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Introduction

This course will be about de Rham cohomology of differentiable manifolds. Topics
include the Poincare Lemma, exact sequences, Mayer-Vietoris sequence, cohomol-
ogy with compact supports, Poincaré duality, Hodge theory, and some Riemannian
geometry.

Main references are [Leel3| [Lee97, [Spi79, War83].

1 Lecture 1

1.1 Vectors, and one-forms

Let M be a smooth manifold. A vector field is a section of the tangent bundle,
X € I(T'M). In coordinates,

X =X'9;, X'eC>®(M), (1.1)
where
0
;= . 1.2
& oxt’ (1.2)

is the coordinate partial. We will use the Einstein summation convention: repeated
upper and lower indices will automatically be summed unless otherwise noted.
A 1-form is a section of the cotangent bundle, X € I'(T*M). In coordinates,

w=wdz', w; € C™(M). (1.3)

Remark 1.1. Note that components of vector fields have upper indices, while com-
ponents of 1-forms have lower indices. However, a collection of vector fields will be
indexed by lower indices, {Y1,...,Y,}, and a collection of 1-forms will be indexed by
upper indices {dz',...,dz"}. This is one reason why we write the coordinates with
upper indices.

Note that a smooth mapping f : M — N induces a mapping
fe :TM — TN, (1.4)

called a “push-forward”, which is linear on fibers and which makes the following
diagram commute

™ —L s TN
. . (1.5)
[

M —— N.

This mapping is defined as follows. If X € T,M, let v : (—¢,e) = M be a smooth
curve satisfying v(0) = p, 7/(0) = X. Then

£.0) = S(F oo (16)



Alternatively, since a tangent vector is equivalent to a linear derivation on germs of
smooth functions around a point, we can define

([ X) @ = X (@0 f), (1.7)

where ¢ is a germ of a smooth function at f(p).
Next, smooth mapping f : M — N, induces a mapping

for each p € M, called a “pull-back”, defined by the following. If w € ij(p)N , and
v € T,M, then

(ffw)(v) = w(fev). (1.9)
Exercise 1.2. Prove that f*w is smooth if w is.

In general, there is not a mapping f* : T*N — T*M, however, the pull-back
operation does induce a mapping on sections

ff:T(T*"N) - T(T*M), (1.10)
defined by the following. If w € I'(T*N), p € M, and X € T,M, then
(F')p(X) = wri (£.X). (1.11)
Note that in general there is not a mapping
fo : T(T'M) —T(TN), (1.12)
but later we will be able to make sense of the following: if X € I'(T'M), then
f:X e T(f*"TN), (1.13)

where f*T'N is called a pull-back bundle.
Note also the following important proposition.

Proposition 1.3 (The chain rule). If f : M — N, and h : N — M’ are smooth
maps, then

(ho f)y=hyofu:TM — TM' (1.14)
and

(ho f)* = f* o h* : T(T*M’) — D(T*M). (1.15)



1.2 Pull-back bundles

Let us consider the above in a slightly more sophisticated way. Given a smooth
mapping f : M — N, define

TN = {(p,v) € M x TN | f(p) = mn(v)}. (1.16)

Exercise 1.4. Prove that f*T'N is a vector bundle over M, with projection given by
m1(p,v) = p, and the fiber f*T'N over p € M is identified with the fiber T} N, i.e.,
the following diagram commutes

f*(TN) == TN

l“ lmv (1.17)

M—1 N

Next, define (f.)p: TM — f*TN by

(f)B(vp) = (p, fv). (1.18)
(the subscript B is short for “bundle mapping”). We have the commutative diagram

lﬂM lﬂ (1.19)

M — M.

Then if X € I'(T'M), then we can define f, X € I'(f*T'N), by
X = (fo)poX. (1.20)

In words: under smooth mappings, vector fields push-forward to sections of the pull-
back bundle.
Noting that (f*(T'N))* is isomorphic to f*(T*N), let us dualize the diagram

(23.27)) to obtain

l’” lﬂM (1.21)

M —— M.
Note that if w € I'(T*N), then we can define wo f € I'(f*(T*N)) by
(wo £)(p) = (P, wse))- (1.22)

In words: sections of bundles can be pulled-back to a section of the pull-back bundle.
Then, if w € T'(T*N), we can compose with the bundle mapping in ([1.21)) to define
frw=fpo(wof)e(T"M).

Exercise 1.5. Check that this definition agrees with the previous definition.
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2 Lecture 2

Today we will just discuss linear algebra.

2.1 Tensor products

If Vi,..., V) are vector spaces over R, then the tensor product Vi ® --- ® V}, is the
free real vector space F(V; x -+ x Vi) modulo the subspace spanned by all elements
of the form

(U1, oycvhy oy 0) — (V1o Uy e, ) (2.1)

(Vi ooy 0+ Ve 0k) — (Vi ey Uy e 0g) — (U5, 0 R,

for c € R. The space V] ® - - - ® V}, satisfies the universal mapping property as follows.
Let W be any vector space, and F': V} x ---V, — W be a multilinear mapping, i.e.,
F is linear when restricted to each factor, with the other variables held fixed. Then
there is a unique linear map F : Vi ® - - - ® V}, which makes the following diagram

s
w

commutative, where 7 is the projection to the quotient space, which we write as
(U1, Ug) =01 ® -+ @ V. (2.3)
Exercise 2.1. Prove that
dimg(Vy @ -+ - ® Vi) = dimg(V7) - - - dimg (V). (2.4)
Also, prove that for 3 vector spaces Vi, Vs, V3 we have

VieV) o2V (1heVs). (2.5)

2.2 Exterior algebra and wedge product

Let V be a real vector space, and V* = Hom(V,R) denote the dual vector space.
The exterior algebra A(V*) is defined as

AV = { PV =@ {0/} =Pawy (26

where Z is the two-sided ideal generated by elements of the form a ® a € V* @ V*,
and 7, = (V*)®" N Z. The wedge product of o € A?(V*) and 8 € A4(V*) is just the
multiplication induced by the tensor product in this algebra, that is, lift o and S to
a e (V9% and B € (V) and define o A f = 7(a ® f3), where 7 : (V)& —
APT4(V*) is the projection. This is easily seen to be well-defined. We say that an
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element in A¥(V*) of the form a® A --- A of is decomposable. A general element of
A¥(V*) is not decomposable, but can always be written as a sum of decomposable
elements.

The space A¥(V*) satisfies the universal mapping property as follows. Let W be
any vector space, and let

——
F:V'x. ... x V=W (2.7)
be an alternating multilinear mapping. That is, F' is multilinear and F (b, ..., af) =

0 if o' = o for some i # j. Then there is a unique linear map F which makes the
following diagram

/—/%
VEx e x V5T ARV

\ l

commutative, where 7 is the projection, which we denote as
m(al, ..., af) =a' A Ak (2.8)
Some important properties of the wedge product:
e Bilinearity: (a'+a?)AB=a'AB+a?A B, and (ca) A B = c(aAB) for c € R.
o If a € AP(V*) and g € AY(V*), then a A f = (—=1)P15 A .
e Associativity (¢ AB) Ay =a A (BA7Y).

Exercise 2.2. If dimg (V) = n, prove that A*¥(V*) = {0} if k > n,
dim (AR (V7)) = (Z) if0<k<n, (2.9)

and
dim(A(V™)) =27, (2.10)

We could just stick with the above definition and try and prove all results using
only this definition. However, it is very useful to think of elements of A*(V*) as
alternating multilinear maps as follows. One first has to choose a pairing

AR(V*) = (AR (V)" (2.11)

The pairing we will choose is as follows. If a = a' A---AaF and v = v; A -+ A vy,
then

a(v) = det(a'(v;))), (2.12)



(note this is not canonical). For example,
a' A a?(vy Avg) = at(v1)a?(v) — at(vg)a?(vy). (2.13)

We would then like to view an element of (A*¥(V))* as an alternating multilinear
mapping from
k
——
Vx.-xV =R (2.14)
For this, we specify that if a € (A¥(V))*, then
Oé(?)l,...,”l}k) Ea(@l/\"'/\ﬂk). (215)
For example
al A a?(vy,va) = at(v)a? (vy) — at(ve)a® (vy). (2.16)
With this convention, if @ € A?(V*) and 5 € AY(V*) then
1 :
aAB(vr, ..., 0p4q) = il Z sign(o)a(ve1), - - - Vo(p)) BVo(pt1)s - - - » Vo(ptq))-

T 0€Spig

(2.17)

This then agrees with the definition of the wedge product given in [Spi79, Chapter 7].

It is convenient to have our 2 definitions of the wedge product because some proofs
can be easier using one of the definitions, but harder using the other (for example,
associativity of the wedge product).

3 Lecture 3

3.1 Induced mappings

Recall that if L : V' — W is a linear mapping between vector spaces, then there is a
mapping, L* : W* — V* called the transpose, defined by the following. If w € W™,
and v € V, then

(L*'w)(v) = w(Lv). (3.1)

This is called the transpose for the following reason. Let dim(V) = n, and dim(W) =
m. Let eq,...,e, be a basis of V and fi,..., f, be a basis of W. Let e!,...,e", and
fY, ..., f* denote the dual bases, that is

e'(e;) :5;., 1<i,j<n



We define the quantities Lf, 1<1<n, 1<73<m,by

Le; = L7 f;. (3.4)
Note that if we write v € V as v = v'e;, and w € W as w = w'f;, then
Lv = L(v'e;) = v'L(e;) = (v'L)) f; = (3.5)
So the components of a vector transform like
{v'} = {Liv'}, (3.6)

which is the matrix corresponding to the transformation L.
We define the quantities (L*);, 1<i<m, 1<j<n,by

L f' = (L*)}ej (3.7)
Plugging in the dual bases, we compute
(L f)(er) = (L)5e (er) = (L7)50) = (L") (3.8)
However, by the definition of the transpose mapping, we have
(L*f)(ex) = f'(Lex) = f'LLf; = LLf'(fi) = L3.8; = Ly (3.9)

So if we write w € V* as w;e’ and n € W* as n; 7, the components of a dual vector
transform like

{n;} = {Lmi} (3.10)
So the matrix corresponding to L* in the dual basis is indeed the transpose matrix.
The mapping L* : W* — V* induces a mapping
P

A\

LW x oo x WE = (V) (3.11)

by
L*(a!,...,a") = (L*a') ® --- @ (L*aP). (3.12)
This mapping is a multilinear mapping, so by the universal property of tensor prod-
ucts, this induces a unique mapping
Lo (WH®" — (V)% (3.13)
By composing with the projection 7 : (V*)®" — AP(V*), we obtain an alternating
multilinear mapping

L* - (W2 — AP(V). (3.14)
Now by the universal property of exterior products, this induces a mapping
L* : AP (W) — AP(V™). (3.15)

Note that by taking the direct sum on all p-s, we obtain a mapping between the full
exterior algebras

L™ : A(W*) — A(V7) (3.16)
which is an algebra homomorphism, that is
L*(aAB) = (L*a) N (L*P). (3.17)
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3.2 Pull-back of differential forms

A differential form is a section of AP(T*M). le., a differential form is a smooth
mapping w : M — AP(T*M) such that 7 o w = Idys, where m : AP(T*M) — M is the
bundle projection map. We will write w € I'(AP(T*M)), or w € QP(M).
If f: M — N is a smooth mapping, recall the bundle mapping (1.21)) from above
TNy L2 e

l’” lw (3.18)

M — L

By the discussion in the previous section, we obtain induced mappings

FHAP(T*NY) —225 Ar(T* D)

lm lﬂM (3.19)

M— ),
which is linear on fibers, and is therefore ff; is a smooth mapping.

Definition 3.1 (Pull-back of a differential form). If f : M — N is a smooth mapping,
and w € AP(T*N), then define wo f € I'(f*(AP(T*N)) by wo f(p) = (p,ws()). Then
define

Frw= fi(wo f) € T(AP(T*M)). (3.20)

For any manifold M, define

(M) = D(A(T*M)) = r(@AP(T*M)) — DT M) = P (M), (321)

p=>0 p=>0 p=>0

By taking the direct sum of the exterior powers, we obtain a mapping

fF i Q(N) — Q(M), (3.22)
which by satisfies
[rlanpg)=(f"a)A(fB). (3.23)
4 Lecture 4

4.1 The exterior derivative

Given a function f € C°°(M,R) we define df € Q'(M) in two ways. First, viewing
vector fields as derivations on smooth functions, we can define

df (X) = X (). (4.1)

11



Alternatively, since f : M — R, we have f, : TM — TR. But there is a natural
identification T,R = R for any p € R, so we can view

f« : TU — R, (4.2)
which is naturally an element in df € Q(U).
Exercise 4.1. Verify that these two definitions agree.

For a coordinate system (U, z), an element a € QP(U) can be written as

o= Z ozilmz-pdx“ A - Adxtr, (4.3)

1< <ia<---<ip<n

where the coefficients oy, ;, : U — R are well-defined functions. Note these coeffi-
cients are only defined for strictly increasing sequences i; < -+ - < 4.
We next define the exterior derivative operator [War83, Theorem 2.20].

Proposition 4.2. There exists an exterior derivative operator
d: QP (M) — QPY(M) (4.4)
which 1s the unique linear mapping satisfying
o Forae QP(M), dlaANp)=da N p+ (—1)PaNdfS.
o d>=0.
o [f f € C®(M,R) then df is the differential of f defined above.

Proof. Note that the differential of a function is given locally by
df = E ——dx". 4.5
f — axz x ( )

This is obviously well-defined and independent of the coordinate system. Given a
p-form o, write « locally as in ((5.12)), and then define

do = Z i do, .., N dx™ A -+ A dx®

1<i1 <ip<--<ip<n i=1

_ 3 i%dwi/\dﬂl/\---/\dmi?.

1<y <ip<--<ip<n i=1

(4.6)

The first “anti-derivation” property is easily verified by computation. The second
property holds on functions, because

) = (3 ') =323 e nie' =0, 4)
j=1 i=

12



since the Hessian of a smooth function is symmetric.

For existence, we need to check that this definition is independent of the coordinate
system. Let d' be the operator defined with respect to another coordinate system
2’ : U — R™ Then

d'(a) = d’( Yoo drt A A d:vip)
1<i) <ig<-<ip<n
=Y (doy,.q) ANdz" A Ada'
[l=p

| | O 4s8)
+ Z iy iy, Z(—l)k_ldx“ Ao ANd (ds™) A - A da'r
|I|=p k
== Z(dail.__,-p) AN dl’il AR, dxip — d(oz),
|I|=p

since d and d' agree on functions, and since d'dx’ = d'd'xz* = 0.
Then for any p-form «,

d(da) = d< 3" (dar) A dxl> = S (o) Adat —dag Ad(da') = 0. (49)
|I|=p |I|=p
Uniqueness is left as an exercise. ]
An important fact is that d commutes with pull-back.

Proposition 4.3. If f : M — N is a smooth mapping, and w € QP(N), then

fHdw) = d(f*w). (4.10)
Proof. 1f w is a O-form, which is a function, then f*w = w o f. So by above, we have
d(f*'w) =dwo f) = (wo f).. (4.11)
By the chain rule, we then have
d(f*'w) = w, o f.. (4.12)
On the other hand, we have that
JHdw)(X) = dw(f(X)) = wi 0 fu X). (4.13)

So the claim is true on functions. Then if w is a p-form, write

W= Z wrdax. (4.14)

Since the pull-back operation is an algebra homomorphism, we have

Fro=> (fw)fde" = (wrofld(z' o f). (4.15)

|I|=p [I|=p

13



Then

d(ffw) = Z d(wro fYAd(z! o f). (4.16)

[I|=p

On the other hand, we have

dw =" (dwy) Ada', (4.17)
) |T1=p
Foldw) =Y fH(dwr) A frda’ =" d(ffwr) Ad(fa)
v ~ Izpdm A o) = d(f).
7 ]
5 Lecture 5

5.1 Lie bracket
Given a vector field X € ['(T'M), the Lie derivative of Y with respect to X is
LxY =[X,Y], (5.1)
where [X,Y]f = XY f)-Y(X/f)
Proposition 5.1. For X, Y € I'(T'M), the bracket [X,Y] € I'(T'M).

Proof. Recall that a vector field X € I'(T'M) yields a derivation on smooth functions,
X :C®(M) — C*(M) (5.2)
which satisfies

X(af +bg) =a(Xf)+0b(Xg), abeR (5.3)
X(fg) = (Xf)g+ f(Xg).

This is defined by the following. Given p € M, choose a curve 7 : (—¢,¢) — M such
7(0) = p, 7'(0) = X,, and let

d

Xf(p) =2 (for(t))

From this, the properties (5.3) and (5.4)) are verified directly (exercise).
Conversely, any such derivation yields a smooth vector field as follows. Choose a
local coordinate system z : U — R", and write z = (z',...,2"). Define X’ = X (z')

(5.5)

t=0

14



for i = 1,...,n. Define X = X'9;, and then one shows that this is independent of
coordinates (exercise).
The property ((5.3)) is obvious. Next, we compute

(X, Y](fg) = X(Y(fg)) — Y(X(f9))
=X((Yflg+ f(Yg) —Y((X[fg+ f(Xg))
(Xg) )

=XOD g e UDED SN0 T X0
—Y(X[f)-9-(Xf)(Yyg ) Y f)(Xg) - f-Y(Xg) '
=X -Y(X[f) g+ f (X(Yg)-Y(X ))
:([X’Y]f) g+f ([X7 ]9)7
which verifies . O

5.2 Tensors eating vector fields

k
Proposition 5.2. A mapping L : T(TM) x --- x D(TM) — C®(M,R) which is
multilinear over C*(M,R) is equivalent to a smooth section

L eT((T*M)®") (5.7)

L((X1)p, .5 (Xp)) = L(X1, ..., X3), (5.8)

where X; is any smooth extension of (X1),.

Proof. Let us just consider the case of k = 1, the higher case is similar. Let L :
[(TM) — C°°(M) be a mapping which is linear over C*°-functions. It sufices to
show that L(X)(p) = 0 if X, = 0. This is because if we let X" and X be any smooth
extensions of X, then since X’ — X vanishes at p

L(X = X)(p) =0, (5.9)

so L(X)(p) = L(X)(p) has a well-defined value, independent of the extension of X,,.
To proceed, given a coordinate system around p, choose a cutoff function which is 1
in a coordinate neighborhood of p, and 0 outside. Then

= (0X) (6L ) 1 (1— )X, (5.10)

oxt

Both terms in the above are smooth vector fields on M, so using linearity over smooth
functions,

0
oxt

L(X)(p) = ()X (1)L (67 ) (0) + (1 = 6%) () L(X)(p) = 0. (5.11)

]

15



5.3 d on alternating multilinear tensors

Recall from above that an element o € QP(U) can be written as

a= Z iy, dT A A da (5.12)
1< <ig < <ip<n
where the coefficients «;,.;, : U — R are well-defined functions, only defined for

strictly increasing sequences iy < - -+ < iy,
Next, letting Alt?(TM) denote the alernating multilinear maps from

p

o:TMx---xTM —R (5.13)

That is, o is multilinear and F(Xq,..., X;) = 0 if X; = X for some i # j.

To view o € QP(M) as an element of I'(Alt?(T'M)), then we extend the coefficients
Qi ...i,,, which are only defined for strictly increasing sequences i; < - -+ <y, to ALL
indices by skew-symmetry. Then our convention adopted above is that

o= Z ailmipdx“ ® - Q@ dr'. (5.14)
1<i1,i2,...,ip<n

This convention is slightly annoying because then the projection to the exterior al-
gebra of this is p! times the original «, but has the positive feature that coefficients
depending upon p do not enter into various formulas.

Next, we define

d:T(AltP(TM)) — D(AltPTH(TM)) (5.15)

by the formula
p

dw(Xo,. ... Xp) = S (~1)X; (w(XO, X ,Xp))

=0
+ 3 (D)X X, KXo, X XX,

i<j
We claim that under our identifications from before, the following diagram commutes

QP(M) ——L—— Qrti(M)

l l (5.17)

D(AIP(TM)) — T(AltrtH(TM)),

where the vertical maps are the isomorphisms on sections induced by the convention
. To see this, we first show that the expression on the right hand side of
is linear over C'*° functions, so by Proposition , the operator d’ does indeed maps
tensors for tensors as claimed in . For example, in the case p = 1, is

du)(Xo,Xl) = X0w<X1) — X1W(X0) — W([Xo, Xl]) (518)

16



dw(fXo, X1) = fXow(X1) — X1w(fXo) — w([fXo, X1])
= fXow(X1) = Xi(fw(Xo)) — w(fXoX1 — X1(fXo))
= fXow(X1) = Xi(f)w(Xo) — fX1w(Xo) — w(fXo X1 — (X1f)Xo — fX1Xo)
= fXow(X1) = X1(f)w(Xo) — fX1w(Xo) — w(f[Xo, X1] — (X1.f)Xo)
= [Xow(X1) = Xi(f)w(Xo) — fXiw(Xo) — fw([Xo, Xi]) + X1 (f)w(Xo)
= fdw(Xo, X1)
(5.19)
We leave the general cases as an exercise.
Note that in a coordinate system, d is given by
(da)io...ip = Z<_1)jaijaio...i}...z’p- (5.20)

(Note this is indeed skew-symmetric in all indices.) In a local coordinate system, it
agrees with the exterior derivative operator by , so by Proposition it must
be the exterior derivative operator.

For example, in the case p = 1, the exterior derivative on a = ) ; a;da?, is

da = Z(daj)dxj = Z@iajd:ci A da? (5.21)
i irj
Writing this as a sum on strictly increasing multiindices, we have
do = Z(@iozj — 00)dx’ A da. (5.22)
i<j
On the other hand, formula says that
(da) = (da)yyda’ @ da? = (0;05 — Oj)da’ @ da?, (5.23)

which agree with viewing (5.22)) as a multilinear alternating 2-tensor.

6 Lecture 6

Another important fact is that we can integrate top-dimensional differential forms on
a compact manifold. But we need to recall orientability. First, an orientation on a n-
dimensional vector space V is a choice of ordered basis (v1, ..., v,) with equivalence
relation if 2 ordered bases are related by a change of basis matrix with positive
determinant. There are exactly 2 such equivalence classes, and if M is a manifold,
the oriented double cover of M denoted by M is the double cover obtained by replacing
a point p with the 2 orientations on 7, M.
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Definition 6.1. A manifold M is orientable if any of the following equivalent condi-
tions are satisfied.

e M admits an coordinate atlas (U,, ¢ ) such that the overlap maps are orientation-
preserving ¢, o (bgl, that is, the Jacobian (¢, o qb/;l)* has positive determinant.

e M admits a nowhere-zero n-form.
e The oriented double cover M — M is trivial, i.e., it has 2 components.

If M is orientable, the choice of one of the components of M is called an orientation
on M.

On an oriented n-dimensional manifold, the integral of w € Q"(M) is defined as
follows. Choose an oriented coordinate atlas (U,, ¢, ). First, assume that w € Q™"(M)
has compact support in a single coordinate system U,. Then

(fa)e(w) = fdx' A~ Ada", (6.1)

where f : ¢,(U,) — R has compact support. Define

/ w= / fdz' ... da"™. (6.2)
M a(Ua)

By the change-of-variables formula for integrals, this definition is independent of
coordinate system containing the support of w.
Next, if M is compact, or if w has compact support, let x, be a partition of unity

subordinate to U,, and define
w = XaW- 6.3
/ > / (63)

Since the sum is finite, this definition is independent of the choice of coordinate atlas
and choice of partition of unity.
Integration by parts on manifolds is the following.

Theorem 6.2 (Stokes” Theorem for manifolds with boundary). Let (M,0M) be an
oriented manifold with boundary of dimension n. If w € Q"1 (M) has compact sup-

port, then
/ o — / dw. (6.4)
oM M

where the boundary has the orientation induced from the outer normal, i.e., if v; €
T,(0OM), then the ordered basis (vy, . ..v,—1) is oriented if (v, vy, ..., v,—1) is positively
oriented, for any outward pointing normal vector v.
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Proof. A manifold with boundary, by definition, can be covered by coordinate charts
(Ui, ¢i), where ¢; : U; — H™, where

H" = {(z",...2") € R" | 2" > 0}. (6.5)

is the upper half space in R".
We first consider forms compactly supported in such a coordinate chart. Then
just consider an (n — 1)-form of the form

w= fdz' A---Adazi A Ada" (6.6)
Note that
dw = (—1)""*0;fdx" A -+ A da™ (6.7)

If i < n, then w restricted to the boundary is zero, and

/ dw = (—1)"* Oifdxt - -da"™ =0, (6.8)
n H'n.

by Fubini’'s Theorem and the fundamental theorem of calculus, since f has compact
support. If 7 = n, then

/ndw—( 1)n-1/ Onfda’ - - da”
_ /R / O fda' - (6.9)

= (—1)"/ Lo, 2™, 0)dat A Ada :/ w,
R7— 1 OH™

since the outward normal is —e,,, so {—ep, €1,...,e,} is oriented, which is equivalent
to (—1)™ times {ey,...,e,}. In general w is a sum of n-terms of the above type, so
this proves Stokes’ Theorem for w € Q" }(H") with compact support.

Next, we choose a partition of unity x; subordinate to the cover (U;, ¢;), ¢; : U; —
R", and write w = ), x;w. Let w; = y;w. Then for each i in the index set, we have

fae= [ o= [ ety = [ ey
-/ nd<¢;1>*<wi> - /a @)= [

where the last equality holds since ¢;|sys is a coordinate chart on OM as a (n — 1)-
dimensional manifold. Finally, we have

- [ AT T o E o [ Tam [ o

]

(6.10)
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6.1 Manifolds with corners

Define
R ={(z',...,2") €R" | 2" >0,i=1...n}. (6.12)
Note that
R, = (R})p 1 U[R} ), 2U---U{0} (6.13)

where (@i)k is the subset of @ZL_ where exactly n — k of the coordinate functions
vanish. Points in (@Tfr)k for k < n — 1 are called corner points.

A manifold with corners M is a Hausdorff, second countable space which is locally
homeomorphic to a relatively open subset of Ei. The set of corner points on M is
well-defined, see [Leel3], Proposition 16.20).

Given an (n — 1)-form w compactly supported in Ei, we define

/ w:/ w. (6.14)
8@1 (@i)nfl

Let M be a compact n-manifold with corners. If w € Q" *(M) is supported in a
single coordinate chart, we define

/aMw - /;)R¢(¢51)*”' (6.15)

Finally, if w € Q""1(M), let x; be a partition of unity subordinate to an atlas U;, and

define
w = Xl 6.16
=2, 619

Theorem 6.3 (Stokes’” Theorem on manifolds with corners). Let M be an oriented
manifold with corners, and let w € Q""Y(M) have compact support. Then

Jav= | w (6.17)

Proof. The reduction to a form compactly supported in Kﬁr is exactly the same as in

the proof of Theorem . So we only consider the case that w € Q" (R;) which has
compact support. We write

w:Zwidxl/\--‘/\ch;i/\--J\dx", (6.18)

then

dw = Z(—l)i_laiwidxl A~ ANdz". (6.19)

7
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By Fubini’s Theorem and the fundamental theorem of calculus, and since f has
compact support, for R > 0 sufficiently large, we have

R R
dw = -1 7;_1/ / Oywidxt - - - dz"
/Ri ;( ) 0 0
' R R ' e
:Z(—l)’_l/ / Oywdx'dxt - - - dat - - - da"
- 0 0
/R R e
:Z(—l)’/ / wi(xt, .. 0., 2 dat - dat - - da”
- 0 0

S [ e  w

Note that we used here that the outward normal to Ri N {z" = 0} is —e;, and
{—ei,e1,...,€,...6e,} is orientation equivalent to (—1)" times {e;,...,e,}. O

(6.20)

7 Lecture 7

7.1 Stokes’ Theorem on chains

Define the standard n-simplex to be
p
AP:{(tO,...,tp) ERp+1,Zti:17tiZO}- (7.1)
i=0

We orient A, with respect to the normal n = (1,...,1). Le., (v1,...,v,) € T,AP i
oriented if (7, vy, ..., v,) is oriented equivalent to (eg, ..., e,) in RPTL. The ith face of
AP is the (p — 1)-simplex

AP AP AP (7.2)
defined by
(to, - tp1) = (to, ... ti1, 0, ts, .ty y). (7.3)
For a topological space X, a continuous mapping
c: AP = X, (7.4)

is called a singular p-simplex. If X is a smooth manifold, and ¢ is smooth, then we
say that ¢ is a smooth singular p-simplex. In the smooth case, if w € QP(X), and c¢ is
a smooth singular p-simplex, define

[ [ e =
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Definition 7.1. The pth singular chain group C,(X, R) is the free vector space over R
generated by a singular p-simplices. The smooth pth singular chain group C°(X,R)
is the free vector space over R generated by smooth singular p-simplices.

A singular p-chain is a finite linear combination

N
c= Z a;Ci, (7.6)
i=1

where a; € R and ¢; are singular p-simplices. In the smooth case, for w € QP (M),

define
N
/w:Zai/w. (7.7)
¢ i=1 Ci

Define the boundary operator
0:Co(X,G) = Cp1 (X, G) (7.8)

by the following given a singular p-simplex ¢ : A? — X, let

P
dc = Z(—l)ic o AV (7.9)
i=0

and extend to all chains by linearity.

Theorem 7.2 (Stokes’ Theorem on chains). Let M be a compact oriented manifold.
If w € QP~Y(M), then for any chain c € C,(X,R),

/&w = /cdw. (7.10)

Proof. The standard n-simplex is a manifold with corners, and the sign in the defini-
tion of the boundary operator gives the correct orientation on each face. O

8 Lecture 8

8.1 Singular homology

Somewhat in analogy with d? = 0, we have the following.
Proposition 8.1. We have 9% = 0.

Proof. First, we claim that for all 0 < j <i<n-+1,

Al o A;‘fl = A%o A} (8.1)
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To see this, the left hand side of (8.1)) is

A?OA?_l(to,... tn 1) A (to,...,tjfl,oj',tj,...,tnfl)

(8.2)
= (to,. - tj—1,05,t5, .. tio, 05t 1, ... tu2).
The right hand side of ({8.1]) is
A OA? 11(t0,... ) An(to, z 2,01_17151'_1,...,1571_1) (8 3)
- (th SRR j*l? Ojatja ce ati72> Oiati717 cet atn72)' .

To prove the proposition, clearly we only need to consider the standard (n+1)-simplex.
We then compute

n+1 n+1
8n o 8n+1(A"+1) _ 6n<Z(—l)lA?H) _ Z(_l)zan (A:L+1> _
=0 =0
n+1 n
=D (1) (=1YAr o AY (8.4)
i=0 3=0
n+1
= S (DA oA+ Y (C)HAM o AT =T 411,
0<j<i<n+1 0<i<j<n
By (8.1), we have
n+1
I= ) (—)MAT oAy, (8.5)
0<j<i<n+1

Reindex the sum in II by letting j' = j + 1, and we get

IT= Y (D™ TAM oAl == Y (=)Ao AT L (8.6)

0<i<j'<n+1 0<i<j'<n+1

Then just by relabeling the indices as i — 7, ' — 4, we have

[T=- Y (-1)HAT oAy, (8.7)
0<j<i<n+1
Consequently, by (8.5)), we have I + 1] = 0. O

Since 9% = 0, we have a chain complex
8p+2 C(’erl Bp C(’pfl
—— Cp1(X,R) — Cp(X,R) —— Cp,1(X,R) —— -+ . (8.8)

Define the pth singular homology group by

Ker{d, : C,(X,R) —» C,—1(X,R)}
Im{Bp+1 : Cpi1 (X, R) = Cp(X,R)}

H)(X,R) =
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We next consider the functorality of homology. If f : X — Y is a continuous
mapping between topological spaces, then we can push forward chains by the follow-
ing. For a simplex in X, ¢: A? — X, we define (f.),c = f o ¢, and extend to chains

by linearity. This yields mappings
(f*)P : CP(XJ ]R) — CP(YJ ]R)7
forp=20,1,2,....

(8.10)

The following says that the collections of mappings (f.), are a morphism of chain

complexes.
Proposition 8.2. The following diagram

X
8P+1

Cpor(X,R) —5 (X, R)

l(f*)zﬂrl l(f*)p
Y

)
Cpi1(Y,R) — C\(Y,R)
commutes.

Proof. Consider a simplex ¢ : AP*! — X. By definition,

p+1
Oy ic = Z(—l)ic o AP
i=0
S0
p+1

(fi)p 0 ;{HC = Z(—l)lf oco Afﬂ.

i=0
On the other hand, for a simplex ¢ : AP*! — Y we have

p+1

Oy = (—1)'d o AT

i=0
Letting ¢ = (fi)p41¢ = f o ¢, we have

p+1

a;jrl(f*)p—&—lc = Z(—l)lf oco Af""l’

=0

so we are done.

Corollary 8.3. If f: X — Y then there are induced mappings

(fo)p : Hy(X,R) — H,(Y,R).
If g: Y — Z, then
((gof)e)p = (g)p 0 (fi)p:

(8.11)

(8.12)

(8.13)

(8.14)

(8.15)

(8.16)

(8.17)

Consequently, if X and 'Y are homeomorphic, then H,(X,R) = H,(Y,R) for every

p > 0.
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Proof. Let [c] € Hy(X,R) be represented by ¢ € Cp(X,R) with 9,Xc = 0. By Propo-
sition [8.11}, we have

0y (£)pe = (£)pr8 e =0, (8.18)

so we can define (f.),[c] = [(f.)pc]. To show this is well-defined, if ¢ = ¢ + 9\,
where b € Cp11(X,R), then again by Proposition [8.11} we have

(f)p(d) = (fple + Fpiab) = (f)pe + (fo)pOpir = (f)pe + Opya (fi)psrd,  (8.19)

therefore

b,

[(£)p(N] = [(f)pe + Opa (Fu)paab] = [(f)e]- (8.20)

Next, since ((g o f).)p = (g+)p © (f+)p on the level of chains, obviously the same
identity holds on homology.

Finally, if f : X — Y is a homeomorphism, there exists a continuous inverse
g Y — X such that

gof=idx, [og=idy. (8.21)
Since the identity map obviously induces the identity map on homology, we have

(gx)p o (fi)p = idm,xr), (fe)p o (9:)p = idm,vR)- (8.22)

]

9 Lecture 9

9.1 de Rham cohomology
Let M be a smooth manifold. Since d? = 0, we have a “cochain” complex

p—1

R et 2 artt

(M) L oty (vm) £ (9.1)

which terminates at Q"(M), where n = dim(M). Clearly, we have that Im(dP~!) C
Ker(dP), so we can define the following vector spaces.

Definition 9.1. For 0 < p < n, the pth de Rham cohomology group is

p _ Ker{d’ : QP(M) —>QP+I(M)}
Hap(M) = Im{dr=1: Qr=Y(M) — Qr(M)}

9.2)

Note that H},(M) has an algebra structure induced by the wedge product. To
see this, for [a] € HL (M) and [f] € HIn(M), represented by a € QF(M) and
p e Q4(M), we have that

dlanp)=daNp+(—1)Pandb =0, (9.3)
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s0 we define
[o] A[B] = e A B]. (9.4)
To see that this is well-defined, we have
(a+dy)AB=aAB+dyANB=anB+dyAPp), (9.5)
since 3 is closed, so
[(a+dy) A Bl = [ A ). (9-6)

Well-definedness in the other factor is similar, or just use the skew-symmetry property
of the wedge product. Note that from Proposition 4.2 we have

[a] A[B] = (=1)"[B] A [a]. (9.7)
Next, let f : X — Y be a smooth mapping between smooth manifolds. As
discussed before, we have a pullback operation on differential forms, f* : Q*(Y) —
02*(X), which makes the following diagram commute
Qr(y) —> QPrL(Y)
l(f % l(f*)P“ (9-8)
N QP (X).
That is the collection of mappings (f*)? is a morphism of cochain complexes.
The de Rham cohomology algebra is a diffeomorphism invariant.
Corollary 9.2. If f: X — Y then there are induced mappings
(f): Hip(Y) = Hip(X). (9.9)
If g Y — Z, then
((go f) )" = (f)olg) (9.10)

Consequently, if X andY are diffeomorphic, then Hip(X) = HY,(Y) for every p > 0,
and moreover, the cohomology algebras are isomorphic Hjn(X) = H}L(Y).

Proof. We first note that any smooth mapping f : X — Y induces a well-defined
mapping on cohomology (f*)P : HY,(Y') — HYx(X) by the following. If [a] € HI (V)
is represented by a form «, such that d}-a = 0, then we have

di (f )P = (f) " dya = (f)7710 =0, (9.11)

so we can define f*[a] = [f*a], that is, map to the cohomology class of the pullback
of any representative form. To see that this is well-defined,

(fP(a+dy ' B) = (FPat (FFd 8= (F)Pa+d (F)P8, (9.12)
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s0 [(f)P(a+ dyB)] = [(f)Pa+d5 ' (F)P71B] = [(f*)Pal.

If f is a diffecomorphism, then f~! exists, so we have

fof™t=idy, ['of=idx, (9.13)
and the induced mappings on cohomology satisfy
fro(f7) =iduz x), (f)of = idps (v)s (9.14)

Finally, since f*(a A B) = f*a A f*(, together these mapping form an algebra
homomorphism on cohomology algebras, which will be an algebra isomorphism if X
and Y are diffeomorphic. n

9.2 Singular cohomology

To define singular cohomology, let C?(X,R) denote the singular cochains, which are
dual to singular chains, i.e.,

CP(X,R) = Hom(C,(X,R),R), (9.15)

and let 67 : CP(X,R) — CP(X,R) denote the dual to the boundary operator 9, :
Cp+1(X,R) = Cp(X,R), defined as follows. For ¢ € C?(X,R) and ¢,4; € Cp(X,R),

(0P)(cpt1) = (Dpr1p41). (9.16)

Since 0, 0 91 = 0, we have 677! o §# = 0, so we have a cochain complex

S oYX, R) 2 OP(X,R) -2 OrL(X,R) -2 (9.17)
Define the pth singular cohomology group by
K P CP(X,R P X, R
Ho(x,R) = Jerd CHXR) = OV (X R)} (9.18)

Im{o7—1: Cr1(X,R) — CP(X,R)}’

Next, let f : X — Y be a smooth mapping between topological spaces. The mapping
on chains (f.), : Cp(X,R) — C,(Y,R) induces the dual mapping on cochains

fr:CP(Y,R) — C?(X,R) (9.19)
by the following. For ¢® € C?(Y,R) and ¢, € C,(X,R), define
(f ) ep) = (fecp) (9.20)

Dualizing the diagram (8.11]), we have the following commutative diagram

CP(Y,R) —2 s CPHL(Y,R)
CP(X,R) —2 5 CPHL(X,R).

That is the collection of mappings (f*)? is a morphism of cochain complexes.
The singular cohomology spaces are a topological invariant.
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Corollary 9.3. If f : X — Y is continuous, then there are induced mappings
(f)?: H(Y,R) - HP(X,R). (9.22)
If g: Y — Z, then
((go f))P = ()" olg"). (9.23)

Consequently, if X and Y are homeomorphic, then HP(X,R) = HP(Y,R) for every
p=>0.

Proof. Exactly the same as the proof of Corollary[9.2] with dx, dy replaced by dx, dy.

]
10 Lecture 10
10.1 Cup products
Cochains have some extra ring structure: we next define the cup product
U:CP(X,R) x CYX,R) — CP"(X,R), (10.1)

by the following. If ¢,y, is a singular (p + ¢)-simplex, and ¢ and ¢? are singular
cochains, then define

(P U ) (eprq) = Pcprqgo (o, 115, 0,...,0)) - U (cpirqg o (0,...,0,tp, ... Epiq))-
(10.2)

We will see below that the cup product is bilinear, so by the universal property of
the tensor product, the cup product descends to a linear mapping

U:CP(X,R)® CYX,R) — C*T(X R). (10.3)
The cup product enjoys the following properties.
Proposition 10.1. The cup product is associative
(PUcHUc =P U(AUCc). (10.4)
The cup product is bilinear. That s, for ¢ € R,

a? U (cb?) = c(a? Ub?), d?U B!+ ) =a?Ubl+a? U ! (10.5)
(ca®)Ub? = c(a? UbT), (a? +b’)Uc?=a’ U+ b Ul (10.6)

Cup products are functorial, i.e., for f: X — Y continuous,
fr(Puet) = f*PuU fret. (10.7)
The coboundary operator is an anti-derivation with respect to the cup product

5(P U c?) = (8P) U e + (—1)PcP U (5¢9). (10.8)
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Proof. For associativity, if ¢, .., is a singular (p + ¢ + r)—simplex, then

((Cp U Cq) U CT)(CP+(]+T> = (Cp U Cq)<cp+q+7‘ © (t()v e 7tp+q7 07 s 70))

CT(C;D-HZ-H” o (07 s 7Oa tp+qa s 7tp+q+r))
:Cp(cp+q+ro(t0,"' ,tp,O,...,O)) 'Cq(Cp+q+TO (0, ,O,tp,"' 7tp+q707"'70))
'CT<CP+Q+T(3(07"'>Ovtp+q7" tp+q+r))

:Cp(cp+q+7’0(t07"' 7tpa0>"'70)) ) (CqUCT>(Cp+q+TO<O 0 tp7" p+q7"'7tp+q+r)
= (U (" U))(Cpgrr)-
(10.9)

The blinear property is easily verified. Next, if f: X — Y is continuous, and cp g 18
a singular (p + ¢)—simplex in X then

(P ud)(c) = (" Uc)(fuc) = (U ) (f oc)
=((foe)to,...,1p,0,...,0)) - c((foc)0,...,0,t0,...,tp1q))
=cP(foc(ty,...,1p,0,...,0)) - c?(foc(0,...,0,t0,...,tp1q))
= (f"P)(clto, ... tp,0,...,0)) - (f ) (c(0,...,0,t0, ..., tpiq))

= ((fr)u (f*eh)(e).
(10.10)

Finally, for ¢,1q+1 a (p + ¢ + 1)—simplex, we compute

p+q+1

0(? U c)(Cprqr1) = (P U ) (Icpigir) = (P U Cq)< Z (—1)'Cpiqt1 0 Aerq)
=0
p+g+1
Z (P U (Cprgri(to, sty stprgr))
p . A~
= (‘"1)Z(Cp LJCq)(Cp+q+l(t0a---atia'-->tp+q+1))
=0
p+g+1
+ Z (U (Cprgrator - tis o lpigi))
i=p+1

—1)'c(prgri(to, - istpr1, 0., 0)) - X (Cprgr1 (0, -, 0ty - tpigin))

P (Cpagi1(tor - 5, 0., 0)) - U(cprqri(0,...,0,tp, ..t tyrgi1))

(10.11)

P
i=0

p+a+1

+ 2=

i=p+1

Note that we can end the first sum at p + 1, and start the second sum at p since the
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resulting added terms will cancel out, so we have

o(? U c?)(Cprqr1)

p+1
= (1) (Cprgai(to, - tistpr1,0..,0)) - ¥ (Cpagra (0, 0.y, tprgsr))
=0

p+g+1
+ 3 (=1 P (prgri(tor -0 ,0)) € (Cprgir (0,0, tp, - E tprgi1)
i=p

= P(0(cprqr1(tos - - tp41,0,...0))) - M (Cpag1 (0o, 0, 8y ooy bprgin))
+ <—1)pcp(cp+q+1<t0, e ,tp, O . ,O)) . Cq(6(0p+q+1(0, e ,07 tp, e 7tp+q+1)>)

= ((6¢") U ) (Cpigr1) + (=1)P( U (6¢)) (Cprg1)-
(10.12)

]

Corollary 10.2. The cup product on cochains induces a cup product on cohomology

U: H?(X,R) ® HY(X,R) — H"* (X R). (10.13)
If f : X =Y is continuous, then
f*:H*(Y,R) - H(X,R) (10.14)

is an algebra homeomorphism. Consequently, if X and Y are homeomorphic, then
the singular cohomology algebras are isomorphic.

Proof. For [a] € HP(X,R) and [5] € HY(X,R), represented by a € C?(M,R) and
g € C1YM,R), we have that

daUpB) =(a)Up+(—-1)’aUdps =0, (10.15)
so we define
] U [B] = [au 5] (10.16)
To see that this is well-defined, we have
(a+d)UB=aUB+(0y)UB=aUB+d~rUpP), (10.17)
since [ is co-closed, so
(a4 dy)Up] = [aUp]. (10.18)
Well-definedness in the other factor is similar, and functorality follows from (10.7). O

Remark 10.3. The wedge product satisfies a? A 7 = (—1)P189 A aP. This does not
hold for the cup product on the level of cochains, however, it can be shown that in
cohomology

P U = (—1)Met U P, (10.19)

but this is quite difficult to show directly.
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Remark 10.4. The cohomology ring contains more information that the homology
groups. For example, the 4-manifolds S? x S? and (C]Pﬁ#@2 have the same homology

and cohomology groups, but their cohomology rings are not isomorphic. Another
example is CP? and S? v S*.

11 Lecture 11

11.1 De Rham’s Theorem

We are now in a position to state the theorem of de Rham relating de Rham cohomol-
ogy and singular cohomology with real coefficients of a smooth manifold M. Morever,
we can write the explicit mapping. Consider the following diagram:

L N OP-1(M) ! QP (M) —E— QM) artt

lﬂ'_l lfp l;pﬂ (11.1)

C R oY (ML R) 2 or(MLR) —2s oPtY (ML R) 25

where the vertical maps are defined as follows. If w € QP(M), and ¢, is a p-chain,
then let

(Frw)(e,) = / w. (11.2)

Cp

Proposition 11.1. The diagram (11.1)) commutes. Consequently, there are induced
mappings

HPF?: H (M) — HP(M,R). (11.3)
Proof. Commutativity says that
SPFP = FrHLap (11.4)

Given w € QP(M), and (p + 1)-chain ¢4, the left hand side of (22.3)) evaluates to

5 (2 (0))(epi) = () (Opircper) = / w. (11.5)

Op+1cp+1

The right hand side of (22.3)) evaluates to

FPHPw(cpy) = / dPw, (11.6)

Cp+1

These are equal by Theorem [7.2] Stokes” Theorem on chains.
Next, if [w] € Hip(M) is represented by w € QP(M), then

P FPw = FPHdPw = 0, (11.7)
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so we can define FP[w] = [FPw]. To see that this is well-defined,

FPlw+ dP~ra] = [FPw + FPdP'a)] = [FPw + FPdP~tal

— [FPw + "1 FPla] = [FPuw). (11.8)

]

Theorem 11.2 (de Rham). The mapping FP are isomorphisms. Moreover, F* :
Hip(X) — H*(X,R) is an isomorphism of algebras, with respect to the wedge product
and cup product.

Remark 11.3. There is still a slight problem because HP(X,R) is defined using
continuous chains, but we can only integrate over smooth chains. It turns out that
H?(X,R) = H!w(X,R). The basic idea is that any continuous chain can be well-
approximated by a smooth chain if the space X is a smooth manifold.

12 Lecture 12

12.1 Chain complexes

A collection A, of vector spaces for p > 0 and operators 8;:‘ A, =+ Ay forp>1

satisfying 8;748;4“ = 0 is called a chain complez.
8A aA 8A 8A
P2 Ay 5 A, y Apy —— .- (12.1)

Definition 12.1. The pth homology of a chain complex is the vector space

Ker{@A A, — A, 1}
Im{o;} 1t Ap — Ayt

Hy(A) = (12.2)

Definition 12.2. A morphism « : A — B of chain complexes is a collection of
mappings «, : A, — B, such that 85 a,,1 = a,d2y, for p > 0. In other words,
«a : A — B is a morphism if the following diagram commutes

Appr ——

— A,
l‘lpﬂaB l (12.3)
B,.

p+1
By —

Proposition 12.3. Morphisms satisfy the following properties:

e Composition of morphisms: If « : A — B and  : B — C are morphisms of
chain complexes, then foa: A — C is a morphism.

o Associativity: If v : C' — D is another morphism, then yo (foa) = (yof)o«
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Proof. The diagram looks like

BA
p+1
App1 —25 A,

lazﬂrl l‘)‘p
83

p+1
By —% B,

(12.4)
lﬂp-{—l lﬁp
O
Cp+1 E— Cp.
We want to show that
Bpoayo a;lﬂ = apC+l 0 Bpt1 0 Qpy1 (12.5)
Using commutativity of the top square, the left hand side of ((12.5) is
Bpoapo 8;34+1 =fpo 6;])3+1 © Qpt1- (12.6)
Using commutativity of the bottom square, the right hand side of ((12.5)) is
/BpapB—l-l O Qpt1, (12.7)

which proves ([12.5)).

Associtivity is clear: 7, o (8, 0 ;) = (7, © fp) © v, holds for every p > 0 since
composition of mappings is associative. O

Proposition 12.4. A morphism of chain complexes o : A — B induces mappings
H,a : Hy,(A) — H,(B). Furthermore, if § : B — C' is another morphism of chain
complexes, then

H,(foa)=H,f0Hy. (12.8)

Proof. Given |a,] € H,(A) represented by a, € A, satisfying Q‘;‘ap =0, we have

Qfapap = ap_lﬁfap =0, (12.9)
therefore we can define (H,,)[a,] = [opa,]. To check that this is well-defined,
[ (a, + aﬁﬂ%ﬂ)] = [oga, + O‘paﬁﬂ%ﬂ] = [opa, + afﬂapﬂapﬂ] = [apay)].
(12.10)

Next,for [a,] € H,(A) represented by a, € A,, we have

Hpy(B o a)lay] = [(By 0 ap)ay] = [By(ap(ap))] = HpBylay(ap)] = HyB(Hpalay)).
(12.11)

]
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Proposition 12.5 (Functorality). For p > 0, the pth homology functor is the covari-
ant functor mapping between the category of chain complexes to the category of vector
spaces (with morphisms being linear mappings).

Proof. The functor H, maps objects to objects, just by mapping the chain complex
C to the vector space H,(C'). Also for each morphism « : A — B between chain com-
plexes, we associate the morphism H,o : H,(A) — H,(B). The covariant property is
(112.8]). O

Definition 12.6. The topological chain functor is the functor from the category
of topological spaces and continuous mappings to the category of chain complexes
mapping X to {C,(X,R),0, : C,(X,R) = C,_1(X,R)} and C,(X,R) is the vector
space of continuous p-chains. A continuous mapping f : X — Y maps to f. :
Co(X,R) — C,(Y,R).

The topological pth homology functor is the functor from the category of topo-
logical spaces and continuous mapping to vector spaces the category of vector spaces
and linear mappings given by X — H,(X,R) and f: X — Y maps to H,f = (f), :
H,(X) — H,(Y).

The smooth chain functor is the functor from the category of smooth manifolds
and smooth mappings to the category of chain complexes mapping X to the complex
of smooth p-chains, {C°(X,R), 0, : C,(X,R) — C,_1(X,R)}. A smooth mapping
f:X =Y maps to f.: C°(X,R) — C°(Y,R).

The smooth pth homology functor is the functor from the category of smooth
manifolds and smooth mappings to vector spaces the category of vector spaces and
linear mappings given by M — H,(M,R) and f : X — Y maps to H,f = (f), :
H,(X) — H,(Y).

Proposition 12.7. All of the above functors are covariant functors.

Proof. This follows from (g o f). = g« o fs, and the fact that the composition of
covariant functors is a covariant functor. O

Theorem 12.8. The smooth pth homology functor is isomorphic to the topological
pth homology functor restricted to the category of smooth manifolds. The natural
inclusion ¢ : C3°(X,R) — C,(X, R) induces a natural isomorphism Hyt between these
functors.  That is, the mapping Hye : HX(X,R) — H,(X,R) is an isomorphism
of vector spaces, and for any smooth mapping f : X — Y, the following diagram
commutes:

Hpe
H*(X,R) — H,(X,R)

P HPf
s . l (12.12)
H® —— H,(Y,R).

Proof. Note that the mapping ¢ is morphism between chain complexes, so it induces
a mapping H,. between the homology groups.
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Lee proves this by finding an inverse between the functors H,s : H,(X,R) —
H*(X,R). This is achieved by finding a homotopy operator from continuous chains
to smooth chains using the Whitney approximation theorem. We will discuss a general
outline of Lee’s proof, but we will be giving a different proof. O

13 Lecture 13

13.1 Chain homotopy between morphisms of chain complexes

Definition 13.1. Let f : A — B, and g : A — B be two morphisms of chain
complexes. We say that f is chain homotopic to g if there exists mappings S, : A, —
B,+1 such that

fo— 9 = apB+1Sp + Spfla;- (13.1)
Proposition 13.2. If f is chain homotopic to g then H,f = H,g : H,(A) — H,(B).

Proof. Consider the mapping H,f — H,g, and take [a,] € H,(A) represented by
a, € A, satisfying 8;,4% = 0. Then

(Hpf — Hpg)lap] = (Hp(f — 9))lap] = [(Hy(f — 9))ay]

(13.2)
= [07,,Spa, + Sp—l@?%] = [07%15pa,] = 0.

]

13.2 Comparison of smooth and continuous singular homol-
ogy

If M is a smooth manifold, then we have the singular chain complex {C’g, 0} consisting
of continuous chains, but we also have a complex {O;O, 0} consisting of smooth chains.
There is an obvious morphism ¢ : C* — C? since any smooth mapping is continuous,
so there is an induced mapping between the homologies

Hyi: Hy(C™®) — H,(C°). (13.3)

To get a mapping in the other direction, one needs a smoothing operator to map a
continuous chain to a smooth chain. So we need a morphism

5:C% = C™ (13.4)

We want that s|ce = id, i.e., if a chain is already smooth, nothing happens. So then
s ot = 1d, which implies that

Hps 9] Hpb = Zde(Coo) (135)
We also want to prove that

HpL o Hps = ide(CO). (136)
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For this, we want to find a chain homotopy from tos to the identity map on continuous
chains. I.e., we want mappings

Sp: CH(X,R) = Cp,,(X,R) (13.7)
such that
Lp 0 8y — idy = Op15p + Sp_10,. (13.8)

We only need to define s, and .S, for for singular p-simplices.
First, we discuss p = 0. Recall that

A’={1} CR (13.9)
A= {(to,t)) ER? [ty +1, =1, t; > 0,i =0,1}. (13.10)
Define
Py At = A% x [0,1] (13.11)
by
po((to, t1)) = (to +t1,t1) = (1,10). (13.12)

A O-simplex ¢y : A” = M. Let H : A% x [0,1] — M by H(t,s) = co(t) (think of this
as a constant homotopy). Define socy = co, and Socg = c1, where ¢; : A — M is
c1 = Hopd. Le., ¢ is the 1-simplex which is a constant mapping to this point. We
just need to verify that

(10 © So)co — co = D1.S0C0. (13.13)
The left hand side obviously vanishes. The right hand side is
O1Soco = O1er = O1(H op)) = Hopho Al — Hop)o Al (13.14)
The first term is
Hop)oAi(1) = Hopd(0,1) = H(1,1) = co(1). (13.15)
and the second term is
HopjoAi(l)=Hopy(1,0) = H(1,0) = co(1). (13.16)

So the right hand side of also vanishes.

We next define s; and S;. Let ¢; be 1-simplex ¢; : A' — M. We let e¢q = (1,0),
and e; = (0,1) be the unit basis vectors in R% If ¢; is not smooth, then do the
following.

Proposition 13.3. There exists a homotopy H : A' x [0,1] — M such that
H(t,0) =ci(t), H(eo,s)=ci(eo), H(er,s)=ci(er), (13.17)
and such that H(t,1) : A* — M is smooth.
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Proof. 1f ¢; is already smooth, then choose H(t,s) = ¢i(t).

Otherwise, there exists a partition 0 =ty < t; < --- < ty = 1 such that y(t) =
c1((1 —t)eg + tey)) restricted to [t;,¢;11] maps into a coordinate chart.

So consider the case that v : [0,1] — R"™. Let L(t) be the straight line path
between v(0) and 7(1). Define H(t,s) = (1 — s)vy(t) + sL(t).

We do this for each subinterval to find a homotopy between ~(t) and a piecewise
smooth path.

Then is is easy to see that a piecwise linear mapping from [0, 1] to R™ can locally
be homotopied to a smooth path in just a small neighborhood of the corner points
(exercise).

]

We define s1(c;) = H(t,1) : A' — M, which is a smooth 1-simplex. Next, we
define S; : C¥ — C9. Recall that

A? = {(to,t1,t2) ER® | to+t, +ta =1, t; >0,i=0,1,2}. (13.18)

We will divide A x [0, 1] into 2 2-simplices. For i = 0, 1, define

P AT — A x [0,1] (13.19)
by
po : (to,t1,ta) — (to +t1,to, 1y +to) (13.20)
p1: (o, b, ta) = (fo, b1 +ta, Ts). (13.21)
(SHOW FIGURE HERE)
Define
Si(c1) = Hopy— Hopi. (13.22)

We want to verify the formula
(L1 e} 81)01 — C1 = 823101 + 508101 (1323)

The left hand side is H(t,1) — ¢ (t) = s1c1(t) — e (t).
Next, we have

3 S1c1 = 82(H Op(l)) - 82(H Opi)
= Oy(H.py) — Oo(H.py)
= H*(azpcl)) - H*(ﬁzpi)

= H, ( i(—l)jpé o A?) ( )’pi o AQ)

= H.(pyo A — py o AT +pj o 5) H.(p1 o Af — pi o AT+ pjoA3).
(13.24)



We next compute terms inside the parenthesis. First,

po o Ad(to, t1) = pg(0,to, t1) = (to, t1,to +t1)
po © Al(to, t1) = py(to, 0,t1) = (to, t1,t1)
po © A3(to, t1) = po(to, t1,0) = (to + t1,0,t).

Next,
pio Ag(to’tl) = p(l)(07t0,t1) = (0,t0 + t1,t1)
p1 o Af(to, t1) = po(to, 0,t1) = (to, t1, t1)
p% o Ag(t07t1) :p(l)(t07t170) = (t07t1a0)'

So we have

hSic1 = H*((t(),tlﬂfo +t1) — (to, t1,t1) + (to +11,0,t1)

=~ (0,to + 1, t2) + (to, 11, 1) — (f0,11,0))
= H(t, 1)+ H(eo,t1) — H(er, t1) — H(t,0)

= S1c1 + Cl<€0) — 61(61) — (1.
The term Sy0;c; is

508101 = S()(Cl ©) A(l) — C1 0 A%)
= So(ci(e1) —c1(eo)) = er(er) — c1(eg).

So summing everything up gives

025161 + Sp0ic1 = sic1 + ci(eg) — ci(er) — 1 + ci(er) — ci(eo)

= S1C1 — C1 = (Ll e} 81)01 — Cq.

(13.25)
(13.26)
(13.27)

(13.28)
(13.29)
(13.30)

(13.31)

(13.32)

(13.33)

For the higher case, one proceeds by induction, where the homotopy also smooths
out the boundary faces using the Whitney approximation theorem. Then one can cut

AP x [0,1] into p+ 1 (p + 1)-simplices. For details, see [Leel3l page 473-480].

We will also discuss a different proof than Lee, which avoids invoking the Whitney
approximation theorem. Both proofs use the decomposition of A? x [0,1] into p + 1

(p + 1)-simplices for p > 1, this is called the “prism construction”.

14 Lecture 14

14.1 The prism operator

Given a topological space X, we will define an operator

Sp: CY(X,R) — Cp, (X x [0,1],R)
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such that
(t1)« = (t0)x = Opy1Sp + Sp—10p, (14.2)

where ¢; : X — X x [0, 1] is the inclusion ¢(x) = (z, t).

In other words, S is a chain homotopy between the morphisms (z0). and (¢1), from
the singular chain complex on X and the singular chain complex on X x [0, 1].

We only need to define S, for for singular p-simplices, and extend to all chain by
linearity.

14.2 p=0
First, we discuss p = 0. Recall that
A'’={1} CR (14.3)
Al ={(to,t1) ER?* | to+t, =1, t; >0,i =0,1}. (14.4)
Define
Py A — A% x [0,1] (14.5)
by
py((to, t1)) = (to + t1,t1) = (1, t1). (14.6)
A 0-simplex is a mapping ¢ : AY — M. Consider the mapping
co x id : A° x [0,1] — M x [0, 1] (14.7)

given by (cg x id)(z,s) = (c(x),s). Define Socy = c1, where ¢; : Al — M is ¢; =
(co x id) o py. That is,

(Soco)(to, t1) = (co X id)(1,t1) = (co(eg), t1). (14.8)
We need to verify that
(1)+Co — (L0)«Co = 01.50¢0. (14.9)
For eq € A, the left hand side evaluated on e is
(11)+co(€0) — (t0)coleo) = ta(co(eo)) — tolco(en)) = (co(€o), 1) — (co(€o), 0).  (14.10)
The right hand side is
O1Soco = Orer = O1((co x id), o p)

14.11
= (co x i)k = (o x i)Yo AL — oAl MY
We have
Mo AY(L) = pb(0,1) = (1,1) (14.12)
and
Mo A1) = p)(1,0) = (1,0). (14.13)
So we have

815000(60) = (CO X Zd)*(l, 1) — (CO X Zd)*(l, 0) = (60(60), 1) — (60(60), 0), (1414)

and we are done with p = 0.
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14.3 p=1

We next consider p = 1. Let ¢; be a 1-simplex ¢; : Al — X. We let eg = (1,0), and
e; = (0,1) be the unit basis vectors in R?. Recall that

A? = {(to,t1,t2) ER® | to+t +ta=1, t; >0,i =0,1,2}. (14.15)

We will divide Al x [0, 1] into 2 2-simplices. For i = 0, 1, define

pi A% = A x [0,1] (14.16)

by
po : (to,t1,t2) = (to +t1,to, 1y +to) (14.17)
p% : (to,tl, tz) — (to, 1+ tg,tg). (1418)

Note that pj maps the following
ep — (€9,0), 1+ (eo,1), ea— (eg,1), (14.19)
so the image of p} is the “uppermost” triangle. The mapping p} maps
ep — (€9,0), e+ (e1,0), ey (e1,1) (14.20)

so the image of pi is the “lower” triangle. (SHOW FIGURE HERE)
Define

Si(c1) = (1 x id) o py — (c1 x id) o pi. (14.21)
We want to verify the formula
(t1)xc1 — (L0)xC1 = S11 + Sp0icq (14.22)
The left hand side is
tpocy —tpocy = (c1,1) = (¢1,0). (14.23)
Next, we have

825101 = 82((61 X Zd) Op(l)) — 82((61 X Zd) Opi)
= 82((01 X Zd)*pé) — 82((61 X ’ld>*p%)
= (1 X id).(Dapg — Dopy)

2 2
= (e x id). (D (=1)ph o A2 = 3 (=1)ip} 0 A7)
=0 j=0
= (c1 x id),(py o AY — py o AT+ pg o AZ — pj o Af + pj o AT — py o AY).
(14.24)
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We next compute terms inside the parenthesis. First,

p(l) o} Ag(to, tl) = pé(O, to, tl) = (to, tl, t() + tl) (1425)

p(l)oA%(t(btl) :pé(t()aoatl) = (thtlatl) (1426)

p(l) o Ag(to, tl) = p(l)(t(), tl, O) = (to + tl, 07 tl) (1427)
Next,

p1 o Ad(to, t1) = po(0, Lo, 1) = (0, Lo + L1, 1) (14.28)

p% ¢} A%(to,t1> = p(l](to, O,tl) = (to,tl,tl) (1429)

p% o Ag(to, '[51) - pé(to, tl, 0) = (to, t1, O) (1430)

So we have (with a slight abuse of notation)

2S1c1 = (c1 X id)*((to,h, to+t1) — (to,t1,t1) + (to + t1,0,t1)
— (0t + tr, 1) + (to, t1, 1) — (to,t1,0)> (14.31)
= (c1, 1) + (c1(eo), 1) — (ea(en), t1) — (e1,0).
The term Sy0;c; is

508161 = S()(Cl o) A(l) — C1 © A%)
= So(cr(er) —ci(eo)) = (erler), tr) — (ci(eo), tr)-

So summing everything up gives

(14.32)

D S1c1 + Spdier = (e, 1) 4 (c(eg), t1) — (e(er), t1) — (c1,0) + (er(er), t1) — (c1(eo), t1)
= (Clﬂ 1) - (01,0) =110C —lgOcCy.
(14.33)

15 Lecture 15

In this lecture, we will do the case p = 2 for illustration before proving the general
case.

15.1 p=2
Let c; be a 2-simplex ¢y : A? — X. Recall that

A3 = {(tg, 11, ta, ty) ER* | tg+ 1t +ty +13=1, t; >0,i =0,1,2,3}. (15.1)
We will divide A? x [0, 1] into 3 3-simplices. For i = 0, 1,2, define

pr A* = A% x [0,1] (15.2)
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po (to t1,ta, t3) = (to +t1,ta, 3.ty + o + t3) (15.3)
Py (to, t1, ta, t3) = (to, t1 + ta, 3, ta + t3) (15.4)
p% : (to,tl,tg,t;g) —> (to,tl,tg +t3,t3). (155)

Note that p2 maps the following
€y — (60,0), €1 — (60, 1), €9 (61, 1), €3 — (62, 1), (156)

so the image of p? is the “uppermost” tetrahedron in the “prism” A% x [0,1]. The
mapping p? maps

€y — (60,0), e — (61, O), €y — (61, ].), €3 — (62, ].), (157)
so the image of p? is the “middle” tetrahedron. The mapping p3 maps
€y (60,0), €1 — (61, 0), €9 (62,0), e3 — (62, 1), (158)

so the image of p3 is the “lower” tetrahedron. (SHOW FIGURE HERE)
Define 55 : CQ(X, ]R) — C3(X X [0, ]_],R) by

2
Sa(ez) = (=1)(ez x id) o p}, (15.9)
i=0
and extend to all chains by linearity.
We want to verify the formula
(¢1)sc2 — (0)xC2 = 035200 + S102¢2 (15.10)
The left hand side is
110cCy —1gocy = (ca,1) — (¢9,0). (15.11)

Next, we have

= (ca xid). Y (=1)'05(p}) (15.12)



We next compute the above double sum,

2 3

DD (1)l o AT = pfo Af — pg o AT+ pf o A — pfo A
i=0 j=0

—pi o A+ pT o A} — pf o AJ 4 pf o A3

—pho Ay —pj o A} +p3 o AJ —pjo A
= pe(0,to, t1,t2) — palto, 0,1, t2) + pi(to, t1, 0, ta) — pi(to, t1,ta, 0)
— p2(0,to, t1,t2) + pi(to, 0,11, ts) — pi(to, t1,0,ts) + p2(to, t1, 12, 0)
+ p2(0,to, t1, ta) — p2(to, 0,11, ta) + pa(to, t1,0,ts) — pa(to, t1,t2,0)
= (to, t1,t2,1) — (o, t1, to, t1 +t2) + (to + 11,0, to, t1 + 1) — (to + t1,t2,0,t1 + to)
— (0,0 + t1, ta, ty + t2) + (Lo, tr, o, t1 + t2) — (to, t1, ta, t2) + (to, t1 + 2,0, 12)
+ (0, to, t1 + ta, ta) — (to, 0,11 + ta, ) + (to, t1, ta, ta) — (to, t1,2,0).

(15.13)

Note that the second term and sixth term cancel, and the seventh and eleventh terms
cancel (these correspond to the overlapping faces in the interior of the prism), so we
have

2 3
DD (1)l o AT = (to, 11,12, 1) + (to + 11,0, t2, £y + t) — (fo + 1, t2, 0, £y + o)
i=0 j=0
— (0,t + t1,ta, t1 +to) + (to,t1 + 12,0, t5)
+ (0, to, t1 + ta, ta) — (to, 0,81 + ta, t2) — (to, t1,t2,0).
(15.14)

The first and last terms are the ones we want. We want the remaining 6 terms
to cancel out with the prism construction applied to the boundary of ¢, (since dcy
consists of 3 1-simplices, the prism construction applied to these will yield 6 = 2 - 3
2-simplices). Next, we compute the term S;dsc,

2
518202 = 51<Z(—1)i02 o A?)
=0

2
= (=1)'Si(c2 0 AF)
i=0
2 1
=> (1)) (-1 ( (ca 0 A}) X Zd> °p; (15.15)
=0 7=0
2 1
= Z 1) (¢ x id) o (A7 x id) o p;
=0 5=0
2 1
czxzd*zz ”] A2><zd)op}
=0 7=0



We expand the sum

2 1
ZZ )™ (A7 x id) o p; = (A] x id) o py — (AT X id) o py + (A3 x id) o p;
i=0 j=0
— (A3 xid) o py + (A2 x id) o p; — (A3 x id) o p;
= (A3 xid)(to + t1,ta, t1 +ta) — (A2 x id)(to + t1, ta, t1 + t2) + (A3 x id)(to + t1, o, t1 + t2)
— (A x id)(to, 11 + to, ta) + (AT x id)(to, t1 + ta, t2) — (A3 X id)(to, t1 + ta, t2)
= (0,t0 + t1,t2,t1 +ta) — (to + 11,0, 89, t1 + t2) + (to + t1,12,0, 81 + t2)
— (0, t0, 1 + to, ta) + (to, 0,1 + to, ta) — (to, t1 + 2,0, 1)
(15.16)

So summing everything up gives
2 3 2 1
D555 + S10hes = (cy X id), ( SN D)o AR+ 33 (-1 (A2 xid) o p;)
=0 7=0 =0 7=0
= (2 % id)*((to,tl,tg, 1) — (to,tl,t2,0)>

= (cg,1) — (¢2,0).
(15.17)

16 Lecture 16

16.1 General case
We will divide A™ x [0, 1] into (n + 1) (n + 1)-simplices. For i = 0,...,n, define
prc AT A" % [0, 1] (16.1)
by
(to, -y tns1) = ((to, -y tica, ti +tivt, tivay oo oy tpyt ) ticn + -+ tny1)  (16.2)

We will view A™ x [0,1] C R™*2, so will henceforth omit the inner parenthesis.
Define S, : C,,(X,R) — C’n+1(X x [0,1],R) by

n

Sulcn) =D (=1)'(en x id) o p, (16.3)

1=0

and extend to all chains by linearity.
We want to verify the formula

(01)xCn — (L0)xCn = Opy15nCn + Sn—10nCy (16.4)
The left hand side of ([16.4)) is
110¢, — ooy = (cn, 1) — (€, 0). (16.5)
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The first term on the right hand side of ((16.4) is

n

an—i—lsncn = Un+1 ( Z<_1)l<cn X Zd) Op?)

1=0

= Z ’8n+1< Cp X id)*p?)
= (o X id), Z(—l)i({)n_,_l(p?) (16.6)
=0
n n+1
= (cn x id). Y _(=1)" Y (=1)p} o AZ*!
i=0 =0
n n+l

= (cn xid), Y > (=1)"pro AT

i=0 j=0
The second term on the right hand side of (16.4)) is

Suruen = S zn:<_1y‘cn 0 A7)

=0
n

(=1)"Sp_1(cn 0 AT

0

~.
|

1

n

=30 1 ((eno A7) xid) oy (16.7)
=0 j=0
n n—1
= (=1)"™(c, x id) o (A} x id) o
i=0 7=0
n n—1
(cn X id). Z 1) (AT x id) op}f‘*l
=0 75=0
Combining these yields
anJrlsncn + Snflancn
n n+l . n n—1 o (168)
(e x id) (ZZ 1) o ATH 4 (—1)™ (AP x id) o pl~ 1).
=0 7=0 =0 7=0

To analyze these sums, we need a few lemmas. Let ¢y : A" — A" x [0,1] be the
mapping 1,(z) = (z, 5).
Lemma 16.1. We have

pS o Aft =1y (16.9)
A;Hl =pl 0 AT 1<i<n. (16.11)
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Proof. The mapping p{ is given by

P (tos - tngr) = (to +t1,to, oy tpr, b1 + - -+ tgr), (16.12)

so we have
oo AP Nty . tn) = Pi(0,t0, . tn) = (o, th, - o s tnsto+ o0+ 1) (16.13)

= (to, ..., tn, 1),
which proves . Next, the mapping p]! is given by

Prltoy . ytni1) = (toy .oy tn + tost, tni), (16.14)

so we have
pro At (to, ...y tn) = pi(tos ... 10, 0) = (to, ..., tn,0), (16.15)

which proves ((16.10).
Next, the left hand side of (16.11)) is the mapping

p;n © A;"H—l(th s 7tn) = p?(t(h s 7ti—170i7tia s 7tn)

= (to,. .. ,ti_l,Oi +ti,t2‘+1, e ,tn,ti —+ .- +tn>
n (16.16)

:<t0,...,tn, tj).

j=i
Next, the right hand side of (16.11)) is the mapping

p?—l (¢] A;H—l(to, Ce ,tn) = p?_l(to, Ce 7ti—17 Oi, ti, e ,tn)

- (tOJ"'7ti—27ti—1+Oi7ti7"‘7tn7ti+"'+tn)
. (16.17)

=<t0,...,tn, tj>.

j=i

Next, we have the following.

Lemma 16.2. Forn >0, and 0 <1 < n the mapping
P AT AT % [0, 1] (16.18)

is the unique affine mapping satisfying

ey = @0 Osks (16.19)
' (ex_1,1) i<k<n+1, '

Also, for 0 < i < n+1, the i-th face of the standard (n + 1)-simplex is the unique
affine mapping A" A" — A" satisfying

P
A () = {6’“ 0= h<i (16.20)



Proof. The mappings p} is uniquely determined by its action on the vertices for the
following reason. The mapping p : A" — A" x [0,1] C R™"2 is the restriction of
an affine mapping p? : R"*? — R which is of the form

pi = Li + ¢, (16.21)

where L is a linear mapping, and ¢! is a constant vector. Any ¢ € A™"! can be
written as a linear combination

n+1

t=> te;, (16.22)
j=0

where ¢; > 0 and Z?:o t; =1, so we have

n+1 n+1

pi(t) = L?(thej) +cf =) tLi(e;) + ¢}, (16.23)
J=0 J=0

so p is determined by its action on the vertices, as claimed.
Since

Py (tos - tngr) = ((Pos - timn b F tigns tigas oo - tngr), Lign + -+ tag1), (16.24)

formula ((16.19)) follows immediately.
Similar to above, the mapping A is uniquely determined by its action on the

vertices. The face mapping is A7 : A® — A™*! defined by
A (o, tr) = (tos -y tio1, Oty ooy tn), (16.25)

and formula (16.20] follows from this. Finally, similar to above, the mapping A is
uniquely determined by its action on the vertices.

O
The next lemma is crucial.
Lemma 16.3. We have
Pl o AT = (A} xid)op™t j > (16.26)
Py o ATH = (A} xid)op™t j <. (16.27)

Proof. Since both sides of each equation are affine maps with domain trhe standard
n-simplex, we just need to check the equation on the vertices e, for 0 < k£ < n. For

this, we use (16.19) and ((16.20)).

For (16.26)), we assume that j > 4. If k£ < i, then

P;l+1 © A?H(@k) = p?+1(€k) = (ex, 0), (16.28)
and

(A} xid) o pi~'(ex) = (A} X id)(ex, 0) = (ex,0). (16.29)
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Next, if i < k < j, then

P10 AT (ex) = P (ersr) = (exs1, 0), (16.30)

and
(A} x id) o pi~H(ex) = (A} x id)(ex, 0) = (ex11,0). (16.31)

Next, if & > j, then

P10 A7 (er) = P (ersn) = (ex, 1), (16.32)

and
(A} xid) o i~ ex) = (A} X id)(ep—1,1) = (ex, 1). (16.33)
The formula (16.27)) is proved similarly, the details are left as an exercise. O]

Exercise 16.4. Prove formula ((16.27]).

Now we return to analyzing the formula

8n—l—l Sncn + Sn—lancn

n n+l A ) n n—1 o . (1634)
(cn, X id) (ZZ 1)*plo AT 4 (—1)"™7(A} x id) o pl~ )
i=0 7=0 i=0 7=0
We split up the second sum on the right hand side as follows
n n—1
()AL xid)op ) = S (~1)H(AL xid)op )
+ Z 1)1 (A" x id) o )
0<i<j<n (16.35)
= Z (— 1)”] A?jll
0<j<i<n
+ Z z+] e A?Jrl’
0<i<j<n
where we used ([16.26) and ((16.27]) on the last line.
Flipping ¢ and j, we write the other sum as
n n+l n+1
YYo= (Y 44 3 4 Y Jeappear
7=0 =0 0<i<j<n i=j=0 1=75+1=1 1<j+1<i<n+1
n+1
_ Z ( 1)2+Jpj oAn'H +sz OAn—H sz ) oAn-H
0<i<j<n
+ Z ( 1)1-1—] An-H
1<j+1<i<n+1
(16.36)
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Using ((16.9)), (16.10]), and (16.11)), the middle two sums are
n+1

sz AnJrl sz L0 An+1 _ pO AnJrl O A;Hrl =1 — L. (1637)

=0 =1

(This is the cancellation of interior overlapping faces, leaving only to top face minus
the bottom face).
The other two sums are

Z ( 1)z+a An—H Z ( 1>Z+] An—s—l

0<i<j<n 1<j+1<i<n+1

== D (DM o AT = Y T (-1l o A

0<i<j<n 0<j<i<n

(16.38)

which follows from making the reindexing j° = j7 — 1 in the first sum, and i =i — 1
in the second sum. These terms cancel out those in ((16.35)).

17 Lecture 17

17.1 Homotopy invariance of homology

Definition 17.1. Let X and Y be topological spaces. Continuous mappings f, g
X — Y are said to be continuously homotopic if there exists a continuous mapping
F: X x[0,1] = Y such that F(z,0) = f(z) and F(z,1) = g(z).

Let X and Y be smooth manifolds. Smooth mappings f,g : X — Y are said to
be smoothly homotopic if there exists a smooth mapping F' : X x [0,1] — Y such
that F'(z,0) = f(z) and F(x,1) = g(x).

Proposition 17.2. If f,g: X — Y are continuously homotopic then

Hyf = Hrg : Hi(X,R) — Hi(Y,R) (17.1)
If f,g: X =Y are smoothly homotopic then

Hyf = Hpg : H(X,R) — H*(Y,R) (17.2)

Proof. Let F': X x[0,1] — Y be a homotopy between f and g. Let ¢; : X — X x[0,1]
be the mapping () = (z,t). In the previous lecture, we constructed mappings

Sk 1 Cp(X,R) = Cr1(X x [0,1],R) (17.3)
such that
(t1)s = (t0)x = Oks1.5k + Sk—10k, (17.4)
which implies that
Hyto = Hyey » He(X,R) — Hg(X x [0,1],R). (17.5)
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Since f = F oty and g = F o1y, and Hy is a covariant functor, we have
kaIHkFOHkLo, HkgIHkFOHkLl, (176)

therefore Hy f = Hrg : Hp(X,R) — Hi(Y,R).
Note that in the smooth case, the operator S, when restricted to smooth chains,
maps to smooth chains, that is

Skt CF(X,R) = Cp2 (X x [0,1]), (17.7)
so the same argument is valid in the smooth case. O]

Corollary 17.3. The homology groups of R™ are given by

. o R k=0
Hy(R",R) = H? (R,R):{O N (17.8)

Proof. Consider first n = 0, in which case R? is a single point. Any continuous
(smooth) k-simplex is ¢, : A¥ — R is a constant mapping, so Cy(R° R) = R for all
k > 0. Also, we have

01 =0, Oca=cy, 03=0, Osc4=cy,.... (17-9)

Therefore, the chain complex looks like

> R > R > R > R > 0, (17.10)
and the claim follows for n = 0.
The mapping F': R" x [0, 1] — R" defined by
F(z,t) = tx. (17.11)

is a homotopy from the zero mapping O to the identity map Id : R® — R™. Proposi-
tion says that

But note that O factors as

that is O =i 0 0, which implies that

[d:HkO:HkiOHkO, (1713)
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in a diagram, this is

Hy(R™,R) 2% [, (RO, R)

e m
Hp(R™ R)
This implies that Hyi is surjective and Hjo is injective.
For k = 0, the mapping Hyo : Hyo(R",R) — Hy(R°,R) = R is surjective since
the constant zero-simplex is a generator of Hy(R? R) and is the image of a constant
simplex in R™. Therefore both Hyo and Hyi are isomorphisms.

For k > 0, we have that H;,O must be the zero mapping, but this is equal to the
identity mapping only if the vector space is 0-dimensional. O

17.2 Homotopy type

Definition 17.4. Topological spaces X and Y have the same homotopy type if there
exist continuous mappings f : X — Y and ¢ : Y — X such that g o f is homotopic
to Idx and f o g is homotopic to idy.

Smooth manifolds X and Y have the same smooth homotopy type if there exist
smooth mappings f: X — Y and ¢g: Y — X such that g o f is smoothly homotopic
to Idx and f o g is smoothly homotopic to idy.

Corollary 17.5. If X andY have the same homotopy type, then H,(X,R) = H,(Y,R).
If X and Y have the same smooth homotopy type, then HX(X,R) = HX (Y, R).

Proof. From Proposition [19.2] we have

H.go H.f = Idy, (xR (17.14)
H,.foH.,g=Idg, (vr), (17.15)
so H,f and H,g are isomorphisms. O]

Some special cases of this are the following.

Definition 17.6. A space X is contractible if X has the same homotopy type as
a point. A smooth manifold X is smoothly contractible if X has the same smooth
homotopy type as a point.

Corollary 17.7. If X s contractible, then

R k=0
Hy (X, R) = . 17.16
(X R {0 o (17.16)
If X s smoothly contractible, then
R k=0
HX(X,R) = . 17.17
FGR) {O o (17.17)
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Example 17.8. A domain A C R" is star-shaped if there exists a p € A such that
for any x € A, the line segment between p and x is contained in A. In this case, let
F: Ax|[0,1] — R" be the mapping F(x,t) = (1 — t)x + tp. This shows that A is
(smoothly) contractible, so A has the same homology groups as a point.

Definition 17.9. A subset (submanifold) i : A < X is a (smooth) deformation
retraction of X if there exists a (smooth) mapping r : X — X such that

roi=idy, (17.18)
and 7 o r is (smoothly) homotopic to Idx.

Corollary 17.10. If A is a (smooth) deformation retraction of X then the (smooth)
singular homology groups are isomorphic.

Example 17.11. Consider r : R™ \ {0} — S"! C R" given by r(z) = z/|z|. The
mapping F(x,t) = (1 — t)z + t(z/|x|) is a smooth homotopy between Idg» and ior,
so S"7! is a smooth deformation retraction of R" \ {0} and we therefore have

Hp(S" 1 R) = Hy(R"\ {0}, R) (17.19)
HP(S™ 1 R) = HP(R™\ {0}, R). (17.20)

18 Lecture 18

18.1 Cochain complexes

A collection AP of vector spaces for p > 0 and operators §f : A? — AP for p > 0
satisfying 64'6% = 0 is called a cochain complex.

an? st bA sutt
> AP~ > AP y APTL S o (18.1)

Definition 18.1. The pth cohomology of a chain complex is the vector space

_ Ker{d : A — Artiy

HP(A) =
) Im{o% " Ar—1 — Ar}

(18.2)

Definition 18.2. A morphism « : A — B of cochain complexes is a collection of
mappings o : AP — BP such that dpa? = o164 for p > 0. In other words,
«a : A — B is a morphism if the following diagram commutes

o,
A AL

lap or (18.3)

BP i) Brt1

Proposition 18.3. A morphism of cochain complexes o : A — B induces mappings
HPa? : HP(A) — H?(B).
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Proof. Given [a?] € HP(A) represented by a? € AP satisfying 6";a? = 0, we have

Shata? = aPt§ha? = 0, (18.4)

therefore we can define (HPa?)[a?] = [aPaP]. To check that this is well-defined,
[aP(a? + 65 aP 1)) = [oPa? + P65 aP Y] = [afaP + 6% TaPraP Y] = [afaf]. (18.5)
[

18.2 Cochain homotopy between morphisms of cochain com-
plexes

Definition 18.4. Let f : A — B, and g : A — B be two morphisms of cochain
complexes. We say that f is cochain homotopic to ¢ if there exists mappings S? :
AP — BP~1 such that

fP—gP = 0% SP 4 SPIh, (18.6)

Proposition 18.5. If f is cochain homotopic to g then HPf = HPg : HP(A) —
H?(B).

Proof. Consider the mapping HPf — HP?g, and take [a?] € HP(A) represented by
a? € AP satisfying 04a? = 0. Then

(H?f — HPg)[a"] = (H"(f — g))la”] = [(H"(f — g))a”]

18.7
— (6571 5PaP + SPHLoha =[5 L SPa?] = 0. (187)

]

18.3 Homotopy invariance of singular cohomology

Let us recall the definition of singular cohomology. Let C?(X,R) denote the singular
cochains, which are dual to singular chains,; i.e.,

C?(X,R) = Hom(C,(X,R),R), (18.8)

and let 0 : C?(X,R) — CP*(X,R) denote the dual to the boundary operator 9,1 :
Cp+1(X,R) = C,(X,R), defined as follows. For ¢® € C?(X,R) and ¢,+1 € Cp(X,R),

(87)(cpr1) = @ (Dpracpin): (18.9)

Since 8, 0,11 = 0, we have §#*1 0 §? = 0, so we have the cochain complex of singular
cochains

L CP (X, R) LN CP(X,R) - CPHL(X R) AR (18.10)
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The cohomology groups of this complex are the singular cohomology groups (with
real coefficients)

Ker{é?: C?(X,R) — CPT(X,R)}
Im{or—1: Cr1(X,R) — C?(X,R)}

H(X,R) = (18.11)

If X happens to be a smooth manifold, then recall we have the smooth singular chains
C(X,R) and we can define

C?(X,R) = Hom(CX(X,R),R). (18.12)

Since Jpy1 @ Cp%1(X,R) — C°(X,R), we obtain the cochain complex of smooth
singular cochains

O oYX, R) 2L on (X R) 2 onr(XGR) S L (18.13)

The cohomology groups of this complex are the smooth singular cohomology groups
(with real coefficients)

Ker{é?: C? (X,R) — C*M (X R)}

H? (X,R) = .
(X, R) Im{or—1: C% (X, R) — C%(X,R)}

(18.14)

Recall that a continuous (smooth) mapping f : X — Y induces a mapping (f.), :
Cp(X,R) = C,(Y,R) by (fi)p(cy) = f oc, for a simplex ¢,, and extend to all chains
by linearity. These yield a morphism of chain complexes, f, : Ci(X,R) — C.(Y,R),
ie.,

O (Fpr = (£)05 (18.15)

The dual mapping of (f,), is

(f)P: CP(Y,R) = CP(X,R). (18.16)
Taking the dual of yields
(f)Hioy = 0% (f), (18.17)

so these dual mappings yield a morphism of chain complexes, f* : C*(Y,R) —
C*(X,R), and by Proposition we have induced mappings

H?f: H’(Y,R) - H?(X,R) (18.18)
in the continuous case, and
HPf: H? (Y,R) — HZ (X,R) (18.19)

in the smooth case.
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Proposition 18.6. If f,g: X — Y are continuously homotopic then

H*f = H*g: H*(Y,R) — H*(X,R) (18.20)
If f,g: X =Y are smoothly homotopic then

H*f = H*g: H* (Y,R) = H* (X,R) (18.21)

Proof. Let F': X x[0,1] — Y be a homotopy between f and g. Let ¢, : X — X x[0, 1]
be the mapping ¢;(x) = (z,t), and note that

()" - C*(X x [0,1], R) — C*(X,R). (18.22)

Previously, we constructed mappings

Sk 1 Cp(X,R) = Cr1(X x [0,1],R) (18.23)
such that
(¢1) = (t0)s = Ok41.Sk + Sk—10k, (18.24)
Let us define
Sk =8¢ | CHX x[0,1],R) = C* (X, R). (18.25)
Dualizing the formula yields
(11)* — (0)" = SFFE* + oF 1G>, (18.26)

Therefore S* is a chain homotopy between ¢} and 5. By Proposition we have
that

H*y = H", - H*(X x [0,1],R) — H*(X,R). (18.27)
Since f = F oy and g = F o1, and H* is a contravariant functor, we have
H*f = H"yo H*F, H%§ = H*, 0 H"F, (18.28)
therefore H*f = H*g : H*(Y,R) — H*(X,R).

Note that in the smooth case, the operator S, when restricted to smooth chains,
maps to smooth chains, that is

Sk O (X, R) = O (X x [0,1]), (18.29)

so we have
S =8¢ | C* (X x[0,1],R) = C*(X,R), (18.30)
so the same argument is valid in the smooth case. O]
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18.4 Homotopy type and singular cohomology
All of the results in Subsection hold for cohomology.

Corollary 18.7. If X andY have the same homotopy type, then H*(X,R) = H*(Y,R).
If X and Y have the same smooth homotopy type, then H: (X,R) = H* (Y,R). In
both cases, the cohomology algebras are isomorphic as algebras.

The cohomology of a point follows easily from dualizing ((17.10]), so we have the
following corollary.

Corollary 18.8. If X s contractible, then

R k=
H*(X,R) = 0 (18.31)
0 0<k
If X s smoothly contractible, then
R k=0
H* (X,R) = : (18.32)
0 0<k

Example 18.9. A star-shaped domain A C R™ is contractible, so has the same
cohomology groups as a point.

Corollary 18.10. If A is a (smooth) deformation retraction of X then the (smooth)
singular cohomology groups are isomorphic.

Example 18.11. For S"~! C R", we have

H*(S" ' R) = H*(R™\ {0}, R) (18.33)
HE ("' R) = H" (R™\ {0},R). (18.34)

19 Lecture 19

19.1 Homotopy invariance of de Rham cohomology

Let M be a smooth manifold, possibly noncompact. Let QP(M) denote the smooth
p-forms on M. Recall that we have a cocomplex

oo L el (M) —4 Qp(M) —4s QY (M) —4s (19.1)

and HY(M) is defined to be the cohomology of this complex.

Let M be a differentiable n-manifold, and consider N = M X |
M be the projection w(z,t) = z. Also, let ¢y : M — M x [0,1
v(x) = (z,t).

We next define a mapping

0,1]. Let 7 : N —
| be the inclusion

15 Q8 (M x [0,1]) — QF1(M) (19.2)
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by the following. Any k-form on N can be written as
w=h(z,t)m" ¢ + f(x,t)dt A (7" dr—1), (19.3)

where ¢, € QF(M) and ¢p_1 € Q¥ L(M), but h, f € Q°(M x R). Define

P = ( /0 o £)dt) . (19.4)

Proposition 19.1. For w € Q*(N), we have
(11)*w — (t0)*w = dyTFw + I"dyw. (19.5)

In other words, I* is a cochain homotopy between (1o)* and (11)*.

Proof. Writing w in the form ([19.3)), since ¢;dt = 0, and 7 o t; = idyy, the left hand
side of ((19.5) is

(11)*w — (10)*w = (t1)"h(x, )7 . — (o) h(z, t)7" Py,

= (h(a,1) Bz, 0))6% 10
Next, assume that w is just of the form
w = h(x, )" ¢y (19.7)
Then
dyw = (%dm + %dt) A + B, )1 das . (19.8)
By defintion of I*,
dyI*w =0, (19.9)
and
[l dw = I’““{ <%dw + %dt) A Ty + Rz, t)ﬁ*dMgbk}
- Ik“{@dt/\w*gbk} - (/1 @dt>¢>k = (h(z,1) — h(z,0))éx e
ot o Ot ’ ’ ‘
So the proposition holds for forms of this type.
Next, assume that w is just of the form
w= f(z, t)dt N (7" pr_1). (19.11)
From above, we have
(1) w — (19)"w = 0. (19.12)
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Note that

de = a—idl’ Adt N (W*(ﬁk,l) — f(l’,t)dt A 7T*<dM(Z5k,1)

> (19.13)
gfdt AT (dx A ¢k71) — fdit AT (dM(bk*l)'

i

By defintion of I*,

o [P = dM{</01 f(x,t)dt) gbk_l}
_ (/01 %dt) dz A dpq + (/01 fdt) dardp .

Next, by definition of 7¥*! and ((19.13)), we have

e = —( /0 1 g—idt) dz A dpy — ( /O 1 fdt) dasdp 1. (19.15)

(19.14)

So on forms of this type, we have
dyIFw + I dyw = 0. (19.16)

So the proposition is true for forms of the second type. By linearity, the proposition
holds for all forms, and we are done. ]

Proposition 19.2. Let X and Y be smooth manifolds. If f,g: X — Y are smoothly
homotopic then

=g Hig(Y) — Hig(X) (19.17)

Proof. Let F': X x[0,1] — Y be a homotopy between f and g. Let ¢; : X — X x0, 1]
be the mapping ¢;(x) = (z,t), and note that

(1) (X x [0,1]) — Q*(X). (19.18)
In Proposition we constructed a cochain homotopy between ¢] and ¢,
17 QF(X x [0,1]) = Q" 1(X) (19.19)
satisfying
()" = (eo)* = I dxqo) + dx I*. (19.20)

By Proposition [18.5] we have that
(t0)" = (11)" : Hip(X x [0,1]) = H}p(X). (19.21)
Since f = F oy and g = F o1y, and HYp is a contravariant functor, we have
fr=(w) o F", g =(u)ofF", (19.22)
therefore f* = g* : H5,(Y) — H5,(X). O
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Then all of the results in Subsection [17.2] also hold for de Rham cohomology.

Corollary 19.3. If smooth manifolds X andY have the same smooth homotopy type,
then Hjp(X) = H;p(Y).

The de Rham cohomology of a point is trivial to compute, so we have the following
corollary.

Corollary 19.4. If M is contractible, then

R k=0

. (19.23)
0 0<k

HZ;R(M ) = {
Example 19.5. A star-shaped domain A C R” is contractible, so has the same de
Rham cohomology groups as a point.

Corollary 19.6. If a submanifold A is a (smooth) deformation retraction of M then
the (smooth) singular cohomology groups are isomorphic.

Example 19.7. For S" ! C R", we have

Hap(S"™) = Hyp(R™ \ {0}). (19.24)

20 Lecture 20

20.1 Exact sequences of chain complexes

Let C* be a complex of vector spaces for i = 1,2, 3.

o o %
+2 ; +1 ; ; -1
— Cl, —— O ——=C_ —— - (20.1)

with 9 = 0. A morphism from C? to C7 are mappings «, : Ci, — C? such that the
following diagram commutes for every p

i o1 i
Cp+1 — Cp
la,,ﬂ lap (20.2)
. &
cl,, =

p+1 p

Definition 20.1. A sequence of vector spaces A, B, C', with linear mappings a : A —
B,5:B—C

0—2sA4-—<2sp-L,0-9,0 (20.3)

is called ezact if the kernel of each mapping is equal to the image of the previous
mapping. That is Ker(a) = {0} if and only if « is injective. Next, Ker(f) = Im(a).
Finally, Im(3) = C, if and only if § is surjective.
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For complexes C', C?,C?, and morphisms o :

that a sequence of complexes is exact if

if the sequence

is exact for every p.
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B

02, ¢t

Qp

02

Bp

G

G

Lemma 20.2 (The zig-zag lemma for chain complexes). If

1s a short exact sequence of complexes, then there exists mappings

«

\

B

\

02 1

7

02

7

03

0y : Hy(C®) — Hypr(CY)

for every p such that the sequence

Op+1 op
T Hy(Ch) —2— H,(Cy)

18 exact.

Pp

— H,

Proof. We look at the huge commutative diagram

0
> 0

b oL, S oz s 0
\’a?}+1 \’834’1 \’ag+1
a B
> C) — O} — C3 > 0
o1 52 53
y Ol =5 02 Pt C:,——0

which has all horizontal rows exact.
To define the boundary operator, take ¢} € C3 with 93¢} = 0. By exactness of the
middle row, f3, is surjective, so ¢} = f,(c7) for some ¢, € C?. Then since the diagram

commutes, we have

Byr2¢2 = BB3B,c2 = S = 0.
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C! — C?and B: C? — C3. We say

(20.4)

(20.5)

(20.6)

(20.7)

(Ch) == Hya(Cr) — -+

(20.8)

(20.9)

(20.10)



By exactness of the bottow row, we have 97c2 = ay,_1c,_, for some ¢, , € C;_,. Since
C' is a complex, and by commutativity of the diagram, we have

0=0,_100¢2 =02 jop_10p_y = 2010 4, (20.11)

which implies that 9} ¢, | = 0, since a,,_, is injective. So we define 9,(c3) = [c,_4],
the homology class of ¢, in H*~*(C").
To prove this mapping is well-defined, assume that we started with c € C'3 which
Was of the form cp = 83+1c +1- Then we can write cp+1 = Bpr1C2 1) and the element
=02 1 >, satisfies 3,(¢ ) = cf;. But this element is exact, so the next step clearly
glves zero. Independence of the choice of cf) is similarly established.
Exactness of the resulting sequence is left as an exercise in diagram chasing.

O
20.2 Exact sequences of cochain complexes
Let C; be a co-complex of vector spaces for i = 1,2, 3.
dr—? dt d? drtt
BLENYS o, LN s R (20.12)

with d® = 0. A morphism from C* to C9 are mappings o : C}' — CJ such that the
following diagram commutes for every p

CP i C«p-i-l
l“p lapﬂ (20.13)

or G, oot
J J

For co-complexes C7, Cy, (5, and morphisms a : C; — C5 and § : Cy — C3. We say
that a sequence of co-complexes is exact if

0250 —2 0y 25 0 —25 0 (20.14)

~

if the sequence

Qp

02> P y CP y CP —5 0 (20.15)

is exact for every p.

Lemma 20.3 (The zig-zag lemma for cochain complexes). If

0—Ls0 —2s0 L0250 (20.16)

1 a short exact sequence of co-complexes, then there exist mappings

6 . HP(C3) — HPTH(Oy) (20.17)
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for every p such that the sequence

LN HP(Cy) — HP(Ch) r, HP(Cs) —2— HPPY(CY) — - -
(20.18)
15 exact.

Proof. Same as before, with arrows reversed. O]

21 Lecture 21

21.1 Mayer-Vietoris for de Rham cohomology

Write M = U UV as the union of two open sets in M. Then the following sequence
is exact:

00— wUuV) 25 e V) s UNV) — 0 (21.1)
where
B (w) = ((lwom)'w, (ivem)'w). (21.2)
and

af (wy,wy) = (lvnver) 'wu — (lvavey) wy (21.3)

To see this, [P is obviously injective. For exactness at the middle step, obviously
aPfPw = 0. If fP(wy,wy) = 0, then wy = wy on U NV, so then (wy,wy) is a
well-defined global form on M.

To show that « is onto, let w € QP(U NV). Let ¢y, ¢y be a partition of unity
subordinate to the covering {U,V'}. Then w = a(dyw, —dyw).

By the zig-zag lemma for cohomology, we obtain a long exact sequence

A HEL(UUV) 2 HE(U) @ HE(V) = HEL(UNV) =2
(21.4)
Let us review the definition of the mapping §”. Given a cohomology class |w] €
HY.(UNV), represented by w € QP(U NV) with dw = 0, we first write w =
a?(pyw, —pyw), then we apply the exterior derivative to get

=~

(d(pyw), —d(ppw)) = (dpy Aw, —doy Aw) € QP(U) & QP(V). (21.5)

Note that on U NV, we have (¢y + ¢y)w = w, so applying d to this equation, we
have that doy A w + doy Aw =0 on U NV, so together these define a global form

P — {dgbv Aw in U (21.6)

—d¢U Nw inV

and we take the cohomology class of this form.
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Remark 21.1. This mapping appears to depend upon the choice of partition of unity,
but recall that when viewed as a cohomology class, it is actually independent of such
choice.

Example 21.2. S™: Cover with 2 open sets U, V, with U 2 R" =2V and UNV =
S™=1 use the Mayer-Vietoris sequence and induction to get

R k=0,n

(21.7)
0 O<k<n

HgR(Sn) = {

Corollary 21.3. Fuclidean spaces R™ and R™ are diffeomorphic only if m = n.

Proof. If R™ and R™ are diffeomorphic, then R™\ {0} and R™\ {0} are diffeomorphic.
From the deformation retraction argument, this would imply that S*~! and S™~! are
homotopic. By the previous example, this can only be true if m = n. O]

Definition 21.4. We say that a manifold M has a good cover U; each non-trivial
finite intersection U;, N --- N Uj;, is diffeomorphic to a star-shaped open set in R".

Corollary 21.5. If M has a finite good cover, then the de Rham cohomology of M
18 finite-dimensional.

Proof. Note that if

A-Lsp-—25¢ (21.8)
is exact at B, then

B~ Ker(g) ® Im(g) = Im(f) & Im(g). (21.9)

Consequently, if A and C' are both finite-dimensional, then B is also finite-dimensional.
Now we look at the following portion of the Mayer-Vietoris sequence

L BN UNV) 2 B U uV) S HE(U) @ HY, (V) =2
(21.10)
Using induction on the number of open sets in a finite good cover, the corollary
follows. O

Corollary 21.6. If M is compact, then the de Rham cohomology of M 1is finite-
dimensional.

Proof. Using a Riemannian metric, there exists a covering of M by geodesically convex
neighborhoods. Any nontrivial intersection of such sets is also geodesically convex.
Using the exponential map, it is not hard to see that a geodesically covex set is
diffeomorphic to a star-shaped domain R". It follows that every compact manifold
admits a finite good cover. O
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21.2 Mayer-Vietoris for singular chains

Write M = U UV as the union of two open sets in M. Then the following sequence
is exact:

0 —— C(UNV) 22 O (U) @ Cy(V) —22 Co(U) + Cp(V) —— 0
(21.11)
where
a(cp) - ((iUﬂV%U)*Cpa (iUﬁV‘—)V>*Cp) (21.12)
and
Blap, by) = (ivesnr)sap — (fvesnr) by (21.13)

It is not hard to see this sequence is exact. Furthermore, by a barycentric subdivision
argument, the homology H,(C,(U) + C,(V)) is isomorphic to H,(U UV). (Roughly,
keep subdividing simplices until their images are contained in U or V'.) Consequently,
we obtain a long exact sequence

. Op+1 Hp<Uﬂ V) ap Hp(U) ® Hp(V) L Hp(UU V) i} R (2114)

We can now improve “diffeomorphism” to “homemorphism” in Corollary [21.3]
Corollary 21.7. Fuclidean spaces R™ and R™ are homeomorphic only if m = n.

Proof. The arugment is the same as in the de Rham cohomology case, using singular
homology instead. O]

Remark 21.8. In the case that M is a smooth manifold, a similar argument gives a

Mayer-Vietoris sequence for smooth singular chains.

21.3 Mayer-Vietoris for singular co-chains

First, we have the following lemma.

Lemma 21.9. Let Wy, Wy, W3 be vector spaces. If the sequence

Wi S Ws > W3 (2115)
18 exact at Wy, then the dual sequence
Wy 2 Wr 2 Wy (21.16)

s exact at W3
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Proof. First, if wi € W3, and w; € Wy, then

o (FTwz)(wr) = (B ws)(a(wr)) = wy(Ba(wr)) = 0, (21.17)

since o = 1 by assumption. This proves that Im(5*) C Ker(a*). For the other
direction, if wi € Ker(a*), then for all w; € Wy, o*(w;)(wy) = wi(a(w)). So the
element 0 = w; oo € W{. We want to find w; € W3 such that w; = f*w;. For all
wy € Wa, this is wj(wy) = wifws, which is just wi = wj o f. So if wy € Wiy is of the
form [(ws,) then define

wj(ws) = wj(ws). (21.18)
If wy = B(w)), then S(we — wh) = 0, s0 wy — why = a(wy). Then
w(wy — wy) = wi(a(wr)) = (wia)(wr) = 0. (21.19)

So we have defined wj on the subspace Im(f) C Ws. To extend to a linear mapping
on all of W3, just take any subspace so that W3 = Im(5) @ W, and define wj to
vanish on W. Then the condition w; = wj o B is obviously satisifed. []

Write M = U UV as the union of two open sets in M. By Lemma [21.9] the
following sequence is exact:

0 —— (C,(U) + Cp(V))* 2 cr(U) & CP(V) -2 CP(UNV) —— 0
(21.20)
where P = (8,)* and o = (a,)*.
By the barycentric subdivision argument, one can show that
Hp<(Cp(U) + cp<V))*) ~ ["(U UV,R), (21.21)
consequently, we obtain a long exact sequence
2 g U UV -2 BHPU) @ HY(V) —2 HHUNV) —2
(21.22)

Remark 21.10. In the case that M is a smooth manifold, a similar argument gives
a Mayer-Vietoris sequence for smooth singular cochains.

22 Lecture 22

22.1 Proof of de Rham’s Theorem

The following lemma is crucial for the proof.
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Lemma 22.1 (The Five Lemma). Assume the diagram

67

‘/1 1 ‘/2 ag ‘/;3 a3 ‘/4 (e 7] N ‘/5
l¢1 l@ l¢3 l¢4 l(ﬁs (22' 1)
W, B1 W, B2 Wi B3 W, Ba . We

commutes, and has exact rows. If ¢y, Pa, P4, @5 are isomorphisms, then ¢z is also an
isomorphism.

Proof. Injectivity of ¢3: If ¢3(v3) = 0, then Bs(¢3(vs) = 0 = dgaz(vs). Since ¢y is
injective, as(vs) = 0. By exactness, v3 = as(ve). Then ¢gas(vy) = 0 = Saga(ve). By
exactness, ¢o(vy) = f1(wy). By surjectivity of ¢1, wy = ¢1(v1). Then

P2(v2) = Bi1(v1) = Paari(v1), (22.2)
but since ¢, is injective, this implies that vo = «;(v1). Finally, v = as(vy) =
asaq(vy) = 0, by exactness.

The proof of surjectivity is similar, and left to the reader. O

Recall that if w € QP(M), and ¢, is a p-chain, then

(Frw)(e,) = / w. (22.3)

Cp

Previously, we showed that F? induces a mapping

FP: HYp(M) — HE (M, R). (22.4)
Theorem 22.2 (de Rham). If M has a finite good cover then the mappings
FP: HY5(M) — HY (M, R), (22.5)

are isomorphisms for all p > 0.

Proof. If there is only 1 element in the covering, then we are done by the above
results. Next, consider the following diagram

_ _ k-1 _ 5k Bk ok
HENU) @ HEH(V) — HESHUNV) 22— HE,(UUV) —— HE(U) @ HE,(V) —2— HEL(UNV)

\L]:k—lea]:k—l \L‘Fk_l \L_Fk: \L‘Fk@fk \L‘Fk

_ k
H ) e H1(v) 27 g nvy 2 grouv) 2 RO e HAV) —2 o HRUAY)
(22.6)

By the Five Lemma, if the result is true for U, V and U NV, then it is also true for
U U V. By induction on the number of elements in a finite good cover, the theorem
is then true for any manifold which admits a finite good cover. n

One can show also the following;:
FEak A B = Fra* U F 61, (22.7)
so the mapping between cohomology rings
Hpp(M) 5 HZ(M,R), (22.8)

is moreover a ring isomorphism.

66



22.2 Smooth singular cohomology

Next, we discuss the comparison of singular cohomology and smooth singular coho-
mology on a smooth manifold.

Proposition 22.3. If M is a smooth manifold which has a finite good cover, then
HP(M,R) = H? (M,R) (22.9)

Proof. Both cohomology theories agree on contractible spaces, and both satisfy a
Mayer-Vietoris sequence. By the same argument as above using the five lemma and
induction on the number of elements in a good cover, the cohomology groups are
isomorphic in any degree. O]

Corollary 22.4. If M is a smooth manifold of dimension n, then HP(M,R) =0 for
p>n.

Proof. There are no p-forms for p > n, so obviously H},(M) = 0. By the de Rham
isomorphism, the same is true for H?(M,R). O

23 Lecture 23

23.1 Cohomology with compact supports

Let M be a manifold, possibly noncompact. Let QP(M) denote the smooth p-forms
with compact support. We have a complex

L (M) —L QM) —Ls QPHY (M) —4s (23.1)

and Hf ;,(M) is defined to be the cohomology of this complex. Of course, if M is
compact then Hf ;,(M) = Hjp(M).

Theorem 23.1 (Poincaré Lemma for compact supported cohomology). Let M be a
differentiable n-manifold, then

Hng(M x R) = HZ;}Z(M). (23.2)

The details are somewhat similar to the regular Poincaré Lemma, in the following
we just give an outline of the proof. First, we define a mapping “integration over the
fiber” by

Tt QF (M x R) — QF (M) (23.3)
by the following. Any k-form on N can be written as

w=h(p,t)m" ¢ + f(p,t) (7" dr_1) A dt, (23.4)
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where ¢, € QF(M) and ¢p_1 € Q¥ 1(M), but h, f € Q%(M x R). Define

T (w) = (/Z f(p, t)dt>¢k_1, (23.5)

noting that the integral is defined because w is assumed to have compact support,
and this form has compact support since f has compact support.
It is not hard to show that

dM O Ty = Ty O dM><]R> (236)
therefore 7, induces a mapping
T HY jo(M X R) — HY L (M), (23.7)

Next, we choose e € Q}(R) with [, e =1, and define

eyt Q¥ (M) — QFFY (M x R) (23.8)
by
ex(w) = (mw) Ae. (23.9)
It is not hard to see that
dyxr © €x = e, 0 dyy. (23.10)

Therefore e, induces a mapping
et HY yo(M) — HEFL(M X R). (23.11)

Let us write e = xdt, then

70 en(w) = 7, (X(t)(w*w) A dt) - ( /_ Z X(t)dt)w —w (23.12)

Therefore, we have m, o e, = 1 on Qf (M), so m, 0e, = 1 on Hf ;5 (M).

Proposition 23.2. We have e,om, =1 on HédR(M x R). Consequently, m, and e,
are isomorphisms on compactly supported cohomology.

Proof. Again writing

w = hip, )" G + f(p, )7 $r) A dt (23.13)
define a mapping

K : Q"M xR) = Q"1 (M x R) (23.14)
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K(w) :w*@_l(/_; o, s)ds — (/_:o e) /_: f(a:,s)ds). (23.15)

We claim that if w € QF(M x R) then
(1—em)w = (—1)F"YdK — Kd)w, (23.16)

which can be separately verified for w = h(p,t)m*¢s, and for forms of type w =
f(p,t)dt N pr_1. The proof is left as an exercise.

This formula then implies that e, o 7, = 1 as a mapping on H f (M x R), and
the proposition follows. n

Corollary 23.3. We have

R k=n

HE jp(R") = {0 Esn (23.17)

and a generator for H';x(R") is given by any compactly supported n-form p with

Jen = 1.

Notice that HY;,(R") = H}*(R"). Furthermore, we have an isomorphism
PD : Hjp(R") — (H' 5 (R™))* (23.18)

given by PD(a)(f) = [z, @ A B.

Remark 23.4. This shows that H; (M) is not a homotopy invariant, since (23.17)
is not the same as the cohomology of a point.

However, we do have the following.

Corollary 23.5. If U is a star-shaped open set in R", then HE,(U) = HE p(R™)
for all0 < k <n.

Proof. For 0 < k < n, a compactly supported form in U is compactly supported in
a set which is diffeomorphic to R™ (just by smoothing the boundary of U, since the
support of the form stays away from the boundary). For k = n, if U is diffeomorphic
to R™, then we are done. If U is not diffeomorphic to R™, we will leave this as an
exercise for the interested reader. O]

23.2 Mayer-Vietoris for cohomology with compact supports

Write M = U UV as the union of two open sets in M. Note that if U; C U,
and w € QF(U;) then w extends to be a compactly supported form in U,. Letting
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t : Uy — Uy denote the inclusion mapping, we denote by 7,w this extension map on
forms. We claim that the following sequence is exact:

0 —— PUNV) -2 ) oeV) 25 UuV) ——s 0 (23.19)
where
& (worv) = ((lvavev)swonv, =(ivavoy)swony) (23.20)
and
BP(wy, wy) = (ivesnr)swu + (iyesar)swy . (23.21)

To see this, a” is obviously injective. For exactness at the middle step, obviously
fParw = 0. If Bp(wU,wV) = 0, then wy = —wy. This implies that the support of
both forms is contained in U NV, and since they are equal there, take wyny = wy,
and then (wy,wy) = & (wy).

To show that 3 is onto, let w € QP(M). Let ¢y, ¢y be a partition of unity
subordinate to the covering {U, V}. Then w = ?(¢yw, dyw).

Consequently, from the ziz-zag Lemma, we obtain a long exact sequence

sp—1 P ar P P gr p P

— Hc,dR(Um V) — Hc,dR(U) @Hc,dR(V) B— Hc,dR(UUV) —

] (23.22)
Let us review the definition of the mapping §?. Given a cohomology class [w]| €
HZ z(U U V), represented by w € Q2(U U V) with dw = 0, we first write w =

3P (pyw, pyw), then we apply the exterior derivative to get
(d(6uw), d(dyw)) = (dop A w, dby Aw) € L) & X(V) (23.23)
Either of these elements is supported in U NV and then since doy Aw + doy Aw = 0,
0'w = [doy Aw] = [—déy Aw] € H ;o (UNV). (23.24)

Remark 23.6. This mapping appears to depend upon the choice of partition of unity,
but recall that when viewed as a cohomology class, it is actually independent of such
choice.

23.3 Poincaré Duality
If M is orientable, we define the mapping
PD : Hyp(M) — (HE(M))* (23.25)
by PD(a)(B) = [y, A B.
Theorem 23.7. If M" is orientable and has a finite good cover, then
PD ¢ Hig(M) — (H5(M))" (23.26)

s an 1somorphism for all 0 < k <n.
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Proof. Let m = n — k, and consider the diagram

_ k .
g Uy e HYL(V) — s mR A nv) — s HE U UYV) — s R (U) @ HEL(V) —2 s HEL(UNV)

lPDEBPD lPD JPD JPDEBPD JPD

() e oy on)” = mmgt o n vy S5 ovyr B (7w @ Hy() S vy
(23.27)
The top horizontal row is exact since it is the usual Mayer-Vietoris sequence. The
bottom horizontal row is exact since is the dual exact sequence of the Mayer-Vietoris
sequence with compact support. We next claim that this diagram commutes up to
sign, so by changing some of the vertical maps to their negatives if necessary, we
obtain a commutative diagram. (Proof left as an exercise).
By the five lemma, if the outer 4 vertical maps are isomorphisms, then so is the
central vertical map. The proof is completed by induction on the number of open
sets in the good cover, since we know it is true for R" from the previous lecture. [

Corollary 23.8. If M™ is a connected and orientable n-manifold with a finite good
cover, then H;p(M) = R. If M is moreover compact, then Hjp(M) = R.

Corollary 23.9. If M™ is a connected and orientable n-manifold with a finite good
cover then Hip(M) and H]';5(M) have the same dimension. If M is moreover com-

pact, then Hk (M) and H}5"(M) have the same dimension.
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