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Introduction

This course will be about de Rham cohomology of differentiable manifolds. The prereq-
uisite is 218A, so the student should already be familiar with the basics of differentiable
manifolds. Topics will include differential forms, de Rham cohomology, Mayer-Vietoris se-
quence, Poincare duality, and the Kiinneth formula. Main references are [BT82) [Leel3),

Spi79, War8&3].

1 Lecture 1

1.1 Vectors and one-forms

Let M be a smooth manifold. A vector field is a section of the tangent bundle, X € I'(T'M).
In coordinates,

X =X'9;, X'eC>®(M), (1.1)
where
0
0; = 5 (1.2)

is the coordinate partial. We will use the Einstein summation convention: repeated upper
and lower indices will automatically be summed unless otherwise noted.
A 1-form is a section of the cotangent bundle, X € I'(T*M). In coordinates,

w = widz', w; € C°(M). (1.3)

Remark 1.1. Note that components of vector fields have upper indices, while components
of 1-forms have lower indices. However, a collection of vector fields will be indexed by
lower indices, {Y7,...,Y,}, and a collection of 1-forms will be indexed by upper indices
{dx',... dx™}. This is one reason why we write the coordinates with upper indices.

Note that a smooth mapping f : M — N induces a mapping

f.:TM — TN, (1.4)

called a “push-forward”, which is linear on fibers and which makes the following diagram
commute

™ — TN

lﬂ’M lﬂ'N (1'5)

M—1 SN

This mapping is defined as follows. If X € T,M, let v : (—¢,e) — M be a smooth curve
satisfying 7(0) = p, 7/(0) = X. Then

£.) = (o )heo (16)



Alternatively, since a tangent vector is equivalent to a linear derivation on germs of smooth
functions around a point, we can define

([ X) @ = X(¢o f), (1.7)

where ¢ is a germ of a smooth function at f(p).
Next, smooth mapping f : M — N, induces a mapping

for each p € M, called a “pull-back”, defined by the following. If w € T’ Jf(p)N ,and v € T,M,
then

(ffw)(v) = w(fev). (1.9)
Exercise 1.2. Prove that f*w is smooth if w is.

In general, there is not a mapping f* : TN — T*M, however, the pull-back operation
does induce a mapping on sections

ff:T(IT*"N) - T(T*"M), (1.10)
defined by the following. If w € I'(T*N), p € M, and X € T,M, then
(F)p(X) = wy (£.X). (1.11)
Note that in general there is not a mapping
fo : T(TM) —T(TN), (1.12)
but later we will be able to make sense of the following: if X € I'(T'M), then
f:X e T(f*TN), (1.13)

where f*T'N is called a pull-back bundle.
Note also the following important proposition.

Proposition 1.3 (The chain rule). If f: M — N, and h : N — M’ are smooth maps, then
(hof).=hyof.: TM — TM (1.14)
and

(ho f)* = f*oh* : T(T*M') — T(T*M). (1.15)



1.2 Pull-back bundles

Let us consider the above in a slightly more sophisticated way. Given a smooth mapping
f: M — N, define

TN ={(p,v) € M x TN | f(p) =nn(v)}. (1.16)

Exercise 1.4. Prove that f*T'N is a vector bundle over M, with projection given by
m(p,v) = p, and the fiber f*T'N over p € M is identified with the fiber TN, i.e., the
following diagram commutes

f*(TN) -2+ TN

l“ lﬂN (1.17)

M—1 N

Next, define (f.)g: TM — f*TN by

(f)B(vp) = (p, fuv). (1.18)
(the subscript B is short for “bundle mapping”). We have the commutative diagram

lw = (1.19)

M —4 5 ML

Then if X € I'(T'M), then we can define f,.X € I'(f*T'N), by
X =(fo)poX. (1.20)

In words: under smooth mappings, vector fields push-forward to sections of the pull-back
bundle.

Noting that (f*(T'N))* is isomorphic to f*(T*N), let us dualize the diagram (16.2)) to
obtain

FHTN) 2 e

lm lm (1.21)

M —— M.
Note that if w € I'(T*N), then we can define wo f € I'(f*(T*N)) by
(wo f)(p) = (p,ws))- (1.22)

In words: sections of bundles can be pulled-back to a section of the pull-back bundle. Then, if
w € I'(T*N), we can compose with the bundle mapping in (8.14)) to define f*w = fro(wof) €
L(T*M).

Exercise 1.5. Check that this definition agrees with the previous definition.
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2 Lecture 2

Today we will just discuss linear algebra.

2.1 Direct sums

If Vi,..., Vi are vector spaces over R, then the direct sum Vi @ --- @ V}, is the Cartesian
product V; x --- x Vj, with the following vector space structure:

c(vy, ..., vx) = (v, ..., cog) (2.1)
(Ula"'7vk)+(vl7"'7zj;€> = (Ul +U/17"'7vk+v;€)7

for ¢ € R. The space V; @ - - - @V}, satisfies the following “universal” mapping property. For
1<t <k, let;:V;—= Vi@ - @V, be the inclusion mapping

o (0,0, 0., 0). (2.3)

Let W be any vector space, and f; : V; — W be linear mappings for 1 < ¢ < k. Then there
is a unique linear map f: Vi @ --- @® Vi, — W which makes the following diagram

Vi Via---aV
lf (2.4)
W

i

commute for 1 < i < k.

This property uniquely characterizes the direct sum. That is, a vector space with the
above universal mapping property is isomorphic to the direct sum, where the ¢; are just
required to be linear mappings. Note that obviously

k
dimg (Vs @ -+ @ Vi) = » _ dimp(V5). (2.5)
=1

Exercise 2.1. Prove that for 3 vector spaces Vi, V5, V3 we have
VieV)eVz=Vie (Voo V). (2.6)

Definition 2.2. Let V;,i € Z be any collection of vector spaces. The Cartesian product
I1;,c7V; is the collection of all functions

[T = UierVi, (2.7)

such that f(:z) € V; for all i € Z. The direct product I;c7V; is the Cartesian product with
the vector space structure

D



The projection m; : I;ezV; — V; is the mapping m;(f) = f(i). The above definition
satisfies the following universal property. If V' is any vector space and ¢; : V' — V; are linear
mappings for ¢ € Z, then there is a unique linear mapping ¢ : V' — II;c7V; such that the
diagram

V—>V

\ T’” (2.10)

ZGIV

commutes for each ¢ € Z. This property uniquely characterizes the direct product, where
the m; are just required to be linear mappings. That is, any vector space with the above
universal mapping property with linear mappings 7; is isomorphic to the direct product.

Definition 2.3. Let V;,i € Z be any collection of vector spaces. The direct sum @®;c7V; is
the subspace of the direct product consisting of the functions f such that f(i) # 0 for only
finitely many ¢ € Z.

Exercise 2.4. The direct sum satisfies the first universal property (2.4), but not the second
(2.10f), unless Z is finite.

2.2 Free vector spaces

The following notion will be used below to define tensor product spaces and exterior product
spaces.

Definition 2.5. Let S be any set. The free (real) vector space over S, denoted by F(S), is
the vector space of all formal finite linear combinations

chs, cs € R, (2.11)

S

where only fintely many coefficients ¢, are non-zero.

Note that there is a canonical mapping ¢ : S — F(S) by s +— e; where ey is just the linear
combination of the single element s with coefficient 1. The free vector space satisfies the
following universal property. Let V' be any real vector space and f : S — V be an functions
of sets. Then there exists a unique linear mapping f : F (S) — V such that the diagram

s—1 vy
F(S)
commutes.

Exercise 2.6. Verify this universal property, and show that this uniquely characterizes
F(S), that is, any vector space satisfying this universal property must be isomorphic to
F(S), with the requirement that the mapping ¢ satisfies that i(.S) is a basis.

7



2.3 Tensor products

If Vi,...,V, are vector spaces over R, then the tensor product Vi ® - -+ ® V}, is the free real
vector space F(V; x -+ x Vj) modulo the subspace spanned by all elements of the form

(U1, oy vy ey 0) — (U1, e Uy e, V) (2.12)
(Viy ooy 0+ Vo 0k) — (Ve o) — (V3,00 Ug), (2.13)

for ¢ € R. The space V] ® - - - ® V}, satisfies the universal mapping property as follows. Let
W be any vector space, and F' : Vj X --- Vi — W be a multilinear mapping, i.e., F' is linear
when restricted to each factor, with the other variables held fixed. Then there is a unique
linear map F : V; ® - -+ ® V;, which makes the following diagram

R
|74

commutative, where 7 is the projection to the quotient space, which we write as
(v, 0) =01 ® -+ @ V. (2.14)

This universal property characterizes the tensor product, where 7 is just required to be a
multilinear mapping.

Exercise 2.7. Prove that
Also, prove that for 3 vector spaces Vi, V5, Va3 we have

Vo) VsV (VaeVs). (2.16)

2.4 Exterior algebra and wedge product

Let V' be a real vector space, and V* = Hom(V,R) denote the dual vector space. The
exterior algebra A(V*) is defined as

AV = { @O}z =@ {0 /T = P At (2.17)

k>0 k>0 k>0

where Z is the two-sided ideal generated by elements of the form o ® a € V* ® V*, and
T = (V*)® ' NZ. The wedge product of v € A?(V*) and 8 € A%(V*) is just the multiplication
induced by the tensor product in this algebra, that is, lift « and 8 to & € (V*)®", and B €
(V*)®?, and define a A § = m(@® B), where m : (V)" — AP+4(V*) is the projection. This
is easily seen to be well-defined. We say that an element in A¥(V*) of the form ol A---Aa¥ is
decomposable. A general element of A¥(V*) is not decomposable, but can always be written
as a sum of decomposable elements.



The space A*(V*) satisfies the universal mapping property as follows. Let W be any
vector space, and let

k
———
F:V'x...xV*=W (2.18)
be an alternating multilinear mapping. That is, F' is multilinear and F(al,...,a*) = 0 if

of = ol for some i # j. Then there is a unique linear map F which makes the following
diagram

/—’%
VEx e x VT AR(V)

\ s

commutative, where 7 is the projection, which we denote as
(o, ..., af) =a' A Ak (2.19)

This universal property characterizes the kth exterior product, where 7 is required to be an
alternating multilinear mapping.
Some important properties of the wedge product:

e Bilinearity: (o' +a®) A =a' A+ a? A, and (ca) A B = c(a A B) for c € R.
o If o« € AP(V*) and f € AY(V*), then a A 5= (—=1)PIS5 A «.
e Associativity (¢ A B) Ay =a A (BA7).

Exercise 2.8. If dimg (V) = n, prove that A*(V*) = {0} if k > n,

dim(AF(V*)) = (Z) if0<k<n, (2.20)

and
dim(A(V™)) = 2", (2.21)

We could just stick with the above definition and try and prove all results using only this
definition. However, it is very useful to think of elements of A*(V*) as alternating multilinear
maps as follows. One first has to choose a pairing

AF(V*) = (AR (V). (2.22)
The pairing we will choose is as follows. If a = a' A--- Ao and v = v; A --- A vy, then

a(v) = det(a'(v))), (2.23)
(note this is not canonical). For example,

o' A a?(vr Avg) = at(v1)a?(vs) — at(vy)a?(vy). (2.24)



We would then like to view an element of (A*(V))* as an alternating multilinear mapping
from

k
—_—
Vx-xV R, (2.25)

For this, we specify that if « € (A*(V))*, then
a(vy, ..., vp) = alvg A+ Awg). (2.26)
For example
al A a®(vy, 1) = al(v)a?(va) — al(vg)a® (vy). (2.27)
With this convention, if a« € A?(V*) and 5 € AY(V*) then

1

p'_q' Z sign(a)oz(va(l), e ,Ug(p))ﬁ(va(p+1), Ce ,Ua(p+q)). (228)

0E€Sptq

aAB(vr, ... V) =

This then agrees with the definition of the wedge product given in [Spi79, Chapter 7].

It is convenient to have our 2 definitions of the wedge product because some proofs can
be easier using one of the definitions, but harder using the other (for example, associativity
of the wedge product).

3 Lecture 3

3.1 Induced mappings

Recall that if L : V' — W is a linear mapping between vector spaces, then there is a mapping,
L* : W* — V* called the transpose, defined by the following. If w € W* and v € V, then

(L*'w)(v) = w(Lv). (3.1)

This is called the transpose for the following reason. Let dim(V) = n, and dim(W) = m.
Let eq,...,e, be a basis of V and fi,..., f, be a basis of W. Let e!,...,e", and f!,..., "
denote the dual bases, that is

ei(ej) :5;, 1<4,j<n

We define the quantities L{, 1<i<n, 1<j5<m,by
Note that if we write v € V as v = v'e;, and w € W as w = w'f;, then

Lv = L(v'e;) = v'L(e;) = (v'L)) f; = (3.5)

10



So the components of a vector transform like
{v'} = {Liv'}, (3.6)

which is the matrix corresponding to the transformation L.
We define the quantities (L*);, 1<i<m, 1<j<n,by

L ft = (L*)éej (3.7)
Plugging in the dual bases, we compute
(L*f)(er) = (LY)je! (ex) = (L*)36] = (L*);. (3-8)
However, by the definition of the transpose mapping, we have
(L) (ex) = F'(Lex) = F'Luf; = Lif'(F) = 16y = Ly (39)

So if we write w € V* as w;e’ and n € W* as n; f7, the components of a dual vector transform
like

{n;} = {Lym} (3.10)
So the matrix corresponding to L* in the dual basis is indeed the transpose matrix.
The mapping L* : W* — V* induces a mapping
p

L Wox o x WF = (V)2 (3.11)

by
L'),...,o") = (L*a") @ - @ (L*aP). (3.12)

This mapping is a multilinear mapping, so by the universal property of tensor products, this
induces a unique mapping

L* - (W7 — (V9)®, (3.13)

By composing with the projection 7 : (V*)®" — AP(V*), we obtain an alternating multilinear
mapping

L7 (W — AP(V*). (3.14)
Now by the universal property of exterior products, this induces a mapping
L* : AP(W™*) — AP(V™). (3.15)

Note that by taking the direct sum on all p-s, we obtain a mapping between the full exterior
algebras

L*: AW™) — A(V™) (3.16)
which is an algebra homomorphism, that is

L*(a A B) = (L*a) A (L*B). (3.17)

11



3.2 Pull-back of differential forms

A differential form is a section of AP(T*M). l.e., a differential form is a smooth mapping
w: M — AP(T*M) such that mow = Idys, where w : AP(T*M) — M is the bundle projection
map. We will write w € I'(AP(T*M)), or w € QP(M).

If f: M — N is a smooth mapping, recall the bundle mapping from above

FTNY Loy e

| lm (3.18)

M — s M.
By the discussion in the previous section, we obtain induced mappings

FHAPT*NY)) —L25 Ar(T* M)

lm lﬁM (3.19)

M—" 5 M,
which is linear on fibers, and is therefore fj; is a smooth mapping.

Definition 3.1 (Pull-back of a differential form). If f: M — N is a smooth mapping, and
w € AP(T*N), then define wo f € T'(f*(AP(T*N)) by wo f(p) = (p,wys@)). Then define

Frw= fi(wo f) € T(AP(T*M)). (3.20)

Remark 3.2. If we view differential forms as multilinear mappings, for f : M — N, and
w € QF(N), then we have the following “formula”. If p € M and X;,--- X} € T,M, then

(f*w)(Xla"' 7Xk) :wf(p)(f*Xla"' 7f*Xk> (321)

We could have defined pulback of forms this way, but we would need an extra step to show
the pullback of a smooth form is smooth. It is easy to see that this is in fact the same
definition as above.

Example 3.3. Let f : R? — R? be defined by
flz,y) = (2 + 2 2* — o, 2°). (3.22)
Denote the coordinates on R? as (u,v,w), and let
a =wdu A dv —vdu A dw + udv A dw. (3.23)
Then
fro = datyde A dy. (3.24)
We compute this using . (Details done in lecture.)

12



For any manifold M, define

(M) = D(A(T*M)) = r(@AP(T*M)) — PrnTm) =@ o). (3.25)

p=>0 p>0 p=>0

By taking the direct sum of the exterior powers, we obtain a mapping
fFiQ(N) — Q(M), (3.26)
which by satisfies
flanpg)= () A(fP). (3.27)
We define the following differential of a function.

Definition 3.4. For any function ¢ : N — R, we define a 1-form d¢ € Q'(N) by d¢(X) =
¢ X for any vector field X on N, where we identify the tangent space of R at any point with
R itself.

If f: M — N, then we have the formula f*d¢ = d(¢ o f). This is because

[rdp(X) = (d9)(f.X) = ¢.f.(X) = (¢ 0 [)«(X) = d(¢ o [)(X), (3.28)

where we used the chain rule ([1.14). Now, we re-do the above example in an easier way
using this formula. (Details done in lecture).
We also have the chain rule for pullbacks of differential forms.

Proposition 3.5 (The chain rule). If f: M — N, and h: N — M’ are smooth maps, then
(ho f)*=f*oh*: QM) — Q(M). (3.29)
Proof. For a € Q%(M"), and vector fields X1,..., X € I'(T'M), we have

(hof)*a(le T >X/€) = a((hof)*X17' o 7<hof)*Xk) = a(h’*f*Xb' t 7h*f*Xk)

= h*OZ(f*Xl, e 7f*Xk) — f*h*Oé(X17 . ,Xk), (330)

where we used the chain rule ([1.14]). O]

4 Lecture 4

4.1 The exterior derivative

Choose a coordinate system (U, z), and let a?ci denote the coordinate vector field. Recall

that viewing vector fields as derivations on germs of functions, this is characterized by

0
oxt

(27) = o7, (4.1)

13



We then define a local basis of 1-forms dz* by

dz’ (%) = 5. (4.2)

which is just the dual basis.
Given a function f € C°°(M,R) we define df € Q'(M) in two ways. First, viewing vector
fields as derivations on smooth functions, we can define

df (X) = X (). (4.3)

Alternatively, since f : M — R, we have f, : TM — TR. But there is a natural identification
T,R =R for any p € R, so we can view

f.:TU S R, (4.4)
which is naturally an element in f, € QY(U).

Proposition 4.1. These two definitions agree, that is

Proof. First, note that
0 B af
f*(%) = 5’ (4.6)
so we have
af . .
So the left hand side of is
COf (v O\ Of

For the right hand side of (4.5), given p € M, let v : (—¢,e) — M satisty v(0) = p,
7'(0) = X,, then

_d _ofdyt Of
X(f) = E(f O’Y)|t:0 = %%h:o = 3xiX . (4.9)
O
Remark 4.2. Note that from ,
i, 0 ozt ;
A () = 55 =, (4.10)

so by (#.2), we have that dz' = d(z") which is great!

14



An element a € QP(U) can be written as

o= Z al-lmipdx“ A Adate. (4.11)

1< <ig < <ip<n

where the coefficients «;, ;, : U — R are well-defined functions. Note these coefficients

are only defined for strictly increasing sequences i; < --- < ,,. Using our identification of
AP(T*M) with AltP(T M), the alernating multilinear maps from TM>*" — R, we can define
the coefficient functions for any multi-index (i1, .. .,1,) by
0 0
ail...ip = (X(@,...,@). (412)
Then we also have
1 ‘ .
a=— Z Qg dx™ N AN da'?, (4.13)

T 1<t iz,enip<n

where the sum is over ALL indices.

However, if we want to think of o as a multilinear mapping from TM®" — R, then
we extend the coefficients «;, . ;,, which are only defined for strictly increasing multi-indices
13 < -+ <1y, to ALL indices by skew-symmetry. Then we have

a= ) dd @ @dat, (4.14)

1<i1 ig,.yip<n

This convention is slightly annoying because then the projection to the exterior algebra of
this is p! times the original «, but has the positive feature that coefficients depending upon
p do not enter into various formulas.

We next define the exterior derivative operator [War83, Theorem 2.20].

Proposition 4.3. There exists an exterior derivative operator
d: QP(M) — QPTH(M) (4.15)
which is the unique linear mapping satisfying
o Foraec QP(M), dlaNp)=daAp+ (—1)PaAdS.
o > =0.
o If f € C®(M,R) then df is the differential of [ defined above.

Proof. Note that the differential of a function is given locally by

df = i af dx’. (4.16)

To see this, we have df = > ¢;dx’, and plugging in the coordinate vector field identifies
the coefficient ¢;. Since we gave a global definition of df, this is obviously well-defined and

15



independent of the coordinate system. Given a p-form «, write a locally as in (4.11)), and
then define

do = g dag, . 3, Ndx™ N--- Nda'
1< <ig < <ip<n

o (4.17)

- Z i (()Z;;le da’ Adz™ A A dat.

1<i1 <ip<--<ip<n i=1

The first “anti-derivation” property is easily verified by computation. The second property
holds on functions, because

J

n n n 2
d(df) = d( %dﬂ) =33 aj' gxi R ) (4.18)

=1 7j=1 i=1

since the Hessian of a smooth function is symmetric.

For existence, we need to check that this definition is independent of the coordinate
system. Let d’ be the operator defined with respect to another coordinate system z’ : U —
R"™. Then

d(a) = d’( Z Ozilmipdx“ Ao A da:ip>

1< <ig < <ip<n

— Z (d'aiy.q,) N Azt A -+ Adz®

" . , , (4.19)
3 i ST A A d (da) A A da
[Tl=p k
= Z (dov,...i,) N dz" A - Nda' = d(a),
[l=p

since d and d’ agree on functions, and since d'dx’ = d'd'xz* = 0.
Then for any p-form «,

d(da) = d( Y (dar) A dg;f) = S (dap) Ade! —day Nd(da') = 0. (4.20)

|I|=p |I|=p
O
Exercise 4.4. Prove the uniqueness statement.
An important fact is that d commutes with pull-back.
Proposition 4.5. If f: M — N is a smooth mapping, and w € QP(N), then
[ (dne) = dur( ) (4:21)
Proof. If w is a 0-form, which is a function, then f*w = w o f. So by above, we have
d(ffw)=dwo f) = (wo f).. (4.22)

16



By the chain rule, we then have
d(f'w) =w. o f. (4.23)
On the other hand, we have that
FH(do)(X) = dul f.(X)) = w. 0 fo(X), (4.24)

So the claim is true on functions. Then if w is a p-form, write

w= Z wrdx!, (4.25)

[T|=p

Since the pull-back operation is an algebra homomorphism, we have

frw=Y (fw)fda’ = (wrofda"of). (4.26)
[7|=p [7|=p
Then
d(f'w) =Y _d(wro f)Ad(z"o f). (4.27)
[I|=p

On the other hand, we have

dw =" (dwy) Ada', (4.28)

[Z|=p
SO
Frldw) =" f(dwp) A frda’ = d(ffwr) Ad(f*a’)
lI|=p [7|=p

= Z d(wr o ) Nd(x! o f) = d(f*w).

|I|=p

(4.29)

4.2 Classical tensor calculus

A vector field is a section of the tangent bundle, X € T'(T'M), and the components of X with
respect to a coordinate system x : U — R™ are functions X’ : U — R, i = 1...n, defined by
0

X=X~ 4.30
B (4.30)

on U, where 8&- is the ith coordinate partial, which is a vector field on TU. Given another

overlapping coordinate system z : U — R", we can write
~. 0

X=X (4.31)
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Proposition 4.6. The components of a vector field are related by

X7 =
ox?

X' (4.32)

Conversely, any collection of locally defined functions satisfying this relation gives a well-

defined vector field X € T'(TM).

Proof. Since vector fields are derivations on germs of functions, plug in the function 77 to
the equality

' aii =X aii, (4.33)
to obtain
X a.(ij) = X/, (4.34)
or’
O

Similarly, a 1-form is a section of the cotangent bundle, w € I'(7T* M), and the components
of w with respect to a coordinate system x : U — R" are functions w; : U - R, i =1...n,
defined by

w = w;dx’ (4.35)
on U. Given another overlapping coordinate system 7 : U — R", we can write

w = @;di". (4.36)
Proposition 4.7. The components of a 1-form are related by

. ox’

W; = —W,;.
) A

(4.37)

Conversely, any collection of locally defined functions satisfying this relation gives a well-
defined 1-form w € T'(T*M).

Proof. Plug in the vector field % to the equality
widx' = @;d7’, (4.38)

to obtain

w;dx’ (%) = @;. (4.39)

But recall the definition of df, where f : U — R is a function. We claim that

af(X) = X(f). (4.40)



To see this, the left hand side is

O L ivi 9\ _ Of i
df(X) = 5da (X @> = X (4.41)
For the right hand side, let v : (—¢,€) — M satisfy v(0) = p, 7/(0) = X,, then
_d _ofdy_of
X(f) = Z(fenli=o= 5500 =555 (4.42)

Then plugging (4.40]) into (4.39), we have
oz’

O
Next, consider a (p, q)-tensor field
Te F((TM)®p ® (T*M)®q). (4.44)
We can locally write
T:le"',jpiég...@i@dxil®...®dl»iq (4.45)
11...%q ale ax]p Y °
and in another coordinate system
T:j’jl"'jpi®...® 9 ®RdAi" @ - @ di'e (4.46)
i1dg §rn Oiir ' '
The above transformation formulas combine to give the following.
Proposition 4.8. The components of T' satisfy the transformation formulas
1 odp O OFIv Oxkr Ozt ly...0p (447)

i1..dg Oxh Oxle Hiin Oiia ki...kq
Conversely, any collection of locally defined functions satisfying this relation gives a well-
defined tensor T € T(TM®" @ T*M®").

Exercise 4.9. Show that the Kronecker § symbol, defined by
. 1 2=1
N S (4.48)
0 i#j
defines a tensor. That is,

i 0 j
T =02 ®do! (4.49)
is a well-defined (1, 1)-tensor § € I'(T'M ® T*M). Under the canonical isomorphisms
TM@T*M = T*M @ TM = Hom(TM,TM), (4.50)

identify what is the image of 9.
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5 Lecture 5
We note that for an n-form, we can write

W=wi pdzt A+ Adz", (5.1)
In another coordinate system, we can write

W= ,dF A AdE" (5.2)

Exercise 5.1. Show that these components are related by

B1 0 = det (am ) . (5.3)

0z

This is the key to defining the integral of an n-form on an orientable manifold, but we
first need to discuss orientations.

5.1 Orientability

First, an orientation on a n-dimensional vector space V' is a choice of ordered basis (vy, ..., v,)
with equivalence relation if 2 ordered bases are related by a change of basis matrix with
positive determinant. There are exactly 2 such equivalence classes, and if M is a manifold,
the oriented double cover of M denoted by 7 : M — M is the double covering obtained by
replacing a point p with the 2 orientations on T, M (we choose the topology on M which
makes 7 continuous and open).

Definition 5.2. A manifold M is orientable if any of the following equivalent conditions are
satisfied.

e M admits an coordinate atlas (U,, ¢,) such that the overlap maps are orientation-
preserving ¢, o gbgl, that is, the Jacobian (¢, o gbgl)* has positive determinant.

e M admits a nowhere-zero n-form.
e The oriented double cover M — M is trivial, i.e., it has 2 components.

If M is orientable, the choice of one of the components of M is called an orientation on M.
An orientation on M induces well-defined orientation on each tangent space T, M.

Exercise 5.3. Prove that the bullet points are equivalent, and prove that for any smooth
manifold M, the orientable double cover M is always orientable.

Let’s illustrate Definition [5.2| with an example:

Example 5.4. We observe that the unit sphere S"~! C R is orientable. We have several
ways to see this:

e We can cover S~ ! by 2 coordinate charts (generalized stereographic projection), with
intersection R"~! \ {0}. By changing the orientation of one of these charts, we can
arrange that the overlap mapping is orientation-preserving.
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e Let v be the outer unit normal to S"!, and define wgn—1 = vi(dz' A -+ A dz™). We
claim that w is non-zero at every point. This form is invariant under rotations, so we
only need to check this claim at a point. So let p = (0,...,0,1) be the north pole, and

d
Vp . Then

T
1 n a n—1 1 n—1
wy =dx" N---Ndx <%,-,~-- ,~) =(=1)""de A--- ANdz" . (5.4)
But 7,57 ! = span{%, cee #}, S0 w, is clearly non-zero at p, therefore it is

everywhere non-zero.

Exercise 5.5. Let ¢ : M"™' — R" be an embedded submanifold. Assume that R™\ ((M"™!)
has exactly 2 components. Prove that M™~! is orientable. (Hint: define a non-zero (n — 1)-
form on M"~! similar to the second bullet point in the previous example).

Recall that RP" is the space of lines through the origin in R"™!. Equivalently, RP" is the
space of vectors in R™"! modulo the equivalence relation

(Uh .- ~Un+1> ~ (CU17 e 7cvn+1>7 c# 0. (5-5)

Exercise 5.6. Prove that the real projective space RP" is a smooth manifold of dimension
n which is orientable if n is odd, but non-orientable if n is even.

5.2 Integration of differential forms

On an oriented n-dimensional manifold, the integral of w € Q"(M) is defined as follows.
Choose an oriented coordinate atlas (U,, ¢y). First, assume that w € Q"(M) has compact
support in a single coordinate system U,. Then

(da)(w) = fdz' A+ Ada™, (5.6)

where f : ¢,(U,) — R has compact support. Define

/ w= / fdx' ... dz". (5.7)
M a(Ua)

By the change-of-variables formula for integrals and the formula

W1, = det (8x ) W1..m; (5.8)

oz

from above (5.3]), this definition is independent of coordinate system containing the support
of w.
Next, if M is compact, or if w has compact support, let x, be a partition of unity

subordinate to {U,}, and define
w = XaW- 5.9
/ > /| (5.9)
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Since the sum is finite, this definition is independent of the choice of coordinate atlas and
choice of partition of unity. To see this, let U, and V3 be open covers with subordinate
partitions of unity pa, x 3, respectively. Then

Z/ pow = Z/ > Xppaw = Z/ PaXpw = Z/ PaXpW, (5.10)
a YUa a “Ua g a,g 7 Ua a8 Ve

since po X is suported in V. Therefore

g/UaPaw:;/vﬁgpamw:§/vﬁxaw. (5.11)

5.3 Stokes’ Theorem

Definition 5.7. A manifold with boundary M = (M \ 0M) [ OM, can be covered by usual
manifold coordinate charts in the interior M \ OM, together with coordinate charts near
points in M of the the form (U;, ¢;), where ¢; : U; — H™, where

H" = {(z",...2") € R" | 2" > 0}. (5.12)
is the upper half space in R", such that
¢ - UiNOM — R™! (5.13)
is a coordinate chart on M viewed as an (n — 1)-dimensional smooth manifold.

Integration by parts on manifolds is the following.

Theorem 5.8 (Stokes” Theorem for manifolds with boundary). Let (M, M) be an oriented
manifold with boundary of dimension n. If w € Q"1 (M) has compact support, then

/aMw:/de, (5.14)

where the boundary has the orientation induced from the outer normal, i.e., if v; € T,(OM),
then the ordered basis (vy,...v,—1) is oriented if (v,v1,...,v,—_1) is positively oriented, for
any outward pointing normal vector v.

Proof. We first consider forms compactly supported in a coordinate chart (either an interior
chart or a boundary chart). Then just consider an (n — 1)-form of the form

w= fdz' A ANdzi A Ada", (5.15)
Note that
dw = (=10, fdz" N+ A da” (5.16)
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If + < n, then w restricted to the boundary is zero, and

/ dw = (—1)"* Oifdxt - -da" =0, (5.17)
n Hn

by Fubini’s Theorem and the fundamental theorem of calculus, since f has compact support.
If i = n, then

/ dw = (—1)"! Onfdxt - - - dx"

/Rn 1/ Opfdx* - (5.18)

= (-1 / oo @ 0)dzt A Ada T = / w,
Rn—1 OH™

since the outward normal is —e,, so {—ep,e1,...,e,_1} is oriented, which is equivalent to
(—1)™ times {ey,...,e,}. In general w is a sum of n-terms of the above type, so this proves
Stokes” Theorem for w € Q"1 (H™) with compact support.

Next, we choose a partition of unity yx; subordinate to the cover (U;, ¢;), ¢; : Uy — R",
and write w = ) . x;w. Let w; = x,w. Then for each i in the index set, we have

fae= [ o= [ ety = [ ey
-/ nd<¢;1>*<wi> - /a @)= [

where the last equality holds since ¢;|ss is a coordinate chart on OM as a (n—1)-dimensional
manifold. Finally, we have

/de:/Md<Zi:wi> :Z:/dei:;/wwi:/wgwiz/ww- (5.20)

]

(5.19)

6 Lecture 6

6.1 de Rham cohomology

Let M be a smooth manifold of dimension n. Since d? = 0, we have a “cochain” complex

1

SR e 2

ar+1

OP(M) —Zs QP (M) 6.1)

which terminates at Q"(M), where n = dim(M). Clearly we have that Image(d’™') C
Ker(d?P), so we can define the following vector spaces.

Definition 6.1. For 0 < p < n, the pth de Rham cohomology group is

Ker{d? : (M) — QP+ (M)}

Hip(M) = Image{dr—! : Q=1(M) — Qr(M)}

(6.2)
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Example 6.2. If p =0, then H}(M) ={f: M — R | df = 0}. Since in local coordinates,

df = ngj da? | (6.3)

it follows that f is constant on connected components of M. Consequently, dim(H;(M))

is equal to the number of components of M.

Example 6.3. Let M = R"\ {0}, and consider

n

1 o .
Wpn1 = — > (=D dat Ao Adai Ao Ada™ € QVH(M). (6.4)
rn
i=1

By direct computation, we showed in class that dwgn—1 = 0. We claim that wgn-1 cannot
be written in the form wgn-1 = day,_o for any a,_o € Q" 2(M). To see this, assume by
contradiction that this is true. Let ¢ : S"~! — R™ be the inclusion of the unit sphere. We
showed above that S"~! is orientable, so we can integrate (n — 1)-forms on S™~! once we
choose an orientation. Then

/ L Wgn-1 = / Cdoy,_g = / di*o,—9 = 0, (6.5)
Sn—l Sn—l Sn—l

by Stokes” Theorem [5.8] However,
L*WRn—l - CL)Sn—l’ (66)

which we defined above, is non-zero at every point, so the integral must be non-zero. This
contradiction proves 2 things:

Hyp (R™\{0}) # {0}
Hyp (S™1) # {0}

Note the latter part of this example proves the following.

Proposition 6.4. Let M be a compact oriented n-dimensional manifold. Then

Hp(M) # 0. (6.9)

Proof. If M is oriented, then we know there exists a nowhere-zero w € Q"(M) which
determines the orientation. In any oriented coordinate system (U, ¢), we have ¢,w =
fdx' A -+ Adx™ where f > 0. Therefore we must have

/M w > 0. (6.10)

If w=da, 1 for a € Q""}(M), then Stokes’ Theorem would say that

/w:/ dan_lz/ Q1 =0, (6.11)
M M oM

since OM = (). O
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6.2 Diffeomorphism invariance

Note that

n

Hp(M)

HE(M) (6.12)

p=0

has an algebra structure induced by the wedge product. To see this, for [o] € HY,(M) and
5] € Hip(M), represented by ov € QP(M) and § € Q9(M), we have that

dlaNp)=daNpB+(—1)PaNdB =0, (6.13)
so we define
(] A 1] = e A B (6.14)
To see that this is well-defined, we have
(a+dy)ANB=aANB+dyANB=aAB+dyAPpB), (6.15)
since [ is closed, so
[(a+dy)AB]=[anp]. (6.16)

Well-definedness in the other factor is similar, or just use the skew-symmetry property of
the wedge product. Therefore we have

Az HE (M) @ Hin(M) — HEEY(M). (6.17)
Note that from Proposition 4.3 we have
[o] AB] = (=1)"[B] A [a]. (6.18)
Next, let f : X — Y be a smooth mapping between smooth manifolds. As discussed
before, we have a pullback operation on differential forms, f* : Q*(Y) — Q*(X), which
makes the following diagram commute
P(Y) —2 Qri(Y)
(f*)P l(f*)p“ (6.19)
(X)) 5 orHi(X),
That is the collection of mappings (f*)? is a morphism of cochain complexes.
The de Rham cohomology algebra is a diffeomorphism invariant.
Corollary 6.5. If f : X — Y then there are induced mappings
(f) - Hyp(Y) = Hgp(X). (6.20)
If g: Y — Z, then
((go f) )" =(f)olg) (6.21)
Consequently, if X and Y are diffeomorphic, then HY(X) = HYL,(Y) for every p > 0, and

moreover, the cohomology algebras are isomorphic Hjp(X) = H;n(Y).
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Proof. We first note that any smooth mapping f : X — Y induces a well-defined mapping
on cohomology (f*)? : Hj,(Y) — Hip(X) by the following. If [o] € H,(Y) is represented
by a form «, such that dj.a = 0, then we have

di (f )= (f) " dya = ()70 =0, (6.22)

so we can define f*[a] = [f*a], that is, map to the cohomology class of the pullback of any
representative form. To see that this is well-defined,

(f V(a4 d 7 B) = (fPa+ (F)Pdy B = (f)a+di H(F)P'8, (6.23)
so [(f*)P(a+dyB)] = [(f)Pa+d5 H(f*)P~18] = [(f*)Pal.

If f is a diffeomorphism, then f~! exists and is smooth, so we have
fof™t=idy, ['of=idx, (6.24)

and from Proposition [3.5], the induced mappings on cohomology satisfy
fro(f ) =idu:x), (f71) o f =idy: v, (6.25)

Finally, since f*(a A B) = f*a A f*f3, together these mappings form an algebra homo-
morphism on cohomology algebras, which will be an algebra isomorphism if X and Y are
diffeomorphic. ]

7 Lecture 7

7.1 The Poincaré Lemma

Let M be a smooth manifold, possibly noncompact, and let N = M x [0, 1], which is an
(n 4 1)-dimensional manifold with boundary. Let 7 : N — M be the projection 7(z,t) = x.
Also, let ¢; : M — M x [0, 1] be the inclusion ¢(x) = (x,t). Define a mapping

15 Q8 (M x [0,1]) — QF1(M) (7.1)
by the following. Since
TpyN = Ker(. ) (p.1) @ Ker(m.) o) = T,M @ T1[0, 1] (7.2)
where 7(x,t) = t, any k-form on N can be uniquely written as
w=h(z,t)m" g + f(x,t)dt N (7" dr_1), (7.3)

where ¢, € QF(M) and ¢y, € Q¥Y(M), but h, f € Q°(N). The mapping I* is then defined
by

IMw) = ( /0 1 f(x, t)dt) Dr1. (7.4)
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Proposition 7.1. For w € QF(N), we have
(1) *w — (t0)*w = dy TFw + I"dyw. (7.5)

Proof. Writing w in the form ([7.3)), since ¢;dt = 0, and 7 o ¢; = idyy, the left hand side of
(7.5) is

(11)*w — (10)*w = (t1)"h(x, )7 . — (10)*h(z, t)7" Py,

= (h(a,1) ~ h(a,0)) - =
Next, assume that w is just of the form
w = h(z,t)7" . (7.7)
Then, choosing a local coordinate system {x’} on M near any point, we have
dyw = ( > %dwi + %dt) A T + B, )T das . (7.8)
By the definition of I*, we have I*w = 0, so obviously
dyI*w =0, (7.9)
and
I dyw = 1k+1{( 'n g;‘i dr' + %dt) AT + h(z, t)w*dquk}
8}1:1 Lo (7.10)
- I’““{adt A 7r*¢k} - (/0 Edt) & = (h(z,1) — h(z,0))én.
So the proposition holds for forms of this type.
Next, assume that w is just of the form
w= f(z,t)dt N (7" 1) (7.11)
From above, we have
(t1)*w — (to)*w = 0. (7.12)
Note that
dyw = i %dwi Ndt N (T 1) — f(z, t)dt AN 7 (dprdr—1)
—~ Ox
(7.13)

= — Zn: %dt A T* (da:'i A ¢k71) — fdt A" (dMﬁbkfl)
=1
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So by definition of I*™! and (7.13)), we have

n 1 af ) 1
k+1 _ I i .
Il yw = (z; /0 axidt>dx A s ( /0 fdt)dMgbk_l. (7.14)
Next, by defintion of I*,

dyT*w = dy, /1 f(x,t)dt) d)H}

1 (7.15)
/ Zax dt Az A by + (/O fdt)dwk,l.
Consequently, on forms of this type, we have
dyI*w + I"dyw = 0. (7.16)

So the proposition is true for forms of the second type. By linearity, the proposition holds
for all forms, and we are done. O

Remark 7.2. Note that we used a coordinate system in the above proof. This is OK since
these are local expressions of global quantities, so the local identity therefore implies the
global identity.

7.2 Homotopy invariance of de Rham cohomology

Definition 7.3. Let X and Y be smooth manifolds. Smooth mappings f,g : X — Y are
said to be smoothly homotopic if there exists a smooth mapping F : X x [0,1] — Y such

that F'(z,0) = f(x) and F(z,1) = g(x).

Proposition 7.4. Let X and Y be smooth manifolds. If f,g: X — Y are smoothly homo-
topic then

fr=9" Hip(Y) = Hip(X) (7.17)

Proof. Let F: X x [0,1] — Y be a homotopy between f and g. Let ¢, : X — X x [0, 1] be
the mapping ¢;(z) = (z,t), and note that

(1) : (X x [0,1]) = Q*(X). (7.18)
In Proposition [7.1] we constructed

IF QR (X x [0,1]) — Q" 1(X) (7.19)
satisfying

(t1)" = ()" = [k+1dXx[o,1} +dxI*. (7.20)
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This clearly implies that as mappings on de Rham cohomology
(t0)" = (11)" s HEp(X x [0,1]) — Hp(X). (7.21)
Since f = F oty and g = F o 11, we have
ff=1(0)" o F*, ¢ =(11)"oF", (7.22)
therefore f* = g* : Hio(Y) — Hbn(X). O

Definition 7.5. Smooth manifolds X and Y have the same smooth homotopy type if there
exist smooth mappings f: X — Y and g : Y — X such that go f is smoothly homotopic to
Idx and f o g is smoothly homotopic to idy.

Corollary 7.6. If X and Y have the same smooth homotopy type, then Hjp(X) = Hjia(Y).

Proof. From Proposition [7.4], we have

[rog" =Idus, (x) (7.23)
g o " =Idus, (v, (7.24)
so f* and g* are isomorphisms. O]

Some special cases of this are the following.

Definition 7.7. A smooth manifold X is smoothly contractible if X has the same smooth
homotopy type as a point.

Corollary 7.8. If X is smoothly contractible, then

R £=0

. 7.25
0 0<k ( )

HCI;R(X) = {

Proof. By definition, there is a mapping f : X — {p} and a mapping g : {p} — X so that
g o f is homotopic to Idyx. This is equivalent to the existence of H : X x [0,1] — X so
that H(z,1) = z for all z € X and H(z,0) = xy where o = g(p). We already know that
HY(X) =R, 50 let k > 1, and w € Q%(X) such that dxw = 0. Plugging in H*w into the
Poincaré Lemma yields

(1) "H*w — (10)"H'w = (H o 11)*w — (H 0 1p)*w

7.26
= I""dx o H'w + dx I"H*w = dx I"H*w, (7:26)

because w is closed and d commutes with pullback. However, H o1y = Idx and H o ¢y is a
constant map, therefore we have

w=dxI"H*w, (7.27)

So w 1S exact. OJ
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Exercise 7.9. A domain A C R" is star-shaped if there exists a p € A such that for any
x € A, the line segment between p and z is contained in A. In this case, let H : Ax[0,1] — R
be the mapping H(z,t) = tx + (1 — t)p. This shows that A is (smoothly) contractible to a
point, so A has the same de Rham cohomology groups as a point. Show that the Poincaré
Lemma gives the explicit formula as follows. Without loss of generality, we can assume that
p={0}. Writing w € QF(A) for k > 1 with dw =0 as

W= Z Wiyoip AT A - N da'™ (7.28)

i <<
then
k 1 -
7= Z Z(—l)a_l </ i, (ta:)dt) g eda™ Ao Ndie A - A da'™ (7.29)
i1 < <ig a=1 0
is an explicit (k — 1)-form solving dy = w. (Hint: v = I*H*w.)

Definition 7.10. A submanifold 7 : A < X is a smooth deformation retraction of X if
there exists a smooth mapping r : X — X such that

roi=idy, (7.30)
and ¢ o r is smoothly homotopic to Idx.
Corollary 7.11. If A is a smooth deformation retraction of X then
Hip(A) = Hip(X), (7.31)
for all k > 0.

Example 7.12. Consider r : R" \ {0} — S"~' C R" given by r(z) = z/|x|. The mapping
F(z,t) = (1 — t)z + t(z/|z|) is a smooth homotopy between Idg» and ior, so S ! is a
smooth deformation retraction of R” \ {0} and we therefore have

Hap(S"™) = Hip(R™ \ {0}). (7.32)

From earlier, we know that this vector space is non-zero when k£ = n—1, and our next task is
to prove that this cohomology group is 1-dimensional (and determine all of the other groups
as well).

8 Lecture 8

8.1 Cochain complexes

A collection AP of vector spaces for p > 0 and operators ¢ : A? — AP*! for p > 0 satisfying
656k = 0 is called a cochain complex.

an? st bA sntt
> AP~ > AP y APTL S oo (8.1)
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Definition 8.1. The pth cohomology of a chain complex is the vector space

_ Ker{d} : A — Artiy
Im{o% " A=t — Ar}

HP(A) (8.2)

Definition 8.2. A morphism a : A — B of cochain complexes is a collection of mappings
aP : AP — BP such that d5a? = oPt16% for p > 0. In other words, a : A — B is a morphism
if the following diagram commutes

o,
A AL

lap o (8.3)

BP i) Bpr+1

Proposition 8.3. A morphism of cochain complexes a : A — B induces mappings HPaP :
HP(A) — HP(B).

Proof. Given [a?] € HP(A) represented by a? € AP satisfying 6%a” = 0, we have

Shata? = o’ oha? = 0, (8.4)

therefore we can define (HPa?)[a?] = [aPaP]. To check that this is well-defined,
[aP(a? + &5 aP™h)] = [aPa? + P68 aP 7Y = [aPaP + 6% TaPTraP Y] = [aPaP]. (8.5)
[

8.2 Exact sequences of cochain complexes

Definition 8.4. A sequence of vector spaces A, B,C, with linear mappings o : A — B,
6:B—=C

0254223250259 (8.6)

is called ezact if the kernel of each mapping is equal to the image of the previous mapping.
That is Ker(a) = {0} if and only if « is injective. Next, Ker(8) = Im(«). Finally,
Im(p) = C, if and only if S is surjective.

Let C; be a co-complex of vector spaces for i = 1,2, 3.

p—2 p—1 p+1
di d

dF e ;
Lot Lo ot (8.7)

)

with d?> = 0. A morphism from C; to C; are mappings o* : C¥ — CJ’-g such that the following
diagram commutes for every p

d?
D i p+1

lap laerl (8.8)

D J p+1
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For co-complexes C7, Cy, (5, and morphisms « : C; — Cs and 8 : Cy — C3. We say that a
sequence of co-complexes is exact if

0—25 0 —2 Oy » O3 —2— 0 (8.9)

~

if the sequence

0—Cscor 2, cor Z,or 0, (8.10)

2\

is exact for every p.
Lemma 8.5 (The zig-zag lemma for cochain complexes). If

050 —2s 0250250 (8.11)

s a short exact sequence of co-complexes, then there exist connecting homomorphisms
6 . HP(Cs) — HPTH(COy) (8.12)
for every p such that the sequence

L 1ROy~ HY(Cy) —2s HP(CH) —2s HPYY(CY) —— - (8.13)

15 exact.

Proof. We look at the huge commutative diagram

v 2 v

_ p—1 _ pr—1
0 —— CPh 22 or!

-1 —1 -1
dy dg dy
P 8P
0 y CF 2 % > CF > 0 (8.14)
dy dj dy

which has all horizontal rows exact.

To define the connecting homomorphism, take ¢ € C% with dic; = 0. By exactness of
the middle row, [, is surjective, so 5 = P(ch) for some ¢4 € C%. Then since the diagram
commutes, we have

BB = 3 = dich = 0. (8.15)

By exactness of the bottow row, we have dich = a?*' & for some ™' € CP™. Since O} is
a co-complex, and by commutativity of the diagram, we have

0=dy" dbch = d aP i = P2 A (8.16)
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which implies that @?*'c¢?™ = 0, since a?*? is injective. So we define 67(c5) = [1], the
homology class of &' in HP+1(Cy).

To prove this mapping is well-defined, assume that we started with ¢} € C3 which
was of the form ¢ = dj 'cf"'. Then we can write ¢§ ' = P~'cb™", and the element
& = dy b satisfies 57(&) = 4. But this element is exact, so the next step clearly gives
zero. Independence of the choice of ¢4 is similarly established.

Exactness of the resulting sequence is left as an exercise in diagram chasing. O

Exercise 8.6. Prove that the sequence (8.13)) is exact.

8.3 Mayer-Vietoris for de Rham cohomology

Write M = U UV as the union of two open sets in M. Then the following sequence is exact:

0—— UUV) L5 () (V) -2 UNV) — 0 (8.17)
where
B (W) = ((ivem) w, (ivem)w). (8.18)
and
of (wy, wy) = (ivnveu) wo — (lvavey) wy (8.19)

To see this, (P is obviously injective. For exactness at the middle step, obviously o 5Pw = 0.
If 5P(wy,wy) = 0, then wy = wy on U NV, so then (wy,wy) is a well-defined global form
on M.

To show that « is onto, let w € QP(UNV'). Let ¢y, ¢y be a partition of unity subordinate
to the covering {U,V'}. Then w = a(¢pyw, —ppw).

By the zig-zag lemma for cohomology, we obtain a long exact sequence

2 B (UUV) o H(U) @ H(V) = HE(UNV) =2 oo (8.20)

9 Lecture 9

9.1 General remarks on Mayer-Vietoris

Let us review the definition of the mapping 6? : HP(UNV') — HP™(M). Given a cohomology
class [w] € Hip(U NV), represented by w € QP(U NV) with dw = 0, we first write w =
a?(pyw, —pyw), then we apply the exterior derivative to get

(d(¢vw), —d(Ppw)) = (dov Aw, —doy Aw) € Q°(U) & Q°(V). (9.1)

Note that on U NV, we have (¢y + ¢v)w = w, so applying d to this equation, we have that
doy Nw + doy ANw =0 on UNV, so together these define a global form

s — {quV/\w in U

| (9.2)
—doy ANw inV

and we take the cohomology class of this form.
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Remark 9.1. This mapping appears to depend upon the choice of partition of unity, but
recall that when viewed as a cohomology class, it is actually independent of such choice.

Corollary 9.2. If a smooth manifold M has a finite covering of open sets such that each
non-trivial finite intersection U, N---NU;, has finite-dimensional de Rham cohomology, then
M has finite-dimensional de Rham cohomology.

Proof. Note that if

A-l,p-*2,¢ (9.3)
is exact at B, then

B = Ker(g) ® Im(g) = Im(f) ® Im(g). (9.4)

Consequently, if A and C are both finite-dimensional, then B is also finite-dimensional.
Now we look at the following portion of the Mayer-Vietoris sequence

L RN UNY) 2 B0 UV) 2 HE(U) @ HE(V) =2 - (9.5)
Using induction on the number of open sets in the covering, the corollary follows. O

Remark 9.3. If M is compact, there always exists such a covering. More on this later.
The following lemma will be extremely useful.

Lemma 9.4. [If

0 sV — s T, —2 5 > Vit > Vi > 0. (9.6)

1s exact, then
0 = dim(V}) — dim(V3) + dim(V3) + - - - + (=1)* " dim(V},). (9.7)

Proof. We use induction. If £ = 1, then we have 0 — V; — 0, which obviously implies
that dim(V}) = 0. Assume the theorem is true up to k& — 1. The mapping as : Vo — V3
has kernel given by a;q(Vj). So there is an induced mapping ay : Vo/ay(Vy) — Vo If
as(vy + a1(V1)) = as(vy) = 0, then vy = ay(wy), so the induced mapping is injective. We
therefore have an exact sequence

0 —— Vo/ay(Vi) =25 Vg —25 ... sy Vi —L v, s 0. (9.8)
This is an exact seqence of length k — 1, so by induction
0 = dim (Va/or(V4)) = dim(V3) + -+ 09)
= —dim(V}) + dim(V3) — dim(V3) + - - -,
and we are done. O
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9.2 Spheres
We consider the unit sphere S® C R**!,
Corollary 9.5. We have

R k=0n

(9.10)
0 0<k<n

- |

Proof. Cover with 2 open sets U, V, with U 2 R* = V and U NV = S"~!. First, consider
the case of S'. In this case, the Mayer-Vietoris sequence is

B° a9
0 —— HYp(S") —— HYz(U) @ Hyp(V) —— Hyp(UNV) j

(9.11)

50
g at
[—> Ho(SY) —— HIn(U)® Hip(V) —=— Hi,(UNV) — 0.

But U NV is contractible to 2 points, so this is
BO

0 > R >R@RQ—O>R®RT

(9.12)

1 50
{—> Hjn(S") 7 .

Lemma [9.4] then says that Hj(S') = R.
Next, for n > 1, look at the beginning of the Mayer-Vietoris sequence
0
0 —— HI(S") —— HO(U) & HO(V) =5 H(UNV) -2 ... (9.13)
But now U NV is connected, so this is

B

0 af 50
0 > R >y R R > R (9.14)

Since f3 is injective, the kernel of o is 1-dimensional. But a” has a 2-dimensional domain,
so the image of a? is 1-dimensional, that is a° is surjective. So we can move to the next level
and get

0 —— H (5" —2 BHL(U) @ Hiy(V) —2 HL(UnV) -2 .. (9.15)

Since U and V are contractible, this says that H},(S") = {0} for n > 2.
Next, we look at the upper portion of the Mayer-Vietoris sequence

C——— HIZ2(U) ® Hig?(V) = HiR*(S" )

6n72

n— n il aP n— n— .
L Hjz'(S) 0 » Hjp' (S (9.16)

~

6n71
BP+1

2\
e

L s
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This yields

Hyp(S") = Hyp ' (S"7) = R,
and

Hap(S™) = Hyp ' (S") = {0},

for 2 < k <mn — 1, so this finishes the proof.

9.3 The 2-torus

Next we consider the 2-dimensional torus 72 = S! x S?t.
Corollary 9.6. We have

R kE=0o0r2

HgR(TZ) = {RQ k=1

(9.17)

(9.18)

(9.19)

Proof. Writing the first S'-factor as the union of two intervals, we can cover T? by U = Rx S*
and V =R x S! and such that the intersection is diffeomorphic to UNV is R x S*JJR x S*.

The full Mayer-Vietoris sequence is

BO

0 —— HYT?) —2— HYU) & H(V) - H(UNV)

50

L H(T?) 2 B Uy e HY(V) -2 HYUNV)

51

L B(1?) 2 (U)o H2(V) 2 B2Unv) —2 0.

Using the Poincaré Lemma and Corollary 9.5, we know this is

0
0 y R —

>R@1RaC’—°>11\1<@]1\2j

60

[—>H1(T2) L ROR 2 R@Rj

[_> 2 /12 B2 o?
H(T?) s 0 .+ 0

(9.20)

(9.21)

If we try and use Lemma [9.4] we just get that dim(H'(7?)) = dim(H?*(T?)) + 1, so we
really need to look at the mappings. For this, note that the o’ mapping has a 1-dimensional
image, because the difference on the intersection is the same on both components of U N V.
We also claim that o' has a 1-dimensional image. To see this, note that df is a generator
for H'(S'). From the proof of homotopy invariance of de Rham cohomology, a generator of
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HYU) = H'(S' x R) is 7*df, where 7 is projection onto the S! factor. Since the generator
is independent of the R coordinate, the difference is the same on both components of the
intersection, which proves the claim. So we can split off 2 exact sequences.

1

LR LR, (9.22)

0 —— R - HYT?)

~

and

2\

0 —— R 25 R F2(T?) —— 0. (9.23)

Using Lemma [9.4] the first sequence implies that b' = dim(H'(7?)) = 2 and the second
sequence implies that b = dim(H?*(T?)) = 1. O

Remark 9.7. The above proof also shows that H!(T?) is spanned by df; and df, where 6;
is the angular coordinate on the ith factor. Also, H?(T?) is spanned by df; A dfs.

9.4 Real projective 2-space
Using the above, we can determine the de Rham cohomology of RP2.

Proposition 9.8. We have

H*(RP?) = {IOR Zi(l) , (9.24)

Proof. We can consider RP? as a disc D? with the boundary identified by the antipodal
map. Cover by U = D?, and V a tubular neighborhood of the boundary RP' = S'. The
intersection is a annulus so is homotopic to S'. The Mayer-Vietoris sequence is

0 ' R—" JReR <5 R )
50
[—> HERP) — 3R 2 R j (9.25)
L : "
2 2
H2RP?) —2 50— 50250
We can split off the exact sequence
0 —— H'RPY) s R 2R % H2RP?) — 0. (9.26)

If we use Lemma we can only conclude that H'(RP?) ~ H?(RP?). So we need to look
at the mapping o' : HY(V) — H' (U N'V). There is a natural projection 7 : U NV — RP',
since V is a tubular neighborhood of RP?. Note that U NV is homotopic to S*, since UNV
is an annulus. Then, up the homotopy, the mapping ¢« : U NV — V is the same as 7 :
S' — RP', which is a double covering. Consequently the mapping o' : H'(RP') — H'(S')
is multiplication by 2. So a is an isomorphism, and H'(RP?) ~ H?(RP?) ~ {0}.

[
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10 Lecture 10

10.1 Poincaré Lemma for cohomology with compact supports

Let M be a manifold, possibly noncompact. Let QP(M) denote the smooth p-forms with
compact support. We have a complex

s (M) — p(M) —4 et (M) —4 - (10.1)

and Hﬁ 4r(M) is defined to be the cohomology of this complex. Of course, if M is compact
then H. (M) = Hyp(M).

Lemma 10.1. Let M be a differentiable n-manifold, then for k > 1,

HYm(M x R) = HE L(M). (10.2)
Proof. First, we define a mapping “integration over the fiber” by
Tt QF (M x R) — QF1(M) (10.3)
by the following. Any k-form on N = M x R can be written as
w=h(x, )" op + f(x,t) (7" Pr_1) A dt, (10.4)
where ¢, € QF(M) and ¢p_1 € Q¥ 1(M), but h, f € Q%(M x R). Define
- (/Z f(:v,t)dt)qbk_l, (10.5)

noting that the integral is defined because w is assumed to have compact support, and this
form has compact support since f has compact support.
We claim that

dar 0 T = Ty © dprur, (10.6)

To see this, the left hand side of ((10.6) is

dyr 0 Ty = dM((/oo f(m,t)dt) ¢k_1)

(10.7)
/ dt d:t:/\(ﬁk1+ / f:ctdt)dmbkl
The right hand side of (10.6) is
oh
7y 0 dyw = (a dt A 7 +Za Aot AT s Adt+ f(z, )T (dMngk_l)/\dt)
= Z ol Lt At by At far ) (das i) A i) (10.8)

— / Zaxldt da:' A Qp— 1+ /_OO f(x,t)dt)>dM¢k717
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since the term involving h is zero because h has compact support, and using the fundamental
theorem of calculus. Therefore 7, induces a mapping

T HEjo(M X R) — HYE(M). (10.9)

Next, we choose e € Q}(R) with [, e =1, and define

st (M) — QFFY(M x R) (10.10)
by
ex(w) = (m"w) Ae. (10.11)
We have that
dyrxr © €5 = €, 0 dyy, (10.12)
because
dyoei(w) =dy(m"wAe) = (dym*w) N e = 1" (dyw) N e = e, o dpy(w). (10.13)

Therefore e, induces a mapping

et HY yo(M) — HETE(M X R). (10.14)
Let us write e = xdt, then
T 0 €4 (W) = T4 (X(t)(w*w) A dt> = (/ X(t)dt)w =w (10.15)

Therefore, we have m, o e, = 1 on Qf (M), so m, 0 e, = 1 on Hf p(M).
We next claim that e, o m, =1 on HY ;5(M x R). To see this, writing w € QF(N) as

w = h(z,)m"g + f(z,8)(7"Pp_1) A dt, (10.16)
define a mapping
K : Q"M xR) = Q¥ (M x R) (10.17)

by

K(w) = W*gbkl(/_; f(z,s)ds — (/_; e) /_O; f(:c,s)ds). (10.18)

Note that the right hand side is indeed a (k — 1)-form on M x R with compact support,
which is clear if ¢ is sufficiently large. We claim that if w € QF(M x R) then

(1—em)w = (—1)FHdK — Kd)w, (10.19)
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which we will separately verify for forms of type w = h(x,t)7*¢y, and for forms of type
w= f(z,t)7* Ppr_1 A dt.

For forms of the first type, we obviously have
(1 —e.m)h(x, )7 P = h(z, t)7" Py (10.20)
On the other hand, since K is zero on forms of this type,

(K — Kd)(h(w,t)7" dx) = —K ((?

K ((yunsar)

= (—1)F 1K<<%)(ﬂ*¢k) Adt)

| /_ m s /_ ; ‘) /_ ")

= (=D (7" )z, ).

>d:z: AT o + <%

o )dt ATt + bz, t)w*dqﬁk)

(10.21)
For forms of the second type w = f(z, )7 d_1 A dt, we have
(1 — eum) f(z, )7 dpr Adt = f(z, )7 dpr A dt — (/Z f(x,t)dt) (T*bp_1) Ae
= TGt A <f(x,t)dt - (/Z f(m,t)dt)e) (10.22)
. ( / Z f(x,t)dt)x(t)>7r*¢k_1 A dt
Next,
dNKw—dN<7r¢k1/ F(z, 5)ds — / / f:vsds
— 7 (dyn 1) / F (o, 8)ds — / ) | tais)
(10.23)

+ (-1 k1*¢k1 / Er (2, 8)ds — /t 6)/m%(az,s)ds>/\dﬂ

+ (=) 'ty 1<f(xtdt—e/ fa:sds)
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We compute

Kdyw = K( S :a—édﬂ AT b1 + f(x, t)w*dquk._1> A dt
=1

(O \
- ;K<a Az A7 1 Adt) + K(f(x,t)w dardp s /\dt)

Tt

- t t N (10.24)
— ;W*(daf A ¢kl)(/—m %(m,s)ds — (/_Oo e> /_OO %(w,s)ds)
+7T*(dM¢k_1)</_; (@, s)ds — (/_; e) /_Z f(x,s)ds).
Adding together and and using (10.22), we obtain
(1—em)w = (—1)F"YdK — Kd)w, (10.25)

which finishes the proof of the claim.
The claim implies that e, o 7, = 1 as a mapping on Héde(M x R), and the Poincaré
Lemma for compactly supported cohomology follows. O

Corollary 10.2. We have

R k=n
HF p(R") = 10.26
c,dR( ) {0 k 7£ n ( )
and a generator for Hng(]R”) s giwen by any compactly supported n-form p with fRn w=1.
Proof. We start with M = {p} a single point. From above, we have an isomorphism

R = Hg,dR({p}) = Hcl,dR(]R)' (1027)

Furthermore, since the isomorphism is given by e,, the proof shows that a generator of the
left hand side is x(x!)dz!. Next, we have

H? jz(R?) = H} (R) =R, (10.28)

and a generator of the left hand side is y(z!)dz!' A x(2?)dz?. In general, a generator is given

by
x(@t) - x(@™)dzt A - A da (10.29)
Next, we use the fact that 7, is an isomorphism. The isomorphism
Hcl,dR(R) = Hg,dR({p}) =R (10.30)

is given by

$1 }—>/R¢1dxl. (10.31)
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Then the isomorphism

HZ4p(R*) = H,gp(R) = R, (10.32)
is given by
f(t ) dat A da? — (/ f(x1,$2)dx2) dz'. (10.33)
R
Composing these isomorphisms and using Fubini’s Theorem, we get
f(zh 2 dat A da? — . f(zt, 2®)dz" A da?. (10.34)

In general, the isomorphism is given by

fl@t, . ™) dat A A da" flt, . a™)dat A A da (10.35)
R

O

Remark 10.3. This shows that H},(M) is not a homotopy invariant, since (10.26) is
not the same as the cohomology of a point. But of course, H} z(M) is a diffeomorphism
invariant.

11 Lecture 11

11.1 Top degree cohomology

We can now determine the top degree compactly supported cohomology of any manifold.

Theorem 11.1. Let M be a connected smooth n-dimensional manifold. Then

" R M s orientable
HEgp(M) = . , : (11.1)
0 M is non-orientable
In particular, if M is compact, then
n R M 1is orientable
Hip(M) = ) . (11.2)
0 M 1is non-orientable

Proof. Assume that M is orientable. From the Poincaré Lemma for cohomology with com-
pact support, we know that H(R") = R. Cover M by open sets U; diffeomorphic to R™.
Given w € QF(M), write

w= Zwi = ZXZW’ (11.3)

% )
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where y; is a partition of unity subordinate to {U;}. Since the result is true for R", we
know that w; = day; + ¢;8;, where [3; is a bump form, which we can take to be supported
near any point p; € U;. So we can assume that w is cohomologous to a sum of bump
forms. We claim that any 2 bump forms are cohomologous to a multiple of each other.
To see this, given p,p’ € M, we can connect by a sequence of coordinate patches V; and
sequence of points chosen as follows. Let py = p, contained in V. Then choose p; € Vi N V5,
pa € VonVj, ete, with p’ € Viy. This shows that H'(M) is at most 1-dimensional. By Stokes’
theorem, we already knew that H(M) was a least 1-dimensional. So M orientable implies
dim(H»(M)) = 1.

If M is non-orientable, then there must be a path v : S' — M such that A"(y*T'M)
is the non-orientable bundle on S'. This is because the orientation double cover 7 : M —
M is a non-trivial double covering, so there must be a closed path v which lifts to an
open path in M connecting different points in a single fiber. Consequently, there exists a
sequence of coordinate neighborhoods Vi, ..., Vy with Vi = Vy and such that there are an
odd number of orientation-reversing transition functions. The above argument then shows
that 1, a bump form supported in V;, is cohomologous to —f;, and therefore must be trivial
in cohomology. O

Next, we prove the following, which will complete our understanding of the top degree
de Rham cohomology of any smooth manifold.

Proposition 11.2. If M is a non-compact smooth manifold of dimension n, then
Hip(M) = {0}. (11.4)

Proof. Assume that w € Q" has compact support in a coordinate neighborhood U = Uj.
We then find a “ray” of coordinate neighborhoods, that is, U; such that U; N U, # 0 and
is connected, but the sequence leaves any compact subset of M. Choose w; € Q*(U; N U;44)
which generates H}'(U;). Then

w=dn + ciw;
= dm + ¢1(cows + dne) (11.5)
= dm + c1dng + crca(dns + caws) = - - -
So we have

w = dny + c1dny + c1cadns + c1caczdny + - - -
11.6
= d<771 + crdny + cicadns + creacgdng + - - - ) ( )

Since the open sets U; leave any compact subset, this is a finite sum at any point, so this
shows that w = dn, where n € Q" 1(M).

Next, given any w, we can find a sequence of coordinate neighborhoods U; such that
{U;} covers M and which is locally finite, and which leaves any compact subset. Let ¢; be
a partition of unity subordinate to {U;}. Then by the above, we can write w; = ¢;w = dn;,
where the support of n; is contained in U; U U;;1 U - --. Finally,

w:Zwi:Zdni:d<Zm>, (11.7)

and the form 7 = ) n; makes sense since the U;-s leave any compact subset. O
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Let us summarize our results on the top-dimensional cohomology of any connected smooth
n-dimensional manifold.

Theorem 11.3. Let M be a connected smooth n-dimensional manifold. Then

n R Mcompact and orientable
Hijp(M) = | (11.8)
0 M otherwise
and
R M orientable
H" (M) = ) 11.9
c’dR( ) {0 M otherwise ( )

11.2 Degree of a smooth mapping

Definition 11.4. A mapping f : X — Y between topological spaces is proper if the inverse
image of any compact set is compact.

Exercise 11.5. Prove the following statements about proper mappings.

(i) Let X and Y be metric spaces. For a sequence of points z; € X, we say that
lim; .o x; = oo if given any compact subset K C X, then there exists an integer N so that
x; € X\ K fori > N. Show that f: X — Y is proper iff for any sequence x; € X such that
lim; o x; = 00, then lim; o, f(x;) = oo.

(ii) If Y is a manifold and f : X — Y is proper and continuous, then f is a closed
mapping, that is, f maps closed sets to closed sets.

Let f : M — N be a proper smooth mapping between n-dimensional connected and
oriented smooth manifolds. Since f is proper, f* : Q¥(N) — QF(M), and therefore there
is an induced mapping f* : H;p(N) — HZ;p(M). From Theorem E', we know that
Hz(M) = R, with isomorphism given by [w] — [}, w, and similarly for N. Therefore, we
can make the following definition.

Definition 11.6. The degree of f is the real number deg(f) so that

/Mf*w:deg(f)/Nw (11.10)
for all w € QF(N).

Proposition 11.7. If f : M — N and g : N — M are both proper then go f : N — M s
proper and

deg(g o f) = deg(g) - deg(f) (11.11)

Proof. The composition of proper maps is obviously proper. Given w € Q7(M) then

[ worye= [ row=dep [ gw=destnaces) [ o (11.12)

M
U
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Proposition 11.8. Let f: M — N be a diffeomorphism. Then deg(f) =1 is f is orienta-
tion preserving, and deg(f) = —1 if f is orientation reversing.

Proof. This follows from the change of variables formula, the definition of the integral is
clearly invariant under diffeomorphisms, but only up to sign. O]

Proposition 11.9. If M and N are compact, and f : M — N 1is smoothly homotopic to
g: M — N, then deg(f) = deg(g).

Proof. If M and N are compact, we know that H?;n(M) = Hjr(M) and H?,p(N) =
H!-(N). By the Proposition =g Hlyp(N) = H] (M), O

Remark 11.10. This is not true in the noncompact case. The functions z and 22 as
mappings from C to itself are properly homotopic, yet have different degrees.

Proposition 11.11. If f : M — N is proper and not surjective, then deg(f) = 0.

Proof. 1Tt f is not surjective, then there exists ¢ € N which is not in the image of f. Fur-
thermore, since f is a closed mapping, there exists a neighborhood U of ¢ which contains no
points in the image of f. Let x be an n-form supported in U with fUX =1. But f*x =0,
so [, [*x =0, and thus deg(f) = 0. O

Proposition 11.12. If f : M — N is proper, then deg(f) € Z. Furthermore, if ¢ € N be a
reqular value of f, and let f~'(q) = {p1,...,pr}. Then

deg(f) = 3 sen(.

). (11.13)

where

sgn(fulp,) = det(fulp,) /| det(filp,)

Proof. By Sard’s Theorem, there exists a regular value g. Since f is proper, f~!(q) is
compact, and since it consists of isolated points (by the inverse function theorem), it must
be a finite set. We can choose a neighborhood U of ¢ so that f~(U) = U; []--- ][ Ux and
such that f : U; — U is a diffeomorphism. Let x € Q(U) satisfy [, x = 1. Then f*x is
supported in U; U - - - U Uy, and we have

/Mf*x _ Ekj/U = ilsgn(f*

: (11.14)

b)), (11.15)

k
0[S

]

12 Lecture 12

12.1 Applications of degree

In this subsection, we will give several applications of the degree theory developed above.
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Corollary 12.1 (Fundamental theorem of algebra). Any nonconstant polynomial in C has
a zero.

Proof. Let P(2) = ap2" 4 an_12""' + --- + ag, where a, # 0. Recall that CP* = (C?\
{(0,0)})/ ~ where (z',2?) ~ A(z',2?%) for A # 0. It is easy to see that we can extend
P(x) : S? — S?% as a holomorphic map (it is a meromorphic function on C with a single
pole at infinity of order n). Since P is holomorphic, it is orientation preserving. Since P is a
polynomial, the set of critical values is a finite set. Since P is non-constant, P attains some
value ¢ € S? which is not critical. Since P is orientation preserving at all regular points, the
degree must then be non-zero (in fact, the degree is n). Proposition then implies that
P is surjective. 0

Corollary 12.2. There does not exist any non-zero vector field on S™ for n even.

Proof. Let A: S™ — S™ be the antipodal map. We first claim that deg(A) = —1 for n even.
Clearly A is a diffeomorphism, so we just need to check if it is orientation preserving or not.
The standard orientation of S™ is given by

w= (xz%) a(dzt A Ada . (12.1)
Clearly
A*(w) = (—1)" . (12.2)
So if n is even, we have deg(A) = —1.

But if X is a non-zero vector field on S™, let 7,(¢) be the portion of the great circle such
that 7,(0) = p, 7,(1) = —p and such that +,(0) points in the direction of X,. Then H(p,t) =
7p(t) is a homotopy between Id and A. This is a contradiction since deg(/d) = 1. ]

Remark 12.3. Odd-dimensional spheres always have a non-zero vector field:
X = (_$2,$1,—$47$3,'--) (123)
We also have the following:

Proposition 12.4. If f : 8" — S™ is smooth and deg(f) # (—=1)"*', then f has a fized
point.

Proof. 1f no fixed point, then for p € S™, the line segment from f(p) to —p does not hit the
origin. Then we can define

(1—1t)f(p) —tp
(1 —1t)f(p) —tpl’

which is a homotopy between f and the antipodal map. O

H(p,t) = (12.4)

Next, we have
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Proposition 12.5. Let M be a smooth n-dimensional oriented compact manifold with con-
nected boundary OM. Let N be a compact connected oriented (n — 1) manifold. Let g :
OM — N be a smooth mapping which extends to a smooth mapping G : M — N. Then

deg(g) = 0.

Proof. Let w be any smooth (n — 1) form on N such that [, w = 1. Obviously dyw = 0
since N is of dimension n — 1. Then by Stokes’ Theorem

deg(g) = /8M g'w= - G'w = /MdM(G*w) = /MG*(de) =0. (12.5)
O]

Corollary 12.6 (Brouwer fixed point theorem). If f : B® — B" is smooth, then f has a
fixed point.

Proof. Assume by contradiction that f has no fixed point. Then define G : B — S™! by

)
O = )T

Letting g = G|gn-1, by the previous proposition, we have deg(g) = 0. However, define
H:S8"1x0,1] = S" ! by

(12.6)

z —tf(z)

H(x,t) = —————. (12.7)

|z —tf ()]
Clearly, the denominator never vanishes, so H is a smooth homotopy between g and the
identity map. Since deg(Id) = 1, this is a contradiction. ]

12.2 Real projective spaces

Recall that RP" is the space of lines through the origin in R""!. Equivalently, RP" is the
space of vectors in R"™ modulo the equivalence relation

(U1, Vpy1) ~ (CU1, ...y CUZL1), € # 0. (12.8)

Since every line through the origin hits the unit sphere in exactly two points, we can desribe
RP"™ as a quotient space. That is,

RP" = S"/Zs, (12.9)
where Zy acts by p — A(p) = —p. Let m: S™ — RP" denote the projection mapping.
Proposition 12.7. RP" is orientable if n is odd, and non-orientable if n is even.

Proof. Above, we saw that

w= (xi%>J(dxl A Adath (12.10)
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is a nowhere-vanishing n-form on S™ C R"*!. Clearly,
Aw = (—1)""w. (12.11)

So if n is odd, w is invariant under the above Zs action and thus descends to be nowhere-zero
n-form on RP".

In n is even, then A*w = —w. This says that A is orientation-reversing. If RP" were
orientable, then it would have a non-zero n-form w € Q*(RP"), and the pull back form 7*w
would be a non-zero n-form on S™ which is invariant under A:

A'm*'w = (mo A)'w = 1w, (12.12)
since m o A = m. This says that A is orientation-preserving, which is a contradiction. O

We next compute the de Rham cohomology of RP".
Theorem 12.8. We have

R k=0
HY(RP?) = % 2 - izdz (12.13)
0 k=mneven
Proof. Since A : S™ — S™ satisfies A2 = Idgn, for each 0 < k < n, we have that
QF(S™) = QF (™) @ QF (™) (12.14)
where
QF(S™) = {w € QF(S™) | A*w = +w}, (12.15)
because we can write
w= St A+ 3w A) (12.16)
We claim that
™ QF(RP™) — QF (S™) C QF(S™), (12.17)

and is an isomorphism. Just as above m o A = 7 implies that A*71*w = 7*w, so clearly the

image of the pull-back lies in the space of invariant forms. Next, we need to show that if
w € OF(S™), then w is the pull-back of a form a € QF(RP"). That is, if A*w = w, then for
pe S, and Xy,..., X, € T,57,

wp( X1, X)) = (m70)p (X1, .o, Xi) = Q) (M X, oo, T Xg). (12.18)

Let us use this equation to define ar@,). We need to prove this is well-defined. Given
[p] € RP", there are exactly 2 preimages p and A(p) = —p. The mappings (7.), : T,5" —
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Ty RP", (1) ap) : Tag)S™ — T RP", and (A,)p : T,8™ — Tay)S™ are isomorphisms. Given

[p] € RP" and Yi,...Y, € TjRP", there are exactly 2 choices:
(Vi Vi) = () Vi (m)5 V),
or

0 (Vi Vi) = wag () iy Vi o (1) 31 Vi),

Since m o A = 7w, we have

(T) a) (As)p = () p-

Since all of the mappings are isomorphisms, this implies that
(72)aby = (A,

so (|12.20) can be rewritten as

(Vi Vo) = wag(A)p(m); Vi, (A () Vo).

The condition that w is invariant under A, A*w = w says that

(A*cu)p(Xl, e ,Xk) = wA(p)(A*Xl, e ,A*Xk)

Choosing X; = (m,),"Y;, we see that (12.19) = (12.20), therefore o is well-defined.

We next note that if A*w = w then
Afdw = dA*w = dw,
so the exterior derivative maps
d:QF(S™) — QFF(S™).

We therefore have the commutative diagram

L OFYRPY) — QF(RPY) —4s QF(RPY) —4s .-

- I -

) d Q’f[l(S") d ; Qﬁ_(sn) d ; Q{T_-H(Sn) L}

Since 7* is an isomorphism, we have
Hip(RP") = H*(Q5.(S™))
We next note that if A*w = —w then

Adw = dA*w = —dw,
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so the exterior derivative maps
d: QF(S™) — QFFL(S™). (12.30)
We can also decompose the de Rham complex on S™ by
QEL(5m) @ QFL(sm) 2L ok (5m) @ QF (57) T2 QL5 @ R (s, (12.31)
This implies that
Hip(S™) = HM(Q.(S™) @ H(Q(S™)). (12.32)

Next, note that since A is a diffeomorphism satisfying A% = I'dg., we have that A induces a
mapping on cohomology

A* HEL(S™) — HEL(S™), (12.33)
which also satisfies (A*)? = T dpr(sny- Consequently, we can decompose
HEL(S™) = HE(S™) @ HE(S™), (12.34)

where H%(S™), H*(S™) are the invariant and anti-invariant cohomology classes, respectively.
Equivalently, these are the +1 and —1 eigenspaces of A*. We next claim that

H*(Q(S™) = HE(S™). (12.35)

This follows because we have two decompositions
Hin(S") = HH@ (™) @ HH@(S") o
= H(S") @ HY(S™), |

the first factors are the 41 eigenspace, and the second factors are the —1 eigenspace, so they
must be equal.

To finish the proof, we clearly have H%,(RP") = {0} for 0 < k < n. For k = n, we
know that A* = (—1)"*! acting on H75(S™), so we have that H}5(RP") = R if n is odd, and
H(RP") = {0} if n is even.

O

13 Lecture 13

13.1 Finite group quotients

Let M be a smooth manifold, and I' be a finite group acting freely on M. That is, we have
is a smooth mapping

A:TxM—M (13.1)
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satisfying

A(g192,p) = Alg1, Alg2,p)) (13.2)

and A(e,p) = p for all p € M, where e is the identity element of I'. The action A is free if
A(g,p) = p for some p € M implies that g = e. Let A, : M — M denote the diffeomorphism

Ag(p) = Alg,p).
Recall that the quotient space M/T" is a manifold. Furthermore, = : M — M/T is a

covering space of order |I'| with deck transformation group I'.
Definition 13.1. The space of invariant k-forms

QL (M) = {w e Q"(M) | Alw =w for all g € T'}. (13.3)
Proposition 13.2. The mapping ©* : Q*(M/T) — Q¥ (M) is an isomorphism.

Proof. For each g € I', we have m o A; = 7 which implies that A*m*w = 7*w, so clearly the
image of the pull-back lies in the space of invariant forms. Next, we need to show that if
w € QF (M), then w is the pull-back of a form a € QF(M/T). That is, if Ajw = w for all
g €', then for p € M, and X;,..., X}, € T,M,

wo(X1, . X)) = (7 ) (Xa, - Xi) = ey (M X1, - X (13.4)

Let p be any preimage of [p| under the projection 7. The mapping (7), : T,M — T, (M/T)
is an isomorphism. Given Yi,...Y} € T, (M/T), we define

ap (Y1, V) = wp((m), Y1, ., (1), YR, (13.5)

We need to show this is well-defined. Let p be any other preimage. Then there exists g € I’
such that p = Ayp. Using A p instead of p in the definition yields

o (Yi, e ,Yk) = wAg(p)<<7T*)2;(p)}/1, R (W*)E;(p)Yk)' (136)

Since mo A, = m, we have

(7 450 ((Ag)s)p = (2 )p- (13.7)
Since all of these mappings are isomorphisms, this implies that
()3l = (A5 (13.8)
SO can be rewritten as
) (Y1 -, Yi) = wa, ) (Ag))p(m), Y1, (Ad)p(m), Vi) (13.9)

The condition that w is invariant under A,, A’w = w says that

wp( X1, Xi) = (Apw)p(X1, o Xi) = way ) ((Ag)u X1, (Ag) Xi). (13.10)
Choosing X; = (), 1Y;, we see that (13.5) = ([13.6)), therefore a is well-defined. O
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Proposition 13.3. We have

HiG(M/T) = HE (@3, (M)) (13.11)
Proof. If A*w = w then
A%dw = dA™w = dw, (13.12)
so the exterior derivative maps
d: QF (M) — QMY(M). (13.13)

We therefore have the commutative diagram

-1 QFN(M/T) — QF(M/T) —s QMY (MT) —L -

l”* lﬁ lﬁ* (13.14)

o @5 00) —4— 5 (1) —— 2501 —

Since 7* is an isomorphism, this finishes the proof. O
Next, we have the following
Proposition 13.4. The induced mapping
T Hyo(M)T) — Hbo (M) (13.15)
18 1njective.
Proof. We have that % (M) C Q*(M) is a subcocomplex. This induces a mapping
HE Q4 (M) — (M) (13.16)

by the following. Take an equivalence class [w] € H*(€2 (M)) represented by w € QF (M),
and map this to the cohomology class [w] € H¥,(M). This is well-defined, since if w = da
where a € Q5 1(M) then obviously [w] = 0 in H¥,(M) also.

By the previous proposition, we just need to show that the mapping is an injection.
For this, we need to show that if w € QF (M) satisfies w = da for o € Q¥ (M), then w = dj3,
where 3 € Q%1(M). For this, simply define

1 *
b= > A (13.17)
gel
For any ¢’ € G, this satisfies
Ay = m Z AgAga = m Z Aggra = |T| Z Aga=p (13.18)
gel gerl gel’
so B € Q" H(M). Then
1 . 1 . 1
dﬁ:WZdAg&:WZAgda:mZda:da. (13.19)
ger ger gel
0
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Definition 13.5. The kth Betti number of M is
V5(M) = dim(HE,(M)). (13.20)
We can phrase the above result as follows.
Theorem 13.6. If 7 : M — M/T is as above, then
VE(M) > bF(M/T). (13.21)
Example 13.7. The example of 7 : S — RP? shows that can be strict.

Example 13.8 (Lens spaces). Choose relatively prime integers 1 < ¢ < p. Consider S* C
R* = C? as

5% ={(z1,2) € C* | |z1)* + |2|* = 1}. (13.22)
Let T' = Z/pZ act on S* generated by
(21, 22) = (Gpz1, G 22), (13.23)

where (,, is a primitive pth root of unity. It is easy to see this is a free action, so S*/T' = L(p, q)
is a smooth 3-manifold. The inequalities show that b*(S3/T) = b%(S3), so the
de Rham theory is unable to distinguish these spaces. However, since 7, (S%/T') =T, if p # p/
then L(q,p) cannot be homeomorphic to L(¢', p'), so the fundamental group can distinguish
these. An interesting question is: when exactly are L(q,p) and L(q’,p) diffeomorphic?

13.2 Triangulations of smooth manifolds

Define the standard p-simplex to be

P

AP — {(to, ) ERPLS =1 > 0}. (13.24)
i=0
For 0 < i < p, the ith face of AP is the (p — 1)-simplex
AP APTE 5 AP (13.25)
defined by
(to, R 7tp—1) — (to, ey tii1, 008, tp—l)- (1326)

More generally, for £ < p — 1, a k-face of A” is a simplex obtained from A, obtained by
setting p — k of the coordinates equal to 0.

Definition 13.9. If M is a smooth compact n-dimensional manifold, a triangulation of M
is collection of diffeomorphisms

g A" > M (13.27)
for i = 1... N whose images cover M and such that if
¢ (AP) N cf (A7) # 0, (13.28)

for i # j, then the intersection is exactly a k-face of both simplices for 0 < k < p — 1.
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We will refer to image of ¢}’ as an n-simplex of the triangulation, and the image of any
k-face of a simplex will be called a k-simplex of the triangulation.

Remark 13.10. Using his embedding theorem, Whitney proved that every smooth manifold
M admits a triangulation. The basic idea is to embed M into R™. Taking a very fine cubical
lattice in general position, he constructs a simpicial complex in a tubular neighborhood
of M which projects to a triangulation on M. We will not give details of this, but refer
the interested student to Cairns’ 1961 paper “A simple triangulation method for smooth
manifolds”, which is just 2 pages!

14 Lecture 14

14.1 Euler’s polyhedral formula

If M™ is a smooth compact n-dimensional manifold with a triangulation, then let ay be the
number of k-simplices in a triangulation. For surfaces, these are also notated as V' = ag, F =
a1, ' = ag since V' is the number of vertices, F is the number of edges, and F' is the number
of faces in the triangulation. We also define Euler characteristic

n

X(M) =) (=1)b'(M), (14.1)

i=0
where b'(M) = dim(H'(M)) is called the ith Betti number of M.

Theorem 14.1. If a smooth compact surface M admits a triangulation, then
X(M)=ayp—a;+ay=V —E+ F. (14.2)
Consequently, the sum V — E + F 1s independent of the triangulation.

Proof. Clearly, we can assume that M is connected. Let U be the union of small balls around
the barycenters (center of mass) of the 2-simplices p;. Let Vi = M \ U2, {p;}. Then UNV
is homotopic to the disjoint union of s copies of S?.

Applying the Mayer-Vietoris sequence to U and V yields that

0 > R » R2 @ HIp(V)) —— R*2

L Hijp(M) ——— Hjp(Vi) ———— R (14.3)

g H3(M) ——— H3p(Vi) —— 0.
Lemma (9.4] implies that

0=1—0ay—b"(V}) +ay — b (M) +b* (V1) — ay + B*(M) — b*(11), (14.4)
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X(M) = x(V1) + az. (14.5)

We next apply the Mayer-Vietoris sequence on V;, with a new U and V. For this, if 2
2-simplices intersect along a 1-face, then we can connect the barycenters by a curve which
intersects the 1-face in the barycenter of the 1-face. Then let U be the disjoint union of sets
diffeomorphic to balls which are slight “fattenings” of slight shrinkings of the curves (so that
they are disjoint near the endpoints). Let Vj be the complement in V; of the union of the
curves joining the barycenters of the faces. Then V; = UUVj, U is the union of oy balls, and
the set Vy deformation retracts onto the set of O-faces. Also, the intersection U NV consists
of 2a; sets diffeomorphic to balls, since each curve cuts the fattenings into 2 pieces, so we
have the exact sequence

0 > R » R @ R —— R
(14.6)
[" Hip(Vi) ———— 0
Lemma [9.4] implies that

x(V1) = ap — ag. (14.7)

Combining with , we have
X(M) = ag — a1 + o (14.8)
O

Remark 14.2. In dimension n, it is true that

n

V() = 3 (~1)ka, (14.9)

k=0

but we leave the details as an exercise for the interested student. (The above proof extends
to the higher-dimensional case with only a litte extra work; see [Spi79, Theorem 11.5].)

Corollary 14.3. If a finite group I acts freely on a compact manifold M, then
X(M) = [I| - x(M/T). (14.10)
In particular, if T : M — M is a d-fold covering space, then

(M) = d - x(M). (14.11)

Proof. If M/T has a triangulation with oy, k-simplices, then we can pull-back the triangula-
tion to M, which is a triangulation with dy = |I'|ay k-simplices. O

Remark 14.4. This is a special case of a much more general formula. If 7 : £ — B is any
fiber bundle with fiber F' then x(F) = x(F') - x(B). This follows from the Serre spectral
sequence; see also [BT82, Exercise 14.37].
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14.2 Compactly supported cohomology
If M is noncompact, the mapping 7w : M — M/I" is proper. Therefore we have

T QE(M/T) — QF  (M). (14.12)
The above arguments holds verbatim for compactly supported cohomology, so we have:
Proposition 14.5. The mapping © : Q¥ (M/T') — QF (M) is an isomorphism, and
Hgqp(M/T) = H(Q; , (M)). (14.13)
Furthermore, the induced mapping
7 HY yn(M/T) — HY o (M) (14.14)
1s injective. In other words, ,
VE(M) = dimg H¥(M) > dimg HE(M/T) = b¥(M/T). (14.15)
As an application, we can give another proof of the following.

Theorem 14.6. If M is a smooth manifold of dimension n which is non-orientable and
connected then H,p(M) = {0}.

Proof. Recall the construction of the orientable double cover 7 : M — M: the bundle A™(M)
is a real line bundle. Endow this bundle with a Riemannian metric, and then M is the unit
sphere bundle. Since M is non-orientable, M is connected. The mapping A : Wp = —wp is
clearly a free Zy-action on M, and M = M /Z,.

We claim that M is orientable. Given p € M, there are precisely 2 preimages p and Ap
under 7. The point p = w, is, by definition, a non-zero n-form on 7,M, so determines an
orientation on T,M. The mapping =, : Tﬁ]\Z — T,M is an isomorphism, so we give T; ﬁ]\Z
the induced orientation. Similarly, we give T'4; the induced orientation. This clearly gives
a smooth orientation on M, called the tautological orientation. Note that the mapping A is
orientation-reversing (otherwise, the quotient space would also be orientable).

For compactly supported cohomology, we have

7 HY yn(M/T) = HY o (M) (14.16)

is injective. Given w € Q2 (M), we have w = 7*w satisfies A*w = ©. But

/M@_—/MA*@_—/M@, (14.17)

since A is orientation-reversing. Consequently,

/~ & =0. (14.18)

M

By the first part of the proof of Theorem , this implies that [©] = 0 € H,z(M). But
since 7 is injective, this implies that [w] =0 € Hjp(M). O
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15 Lecture 15

15.1 Mayer-Vietoris for cohomology with compact supports

Let M be a manifold, possibly noncompact. Let QP(M) denote the smooth p-forms with
compact support. We have a complex

co L (M) —s p(M) —Ls QPTY(M) —4y (15.1)

and Hg Jr(M) is defined to be the cohomology of this complex. Of course, if M is compact
then H.  jp(M) = Hjyp(M).

Write M = U UV as the union of two open sets in M. Note that if U; C Us; and
w € QF(Uy) then w extends to be a compactly supported form in Us,. Letting ¢ : U; — Us
denote the inclusion mapping, we denote by i,w this extension map on forms. We claim that
the following sequence is exact:

0—— RUNV) 25 QrU) e Q2 (V) ., QPUUV) —— 0 (15.2)
where
& (wurv) = ((vaveo)wonv, —(ivavey )«wwony ) (15.3)
and
B (wir, wv) = (iresn)swu + (fvear)swy. (15.4)

To see this, a” is obviously injective. For exactness at the middle step, obviously depw =0.
If 3» (wy,wy) = 0, then wy = —wy. This implies that the support of both forms is contained
in U NV, and since they are equal there, take wyny = wy, and then (wy,wy) = &P (wy).

To show that B is onto, let w € QP(M). Let ¢y, ¢y be a partition of unity subordinate
to the covering {U,V}. Then w = 7(¢yw, dyw).

Consequently, from the ziz-zag Lemma, we obtain a long exact sequence

D B (U0 V) = B p(U) @ H (V) =2 HP (U UV) 2

) (15.5)
Let us review the definition of the mapping 6”. Given a cohomology class [w] € H. ;r(UUV),

represented by w € Q2(U U V) with dw = 0, we first write w = Bp(¢Uw, ¢yw), then we apply
the exterior derivative to get

(d(dpw), d(dvw)) = (ddy A w,ddy Aw) € Q(U) & QL (V) (15.6)
Either of these elements is supported in U NV and then since doy A w + doy A w = 0,
0w = [dpy Aw] = [—doy Aw] € HY (U N V). (15.7)

Remark 15.1. This mapping appears to depend upon the choice of partition of unity, but
recall that when viewed as a cohomology class, it is actually independent of such choice.
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15.2 Good covers

Recall the Poincaré lemma for compactly supported cohomology, Lemma [10.1} showed that

R k=n

k ny __
Y in(R >—{0 o (15.5)

Remark 15.2. This shows that H} (M) is not a homotopy invariant, since ([10.26) is
not the same as the cohomology of a point. But of course, H} ;z(M) is a diffeomorphism
invariant.

We have the following definition.

Definition 15.3. We say that a manifold M has a good cover U; each non-trivial finite
intersection U;, N---NU;, has the same de Rham cohomology as R", and the same compactly
supported de Rham cohomology as R™.

Recall we proved ealier that if M has a finite good cover, then the de Rham cohomology
is finite-dimensional. We next extend this to compactly supported cohomology.

Corollary 15.4. If M has a finite good cover, then the compactly supported de Rham coho-
mology s finite-dimensional.

Proof. Recall that if
A-Llsp-2,¢C (15.9)

is exact at B, then
B = Ker(g) ® Im(g) = Im(f) ® Im(g). (15.10)

Consequently, if A and C are both finite-dimensional, then B is also finite-dimensional.

We prove the corollary using induction on the number of open sets in a finite good cover.
To see this, let k£ be the number of sets in a good cover. For k = 1, we know the corollary
is true. Assume the corollary is true up to k, and let {Uy,...,Uxs1} be a good cover of a
manifold M. Let U =U; U---UU, and let V = Ugyq. Then U and V have good covers
with fewer that k£ -+ 1 open sets, so their compactly supported de Rham cohomology is finite-
dimensional. Also, Uy NUyy1,...,UrNUgyq is a good cover of U NV, so the theorem is true
for UNV as well.

Now we look at the following portion of the compactly supported Mayer-Vietoris sequence

L 1P (U) @ HY (V) s HY (U V) s B U V)

(15.11)
The above observation then implies that H[ ;,(U U V) is finite-dimensional. O

Next, we need the following technical lemma.

Lemma 15.5. If U is a star-shaped open set in R", then HE,n(U) = H};n(R") for all
0 <k <n. Furthermore, an isomorphism of H';,(U) and R is given by integration.
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Proof. The proof is not too difficult, but we only give an outline. The main idea is to first
show it is true for a star-shaped open set U whose boundary is a smooth graph over a small
sphere around the star point; it is easy to show such a set is diffeomorphic to the unit ball
in R” by a diffeomorphism which is maps lines through the star point to lines through the
origin. Then one shows that an arbitary star-shaped open set U can be approximated from
the inside by star-shaped open sets U; with smooth boundary such that U; C U;y; and
U = U;U;. Then if w € QF(U) has compact support K, then there exists 7 such that K C Uj,
which reduces to the case with smooth boundary.

For k = n, we already determined the top degree compactly supported cohomology of any
oriented manifold; the isomorphism with R is given by integration; see Theorem [11.1] O]

Remark 15.6. It is actually true that U is diffeomorphic to R™, but this is more difficult
to show, and we do not need such a strong result.

Corollary 15.7. If M s compact, then M admits a finite good cover.

Proof. Using a Riemannian metric, there exists a covering of M by geodesically convex
neighborhoods. Any nontrivial intersection of such sets is also geodesically convex. Using
the exponential map at any point, a geodesically convex set is diffeomorphic to a star-shaped
domain R"™. This is contractible, so from the Poincaré Lemma, it has the same de Rham
cohomology as R". Lemma tells us that it also has the same compactly supported de
Rham cohomology as R", so we are done. O

Remark 15.8. For those of you not familiar with Riemannian geometry, it is also possible
to construct a good cover using a triangulation using the “open stars” of a triangulation,
but we won’t go into this.

16 Lecture 16

16.1 Some homological algebra

We next discuss some homological algebra, which we will use next time to prove Poincaré
duality and the Kiinneth formula.

Lemma 16.1 (The five lemma). Assume the diagram

«

Vi——= Vo ——= Vs — =V, —— V;
61 b2 63 64 o5 (16.1)
SO AP U AR

commutes, and has exact rows. If ¢y, ¢o, G4, 5 are isomorphisms, then ¢s is also an isomor-
phism.

Proof. Injectivity of ¢3: If ¢3(v3) = 0, then S3(¢ps(vs) = 0 = paaz(vs). Since ¢4 is injective,
az(vz) = 0. By exactness, vs = as(ve). Then ¢zas(vy) = 0 = Pape(ve). By exactness,
¢2(ve) = B1(wy). By surjectivity of ¢q, w; = ¢1(v1). Then

P2(v2) = Brd1(v1) = i (v1), (16.2)
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but since ¢, is injective, this implies that vy = ay(vy). Finally, ve = as(ve) = agay(vy) = 0,
by exactness.
The proof of surjectivity is similar, and left to the student. O]

Exercise 16.2. Prove the surjectivity of ¢3. Also show that for the conclusion of the five
lemma to hold, the assumptions can be weakened to ¢, is surjective, and ¢5 is injective.

Another useful lemma is the following.

Lemma 16.3. If the sequence

W1 SN WQ > W3 (163)
1s exact at Ws, then the dual sequence
Wy 2wy s Wy (16.4)

is exact at W3

Proof. First, if wi € Wy, and wy € Wy, then
o (B i) (wn) = (B wi)(a(wn) = wi(Balun)) =0, (16.5)

since foa = 0 by assumption. This proves that Im(8*) C Ker(a*). For the other direction,
if wy € Ker(a®), then for all w; € Wy, oa(w3)(wy) = wi(a(w;y)). So the element 0 =
wyoa € Wi, We want to find wi € Wy such that w; = g*w3. For all wy € Wy, this is
wi(we) = wiPwsy, which is just wi = w}i o B. So if wsz € Wy is of the form [(ws) then define

wi(ws) = wi(ws). (16.6)
If wy = B(w)), then B(we — wh) = 0, so wy — wy = a(w;). Then
wy(wy — wh) = wi(a(wr)) = (wia)(w;) =0. (16.7)

So we have defined w} on the subspace Im(f8) C W3. To extend to a linear mapping on all
of W3, just take any subspace so that W3 = Im(8) @ W, and define wj to vanish on W.
Then the condition w; = wj o 3 is obviously satisifed. ]

Remark 16.4. The previous lemma holds in the category of vector spaces, but fails in
general for modules over a ring R. If

B

0 —— M, —%= M, > My > 0 (16.8)

is a short exact sequence of R-modules, then there is a long exact sequence

0—— HOTnR(Mg,R) — HO?TLR(MQ,R) — HomR(Ml,R) E— E{L‘tk(Mg,R) —_—

| (16.9)
That is, the dualization functor is only left exact, and the Ext}(-, R) are the corresponding
right derived functors.
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Next, a lemma about the dual of a direct sum.
Lemma 16.5. Let B and C' be vector spaces. Then
(BeC)y*=2B*aC* (16.10)

Proof. Let 1g : B — B@® C and (¢ : C' — B ® C denote the inclusion mappings. Define
f:(BaC)*— B*® C* by

f(m*) = (tpm™, wem™). (16.11)
Define g : B* ¢ C* — (B & C)* by
g(b*,c*)(b,c) = b*(b) + c*(c). (16.12)
Then
7 (] 0 ) (B, ) (B) = g 0,7 () = gV, )(b,0) = (). (16.13)
Similarly,
ren (] 0 g)(b,¢)(e) = 1g(b", €)(e) = g0, )0, ) = ¢ (). (16.14)

This implies that f o g = Idg«gc+. Next,

go f(m")(b,c) = glepm™, tom®) (b, ¢) = vpm”(b) + 1om”(c)
=m*(tg(b)) + m*(tc(c)) = m*(b,0) + m*(0,c) = m*(b, c),

so go f = Idec)- [

(16.15)

Next, a lemma about the dual of a mapping into a direct sum.

Lemma 16.6. Let f : A — B® C be a linear map between finite dimensional vector spaces.
Write f = (fB, fc), where fg: A — B and fc : A— C. Then f*: (B® C)" — A* is given
by

fH(m*)(a) = (pm”)(fs(a)) + (Lem™)(fo(a)), (16.16)

form* € (B@®C)*, where tp: B— B®C and ¢ : C' — B® C are the inclusion mappings.
Consequently, if we use the the isomorphism (B ® C)* = B* @ C* from the previous lemma,
then f*: B* @& C* — A* is given by

0", c)(a) = b"(f(a)) + " (fo(a)). (16.17)
Proof. We have
m*(f(a)) = m*(fp(a), fc(a)) =m*(fp(a),0) + m*(0, fc(a)). (16.18)
We show that
vym*(fe(a)) = m*(fz(a),0). (16.19)
To see this, we have
vpm”(fp(a)) = m"(us(fp(a))) = m*(fp(a),0). (16.20)
The same calculation hold for the other term, so we are done. O
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16.2 Poincaré duality

If M is any oriented manifold of dimension n, then we have a pairing
QF (M) x QP F(M) — R, (16.21)

given by

(o, B) — /Ma AB. (16.22)

By Stokes” Theorem, this mapping descends to cohomology, and since this mapping is bilin-
ear, we obtain a pairing

PD: HY.(M)® H (M) — R. (16.23)

In the case M™ has the same de Rham cohomology and the same compactly supported
de Rham cohomology as R™, then we have H* (M) = H}"*(M). Furthermore, we have
an isomorphism

PD : Hyp(M) — (Hf(M))* (16.24)
given by PD(a)(8) = [,, &« A B. This follows from Theorem m

Theorem 16.7. If M" is orientable and has a finite good cover, then
PD : Hip(M) — (H 5 (M))* (16.25)

s an isomorphism for all 0 < k < n.
Proof. Let m =n — k, and consider the diagram

k—1 k—1 ak—1 k—1 sk—1 k gk k k ok k
H Yy e HESN(WV) s R Y wnv) s mE wuv) — P HE () @ HER(V) —2—— HE (U V)

lPDQBPD lPD PD lPDﬂ)PD lPD
(amtly CUON (B™)* L (@mr

Ml
mt1 ma1 mi1 g . s
(Hc",LdJrR(U) ® H:ﬁ;ﬂv)) Y H AU N V)T B p (U U V) 5 (H g (U) @ H g (V) S HIYp (U N V)™

The top horizontal row is exact since it is the usual Mayer-Vietoris sequence. The bottom
horizontal row is exact since is the dual exact sequence of the Mayer-Vietoris sequence with
compact support. We next claim that this diagram commutes up to sign, so by changing
some of the vertical maps to their negatives if necessary, we obtain a commutative diagram.

Consider the square

H UNV) =2 HE(UUY)
lPD lpD (16.26)

ROV 25 g U u )

For the mapping

PDod* ' Hip' (UNV) — Hpy(UUV)* (16.27)
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let’s take an element [w] € H5z' (U NV), and an element [7] € Hr(UUYV). Then

(PD o 6" w]))[r] = PD(5* w])[r] = /M(ék_lw) AT. (16.28)

Recall from our discussion of the Mayer-Vietoris sequence that

gty = Jdovrw U (16.29)
—d¢y Nw inV
This form is supported in U NV, so we have
(PD o 8" [u])[7] = / () AT = / (—dgy Aw) AT (16.30)
unv unv
Next, we look at the mapping
(0™ o PD: HiZH (UNV) — HIp(UUV)™. (16.31)
We then have
(™) o PD[w])[7] = PDW](5™[r]) = / WA G (16.32)
unv

Recall from our discussion of the compactly supported Mayer-Vietoris sequence that

07 = [dpy A7) = [—dov A7) € HIF(UNV). (16.33)
So we have
(6" o PDW)r = [ wndéoynr= (-1 [ dépnwnr (1630
unv unv
So we see that
(0™ o PD = (—1)*PD o 5"~} (16.35)

Next, we look at the square

Hi(U V) — s (V) © Hip(V)
lPD ) lPDG}PD (16.36)
HIup(U O V) 205 (HTyp(U) & Hup(V))'
For the mapping
(PD@® PD)o ¥ : Hi,(UUV) = (HI(U) @ Hyp(V)', (16.37)
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choose [w] € Hijp(UUV), [n] € HI4x(U) and [ry] € H(V), and we have

((PD & PD)o f*w])([n], [r2]) = (PDy o Bilwl) (In]) + PDy o By [w])([7])
(16.38)
:/UCL)‘U/\Tl—i—/VUJh//\TQ.

(™) o PD: HE,(UUV) = (HYp(U) & HYm (V) (16.39)

Next, we look at the mapping

for which we have

(3™ 0 PDL] ) (In), [r2)) = PDI](B™ ([71], [72])) = PDL](ry + 72)

:/ w/\(7'1+7'2)=/ W/\7'1+/ WA Ty (16.40)
M M M

:/wA71+/wATQ,
U v

since 71 has compact support on U and 75 has compact support on V. So we have that
(PD @& PD)o " = (™) o PD. (16.41)

We leave the remaining a square(s) as an exercise.

By the five lemma, if the outer 4 vertical maps are isomorphisms, then so is the central
vertical map. The proof is completed by induction on the number of open sets in the good
cover, since we know it is true for R” from the previous lecture. O

Exercise 16.8. Show that the o squares commute up to sign.

17 Lecture 17

17.1 Some consequences of Poincaré duality

One immediate corollary is to the top-dimensional cohomology, which we proved by hand
ealier.

Corollary 17.1. If M™ is a connected and orientable n-manifold with a finite good cover,
then Hjp(M) = R. If M is compact, then Hjp(M) = R. If M is noncompact, then
Hyp(M) = {0}

Another immediate corollary of Poincaré duality is the following.

Corollary 17.2. If M™ is a connected and orientable n-manifold with a finite good cover
then H% (M) and HZ;,’;(M) have the same dimension. If M is moreover compact, then

HE (M) and Hjp"(M) have the same dimension.

We also have the following corollary.
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Corollary 17.3. If M™ is a compact odd-dimensional manifold, then the Euler characteristic
x(M) = 0.

Proof. 1f n is odd and M is orientable, then by Poincaré duality,

n [n/2] n
X(M) = (1) (M) = > (=)W (M) + Y (=1)b'(M)
i=0 i=0 i=[n/2]+1
/2] (/2]
= (1) (M) + Y (=) (A ) (17.1)
[;/2} N 51/21 .
= Z(—l)ZbZ(M) - Z(—l)JbJ(M) =0.

If M is not orientable, then let M be the orientable double cover. Then 0 = x(M) = 2x(M)
implies that x (M) = 0. O

Remark 17.4. By the Poincaré-Hopf Theorem, this implies that every odd-dimensional
manifold admits a nowhere-vanishing vector field.

Let M™ be a compact even-dimensional oriented manifold, and write n = 2m. Poincaré
duality says that

PD: HW(M)® H™(M) — R (17.2)

is a non-degenerate pairing. We have that

PD(a,ﬂ):/Ma/\ﬁ:(—1)m2/MB/\a:(—1)m2PD(B,a), (17.3)

therefore if m is even, PD is symmetric, while if m is odd, PD is skew-symmetric.

Corollary 17.5. If M™ is a compact oriented manifold of dimension n = 4k+2, then x (M)
1S even.

Proof. Using Poincaré duality, we have that

4k+2 2k+1 4k+2
X(M) =D (1) (M) = Y (=)W (M) + Y (=1)'' (M)
=0 =0 1=2k+2
= b (M) + i(—l)ibi(M) + i(q)%“ﬂb%“ﬂw) (17.4)

_ _ka:—H(M) +9 i(—l)zbz(M)

So the claim is equivalent to b***!(M) being even. However, as observed above, the inter-
section form is a non-degenerate skew-symmetric form on H?**1(M), so it must be even
dimensional. 0
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In case n = 4k, then PD is a nondegenerate symmetric bilinear form on H?*(M). By
Sylvester’s Theorem, we can make the following definition.

Definition 17.6. If M*" is a compact oriented manifold of dimension a multiple of 4, let
b2*(M) denote the number of positive eigenvalues and b** (M) denote the number of negative
eigenvalues of PD on H?*(M). The signature of M* is

o(M*) = b2F(M) — b2F(M). (17.5)
Since PD is non-degenerate, it cannot have a zero eigenvalue, so we must have
b (M) = b* (M) + b*(M). (17.6)
Note that b%*(M),b?*(M), and o(M) are oriented diffeomorphism invariants of a compact

oriented manifold M** of dimension a multiple of four.

17.2 Some more homological algebra
We begin with an algbraic lemma.
Lemma 17.7. If the sequence of vector spaces

B
W1 @ >W2

is exact at Wa, and V' is any finite dimensional vector space, then the sequence

eV 22 eV 22 wae v (17.8)

1s exact at Wo @ V.

Proof. Clearly, (6 ® 1y) o (o« ® 1y) = 0, which implies that Image(a ® 1) C Ker(8 ® 1y).
For the reverse inclusion, choose a basis e;,1 <i < dim(V), of V. Any element v € Wy @ V'
may be written as a linear combination

dim(V)
i=1
where b; € Wa. If f® 1y(v) =0, then
dim(V)
0= Y Bb)®e. (17.10)
i=1

The only way this element can vanish in the tensor product is that 5(b;) = 0 for all i. By
exactness of the original sequence, this implies that b; = a(a;) for elements a; € W;. Then

dim(V) dim(V')
v = Z ala) ®e = (a® 1V)< Z a; ® ei>. (17.11)
i=1 i=1

O
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Remark 17.8. Similar to the Hom functor, the previous lemma holds in the category of
vector spaces, but fails in general for modules over a ring R. If

0 — M, —“ M, -2

> Ms > 0 (17.12)

is a short exact sequence of left R-modules, and A is any right R-module, then there is a
long exact sequence

- —— Torh(A,M3) —— A®@r My —— A®r My —— A®g Mz — 0. (17.13)

That is, the tensor functor is only right-exact, and the Tor%(A, -) are the corresponding left
derived functors.

17.3 Kiunneth formula

Let M and N be smooth manifolds. Let 7 : M x N — M denote the projection onto the
first factor, and p: M x N — N be projection onto the second factor. There is a mapping
from

K :QP(M) x QY(N) — QPTY(M x N) (17.14)
given by K : (w,¢) — m*w A p*¢. Since K is bilinear, there is an induced mapping

K :QP(M)® QYN) — QPFFY(M x N) (17.15)
Note that if dw = 0 and d¢ = 0 then

K((w+da),¢) =" (w+da) A p*¢
=m'wAp o +dniaNpo (17.16)
='W A p o+ d(T N pP).

Consequently, there is an induced mapping
K : HY (M) ® HIp(N) — HP"(M x N). (17.17)
By taking direct sums, we obtain a mapping

v @ H(M)® HY(N) — H*(M x N). (17.18)

pt+q=Fk
The next theorem says that v is an isomorphism for each k.

Theorem 17.9 (Kiinneth formula). Let M and N be smooth manifolds, and assume that
M has a finite good cover. Then for any k € Z,k > 0, we have

Hjo(M x N) = @ Hi,(M)® Hi(N). (17.19)

ptq=k
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Proof. It M = U UV, then consider the Mayer-Vietoris sequence on M:
2w U uV) S HE(U) @ HEL(V) =22 HEL(UNV) =2 ... (17.20)

In the category of vector spaces, tensor products preserve exact sequences, so we have an
exact sequence

. — = HP(UUV)® HF "P(N) —— (HP(U) ® H*"P(N)) @ (HP(V) ® HF "P(N)) —— HP(UNV)® HF "P(N) —— - .- (17.21)

Next, take the direct sum on p from 0 to k, and we have a long exact sequence. Consider
the following diagram.

OF_oHP(UU V) ® HF "P(N) — @k_(HP(U) @ H*"P(N)) @ (HP(V) ® HF "P(N)) — @F_(HP(UN V) @ H*"P(N)
Lv 1v Iv (17.22)

HF((UUV) x N) > HF (U x N) @ H*(V x N) > HF(UN V) x N),

where the lower row is the usual Mayer-Vietoris sequence with respect to the open covering
{U x N,V x N} of M x N. This is straightforward to check commutativity. If we continue
the diagram to the right, we see the following square
@ _HP(UNV) @ HP(N) =2 @b (H (U UV) @ H?(N)
l¢ l¢ (17.23)
H*(UNV)x N) » HM1(UUV) x N).

Ifw®¢ e H(UNV)® H*P(N). Then

Yo (w @ ¢) = ¢((0w) ® ¢) = 7" (0w) A p"¢ (17.24)
S (w ® @) = do(m w A p* o). (17.25)

Recall the definition of d: if py, py is a partition of unity with respect to the covering {U, V'}
of M, then

(17.26)

5(w) = d(pyw) inU
—d(pyw) in V.

Note also that 7*py, 7" py is a partition of unity with respect to the above open covering
{U X N,V x N} of M x N. Therefore

d(m* in U x N
5a(y) = 4 A v M mUx (17.27)
—d(m*pyy) inV x N.
On the set U x N, we have
) =7*(d A p*
o1 (w ® @) = (d(pyw)) A p*¢ (17.28)

=d(m*py) AN T*w A p*o,
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and
02 (w ® @) = da2(T"w A p*¢)
= d(m* py (7w A p*)) (17.29)
=d(mpy) ANTw A p*o.
A similar computation holds on V' x IV, so the above square commutes.
If M = R", this is the Poincaré Lemma, see Proposition [7.1] The result then follows by

the five lemma and the usual argument of induction on the number of sets in a good cover
of M. O

There is also a Kiinneth formula for cohomology with compact support.

Theorem 17.10. Let M and N be orientable. Then for any k € Z,k > 0, we have

HYyq(M x N) = @ H? (M) @ HZ 1 (N). (17.30)

p+g=k
Proof. If M and N are orientable, then M x N is orientable. The result then follows from
the Kiinneth formula for ordinary de Rham cohomology, and Poincaré duality. O

Remark 17.11. The above result is true without any orientability assumption. For this,
use the Mayer-Vietoris sequence for compactly supported cohomology, and imitate the above
proof of Kiinneth for ordinary de Rham cohomology.

We end this lecture with some corollaries. The first is the cohomology of higher-dimensional
tori.

Corollary 17.12. Let

=9 x . xS (17.31)
then
dim(H*(T™)) = <Z> (17.32)
The next corollary is the cohomology of the product of spheres.
Corollary 17.13. Let m,n € Z., then

R k=0m+n

R k= '
HE(S™ x S™) = m ormn ifm#n. (17.33)
R?2 k=mifm=n
0 otherwise
In a special case of the above, we furthermore have the following.
Corollary 17.14. Let m € Z,. Then
LA (SP™ x SPM) =1 (17.34)

and o(S*™ x S*™) = (.
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