse function theorem
we can solve for the z* = z'(¢!,... ") as functions of the ¢' for 1 < i < n, in some possibly
smaller neighborhood U of p. By (12.2), given any 1 < i < k, we can write

(2t a™), (2t a™) = @l (@ha (o (R (0,0, 2R L ey - ), (12.7)

so by the same proof as straightening 1 vector field, we have that X; = -2;. O]

~ 9zt
Remark 12.4. We can also phrase the above as follows, which we state for 2 vector fields
for simplicity. Given X; and X linearly independent vector fields, we require functions
x', ..., 2" such that

Xzt =1, X2 =0,i>1 (12.8)
Xox? =1, Xoa' =0,i#2, (12.9)
together with the condition that these form a coordinate system. We know that separately,
each line is a determined system. However, together these equations have twice as many
equations as unknowns, so this is called an overdetermined system. In general, one does

not expect solution to exist for overdetermined systems, unless some extra conditions are
satisfied which in this case are exactly the condition that the vector fields commute.

Exercise 12.5. Define the vector fields on R? by
1

X, = \/m(x&c + y0, + 20,) (12.10)
Xy = —y0, + 20, (12.11)
Xy=— 9.+ 22 5 — /221420, (12.12)

V22 R P
Show that these vector fields commute, and find a coordinate system which simultaneously
straightens X, Xo, X3.

Exercise 12.6. Define the vector fields on R* by the following.
Xl = xlal + 1‘282 + 1‘383 + 1‘484
Xg = —134(91 - ZL’382 + ZL’283 + ZL'184
Xy =230, — 210y — 2105 + %0,
X4 = —1'261 + Ilag - 1‘483 + $384.
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Show that X5, X3, and X, commute with X, but do not commute with each other. Fur-
thermore, find functions f1, fo, f3, f4 such that

Xifi=1,X1f2=0,X2/1 =0,X2f2 =1, (12.17)
Xifs=0,X3/1=0,X3f3=1 (12.18)
Xifs=0,X4f1=0,X4fs =1 (12.19)

13 Lecture 13

13.1 Frobenius theorem (geometric version)

We begin with a lemma.

Lemma 13.1. Let ¢ : M — N be a smooth mapping and X,Y € I'(TM). Assume that ¢.X
and ¢.Y are smooth vector fields on N. Then

¢ [ X, Y] = [0.X, §,Y] (13.1)
Proof. Let f € C*(N,R). Then by definition of the push-forward, we have
(0.X)f = X(f 0 9). (13.2)
Applying several times, we then compute
0.X,6.Y]f = (6.X)((0.Y)(f)) — (0.Y) ((6.X)(f))
= X (((6)() 0 8) =Y (((6.2)()) © 6)

=X(Y(fo9)) —Y(X(fo9))
=[X,Y]|(foo)= (Cb*[XvY])f

(13.3)

O

Definition 13.2. A distribution of rank k, A C T'M is a sub-bundle of the tangent bundle
of rank k. The distribution A is said to be integrable if for any two local sections X,Y €
[(AJU), we have [X,Y] € I'(Aly).

Definition 13.3. An immersed submanifold N C M is called an integral manifold of A if
T,N =A, forall pe N.

Theorem 13.4. If A is an integrable rank k distribution, then around any point p € M,
there ezists a local coordinate system (X, U) such that for q € U,

" (q) = a2 () = a” (13.4)

is an integral manifold of A, for each (a*',... a") with |ai| < € for k+1<i<mn.
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Proof. For the first part, clearly we can assume that M is an open subset of R”, and p = 0.
WLOG, assume that A, is spanned by

%(0), 1<i<k (13.5)

Let 7 : R* — R* be the projection onto the first k factors. Then m, : Ay — RF is an
isomorphism, so by continuity for ¢ sufficiently near p, m, : A, — R¥ is injective (because
the mapping ¢ — det(w*| A,) is continuous, and nonzero at 0). So we can choose X;(q) € A,

such that 7,.X; = atz for 1 <3< k The X; are smooth vector fields in a neighborhood of
the origin in R™, so by Lemma [13.1| we have

o 0
X, X; [ ] — 0. 13.6
mlXi Xile = | 550 55 (13.6)
Since we assumed that A is integrable [Xi, X, € Ay, s0 [Xi, X;] = 0 because T, is injective.

Then we can use Theorem to find a coordinate system (z,U) so that X; i,. for
1 <1 <k, and we are done.
O

Remark 13.5. One can show that every point p € M lies on a unique connected maximal
integral submanifold. A basic example is lines of some constant slope on a square torus. If
the slope is rational, the maximal integral submanifolds are imbedded circles. However, if
the slope is irrational, then the maximal integral submanifolds are the real line, since they
never close up.

Finally, let’s discuss one of the homework problems from a previous lecture. Given
X, Y e (TM) and w € Q'(M), we have

Lsw(Y) = Xw(Y) —w(LyY), (13.7)

where for p € M we have
(Lyw)p = lim b~ ((G1), — ) (13.8)
(LY )y = Tim A7 (Y, = ((60)Y )y ). (13.9)

First, note that by definition L’yw is a tensor, i.e., Lyw € Q'(M). This means that for any
vector field Y € I'(T'M), the expression L'yw(Y'), depends only upon Y,. For the left hand

side, using ({11.41f), we compute

Xo(fY) = w(Lx(fY) = X (oY) —w((XF)Y + F(LyY))
= XfewlV)+ FX@OY) = XF-w(Y) + fw(LiY)  (13.10)
— F(Xw(fY) - w(Zx(fY)).

So the left hand side is also a tensor since it is linear over C'*° functions. Since both sides of
(13.7) are tensors, it suffices to prove in a coordinate system. Furthermore, without loss of
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generality, we may assume that Y = 0;, for 1 <4 < n. First, consider the case that w = da’
for some 1 < j <n, and write X =Y, X*0.
The left hand side of ((13.7) is

0X7
0x’ (),

which we had already computed above in ([11.50)). Next, let us compute the right hand side

of (T3,

Lyw(Y) = Liyda? (9;), = (13.11)

Xw(Y) — w(LyY) = X*0,da? () — da? (L 0;) = —da? (L 0;). (13.12)
Lemma 13.6. We have
d(x? o
6.0, =3 200D 0,0, (1313)

Proof. We write

6.(0)p = > @ (0))o0); (13.14)

J
so by plugging in the coordinate function 27, we have that

o 0 )

= (0:(9)p) (@) = ==, (13.15)
O
Next, let’s compute
L0y = (00— 6.0 )
1 f]j (@) (bh)
i (0~ D22 o)
8 xﬂ o gb A(x7 o ¢p,)
—}lng(l]h 1( - v 28—|¢ h(p)>a|p
j J
(9 l'j o) ¢0 a((IJJ e} ¢h>
= lim 7™ ( p—ZT|p) (13.16)
j J
: 3 l‘] o ¢h A2 o ¢n)
i (3 =3 N2 )al,

J

0 .
= el A" (; (@ o0n) = D 20 )y
0 i __aXJ |
= X))y =~ )y
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The interchange of limits is valid since the flow is smooth in both variables. The second
limit vanishes because. ... This shows that the right hand side is

X7

Xw(Y) —w(LyY) = St

(13.17)

So we have verified the formula for any vector fields X, Y, but we assumed that w = da’.
To finish, from ([11.42)), we have

L'y (fda’) = X fda? + fL'yda?, (13.18)

so for any Y,
Ly (fdx?))(Y) = X fdz? (V) + f(Lyda?)(Y). (13.19)

We also have
X (fda?)(Y) = (fda?)(LyY) = (X f)da’ (V) + f(Xda! (V) — fda’ (L'yY)). (13.20)

Since the formula is true for w = da, it is therefore true for w = fda?, so true for any sum
w = f;dz?, and we are done.

14 Lecture 14
To begin, let’s prove the fact we needed above: for each ¢ and j,

. B 3(xj o ¢p) 8(mj o ¢p)
1 _
lim h ( s |, — B \¢7h(p)> =0. (14.1)

h—0

For this, we need the following lemma.

Lemma 14.1. If f : (—€,¢) x M — R is smooth with f(0,p) =0 for all p € M, there there
exists a smooth function g : (—e€,€) — R so that f(t,p) = tg(t,p) and %(O,p) = ¢(0,p).

Proof. Define
1
0
g(t,p)z/ a—‘;(st,p)d& (14.2)
0

Then

) = [ (5 tris = [ 2 (sst.)ds = 500) ~ FO.0) = S0 (143)

and

o(0.0) =l | D (st ds = e () - 10.0) = Do) (14)

t—0 S

O
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Then we apply the lemma to get g, so that

27 o ¢, — a7 o py = hgp, (14.5)
with
J ) .
go = WMO — X1/ = X7, (14.6)

Then we have

lim A~ <8(xj © 1) | Ola’ © ¢n) |6 n( P))

h—0 b oz
j J
_ }lg%h 1( (z + hgh O a;hgh)‘ o p))
g (2 ) (- ) 4D
—hmh (53|p—5]|¢ W (p >+%| 88); |60(p)
=0+0:0

Exercise 14.2. Use the above argument to give a direct proof that LY = [X, Y] without
using coordinates.

14.1 Classical tensor calculus

A vector field is a section of the tangent bundle, X € I'(T'M), and the components of X with
respect to a coordinate system x : U — R™ are functions X’ : U — R, i = 1...n, defined by

0
oxt

X=X (14.8)

on U, where a?:i is the ith coordinate partial, which is a vector field on TU. Given another

overlapping coordinate system z : U — R", we can write

~. 0
X=X"—. 14.9
oz’ (14.9)
Proposition 14.3. The components of a vector field are related by
01!
X=X 14.10
ox? ( )

Conversely, any collection of locally defined functions satisfying this relation gives a well-
defined vector field X € I'(TM).

Proof. Since vector fields are derivations on germs of functions, plug in the function 77 to
the equality

(14.11)



to obtain

0 . ~
=9\ — Y
(@) = X7, (14.12)

Xi
L]

Similarly, a 1-form is a section of the cotangent bundle, w € I'(T*M), and the components
of w with respect to a coordinate system x : U — R™ are functions w; : U - R, i =1...n,
defined by

w = w;dx’ (14.13)
on U. Given another overlapping coordinate system 7 : U — R", we can write

w = OdT". (14.14)
Proposition 14.4. The components of a 1-form are related by

ox’

= —W;.
93"

@ (14.15)

Conwversely, any collection of locally defined functions satisfying this relation gives a well-
defined 1-form w € T'(T*M).

Proof. Plug in the vector field % to the equality

widx! = @;d7, (14.16)

to obtain
i 0 ~
widx a5 ) =i (14.17)

But recall the definition of df, where f : U — R is a function. We claim that

df (X) = X(f). (14.18)
To see this, the left hand side is

_Of (i 9\ _ 9f o

For the right hand side, let v : (—¢,€) — M satisty v(0) = p, 7/(0) = X,,, then
d of v 0f .,

X(f)=— 0= —— = —X. 14.2
()= oDl =552 =555 (14.20)
Then plugging (14.18)) into (14.17)), we have
. ox’
O
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Next, consider a (p, q)-tensor field
Te F((TM)®p ® (T*M)®q>. (14.22)
We can locally write

= ‘]1”.‘717_ o ..
T - T;l..,iq ale ® ® aZL'jP

and in another coordinate system

Rdr" @ @ dx', (14.23)

e O 0 , .
— qIIdp T e - 7t P 7lq
T =T g7 @ ® gz, ©dE © - @ dE". (14.24)

The above transformation formulas combine to give the following.
Proposition 14.5. The components of T satisfy the transformation formulas
=i1edp 8@31 o 85;]}; aﬁL’kl o kaq I1..dp
“edg Pyl Ozl Oz Ota " Fr-ka
Conversely, any collection of locallydefined functions satisfying this relation gives a well-
defined tensor T € T(TM®" @ T*M®").

Exercise 14.6. Show that the Kronecker § symbol, defined by

5 :{ = (14.26)

(14.25)

oo i

defines a tensor. That is,

0
is a well-defined (1, 1)-tensor § € I'(T'M ® T*M). Under the canonical isomorphisms
TM ®T*M = T*M @ TM = Hom(TM,TM), (14.28)

identify what is the image of 9.

We note that for an n-form, we can write

W=wi pdzt A Adx", (14.29)
In another coordinate system, we can write

W= @ pdit Ao N dT" (14.30)
By Exercise [6.9] these components are related by

N oz

which we will use next time to define the integral of an n-form on an orientable manifold.
If M is not orientable, we can define a density to be a collection of function so that under

coordinate changes,
oz’
W1 = |det —
o (22)

It turns out that these quantities are sections of a trivial 1-dimension line bundle. Their
integral is well-defined, even on a non-orientable manifold.

Wi.m. (14.32)
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14.2 Coordinate expression for Lie derivatives
We can extend the Lie derivative to any (p, ¢)-tensor using the formula
LxY Rw)=LxYRw+Y ® Lyw. (14.33)
The follows gives the coordinate expression for the Lie derivative.
Proposition 14.7. Let T be a tensor of type (p,q). Then
(LxT)] = XPO T + 0, XPTL T + -+ 0, X

11...0q 21...1 kis...1 i1...0g1k

2] 1.7 14.34
_ 8ka1Ti’jJ2;jP . 3kap/IviJ11.::-iip71k' ( 3 )
Proof. Follows from similar arguments to the above. =

Exercise 14.8. Fill in the details for this proof.

Here is an important point: the expression £xw is NOT tensorial in the variable X, which
is obvious from the above expression, since the right hand side depends on the derivatives
of X. To obtain a derivative operator which is tensorial in X will lead us to the concept of
a connection, which we will cover in the Spring quarter.

15 Lecture 15

15.1 Remarks on flows

We know that if X € I'(T'M) is C*, then the flow ®(¢,z) is C*! in the t-variable, and C*
in both variables. We can use the 1-dimensional Taylor’s Theorem to write

1 1
b1 = Po + Pyli=ot + §¢;’yt20t2 + 6¢;”yt20t3 +O(th), (15.1)
as t — 0. The flow equation is
¢ = X (o), (15.2)
50 ¢li—0 = X (¢p). Differentiating again,
| = DX (1)) = DX ()X (¢1), (15.3)
50 ¢|i=0 = DX (o)X (¢y). Differentiating again,
¢ = D*X(6:) 010, + DX (¢0) DX (¢1) ¢, (15.4)

and evaluating at 0 yields

li=o = D*X (¢0) X () - X (¢0) + DX (¢0) - DX (¢h0) X (¢0). (15.5)

So we get the expansion

¢:(p) =p+tX(p) + %t2DX (p) - X(p)

+ étg(DQX(p) - X(p)- X(p)+DX(p)- DX(p) - X(p)) + O(t*),

(15.6)

ast — 0.
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Remark 15.1. To compute Lie derivatives of tensors, we can actually just use any path of
diffeomorphisms ¢, such that ¢, = X. For example, if we have a Riemannian metric, we
could instead use ¢:(p) = exp,(tX,). The equation for a geodesic is

()" = T () ()’ (15.7)

with initial conditions 7o(p) = p and 7)(p) = X,. Imitating the above expansions, we find
an expansion like

6u(p) =+ 1X () + ZET(p) * X (p) * X ()
(15.8)

+ 28 ((T') +T2() » X(p) * X() = X(9)) + O(F)

as t — 0. Note this flow has a better property than the vector field flow, the coefficients
now only depend upon X (p) and not its derivatives! This flow is what is used to give an
infinite-dimensional manifold structure to the diffeomorphism group, not the vector field
flow.

Back to the vector field flow, we can obtain an interesting expansion as follows. Fix a
k-form a € QF(M). Using Taylor’s theorem, we can expand

dro = P + Z a) D] _ot’ + O(tN ) (15.9)
as t — 0. We can compute these coefficients as follows:
d d , d ,
5010 = - s0lsm0 = S dipalsmo
d
= _<¢s o ¢r) als=o (15.10)

= _¢t¢ o s—g = ¢td drals—o = ¢; Lxa.

Using this, we obtain

(¢7@)|i=0 = PpLxa = Lxa. (15.11)
Differentiating again, we obtain
(¢ra)" = (¢rLxa) = ¢; (Lx(Lxa))), (15.12)
o (¢fa)”|1=o = L%«. Tterating this computation, we find that
(6;) Vim0 = L, (15.13)

so the above expansion becomes
Pra = o+ Z (L a)t + Ot (15.14)
as t — 0. Again, we see that the ith coefficient differentiates X ¢ times.
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Remark 15.2. If we instead use the Riemannian exponential mapping ¢, = exp,(tX,), we
can obtain an expansion

N
gra=a+y %( La)tt £ OtV (15.15)
i=1

where Vx is the covariant derivative operator. Now the ith coefficient only contains (7 — 1)
derivatives of X, so this saves us 1 derivative of X!

16 Lecture 16

16.1 Orientability

Another important fact is that we can integrate top-dimensional differential forms on a com-
pact manifold. But we need to recall orientability. First, an orientation on a n-dimensional
vector space V' is a choice of ordered basis (vy, ..., v,) with equivalence relation if 2 ordered
bases are related by a change of basis matrix with positive determinant. There are exactly 2
such equivalence classes, and if M is a manifold, the oriented double cover of M denoted by
7 : M — M is the double covering obtained by replacing a point p with the 2 orientations
on T,,M (we choose the topology on M which makes 7 continuous and open).

Definition 16.1. A manifold M is orientable if any of the following equivalent conditions
are satisfied.

e M admits an coordinate atlas (U,, @) such that the overlap maps are orientation-
preserving ¢, o (bgl, that is, the Jacobian (¢, o ¢/gl)* has positive determinant.

e M admits a nowhere-zero n-form.
e The oriented double cover M — M is trivial, i.e., it has 2 components.
If M is orientable, the choice of one of the components of M is called an orientation on M.

Exercise 16.2. Prove that for any smooth manifold M, the orientable double cover M is
always orientable.

Let’s illustrate Definition with an example:

Example 16.3. We observe that the unit sphere S"~! C R" is orientable. We have several
ways to see this:

e We can cover S" ! by 2 coordinate charts (generalized stereographic projection), with
intersection R"~! \ {0}. By changing the orientation of one of these charts, we can
arrange that the overlap mapping is orientation-preserving.
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e Let v be the outer unit normal to S"!, and define wgn—1 = vi(dz' A -+ A dz™). We
claim that w is non-zero at every point. This form is invariant under rotations, so we
only need to check this claim at a point. So let p = (0,...,0,1) be the north pole, and

d
Vp . Then

T
0
wp =dz' N+ ANdz" (%, G ) = (=1)"dat A A da" (16.1)
But 7,5" ! = Span{%, cee %}, s0 wp is clearly non-zero at p, therefore it is

everywhere non-zero.

e The bundle A" }(7T*S™!) is a real line bundle over S"~!. Choosing any Riemannian
metric, the unit sphere bundle can be identified with the oriented double cover. The
stucture group can be reduced from GL(1,R) = R, to O(1,R) = {£1}. Covering
S™~1 by 2 charts as in the previous item, the attaching map is a smooth mapping from
R™ 1\ {0} into £1, so must be constant if n > 2. Therefore any real line bundle over
S™=1is trivial for n > 2. For n = 2, we know the tangent bundle of S! is trivial, so
it is clearly orientable. Alternatively, we saw previously that the double covers can
be identified with H'(S"! Z,), but this vanishes if n > 2 (actually, S"~! is simply
conneted).

Exercise 16.4. Let ¢ : M"~! — R" be an embedded submanifold. Assume that R™\¢(M"!)
has exactly 2 components. Prove that M™~! is orientable. (Hint: define a non-zero (n — 1)-
form on M™~! similar to the second bullet point in the previous example).

Exercise 16.5. Prove that real projective space RP" is orientable if n is odd, but non-
orientable if n is even.

16.2 Integration of differential forms

On an oriented n-dimensional manifold, the integral of w € Q"(M) is defined as follows.
Choose an oriented coordinate atlas (U,, ¢,). First, assume that w € Q"(M) has compact
support in a single coordinate system U,. Then

(6a)e(w) = fdx' A-- A da™, (16.2)

where f: ¢4(U,) — R has compact support. Define

/ w = / fdx' ... dx". (16.3)
M o (Ua)

By the change-of-variables formula for integrals and the formula

~ ozt
@1, = det (8933') W1 (16.4)

fro above ((14.31]), this definition is independent of coordinate system containing the support
of w.
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Next, if M is compact, or if w has compact support, let x, be a partition of unity

subordinate to {U,}, and define
w = XaW- 16.5
/ > /| (16.5)

Since the sum is finite, this definition is independent of the choice of coordinate atlas and
choice of partition of unity. To see this, let U, and V3 be open covers with subordinate
partitions of unity pa, x 3, respectively. Then

Z/ P = Z/ ZX,BpaW = Z/ PaXpw = Z/ PaXBW, (16.6)
o U a 2l p a8 Ve B Ve

since pox s is suported in V. Therefore

g/U PaW—;/VB;paxBW—;/Vﬂ Xpw. (16.7)

16.3 Stokes’ Theorem

Definition 16.6. A manifold with boundary M = (M \ OM)[[OM, can be covered by
usual manifold coordinate charts in the interior M \ M, together with coordinate charts
near points in dM of the the form (U;, ¢;), where ¢; : U; — H", where

H" = {(z",...2") € R" | 2" > 0}. (16.8)
is the upper half space in R", such that
¢ - UiNnOM — R™! (16.9)
is a coordinate chart on OM viewed as an (n — 1)-dimensional smooth manifold.

Integration by parts on manifolds is the following.

Theorem 16.7 (Stokes’ Theorem for manifolds with boundary). Let (M, 0M) be an oriented
manifold with boundary of dimension n. If w € Q"1 (M) has compact support, then

/aMw:/de, (16.10)

where the boundary has the orientation induced from the outer normal, i.e., if v; € T,(OM),
then the ordered basis (vy,...v,_1) is oriented if (v,vy,...,v,_1) 1S positively oriented, for
any outward pointing normal vector v.

Proof. We first consider forms compactly supported in a coordinate chart (either an interior
chart or a boundary chart). Then just consider an (n — 1)-form of the form

w=fdz' A+ ANdzi A Ada" (16.11)
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Note that
dw = (—=1)""*0ifdx" A -+ A da" (16.12)

If i < n, then w restricted to the boundary is zero, and

/ dw = (—1)" O;fdxt---dax™ =0, (16.13)
n HTL

by Fubini’s Theorem and the fundamental theorem of calculus, since f has compact support.
If « = n, then

/ dw = (—1)"! Onfdxt - - - da"

(-1 1/Rn / O fda (16.14)

= (—1)"/ s 0)drt A Ad T = / w,
Rn—1 OH™

since the outward normal is —e,, so {—e,,e1,...,€e, 1} is oriented, which is equivalent to
(—1)"™ times {eq,...,e,}. In general w is a sum of n-terms of the above type, so this proves
Stokes” Theorem for w € Q" 1(H™) with compact support.

Next, we choose a partition of unity y; subordinate to the cover (U;, ¢;), ¢; : U; — R™,
and write w = ) . x;w. Let w; = x;w. Then for each i in the index set, we have

/dwl /dwz / dwz)—é_l(Ui)d(¢i1)*(wi)

i (16.15)

= [ atory ) = /a @)= [ e

where the last equality holds since ¢;|sas is a coordinate chart on M as a (n—1)-dimensional
manifold. Finally, we have

/de_/Md(;wz)_;/dei_;/wwi—/wgwi—/ww. (16.16)

[
17 Lecture 17
Next, we want to give a generalization of Stokes” Theorem.
17.1 Manifolds with corners
Define
R} ={(z',...,2") €R" |2’ > 0,i =1...n}. (17.1)
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Note that
OR’, = (R'),—1 U([R]), o U---U{0} (17.2)

where (@i)k is the subset of EZ where exactly n — k of the coordinate functions vanish.
Points in (R'}), for k < n — 1 are called corner points.

A manifold with corners M is a Hausdorff, second countable space which is locally home-
omorphic to a relatively open subset of Ei. The set of corner points on M is well-defined,
see [Leel3| Proposition 16.20].

Given an (n — 1)-form w compactly supported in Ri, we define

/ w= / w, (17.3)
8K7—:— (ﬁi)nfl

with orientation induced from the outer normal. Let M be a compact n-manifold with
corners. If w € Q"1(M) is supported in a single coordinate chart, we define

/aMw N /@Ri(“bi_l)*“" (17.4)

Finally, if w € Q"7 1(M), let x; be a partition of unity subordinate to an atlas U;, and define

/{)Mw — Z /aM Yiw. (17.5)

Theorem 17.1 (Stokes’ Theorem on manifolds with corners). Let M be an oriented manifold
with corners, and let w € Q"1 (M) have compact support. Then

/de:/(mw (17.6)

Proof. The reduction to a form compactly supported in Ri is exactly the same as in the

proof of Theorem . So we only consider the case that w € Q”_l(@i) which has compact
support. We write

w:Zwidxl/\---/\d/a?i/\---/\dx", (17.7)

then

dw = Z(—l)iﬂ@iwid:ﬁl Ao Nda” (17.8)

%

By Fubini’s Theorem and the fundamental theorem of calculus, and since f has compact
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support, for R > 0 sufficiently large, we have

. R R
/ dw = z:(—l)z_1 / = / Oyw;dxt - - - da"
RY - 0 0

7

R R e
= z:(—l)i’1 / . / Oywidx'dx’ - - - dat - - - da™
- 0 0

ok R (17.9)
= Z(—l)l/ / wilx, . .05, aM)dat - dat - da”
- 0 0
Y[ e w
5 JRIN{zi=0} IR
Note that we used here that the outward normal to @iﬂ{xi =0}is —e;, and {—e;,e1, ..., 6, ...
is orientation equivalent to (—1)? times {ej,...,e,}. O

17.2 de Rham cohomology
Let M be a smooth manifold of dimension n. Since d? = 0, we have a “cochain” complex

dr+1

R ety L Qr(a) —2 QP () (17.10)

which terminates at Q"(M), where n = dim(M). Clearly we have that Image(dP™') C
Ker(dP), so we can define the following vector spaces.

Definition 17.2. For 0 < p < n, the pth de Rham cohomology group is

i (ar) = - Kerld M) - ()}

~ Image{dr—! : Qr—1(M) — QP(M)} (17.11)

Example 17.3. If p = 0, then H)z(M) ={f: M — R | df = 0}. Since in local coordinates,
df = ——dz’ 17.12
=3 g (17.12

it follows that f is constant on connected components of M. Consequently, dim(H),(M))
is equal to the number of components of M.

Example 17.4. Let M = R"\ {0}, and consider

n

1 o —
Wpn1 = — Y (=Dt dat Ao Adat Ao Ada™ € QVH(M). (17.13)
r'I’L
i=1
We compute that dwrn-1 = 0. We claim that wrn—1 cannot be written in the form wgn-1 =
da,_o for any a,,_o € Q""2(M). To see this, assume by contradiction that this is true. Let
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t: 8"t — R” be the inclusion of the unit sphere. We showed above that S"~! is orientable,
so we can integrate (n — 1)-forms on S™!, once we choose an orientation. Then

/ Cwpn-1 = / L*d()én_g/ dr*o,—o = 0, (17.14)
Snfl Snfl Snfl

by Stokes” Theorem However,
L*anfl = Wgn-1, (1715)

which we defined above, is non-zero at every point, so the integral must be non-zero. This
contradiction proves 2 things:

Hi'(R™\ {0}) # {0} (17.16)
Hyp ' (S"71) # {0} (17.17)

Note the latter part of this example proves the following.
Proposition 17.5. Let M be a compact oriented n-dimensional manifold. Then
H}p(M) # 0. (17.18)

Proof. 1t M is oriented, then we know there exists a nowhere-zero w € Q"(M) which
determines the orientation. In any oriented coordinate system (U, ¢), we have ¢,w =
fdxt A -+ Ada™ where f > 0. Therefore we must have

/Mw > 0. (17.19)

If w=da,_; for a € Q""1(M), then Stokes’ Theorem would say that

/w—/danl—/ Qp_1 =0, (17.20)
oM

since OM = (). m

17.3 Simply-connected manifolds

Definition 17.6. We say that M is simply connected if every piecwise smooth path bounds
a smoothly embedded disc (embedded as a manifold-with-corners).

Proposition 17.7. If M is simply connected then H}n(M) = {0}.

Proof. Let w € QM) with dw = 0, and fix a point p € M. For any ¢ € M, choose a
smoothly embedded path v : [0,1] — M with v(0) = 0 and (1) = ¢. Then 7 is a 1-chain,

and define
f(a) —Aw—Alv*w- (17.21)



This yields a well-defined function f : M — R. To see this, if ¥ is another smoothly
embedded path from p to ¢, then define

_ {7(215) tel0,1/2] (17.22)
2 —2t) tell/2,1]

Then 7 is a piecwise smooth path, and by assumption, 7 is the boundary of an embedded
disc ¢ : D — M, as a manifold-with-corners. By Stokes” Theorem for chains, we have

/w = / tdw =0, (17.23)
5 D

which implies that f is well-defined.
To see that df = w, without loss of generality, we can assume that we are in a domain in
R"™, and write w = w;dz’. Then

df(0) = 0,f = di‘i(/% Yiw)

where 74(t) = y(t) + ste; is the path 75 : [0, 1] — M satisfying v5(0) = p and ~5(t) = q + se;.
Then

: (17.24)

s=0

Yaw = wj(7s(1))d(z7 0 7s(t))
= w;(3s(1))d(y/ (1) + sto]) (17.25)
= w;(7:(1)) (7)) (1)t + wi(7s(t))sdt.

Then we have

(/)

s=0 S

I
Q.| Q.
/N
O\,;

_
/N
£

—~

2

w

—~

~

N—

N—

—~

~—

—~

S~—

QL

~

+

&

—

2

W

—~

N—

N—
~

QU

~
N~

L
= | —(wilw@) ) (E) +wi(rs(t)s di
/01 Cif< )1) ;:O (17.26)
_ /O (it ®))|_de+ 0 = (witntens) )| _ a
~ [ (g Oe®) 05| _ 6wt + [t
Since dw = 0, we have
0 = d(w;da’) = %dmk A da?, (17.27)
which implies that
g‘;’; g“;f (17.28)
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Then we have

(/)

= [ (et o+ [ o
)OO Odt+ [ (o)t

- [ 1o+ [ aoo (17.29)

= (1 (1))]

O_AQM@W+Amew

zmm%:%(iﬁ,

which proves that df = w. O]

Example 17.8. Consider S® C R™"". A piecewise smooth loop v : [0,1] — S™ must miss
a point p. So we can view 7 : [0,1] — S™\ {p} = R™. Every piecwise smooth loop in R"
bounds a disc embedded in R™ if n > 1, so we conclude that S™ is simply-connected, and
thus H'(S™,R) = {0} for n > 2.

18 Lecture 18

18.1 Finite group quotients

Let M be a smooth manifold, and I" be a finite group. A left action of I' on M is a smooth
mapping

A:Tx M- M (18.1)

satisfying
A(g192,p) = Alg1, Ag2,p)) (18.2)
A(e,p) = p for allp € M. (18.3)

For each g € I', then mapping A, : M — M is a diffeomorphism since it has inverse Ag 1.
Also, A(e,p) = p for all p € M, where e is the identity element of I'.

Definition 18.1. The action A is free if A(g,p) = p for some p € M implies that g = e.

We define the quotient space M /T" as the set of equivalence classes [p] where the equiva-
lence relation is p; ~ py if there exist g € T" such that A(g,p;) = pa.

Proposition 18.2. If the action is free, then the quotient space M /T is a manifold. Fur-

thermore, m : M — M/T" is a covering space of order |I'| with deck transformation group
I.

Proof. We will leave the details of this as an optional exercise. O
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Proposition 18.3. Let I be a free action of a finite group on a simply-connected manifold
M. Then Hjp(M/T) = {0}.

Proof. Let w € Q'(M/T) such that dw = 0, and let 7 : M — M/T denote the projection
mapping. Then 7w € Q satisfies dr*w = 7*dw = 0. From Proposition [I7.7] there exists
f M — R such that 7*w = df. New we average over the group action, that is, define

-1
f= fo o A,. (18.4)

gel
Then clearly f descends to a function f : M/T"— R. We have that
Aimw = (mo Ay)'w = 1w, (18.5)

Then 7*w = df implies

Drtw =3 Atrw =" Asdf =3 d(Asf) = d(Z fo Ag), (18.6)

gel gel gel gerl

which is equivalent to
mw = df (18.7)

Now this equation is invariant under the action of I', which proves that w = d f downstairs,
so Hip(M) = {0}. O

Corollary 18.4. We have that Hj,(RP") = {0} forn > 2.

18.2 Diffeomorphism invariance

Note that
Hyjp(M) = @HgR(M) (18.8)
p=0

has an algebra structure induced by the wedge product. To see this, for [a] € Hi,(M) and
5] € Hip(M), represented by o € QP(M) and § € Q9(M), we have that
dlaNp)=daNp+ (—1)Pandpf =0, (18.9)
so we define
] AB] = e A ). (18.10)
To see that this is well-defined, we have

(a+dy)ANB=aANB+dyANB=aAB+dyAPB), (18.11)
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since [ is closed, so
[(a+dy)AB]=anp. (18.12)

Well-definedness in the other factor is similar, or just use the skew-symmetry property of
the wedge product. Therefore we have

At HE (M) @ Hip(M) — HLE(M). (18.13)
Note that from Proposition [8.1], we have
[o] AB] = (=1)"[B] A [a]. (18.14)
Next, let f : X — Y be a smooth mapping between smooth manifolds. As discussed
before, we have a pullback operation on differential forms, f* : Q*(Y) — Q*(X), which
makes the following diagram commute
P(Y) —2 Qri(Y)
l(f*)p l(f*)pﬂ (18.15)
P(X) —5 (),
That is the collection of mappings (f*)? is a morphism of cochain complexes.
The de Rham cohomology algebra is a diffeomorphism invariant.
Corollary 18.5. If f : X — Y then there are induced mappings
(f): Hyp(Y) = Hgp(X). (18.16)
If g Y — Z, then

((go f) ) =(f)olg) (18.17)

Consequently, if X and Y are diffeomorphic, then H}p(X) = HLp(Y) for every p > 0, and
moreover, the cohomology algebras are isomorphic Hjp(X) = H}R(Y).

Proof. We first note that any smooth mapping f : X — Y induces a well-defined mapping
on cohomology (f*)? : Hi(Y) — Hip(X) by the following. If [o] € H},(Y) is represented
by a form «, such that dj.a = 0, then we have

& ([ Vo= (f)dya = (f1)"0 =0, (18.18)
so we can define f*[a] = [f*a], that is, map to the cohomology class of the pullback of any
representative form. To see that this is well-defined,

(FYla+dy ' B) = (f Vot (fPBE=(fVatd (£, (18.19)

so [(f*)(a+dyB)] = [(f)Pa+d5  (f*)P8] = [(f*)Pal.
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If f is a diffeomorphism, then f~! exists and is smooth, so we have
foft=idy, f'of=idy, (18.20)

and from Proposition [7.3] the induced mappings on cohomology satisfy
fro(fN) =idus ), (f7H) o f* =idus, vy, (18.21)

Finally, since f*(a A B) = f*a A f*f3, together these mappings form an algebra homo-
morphism on cohomology algebras, which will be an algebra isomorphism if X and Y are
diffeomorphic. n

19 Lecture 19

Last time, we showed that de Rham cohomology is a diffeomorphism invariant. Today, we
will show that it is moreover a homotopy invariant.

19.1 The Poincaré Lemma

Let M be a smooth manifold, possibly noncompact, and let N = M x [0, 1], which is an
(n 4 1)-dimensional manifold with boundary. Let 7 : N — M be the projection 7(z,t) = x.
Also, let t; : M — M x [0, 1] be the inclusion ¢(x) = (x,t). Define a mapping

" QF (M % [0,1]) — Q1(M) (19.1)
by the following. Since
TpyN = Ker(w.) ) @ Ker(m) .y = T,M & T1[0, 1 (19.2)
where 7(x,t) = t, any k-form on N can be uniquely written as
w=h(x, )" op + f(x,t)dt A (T Pg_1), (19.3)
where ¢, € QF(M) and ¢p_1 € Q*Y(M), but h, f € Q°(N). The mapping I* is then defined
by

_ (/Olf(x,t)dt>¢k1. (19.4)

Proposition 19.1. For w € Q*(N), we have
(11)*w — (10)*'w = dprlFw + IF M dyw. (19.5)

Proof. Writing w in the form since fdt = 0, and 7 o t; = idy;, the left hand side of
(195 is
(t1)*w — (10)*w = (t1)"h(x, )7 . — (10)*h(z, t)7" Py,

= (h(z,1) — h(z,0)) . (19.6)
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Next, assume that w is just of the form
w = h(z, t)7" . (19.7)
Then, choosing a local coordinate system {x'} on M near any point, we have

—~ Oh oh
8de -+ a—dt) AT ¢r + h(z, t) 7" dp dr. (19.8)

de:<

By the definition of I*, we have I*w = 0, so obviously
dyI*w =0, (19.9)

and

I = Ik+1{ ( Z —d iy _dt> AT ¢ + h(z, t)?T*dM¢k}

(19.10)
— Ik“{ghdt/\w ¢k} (/ @dt>¢>k (h(z,1) — h(z,0))ép.
0
So the proposition holds for forms of this type.
Next, assume that w is just of the form
w= f(z, t)dt N (7" pr_1). (19.11)
From above, we have

(t1)*w — (to)*w = 0. (19.12)

Note that

dyw = Z a—fidxi Ndt N (T 1) — f(z, t)dt AN 7 (dpsdr—1)
=i (19.13)

- Z Sdi A (dgﬂ' A ¢k_1) — fdt AT (dMgzﬁk_l).
So by definition of I**! and ((19.13)), we have

Iy = — Z/ dt dzi A dp_r — (/01 fdt)dMgbk_l. (19.14)

Next, by defintion of I*,
1
Ay [Fw = dM / fla, t)dt) qﬁ,H}

/ Zax dt Az A g + (/01 fdt)dMqﬁk,l.

(19.15)
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Consequently, on forms of this type, we have
dyI*w + I"dyw = 0. (19.16)

So the proposition is true for forms of the second type. By linearity, the proposition holds
for all forms, and we are done. [

Remark 19.2. Note that we used a coordinate system in the above proof. This is OK since
these are local expressions of global quantities, so the local identity therefore implies the
global identity.

19.2 Homotopy invariance of de Rham cohomology

Definition 19.3. Let X and Y be smooth manifolds. Smooth mappings f,¢g: X — Y are
said to be smoothly homotopic if there exists a smooth mapping F' : X x [0,1] — Y such
that F'(z,0) = f(z) and F(x,1) = g(x).

Proposition 19.4. Let X and Y be smooth manifolds. If f,g : X — Y are smoothly
homotopic then

[*=g" Hyp(Y) = Hip(X) (19.17)

Proof. Let F': X x [0,1] — Y be a homotopy between f and g. Let ¢, : X — X x [0,1] be
the mapping ¢;(z) = (z,t), and note that

(0)" (X x [0,1]) — Q*(X). (19.18)
In Proposition we constructed
IF QR (X x [0,1]) — Q" 1(X) (19.19)
satisfying
(t1)" = (e0)* = I*Mdxypo) + dx I". (19.20)
This clearly implies that as mappings on de Rham cohomology
(t0)" = ()" + Hgp(X x [0,1]) — Hyp(X). (19.21)
Since f = F oy and g = F oy, we have
ff=1(w)" o F", g =(11)"oF", (19.22)
therefore f* = g* : H5,(Y) — H%5,(X). O

Definition 19.5. Smooth manifolds X and Y have the same smooth homotopy type if there
exist smooth mappings f: X — Y and g : Y — X such that go f is smoothly homotopic to
Idx and f o g is smoothly homotopic to idy .

Corollary 19.6. If X andY have the same smooth homotopy type, then H;p(X) = H;5(Y).
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Proof. From Proposition [33.2, we have

[fog" = Idus, (x) (19.23)
g o f*=1Idy vy, (19.24)
so f* and ¢* are isomorphisms. O

Some special cases of this are the following.

Definition 19.7. A smooth manifold X is smoothly contractible if X has the same smooth
homotopy type as a point.

Corollary 19.8. If X is smoothly contractible, then

R k=0

(19.25)
0 0<k’

Hap(X) = {

Proof. By definition, there is a mapping f : X — {p} and a mapping ¢ : {p} — X so that
g o f is homotopic to Idyx. This is equivalent to the existence of H : X x [0,1] — X so
that H(x,1) = x for all z € X and H(z,0) = xg where g = g(p). We already know that
H(X) =R, s0let k > 1, and w € QF(X) such that dyw = 0. Plugging in H*w into the
Poincaré Lemma yields

(11)"H'w — (10)"H'w=(Ho1)'w— (Hot)w

19.26
="y o H'w + dxI"H*w = dx I" H*w, (19.26)

because w is closed and d commutes with pullback. However, H o 1; = Idx and H oy is a
constant map, therefore we have

w=dxI"H*w, (19.27)
SO w is exact. N

Exercise 19.9. A domain A C R" is star-shaped if there exists a p € A such that for any
x € A, the line segment between p and z is contained in A. In this case, let H : Ax[0,1] — R™
be the mapping H(z,t) = tx + (1 — t)p. This shows that A is (smoothly) contractible to a
point, so A has the same de Rham cohomology groups as a point. Show that the Poincaré

Lemma gives the explicit formula as follows. Without loss of generality, we can assume that
p={0}. Writing w € QF(A) for k > 1 with dw = 0 as

> wiegda A A dat, (19.28)

11 <o <ij

then

V= Z Z (/ tk_lwil...ik (tx)dt) giodzt Ao Adzia A - A dr (19.29)

i1 <<t a=1

is an explicit (k — 1)-form solving dy = w. (Hint: v = I*H*w.)
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Definition 19.10. A submanifold 7 : A — X is a smooth deformation retraction of X if
there exists a smooth mapping r : X — X such that

roi=1idyu, (19.30)
and ¢ o r is smoothly homotopic to Idx.
Corollary 19.11. If A is a smooth deformation retraction of X then
Hip(A) = HE(X), (19.31)
for all k > 0.

Example 19.12. Consider 7 : R" \ {0} — S"~! C R" given by r(z) = x/|z|. The mapping
F(x,t) = (1 — t)x + t(z/]z|) is a smooth homotopy between Idg» and ior, so S* ! is a
smooth deformation retraction of R™ \ {0} and we therefore have

Hip(S"™") = Hip(R™\ {0}). (19.32)

From earlier, we know that this vector space is non-zero when k£ = n—1, and our next task is
to prove that this cohomology group is 1-dimensional (and determine all of the other groups
as well).

20 Lecture 20

20.1 Poincaré Lemma for cohomology with compact supports

Let M be a manifold, possibly noncompact. Let QP(M) denote the smooth p-forms with
compact support. We have a complex

s (M) — p(M) —4 et (M) —4 - (20.1)

and Hg Jr(M) is defined to be the cohomology of this complex. Of course, if M is compact
then HZdR(M) = HY,(M).

Lemma 20.1. Let M be a differentiable n-manifold, then for k > 1,

HY jo(M x R) = HY L (M). (20.2)
Proof. First, we define a mapping “integration over the fiber” by

Tt QF (M x R) — QF1(M) (20.3)
by the following. Any k-form on N = M x R can be written as

w=h(z,t)m" ¢ + f(x,t) (7" dr_1) A dt, (20.4)
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where ¢ € QF(M) and ¢y € Q¥ (M), but h, f € Q°(M x R). Define

_ ( /_ Z f(x, t)dt) D1, (20.5)

noting that the integral is defined because w is assumed to have compact support, and this
form has compact support since f has compact support.
We claim that

dM O Ty = Ty O dMX]R7 (206>

To see this, the left hand side of (20.6) is

dp O Tew = dM / f(z t)dt)¢k 1)

(20.7)
/ dt dz' A g1 + / fa:tdt)dqukl
The right hand side of is
oh “Of .
e O dNw = Ty (Edt A TP + Z 8—xfldxl AT P Ndt + f(x, t)7" (dprdr—1) A dt)
(Za ot AT ey Adt + f(a, T (dardpr) /\dt) (20.8)

/ Za dt dx/\¢k 1+ / fa:tdt dyrPr—1,

since the term involving h is zero because h has compact support, and using the fundamental
theorem of calculus. Therefore 7, induces a mapping

T HY jo(M X R) — HY R (M), (20.9)

Next, we choose e € Q}(R) with [, e =1, and define

. QF (M) — QF(M x R) (20.10)
by
ex(w) = (m*w) Ne. (20.11)
We have that
dyrxr © € = €, 0 dyy, (20.12)
because
dyoe(w) =dy(m"w A e) = (dym*w) Ne =" (dyw) A e = e, ody(w). (20.13)
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Therefore e, induces a mapping

et HY yp(M) — HEFE(M x R). (20.14)
Let us write e = xdt, then
roeu(w) = m (x(O)(w) Adt) = ( / x(B)dt)w = w (20.15)

Therefore, we have 7, oe, =1 on Q’c“(M), SO T, 0e, =1 on HﬁdR(M).
We next claim that e, o m, =1 on H} ;5(M x R). To see this, writing w € QF(N) as

w=h(x, )" op + f(x,t) (7" pr_1) A dt, (20.16)
define a mapping
K :QFM xR) — QM x R) (20.17)

by

K(w) :W*qﬁk_l( / ; F(x, 8)ds — ( / ; e> / Z f(a:,s)ds). (20.18)

Note that the right hand side is indeed a (k — 1)-form on M x R with compact support,
which is clear if ¢ is sufficiently large. We claim that if w € QF(M x R) then

(1—em)w = (—1)fF"1dK — Kd)w, (20.19)
which we will separately verify for forms of type w = h(x,t)7*¢y, and for forms of type
w= f(x,t)m* pr_1 A dt.

For forms of the first type, we obviously have

(1 —e.m)h(x, )7 P = h(z, t)7" Py (20.20)

On the other hand, since K is zero on forms of this type,

(dK — Kd)(h(z,t)7*¢y) = —K((%)dw AT i + (%)dt A i + h(x, t)ﬂ*dd)k)
(el

_ (_1)“}(((%) (v n) A dt)

~coeal [ o ([ o) [ %)

- o

= (=D Y x*pp)h(x, t).
(20.21)
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For forms of the second type w = f(x, )7 d_1 A dt, we have
(1 — exm ) f(z, )T g Adt = f(x, )T g1 Adt — (/: f(, t)dt) (T*dp_1) Ae
— e A <f(a:,t)dt _ (/: f(a:,t)dt>e) (20.22)
- ( /_ Z f(x,t)dt)x(t))w*qﬁk_l Adt

Next,
vk =dy(wons( [ swois— ([ o) [ stwsas))
— (o) ( [ ; flaosyds— ([ ; ) | tais)
D) S (/t %(x,s)ds—(/t e)/i%(x,s)ds)/\dxi

+ (=) 'ty 1<f(a:tdt—e/ fxsds)

(20.23)

We compute

Kdyw = K(Z a—q{idmz AT 1 + f(x, t)w*de,l) A dt

- ZK( ot AT g1 A dt) (f(x,t)w*dM¢k_1 A dt)

(20.24)
_ ;w*(dﬂ A ¢k_1)</; %(x,s)d& - (/; ¢) /Z gg@ (. 5)ds )
+ W*(de)kl)(/_; Fla,s)ds — (/_; e) /: f(a, s)ds).
Adding together and and using (20.22), we obtain
(1—em)w = (—1)fF"1dK — Kd)w, (20.25)

which finishes the proof of the claim.
The claim implies that e, o 1, = 1 as a mapping on Héde(M x R), and the Poincaré
Lemma for compactly supported cohomology follows. O

Corollary 20.2. We have

R k=n

Hf,dR(Rn> = {0 k#n (20.26)

and a generator for H?;n(R™) is given by any compactly supported n-form p with fRn pw=1.
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Proof. We start with M = {p} a single point. From above, we have an isomorphism
R = Hp yn({p}) = He 4p(R). (20.27)

Furthermore, since the isomorphism is given by e,, the proof shows that a generator of the
left hand side is y(z!)dz!'. Next, we have

H: jr(R?) = H} (R) =R, (20.28)

and a generator of the left hand side is y(z!)dz! A x(2?)dz?. In general, a generator is given
by

x(@') - x(a")dat A A da (20.29)

Next, we use the fact that 7, is an isomorphism. The isomorphism

Hcl,dR(R) = Hg,dR({p}) =R (20.30)
is given by
¢1 > /Rgbldxl. (20.31)
Then the isomorphism
Hgp(R*) 2 Hygp(R) = R, (20.32)
is given by
fz', 2?)dat A da* — (/R f(.rl,:vQ)d.r2) dx'. (20.33)
Composing these isomorphisms and using Fubini’s Theorem, we get
f(zt 2 dat A da? ] f(zt 2?)dat A da. (20.34)
R

In general, the isomorphism is given by
flt, o aM)dat A Ada" flt o aM)dat A A da™ (20.35)
]Rn
O

Remark 20.3. This shows that H} (M) is not a homotopy invariant, since ([20.26) is
not the same as the cohomology of a point. But of course, H} ;z(M) is a diffeomorphism
invariant.
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21 Lecture 21

21.1 Exact sequences of cochain complexes

Definition 21.1. A sequence of vector spaces A, B,C, with linear mappings a : A — B,
6:B—=C

0254223250250 (21.1)

is called ezact if the kernel of each mapping is equal to the image of the previous mapping.
That is Ker(a) = {0} if and only if « is injective. Next, Ker(8) = Im(«). Finally,
Im(p) = C, if and only if S is surjective.

Let C; be a co-complex of vector spaces for i = 1,2, 3.

dP—2 _1 ar—1! dP 11 artt
= C? s O — O —— (21.2)

with d® = 0. A morphism from C; to C; are mappings o* : C* — C]’-C such that the following
diagram commutes for every p

d?
P i p+1
cr —— C!

l“p lapﬂ (21.3)

cr 1, ortt
J J

For co-complexes C, Cy, C3, and morphisms o : ¢} — C5 and 8 : Cy — C5. We say that a
sequence of co-complexes is exact if

~

05 C —2 Gy y O3 —2= 0 (21.4)

if the sequence
02 P 22, 0F 6P>O§’ 050 (21.5)

g

is exact for every p.

Lemma 21.2 (The zig-zag lemma for cochain complexes). If

0 —— 0 —— & sy C5 —2— 0 (21.6)
1s a short exact sequence of co-complexes, then there exist connecting homomorphisms
6 HP(C3) — HPTH(C)) (21.7)
for every p such that the sequence
L HP(CL) —2s HP(Ch) —s HP(CH) —2s HPFY(CY) —— -+ (21.8)
15 exact.
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Proof. We look at the huge commutative diagram

0 yor —r ,or o > 0 (21.9)

which has all horizontal rows exact.

To define the connecting homomorphism, take ¢ € C% with dic; = 0. By exactness of
the middle row, S, is surjective, so 5 = P(ch) for some ¢4 € C%. Then since the diagram
commutes, we have

B = B = ik = 0. (21.10)

By exactness of the bottow row, we have djch = a?*' " for some ™' € C*™. Since O} is
a co-complex, and by commutativity of the diagram, we have

0=dy"dbeh = d aP it = P2t At (21.11)

which implies that @?*'é?™ = 0, since a?*? is injective. So we define 67(c§) = [1], the
homology class of ™ in HPT(CY).

To prove this mapping is well-defined, assume that we started with ¢ € C3 which
was of the form ¢ = d§ '¢f™". Then we can write ¢j = = B*"'c™", and the element

& = db ' & satisfies B() = 4. But this element is exact, so the next step clearly gives
zero. Independence of the choice of ¢4 is similarly established.
Exactness of the resulting sequence is left as an exercise in diagram chasing. O]

Exercise 21.3. Prove that the sequence (21.8)) is exact.

21.2 Mayer-Vietoris for de Rham cohomology

Write M = UUYV as the union of two open sets in M. Then the following sequence is exact:

0 —— QUUV) L5 (U)a (V) -2 UNV) — 0 (21.12)
where
AP (W) = ((ivom)'w, (ivem)'w). (21.13)
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and

o (wy, wv) = (ivnveu) 'wo — (luavey) wy (21.14)

To see this, 5P is obviously injective. For exactness at the middle step, obviously o?fPw = 0.
If 5P(wy,wy) = 0, then wy = wy on U NV, so then (wy,wy) is a well-defined global form
on M.

To show that « is onto, let w € QP(UNV'). Let ¢y, ¢y be a partition of unity subordinate
to the covering {U, V'}. Then w = a(¢pyw, —dpw).

By the zig-zag lemma for cohomology, we obtain a long exact sequence

= Hp(UUY) = Hipl(U) @ Hip(V) = Hi(U0V) =5 oo (2115)

22 Lecture 22

22.1 General remarks on Mayer-Vietoris

Let us review the definition of the mapping 6? : H?(UNV) — HP™(M). Given a cohomology
class [w] € Hiz(U N'V), represented by w € QP(U N'V) with dw = 0, we first write w =
a?(pyw, —pyw), then we apply the exterior derivative to get

(d(gf)vw), —d(gbUw)) = (d¢v Aw, —doy N\ w) c QP(U) D QP(V) (221)

Note that on U NV, we have (¢y + ¢y )w = w, so applying d to this equation, we have that
doy Nw + doy ANw =0 on UNV, so together these define a global form

P — {d¢v Aw in U (22.2)

—doy ANw  inV
and we take the cohomology class of this form.

Remark 22.1. This mapping appears to depend upon the choice of partition of unity, but
recall that when viewed as a cohomology class, it is actually independent of such choice.

Corollary 22.2. If a smooth manifold M has a finite covering of open sets such that each
non-trivial finite intersection U;, N---NU;, has finite-dimensional de Rham cohomology, then
M has finite-dimensional de Rham cohomology.

Proof. Note that if

Aty ¢ (22.3)
is exact at B, then
B = Ker(g)® Im(g) = Im(f) ® Im(g). (22.4)

Consequently, if A and C are both finite-dimensional, then B is also finite-dimensional.
Now we look at the following portion of the Mayer-Vietoris sequence

C 2 g UNY) 2 B (U UV) 2 HYL(U) @ HYL(V) =2 .. (22.5)
Using induction on the number of open sets in the covering, the corollary follows. O
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Remark 22.3. If M is compact, there always exists such a covering. More on this later.
The following lemma will be extremely useful.

Lemma 22.4. If

0 sV —2 s 1, — 2 . s Vi, —=L y, s 0. (22.6)
18 exact, then
0 = dim(V}) — dim(V3) + dim(V3) + - - - + (=1)*" dim(V},). (22.7)

Proof. We use induction. If £ = 1, then we have 0 — V; — 0, which obviously implies
that dim(V}) = 0. Assume the theorem is true up to k& — 1. The mapping as : Vo — V3
has kernel given by a;(V7). So there is an induced mapping ay : Va/ay(Vy) — Vo If
as(vg + a1(V1)) = as(vg) = 0, then vy = ay(wy), so the induced mapping is injective. We
therefore have an exact sequence

0 —— Vo/ou (Vi) 25 Vg -2 ... >y Vel —4% 1, > 0. (22.8)
This is an exact seqence of length & — 1, so by induction
0 = dim (Va/e(V4)) = dim(V5) + -+
2/ 1( 1) ( 3) (22'9)
= —dim(V}) + dim(V3) — dim(V3) + - - -,
and we are done. O
22.2 Spheres
We consider the unit sphere S™ C R**!,
Corollary 22.5. We have
R k=0n
HEo(S™) = ’ 22.10
n(57) {O o (22.10)

Proof. Cover with 2 open sets U,V, with U 2 R* = V and U NV = S"~!. First, consider
the case of S'. In this case, the Mayer-Vietoris sequence is

0
0 —— Hip(S") —— Hyp(U) ® Hip(V) —* Hyp(UNV)
j (22.11)
g '
g al
H}(SY) —— HI(U)® Hip(V) —*— HI(UNV) —— 0.
But U NV is contractible to 2 points, so this is
e ad
0 > R »yRER — RER
j (22.12)

1 50
L) Hjn(S") 7 .
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Lemma then says that Hj,(S') = R.
Next, for n > 1, look at the beginning of the Mayer-Vietoris sequence

0 —— HO(S") s HO(U) @ HO (V) — HO.(UNV) s o (22.13)

But now U NV is connected, so this is

0 y R —

0
yReoR 2 R 25 ... (22.14)

Since 3 is injective, the kernel of a® is 1-dimensional. But o has a 2-dimensional domain,
so the image of a® is 1-dimensional, that is a is surjective. So we can move to the next level
and get

0 —— H(S") —2 B (U) @ Hiy(V) — HL(UNV) —2s .. (22.15)

Since U and V are contractible, this says that Hj,(S™) = {0} for n > 2.
Next, we look at the upper portion of the Mayer-Vietoris sequence

_ n— an72 n— n—
- ——— HjA(U) @ Hi2(V) =— Hj*(S" 1)

L Hiz'(S™) 50 w7 Hip (57 (22.16)
HL(S™) > 0.

This yields

Hp(S™) = Hjz (5) = R, (22.17)
and

Hip(S") = Hyp' (S"7') = {0}, (22.18)
for 2 < k <mn — 1, so this finishes the proof. O
22.3 The 2-torus
Next we consider the 2-dimensional torus 72 = S* x S1.
Corollary 22.6. We have

R k=0o0r2

22.19
R ko (22.19)

H(?R(Tg) = {
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Proof. Writing the first S-factor as the union of two intervals, we can cover T2 by U = Rx 51
and V =R x S! and such that the intersection is diffeomorphic to UNV is R x S*J[R x S*.
The full Mayer-Vietoris sequence is

0 —— BY(T?) 2 HOWU) @ HOV) —2 HO(UNV)

60
L gy s BN Uy e HY(V) 2 HYUNY) (22.20)

51
L HX(T?) -2 H2U) 0 B2(V) - H2UNV) 25 0.

Using the Poincaré Lemma and Corollary we know this is

0 R — >R@RC“—°>R@J1\2j
. | ’
HY(T?) 25 ReR 5 RaR ] (22.21)

st
[—> H?*(T?) AN @ ,0—" 0.

If we try and use Lemma [22.4] we just get that dim(H'(7?)) = dim(H?(T?)) + 1, so we
really need to look at the mappings. For this, note that the o mapping has a 1-dimensional
image, because the difference on the intersection is the same on both components of U NV
We also claim that o' has a 1-dimensional image. To see this, note that df is a generator
for H'(S'). From the proof of homotopy invariance of de Rham cohomology, a generator of
HYU) = H'(S' x R) is 7*df, where 7 is projection onto the S! factor. Since the generator
is independent of the R coordinate, the difference is the same on both components of the
intersection, which proves the claim. So we can split off 2 exact sequences.

0 y R — HY(T?) LR 2L R > 0, (22.22)

and
0 y R —— R2 —2— H(T?) —— 0. (22.23)

Using Lemma the first sequence implies that b' = dim(H'(7?)) = 2 and the second
sequence implies that 0* = dim(H?*(T?)) = 1. O

Remark 22.7. The above proof also shows that H'(T?) is spanned by df; and dfy, where
0; is the angular coordinate on the ith factor. Also, H*(T?) is spanned by df; A dfs.

23 Lecture 23

23.1 Top degree cohomology

We can now determine the top degree compactly supported cohomology of any manifold.
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Theorem 23.1. Let M be a connected smooth n-dimensional manifold. Then

R M 1is orientable
noo(M) = . 23.1
C’dR( ) {0 M is non-orientable ( )
In particular, if M is compact, then
R M3 entabl
Hjp(M) = Z.S orien a' ‘ (23.2)
0 M s non-orientable

Proof. Assume that M is orientable. From the Poincaré Lemma for cohomology with com-
pact support, we know that H?(R™) = R. Cover M by open sets U; diffeomorphic to R™.
Given w € QF(M), write

w= Zwi = inw, (23.3)

where x; is a partition of unity subordinate to {U;}. Since the result is true for R”, we know
that w; = da; + ¢;8;, where 3; is a bump form, which we can take to be supported near any
point p; € U;. So we can assume that w is cohomologous to a sum of bump forms. We claim
that any 2 bump forms are cohomologous to a multiple of each other. To see this, given
p,p) € M, we can connect by a sequence of coordinate patches V; and sequence of points
chosen as follows. Let pg = p, contained in Uy. Then choose p; € Vi NV, py € Vo N V3, ete.
This shows that H!(M) is at most 1-dimensional. By Stokes’ theorem, we already knew
that H(M) was a least 1-dimensional. So M orientable implies dim(H(M)) = 1.

If M is non-orientable, then there must be a path v : S* — M such that A"(y*T M)
is the non-orientable bundle on S'. This is because the orientation double cover 7 : M —
M is a non-trivial double covering, so there must be a closed path ~ which lifts to an
open path in M connecting different points in a single fiber. Consequently, there exists a
sequence of coordinate neighborhoods Vi, ..., Vy with Vi = Vy and such that there are an
odd number of orientation-reversing transition functions. The above argument then shows
that 1, a bump form supported in Vj, is cohomologous to — 1, and therefore must be trivial
in cohomology. ]

Remark 23.2. We have not yet determined H™(M) where M is a non-compact manifold,

we will return to this later.

23.2 Real projective 2-space

Using the above, we can determine the de Rham cohomology of RP?.

Proposition 23.3. We have

H"(RP?) = {0 - (23.4)



Proof. We can consider RP? as a disc D? with the boundary identified by the antipodal
map. Cover by U = D?, and V a tubular neighborhood of the boundary RP' = S'. The
intersection is a annulus so is homotopic to S*. The Mayer-Vietoris sequence is

0 y R — 2

>IR{@9]R°‘—°>]R{@Rj

60

[—>H1(RP2) #F ,R_—=o >Rj (23.5)

LHQ(RIPQ) CARNY) S S N}

~

Since RP? is non-orientable, we know that H?(RP?) = {0}, so we conclude that H'(RP?) =
{0}. O

Remark 23.4. We could also prove this directly without using Theorem [23.1} it is not hard
to show that the mapping o! is multiplication by 2, so is an isomorphism since R has no
torsion.

23.3 Connected sum of surfaces

By “surface” we will mean a 2-dimensional smooth manifold. Next, we define the connected
sum operation. Given surfaces M;, My choose points p; € M;, i« = 1,2. Let U; be a neigh-
borhood of p; which is diffeomorphic to By(2), a ball centered at the origin of radius 2 in
R? = C. Let U; : By(0) — M; be a diffeomorphism such ¥;(B,(0)) = U; and ¥;(0) = p;. Let
Vi = M; \ Vi(B12(0)).

Definition 23.5. We define M # M, = Vi [[ V2/ ~ where the equivalence relation is z ~ w
if z € @1(32(0) \ Bl/g(O)) and w € WQ(BQ(O) \ B1/2(0>> satisfy

Wyt (2) ~ (8 (w) 7 (23.6)
where the right hand side means the inverse as a complex number.

Remark 23.6. Instead of the inverse as a complex number, we could have used the mapping
2+ z/|2|> = (Z)7!. Since every surface admit an orientation-reversing diffeomorphism, the
resulting connected sums are diffeomorphic. However, this is not true in higher dimensions
in which case M#N and M#N are not necessarily diffeomorphic.

Remark 23.7. We have the following properties of the connected sum:

(i) My#Ms is a surface which is independent of the choice of base points. This is because
given any surface M, and p1,ps € M, there exists a diffeomorphism f : M — M with

f(p1) = p2.
(i) M#S? is diffeomorphic to M.

(iii) If M; and M, are orientable, then so is M;#M,. This is because the map z — 27! is
orientation-preserving.
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(iv) If either M; or M, is non-orientable, then M;# M, is non-orientable.

We leave the detailed proofs of these properties as an exercise for the interested student.

24 Lecture 24

24.1 Cohomology of compact surfaces

By “surface” we will mean a 2-dimensional smooth manifold. We will compute the de Rham
cohomology of any compact surface. Recall that we have already computed the de Rham
cohomology of 5%, T2, and RP?. Using the connected sum operation, we can obtain all other
surface from these building blocks.

Theorem 24.1 (Classification of compact surfaces). If M is an orientable compact surface
then M 1s diffeomorphic to

k

——f—
S? or T #T? = kH4T?, (24.1)
for some k € Z,. If M is a non-orientable compact surface then M 1is diffeomorphic
k
RP24 . . . 4RP? = k#RP? (24.2)

for some k € Z..

We will not prove this, but will determine the de Rham cohomology groups of each of
these cases. This will show that these examples are pairwise non-diffeomorphic. A useful
definition is the following.

Definition 24.2. For a compact surface M, the Euler characteristic is
X(M) = dim(H*(M)) — dim(H'(M)) + dim(H?*(M)) = b° — b' + b*. (24.3)
Theorem 24.3. We have

R £=0,2
HY.(S?) = o 24.4
fal5%) {0 o (24.4)
and x(S?) = 2. If M = g#T?, then
R k=0,2
HEY (M) = - 24.5
dr(M) {Rgg L (24.5)
and x(M) =2 —2g. If M = (g + 1)#RP? then
R k=0
Hip(M)={RI k=1, (24.6)
0 k=2

and x(M)=1—g.
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Proof. We already know this is true for S? and RP?, and 72. We claim that the Euler
characteristic of a connect sum of surfaces is given by

X(My#Ma) = x (M) + x(Ma) — 2. (24.7)

Given any decomposition of M = U UV into the union of 2 open sets, we have the Mayer-
Vietoris sequence,

0 —— HY (M) —— HI(U)® HIR(V) —— HI(UNV)

L Hlp(M) —— H(U)® HLY(V) —— Hi(UNV) j (24.8)

[—> H2, (M) —— H3p(U)® Hip(V) —— Hi,(UNV) —— 0.
Lemma implies that
X(M) = x(U) + x(V) = x(UNV). (24.9)

Given a surface M and p € M, cover M by open sets U = M \ {p}, V a small ball around
p,and UNV ~ St Applying (24.9),

X(MA\A{p}) = x(M) — 1. (24.10)

Next, we cover Mi# My by U ~ My \{p1}, V ~ M3\ {p2} and such that U NV retracts onto
St. Applying (24.9) with (24.10) yields

X(Mi#My) = x(My) — 1+ x(Mz) — 1 = x(S") = x(My) + x(Ms) — 2. (24.11)

In the orientable case, the proposition implies that

X (9#T%) =2 —2g. (24.12)

In the nonorientable case, the proposition implies that
X((g+ 1)#RP?) =1 —g. (24.13)
and the dimension of the middle de Rham homology group follows since we know the di-
mension of the top de Rham cohomology group. O]

Remark 24.4. We have the miscellaneous facts about surfaces, which follow from the clas-
sification (but can also be proved directly):

e The orientable double cover of M = (g + 1)#RP* is M = g#T?. This follows since

X(M) = 2x(M), a fact which we will prove below.

e The Klein bottle K is diffeomorphic to RP*#RP?, where K is a cylinder with the 2
boundary circles identified by a twist (without a twist, we would obtain a torus). This
contains a Mobius strip, so is non-orientable. The orientation double cover of K is T2,
so x(T?) = 0 = 2x(K) implies that x(K) = 0.

89



o We have T?#RP? is diffeomorphic to 3#RP?, since both are non-orientable, with Euler
characteristic equal to —1.

e Any compact nonorientable surface is diffeomorphic to a compact orientable surface
connect sum with an RP? or Klein bottle. This follows from the classification and the
previous two items.

24.2 Embeddings of surfaces

Any compact orientable surface embeds in R3®. This is clear since the torus embeds as a
surface of revolution, and we can perform the connect sum of disjoint embedded tori by
removing a disc from each and attaching an embedded cylinder. It turns out that a compact
non-orientable surface cannot be embedded in R?, but can be embedded in R*. To see the
latter, we will first show that RP? can be embedded in R*. We define a mapping from R? to
RS by

¢ (z,y,2) = (22, y%, 22, V2y, V2xz, \/§yz) (24.14)

When restricted to S? C R3, this mapping is invariant under the antipodal map, so we get
a mapping

¢ : RP? — RS (24.15)

which is easily checked to be an embedding. The image of ¢ lies in the subset of R®:
6
V:{(xl,...,x6)€R6]w1+x2+x3:1,2xf:1} (24.16)
i=1

This is S° C RS intersected with a hyperplane, so is diffeomorphic to S*. So we have an
embedding of

¢ : RP* — S, (24.17)

which is called the Veronsese RP? in S*. Since S*\ {p} is diffeomorphic to R* under stereo-
graphic projection, by removing a point not in the image of ¢, we find the claimed embedding
of RP? into R*.

To get an embedding of the connect sum RP*#RP?, just take 2 Veronese RP?-s which
are disjoint, remove discs from each, and attach together with an embedded cylinder. Higher
order connect sums of RP?-s follow from the same argument.

24.3 Triangulations of smooth manifolds

Define the standard p-simplex to be

p
AP = {(toa---ytp) GRP+1azti:17ti20}- (24.18)

=0
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For 0 < i < p, the ith face of A? is the (p — 1)-simplex
AP APTE 5 AP (24.19)
defined by
(to, .- tp—1) = (to, ..., tic1, 0,8, . tpo1). (24.20)

More generally, for £ < p — 1, a k-face of A” is a simplex obtained from A, obtained by
setting p — k of the coordinates equal to 0.

Definition 24.5. If M is a smooth compact n-dimensional manifold, a triangulation of M
is collection of diffeomorphisms

LAY M (24.21)
for i = 1... N whose images cover M and such that if
i (AP) N cf(AP) # 0, (24.22)
for i # j, then the intersection is exactly a k-face of both simplices for 0 < & < p — 1.

We will refer to image of ¢}’ as an n-simplex of the triangulation, and the image of any
k-face of a simplex will be called a k-simplex of the triangulation.

Remark 24.6. Using his embedding theorem, Whitney proved that every smooth manifold
M admits a triangulation. The basic idea is to embed M into R". Taking a very fine cubical
lattice in general position, he constructs a simpicial complex in a tubular neighborhood
of M which projects to a triangulation on M. We will not give details of this, but refer
the interested student to Cairns’ 1961 paper “A simple triangulation method for smooth
manifolds”, which is just 2 pages!

25 Lecture 25

25.1 Euler’s polyhedral formula

If M™ is a smooth compact n-dimensional manifold with a triangulation, then let oy be the
number of k-simplices in a triangulation. For surfaces, these are also notated as V = ag, E =
a1, F' = ag since V' is the number of vertices, F is the number of edges, and F' is the number
of faces in the triangulation. We also define Euler characteristic

n

X(M) = (=1)' (M), (25.1)

i=0
where b'(M) = dim(H*(M)) is called the sth Betti number of M.

Theorem 25.1. If a smooth compact surface M admits a triangulation, then
X(M)=ay—a;+as=V —E+F. (25.2)

Consequently, the sum V — E + F 1s independent of the triangulation.
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Proof. Clearly, we can assume that M is connected. Let U be the union of small balls around
the barycenters (center of mass) of the 2-simplices p;. Let Vi = M \ U2, {p;}. Then UNV
is homotopic to the disjoint union of s copies of S*.

Applying the Mayer-Vietoris sequence to U and V' yields that

0 > R » R2 @ HOp(Vy) —— R*2

L Hijp(M) ——— Hjp(Vh) ———— R (25.3)

[‘> Hip(M) ——— Hjp(Vi) ——— 0.
Lemma implies that
0=1—0ay—b"(V}) +ay —b' (M) + b (V) — ay + b*(M) — b*(W1), (25.4)
or
X(M) = x(V1) + az. (25.5)

We next apply the Mayer-Vietoris sequence on Vi, with a new U and V. For this, if 2
2-simplices intersect along a 1-face, then we can connect the barycenters by a curve which
intersects the 1-face in the barycenter of the 1-face.

Then let U be the disjoint union of sets diffeomorphic to balls which are slight “fattenings”
of slight shrinkings of the curves (so that they are disjoint near the endpoints). Let Vj be
the complement in V; of the union of the curves joining the barycenters of the faces. Then
Vi =U UV, U is the union of a4 balls, and the set Vj deformation retracts onto the set of
O-faces. Also, the intersection U N V{ consists of 2a; sets diffeomorphic to balls, since each
curve cuts the fattenings into 2 pieces, so we have the exact sequence

0 > R » R @R —— R?™
(25.6)
L) Hin(V}) ————— 0
Lemma [22.4] implies that

x(V1) = ag — a. (25.7)

Combining with , we have
X(M) = ag — aj + as. (25.8)
O
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Remark 25.2. In dimension n, it is true that

n

X(M) =Y (=1)Fay, (25.9)

k=0

but we leave the details as an exercise for the interested student. (The above proof extends
to the higher-dimensional case with a litte extra work; see [Spi79, Chapter 11]. )

Corollary 25.3. If a finite group T acts freely on a compact manifold M, then
V(M) = L] - x(M/T). (25.10)

In particular, if 7 : M — M isa d-fold covering space, then

X(M)=d- x(M). (25.11)

Proof. If M/T has a triangulation with a4, k-simplices, then we can pull-back the triangula-
tion to M, which is a triangulation with &, = |['|ay k-simplices. O

Remark 25.4. This is a special case of a much more general formula. If 7 : E — B is any
orientable fiber bundle with fiber F' then x(E) = x(F) - x(B). This follows from the Serre
spectral sequence.

25.2 The Riemann-Hurwitz formula

Definition 25.5. Let M and N be compact surfaces. We say that f : M — N is a degree d
branched covering if there exist S = {p1,...px} € N such that f is is a d-fold covering space
away from S, f~!(p;) is finite, and near and q € f~!(p;), f is diffeomorphically conjugate to
z — 2% for some integer d,.

Note that the sum of the branching degrees d; ; for ¢;; € f~"(p;) must satisty Y. d; ; = d.

Theorem 25.6 (Riemann-Hurwitz formula). If f : M — N is a degree d branched covering,
then

X(M) =d-x(N) =) (d, — 1), (25.12)

peEM
where d,, is the local branching degree at p.

Proof. Consider a triangulation of N which has vertices at all of the critical values of f.
This lifts to a triangulation of M which has d times the number of faces, and d times the
number of edges. Then number of vertices is d times the number of vertices which are not
at branching points. At a branching point, the number of vertices is reduced by d,,. m
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26 Lecture 26

26.1 Riemann surfaces

Definition 26.1. A Riemann surface is a smooth surface with a collection of coordinate
charts (U,, ¢o) covering M, such that ¢, : U, — C and with overlap maps ¢, o qbgl :
05Uy NUg) = ¢ (U, N Up) satisfying the Cauchy-Riemann equations.

Example 26.2. Consider S? = C U {oo}. We can cover S? by 2 copies of C, with overlap
mapping z — z~ ', which is holomorphic. Thus S? is a Riemann surface.

Example 26.3. View T2 as C/Z & Z, where the group is generated by translations along a
lattice L. Since translations are holomorphic, we see that 72 is a Riemann surface.

Since nonsingular holomorphic mappings are necessarily orientation preserving, it follows
that Riemann surfaces must be orientable. Actually, any orientable smooth surface is a
Riemann surface, but we will not prove this right now. The main source of branched coverings
arises from holomorphic mappings between Riemann surfaces.

Proposition 26.4. Assuming that M and N are compact Riemann surfaces. Then any
nonconstant holomorphic mapping f : M — N is a branched covering.

Proof. This follows because the set of critical points of f must be finite: in local holomorphic
coordinates, a critical point satisfies % f =0. Since f is nonconstant, this equation can only
have finitely many zeroes. Away from the critical values, f must be a covering space. Near
a critical point, a nonconstant holomorphic function has a zero of some finite order, and is
holomorphically conjugate to z — 29. O]

Example 26.5. For ¢ € N, consider the mapping f : C — C given by z — 2¢. We can
extend this to a meromorphic function f : S — S? by mapping co to co. There are precisely
2 branch points 0 and oo, both of order q. The Riemann-Hurwitz formula yields

X(S?) =qx(5*) —2(¢—1) =2¢—2¢+2 =2, (26.1)

which is correct!

26.2 Hypersurfaces in CP?

Complex projective n-space is defined to be the space of lines through the origin in C**1.
This is equivalent to C"*1/ ~, where ~ is the equivalence relation

(2% ..., 2") ~ (..., w") (26.2)
if there exists A € C* so that 2/ = Aw’ for j = 1...n. The equivalence class of (2°,...,2")
will be denoted by [2° : ---: z"]. Letting U; = {[2" : --- : 2"]|2? # 0}, CP" is covered by
(n + 1) coordinate charts ¢, : U; — C" defined by

0 j=1 j+1 n
@:[ZU:...:z"]H('Z—,...,Z z Z—) (26.3)
j <j <j <j
with inverse given by
gbj_l St w) e fwt T . (26.4)
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Remark 26.6. It is easy to see that CP' is diffeomorphic to S%. For n > 1, note the
overlap maps are holomorphic functions of several variables, which gives CP" the structure
of a complex manifold.

We will now restrict to CP?, and consider the homogeneous degree d polynomial
fo= 20+ 21+ 4. (26.5)
Although f, is not a well-defined function from CP? to C, the subset
Va={p € CP*: fy(p) = 0} (26.6)
is a well-defined subset of CP?.

Proposition 26.7. The subset V; is a compact orientable surface and has genus

(d—1)(d—2)

> (26.7)

g =
Proof. The subset V is closed, and since CP? is compact, V is compact. To see that V is a
submanifold, consider the (complex) partial derivatives

0 . _ a4
fi=dz (26.8)

The set where 2 f; = 0 is the subset {[zg, 21, 22] € CP" | z; = 0}. These 3 subsets have no
common zero. This means that at each point on V,, the complex gradient is non-zero. By
the implicit function theorem, this implies that V; is a smooth Riemann surface.

Since f; is a holomorphic polynomial, V; is a Riemann surface. Since holomorphic maps
are orientation-preserving, V' is orientable. To find the genus, let = : CP?\ [1,0,0] — CP*
by [z0, 21, 22] +> [21, 22]. Since the point [1,0,0] is not on V' = Vj, the restriction of 7 to V;
gives a holomorphic mapping 7 : V; — CP'. Since f is a degree d polynomial, this mapping
has degree d. The branch points are the subset

{[21, 2] € CP" | 234 28 = 0} ={[1,d]}, (26.9)

where (4 is a dth root of —1. There are exactly d of these, so there are d branch points of
order d. The Riemann-Hurwitz formula then gives

X(Va) = dx(CP') — d(d — 1) = —d* + 3d. (26.10)
But we know that x(V};) = 2 — 2¢g, and solving for g yields ([26.7)). O

The first few values of this, starting with d = 1 are
0,0,1,3,5,10,15,21... (26.11)

The degree 1 case is a line, so is obviously CP'. The degree 2 case is also an S2.
The degree 3 case is a torus; this is called an elliptic curve. There is actually a holomorphic
function f : V3 — CP' which is of degree 2, and has 4 branch points of order 2. To see this,
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we can make a linear change of variables so that V5 is equivalent to the Riemann surface

defined by
Vi = {[20, 21, 29] | 202} = 25 — 43223} (26.12)

Then the mapping 7 : [29, 21, 22| > [20, 22] exhibits V5 as such a branched covering. There is
a slight problem since the point [0, 1,0] € VI, but it is easy to check that 7 can be extended
holomorphically to all of V; with a double branched point there. Note this checks out with
Riemann-Hurwitz:

M»

0=x(T?%) =2x(S*) - ) (2-1) (26.13)

=1

27 Lecture 27

27.1 Degree of a smooth mapping

Definition 27.1. A mapping f : X — Y between topological spaces is proper if the inverse
image of any compact set is compact.

Exercise 27.2. Prove the following statements about proper mappings.

(i) Let X and Y be metric spaces. For a sequence of points z; € X, we say that
lim; ,, ©; = oo if given any compact subset K C X, then there exists an integer N so that
x; € X\ K for i > N. Show that f: X — Y is proper iff for any sequence z; € X such that
lim; o0 x; = 00, then lim; o, f(x;) = oo.

(ii) If Y is a manifold and f : X — Y is proper and continuous, then f is a closed
mapping, that is, f maps closed sets to closed sets.

Let f : M — N be a proper smooth mapping between n-dimensional connected and
oriented smooth manifolds. Since f is proper, f* : Q¥(N) — QF(M), and therefore there
is an induced mapping f* @ H!;jz(N) — QF z(M). From Theorem @‘, we know that
Hr(M) = R, with isomorphism given by [w] [y w, and similarly for N. Therefore, we
can make the following definition.

Definition 27.3. The degree of f is the real number deg(f) so that

/M f*w = deg(f) /N w (27.1)

Proposition 27.4. If f : M — N and g : N — M are both proper then go f : N — M s
proper and

for all w € QF(N).

deg(g o f) = deg(g) o deg(f) (27.2)
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Proof. The composition of proper maps is obviously proper. Given w € Q7(M) then

[ worre=[ row=de) [ go=depaces) [ o ey
Il

Proposition 27.5. Let f : M — N be a diffeomorphism. Then deg(f) =1 is f is orienta-
tion preserving, and deg(f) = —1 if f is orientation reversing.

Proof. This follows from the change of variables formula, the definition of the integral is
clearly invariant under diffeomorphisms, but only up to sign. O]

Proposition 27.6. If M and N are compact, and f : M — N s smoothly homotopic to
g: M — N, then deg(f) = deg(g).

Proof. If M and N are compact, we know that H7;n(M) = Hjr(M) and H?,p(N) =
H'n(N). By the Proposition f*=9" Hljp(N) — H]jz(M). O

Remark 27.7. This is not true in the noncompact case. The functions z and 2% as mappings
from C to itself are properly homotopic, yet have different degrees.

Proposition 27.8. If f : M — N s proper and not surjective, then deg(f) = 0.

Proof. It f is not surjective, then there exists ¢ € N which is not in the image of f. Fur-
thermore, since f is a closed mapping, there exists a neighborhood U of ¢ which contains no
points in the image of f. Let x be an n-form supported in U with fUX =1. But f*x =0,
so [y, [*x =0, and thus deg(f) = 0. O

Proposition 27.9. If f : M — N s proper, then deg(f) € Z. Furthermore, if ¢ € N be a
reqular value of f, and let f~'(q) = {p1,...,pr}. Then

deg(f) = 3 sen(.

pi); (27.4)

where

sgn(fulp,) = det(fulp,)/| det(filp,)l; (27.5)

Proof. By Sard’s Theorem, there exists a regular value ¢. Since f is proper, f~1(q) is
compact, and since it consists of isolated points (by the inverse function theorem), it must
be a finite set. We can choose a neighborhood U of ¢ so that f~1(U) = U; [ --- ][] Ux and
such that f : U; — U is a diffeomorphism. Let x € QF(U) satisfy [, x = 1. Then f*x is
supported in U; U - - - U Uy, and we have

k k k
/Mf Y= E_;/U Fx=3 st ) /Ux = sen(Fh) (27.6)

O
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27.2 Applications of degree

In this subsection, we will give several applications of the degree theory developed above.

Corollary 27.10 (Fundamental theorem of algebra). Any nonconstant polynomial in C has
a zero.

Proof. Let P(z) = an2" + ap_12""" + --- + ag, where a, # 0. Recall that CP' = (C?\
{(0,0)})/ ~ where (z',2?) ~ A(z',2?) for A # 0. It is easy to see that we can extend
P(x) : S — 52 as a holomorphic map (it is a meromorphic function on C with a single
pole at infinity of order n). Since P is holomorphic, it is orientation preserving. Since P is a
polynomial, the set of critical values is a finite set. Since P is non-constant, P attains some
value ¢ € S? which is not critical. Since P is orientation preserving at all regular points, the
degree must then be non-zero (in fact, the degree is n). Proposition then implies that
P is surjective. [

Corollary 27.11. There does not exist any non-zero vector field on S™ for n even.

Proof. Let A:S™ — S™ be the antipodal map. We first claim that deg(A) = —1 for n even.
Clearly A is a diffeomorphism, so we just need to check if it is orientation preserving or not.
The standard orientation of S™ is given by

w= (xl @ax’) a(dzt A Ada . (27.7)
Clearly
A*(w) = (=1)" . (27.8)
So if n is even, we have deg(A) = —1.

But if X is a non-zero vector field on S™, let 7,(¢) be the portion of the great circle such
that 7,(0) = p, 7,(1) = —p and such that ~,(0) points in the direction of X,. Then H(p,t) =
Yp(t) is a homotopy between Id and A. This is a contradiction since deg(/d) = 1. O

Remark 27.12. Odd-dimensional spheres always have a non-zero vector field:
X = (—wg, 1, —24, 23, ) (27.9)
We also have the following:

Proposition 27.13. If f : 8™ — S™ is smooth and deg(f) # (=1)"*1, then f has a fized
point.

Proof. 1f no fixed point, then for p € S™, the line segment from f(p) to —p does not hit the
origin. Then we can define

(1—1)f(p) —tp
(1 —=1t)f(p) —tp|’

which is a homotopy between f and the antipodal map. O

H(p,t) = (27.10)
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Next, we have

Proposition 27.14. Let M be a smooth n-dimensional oriented compact manifold with
connected boundary OM. Let N be a compact connected oriented (n — 1) manifold. Let
g:0OM — N be a smooth mapping which extends to a smooth mapping G : M — N. Then

deg(g) = 0.

Proof. Let w be any smooth (n — 1) form on N such that [, w = 1. Obviously dyw = 0
since N is of dimension n — 1. Then by Stokes” Theorem

deg(g) = /8 gw= /a Gw= /M dy (G w) = /M G* (dyw) = 0. (27.11)
O

Corollary 27.15 (Brouwer fixed point theorem). If f : B — B™ is smooth, then f has a
fized point.

Proof. Assume by contradiction that f has no fixed point. Then define G : B — S™~! by

z — f()
G(r) = ———. (27.12)
|z — f(z)|
Letting g = G|gn-1, by the previous proposition, we have deg(g) = 0. However, define
H:S8" 1 x0,1] = S" ! by
z —tf(z)
H(r,t) = — 22 927.13
0= ) )
Clearly, the denominator never vanishes, so H is a smooth homotopy between g and the
identity map. Since deg(Id) = 1, this is a contradiction. O]

27.3 Top degree cohomology

We prove the following, which will complete our understanding of the top degree de Rham
cohomology of any smooth manifold.

Proposition 27.16. If M is a non-compact smooth manifold of dimension n, then
H(M) = {0}. (27.14)

Proof. Assume that w € " has compact support in a coordinate neighborhood U = Uj.
We then find a “ray” of coordinate neighborhoods, that is, U; such that U; N U;;1 # () and
is connected, but the sequence leaves any compact subset of M. Choose w; € Q2 (U; N U;4q)
which generates H(U;). Then

w=dm + cw;
=dn + 01(02w2 + d772) (27'15)
= dn + c1dne + c1co(dns + cswz) = -+ - .
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So we have

w = dm + c1dng + cicadns + creacgdng + - - -
(27.16)
= d<771 + c1dne + c1cadns + crcocsdng + - - )

Since the open sets U; leave any compact subset, this is a finite sum at any point, so this
shows that w = dn, where n € Q"1 (M).

Next, given any w, we can find a sequence of coordinate neighborhoods U; such that
{U;} covers M and which is locally finite, and which leaves any compact subset. Let ¢; be
a partition of unity subordinate to {U;}. Then by the above, we can write w; = ¢;w = dn;,
where the support of n; is contained in U; U U;.; U - - -. Finally,

w= Zwi = de = d(z n), (27.17)

and the form n = > n; makes sense since the U;-s leave any compact subset. [

Let us summarize our results on the top-dimensional cohomology of any connected smooth
n-dimensional manifold.

Theorem 27.17. Let M be a connected smooth n-dimensional manifold. Then

Ho (M) = R Mcompact. and orientable (27.18)
0 M otherwise
and
R M orientable
noo(M) = ) 27.19
car(M) {0 M otherwise ( )

28 Lecture 28

28.1 Real projective spaces

Recall that RP"™ is the space of lines through the origin in R"*!. Equivalently, RP" is the
space of vectors in R"™ modulo the equivalence relation

(U1, .« Upg1) ~ (cv1, ..., cpqq), ¢ #0. (28.1)

Since every line through the origin hits the unit sphere in exactly two points, we can desribe
RP"™ as a quotient space. That is,

RP" = S"/Z,, (28.2)
where Zy acts by p — A(p) = —p. Let m: S™ — RP" denote the projection mapping.

Proposition 28.1. RP" is orientable if n is odd, and non-orientable if n is even.
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Proof. In the last lecture, we saw that

0N .
o o A dz" 28.
w (a: aﬂ)J(dw Ao ANdx™) (28.3)

is a nowhere-vanishing n-form on S™ C R"™!. Clearly,
Atw = (=1)"w. (28.4)

So if n is odd, w is invariant under the above Zs action and thus descends to be nowhere-zero
n-form on RP".

In n is even, then A*w = —w. This says that A is orientation-reversing. If RP" were
orientable, then it would have a non-zero n-form w € Q"*(RP"), and the pull back form 7*w
would be a non-zero n-form on S™ which is invariant under A:

A'm*w = (mo A)'w = 1w, (28.5)
since m o A = m. This says that A is orientation-preserving, which is a contradiction. O]

We next compute the de Rham cohomology of RP".
Theorem 28.2. We have

R k=0
HY(RP") = % 2 i l:l zdz (28.6)
0 k=mneven
Proof. Since A : 8™ — S™ satisfies A2 = Idgn. For each 0 < k < n, we have that
QF(S™) = QF (S™) @ QF (S) (28.7)
where
QF(S™) = {w e QF(S™) | A*w = Fw}, (28.8)
because we can write
W= %(w + AW + %(w — A'w) (28.9)
We claim that
™ QF(RP™) — QF (S™) C QF(S™), (28.10)

and is an isomorphism. Just as above m o A = 7 implies that A*1*w = 7*w, so clearly the
image of the pull-back lies in the space of invariant forms. Next, we need to show that if
w € OF(S™), then w is the pull-back of a form a € QF(RP"). That is, if A*w = w, then for
pe S" and Xy,..., X € T,5",

wWp( X1, Xpp) = (T70)p (X1, -, Xi) = Q) (M X1, o0 T X)), (28.11)
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Let us use this equation to define ary,). We need to prove this is well-defined. Given
[p] € RP", there are exactly 2 preimages p and A(p) = —p. The mappings (7.), : 1T,5" —
T[p]R]P)n, (’/T*)A(p) : TA(p)Sn — T[p]RPn, and (A*)p : TpSn — TA(p)Sn are iSOHlOI‘phiSHlS. Given
[p] € RP" and Y3,...Y), € TjRP", there are exactly 2 choices:

ap(Yi, .. Vi) = wp((ma), "Y1, . (), ' Ya), (28.12)
or
(Vi Vi) = wag) (1) 3y Vi, - (m) 50, Vi), (28.13)

Since m o A = 7, we have

() Ay (As)p = (T)p- (28.14)
Since all of the mappings are isomorphisms, this implies that
()i = (A, (28.15)
SO can be rewritten as
(Vi Ye) = wag(A)p(m)y Vi, .. (A)(m)y V). (28.16)

The condition that w is invariant under A, A*w = w says that

(A"w), (X1, Xi) = wag (A X1, AKXy (28.17)

Choosing X; = (m,),'Y;, we see that (28.12) = (28.13), therefore o is well-defined.
We next note that if A*w = w then

A'dw = dA™w = dw, (28.18)
so the exterior derivative maps
d: QF(S™) — QEFL(S™). (28.19)
We therefore have the commutative diagram

-1 QFYRPT) — QF(RP) —Ls QFL(RP?) —1 -

lw* l”* l”* (28.20)

. d Q’fl(S”) d ; Qﬁ_(sn) d ; QT_l(Sn) L}

Since 7* is an isomorphism, we have
Hip(RP") = HY(Q(5™)) (28.21)
We next note that if A*w = —w then

Atdw = dA*w = —dw, (28.22)
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so the exterior derivative maps
d: QF (™) — QFFL(S™). (28.23)
We can also decompose the de Rham complex on S™ by
OF1(5m) @ QFL(sm) 2Lk (57) @ F (S7) 224, kL (gn) @ (M), (28.24)
This implies that
Hp(S™) = HF(QU(S™) @ HF(Q(S™)). (28.25)

Next, note that since A is a diffeomorphism satisfying A? = Idg», we have that A induces a
mapping on cohomology

A HER(S™) — HbR(S™), (28.26)
which also satisfies (A*)? = T dpr(sny- Consequently, we can decompose
HEL(S™) = HE(S™) @ HE(S™), (28.27)

where HY(S™), H*(S™) are the invariant and anti-invariant cohomology classes, respectively.
Equivalently, these are the +1 and —1 eigenspaces of A*. We next claim that

H*(Q(S™) = HE(S™). (28.28)
This follows because we have two decompositions
Hip(S") = H*(QL(S™)) & H*(QZ(S"))
= HJ’“F(S”) ® H*(S™),
the first factors are the +1 eigenspace, and the second factors are the —1 eigenspace, so they
must be equal.
To finish the proof, we clearly have HY,(RP") = {0} for 0 < k < n. For k = n, we

know that A* = (—1)"*! acting on H75(S™), so we have that H7,(RP") = R if n is odd, and
H}(RP™) = {0} if n is even.

(28.29)

O

28.2 Finite group quotients

Let M be a smooth manifold, and I' be a finite group acting freely on M. That is, we have
is a smooth mapping

A:TxM—M (28.30)
satisfying

A(g192,p) = A(g1, Ag2,p)) (28.31)

and A(e,p) = p for all p € M, where e is the identity element of I'. The action A is free if
A(g,p) = p for some p € M implies that g = e. Let A, : M — M denote the diffeomorphism

Ag(p) = Alg;p).
Recall that the quotient space M/T" is a manifold. Furthermore, 7 : M — M/T is a

covering space of order |I'| with deck transformation group I'.
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Definition 28.3. The space of invariant k-forms
QF (M) = {w € Q"(M) | Ajw =w for all g € T'}. (28.32)
Proposition 28.4. The mapping 7 : Q¥(M/T) — QF (M) is an isomorphism.

Proof. For each g € I', we have m o A; = 7 which implies that A*m*w = 7*w, so clearly the
image of the pull-back lies in the space of invariant forms. Next, we need to show that if
w € OF (M), then w is the pull-back of a form o € Q¥(M/T). That is, if A%w = w for all
g € I', then for p € M, and Xy,..., X} € T,M,

wo(X1, . X)) = (7 )p(Xy, -, Xi) = ey (M X1, - 1 X, (28.33)

Let p be any preimage of [p] under the projection 7. The mapping (7.), : T,M — Tj,(M/T)
is an isomorphism. Given Yi,...Y}, € Ty, (M/T), we define

o (Yi, .. Vi) = wp((me), "Y1, . (m), ' Ya). (28.34)

We need to show this is well-defined. Let p be any other preimage. Then there exists g € '
such that p = Ayp. Using A,p instead of p in the definition yields

Qp] (Yi, e ,Yk) = wAg(p)<<7T*)2;(p)Y1, ceey (ﬂ-*>£;(p)yk)' (2835)

Since m o A, = 7, we have

(7:) 450 ((Ag)s)p = (72 )p- (28.36)
Since all of these mappings are isomorphisms, this implies that
() ay ) = (Ag))p(m)y ™ (28.37)
SO can be rewritten as
(Vs Vi) = a0 () )pm)y Vi (A (m); Vo). (28.39)

The condition that w is invariant under A,, AJw = w says that

wp(X1, - Xi) = (AZ)p (X1, Xk) = wia i (Ag)u X, (Ag)uX). (28.39)

Choosing X; = (m,),'Y;, we see that (28.34) = (28.35), therefore o is well-defined. O

Proposition 28.5. We have
Hin(M/T) = HH (@3, (M)) (28.40)
Proof. If A*w = w then

A'dw = dA™w = dw, (28.41)
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so the exterior derivative maps
d:QF (M) — QM. (28.42)
We therefore have the commutative diagram
L RN (MT) —4 QF(MT) — QFY(M/T) —4s ..
l”* l“* l”* (28.43)
L o M) —2— OF (M) —L— MY (M) —2— -
Since 7* is an isomorphism, this finishes the proof. m
Next, we have the following
Proposition 28.6. The induced mapping
™ HYo(M)T) — Hbo (M) (28.44)
18 1njective.
Proof. We have that % (M) C Q*(M) is a subcocomplex. This induces a mapping
HH Q3 (M) = Hip(M) (28.45)

by the following. Take an equivalence class [w] € H*( (M)) represented by w € QF (M),
and map this to the cohomology class [w] € H¥,(M). This is well-defined, since if w = da
where a € Q¥ (M) then obviously [w] = 0 in H¥,(M) also.

By the previous proposition, we just need to show that the mapping is an injection.
For this, we need to show that if w € QF (M) satisfies w = da for a € Q¥ (M), then w = dp3,
where 3 € Q51(M). For this, simply define

1
b= > A (28.46)
gel
For any ¢ € G, this satisfies
Ay = m Z Ag Ay = m Z Aggrar = |?| Z Aga=p (28.47)
gel’ gel’ gerl
so B € Q5 H(M). Then
1 . 1 . 1
ds = I > dAa = i > Ardo = m Y da = da. (28.48)
gerl’ gel gel’
0

Definition 28.7. The kth Betti number of M is

V5(M) = dim(HE,(M)). (28.49)
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We can phrase the above result as follows.

Theorem 28.8. If m: M — M/T is as above, then
bE(M) > bE(M). (28.50)

Example 28.9. Recall we have 7 : T? — K as the orientation double cover of the Klein
bottle. The inequalities 1 = *(T?) > b*(K) = 0 and 2 = b'(T?) > b'(K) = 1 show that
(28.50|) can be strict.

Example 28.10 (Lens spaces). Choose relatively prime integers 1 < ¢ < p. Consider
S3 CR*=C? as

S ={(z1,2) € C* | |21 + |2 = 1}. (28.51)
Let I' = Z/pZ act on S* generated by
(21, 22) = (Gp21, G 22), (28.52)

where ¢, is a primitive pth root of unity. It is easy to see this is a free action, so S*/T' = L(p, q)
is a smooth 3-manifold. The inequalities show that v*(S3/I") = b*(S?), so the
de Rham theory is unable to distinguish these spaces. However, since m(S%/T) =T, if p # p/
then L(q,p) cannot be homeomorphic to L(¢’,p’), so the fundamental group can distinguish
these. An interesting question is: when exactly are L(q,p) and L(q¢’,p) diffeomorphic?

28.3 Compactly supported cohomology
If M is noncompact, the mapping 7 : M — M /T is proper. Therefore we have

T QE(M/T) — QF (M). (28.53)

The above arguments holds verbatim for compactly supported cohomology, so we have:
Proposition 28.11. The mapping ©* : QF(M/T) — QF (M) is an isomorphism, and

H{gp(M/T) = H*(Q (M) (28.54)
Furthermore, the induced mapping

7 HY yo(M/T) — HE o (M) (28.55)
18 1njective.

As an application, we can give another proof of the following.

Theorem 28.12. If M is a smooth manifold of dimension n which is non-orientable and
connected then H' (M) = {0}.
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Proof. Recall the construction of the orientable double cover 7 : M — M: the bundle A™(M)
is a real line bundle. Endow this bundle with a Riemannian metric, and then M is the unit
sphere bundle. Since M is non-orientable, M is connected. The mapping A : Wp = —wp is
clearly a free Zg-action on M, and M = M /Z,.

We claim that M is orientable. Given p € M, there are precisely 2 preimages p and Ap
under 7. The point p = w, is, by definition, a non-zero n-form on 7,M, so determines an
orientation on T,M. The mapping =, : TI;]\Z — T,M is an isomorphism, so we give T; ﬁM
the induced orientation. Similarly, we give Tl4; the induced orientation. This clearly gives
a smooth orientation on M, called the tautological orientation. Note that the mapping A is
orientation-reversing ( otherwise, the quotient space would also be orientable).

For compactly supported cohomology, we have

T H;de(M/r) — Hng(M) (28.56)

is injective. Given w € Q7(M), we have w = 7*w satisfies A*© = ©. But

/@:—/ A*az:—[ A*D, (28.57)
M M M

since A is orientation-reversing. Consequently,

/M o=0. (28.58)

By the first part of the proof of Theorem , this implies that [@] = 0 € H,;p(M). But
since 7* is injective, this implies that [w] =0 € H[ p(M). O

29 Lecture 29

29.1 Mayer-Vietoris for cohomology with compact supports

Let M be a manifold, possibly noncompact. Let QP(M) denote the smooth p-forms with
compact support. We have a complex

L ey (M) —4 QM) —Ls ey (M) —4s o (29.1)

and Hg Jr(M) is defined to be the cohomology of this complex. Of course, if M is compact
then H! (M) = Hjp(M).

Write M = U UV as the union of two open sets in M. Note that if U; C U, and
w € QF(U;) then w extends to be a compactly supported form in Us. Letting ¢ : U; — Us
denote the inclusion mapping, we denote by i,w this extension map on forms. We claim that
the following sequence is exact:

0—— QUNV) -2 U)(V) 2 QUUV) — 0 (29.2)
where
&P (wurv) = ((ilvnveo )wonv, —(ivnvey ) «wony) (29.3)
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and
BP(wir, wy) = (ivesn)swur + (v ar)swy - (29.4)

To see this, G is obviously injective. For exactness at the middle step, obviously P& w = 0.
If gr (wy,wy) = 0, then wy = —wy . This implies that the support of both forms is contained
in U NV, and since they are equal there, take wyny = wy, and then (wy,wy) = &P (wy).

To show that B is onto, let w € QP(M). Let ¢y, ¢y be a partition of unity subordinate
to the covering {U,V}. Then w = 7(¢yw, dyw).

Consequently, from the ziz-zag Lemma, we obtain a long exact sequence

L WL UNY) =\ (U) @ HY (V) S HY (U UV) s

) (29.5)
Let us review the definition of the mapping ¢”. Given a cohomology class [w] € H ;,(UUV),

represented by w € QP(U U V) with dw = 0, we first write w = Bp(¢Uw, ¢yw), then we apply
the exterior derivative to get

(d(ppw), d(pvw)) = (ddy A w,ddy Aw) € QUU) & QL(V) (29.6)
Either of these elements is supported in U NV and then since doy A w + doy A w = 0,
0'w = [doy Aw] = [—dy Aw] € H (U NV). (29.7)

Remark 29.1. This mapping appears to depend upon the choice of partition of unity, but
recall that when viewed as a cohomology class, it is actually independent of such choice.

29.2 Good covers
Recall the Poincaré lemma for compactly supported cohomology, Lemma [20.1} showed that

& w JR kE=n
Hc,dR(R)_{O k% n (29.8)

Remark 29.2. This shows that H} (M) is not a homotopy invariant, since (20.26) is
not the same as the cohomology of a point. But of course, H} z(M) is a diffeomorphism
invariant.

We have the following definition.

Definition 29.3. We say that a manifold M has a good cover U; each non-trivial finite
intersection U;, N---NU;, has the same de Rham cohomology as R", and the same compactly
supported de Rham cohomology as R™.

Recall we proved ealier that if M has a finite good cover, then the de Rham cohomology
is finite-dimensional. We next extend this to compactly supported cohomology.

Corollary 29.4. If M has a finite good cover, then the compactly supported de Rham coho-
mology s finite-dimensional.
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Proof. Recall that if

A-Lsp-92,¢ (29.9)

is exact at B, then
B = Ker(g) ® Im(g) = Im(f) ® Im(g). (29.10)

Consequently, if A and C are both finite-dimensional, then B is also finite-dimensional.

We prove the corollary using induction on the number of open sets in a finite good cover.
To see this, let k£ be the number of sets in a good cover. For k = 1, we know the corollary
is true. Assume the corollary is true up to k, and let {Uy,...,Uky1} be a good cover of a
manifold M. Let U = U, U---UUy, and let V = Ugyy. Then U and V have good covers
with fewer that k£ + 1 open sets, so their compactly supported de Rham cohomology is finite-
dimensional. Also, Uy NUyy1,...,UrNUgyq is a good cover of U NV, so the theorem is true
for UNV as well.

Now we look at the following portion of the compactly supported Mayer-Vietoris sequence

S HP p(U) @ HY o (V) —2 HY (p(UUV) =2 HPSLU N V) 22
(29.11)
The above observation then implies that H[ (U U V) is finite-dimensional. O

Next, we need the following technical lemma.

Lemma 29.5. If U is a star-shaped open set in R", then HE,n(U) = H};n(R™) for all
0 <k <n. Furthermore, an isomorphism of H';(U) and R is given by integration.

Proof. The proof is not too difficult, but we only give an outline. The main idea is to first
show it is true for a star-shaped open set U whose boundary is a smooth graph over a small
sphere around the star point; it is easy to show such a set is diffeomorphic to the unit ball
in R” by a diffeomorphism which is maps lines through the star point to lines through the
origin. Then one shows that an arbitary star-shaped open set U can be approximated from
the inside by star-shaped open sets U; with smooth boundary such that U; C U;y; and
U = U;U;. Then if w € QF(U) has compact support K, then there exists 4 such that K C Uj,
which reduces to the case with smooth boundary.

For k = n, we already determined the top degree compactly supported cohomology of any
oriented manifold; the isomorphism with R is given by integration; see Theorem [23.1] [

Remark 29.6. It is actually true that U is diffeomorphic to R™, but this is more difficult
to show, and we do not need such a strong result.

Corollary 29.7. If M is compact, then M admits a finite good cover.

Proof. Using a Riemannian metric, there exists a covering of M by geodesically convex
neighborhoods. Any nontrivial intersection of such sets is also geodesically convex. Using
the exponential map at any point, a geodesically convex set is diffeomorphic to a star-shaped
domain R"™. This is contractible, so from the Poincaré Lemma, it has the same de Rham
cohomology as R". Lemma tells us that it also has the same compactly supported de
Rham cohomology as R", so we are done. O
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29.3 The five lemma

We next discuss some homological algebra, which we will use next time to prove Poincaré
duality and the Kiinneth formula.

Lemma 29.8 (The five lemma). Assume the diagram

‘/1 a1 ‘/2 a2 ‘/é a3 ‘/4 (e 7] , ‘/5
l¢1 ltbz l¢3 ld)z; l¢>5 (29' 12)
W, B1 W, B2 Wi B3 W, Ba s Wi

commutes, and has exact rows. If ¢1, Pa, G4, 5 are isomorphisms, then ¢z is also an isomor-
phism.

Proof. Injectivity of ¢3: If ¢p3(v3) = 0, then B3(p3(v3) = 0 = ¢pyaz(v3). Since ¢y is injective,
az(vz) = 0. By exactness, vy = as(ve). Then ¢zas(vy) = 0 = Pape(ve). By exactness,
¢2(ve) = B1(wy). By surjectivity of ¢q, wy = ¢1(v1). Then

Pa(v2) = Pro1(v1) = Poai(v1), (29.13)

but since ¢, is injective, this implies that vy = aq(v1). Finally, vy = as(vs) = agay(v1) =0,
by exactness.
The proof of surjectivity is similar, and left to the student. O]

Exercise 29.9. Prove the surjectivity of ¢3.

30 Lecture 30

30.1 Some more algebra
Another useful lemma is the following.

Lemma 30.1. If the sequence

W1 SN WQ b > W3 (301)
1s exact at Wy, then the dual sequence
Wy 2 W s Wy (30.2)

15 exact at W3

Proof. First, if w; € W3, and w; € Wi, then

" (Frwz)(wr) = (B wz)(a(wy)) = wy(Be(wr)) = 0, (30.3)

since foa = 0 by assumption. This proves that Im(8*) C Ker(a*). For the other direction,
if wy € Ker(a®), then for all wy € Wy, o*(w})(wy) = wi(a(w;)). So the element 0 =
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wyoa € Wi, We want to find wi € Wy such that w; = g*w3. For all wy € Wh, this is
wi(we) = wjPwsy, which is just wi = wj o B. So if wsz € Wy is of the form [(ws) then define

wi(ws) = wi(ws). (30.4)
If wy = B(wh), then B(ws — wh) = 0, so wy — wh = a(wy). Then
wy(wz — wy) = wi(a(wr)) = (wia)(w) = 0. (30.5)

So we have defined w} on the subspace Im(f8) C W3. To extend to a linear mapping on all
of W3, just take any subspace so that W3 = Im(8) @ W, and define wj to vanish on W.
Then the condition wj = wj o 8 is obviously satisifed. ]

Next, another lemma.

Lemma 30.2. Let B and C' be vector spaces. Then
(BeC)y*=2B*aC* (30.6)

Proof. Let 1p: B — B@® C and 1¢ : C' = B & C denote the inclusion mappings. Define
f:(BaC)*— B*®& C* by

f(m*) = (pm*, iem’”). (30.7)

Define g : B* & C* — (B& C)* by

g(b*, ) (b, ¢) = b*(b) + ¢*(¢). (30.8)
Then

m(f 0 g) (1. (b) = g(b, ) (b) = g(b°, ") (b, 0) = b (). (30.9)
Similarly,

me(f o g) (b7, ¢)(e) = tig(b, ) (e) = gb7. ) (0,¢) = ¢*(¢). (30.10)

This implies that f o g = Idg«gpc+. Next,

go f(m*)(b,¢) = g(epm”, tem™)(b, ¢) = tpm™(b) + tem”(c)

30.11
= p(B) + () = (.0) 4w 0.0) = (), D
so go f = Idpec)- O
30.2 Poincaré duality
If M is any oriented manifold of dimension n, then we have a pairing
QF (M) x QP (M) — R, (30.12)
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(

given by

(a,8) = /Moz/\ﬁ- (30.13)

By Stokes” Theorem, this mapping descends to cohomology, and since this mapping is bilin-
ear, we obtain a pairing

PD: Hfp (M) @ HY¥(M) — R. (30.14)

In the case M™ has the same de Rham cohomology and the same compactly supported
de Rham cohomology as R™, then we have H* (M) = H}*(M). Furthermore, we have
an isomorphism

PD : Hyp(M) — (Hgg(M))" (30.15)
given by PD(a)(8) = [,; & A 8. This follows from Theorem [23.1]
Theorem 30.3. If M" is orientable and has a finite good cover, then

PD : Hip(M) = (HIZ5(M)) (30.16)

s an isomorphism for all 0 < k < n.

Proof. Let m = n — k, and consider the diagram

B

Yy e HRS L (V) T gl nyv) 2 gE oo L HE U e HE (V) — s HE UV
ar OO Hyp (V) ——— Hjp (UNV) ——— Hjp(UUV) ———— Hjp(U) @ Hjp(V) ——— Hjp(UNV)
lPD@PD lPD lpp lPDGBPD LDD (30.17)

Hm+1

c,dR

o) e

. Lamtiys . (Gmy* . . (3™ . . . @y .
Hd,;Rl(V)) gl Hc,;rRl(UﬂV) » HTYyp(UUYV) » (Hyg(U) & Hyp (V) — HTyr(UNV)

The top horizontal row is exact since it is the usual Mayer-Vietoris sequence. The bottom
horizontal row is exact since is the dual exact sequence of the Mayer-Vietoris sequence with
compact support. We next claim that this diagram commutes up to sign, so by changing
some of the vertical maps to their negatives if necessary, we obtain a commutative diagram.

Consider the square

HENUNYV) 2 HEL(UUY)
lpD lpD (30.18)
R0V S g o)
For the mapping
PDod* 't Hig" (UNV) = HYp(UUV)* (30.19)

let’s take an element [w] € Hjz' (U N'V), and an element [r] € H™ (U UV). Then

(PD o 8" w))[r] = PD(6" w))[r] = /M((Sk_lw) AT. (30.20)
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Recall from our discussion of the Mayer-Vietoris sequence that

d :
geotyy — Jdov Aw iU (30.21)
—doy ANw inV
This form is supported in U NV, so we have
(PD o s [u])7] = / () AT = / (—dgy Aw) AT (30.22)
Unv Unv
Next, we look at the mapping
(0™)* o PD: HyH (UNV) — HIYp(UUV)™ (30.23)
We then have
((6™)* o PD[w])[r] = PD[w](6™[7]) = / w A O™, (30.24)
Unv

Recall from our discussion of the compactly supported Mayer-Vietoris sequence that

0" = [doy A7) = [—doy AT] € HSR(UNV). (30.25)
So we have
(6™ o PDW))[r] = / w A dy AT = (—1)F! / déu Aw AT, (30.26)
unv unv
So we see that
(0™)* o PD = (=1)¥PD o 61 (30.27)

Next, we look at the square

ﬁk
Hijp(UUV) ——— Hip(U) & Hjp(V)
lPD lPD@PD (30.28)

" . o
HIp(UUV) — (Hc,dR(U) @Hc,dﬁc(v))

For the mapping
(PD & PD)o " : Hiy(UUV) = (HIur(U) ® HI4p(V)), (30.29)
choose [w] € Hip(UUV), [n] € HI4x(U) and [rp] € H(V), and we have

((PD & PD)o f*w])([n], [r2]) = (PDy o Bilwl) (Im]) + PDy o By [w]) ([7])
(30.30)
:/UOJ|U/\’7‘1—|—/VCU|\//\7‘2.
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Next, we look at the mapping
(B™)* o PD: Hip(UUV) — (Hp(U) & HYp(V))', (30.31)

for which we have

(3™ 0 PDL] ) (In), [r2)) = PDI](B™ ([71], [72])) = PDL](ry + 72)

:/ w/\(7'1+7'2):/ w/\ﬁ—{—/ w A Ty (30.32)
M M M

:/w/\71+/w/\72,
U 1%

since 71 has compact support on U and 75 has compact support on V. So we have that
(PD & PD)o 8* = (f™)* o PD. (30.33)

We leave the remaining a square(s) as an exercise.

By the five lemma, if the outer 4 vertical maps are isomorphisms, then so is the central
vertical map. The proof is completed by induction on the number of open sets in the good
cover, since we know it is true for R™ from the previous lecture. n

Exercise 30.4. Show that the a squares commute up to sign.

31 Lecture 31

31.1 Some consequences of Poincaré duality

An immediate corollary of Poincaré duality is the following.

Corollary 31.1. If M™ is a connected and orientable n-manifold with a finite good cover
then H% (M) and HZ;,’,?(M) have the same dimension. If M is moreover compact, then

HE (M) and HjR"(M) have the same dimension.
We also have the following corollary.

Corollary 31.2. If M™ is a compact odd-dimensional manifold, then the Euler characteristic
x(M) = 0.

Proof. 1f n is odd and M is orientable, then by Poincaré duality,

n [n/2] n
X(M) =Y (=D (M) =Y (=)W (M) + > (=1)H(M)
i=0 i=0 i=[n/2]+1
[n/2) [n/2]
= (1) (M) + Y (—1)/AEp 2 (A ) (31.1)
[;_/2} o [Zm_/Z] o
= Z(—l)ZbZ(M) - Z(—1)W<M) =0.

If M is not orientable, then let M be the orientable double cover. Then 0 = x(M) = 2x(M)
implies that x(M) = 0. O
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Remark 31.3. By the Poincaré-Hopf Theorem, this implies that every odd-dimensional
manifold admits a nowhere-vanishing vector field.

31.2 The intersection form

Let M™ be a compact even-dimensional oriented manifold, and write n = 2m. Poincaré
duality says that

PD: HiW(M) @ H™(M) — R (31.2)

is a non-degenerate pairing. We have that

PD(a,ﬁ):/Ma/\ﬁ:(—l)m2/ BAa=(=1)"PD(8,a), (31.3)

M

therefore if m is even, PD is symmetric, while if m is odd, PD is skew-symmetric.

Corollary 31.4. If M™ is a compact oriented manifold of dimension n = 4k+2, then x (M)
18 even.

Proof. Using Poincaré duality, we have that

X(M) = Z(—l)ibi(M) = Z(—l)ib"(M) + > (=1 (M)
_ _b2k+1(M) + Z(_l)zbz<M> + Z(_1)2k+2+jb2k+2+j(M) (31.4)

_ _b2k+1(M) +2 Z(_lybl(M)

So the claim is equivalent to b***1(M) being even. However, as observed above, the inter-
section form is a non-degenerate skew-symmetric form on H?*1(M), so it must be even
dimensional. O]

In case n = 4k, then PD is a nondegenerate symmetric bilinear form on H*(M). By
Sylvester’s Theorem, we can make the following definition.

Definition 31.5. If M** is a compact oriented manifold of dimension a multiple of 4, let

b2*(M) denote the number of positive eigenvalues and b** (M) denote the number of negative
eigenvalues of PD on H?*(M). The signature of M** is

o(M*) = bik(M) — v*F(M). (31.5)
Since PD is non-degenerate, it cannot have a zero eigenvalue, so we must have
bF(M) = b (M) + b*(M). (31.6)

Note that b2*(M),b* (M), and o(M) are oriented diffeomorphism invariants of a compact
oriented manifold M** of dimension a multiple of four.
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31.3 Kinneth formula
We begin with an algbraic lemma.
Lemma 31.6. If the sequence of vector spaces

B

W1 SN W2 > W3 (317)

1s exact at Wy, and V' 1s any finite dimensional vector space, then the sequence

WMoV Y wev 229 w,ev (31.8)
is exact at Wo Q@ V.

Proof. Clearly, (8 ® 1y) o (o ® 1y) = 0, which implies that Image(a ® 1y) C Ker(f ® 1y).
For the reverse inclusion, choose a basis ¢;,1 < i < dim(V'), of V. Any element v € Wy @ V
may be written as a linear combination

dim(V

v = Z b; ® e, (31.9)

where b; € Wa. If f® 1y (v) = 0, then

dim(V)

0= Y Bb)®e. (31.10)

i=1

The only way this element can vanish in the tensor product is that 5(b;) = 0 for all i. By
exactness of the original sequence, this implies that b; = «(a;) for elements a; € Wi. Then

dim(V) dim(V
v=Y ala)®e=(a®ly) ( Z az®ez) (31.11)
O

Let M and N be smooth manifolds. Let 7 : M x N — M denote the projection onto the
first factor, and p: M x N — N be projection onto the second factor. There is a mapping
from

K :QP(M) x QYN) — QPTY(M x N) (31.12)
given by K : (w, ¢) — mw A p*¢. Since K is bilinear, there is an induced mapping

K :QP(M)® QYN) — QPTY(M x N) (31.13)
Note that if dw = 0 and d¢ = 0 then

K((w+da),¢) =" (w+da) A p*¢
=T'wAp P +dria A pP (31.14)
=T'wAp P+ d(ma N p ).
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Consequently, there is an induced mapping
K : HY,(M)® HIp(N) — HPT(M x N). (31.15)
By taking direct sums, we obtain a mapping
v @ HY(M)® HYN) — H*(M x N). (31.16)
p+q=Fk
The next theorem says that ¥ is an isomorphism for each k.
Theorem 31.7 (Kiinneth formula). For any k € Z,k > 0, we have
Hjp(M x N) = € Hi,(M)® Hip(N). (31.17)
pta=k

Proof. It M = U UV, then consider the Mayer-Vietoris sequence on M:
S HE (U UV) s HEL(U) @ HEL(V) =2 HE(UNV) 2 ... (31.18)

In the category of vector spaces, tensor products preserve exact sequences, so we have an
exact sequence

. — S HP(UUV)® HF ~P(N) —— (HP(U) @ HF~P(N)) @ (HP(V) @ HF ~P(N)) —— HP(UNV) Q@ HF "P(N) —— - .- (31.19)

Next, take the direct sum on p from 0 to k, and we have a long exact sequence. Consider
the following diagram.

BE_GHP(UUV) @ HF"P(N) —— @k_((HP(U) @ H*"P(N)) @ (HP (V) @ HF 7P (N)) —— @k_HP(UN V) @ HF7P(N)

lw lw lw (31.20)

HF((UUV) x N) HE(U x N)® H*(V x N) H*((UNV) x N),

where the lower row is the Mayer-Vietoris sequence with respect to the open cover {U X
N,V x N} of M x N. This is straightforward to check commutativity. If we continue the
diagram to the right, we see the following square

O HP(U N V) @ HYP(N) —s @ HP(U UV) @ H*?(N)
I I (31.21)
Hk((UﬂV) XF) i N HkJrl((UUV) XN).

Ifw®¢e H(UNV)® H*?(N). Then

Poi(w ® @) = P((dw) © @) = 7" (0w) A p"¢ (31.22)
Sh(w® @) = dao(mw A p* ). (31.23)

Recall the definition of d: if py, py is a partition of unity with respect to the covering {U, V'}
of M, then

) d(pyw) inU
o(w) = {_d(pr) v (31.24)
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Note also that 7*py, 7*py is a partition of unity with respect to the open covering {U x
N,V x N} of M x N. Therefore

d(m* i N
() = o) i U (31.25)
—d(m*pyy) inV x N.
On the set U x N, we have
J =7"(d A p*
b @ 6) = 7 (d{pves)) A 6 126

=d(m*py) AT w A p*o,
and

02 (w ® @) = a(T"w A p* )
=d(m*pv(T*w A p*¢)) (31.27)
=d(m*py) N Tw A p*o.

If M = R", this is the Poincaré Lemma, see Proposition [19.1L The result then follows by
the five lemma and the usual argument of induction on the number of sets in a good cover
of M. O]

There is also a Kiinneth formula for cohomology with compact support.

Theorem 31.8. Let M and N be orientable. Then for any k € Z,k > 0, we have

Hf (M x N)= @ H? (M) ® HE 5 (N). (31.28)

pt+q=k

Proof. 1If M and N are orientable, then M x N is orientable. The result then follows from
the Kiinneth formula for ordinary de Rham cohomology, and Poincaré duality. O

Remark 31.9. The above result is true without any orientability assumption. For this, use
the Mayer-Vietoris sequence for compactly supported cohomology, and imitate the above
proof of Kiinneth for ordinary de Rham cohomology.

We end this lecture with some corollaries. The first is the cohomology of higher-dimensional
tori.

Corollary 31.10. Let

n

——
" =S"%x .- x St (31.29)

then
. k - n
dim(H"(T™)) = i) (31.30)
The next corollary is the cohomology of the product of spheres.
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Corollary 31.11. Let m,n € Z., then

R k=0m-+n

. m R k=mornifm#n
HEL(S™ x S™) = R h—m ifm—n . (31.31)
0  otherwise

In a special case of the above, we furthermore have the following.

Corollary 31.12. Let m € Z,. Then
b (SP™ x SPM) =1 (31.32)
and o(S*™ x §*™) = (.

32 Lecture 32

32.1 Stokes’ Theorem on chains

Define the standard n-simplex to be

p
AP — {(to,...,tp) eRp“,Ztizl,tizo}. (32.1)
i=0
We orient A, with respect to the normal n = (1,...,1). Le., (v1,...,v,) € T, AP is oriented
if (2,vy,...,v,) is oriented equivalent to (eg,...,e,) in RPT. The ith face of AP is the
(p — 1)-simplex
AP APTE 5 AP (32.2)
defined by
(to, R ,tpfl) — (to, ce 7ti717 O, ti7 e tpfl). (323)

For a topological space X, a continuous mapping
c: AP — X. (32.4)

is called a singular p-simplex. If X is a smooth manifold, and ¢ is smooth, then we say that ¢
is a smooth singular p-simplex. In the smooth case, if w € QP(X), and ¢ is a smooth singular

p-simplex, define
/w :/ cw. (32.5)
c AP

Definition 32.1. The pth singular chain group C,(X,R) is the free vector space over R
generated by a singular p-simplices. The smooth pth singular chain group C;°(X,R) is the
free vector space over R generated by smooth singular p-simplices.
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A singular p-chain is a finite linear combination

N
=1

where a; € R and ¢; are singular p-simplices. In the smooth case, for w € QP(M), define

Jo- ia /w (327

Define the boundary operator
0:Co(X,G) = Cpq1 (X, G) (32.8)

by the following given a singular p-simplex ¢ : A? — X, let

p

Oc=> (1) co AL, (32.9)

i=0
and extend to all chains by linearity.

Theorem 32.2 (Stokes’ Theorem on chains). Let M be a compact oriented manifold. If
w € QP~Y(M), then for any chain c € C°(X,R),

/acw = /cdw. (32.10)

Proof. The standard n-simplex is a manifold with corners, and the sign in the definition of
the boundary operator gives the correct orientation on each face. O]

32.2 Singular homology
Somewhat in analogy with d? = 0, we have the following.
Proposition 32.3. We have 9% = 0.

Since 0% = 0, we have a chain complex

Op42

Do (XOR) 2 OO(XLR) —2s Oy (X R) 2L (32.11)

Define the pth singular homology group by

_ Ker{0, : C)(X,R) — Cp_1(X,R)}
X R) = s T (LR = Oy (X, R} (32.12)

We next consider the functorality of homology. If f : X — Y is a continuous mapping
between topological spaces, then we can push forward chains by the following. For a simplex
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in X, ¢c: A? — X, we define (f,),c = f oc, and extend to chains by linearity. This yields
mappings

(fo)p: Cp(X,R) = C,(Y,R), (32.13)

forp=0,1,2,....
The following says that the collections of mappings (f.), are a morphism of chain com-
plexes.

Proposition 32.4. The following diagram

X,
Cpi1(X,R) —= Cp(X,R)
l(f*)pﬂ l(f*)p (32.14)
oY 1
Cp+1(Y7 R) 2 5 OP(Y7 ]R)

commutes.
Corollary 32.5. If f: X — Y then there are induced mappings

(fo)p: Hy(X,R) — H,(Y,R). (32.15)
If g: Y — Z, then

((go f)e)p = (g:)p 0 (fi)p. (32.16)
Consequently, if X and Y are homeomorphic, then H,(X,R) = H,(Y,R) for every p > 0.

32.3 Homotopy invariance of homology

Proposition 32.6. If f,g: X — Y are continuously homotopic then

Proof. To prove this, one defines an operator

Sp: CH(X,R) = Cp, (X x [0,1],R) (32.18)

such that
(t1)s = (t0)x = Op11.5p + Sp-10y, (32.19)
where ¢; : X — X x [0,1] is the inclusion t(z) = (z,t). In other words, S is a chain

homotopy between the morphisms (¢). and (¢1). from the singular chain complex on X
and the singular chain complex on X x [0,1]. We only need to define S, for for singular
p-simplices, and extend to all chain by linearity. This is called the “prism” operator.

We will divide A™ x [0, 1] into (n + 1) (n + 1)-simplices. For i = 0,...,n, define

AT AT %[0, 1) (32.20)
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by
(to,- - stng1) = ((Fo, - oo timn, ti Htigns tio, oo tngn)s B + -+ tag) (32.21)

We will view A" x [0,1] € R""2 so will henceforth omit the inner parenthesis. Define
Sp: Cr(X,R) = Cpr (X x [0,1],R) by

n

Sulcn) = (=1)'(cq x id) o pf, (32.22)

1=0

and extend to all chains by linearity. A long calculation, which is omitted, shows that (32.19))
is satisfied. Homotopy invariance follows like we did for de Rham cohomology. O]

32.4 Mayer-Vietoris for singular chains

Write M = U UV as the union of two open sets in M. Then the following sequence is exact:

0 —— C(UNV) -2 C(U) @ Cy(V) —25 Co(U) + Co(V) —— 0 (32.23)
where
a(cp) = ((iwnvev)«tp, (ivavesv)«cp) (32.24)
and
Blap, by) = (ivesnmr)sap — (ivesnr)sbp. (32.25)

It is not hard to see this sequence is exact. Furthermore, by a barycentric subdivision
argument, the homology H.,(C,(U) + C,(V)) is isomorphic to H.(U U V). (Roughly, keep
subdividing simplices until their images are contained in U or V.) Consequently, we obtain
a long exact sequence

D H(UNV) =2 B (U)® Hy (V) —2 H(UUV) 25 .. (32.26)

33 Lecture 33

33.1 Singular cohomology

To define singular cohomology, let C?(X,R) denote the singular cochains, which are dual to
singular chains, i.e.,

C?(X,R) = Hom(C,(X,R),R), (33.1)

and let 07 : CP(X,R) — CP*(X,R) denote the dual to the boundary operator d,.; :
Cpi1(X,R) = Cp(X,R), defined as follows. For ¢ € C?(X,R) and ¢,4; € Cp(X,R),

(8 (pi1) = @ Dpracyr). (33.2)
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Since 8, 0 9,1 = 0, we have 6P*! o §¥ = 0, so we have a cochain complex
§p—2 _1 §p—1 5P +1 sp+1
oo —— CPHX,R) — CP(X,R) —— CPTH(X,R) —— ---. (33.3)

Define the pth singular cohomology group by

» _ Ker{é”: C*(X,R) — C"*'(X,R)}
HYXR) = J v T O 1(X,R) = CP(X,R)] (334)

Next, let f : X — Y be a smooth mapping between topological spaces. The mapping on
chains (f.), : Cp(X,R) = C,(Y,R) induces the dual mapping on cochains

fr:CP(Y,R) = C?(X,R) (33.5)
by the following. For ¢ € C?(Y,R) and ¢, € C,(X,R), define
(f7e")(cp) = " (fucy) (33.6)
Dualizing the diagram (32.14]), we have the following commutative diagram
CP(Y,R) —¥ 5 CPH(Y,R)

l(f*)f’ l(f*)”“ (33.7)
CP(X,R) —2 5 CPH(X,R).

That is the collection of mappings (f*)? is a morphism of cochain complexes.
The singular cohomology spaces are a topological invariant.

Corollary 33.1. If f: X — Y is continuous, then there are induced mappings
(f)?: H?(Y,R) — H?(X,R). (33.8)
If g: Y — Z, then
((go /) =(f)olg) (33.9)
Consequently, if X and Y are homeomorphic, then HP(X,R) = HP(Y,R) for every p > 0.

Proof. Exactly the same as the proof of Corollary with dx,dy replaced by dx,dy. O

33.2 Homotopy invariance of singular cohomology

Proposition 33.2. If f,g: X — Y are continuously homotopic then
H*f = H*g: H*(Y,R) — H*(X,R) (33.10)

This folows by dualizing the prism operator to obtain a co-chain homotopy.
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33.3 Mayer-Vietoris for singular co-chains

Write M = U UV as the union of two open sets in M. Dualizing the Mayer-Vietoris chain
sequence, the following sequence is exact:

0 —— (C,(U) +C,(V)) -2 cr(U)y @ CP(V) -2 CP(UNV) —— 0 (33.11)

where P = (8,)* and o = (a,)*.
By the barycentric subdivision argument, one can show that

Hp((Cp(U) + CP(V))*) >~ [P(U UV,R), (33.12)
consequently, we obtain a long exact sequence
L U V) 2 BrU) e HY(V) —2 HPUNV) 2 o (33.13)

33.4 Smooth singular cohomology

Next, we restrict to the category of smooth manifolds. For a smooth manifold space X, a
smooth mapping

c: AP — X. (33.14)
is called a smooth singular p-simplex.

Definition 33.3. The smooth pth singular chain group C;°(X, R) is the free vector space
over R generated by smooth singular p-simplices.

We note that the usual boundary operator maps

Dpir : O, (X R) — C°(X;R) (33.15)

p+1

To define smooth singular cohomology, let Cgo(X ;R) denote the smooth singular cochains,
which are dual to smooth singular chains, i.e.,

C?(X;R) = Hom(C°(X;R), R), (33.16)

and let 67 : C? (X;R) — C?H(X;R) denote the dual to the boundary operator defined as
before. For ¢* € C% (X;R) and ¢,11 € C;°(X;R),

(7€) (Gs1) = & (Bpracpen). (33.17)
Since J, o 8p+1 =0, we have 7! 0 7 = 0, so we have a cochain complex

5p+1

— C2T {X;R) — Cc? (X;R) — CPH(X R) — (33.18)
Define the pth smooth singular cohomology group by
K P.COP (X P+l X
HE(X;R) = 0 O R) — O (XiR)) (33.19)

Im{6*—" : C%H(X;R) — CR(X;R)}

The smooth singular cohomology satisfies the same axioms as the topological singular coho-
mology.
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Proposition 33.4 (Smooth homotopy invariance). If f : X — Y is smoothly homotopic to
g: X — Y then H?f = HPg : H2 (Y;R) — HZ (X;R). Consequently, if X is homotopy
equivalent to Y then H? (X;R) = H? (Y;R) for all p > 0.

Proposition 33.5 (Mayer-Vietoris). If X = U UV where U and V' are open, then there is
a long exact sequence

-2 HP (UUV;R) AN HP (U;R) @ H2.(V;R) — s HP (UNV;R) —2s ...
(33.20)
Proposition 33.6. If M is a smooth manifold which has a finite good cover, then
0P (M;R) =~ H?(M;R) (33.21)

Proof. Both cohomology theories agree on contractible spaces, and both satisfy a Mayer-
Vietoris sequence. There is an obvious chain mapping from smooth co-chains to topological
co-chains. By the same argument as before using the five lemma and induction on the number
of elements in a good cover, the cohomology groups are isomorphic in any degree. O]

33.5 de Rham’s Theorem

We are now in a position to state the theorem of de Rham relating de Rham cohomology
and singular cohomology with real coefficients of a smooth manifold M. Morever, we can
write the explicit mapping. Consider the following diagram:

el (M) — s r(M) — 2 QrHL(M)

l]:p—l l}-p l]:p+1 (33.22)

S O (M R) 2 OB (M R) s CEP(MGR) s

qr+1

where the vertical maps are defined as follows. If w € QP(M), and ¢, is a smooth p-chain,
then let

(]:pw)(cp):/ w. (33.23)

Cp

Proposition 33.7. The diagram (33.22) commutes. Consequently, there are induced map-
PiIngs

HPFP: HY (M) — HE (M;R). (33.24)
Proof. Commutativity says that
SPFP = Frrigp (33.25)
Given w € QP(M), and (p + 1)-chain ¢,;4, the left hand side of evaluates to

FF @) ) = @ Omic) = [ w (33.26)

Op+1¢pt1
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The right hand side of (33.23) evaluates to

FPdPw(c,) = / dw, (33.27)

Cp+1

These are equal by Theorem [32.2] Stokes” Theorem on chains.
Consequently, F* is a morphism of co-chain complexes, so there are well-defined induced
maps on the cohomology groups.

O
We can now prove the main result.
Theorem 33.8 (de Rham). If M has a finite good cover then the mappings
FP o HIp(M) — HY (M;R), (33.28)
are isomorphisms for all p > 0.
Proof. Note we have the following morphism of short exact sequences of co-complexes
00— S QU UV) o s (U e P(V) — L PUNV) ——— 0
I [F =
0 — (CX(U;R) + C2(ViR))* —2y CL(U;R) & CP(ViR) —2s CL(U N V:R)* —— 0.
(33.29)

The above diagram is easily seen to commute at every square. It follows that the following
diagram of associated Mayer-Vietoris exact sequences commutes at every square

_ _ k-1 _ 5k Bk ok
HiNU) e HEZN(V) — HE'UNV) == HY(UUV) —— HE,(U) @ HY (V) —“— H5,(UNV)

l}—k—1@]_—k—1 \L}-kfl l]:k \L]:k@]:k l]:k
HRYU) @ B (V) S g wnv) s gRu o) 2 HEO) @ BYV) —25 s HRU V)

(33.30)

If there is only 1 element in the covering, then we are done by the homotopy invariance of

both theories. By the Five Lemma, if the result is true for U, V and U NV, then it is also

true for U UV. By induction on the number of elements in a finite good cover, the theorem

is then true for any manifold which admits a finite good cover. n

From Proposition above, we have
Theorem 33.9. If X is a smooth manifold with a finite good cover, then
HY.(X) = HP(X;R). (33.31)

Consequently, the de Rham cohomology groups are a topological invariant. That is if smooth
manifolds X andY are homeomorphic, then Hyp(X) = HY (V).

Remark 33.10. There do exist examples of homeomorphic but non-diffeomorphic smooth
manifolds! But de Rham cohomology will never be able to tell these apart — for this one
needs more refined invariants.
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