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Introduction

This quarter will be about complex manifolds and Kahler geometry. Following are
just partial notes of some of the topics we will cover.



1 Lecture 1

1.1 Example of R** = C"

Remark 1.1. For now we will denote /—1 by ¢. However, later we will not do this,

because the letter ¢ is sometimes used as an index.

We consider R?" and denote the coordinates as z', 9!, ... 2" y".

2/ +iy’ and 77 = 2/ — iy’ define complex one-forms

dz) = da’ + idy’,
d7 = da? —idy’,

and complex tangent vectors

0/02 = (1/2) (8/0x" —id/oy’),
0/07 = (1/2) (8/027 +i0/0y’) .

Note that

d27(9)02%) = d51 (997" = 7%,
d29(9/05") = d51(9/9:*) = 0.

The standard complex structure J, : TR?® — TR?" on R?" is given by
Jo(8/0x7) = 0/dy’,  Jo(0/9y’) = —0/0a7,
which in matrix form is written
Jg—diag{(? _01) Sy ((1) _01>}
Next, we complexify the tangent space T'® C, and let
T (Jy) =span{8/027,j = 1...n} = {X —iJoX, X € T,R™}
be the i-eigenspace and
TOY(Jy) =span{0/0z7,j = 1...n} = {X +iJoX, X € T,R™}
be the —i-eigenspace of Jy, so that
T®C=T%(J)® T (J).
The map Jy also induces an endomorphism of 1-forms by

J()(Ld) (Ul) = w(Jovl).

Letting 2/ =

(1.1)

(1.2)

(1.3)

(1.4)



Since the components of this map in a dual basis are given by the transpose, we have
Jo(dz;) = —dy;,  Jo(dy;) = +dx;.
Then complexifying the cotangent space T* ® C, we have
AY(Jo) = span{dz’,j =1...n} = {a —iJoa, o € T;R*"} (1.5)
is the i-eigenspace, and
A*'(Jy) = span{d?’,j = 1...n} = {a + iJoa, o € T;R*"} (1.6)

is the —i-eigenspace of Jy, and

T* @ C = AY(Jy) ® A% (Jp). (1.7)

We note that
AV ={aeT*"®C:a(X)=0forall X € TOD}, (1.8)

and similarly
A ={aeT*"®C:a(X)=0 for all X € TUD}, (1.9)

We define A7 C AP™ @ C to be the span of forms which can be written as the
wedge product of exactly p elements in A'? and exactly ¢ elements in A%'. We have
that

MeC= @ A, (1.10)

pta=F

dime(AP9) = (Z) : (Z) (1.11)

Note that we can characterize AP? as those forms satisfying

and note that

a(vy, ..., vp4q) =0, (1.12)

if more than p if the v;-s are in T(X% or if more than ¢ of the v;-s are in TV,
Finally, we can extend J : A¥ @ C — A* @ C by letting

Ja =", (1.13)

for o € AP p+q=k.
In general, J is not a complex structure on the space AL for £ > 1. Also, note
that if « € APP, then « is J-invariant.



1.2 Cauchy-Riemann equations

Let f:C" — C™. Let the coordinates on C™ be given by
{4 2"y = {at + iyt 2yt (1.14)

and coordinates on C™ given by

{wh . w™} = {ut + ot u™ ™) (1.15)

Write
Tx(C™) = span{0/0x',...0/0x"™,0/0y",...0/0y"}, (1.16)
Tr(C™) = span{9d/ou’,...0/0u™, /o0, ...0/0v™}. (1.17)

Then the real Jacobian of

f=0" . ™ =wofiulof,...., "0 f). (1.18)

in this basis is given by

ort oft
9zl s dy™
Trf = o (1.19)
3f2m 8f2m
Oxl T oy™

Definition 1.2. A differentiable mapping f : C* — C™ is pseudo-holomorphic if

Jiodocn = Jogm o fi (1.20)
That is, the differential of f commutes with Jj.
We have the following characterization of pseudo-holomorphic maps.

Proposition 1.3. A mapping f : C"™ — C" is pseudo-holomorphic if and only if the
Cauchy-Riemann equations are satisfied, that is, writing

F 2™ = (e o) = (ug + v, . uy + 10y), (1.21)
and 2 = 27 + iy, for each j = 1...n, we have

Ou; _ Ovi 0wy Ovy

oxk  Oyk oyt~ Oxk’ (1.22)
for each k =1...m, and these equations are equivalent to
0

foreach j=1...n and each k=1...m



Proof. First, we consider m = n = 1. We compute
a0 =0 O (124)
e 3 AN 1 o)\s& &)

on ok _of _df
2 ) d d
ot _op | =\ on  on | (1.25)

oyl ozl Oxl oyt

says that

which is exactly the Cauchy-Riemann equations. In the general case, rearrange

the coordinates so that (z!,..., 2™ y' ... y™) are the real coordinates on R*”™ and
(ul,...,u™ vt ..., v"), such that the complex structure Jy is given by
0 -1
2my __ m
MR)—(% 0), (1.26)

and similarly for Jy(R?"). Then the computation in matrix form is entirely analogous
to the case of m =n = 1.
Finally, we compute

0 1,0 .0 .
@f]‘ = 5(%+Za—yk>(u3‘+l?}j) (1.27)
1¢ 0 0 /0 0
the vanishing of which again yields the Cauchy-Riemann equations. [

From now on, if f is a mapping satisfying the Cauchy-Riemann equations, we will
just say that f is holomorphic.
For any differentiable f, the mapping f. : Tr(C") — Tr(C™) extends to a mapping

fo : Tc(C™) — Te(C™). (1.29)
Consider the bases
Tc(C™) = span{0/02',...0/02",0/07z",...0/0z"}, (1.30)
Te(C™) = span{d/ow',...0/ow™, 0/0w",...0/0w™}. (1.31)
The matrix of f, with respect to these bases is the complex Jacobian, and is given by
oy ... o ot .. o
021 ozn ozt oz"
opn o o o
Oz1 Zn Z1 z"
Jef=| 97 o o (1.32)
ol ... Lo ... 2
OO S O i
0z1 ozn ozt oz



where (f1,... f™) = f now denotes the complex components of f. This is equivalent
to saying that

, of’ oft
dff = —dh 4> ——d 1.
4 — 0zF i — 07" © (1.33)
Notice that (1.32) is of the form

7= (5 5) (1.34)

which is equivalent to the condition that the complex mapping is the complexification
of a real mapping.
What we have done here is to embed

Homg(R*" R*™) C Homc(C*", C*™), (1.35)
where C-linear means with respect to i (not .Jp), via

A By 1(A+D+i(C-B) A-D+iB+C)
(C D>'_>§<A—D—i(B+C’) A+D—z‘(c_B))- (1.36)

Notice that if f is holomorphic, the condition that f, commutes with Jy says that the
real Jacobian must have the form

A -B
(fo)r = (B A ) : (1.37)
This corresponds to the embeddings

Home¢(C",C™) € Homg(R?™,R*™) C Home(C*",C*™), (1.38)

where the left C-linear is with respect to Jy, via

: A —-B A+iB 0
A+zB»—><B A)>—>< 0 A—z’B)' (1.39)

Note that since the latter embedding is just a change of basis, if m = n, then
det(Jr) = det(A +iB) det(A — iB) = | det(A +iB)|* > 0, (1.40)

which implies that holomorphic maps are orientation-preserving. Note also that f is
holomorphic if and only if

f (T30 ¢ 700, (1.41)

Notice that if f is anti-holomorphic, which is the condition that f, anti-commutes
with Jp, then the real Jacobian must have the form

(fo)r = (g _BA) : (1.42)



This corresponds to the embeddings

Homg(C",C™) C Homg(R* R*™) C Homc(C*", C*™) (1.43)
via
. A B 0 A+1B
wrise (4 B)o (0 A5) o
We see that f is anti-holomorphic if and only if
fo (T3 c 7O, (1.45)

Note that if f is antiholomorphic, then is it holomorphic with respect to the complex
structure —.Jy on the domain (but still J, on the range).
Note that we can decompose f, = f¢ + f2, where

1

J€ =5 (f= I f) (1.46)
1
fA =5t 50), (1.47)
and f¢ is holomorphic, while f# is anti-holomorphic. In block matrix form, this just
says that
A B\ _1(A+D B-C —i—l A—-D B+C (1.48)
¢ D) 2\C-B A+D) 2\B+C D-A)" '
2 Lecture 2

2.1 Complex Manifolds

Now we can define a complex manifold

Definition 2.1. A complex manifold of dimension n is a smooth manifold of real
dimension 2n with a collection of coordinate charts (U,, ¢o) covering M, such that
0w : Uy — C™ and with overlap maps ¢, ogbgl tpp(UaNUg) = ¢0(Us NUp) satistying
the Cauchy-Riemann equations.

A closely related notion is the following.

Definition 2.2. An almost complex structure is an endomorphism J : TM — TM
satisfying J? = —Id.

If M is of real dimension n, and admits an almost complex structure, then
(det(J))? = det(J?) = det(—1I) = (—1)", (2.1)

which implies that n is even. Furthermore, by the discussion in the previous lecture,
a complex manifold M is orientable and carries a natural orientation. It is moreover
true that an almost complex manifold is orientable, we will see this later.

Complex manifolds have a uniquely determined compatible almost complex struc-
ture on the tangent bundle:



Proposition 2.3. In any coordinate chart, define J, : T My, — T My, by

J(X) = (da):" 0 Jo 0 (¢a):X. (2.2)

Then Jo, = Jg on Uy, N Ug and therefore gives a globally defined almost complex
structure J : TM — TM satisfying J*> = —Id.

Proof. On overlaps, the equation

(6a). " 0 Jo o (¢a)e = (85)." © Jo o (¢5)- (2.3)
can be rewritten as
Jo© (Ba)s 0 (95)" = (da)e 0 (95)5" 0 Jo. (2.4)
Using the chain rule this is
Jo0 (¢a© @5 )e = (Pa 0 95 )x 0 o, (2.5)

which is exactly the condition that the overlap maps satisfy the Cauchy-Riemann
equations.
Obviously,

J? = (¢a);1 0 Jo o (¢a)s 0 (¢a)*_1 0 Jo o (¢a)s
= (Qba)*_l © Jg © (¢a>*
= <¢a);1 o (=1d) o (¢a)s = —1Id.

]

Definition 2.4. An almost complex structure J is said to be integrable if J is induced
from a collection of holomorphic coordinates on M.

Remark 2.5. Let (M2, g) be any oriented Riemannian surface. Then * : A — A?
satisfies *> = —Id, and using the metric we obtain an endomorphism J : TM — T M
satisfying J? = —Id, which is an almost complex structure. In the case of Riemann
surfaces, any such J is necessarily integrable, but this is not necessarily true in higher
dimensions.

Let (M, J) be any almost complex manifold. Then we can decompose

TM®C=T""gT", (2.6)
where
T ={X -iJX,X € T,M} (2.7)
is the i-eigenspace of J and
' ={X +iJX,X € T,M} (2.8)



is the —i-eigenspace of J.
The map J also induces an endomorphism of 1-forms by

J(w)(v1) = w(Jvy).
We then have

T*®@C =AY A%, (2.9)
where
AY ={a—iJo,a € Ty M} (2.10)
is the 7-eigenspace of J, and
A ={a+iJo,a € TyM} (2.11)

is the —i-eigenspace of J.
If (M, J) is a complex manifold, then there exist coordinate systems around any
point

(2. 2" = (@' +iyt, .2 iy (2.12)
such that 7% is spanned by
9, 1/ 0 0
— =—-|=— —i— 2.13
0z 2 (83:3 Zayf ) ’ (2.13)
T%! is spanned by
0 170 0
0z 2<0$J +28y3)’ (2.14)
A0 is spanned by
dz? = da? +idy’, (2.15)
and A%! is spanned by
d7 = da? —idy’, (2.16)

foryj=1...n.

Definition 2.6. A smooth mapping between f : M — N between almost complex
manifolds (M, Jy) and (N, Jy) is pseudo-holomorphic if

f*OJM:JNOf* (217)

The next proposition follows from the above discussion on Cauchy-Riemann equa-
tions.

Proposition 2.7. f: M — N is pseudo-holomorphic if and only if

F(TYO(M)) € TH(W), (2.18)
of and only iof

fH(AYO(N)) € AM(M). (2.19)

If (M, Jy) and (N, Jx) are moreover complex manifolds, then f is pseudoholo-
morphic if and only if it is a holomorphic mapping in local holomorphic coordinate
systems.

10



2.2 The Nijenhuis tensor

When is an almost complex structure integrable? To answer this question, we define
the following tensor associated to an almost compelx structure.

Proposition 2.8. The Nijenhuis tensor of an almost complex structure defined by
N(X,)Y)=2{[JX,JY] - [X,Y]| - J[X,JY] - JJX, Y]} (2.20)

is a tensor of type (1,2) and satisfies
() N(Y,X)=-N(X,Y)
(i) N(JX,JY)=—N(X,Y).

Proof. Given a function f: M — R, we compute

N(fX,Y) = 2{[J(fX), JY] - [fX.Y] = J[fX, TY] - JJ(fX), Y]}
= {[fIX,JY] = [fX,Y] = J[fX,JY] = J[fJX,Y]}
=2{f[JX, JY] = (JY(f))IX — f[X. Y]+ (Y /)X
— J(fIX, JY] = (JY(f)X) = J(fJX. Y] = (Y f)JX)}
= [N(X,Y) + 2{—(JY(f)IX + (Y HX + (JY(f)IX + (Y f)J>X}.

Since J? = —1I, the last 4 terms vanish. A similar computation proves that N(X, fY) =
fN(X,Y). Consequently, N is a tensor. The skew-symmetry in X and Y is obvious,
and (ii) follows easily using J? = —1Id. O

Notice that if M is of complex dimension 1, then there is a basis of the tangent
space of the form {X, JX}, so

N(X,JX)=—-N(JX,X)=-N(JX,J’X) = N(JX, X), (2.21)

which shows that the Nijenhuis tensor of any almost complex structure on a Riemann
surface vanishes.
We have the following local formula for the Nijenhuis tensor.

Proposition 2.9. In local coordinates, the Nijenhuis tensor is given by

2n
Ni =2 (JIowJi — JEonJ} — Jh0; 08 + Jh0J)) (2.22)

h=1
Proof. We compute

1
§N(8j,8k) = [J0;, JOk] — 05, 0] — J[0;, JO| — J[JO;, O]

= [J30), J{" O] — 05, 0] — J 105, J1O)] — J[J.01, O]
=I+II+1II+1V.

11



The first term is

I = J;0/(Jf"0m) — IO (J;00)
= SO )Om + TS T 00 — T (0 J}) 00 — T T 0y
= SO Om — I (O} 0.

The second term is obviously zero. The third term is
I1T = —J(0;(J})0) = —0;(Ji) " Orm. (2.23)
Finally, the fourth term is
11T = 8,(J}) J/" O (2.24)
Combining these, we are done. [
Next, we have

Theorem 2.10. An real analytic almost complex structure J is integrable if and only
if the Nijenhuis tensor vanishes.

Proof. If J is integrable, then we can always find local coordinates so that J = Jj,
and Proposition 2.9 shows that the Nijenhuis tensor vanishes. For the converse, the
vanishing of the Nijenhuis tensor is the integrability condition for 7° as a complex
sub-distribution of T'® C. To see this, if X and Y are both sections of T%Y then we
can write X = X' —¢JX" and Y =Y’ —iJY” for real vector fields X’ and Y’. The
commutator is

(X' — XY —iJY') = [ XY = [JX, JY'] —i([ X', JY'| + [JX',Y']).  (2.25)
But this is also a (1,0) vector field if and only if
(XY + [JX)Y' ) =JX Y] - JJX', JY'], (2.26)
applying J, and moving everything to the left hand side, this says that
[(JX, JY'— [ XY - J X, JY'| = JJX,Y'|=0, (2.27)

which is exactly the vanishing of the Nijenhuis tensor. In the analytic case, the
converse then follows using a complex version of the Frobenius Theorem, we will
discuss later. O

Remark 2.11. The C*°-case is more difficult, and is the main content of the Newlander-
Nirenberg Theorem.

12



3 Lecture 3

3.1 The operators 0 and 0

On any almost complex manifold (M, J), we can define AP? C AP™ ® C to be the
span of forms which can be written as the wedge product of exactly p elements in
AY0 and exactly ¢ elements in A%, We have that

MeC= P A (3.1)

p+q=k
The real operator d : A% — A]’E{“, extends to an operator
d: AL — AET (3.2)

by complexification. On a complex manifold, if a is a (p, ¢)-form, then locally we can
write

a= ZaLszI A dz? (3.3)
1,J

where I and J are multi-indices of length p and ¢, respectively, and «; ; are complex-
valued functions. Using (1.33), we have the formula

Ja Oayy —
do = Z ( a;]’c‘]dzk + Z 3211’;] dzk> ANdz' A dzE. (3.4)
LJ ok k

Proposition 3.1. For an almost complex structure J
d<Ap,q) C Ap+2,q—1 _|_Ap+1,q 4 Ap,q+1 +Ap—1,q+27 (3.5)
and J is integrable if and only if
d(AP9) C APTLE 4 APAHL (3.6)

(In a slight abuse of notation, by AP9, we mean the space of smooth sections of this
bundle. )

Proof. Let a € AP? and write p+ ¢ = r. Then we have the basic formula

do(Xo,.... X,) = (-1YX;a(Xo,..., X;,..., X;)
+ Z(—l)H—jOé([XZ, Xj],XQ, ce 7Xi; c. ,X]’, c. 7Xr)- (37)

i<j

This is easily seen to vanish if more than p + 2 of the X are of type (1,0) or if more
than g + 2 are of type (0, 1).

If J is integrable, then in a local complex coordinate system, (3.6) is easily seen
to hold. For the converse we have the inclusions,

d(AY) € A0 + AY and d(AY) € AN 4 A%, (3.8)

13



The formula
do(X,Y) = X(aY)) - Y(a(X)) — o([X,Y]) (3.9)

then implies that if both X and Y are in T"° then so is their bracket [X,Y]. So
write X = X' —4¢JX  and Y = Y’ —iJY’ for real vector fields X’ and Y’. Define
Z =[X,Y], then Z is also of type (1,0), so

Z+iJZ =0. (3.10)

Writing this in terms of X’ and Y’ we see that
0=2Z+iJZ) = —N(X.Y') - iJN(X',Y"), (3.11)
which implies that N = 0. [

Corollary 3.2. On a complex manifold, d = 0 + 0 where 0 : A9 — APTL gnd
0 : AP4 — AP9TLand these operators satisfy

P =0 0 =0 00+00=0. (3.12)
Proof. These relations follow simply from d? = 0. m

Note that on a complex manifold, if a is a (p, ¢)-form written locally as

o= ZaLszI Adz7, (3.13)
1,J
then
0
Oa = CLT g2k Azt A dE (3.14)
0z
1,0k
3 dary .y, I J
Gazz —=dz" Ndz' Ndz”, (3.15)
ok 9%

Definition 3.3. A form a € AP* is holomorphic if o = 0.

It is easy to see that a (p,0)-form is holomorphic if and only if it can locally be
written as

a = Z adz’, (3.16)

where the o are holomorphic functions.

Definition 3.4. The (p,q) Dolbeault cohomology group is

v _ {a e API(M)|0a = 0}
H (M) = AP 1(M) ) (3.17)

14



We will discuss these in more detail later, and just point out the following for now.
If f: M — N is a holomorphic mapping between complex manifolds, then

fr(API(N)) C APY(M), (3.18)
and
dof*=f"0d (3.19)
(because d commutes with f*). Consequently, there is an induced mapping
fr: Hg’q(N) — Hg’q(M) (3.20)

In particular, if f is a biholomorphism (one-to-one, onto, with holomorphic inverse),
then the Dolbeault cohomologies of M and N are isomorphic.

3.2 The operator d°

For an integrable complex structure, we know that
d=0+0, (3.21)
and
P =0 9 =0, 00+90=0. (3.22)
We can write these complex operators in the form
5:%@—M%6:%@+mw (3.23)
for a real operator d¢: AP — AP*! given by
d®=1i(0 — 0), (3.24)
which satisfies
d> =0, dd°+d°d =0, (d°)* = 0. (3.25)

We next have an alternative formula for d°. Recall that J : TM — TM induces a
dual mapping J : T*M — T*M, and we extended to J : Az — Ag by

JaP? =P~ a1, (3.26)
for a o a form of type (p, q). Notice that if a” € Ay, then
J*a" = w-a", where w- o’ = (—1)"a’, (3.27)
since

J2aPd = 20=a) ypa — (_1)p—qap,q _ (1)p—q+2qap,q _ (_1)p+qap,q' (3.28)

15



Proposition 3.5. For a € A", we have
da = (-1)"*'JdJa. (3.29)

Proof. For a € AP, p+ g =r, we compute

JdJa ="~ Jda = "~ (Oa + Oa) (3.30)
= P71 99a + P71 0ar) (3.31)
— 2-0+1g, 4 20-0)-1F,, (3.32)
= (—=1)P"(i0a — i0a) = (—1)" T da. (3.33)
0
We also note the formula
dd® = 2i00. (3.34)
4 Lecture 4
4.1 Automorphisms
If J € I'(End(TM)), recall the formula
(Lx)(Y) = Lx(J(Y)) = J(LxY) = [X, JY] = J([X,Y]). (4.1)

Definition 4.1. An infinitesimal automorphism of a complex manifold is a real vector
field X such that LxJ = 0, where £ denotes the Lie derivative operator.

It is straightforward to see that X is an infinitesimal automorphism if and only
if its 1-parameter group of diffeomorphisms are holomorphic automorphisms, that is,

(¢s)* oJ=Jo (Qbs)*

Proposition 4.2. A vector field X is an infinitesimal automorphism if and only if
J([X,Y]) = [X, JY], (4.2)
for all vector fields Y .
Proof. We compute
(X, JY]=Lx(JY)=Lx(J)Y + J(LxY)=Lx(J)Y + J([X,Y]), (4.3)
and the result follows. O

Proposition 4.3. The set of infinitesimal automorphisms is a real Lie algebra under
the Lie bracket. Furthermore, if N = 0, then it is a complex Lie algebra, with complex
structure given by J.

16



Proof. First, recall the Jacobi identity for the Lie bracket:
(X, Y], Z] +[[Y, 2], X] + [[Z, X],Y] = 0. (4.4)

Now let X and Y satisfy LxJ = 0 and Ly J = 0. We need to show that Ly y]J = 0,
SO we compute

(Lixy1)(Z) = Lixy)(J(Z)) — J(LixyiZ)

_ [X.Y],5(2)] - J([X. Y], Z)). (45)
By the Jacobi identity,
(Loca7)(Z) = — [V, J(Z)], X] — [[7(2), X1.Y] + J([Y. 20, X] + [[Z. X], V)
(Y, 2. X] + DX, 20).Y] + J(IY 2. X + (12 ) 1) (4.6)

:J([X7 [YaZ]_[Y? [XaZ]])+[[sz]7X] [[ZX )

For the second part, we need to show that if X is an infinitesimal automorphism,
then JX is also. For this, we need to show that £;xJ = 0, so we compute

(LixI)Z)=Lyx(JZ)— J(LixZ)

_[JX, 7] = J(JX, Z]). (4.7)
From the definition of the Nijenhuis tensor,
N(X, 2) = 2{[JX, JZ] — [X, Z] — J[X,JZ] — J[JX, Z]} = 0, (4.8)
so we have
(LoxJ)(Z2) =X, Z] + J([X, ] Z]) (4.9)

= [Xa Z] + ‘](J<[X7 Z])) = [X’ Z] - [X> Z] = 0.

Finally, Proposition 4.2 shows that the Lie bracket is complex linear in both argu-
ments, so it is a complex Lie algebra. O

Next we assume that (M, J) is a complex manifold.

Definition 4.4. A holomorphic vector field on a complex manifold (M, J) is vector
field Z € T'(T"?) which satisfies Z f is holomorphic for every locally defined holomor-
phic function f.

In complex coordinates, a holomorphic vector field can locally be written as

0
Z = ZZJ@, (4.10)

where the Z7 are locally defined holomorphic functions. We extend the Lie bracket
of real vector fields to complex vector fields by complex linearity.

Proposition 4.5. If Z, and Zs are holomorphic vector fields, then [Z1, Zs] is also
a holomorphic vector field. Consequently, the space of holomorphic vector fields is a
complex Lie algebra.
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Proof. 1f in local holomorphic coordinates,

;0 0

with Z and Z} holomorphic functions, then

(21, Z5) = ZZ aii_ZZka_Zfi

L'0z1 0zk I 2 02k 029
’ 4.12
_2@02’“ 404).2, .
2 021 ) Ozk°
Since 90 = —00, the coefficients are holomorphic functions. n

Proposition 4.6. For X € I'(T'M), associate a vector field of type (1,0) by map-
ping X — X0 = %(X —1JX). This complex linear mappping maps the subspace
of infinitesimal automorphisms maps isomorphically onto the space of holomorphic
vector fields. Furthermore this mapping is an isomorphism of Lie algebras, that is,
for infinitesimal automorphisms X and Y,

(X, Y] = [X"0, Y10 (4.13)

Proof. Choose a local holomorphic coordinate system {2}, and for real vector fields
X' and Y, write

_ 1 / j
X = 2( —iJX) =) X~ M (4.14)
1
_ _ j
Y = (Y —iJY) => VI~ aza (4.15)
We know that X’ is an infinitesimal automorphism if and only if
J([X',Y']) = [X', JY"], (4.16)

for all real vector fields Y’. This condition is equivalent to

—OX¥
Z jazﬂ =0, (4.17)

for each k = 1...n, which is equivalent to X being a holomorphic vector field.
To see this, we rewrite (4.16) in terms of complex vector fields. We have

X'=X+X JX =iX-X)
Y'=Y+Y JY' =i(Y =Y)
The left hand side of (4.16) is
J([XY7])

(I
==
==
5+
Lo
<
k%—
=
_i_v
I
=

+



But from integrability, [X, Y] is also of type (1,0), and [X, Y] is of type (0,1). So we
can write this as

J(X',Y')) = (i[X,Y] —i[X, Y]+ JIX, Y] + J[X,Y]). (4.18)
Next, the right hand side of (4.16) is
X +X,i(Y -Y)]=4(X,Y] - [X,Y]+ [X,Y] - [X,Y)). (4.19)
Then (4.18) equals (4.19) if and only if
JIX,)Y]+ J[X,Y] = —i[X, Y] +i[X,Y]. (4.20)
This is equivalent to

J(Re([X,Y)])) = Im([X,Y]). (4.21)

This says that [X, Y] is a vector field of type (0,1). We can write the Lie bracket as
j 9 7 0 ]
[ZX 9027 o
8
- Z a—k aza - Z 823 g

and the vanishing of the (1,0) component is exactly (4.17).
Finally, for infinitesimal automorphisms X and Y, we want to show that

1 1
[X,Y] = X —iJX,Y —iJY] = Z([X, Y] - [JX,JY] —i([JX,Y] + X, JY])).
(4.22)
Since X and Y are both infinitesimal automorphisms, we know that JX and JY are
also. We then have
1

Z([X, Y] = [JX,JY] —i([JX, Y]+ [X, JYD)

= (XY = JEX Y]~ (X, YD) + (X YD) .
= (1. v = P(X V) - 200X, YD)
= (X1 -irxvD),
which is the indeed the image of the real Lie bracket [X,Y]. O
Proposition 4.7. There is a first order differential operator
0:0(TY) — I'(A™ @ T, (4.24)

such that a vector field Z is holomorphic if and only if 3(Z) = 0.
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Proof. Choose local holomorphic coordinates {27}, and write any section of Z of T,
locally as

)
et J_—_
7 E VA 57 (4.25)
Then define
_ 0
J
0(Z2) = EJ (82) EwE (4.26)

This is in fact a well-defined global section of A% @ T since the transition func-
tions of the bundle T%° corresponding to a change of holomorphic coordinates are
holomorphic.

To see this, if we have an overlapping coordinate system {w’} and

.0
= J __—
Z=YW e (4.27)
Note that
) ow* 9
95~ 9 gur’ (4.28)
which implies that
ow’
j— 7pZ
Wl =27 EE (4.29)
We compute
_ 0 —  ow 027 0
= 3 — = P
Z@W ®8 J Z@(Z 6zp)®8w182q
ow? 029 ~ 0
_ 7P -~ q P) @ — 7)
Zazpawa e > " 5i9(zv) ® 5 =Y 0z ® azf'
]

5 Lecture 5

5.1 Integrability: power series method
We begin with a lemma.

Lemma 5.1. Let J : R?*™ — R?" be a linear mapping satisfying J*> = —Id. Then
there exists an invertible matriz A such that A~ 'JA = Jpye.

Proof. For X € R*", define

(a+ib)X =aX +bJX. (5.1)
Then R?" becomes an n-dimensional complex vector space. Let Xi,...,X, be a
complex basis. Then X, JX1,...,X,,JX, is a basis of R?" as a real vector space,
and J is obviously standard in this basis. O]
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Remark 5.2. We will see below that we can even take A to be an orthogonal matrix.

We can assume that J is analytic around the origin in C™, then J has a convergent
power series expansion

J:fi@, (5.2)

J=0

where J; is a real polynomial which is homogeneous of degree j. By Lemma 5.1, we
can assume that Jy = Jg,., after a linear change of coordinates.
For k=1,...,n, let us try and find a function f : U — C, where

fr= fo, (5.3)

where fj’? is homogeneous of degree j, and which satisfies
asff =0, fF=2F (5.4)

Then by the inverse function theorem, (f*, ..., f*) will form a holomorphic coordinate
system in some possibly smaller neighborhood of the origin.
In the following, we will omit the superscript k. The equation we need to solve is

ozaﬁzé@ﬂmﬁm
= S (T~ o+ o)) (5.5)
= Bof + 5(J — o).
Writing this out term-by-term, we have the system
dof1 =0
Dotz = —5hd
5@5:—%(@@3+J@5)

we see the general formula is

= 1
Oofi = —5 Z Jidfp.- (5.6)
Jt+k=l
Proposition 5.3. If f; solves the above system for j =1,...,p, then the expression
1
Hy=—5 > Jidf (5.7)
J+k=p

is a form of type (0,1) with respect to Jy, and satisfies dyH, = 0.
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Proof. The assumption implies that f = Z?Zl f; satisfies
95f = O(|z") = Hy + O(|=["). (5.8)
Since 0;f is of type (0,1) with respect to .J, we have
JO,f = —id, f. (5.9)
Expanding both sides of this equation yields
(Jo+ J1+ .. ) (H, + O(|]z]PT) = —i(H, + O(]z|P*1), (5.10)
and the leading term of this equation says that
JoH, = —iH,, (5.11)

so H, is of type (0, 1) with respect to Jy, as claimed.
For the next step, we use the assumption of integrability of J which implies that
the operator 9y : A%!(J) — A%2(J) defined by 0;a = ITjoz2(da satisfies
0;0;f =0, (5.12)

for any function f.
Note that for a € A»'(J), Ja = —ia, so from Proposition 3.5, we have that

_ 1 1 1
0ja = §(d—idc)a: i(da—z’JdJa) = i(da—Jda) (5.13)
Expanding this, we obtain
_ 1 1 1
dyja = §(doz —(J = Jo+ Jo)da) = §(doz — Joda) — §(J — Jo)da. (5.14)
Now we plug in a = 9, f, and by assumption
- - 1
0=20,0,f=0;(H,+O(|z]""") = 5 (dH, = JodH,) + O(|2[). (5.15)

But from the first part of the proof, H, is of type (0,1) with respect to Jy, so we
conclude that

1 _

]

Proposition 5.4. For each 1 < p < oo, there exists f = Z?:l f; satisfying 05f =
O(z[7).
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Proof. We prove this by induction. For p = 1, we have f = z*, and then
02" = 092" + = (J Jo)dz" =0+ O(|2]), (5.17)

Assume that we have found a solution for j = 1...p. Let f = ?:1 fj, by the
induction assumption, we have

8,f = Hy+ O(|"). (5.18)
and by the above, we need to solve the equation
= 1
Oofyr = Hy = =3 > Jidfs (5.19)
J+k=p

From Proposition 5.3, H), is a form of type (0,1) with respect to Jy, and satisfies
0oH, = 0. We can therefore write

H, = a;dzj, (5.20)
where
dog _ dog
821 = 5 jl=1,...,n. (5.21)
Define

fot1 :/ Zz] (2,t2)d (5.22)

Then we compute

J=1 &
(5.23)

5.2 Convergence

Trying to prove convergence of the above procedure is a difficult exercise, which you
can try to prove on your own. In the next lecture, we will see a nicer way to prove

this which avoids such convergence issues.
O
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6 Lecture 6

6.1 Integrability: holomorphic Frobenius method

Let (M?",J) be an almost complex manifold. Choose local coordinates (..., z*")
near a point p € M. The complex vector fields
9, .. 0

for j = 1...2n are sections of TH(U), where U is a small neighborhood of p. Without
loss of generality, we can assume that span{X;,j = 1,...n} = T°(U).

We want to find complex valued functions 77 = 7 (zt,...,2?"),5 = 1,...n, so
that
0 “~
557 = 2 X (6.2)
k=1
where a : U — C, and such that 77,7 = 1,...n form a local coordinate system
around p

The assumption that .J is integrable, implies that
Xk, X = Z bl X; (6.3)

where bi;l :U — C.
We can write

§ )5 (64
where f,g : U — C, and taking a conjugate, we have
2n
— ; 0
_ J
= ]21 g1.(z) 927 (6.5)

where gi = ﬁ

Let us assume that p is the origin in R?". If we assume everything is real analytic,
then we can expand these equations in a power series around 0, and replacing the 27
with complex coordinates 27, we can define the holomorphic vector fields

Z fl(z azJ (6.6)
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in some neighborhood of the origin U ¢ C**. Let R?*® C C?" be the totally real
subspace, we have that

Erlren = Xk, Zilren = X (6.8)

Notice that the collection =y, =k, k = 1,...n are linearly independent, in some possi-
bly smaller neighborhood.
The equation (6.3) implies that

[Ek, Ei] = ZﬁilEj, (6.9)
j=1

where ﬁil .U — C, and 6£Z|R2n = bi;z-
This says that

D =span{Z;, k= 1,...,n} c T (U) c T°(C*") (6.10)

is an integrable distribution, which is holomorphic, i.e., it is locally spanned by holo-
morphic vector fields, which is equivalent to saying that D is a complex rank n

holomorphic subbundle of the complex rank 2n holomorphic bundle T°(TU).
By the holomorphic version of the Frobenius theorem, there exists a holomorphic

mapping
F:U—C" (6.11)
such that the fibers of F' are leaves of the foliation defined by D. That is,
D = Ker{F, : T"°(U) — T"°C"}, (6.12)

and then F |g2n : U — C™ is the desired holomorphic coordinate system in a small
neighborhood of the origin.
To prove the holomorphic Frobenius Theorem, let D = Re(D), which is a real

rank 2n subbundle of the real rank 4n bundle T'(U). We claim that D is integrable.
This follows from the formula

[Re(X), Re(Y)] = iRe[x, Y], (6.13)

which holds for holomorphic vector fields, as proved above.

By the real Frobenius Theorem, there exists a mapping F : U — R2?, denoted by
F = (f1,..., fon), such that fibers of F' are leaves of the foliation defined by D. That
is, D = Ker{F, : TU — TR?*"}. One can then show that

F = (fl + if27 e f2n—1 + lfgn) : U —C" (614)

is holomorphic.
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7 Lecture 7

7.1 Hermitian metrics

We next consider (M, J, g) where g is a Riemannian metric, and we assume that g
and J are compatible. That is,

g(X,Y) = g(JX,JY). (7.1)

The metric g is called an almost-Hermitian metric. If J is also integrable, then ¢ is
called Hermitian. We extend g by complex linearity to a symmetric inner product on
T @ C. The following will be useful later.

Proposition 7.1. There exist elements {X1,...X,} in R*" so that
(X1, JX1,. . X, JX,) (7.2)
is an ONB for R*™ with respect to g.

Proof. We use induction on the dimension. First we note that if X is any unit vector,
then JX is also unit, and

9(X,JX) = g(JX,J’X) = —g(X, JX), (7.3)

so X and JX are orthonormal. This handles n = 1. In general, start with any X5, and
let W be the orthogonal complement of span{Xi, JX;}. We claim that J : W — W.
To see this, let X € W so that g(X, X;) =0, and ¢g(X, JX;) = 0. Using J-invariance
of g, we see that g(JX,JX;) = 0 and ¢g(JX, X;) = 0, which says that JX € W.
Then use induction since W is of dimension 2n — 2. ]

To a Hermitian metric (R*", J, g) we associate a 2-form

w(X,Y)=g(JX,Y). (7.4)
This is indeed a 2-form since
w(V,X)=g(JY,X)=g(J?Y,JX) = —g(JX,Y) = —w(X,Y). (7.5)
Since
w(JX,JY) =w(X,Y), (7.6)

this form is a real form of type (1,1), and is called the Kdhler form or fundamental
2-form.
In Euclidean space, this form is

I .
Wrwe = 5 ]Zl dz? A d7. (7.7)
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We note the following formula for the volume form:
(%) AP NdZ' A Nd AN dEY = dat Adyt Ao Adat Ady" (7.8)

Note that this defines an orientation on C", which we will refer to as the natural
orientation. Note also that

W' =n!-det ANdyt Ao Ada A dy™. (7.9)
Corollary 7.2. Any almost complex manifold (M, J) is orientable.

Proof. Given J, there always exists an almost-Hermitian metric A with respect to J.
To see this, let ¢ be any Riemannian metric, and let

WX,Y) = g(X,Y) +g(JX,JY). (7.10)

Let w = h(JX,Y) be the Kahler form, then w™ € Agy™ = A" is a nowhere vanishing
n-form. It is nowhere-vanishing since at any point, we can assume we are Euclidean
by Proposition 7.1. [

The following proposition gives a fundamental relation between the covariant
derivative of J, the exterior derivative of w and the Nijenhuis tensor.

Proposition 7.3. Let (M,g,J) be an almost Hermitian manifold. Then

20(Vx )Y, Z) = —dw(X, JY, JZ) + dw(X, Y, Z) + %g(N(Y, 2),JX).  (7.11)

Proof. The covariant derivative of an endomorphism is given by
(Vx)(Y)=Vx(JY) - J(VxY) (7.12)
so we have
9(Vx )Y, Z) = g(Vx(JY), Z) = g(J(VxY), Z). (7.13)
Since g is J-invariant, and J? = —Id, it follows that
g(Vx Y, Z)=g(Vx(JY), Z)+ g(VxY,JZ). (7.14)

The Riemannian connection is defined by

(VxY,Z) = %(X(Y, 7Y+ Y(Z,X) - Z(X,Y)

(7.15)
~(V,[X, Z]) = {Z, [V, X]) + (X, [2,Y])).

Now apply formula (7.15) to both terms on the right hand side of (7.14) to obtain
20(VxJ)Y, Z) = Xg(JY, Z) + JY g(X, Z) — Zg(X, JY)
—9(JY,[X, Z]) = 9(Z,[JY. X]) + g(X, [Z, JY])
Y Xg(Y,JZ)+Yg(JZ,X) — TZg(X,Y)
=9V [X,JZ]) = 9(JZ,[Y. X]) + g(X, [JZ,Y]).

(7.16)
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Next, using (3.7), we compute

dw(X,JY,JZ) = Xw(JY,JZ) — JYw(X,JZ) + JZw(X,JY)
—w([X,JY],JZ) + w([X, JZ),JY) — w([JY, JZ], X))

= Xg(J*Y,JZ) - JYg(JX,JZ)+ JZg(JX,JY) - 17

—g(J[X,JY],JZ) + g(J[X,JZ],TY) — g(J[JY, ]Z], X]) (7.17)
= —Xg(V,JZ) - JYg(X,Z)+ JZg(X,Y)
—g([X,JY),2)+ g(|X,JZ),Y) + g([JY, T Z], T X]).
The next term is
dwo(X,Y,2) = Xw(Y,Z) = Yw(X, Z) + Zw(X,Y)

—w([X, Y], Z) +w([X, Z2],Y) —w(lY, Z], X]) (7.18)
= Xg(JY,Z)=Yg(JX,Z)+ Zg(JX,Y) '

(
—9(JIX, Y], 2) +g(J[X, 2], Y) — g(J[Y, 2], X]).

The last term is

LNy, 2),0%)

2
= g([JY, JZ), JX) — g([Y, Z2), JX) — g(JIY, T Z), JX) — g(J[JY, 2], 0 %) (T-19)
= g([JY,JZ),JX) = g([Y, Z], JX) — g([Y, ] Z], X) — g([JY, Z], X)

We then obtain the right hand side of (7.11) is

— dw(X,JY,JZ) + dw(X,Y, Z) + %g(N(Y, 7), JX)
= Xg(Y,JZ)+ JYg(X,Z) — JZg(X,Y)
+9([X,JY], Z) — 9([X, T Z).Y) — g([JY, T Z], T X]) (7.20)
+ Xg(JY,Z) = Yg(JX, Z) + Zg(JX,Y)
—g(J[X,Y], Z) + g(J[X, Z],Y) — g(J[Y, Z], X])
+9([JY,JZ],JX) = g([Y, Z], JX) — g([Y, T Z], X) — g([JY, Z], X).

The first two terms of the last line cancel out with terms on the previous lines, so
this simplifies to

1
— dw(X,JY,JZ) + dw(X,Y. Z) + J9(N(Y, Z), JX)

= Xg(Y> ‘]Z) + JYg(X> Z) - JZg(X> Y) +g([X7 JY]’Z) - g([X’ JZ],Y) (7.21)
+ Xg(JY,Z)-Yg(JX,Z)+ Zg(JX,Y) — g(J[X,Y],Z)+ g(J[X, Z],Y)
- g([Y, JZ]aX) - g([JY, Z]vX)a

and each of these 12 terms appears exactly once in (7.16). O

Corollary 7.4. If (M,g,J) is Hermitian, then dw = 0 if and only if J is parallel.
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Proof. Since N = 0, this follows immediately from (7.11). O

Corollary 7.5. If (M, g,J) is almost Hermitian, V.J = 0 implies that dw = 0 and
N =0.

Proof. 1f J is parallel, then w is also. The corollary follows from the fact that the
exterior derivative d : QP — QP*! can be written in terms of covariant differentiation.

dw(Xo, ..., X,) = Ep:(—nj(vxjw)(xo, XX, (7.22)

=0

which follows immediately from (1.33) using normal coordinates around a point. This
shows that a parallel form is closed, so the corollary then follows from (7.11). O]

Definition 7.6. An almost Hermitian manifold (M, g, J) is Kdhler if J is integrable
and dw = 0, or equivalently, if VJ = 0,

Note that if (M, g, J) is Kéhler, then w is a parallel (1, 1)-form.
Proposition 7.7. There are the following equivalences:

o M?" is almost complex if and only if the structure group of the principal frame

bundle can be reduced from GL(2n,R) to GL(n,C).

o (M? g,J) is almost Hermitian if and only if the structure group of the bundle
of orthonormal frames can be reduced from O(2n) to U(n).

o (M?",g,J) is Kihler if and only if the holonomy group is contained in U(n).

8 Lecture 8

8.1 Complex tensor notation

Choosing any real basis of the form {X;, JX7,..., X, JX,}, let us abbreviate

1 .
Z, = §<Xa - zJXa> (8.1)

1 .
Ze=3 (Xa + zJXa>, (8.2)

and define

9ap = 9(Za, Zp) (8.3)
9ap = 9(Za, ZE) (8.4)
95 = 9(Za, Z3) (8.5)
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Notice that

o = 0(Za, Z5) = 10(Xa — 17X, Xy — i1 X)
= %(Q(Xm Xg) = 9(J Xa, JX) —i(9(Xa, JXp) + 9(J Xa, Xﬁ))>
=0,
since ¢ is J-invariant, and J? = —Id. Similarly,
955 = 0, (8.7)

Also, from symmetry of g, we have

gaﬁ = g(Za, ZE) = g(ZE, Za) = gﬁa' (88)
However, applying conjugation, since g is real we have
95 = 9(Zas Z5) = 9(Z, Z5) = 9(Zs, Z=) = e (8.9)

which says that g,5 is a Hermitian matrix.
We repeat the above for the fundamental 2-form w, and define

Wap = W(Zu, Zg) = igap =0 (8.10)
Wes = W(Za, Z5) = —igez =0 (8.11)
wo5 = W(Za, Z5) = i9,5 (8.12)
wap = w(Zx, Z3) = —i9ap (8.13)

The first 2 equations are just a restatement that w is of type (1,1). Also, note that

wag = igag, (8'14)

defines a skew-Hermitian matrix.
On a complex manifold, the fundamental 2-form in holomorphic coordinates takes
the form

w= Z wogdz® Ndz’ =i Z 9azdz® N dZ. (8.15)
a,f=1 a,B=1

Remark 8.1. Note that for the Euclidean metric, we have g,5 = 5044, 50
WEue = 5 Z dz? NdZ. (8.16)

Proposition 8.2. (M, g, J) is Kdhler if and only if in any local holomorphic coordi-
nate system,
@gag _ agkg
02k 0z’

(8.17)
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Proof. 1f (M, g, J) is Kéhler, then

n

O=dw=1iY (dgz) Adz" AdZ’

a,f=1
=i > (09,5 + 0gn5) N dz* N dZ”
o=t (8.18)
— Z {Z ( ago‘lfd ) Z( gﬁd"“)} A dz® A dz°
a,f=1 k o
— zn: agc“ﬂd EAdz ANdzP 4+ zn: agaﬁdzkAdz“/\dzﬁ.
a,B,k=1 aZk a,B,k=1 azk

However, the first term is a form of type (2, 1), and the second term is a form of type
(1,2) so both sums must vanish, which is equivalent to (8.17). The converse follows
by reversing the above calculation. O

_ We also see that the Kahler condition on a Hermitian manifold is equivalent to
Ow = 0, which is also equivalent to dw = 0, since w is real.

8.2 Existence of local Kahler potential
First, a special case of the 0-Poincaré lemma.

Lemma 8.3. If a is a smooth (0,1)-form in a closed ball B C C" satisfying Oa = 0,
then there exists f : B — C such that o = 0f .

Proof. Write o = 377 azdz’. Then

— " dax .
k
0=0a= E 8226% AdZ. (8.19)
Jik=1
This implies that

dog  dag

j k
= i 8.20
ozt o7 (8:20)

forall 1 < g,k <n.
We want to find f such that 0f = «, which in components is

of

foralll <k <n. B
Recall from one complex variable that if B C C, and g : B — C is smooth, then
there exists f : B — C such that é% f = g. The solution can be written explicitly as

Fl2) = = /B g(w) LN TT (8.22)

271 wW— 2
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So we define

1 d dw
f(zh. .. 2" = / aT(w,ZQ,...z")M. (8.23)
B

271 w — z!

By the above remark, we have dyf = ag. Next, for £ > 1,

ﬁ(zl M) = L/ ia,(w 2 Zn)dw/\dw
ozF " T o Jpo T T =
1 0 9 oy dw A dw (8.24)
:2—7” Bﬁ&g(w,z,...Z)—w_zl
=ag(z', ..., 2"),
and we are done. O

We will prove the following very special property of Kahler metrics.

Proposition 8.4. If (M, g, J) is Kdhler then for each p € M, there exists an open
neighborhood U of p and a function u : U — R such that w = i00u.

Proof. Choose local homorphic coordinates z/ around p. Then in a ball B in these
coordinates, since w is a real closed 2-form, from the usual Poincaré lemma, there

exists a real 1-form « such that w = do in B. Next, write a = a*? +a®! where o' is

a 1-form of type (1,0), and o' is a 1-form of type (0,1). Since « is real, a0 = %1

Next,
w = da = da + da

_ _ 8.25
= 0" 4+ 0%t 4+ 00 4+ 9a’t ( )

The first and last terms on the right hand side are forms of type (2,0) and (0,2),
respectively. Since w is of type (1,1), we must have da®! = 0. Since we are in a ball
in C", the 0—Poincaré Lemma 8.3 says that there exists a function f : B — C such
that a®! = Jf in B. Substituting this into (8.25), we obtain

w = 00f + 00f = i00(2Im(f)). (8.26)
O

Proposition 8.5. (M, g,J) is Kdhler if and only if for each p € M, there exists a
holomorphic coordinate system around p such that

T ,
w=y > (G + O(|2*)ju)d2? A dz, (8.27)

.77k:1

as |z| — 0.
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Proof. 1f this is true then dw(p) = 0 for any point p, so dw = 0. Conversely, we can
assume that w(p) = §>°.d2 A dz’. From Proposition 8.4, we can find u : B — R so
that

u = co+ Re(cy;27) + Re(cgyj2'27 + cQjEszk) +O(|2]*), (8.28)

and w = i00u. But the first terms on the left hand side are in the kernel of the
00-operator, so by subtracting these terms, we can assume that

u= Re(cQjEszk) + O(]2]*). (8.29)

Then since w(p) = § >, d2 A dz’, we have that

1 . :
u= §|z|2 + Re{ajmz? 252 4+ b7 252N} + O(]2]%). (8.30)

Consider the coordinate change
2P =wk + Z Crrmw!w™. (8.31)

This will eliminate the b;;; terms in the expansion of u, and the remaining cubic terms
are annihilated by the dd-operator, so by subtracting those terms, we can arrange
that

1
u= §|w|2 + O(Jw]Y), (8.32)

and (8.27) follows. O

9 Lecture 9

9.1 L? adjoints
For the real operator d : AP — AP™! the formal L2-adjoint d* is defined by

/ (d*a, B)dV = / (o, dB)dV, (9.1)
M M
where a € QP(M), and 3 € QP~1(M), and where (-,-) = g(-,-), and dV is the oriented
Riemannian volume element.

The Riemannian inner product on forms extends by complex linearity to an inner
product on complex valued forms. For a and 3 be sections of AL, we define the
Hermitian inner product of o and S to be

(a, B) = g(a, B). (9.2)

The formula (9.1) holds for complex valued forms. Replacing 3 with 3, we have

[ wamav = [ dmav 93)

M
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But since d is a real operator, df = df, so we can write this as
/ (d*a, B)dV = / (v, dp)dV. (9.4)
M M

That is, d* is the L? adjoint of d with respect to the Hermitian inner product.
We next want to compute the formal L? adjoints of other operators. For

T(AP9) —2— D(APa+L), (9.5)
the L2-Hermitian adjoint
D(APat1y T p(APa), (9.6)

is defined as follows. For o € T'(AP4*1) and 8 € T'(AP9), we have

/M (ar, DB)dV = / (& a, B)dV, (9.7)

M

where dV denotes the Riemannian volume element. For

[(AP9) —2— D(APFLY), (9.8)
the L2-Hermitian adjoint
D(APLa) 2 P(AP9), (9.9)

is defined similarly.
The Hodge Laplacian is Ay : AP — AP defined by

Ay = d*d+dd". (9.10)

We also have the following Laplacians on (p, ¢)-forms

Ag : APT — AP (9.11)

Az APT — AP (9.12)
are defined by

Ay =00+ 00" (9.13)

Ay =30+00 . (9.14)

Remark 9.1. By definition, Ay and Az preserve the type, but we do not know
whether Ay maps AP? to AP4 i.e., there is no obvious reason why it should preserve
the type.
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9.2 Hodge star operator

For a real oriented Riemannian manifold of dimension n, the Hodge star operator is
a mapping

x: AP — A"7P (9.15)
defined by
aN*f = gae(av, B)dV, (9.16)
for o, B € AP, where dVj, is the oriented Riemannian volume element. Note that
w2 = (=1)P P [d,,. (9.17)
The Hodge star operator yields an explicit formula for d*.
Proposition 9.2. On a Riemannian manifold (M, g), for a € QP(M), we have
dfo = (=1)"PFH s gk, (9.18)

Proof. For a € QP(M), and 8 € QP71 (M), we compute

/M<a,d6)d\/:/Mdﬁ/\*a
—/M<d(ﬁ/\*a)+(—1)pﬁ/\d*a)

_ / ()P PEDZ A sk dx o (9.19)
M

= [ {5,y ajav
M

_ / (8, d"a)dV.
M

]

If M is a complex manifold of complex dimension m = n/2, and g is a Hermitian
metric, then the Hodge star extends to the complexification

x: A\P®@C — AP ®C. (9.20)
Proposition 9.3. We have
x 1 APO 5 \MTP, (9.21)

Proof. This is easily seen to hold on C", therefore it holds any any point of a Hermitian
manifold (it is not a differential operator). O
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Therefore the operator
¥ AP — AP (9.22)
defined by
Yo = Fa (9.23)
is a C-antilinear mapping and satisfies
a A%B = gar(a, B)dV,. (9.24)
for a, 5 € A ® C.

Proposition 9.4. The L*-adjoints of d, 0, a" are given by

d"=—xd * (9.25)
0" =—%0 % (9.26)
9 '=—%0 %, (9.27)
Proof. The dimension of an almost complex manifold is even, so know that d* = —xdx.

Taking a conjugate of this equation yields the first formula. Apply the first formula
to d = 0+ 0, we have

F+0 =d"=—5ds=—%0%—%0 % (9.28)

Considering the degrees of the operators on the right hand side yields the last 2
formulas. O

Corollary 9.5. On a Hermitian manifold, we have
Agx = %Az (9.29)

Proof. We compute on A%,

Ag% = (0704 00 )% = (—%0%0 — 0%0%)% = —%0%0% + (—1)*19%0 (9.30)
On the other hand,

*Ag = ¥(—%0%0 — 0%0%) = (—1)""0%0 — ¥0%0%. (9.31)
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10 Lecture 10

10.1 Serre duality
Letting

HPY(M, g) = {a € AP Aga = 0}, (10.1)

Hodge theory tells us that

HES(M) = HP(M, g), (10.2)

is finite-dimensional, and that
APt =HPYM, g) ® Im(Az) (10.3)
= HPY(M, g) ® Im(d) ® Im(D), (10.4)

with this being an orthogonal direct sum in L2

Corollary 10.1. Let (M, J) be a compact complex manifold of complex dimension n.
Then

I

Hg (M) = (Hg ™" (M), (10.5)

and therefore
VIM) =b""P"(M) (10.6)

Proof. From Corollary 9.5, the mapping % preserves the space of harmonic forms, and
is invertible. The result then follows from Hodge theory. The dual appears since the
operator x is C-antilinear. O

10.2 The Laplacian on a Kahler manifold
Let L denote the mapping

L: APa _y APHLaH] (10.7)
given by L(«a) = w A a, where w is the Kéhler form. Define
A= L AP9 5 AP-La-1, (10.8)
Proposition 10.2. If (M, J.g) is Kdhler then

[A,0] =id", [A, 0] = —id*, [A,d] = —(d°)* (10.9)
[L,0"] =40, [L,d] = —id, [L,d"] = —d". (10.10)



Proof. Note that the second identity is the conjugate of the first. Therefore, if the
first identity is true,

A, d] =[A,0+8] =[N+ [N =id —id" = (—i(d—d)) = —(d)*, (10.11)

then the third identity follows. The last three identities are just the adjoints of the
first three.

So to prove all of these identities, we only need to prove the first. To prove the
first identity, one proves this for C" with the standard Kahler form. The proof is a
2 page calculation, and is left as an exercise. Then for an arbitrary Kahler manifold,
the identity follows by using Kéahler normal coordinates at any point, and the fact
that the identity only depends on the metric and its first derivatives at the point. [

On a Kéhler manifold, we have the following very special occurrence.

Proposition 10.3. For a € I'(A??), if (M, J,g) is Kdhler, then

Ago = 2Ap0 = 2A50. (10.12)
Proof. We first show that
Apg = Ap + Ag. (10.13)
To see this
Ay =dd" +d'd==(0+08)(0"+0 )+ (0" +0)(+09)

—00*+00+00 +00+90 +00+090*+09  (10.14)
= Ay + Ay + 099 +9 0+ 00" + 0"0.
Using Proposition 10.2,
i(00" + 8 0) = A\, 9] + [A, 9]0

= O(AD — OA) + (AD — ON)D (10.15)
— OAD — OND = 0.

The sum of the last two terms in (10.14) also vanishes, just by taking the conjugate
of the above computation, and (10.13) follows.
To finish the proof, we show that

Ny = Ay (10.16)
To see this, we again use Proposition 10.2, to compute

iy = i00" +1i0"0 = d(—[A, J]) — [A, 5]

N _ T (10.17)
— 0N — OAD — ADO + DAD.
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Also, we compute

iNg =00 +1id 0 = D([A,d]) + [\, D]D
= OAD — OOA + ADO — OAD
— JAD + DA — NDO — HAD,

from which (10.16) follows.

(10.18)

O

Using Hodge theory, we get the following structure on the cohomology of a Kéhler

manifold.

Proposition 10.4. If (M, J,g) is a compact Kdihler manifold, then

HH(M,C) = @ HLY(M),

p+Hq=k
and
2 ~ q,p *
H (M) = H (M)
Consequently,

() = S )
(M) = b‘”’ZM).

Proof. This follows because if a harmonic k-form is decomposed as

¢ — ¢p,0 +¢p—1,1 S +¢1,p—1 _’_¢O,p7

then
0=Apg = 205070 + 205671 + -+ + 20507 4+ 28507,
therefore
Aggr M =0,
for k=0...p.
Next,
Ao = Do,

so conjugation sends harmonic forms to harmonic forms.

(10.19)

(10.20)

(10.21)

(10.22)

(10.23)

(10.24)

(10.25)

(10.26)

O

This yields a topologicial obstruction for a complex manifold to admit a Kéhler

metric:
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Corollary 10.5. If (M, J,g) is a compact Kdhler manifold, then the odd Betti num-
bers of M are even.

Consider the action of Z on C?\ {0}
(21, 22) — 2k(21, 22). (1027)

This is a free and properly discontinuous action, so the quotient (C*\ {0})/Z is a
manifold, which is called a primary Hopf surface. A primary Hopf surface is dif-
feomorphic to S' x S3, which has b' = 1, therefore it does not admit any Kéhler
metric.

10.3 Lefschetz decomposition

We will not prove this completely here, but just motivate by the following brief
discussion.

Proposition 10.6. On a Kdahler manifold, we have
[L,Ag] =0, [A,Ay] =0. (10.28)
Proof. Since Ay is self-adjoint, these identities are equivalent. Next, we have
[L,d] = 0. (10.29)
To see this, for any «,
d(La) =d(w A a) =w A da = L(da), (10.30)
since the Kahler form w is closed. By taking adjoints, we have
[A,d*] =0. (10.31)
Then we use Proposition 10.2 to compute

AAy = Add* + Ad*d
— dAd* — (d°)*d" + d*Ad

10.32
= AgA — (d°d + dd°)*.
But the operators d and d° anti-commute, so we are done. O

This proposition implies that the operators L and A map harmonic forms to har-
monic forms. This yields an extra decomposition on cohomology called the Lefschetz
decomposition, which we do not have time to discuss further here.
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10.4 The Hodge diamond
The following picture is called the Hodge diamond:

h0,0
hl,O hO,l
hQ,O hl,l h0’2
0 .. : - Lo, (10.33)
hn,n—Q hn—i,n—l hn—Z,n
hn,n—l hn—l,n
hn

Reflection about the center vertical is conjugation. Reflection about the center hor-
izontal is Hodge star. The composition of these two operations, or rotation by =, is
Serre duality.
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