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Introduction

In 250A, we will give an introduction to algebraic topology via de Rham cohomology of dif-
ferentiable manifolds. Topics include the Poincare Lemma, exact sequences, Mayer-Vietoris
sequence, cohomology with compact supports, Poincaré duality, etc.

Then in 250B we will do singular homology and cohomology with integral coefficients,
and prove more general things than can be done with just de Rham cohomology.

A guiding reference will be [BT82], but we will also use [Spi79, [War83] for background
material.

1 Lecture 1

1.1 Differentiable manifolds

Definition 1.1. A smooth manifold M™ is a second countable Hausdorff space which is
locally Euclidean.

“Locally Euclidean” means that for each p € M, there exist an open neighborhood U
containing p and a smooth mapping ¢ : U — ¢(U) C R™ which is a homeomorphism onto
its image. Furthermore, if two coordinate charts overlap, then the “overlap mapping”

Do © Qﬁgl : d)g(Ua N Ug) — ¢a(Us N U/B) (1.1)

is required to be a diffeomorphism. A collection of coordinate charts (U,, ¢o) covering M is
called an atlas. The collection of all possible coordinate charts on M compatible with some
atlas is called a differentiable structure.

Definition 1.2. A mapping ¥ : M — N between smooth manifolds is a continuous mapping
such that for each p € M, there exists a coordinate system ¢ around p, and a coordinate
system ¢ around ¥(p) such that

poWog (1.2)
is smooth in some small neighborhood of ¢(p).

It is easy to see that if W : M — N, and ® : N — M, are smooth then VoW : M — M;
is smooth.

Definition 1.3. The category of smooth manifolds Man® has objects as smooth manifolds
and morphisms as smooth mappings, where composition of morphisms is just composition
of mappings.

Composition of morphisms is obviously associative, i.e.,
(‘Ijl (¢] \112) O \113 = \Ijl O (\112 O ‘Pg) (13)

and every manifolds has an identity morphism idyx : X — X, which is obviously smooth, so
this is indeed a category.



We could have just consider continuous mappings (instead of smooth mappings) in all
the above definitions, to define the category of topological manifolds Man and continuous
mappings. There is then a covariant functor between categories

F :Man>™ — Man (1.4)

called a forgetful functor which simply maps F(M) = M and F(V) = V.

Example 1.4. R, S, 52, RP? T2, T?#T?2, ... (see lecture note on Canvas page).

2 Lecture 2

2.1 Tangent vectors

Definition 2.1. A germ of a smooth function at p is an equivalence class [f], where f :
U — R is a smooth function defined on a neighborhood of p and f; = f, if there exists a
neighborhood Us C U; NU; such f; = f5 on Us. The set of equivalence classes is denoted by
C>(p).

Definition 2.2. A tangent vector at p, denoted by X, is a linear derivation on germs of
smooth functions around a point. That is,

X,: C%(p) > R (2.1)
is linear over R,
Xplarlfily + elfolp) = aXplfily + X falp, (2.2)
and
Xp([flplalp) = Xp([f1p)9(0) + f (P) X ([glp)- (2.3)

The collection of all tangent vectors at p is denoted by T, M.
Exercise 2.3. Show that T),M is a vector space over R and
dim(7T, M) = dim(M) = n. (2.4)

Definition 2.4. If ¥ : M — N is a smooth mapping between manifolds, then W, : T,M —
Ty N is the linear map defined by

(O Xp) [ flu) = Xp(lf 0 Wly) (2.5)

We next give an alternate definition of a tangent vector. Let p € M and ¢ : (—¢,¢) —» M
be a smooth curve with ¢(0) = p. Let ¢ : U — R™ be a coordinate system around p. Then

poc:(—ee€) — R, (2.6)



and we can consider
d
(¢00)(0) = —(doc)lizo € R™. (2.7)

Given another smooth curve ¢ : (—¢,€) — M with ¢(0) = p, we say that ¢ = ¢ if

(¢ 00)'(0) = (¢06)(0). (2.8)

We will denote the equivalence class of a smooth curve at p by [c],.
Note that if ¢, is another coordinate system around p, then

(¢100)(0) = (¢10¢™ " 0po0c)(0) = (¢100")(¢oc)(0)
= (61007 ")i(¢00)(0) = (¢108)(0),

where (¢ o ¢~ 1), is the Jacobian matrix of partial derivatives (by the chain rule), so this
notion is well-defined.

(2.9)

Definition 2.5. The tangent space TpM of M at p is the collection of all smooth curves
c:(—e€,€) — M with ¢(0) = p, modulo this equivalence relation.

Definition 2.6. If ¥ : M — N is a smooth mapping between manifolds, then Vs : TpM —
Ty N is the linear map defined by

(Wx[clp) = [V o cu@). (2.10)
Exercise 2.7. Show that fpi\/[ is a vector space over R and
dim(7T,M) = dim(M) = n, (2.11)
and that there is a natural isomorphism ¢, : TpM — T,M given by

w(lelp) [ flp = %(f 0 ¢)i=0- (2.12)

Here “natural” means that if ¥ : M — N is a smooth mapping with ¥(p) = ¢, then the
diagram

TpM i} T\y(p)N

lbp lbw) (2.13)

T,M — Ty N
commutes.

Remark 2.8. Note that the first definition involving derivations on germs did not use any
coordinate system, but the second definition did.



2.2 The tangent bundle

Definition 2.9. For a smooth manifold M, the tangent bundle T'M = Uy 1,M, and
m:TM — M is defined by 7(X,) = p.

We next endow T'M with a natural smooth manifold structure so that 7 is a smooth
mapping. Given a coordinate system ¢ : U — R", we write the coordinate functions as
2 :U — R for i = 1...n. Then ith coordinate vector field denoted by

)
=9, 2.14
5 = 0 (2.14)
is defined by
. 1=y
Oz, = 6 = : 2.15
], = 5 {0 L (2.15)

the Kronecker delta symbol. Equivalently, using the definition of the tangent space as
equivalence classes of curves, we can define

D)p = [0~ (!, sty 2™, (2.16)
where ¢(p) = (z',...,2"). Letting % denote the usual partial derivative operator in Eu-
clidean space, clearly we have the relation

0 > 0
Jd==1) == 2.17
¢ <8$Z P ot? o(p) ( )
Also note that
0 O(f o ¢)
. = . 2.18
(1) () = =57 (0(p) (2.18)
Given a coordinate system ¢ : U — R", we define “inverse” local coordinates on T'M
O:p(U) xR - TM (2.19)
by
O(z,v) = zn:vi 8. ) (2.20)
—~ Or'lpi()
where v = (v!,... v").

Let us consider coordinate systems (U,, ¢o) and (Ug, ¢g) on M such that U, N Us # 0.
Then we have

, (2.21)



and

(2.22)

We claim that

J
9 _ 3 Ot 9 | (2.23)

The above formula is easily proved by plugging in the function 27 into each side, and using

the defining property ([2.15)).
So then

d oy, (vh,...,0") =P

abgl(w))

(2.24)
%l(x))

RNy 2 NG,
ZUZax%g_xé

i=1  j=1

_ - "L 0xl\ 0
R Ry By AN,
e (Z <Z 32%) o, %%%W@) |
Consequently,
O o Dy, (0., ") = (% 0 65" (2), zn: i gfz) (2.25)
i=1
The functions gi% are functions on M, and from ([2.18)) we have
g—fé(p) = _a(maac;; i (¢5(p))- (2.26)

These functions are smooth since the overlap mappings are smooth. Furthermore, are linear
isomorphisms in the second variable (invertibility follows from the chain rule, since ¢, o ¢El
is assumed to be a diffeomorphism). Therefore, the overlap mappings are smooth diffeomor-
phisms. So we have the following properties of T'M:

e If M is a smooth manifold of dimension n, then T'M is a smooth manifold of dimension
2n,

e For any p € M, T,M = 7w *(p) is an n-dimensional vector space.

e For any M, T'M is noncompact.

(It is a vector bundle, which we will discuss in detail later, but it has special properties that
any old vector bundle does not possess.)



3 Lecture 3

By the above, a smooth mapping f : M — N induces a mapping
fo :TM — TN, (3.1)

called a “push-forward”, which is linear on fibers and which makes the following diagram
commutes
™ — TN

| i (3.2)

M—1 N

It is easy to check that f, : TM — TN is a smooth mapping where T'M and T'N are given
the smooth manifold structures from the previous lecture.
Note the following important proposition.

Proposition 3.1 (The chain rule). If f : M — N, and h: N — M’ are smooth maps, then
(hof)e=hyo fo: TM — TM' (3.3)

Proof. For f: M — N, choose a local coordinate ¢ on M and v on N such that the mapping

fe=vofog! (3.4)
is defined. Then
0 o ofk o
(- (55) = 2 S (3.5)
k=1

for i = 1...n, where n = dim(M) and m = dim(N). Using this, the result is then reduced
to the ordinary chain rule (details left to the reader). O

3.1 Review of theory of vector bundles

Definition 3.2. A smooth real vector bundle of rank k over a smooth manifold M" is a
topological space E together with a smooth projection

T B =M (3.6)
such that
e For p € M, 7 !(p) is a vector space of dimension k over R.

e There exists local trivializations, that is, there are smooth mappings
®,: U, xR - F (3.7)

which maps p x R¥ linearly onto the fiber 7=1(p) for every p € U,.

10



The transition functions of a bundle are defined as follows.
Yap : Us NUsg — GL(k,R) (3.8)
defined by
Pap() () = ma (@, 0 g(z,0)), (3.9)

for v € R*.
On a triple intersection U, N Ug N U,, we have the identity

Pay = Pap © Ppy- (3.10)

Conversely, given a covering U, of M and transition functions ¢,z satifsying , there is
a vector bundle 7 : E' — M with transition functions given by ¢,s. (It turns out this bundle
is uniquely defined up to bundle equivalence, which we will define below.) If the transitions
function p,g are C*°, then we say that E is a smooth vector bundle.

Example 3.3. (The tangent bundle redux.) Given a coordinate system (U,, o) on a smooth
manifold M, let

n ~ 0
Dy (z, (01, ..., 0")) :szaxi R (3.11)
i=1 a
On Upg, we have
N n —~ _ 0
Py(x, (0',...,0") = Uig 7| - (3.12)
=1
Recall that
0 "0zl 0
= a___ 3.13
8% Zl (%’B axé ( )
so then
O oDy, (34, ...,0")) :<I>‘1< o 6.)
P Oy
"L =02, 0
= ! 0’ s — (3.14)
<; ; axlg 835?1)
Y A,
= ¢! e |
Consequently,
i o 01
Cap(z) (v, ... 0")) =) o= (3.15)
( > ; Oy



3.2 Categories

A bundle mapping between vector bundles E; over M and FEy over N is a mapping F :
E, — E5 which maps fibers linearly to fibers and covers a smooth mapping between the
base spaces. That is, the diagram

E1L>E2

le lﬁN (3.16)

M1 N

commutes.

Definition 3.4. The category Vect of smooth vector bundles over smooth manifolds is the
collection of all vector bundle (of any rank) over smooth manifolds. The morphisms are the
bundle mappings.

We therefore have a functor F' : Man* — Vect where Vect is the category of smooth
vector bundles over smooth manifolds given by M — TM and f : M — N maps to
f« : TM — TN. The mapping F satisfies F(idx) = Idry and by by Proposition [3.1]
F(fio fa) = F(f1) o F(f2), so this is a covariant functor.

Next, we define another category.

Definition 3.5. For a fixed smooth manifold M, the category Vect(M) is the collection of
smooth vector bundles over M (of any rank). A morphism in this category is a mapping
F: Ey — FE, covering the identity mapping, that is, the diagram

E1 L> EQ
lﬂ'M lﬂ'}u (317)
M 2B g

We say that bundles F; and F5 over M are isomorphic if there exists an invertible bunble
mapping between ) and F,. If F is isomorphic to the trivial bundle over M, my : M xRF —
M defined by 7 (p,v) = p, the we say that E is trivial.

We next express the above in coordinates. Assume we have a covering U, of M such that
FE has trivializations &, and F, has trivializations ¥,. Then any vector bundle mapping
gives locally defined functions

fo : Uy = Hom(R" R*) (3.18)
defined by
falz)(v) = ma(¥ " 0 F o @y(z,v)). (3.19)
It is easy to see that on overlaps U, N Ug,

fo =02 fa052, (3.20)

12



equivalently,

Vpefo = f395a (3.21)

Bundles are E; and FE, are equivalent if there exists an invertible bundle mapping f :
E, — FE5. Obviously, this means rank(£;) = rank(F3) and non-singularity of the local
representatives, that is, det(f,) # 0. A vector bundle is trivial if it is equivalent to the
trivial product bundle. That is, £ is trivial if there exist functions

fo : Uy = GL(k,R) (3.22)
such that
Ve = fofa" (3.23)

Remark 3.6. In the above, we only defined morphisms in the category of vector bundle to
be mappings covering the identity map. We could have instead morphisms to cover arbitrary
diffeomorphisms. This would lead to a coarser notion of equivalence. More on this later.

4 Lecture 4: Operations on bundles

4.1 Direct sums

If Vi,..., Vi are vector spaces over R, then the direct sum V) @& --- @ V}, is the Cartesian
product Vj x --- x Vj with the following vector space structure:

c(vy, ..., vx) = (v, ..., cog) (4.1)
(01, ve) + (v, - vp) = (v +0p, - o+ o), (4.2)

for ¢ € R. The space V] @ - - - @ V}, satisfies the following “universal” mapping property. For
1<i <k, let;:V;—=Vi&--- @ Vi be the inclusion mapping

%

ti:v—=(0,...,7v Y ...,0). (4.3)

Let W be any vector space, and f; : V; — W be linear mappings for 1 <4 < k. Then there
is a unique linear map f : V4 & --- @ Vi, — W which makes the following diagram

%%W@---@Vk

le

w

commute for 1 < i < k.

Exercise 4.1. (i) Show that any vector space V' with the above universal mapping property
is isomorphic to the direct sum. (ii) Prove that

k
dimg(Vy @ -+ @ Vi) = » _ dimp(V5). (4.4)
=1

13



(iii) Prove that for 3 vector spaces Vi, V5, V3 we have
MieV)eVs=Via (VadVs). (4.5)

Definition 4.2. Let V;,7 € Z be any collection of vector spaces. The Cartesian product
II;c7V; is the collection of all functions

1 = UiezVi, (4.6)

such that f(i) € V; for all i« € Z. The direct product I1;c7V; is the Cartesian product with
the vector space structure

cf (i) = cf (i) (4.7)
(f +9)(@) = f(i) + g(0). (4.8)

The projection m; : I;ezV; — V; is the mapping m;(f) = f(i). The above definition
satisfies the following universal property. If V' is any vector space and ¢; : V' — V; are linear
mappings for ¢ € Z, then there is a unique linear mapping ¢ : V. — II;c7V; such that the
diagram

V—>V

\ T

ZGIV
commutes for each ¢ € Z. This property uniquely characterizes the direct product.

Definition 4.3. Let V;,72 € Z be any collection of vector spaces. The direct sum @®;c7V; is
the subspace of the direct product consisting of the functions f such that f(z) # 0 for only
finitely many ¢ € Z.

Exercise 4.4. (i) Show that the direct sum satisfies the first universal property. (ii) If the
index set is finite, then the direct product is isomorphic to the direct sum.

Definition 4.5. The direct sum of vector bundles m : £y — M and 7 : Fy — M is the
vector bundle 7 : Ey@®FE, — M defined by 771(p) = m; *(p)@my H(p). If @y : UxRF — 7,71(U)
and @, : U x R! — 7,1 (U) are local trivializations then

®:Ux (RF@RY) — 77 1(U) (4.9)
defined by
O(x, (v1,v2)) = (P1(z.v1), Po(, v2)) (4.10)
is a local trivialization for F, & Es.

Note, the transition functions satisfy

B2 = P @ 2 € GL(k + L, R), (4.11)
where this is the “block” matrix
Ey
E1®E, _ S%g(x)U 0 )
v, W) = . . 4.12
e = (P al (1.12)

14



4.2 Tensor products
Definition 4.6. If A is any set, then the free vector space over A is
F(A) = @uealR. (4.13)

This can be thought of as the vector space with basis elements a € A. That is, F(A) is
the set of formal sums
F(A) = { Z cqt | ¢g # 0 for only finitely many a € A} (4.14)
acA

with vector space structure

c Z Colt = Z(cca)a (4.15)

acA acA
Z Call + Z da= Z(ca +d))a. (4.16)
acA acA acA

Definition 4.7. If Vi, ..., V} are vector spaces over R, then the tensor product Vi ®---®Vj,
is the free real vector space F(V; x -+ x V}) modulo the subspace spanned by all elements
of the form

(U1, ., c0 o 0k) — (V1,0 Vi, UE) (4.17)
(Ui,...,vi—i—vé,...,vk)—(vi,...,vi,...,vk)—(vi,vg,...,vk), (418)
for c € R.

The space V] ® --- ® V}, satisfies the universal mapping property as follows. Let W be
any vector space, and F': V} x --- Vi — W be a multilinear mapping, i.e., F' is linear when
restricted to each factor, with the other variables held fixed. Then there is a unique linear
map F: Vi ® -+ - ® V) which makes the following diagram

ViXe - xVpy -5 e

commutative, where 7 is the projection to the quotient space, which we write as
T(V1, .y 0,) =01 @ -+ @ V. (4.19)

We say that an element in V) ® --- ® V of the form v; ® -+ ® vy is decomposable. A
general element of V] x --- x V}, is not decomposable, but can always be written as a sum of
decomposable elements.

Exercise 4.8. Prove that
Also, prove that for 3 vector spaces Vi, V5, V3 we have

Meol)oVs=V e (VreVs). (4.21)

15



Definition 4.9. The tensor product of vector bundles 7y : £y — M and 7y : Fy — M is the
vector bundle 7 : Ey®@Ey — M defined by 7' (p) = 7 (p)@7, L (p). If &1 : UxRF — 7,7 H(U)
and ®, : U x R — 7,71 (U) are local trivializations then consider

F:Ux (RF xR — 771(U) (4.22)
defined by
F(z, (v1,v2)) = ®1(x,v1) @ o, v3). (4.23)

This is clearly a multilinear mapping on each fiber, so by the universal property of tensor
products, there is a unique induced mapping

F:Ux (RFQRY - 77 1(U) (4.24)
which, using an isomorphism R* @ R! = R*  defines a local trivialization for F; ® E».

We could have equivalently defined the tensor product in terms of transition functions.
To do this, note the following. If ¢; € GL(k,R) and ¢5 € GL(l,R) then define

¢1 X ¢ : RF x R' = R¥ @ R (4.25)
by
(D1 X P2)(v1,v2) = P1(v1) @ Pa(v2). (4.26)

This is clearly a multilinear mapping, so by the universal property for tensor products, there
is a unique induced mapping

P @ ¢y RFQR = RF @ R (4.27)

Given transition functions for F;

Gap : Ua N Us — GL(K.R), (4.28)
and transition functions for F,
$ap : Ua N Us = GL(L,R), (4.29)
we define
oy = oy @ ol € GL(KLR), (4.30)

where we choose some isomorphism RF @ R! = R¥,

16



5 Lecture 5

5.1 Dual bundles

Definition 5.1. The dual of a vector space V' is V* = Hom(V,R), which is the space of all
linear mappings from V' to R.

Exercise 5.2. If V is finite-dimensional, show that V* = V and thus dim(V*) = dim(V).

Definition 5.3. The dual of a vector bundle 7 : E — M is the vector bundle II : £* — M
defined by II71(p) = (7~ 1(p))*. If ® : U x R* — 7 1(U) is a local trivialization then

®*: U x (R¥)* — 7~ 1(U) (5.1)
defined by
(2, f)(v,) = f(m20 @7 (1vy)) (5:2)
is a local trivialization for E*.

Exercise 5.4. Show that the transition functions of E* are

0Z = ((0Z) ™) = (pE)T. (5.3)

5.2 Sections of bundles

Definition 5.5. Let # : E — M be a vector bundle. A section of a bundle is a smooth
mapping s : M — E such that 7w o s = id);. The space of sections is denoted by I'(E).

In other words, s(z) € E,, s maps x to a vector in the fiber over z. In terms of local
trivializations we have the following. Let

dy : Uy x RY = 771(U,,) (5.4)
be a local trivialization. Then
Sq =mpod tos: U, — R (5.5)

is called a local representative of s with respect to ®,. On Up such that U, N Uz # 0, we
have

g : Us x R = 771 (Up). (5.6)
Recall that the transition functions of a bundle are

Yap 1 Ua NUsg — GL(k,R) (5.7)
defined by

Pas() (V) = (@ 0 Dg(z,0)), (5.8)

17



for v € R*. Then for any e, € 77 *(z), we have

Pas(2)(m2 0 @' (€,)) = m2 0 D' (e2). (5.9)
Choosing e, = s(z) we have
Gap(s)(me 0 (1351 os(x)) =m0 ® " os(x), (5.10)
or simply
®apSs = Sa, o0 U, NUp, (5.11)

which is the local transformation law for a section.
Conversely, if a bundle 7 : ' — M is given to us in terms of transition functions, then
any collection of functions

Sa: Uy — RF (5.12)
satisfying ((5.11)) gives a well-defined smooth section s : M — E.

5.3 Riemannian metrics on real vector bundles

If : E — M is a real vector bundle, a Riemannian metric on £ is a choice of smoothly
varying positive definite symmetric inner product on each fiber. That is g € I'(E* ® E*)
satisfying

gler,e2) = g(ez, €1), (5.13)
and
g(e,e) > 0 for e # 0. (5.14)
Proposition 5.6. If E is any real vector bundle, then E admits a Riemannian metric.
Proof. Let
®, : Uy x RY — 774U, (5.15)

be a local trivialization for U, an open covering of M which is locally finite.. For x € U,
and ey, eq € E,, define

ga(e1,e2) = (mp 0 @, (e1),mp 0 B, (€2)), (5.16)

where (-, -, ) denotes the Euclidean inner product on R*. Next, let x,, be a partition of unity
subordinate to the cover U,, that is

supp(xa) C Uy, 0< xa <1, and Y xo =1. (5.17)

(07

Define
9(61762) = Z¢aga(61762)- (518)

This is clearly symmetric since each g, is symmetric. It is positive definite since it is a finite
sum of positive terms at each point for any non-zero vector. O
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Corollary 5.7. For any real vector bundle E, E* = E.

Proof. Choose a Riemannian metric g on E. Then the mapping b : £ — E* defined by

b(e1)(e2) = g(er, e2) (5.19)
is an isomorphism on fibers, and covers the identity map. O

Definition 5.8. Given vector bundles m; : £y — M and my : B3 — M over the same base
space M, we say that E) is a subbundle of E, written £, C F, if each fiber 7, *(z) C 7, ()
is a vector subspace.

In bundle terms, existence of a Riemannian metric implies that there is always a non-zero
section of K* ® E*, which says that

E*®QE*=A®B (5.20)

always admits a trivial 1-dimensional subbundle A. (This is because span(g(z)) defines a
1-dimensional subspace of every fiber, and the fact that any 1-dimensional bundle with a
non-vanishing section must be a trivial bundle).

Of course, the metric gives a isomorphism

E*® E*~ E*® E ~ Hom(E, E), (5.21)

and the latter bundle always admits the identity section. The latter choice is canonical, but
the sub-bundle A is not.

Remark 5.9. We will soon see that there is an isomorphism of bundles
EQE~R® S;E)® AN (E), (5.22)

which you can think of as decomposing a matrix into a pure trace part, a symmetric traceless
part, and a skew-symmetric part.

Definition 5.10. If E; C Es is a subbundle, then the quotient bundle E,/FE; is the vector
bundle with fiber 7, '(x) /7! (x) over x.

Exercise 5.11. Prove that the quotient bundle is a vector bundle. That is, find local
trivializations for Fy/Fj.

Note the following corollary.
Corollary 5.12. If £y C E is a sub-bundle, then there exists a subbundle Fy C E such that
E = FE| & F,. (5.23)
Furthermore, the quotient bundle (E/E,) = Es.

Proof. Choose a Riemannian metric g on E, and let Ey = (E;)*. Use Gram-Schmidt to
construct local trivializations for (F;)* to show this is indeed a subbundle. The rest is just
linear algebra. O
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6 Lecture 6

6.1 Reduction of Structure group

Definition 6.1. If a bundle 7 : E — M is equivalent to a bundle which has transition
functions ¢.p : Uy, N Uz — K, where K is a subgroup of GL(k,R), then we say that the
structure group of F can be reduced to K.

Another way to state the results from the previous section is as follows.

Proposition 6.2. We have the following.

o A bundle is trivial if and only if its structure group can be reduced to {Id}.

o The structure group of any real vector bundle m : E — M of rank k can be reduced to

O(k).

Proof. The first case is obvious. For the second case, from above E admits a Riemannian
metric. By Gram-Schmidt, for any point x € M, there exists a neighborhood U, and a
local basis of sections {ey, ..., e} which are orthonormal at every point in U,. Define local
trivializations by

Dy (z, (v, ..., 0") = Z v'e;. (6.1)

Then overlaps maps then necessarily satisfy
Cbaﬁ UL N Uﬁ — O(kﬁ), (62)

where O(k) is the orthogonal group of k x k real matrices satisfying AAT = I. O

6.2 Real line bundles

Note for a real 1-dimensional line bundle 7 : L — M, we have that the structure group can
be reduced to O(1) = {£1}, Consider the set

M ={velLlgvuv) =1} (6.3)

Since there are exactly two unit norm vectors in any fiber, we have that 7= : M — M is
a 2-fold covering space. So any real line bundle give an associated 2-fold covering space.
Conversely, any 2-fold covering space gives a real line bundle, which is uniquely determined
up to equivalence. To see this, note that a 2-fold covering space can be viewed as a fiber
bundle with group Zs, and viewing Zy = {£1} C GL(1,R), we naturally obtain an associated
real line bundle.
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Remark 6.3. Therefore real line bundles over M are in one-to-one correspondence with
2-fold covering spaces of M, up to equivalence. Using some covering space theory, the 2-fold
coverings correspond to index 2 subgroups of 7y (M), which is

Hom(m (M), Zs). (6.4)
Later we will see that
Hom(m (M), Zy) = Hom(H, (M), Zy) = H' (M, Zs), (6.5)
the first cohomology group with Z, coefficients.

Remark 6.4. Another way to understand this is through the following. After reduction the
structure group to Z,, the transition functions of the bundle are given by

Gap : Ua NUg = Zs. (6.6)
The condition on transition functions
Pay = PapPsy (6.7)
says that ¢,s form a Cech 1-cocycle, so
$ap € HY(M, Zs), (6.8)
the first Cech cohomology group with coefficient in the constant sheaf Z, with respect to the

open covering $ = {U, }aez.
For ¢,p to be a co-boundary, note that a 0-cocycle is a collection

fo 1 Ua = Zsy (6.9)
and
(6f)ap = fo- fo' : UaNUg — Zo. (6.10)
So for ¢,p to be a co-boundary, we have f, so that

Pas = fofa! (6.11)

on U, NUpgz which is exactly the condition for the bundle to the equivalent to a trivial bundle.
For a sufficiently “good” open cover, it turns out that

HY (M, Zy) = HY(M, Zy), (6.12)

the ordinary first singular cohomology group with Zs coefficients.
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Example 6.5. (Tautological bundle on RP") Recall that RP" is the space of lines through
the origin in R™™!. Equivalently, RP" is the space of vectors in R"™! modulo the equivalence
relation

(V1, .. Upg1) ~ (cv1,...,cUp41), ¢ #0. (6.13)
Define

v ={([z],v) € RP" x R""! | v € []} (6.14)

We claim that +! is a nontrivial 1-dimensional bundle over RP". Assume by contradiction
that it were the trivial bundle. Then there would exists a nowhere vanishing section o :
RP" — ~}. This is a mapping

o : RP" — RP" x R"*! (6.15)

of the form for z € S™,

o([z]) = ([z], e(x) - @) (6.16)

For this to be well-defined, we require that c¢(x) : S — R is a function satisfying ¢(—z) =
—c(x). Since ¢ must take negative and positive values, by the intermediate value theorem,
c(xg) = 0 for some z, which is a contradiction.

For n = 1, we have that RP' = S'. There is the trivial bundle S* x R. We also know
that there is the Mobius strip S' xR, which we can view as a line bundle over S*.

Exercise 6.6. Show that 7; is isomorphic to the Mobius bundle.

7 Lecture 7

7.1 Exterior powers

Let V be a real vector space. The exterior algebra A(V) is defined as

A(V) = { D v®’“}/z - P {V®’“/zk} — P, (7.1)

k>0 k>0

where 7 is the two-sided ideal generated by elements of the form v ® v € V ® V, and
T, = V" NZ. The wedge product of v € AP(V) and w € A%(V) is just the multiplication
induced by the tensor product in this algebra, that is, lift v and w to o € V®", and w € V®*,
and define v Aw = 7(0 @ ), where 7 : V"™ — APT9V is the projection. This is easily seen
to be well-defined. We say that an element in A¥(V) of the form vy A+ - - Awvy is decomposable.
A general element of A¥(V) is not decomposable, but can always be written as a sum of
decomposable elements.

The space A¥(V) satisfies the universal mapping property as follows. Let W be any
vector space, and let

—l—
F:Vx xVow (7.2)
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be an alternating multilinear mapping. That is, F' is multilinear and F(vy,...,v;) = 0 if
v; = v; for some 7 # j. Then there is a unique linear map F which makes the following
diagram

k

Vx.ooxV —"— ANV
\l

commutative, where 7 is the projection, which we denote as
m(v1, .., 08) = U A AU (7.3)
Exercise 7.1. Prove the following properties of the wedge product.
e Bilinearity: (v; +v2) Aw = v Aw + vy Aw, and (cv) Aw = c¢(v Aw) for c € R.
e If v e AP(V) and w € AY(V), then v Aw = (—1)P9w A v.
e Associativity (v; A vy) Avg = v A (vg A v3).

Exercise 7.2. If dimg (V) = n, prove that A*(V) = {0} if k > n,
dim(A*(V)) = (Z) if0<k<n, (7.4)

and
dim(A(V)) = 2", (7.5)

Definition 7.3. For a real vector bundle 7 : £ — M, we define II : AP(E) — M by
I-(z) = AP(n~Yx)). If ®: U x R¥ — 771(U) is a local trivialization for E, then consider
the mapping

p
——N—
F:UxRFx.. . xR - TIT7HU) (7.6)
defined by
F(z, (v1,...,0,)) = ®(x,v1) A+ A P(z, ) (7.7)

This is clearly an alternating multilinear mapping on fibers, so by the universal property,
there is an unique induced mapping

F:Ux APRY - TT7Y(0) (7.8)

which is a local trivialization for AP(FE).
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We can equivalently define the pth exterior power in terms of transition functions. To do
this, note that for any linear map f : R¥ — R*, there is a naturally induced mapping

APf: AP(RF) — AP(RF) (7.9)
define as follows. Define
p
——N—
F:RF x ... x R¥ — AP(RF) (7.10)
by
F(vy,...,v,) = f(v)) A A f(vp) (7.11)

This is clearly an alternating multilinear mapping, so by the universal property, there exists
a unique mapping

APf = F: AP(RF) — AP(RY). (7.12)

therefore for any vector bundle E, the pth exterior power AP(FE) is defined to be the bundle
with transition functions

s = AP(iohs). (7.13)
Putting all of these together, we can define the following.

Definition 7.4. For a real vector bundle 7 : E — M, define the exterior algebra bundle
AE) = &f_(\*(E).

Note in the above discussion, if we sum together all of the AP f mappings, we get an
induced mapping between the exterior algebras

A(f) - A(Rk) — A(Rk) (7.14)
which satisfies

A(f) (A B) = A(f) (@) AA)(B) (7.15)

Therefore, the wedge product gives an algebra structure on each fiber of A(E).

7.2 Orientability of real bundles

Note that if V' is an n-dimensional vector space, then A"V is 1-dimensional. Soif L : V — V
is a linear transformation then A”L : A"V — A"V is an endomorphism of a 1-dimensional
vector space. Therefore A"(w) = ¢ - w for some scalar c¢. So we can make the following
definition:

Definition 7.5. For a linear transformation L : V' — V', define det(L) to be the real number
so that

A'"L(w) = det(L) - w. (7.16)
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Exercise 7.6. Show that this definition of determinant agrees with the usual linear algebra
definition of determinant.

Proposition 7.7. Let 7 : E — M be a real vector bundle of rank k. The following are
equivalent.

e The line bundle A*(E) is trivial.

o A*(E) admits a nowhere zero section.

e The double cover M corresponding to AF(E) is a trivial 2-fold covering space.
o The structure group of E can be reduced to

GL,(k,R) ={A € GL(k,R) | det(4) >0} (7.17)

e The structure group of E can be reduced to SO(k)

Proof. The proof follows from the above discussion, with the following remarks. If e,. .., e
is a local basis of sections, we say that {ej,...,ex} is oriented if
etN--Nep = fw, (7.18)

with f > 0 and w € A¥(E) is the nowhere zero section. Restricting to local trivializations

arising from oriented local bases of sections will give a reduction of structure group to
GL,(k,R). O

Definition 7.8. We say that a real vector bundle 7 : E — M is orientable if any of the
equivalent conditions in Proposition are satisfied.

Remark 7.9. If we use the 2-fold covering notion, then we see that if m (M) = {e} then
every vector bundle over M is orientable. This is because any covering of a simply connected
space is trivial. (Actually, we just need to assume that H'(M,Z,) = 0.) Thus, every vector
bundle over S™ is orientable for n > 2.

Example 7.10. Returning to RP", since RP" is double covered by 5", we have m;(RP") =
7,/27. Therefore there are exactly 2 real line bundles over RP", the trivial bundle and the
tautological line bundle. Note that if we put a Riemannian metric on the tautological bundle
7yl — RP", then the total space of the unit sphere bundle is just S™. But for the trivial
bundle over RP", the unit sphere bundle is just 2 copies of RP".

8 Lecture 8

8.1 Induced mappings

Recall that if L : V' — W is a linear mapping between vector spaces, then there is a mapping,
L* : W* — V* called the transpose, defined by the following. If w € W*, and v € V| then

(L*'w)(v) = w(Lv). (8.1)
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This is called the transpose for the following reason. Let dim (V) = n, and dim(W) = m.
Let eq,...,e, be a basis of V and fi,..., f, be a basis of W. Let e!,...,e", and f!,..., "
denote the dual bases, that is

ei(ej) = 5;, 1<i,j7<n
fi(fy) =65, 1<ij<m.
We define the quantities Lf, 1<i<n,1<53<m,by
Le; = L1 f;. (8.4)
Note that if we write v € V as v = v'e;, and w € W as w = w'f;, then
Lv = L(v'e;) = v'L(e;) = (v'L)) f; = (8.5)
So the components of a vector transform like
[} (L0}, (5.6)

which is the matrix corresponding to the transformation L.
We define the quantities (L*);, 1<i<m, 1<j<n,by

L*f' = (L*)ke’ (8.7)

Plugging in the dual bases, we compute

(L* ) (exn) = (L) (ex) = (1Y)}, = (L) (8.8)
However, by the definition of the transpose mapping, we have
(L") ex) = f'(Lex) = f'LLf; = LLF'(f;) = L16; = Li (8.9)

So if we write w € V* as w;e’ and n € W* as n; f7, the components of a dual vector transform
like
{n;} = {Lym} (8.10)

So the matrix corresponding to L* in the dual basis is indeed the transpose matrix.
The mapping L* : W* — V* induces a mapping

p
A

Ve

(L) W e x WE = (V5 (8.11)
by
(L) (o), ..., a") = (L*a") @ - ® (L*a?). (8.12)

This mapping is a multilinear mapping, so by the universal property of tensor products, this
induces a unique mapping

(L9)®" (WA — (V9. (8.13)
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By composing with the projection 7 : (V*)®" — AP(V*), we obtain an alternating multilinear
mapping

(L*)<" o (W) — AP(VF). (8.14)
Now by the universal property of exterior products, this induces a mapping

AP(L") : AP(W™) — AP(V™). (8.15)

Note that by taking the direct sum on all p-s, we obtain a mapping between the full exterior
algebras

A(LT) - A(W™) = A(VT) (8.16)
which is an algebra homomorphism, that is

AL ) (e A B) = (AL )er) A (A(L7)B). (8.17)

8.2 Pull-back bundles

If M and N are smooth manifolds, and 7y : £ — N is a vector bundle over N, then given
a smooth mapping f : M — N, define

ffE={(p,v) e M x E| f(p) =7n(v)}. (8.18)

Proposition 8.1. The pullback f*E is a vector bundle over M, with projection given by
m(p,v) = p, and the fiber f*E over p € M is identified with the fiber Ey,, i.e., the
following diagram commutes

f1(E) —=E
lm lmv (8.19)

M—L 5N

Proof. Let ® : U x R¥ — 7' (U) be a local trivialization for E. The set f~'(U) is open
since f is continuous, and define

fr®: fHU) x RY — o7 (fHU)) (8.20)

by
[re(z,v) = (z, (f(),v)). (8.21)
The reader can verfiy that this is a local trivialization for f*E. ]

Next we note that sections can be pulled back to sections of the pullback bundle.

Definition 8.2. Let f : M — N be a smooth mapping between smooth manifolds, and
7w : E — N be a vector bundle over N. If 0 : N — E' is a section of E, then (0o f)(z) =
(x,0(f(x))) is a section of 71 : f*E — M and is called the pullback of o under f.

The fact that this is a section of the pullback bundle is almost obvious, we just need to
check that

m(oo f)(x) = m(z,0(f(x))) = . (8.22)
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8.3 Push-forward of vector fields

Next, we restrict to tangent bundles. Let f : M — N be a smooth mapping between smooth
manifolds. Then f*T'N is a vector bundle over M. Define

(f)p:TM — f*TN (8.23)
by

(f)B(vp) = (p, frv). (8.24)
(the subscript B is short for “bundle mapping”). We have the commutative diagram

lw l’” (8.25)

M —— M.
Definition 8.3. If X € I'(T'M), then we can define f,.X € I'(f*T'N), by
X =(fo)poX. (8.26)

In words: under smooth mappings, vector fields push-forward to sections of the pull-back
bundle.

Remark 8.4. Note that for f : M — N, although we can push-forward individual tangent
vectors, in general there is not a mapping

£ :T(TM) = T(TN). (8.27)

For example, f might not even be surjective. This is one reason we had to consider pull-back
bundles in the above discussion.

8.4 Pull-back of differential forms
Noting that (f*(T'N))* is isomorphic to f*(T*N), let us dualize the diagram ([35.30]) to obtain

FT*N) —2 T M
| lm (8.28)
M — 4 ).

Note that if w € I'(T*N), then wo f € I'(f*(T*N)). Then, if w € I'(T*N), we can compose
with the bundle mapping in (8.28)) to define the following.

Definition 8.5. If f: M — N is a smooth mapping between smooth manifolds, then
ffw=fpo(wof)el(T"M) (8.29)

is call the pullback of w under f.
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More generally, we have the following.

Definition 8.6. A differential form is a section of A?(T*M). That is, a differential form is
a smooth mapping w : M — AP(T*M) such that m o w = Idy;, where m : AP(T*M) — M is
the bundle projection map. We will write w € I'(AP(T*M)), or w € QP(M).

If f: M — N is a smooth mapping, then by the diagram (8.28) and the above discussion,
we obtain induced mappings
[*(AP(T*N)) ——= AP(T*M)
lﬂ'l lﬁ]u (830)
M—1 5\,
which is linear on fibers, and therefore f} is a smooth mapping.

Definition 8.7 (Pull-back of a differential form). If f: M — N is a smooth mapping, and
w € AP(T*N), then define wo f € I'(f*(AP(T*N)) by wo f(p) = (p,wysg)). Then define

ffw= frlwo f) e T(AP(T*M)). (8.31)
For any manifold M, define

Q(M) = D(A(T*M)) = r(@AP(T*M)> = Provrm) =@, (832

=0 p>0 p>0

By taking the direct sum of the exterior powers, we obtain a mapping
i Q(N) — Q(M), (8.33)
which by satisfies
FranB) = (f'a) ALfB). (8.34)
The proof of the following proposition is left as an exercise.
Proposition 8.8 (The chain rule). If f: M — N, and h: N — M’ are smooth maps, then
(ho f)* = f*oh*: QM) — Q(M). (8.35)

9 Lecture 9

9.1 The exterior derivative

Given a function f € C*(M,R) we define df € Q'(M) in two ways. First, viewing vector
fields as derivations on smooth functions, we can define

af(X) = X(f). (9.1)

Alternatively, since f : M — R, we have f, : TM — TR. But there is a natural identification
T,R = R for any p € R, so we can view

fo:TU - R, 9.2)
which is naturally an element in df € Q'(U).
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Exercise 9.1. Verify that these two definitions agree.

For a coordinate system (U, x), and let % denote the coordinate vector field. Recall that
viewing vector fields as derivations on germs of functions, this is characterized by

0
ox'

(z7) = 6. (9.3)

We then define a local basis of 1-forms dz* by

m(%ﬂ:@. (9.4)

Note this is just the dual basis, but these are also d(x') as defined above in (9.1)).
An element o € QP(U) can be written as

o= Z ail._.ipdx“ A - Adxir, (9.5)

1< <ig < <ip<n

where the coefficients ;. ;, : U — R are well-defined functions. Note these coefficients are
only defined for strictly increasing sequences i; < -+ < 1.
We next define the exterior derivative operator [War83, Theorem 2.20].

Proposition 9.2. There exists an exterior derivative operator
d: QP (M) — QPTH(M) (9.6)
which is the unique linear mapping satisfying
o Forae QP(M), dlaNp)=daNp+ (—1)PaNdS.
o &> =0.
o If f € C®(M,R) then df is the differential of f defined above.

Proof. Note that the differential of a function is given locally by

W:ixgm# (9.7)

This is obviously well-defined and independent of the coordinate system. Given a p-form «,
write « locally as in (9.5)), and then define

n
do = g E dag, 3, Ndx™ N - ANdx'
1< <ia<---<ip<n i=1

(9.8)

n

(‘90@ ; . . .
1.0
= E E a—@.pd:ﬁz/\dx“/\--ﬁ\dx”’.
X
1< <o <---<ip<n i=1
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The first “anti-derivation” property is easily verified by computation. The second property
holds on functions, because

d(df) = d( '" %dl’l) = ii i dz’ A dx' =0, (9.9)

023 0zt

=1 J=1 =1

since the Hessian of a smooth function is symmetric.

For existence, we need to check that this definition is independent of the coordinate
system. Let d’ be the operator defined with respect to another coordinate system ' : U —
R"™. Then

d'(a) = d’( Z ozilmipda:il Ao A dxip>

1< <ig<---<ip<n

=Y (doy,.q) ANdz" A Ada'r

= (9.10)
+ Z iy iy, Z(—l)k*lafﬂvi1 A ANd(da™) A Ada'
[|=p k
= Z (deviy.i,) Adz™ A+ Ada™ = d(w),
|=p

since d and d’ agree on functions, and since d'dx’ = d'd'xz* = 0.
Then for any p-form «,

d(da) = d( 3" (dar) A dxf) = S (dap) Ade' —day Nd(da') = 0. (9.11)

|I|=p |I|=p
Uniqueness is left as an exercise. O
An important fact is that d commutes with pull-back.
Proposition 9.3. If f : M — N is a smooth mapping, and w € QP(N), then
fHldyw) = da(f*w). (9.12)

Proof. 1f w is a 0-form, which is a function, then f*w = w o f. So by above, we have

d(f'w) =d(wo f) = (wo f).. (9.13)
By the chain rule, we then have
d(f*w) = w, o f.. (9.14)
On the other hand, we have that
fHdw)(X) = dw(f(X)) = w0 fu(X). (9.15)
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So the claim is true on functions. Then if w is a p-form, write

w= Z wrdx?!, (9.16)

[I|=p

Since the pull-back operation is an algebra homomorphism, we have

=Y (fw)fda’ = (wrofld(z"o f). (9.17)
ITl=p I1=p
Then
d(f'w) =Y _d(wro f)Ad(z"o f). (9.18)
[Z|=p

On the other hand, we have
dw =Y (dwr) Ada’, (9.19)
[7|=p
SO

Fr(dw) =" fH(dwr) A frda’ = d(ffwr) Ad(fa)

[7|=p [I|=p

(9.20)
= dwro f)nd(a' o f) = d(fw).
[I|=p
O
9.2 de Rham cohomology
Let M be a smooth manifold. Since d* = 0, we have a “cochain” complex
co R et 2 () —2 et 2 (9.21)

which terminates at Q"(M), where n = dim(M). Clearly we have that Im(d’~1) C Ker(dP),
so we can define the following vector spaces.

Definition 9.4. For 0 < p < n, the pth de Rham cohomology group is
Ker{dr : QP(M) — QPT1(M)}

Har(M) = T or 100 = (D)} (9-22)
Note that
Hip(M) = @) Hip(M) (9.23)
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has an algebra structure induced by the wedge product. To see this, for [a] € Hip(M) and
5] € Hip(M), represented by o € QP(M) and § € Q4(M), we have that

dlanp)=daNp+(—1)Pands =0, (9.24)
so we define
[a] A[B] = [a A B]. (9.25)
To see that this is well-defined, we have
(a+dy)ANB=aAB+dyAB=aAB+dyAPp), (9.26)
since (3 is closed, so
[(a+dv) AB] =[aAB. (9.27)

Well-definedness in the other factor is similar, or just use the skew-symmetry property of
the wedge product. Therefore we have

A HYp(M) @ Hip(M) — HEE(M). (9.28)
Note that from Proposition 9.2, we have
[ A Bl = (=D)P[B] A al. (9.29)
Next, let f : X — Y be a smooth mapping between smooth manifolds. As discussed
before, we have a pullback operation on differential forms, f* : Q*(Y) — Q*(X), which
makes the following diagram commute
w(Y) 2 orti(y)
l(f*)p l(f*)f’“ (9.30)
P(X) —2 (X)),
That is the collection of mappings (f*)? is a morphism of cochain complexes.

The de Rham cohomology algebra is a diffeomorphism invariant.

Corollary 9.5. If f: X — Y then there are induced mappings

(f): Hyp(Y) = Hgp(X). (9.31)
If g: Y — Z, then

((go f))F =(f)olg) (9.32)

Consequently, if X and Y are diffeomorphic, then HYn(X) = HY,(Y) for every p > 0, and
moreover, the cohomology algebras are isomorphic Hjp(X) = H;n(Y).
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Proof. We first note that any smooth mapping f : X — Y induces a well-defined mapping
on cohomology (f*)? : Hj,(Y) — Hip(X) by the following. If [o] € H,(Y) is represented
by a form «, such that dj.a = 0, then we have

Yo = (f P o = (70 =0, (933

so we can define f*[a] = [f*«a], that is, map to the cohomology class of the pullback of any
representative form. To see that this is well-defined,

(F V(a4 d 7 B) = (fVPa+ (F)Pdy B = (f)a+di (f)P'8, (9.34)
so [(f)P(a+dyB)] = [(f)Pa+d5  (f*)P~18] = [(f*)Pal.

If f is a diffeomorphism, then f~! exists and is smooth, so we have

foft=idy, flof=1idy, (9.35)
and from Proposition [8.8] the induced mappings on cohomology satisfy
[ro(f ™) =idu:x), (7)o f =idy: v, (9.36)

Finally, since f*(a A B) = f*a A f*f3, together these mappings form an algebra homo-
morphism on cohomology algebras, which will be an algebra isomorphism if X and Y are
diffeomorphic. O

10 Lecture 10

Let us formalize some of the above notions.

10.1 Cochain complexes

A collection A? of vector spaces for p > 0 and operators 6% : A? — AP for p > 0 satisfying
52“5’;1 = 0 is called a cochain complex.

an? ot bA ontt
> AL y AP y AP S (10.1)

Definition 10.1. The pth cohomology of a chain complex is the vector space

_ Ker{d : A — Artiy

HP(A) = 10.2
() Im{oh "« Ar=1 — Ap} (10-2)

Definition 10.2. A morphism a : A — B of cochain complexes is a collection of mappings
aP : AP — BP such that 65a? = o?*16% for p > 0. In other words, a : A — B is a morphism
if the following diagram commutes

P
Ap A gt

l“p law (10.3)

BP i) Brt1

34



Proposition 10.3. Morphisms satisfy the following properties:

e Composition of morphisms: If o : A — B and 8 : B — C are morphisms of chain
complexes, then foa: A — C is a morphism.

o Associativity: If v : C' — D is another morphism, then yo (B o) = (yo ) o a.

Consequently, the collection of cochain complexes and morphisms of cochain complexes forms
a category.

Proof. The diagram looks like
AP d—i> Ap"rl

lap lazﬂrl
P

BP i) B+l

(10.4)
lﬁp lﬁp‘f'l
CP dc s OPt1
We want to show that
Bt oot o dh) = db o BP o ol (10.5)
Using commutativity of the top square, the left hand side of (30.24) is
Bl ot odh = gPt o dh o af. (10.6)
Using commutativity of the bottom square, the right hand side of ([30.24)) is
di,ofPoaP = pPtt o dyoa?, (10.7)

which proves (30.24)).
Associativity is clear: yPo(Poa?) = (yP0P)oa? holds for every p > 0 since composition
of mappings is associative. O

Proposition 10.4. A morphism of cochain complexes o : A — B induces mappings HP o :
HP(A) — HP(B). Furthermore, if § : B — C' is another morphism of chain complexes, then

HP(Boa) = HP3 o HPa. (10.8)

Proof. Given [a?] € HP(A) represented by a? € AP satisfying 6";a? = 0, we have
Shata? = aPtoha? = 0, (10.9)

therefore we can define (HPa?)[a?] = [aPaP]. To check that this is well-defined,
[aP(a? 4 6% 'aP™h)] = [aPa? 4+ aPdh taP T = [aPa? + 8% taP T aP Y] = [afaP). (10.10)

Next,for [a?] € HP(A) represented by a” € AP, we have
HP(8 0 a)[a] = [(B° 0 a?)a?] = [P(a”(”))] = HPF?la?(a?)] = HPB(HPala?)).  (10.11)
0
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Definition 10.5. For p > 0, the pth cohomology functor H? is the mapping between the
category of chain complexes to the category of vector spaces (with morphisms being linear
mappings) given by A — HP(A).

Proposition 10.6. The functor H? is a covariant functor.

Proof. The functor HP? maps objects to objects, just by mapping the chain complex C to
the vector space H?(C'). Also for each morphism a : A — B between chain complexes, we
associate the morphism HPa : HP(A) — HP(B). The covariant property is (30.27)). O

Definition 10.7. The pth de Rham cohomology functor is the functor from the category of
smooth manifolds and smooth mappings to vector spaces the category of vector spaces and
linear mappings given by M — HY,(M,R) and f : X — Y maps to H?f = (f*)? : H*(Y) —
HP(X).

Proposition 10.8. The pth de Rham cohomology functor is a contravariant functor.
Proof. This follows from (go f)* = f* o ¢*, and the fact that the composition of a covariant

functor and a contravariant functor is a contravariant functor. O

10.2 Cochain homotopy between morphisms of cochain complexes

Definition 10.9. Let f : A — B, and g : A — B be two morphisms of cochain complexes.
We say that f is cochain homotopic to g if there exists mappings SP : AP — BP~! such that

fP—gP =SP4 SPHsh. (10.12)
Proposition 10.10. If f is cochain homotopic to g then H?f = HPg : HP(A) — HP(B).

Proof. Consider the mapping H? f — H?g, and take [a?] € HP(A) represented by a? € AP
satisfying 6%,a? = 0. Then

(H?f — H"g)[a"] = (H"(f — g))[a"] = [(H"(f — g))a"]

10.13
=[5 ' SPaP + ST ar = [0% 1 SPa?) = 0. (1013)

O

10.3 Homotopy invariance of de Rham cohomology

Let M be a smooth manifold, possibly noncompact. Let QP(M) denote the smooth p-forms
on M. Recall that we have a cochain complex

s (M) —4s r (M) —4 e (M) —% - (10.14)
and HY,(M) is defined to be the cohomology of this complex.

Let M be a differentiable n-manifold, and consider N = M x [0,1]. Let 7 : N — M be
the projection m(x,t) = x. Also, let ¢; : M — M x [0, 1] be the inclusion ¢,(z) = (z,1).
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Remark 10.11. The object N = M x [0,1] is a manifold with boundary. The reader
can check that all the properties of differential forms proved above hold in the category of

manifolds with boundary.

We next define a mapping
1% QF (M x [0,1]) — QF1(M)
by the following. Any k-form on N can be written as
w=h(x,t)7"op + f(x,t)dt N\ (7" Pp_1),

where ¢, € QF(M) and ¢ € Q*1(M), but h, f € Q°(M x [0,1]). Define

w) = </01f(p, t)dt)gbk_l.

Proposition 10.12. For w € QF(N), we have
(11)*w — (10)*w = dpIFw + I* M dyw.

In other words, I* is a cochain homotopy between (1o)* and (11)*.

(10.15)

(10.16)

(10.17)

(10.18)

Proof. Writing w in the form (10.16)), since ¢;dt = 0, and 7 o ¢; = id), the left hand side of

(10.18) is

(11)*w — (10)*w = (t1)"h(x, )7 . — (10)*h(z, t)7" Py,
(h(z,1) — h(z,0))dx

Next, assume that w is just of the form

w = h(x, )" ¢y

Then
dyw = (%d:@ + %dt) A T + B, )1 das .
By defintion of I*,
dyl*w =0,
and
I dyw = [k“{ (%dm n %dt) At + bz, t)ﬂ*dMgbk}

ot ot

_ 1k+1{@dt A w*@} - (/01 @dt)qsk = (h(z,1) — h(z,0))én.

So the proposition holds for forms of this type.
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Next, assume that w is just of the form
w= f(x,t)dt N\ (7" pr_1). (10.24)
From above, we have
(11)*w — (10)"w = 0. (10.25)
Note that

dyw = %dm ANdt N (T pp—1) — fx,t)dt N7 (dpror—1)

S (dz A dnr) = fat nr e
o k1 m (dM¢k—1>-
By defintion of I*,
o [P0 = dM{</1 f(x,t)dt) qs,H}
1 an . (10.27)
- (/0 Shdt)dw A g + (/0 ft) daids 1.
Next, by definition of I¥*! and (10.26), we have
I ldyw = —( /O 1 %dt) dz A by — ( /0 1 fdt) dpsdp 1. (10.28)
So on forms of this type, we have
dyI"w + I"dyw = 0. (10.29)

So the proposition is true for forms of the second type. By linearity, the proposition holds
for all forms, and we are done. O

Definition 10.13. Let X and Y be smooth manifolds. Smooth mappings f,g: X — Y are
said to be smoothly homotopic if there exists a smooth mapping F' : X x [0,1] — Y such
that F(x,0) = f(z) and F(x,1) = g(x).

Proposition 10.14. Let X and Y be smooth manifolds. If f,g : X — Y are smoothly
homotopic then

fr=9" Hip(Y) = Hip(X) (10.30)

Proof. Let F': X x [0,1] — Y be a homotopy between f and g. Let ¢, : X — X x [0,1] be
the mapping ¢;(z) = (z,t), and note that

(0)* : (X x [0,1]) — Q*(X). (10.31)
In Proposition [10.12] we constructed a cochain homotopy between ¢} and ¢,

IF QR (X x [0,1]) — Q" 1(X) (10.32)
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satisfying
(1) = (o) = I"dxjoq) + dxIF. (10.33)
By Proposition we have that
(t0)" = (11)" : Hp(X x [0,1]) = H}p(X). (10.34)
Since f = F oty and g = F oy, and H%, is a contravariant functor, we have
ff=(w) oF*, ¢ =(1)"oF" (10.35)

therefore f* = g* : H5,(Y) — HbR(X). O

11 Lecture 11

11.1 Homotopy type

Definition 11.1. Smooth manifolds X and Y have the same smooth homotopy type if there
exist smooth mappings f: X — Y and ¢ : Y — X such that go f is smoothly homotopic to
Idyx and f o g is smoothly homotopic to idy .

Corollary 11.2. If X and Y have the same smooth homotopy type, then Hj5(X) = Hj5(Y).
Proof. From Proposition [32.2 we have

[fog" =Idus, (x) (11.1)
g o f"=1Idu: (v, (11.2)
so f* and g* are isomorphisms. O]

Some special cases of this are the following.

Definition 11.3. A smooth manifold X is smoothly contractible if X has the same smooth
homotopy type as a point.

Corollary 11.4. If X is smoothly contractible, then

R k=0

. 11.3
0 0<k (11.3)

HsR(X) = {
Proof. If X = {p} is a single point. Then Q°(X) are functions f : p — R, so Q°(X) = R,

and since df = 0, we have HJ5(X) = R. There are no k-forms on X for k > 0, so the
corollary follows. O]

Example 11.5. A domain A C R” is star-shaped if there exists a p € A such that for any
x € A, the line segment between p and x is contained in A. In this case, let F': Ax[0,1] — R™
be the mapping F(x,t) = (1 — t)z + tp. This shows that A is (smoothly) contractible, so A
has the same de Rham cohomology groups as a point.
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Definition 11.6. A subset (submanifold) 7 : A < X is a (smooth) deformation retraction
of X if there exists a (smooth) mapping r : X — X such that

T oi=1dy, (11.4)
and 7 o r is (smoothly) homotopic to Idx.
Corollary 11.7. If A is a smooth deformation retraction of X then
Hyp(A) = Hip(X), (11.5)
for all k > 0.

Example 11.8. Consider r : R"\ {0} — S"~' C R" given by r(z) = z/|x|. The mapping
F(x,t) = (1 — t)z + t(z/|z|) is a smooth homotopy between Idg~» and ior, so S" ! is a
smooth deformation retraction of R™ \ {0} and we therefore have

HSR(SH_1> = HcIlCR(Rn \ {0}) (11-6)

11.2 Exact sequences of cochain complexes

Definition 11.9. A sequence of vector spaces A, B,C, with linear mappings a : A — B,
6:B—=C

0—2sA4-—<2sp-L,0-9,0 (11.7)
is called ezact if the kernel of each mapping is equal to the image of the previous mapping.
That is Ker(a) = {0} if and only if « is injective. Next, Ker(f) = Im(a). Finally,
Im(B) = C, if and only if g is surjective.

Let C; be a co-complex of vector spaces for i = 1,2, 3.

dr—2 _q d! dP L1 dt!
e —— C? s O —— O —— (11.8)

with d? = 0. A morphism from C; to C; are mappings o : CF — C']’.c such that the following
diagram commutes for every p

dP
P 7 p+1
G — G

l‘”ﬁ lapﬂ (11.9)

dP
D J p+1
Cj Cj

For co-complexes C7, Cy, (5, and morphisms « : C; — Cs and 8 : Cy — (5. We say that a
sequence of co-complexes is exact if

00 —2 Oy y O3 —2— 0 (11.10)

~

if the sequence

g
g

0—C2scor 2, cor Z,or 0y (11.11)

is exact for every p.
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Lemma 11.10 (The zig-zag lemma for cochain complexes). If

050 —2s O, ﬁ>C’3 o 4 (11.12)

s a short exact sequence of co-complexes, then there exist connecting homomorphisms
6 1 HP(C3) — HPTH(Oy) (11.13)
for every p such that the sequence
S HP(CY) 2 HP(Cy) —2 HP(Ch) —2s HPYY(CY) — -+ (11.14)
15 exact.

Proof. We look at the huge commutative diagram

-1 a1 -1 pr! ~1
0 —— CT77 =— Y cy —— 0
vt a5t art
4 ) 4 ﬁp 4
0 > OV —— (% > CF > 0 (11.15)
it d3 dg

which has all horizontal rows exact.

To define the connecting homomorphism, take ¢ € C% with dic; = 0. By exactness of
the middle row, S, is surjective, so 5 = (P(ch) for some ¢4 € C%. Then since the diagram
commutes, we have

BPHdhh = dbprel = dhdh = 0. (11.16)

By exactness of the bottow row, we have djch = a?*'" for some ™' € CP™. Since O} is
a co-complex, and by commutativity of the diagram, we have

0= ngrld]chg _ ngrlOéerlC?Jrl _ Odp+2d€+16117+1, (1117)

which implies that d?™'&*! = 0, since aP*? is injective. So we define 0?(c}) = [*], the
homology class of &' in HP+1(CY).
3

To prove this mapping is well-defined, assume that we started with ¢, € C’;’ which

was of the form ¢ = d§ '¢f™". Then we can write ¢j = = B*"'cb™', and the element
& = db ' & satisfies BP(#) = 4. But this element is exact, so the next step clearly gives
zero. Independence of the choice of ¢4 is similarly established.

Exactness of the resulting sequence is left as an exercise in diagram chasing.
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12 Lecture 12

12.1 Mayer-Vietoris for de Rham cohomology

Write M = UUYV as the union of two open sets in M. Then the following sequence is exact:

0—— PUUV) L5 () e (V) -2 UNV) — 0 (12.1)
where
B (W) = ((lvom)*w, (ivom)'w). (12.2)
and
o (wy,wy) = (ivrveo) wu — (ivnvoy) wy (12.3)

To see this, 5P is obviously injective. For exactness at the middle step, obviously o?fPw = 0.
If 5P(wy,wy) = 0, then wy = wy on U NV, so then (wy,wy) is a well-defined global form
on M.

To show that « is onto, let w € QP(UNV'). Let ¢y, ¢y be a partition of unity subordinate
to the covering {U, V'}. Then w = a(¢pyw, —opw).

By the zig-zag lemma for cohomology, we obtain a long exact sequence

S Hip(U UV) 5 HipU) @ Hip(V) = Hip(UNV) =0 (124)

Let us review the definition of the mapping ¢7. Given a cohomology class [w] € Hip(U N
V'), represented by w € QP(U N'V) with dw = 0, we first write w = a?(¢pyw, —¢pyw), then we
apply the exterior derivative to get

(d(pyw), —d(dpw)) = (dby A w, —déy Aw) € P(U) @ QP (V). (12.5)

Note that on U NV, we have (¢y + ¢y )w = w, so applying d to this equation, we have that
doy Nw + doy ANw =0 on UNV, so together these define a global form

d in U

grig = oV e (12.6)
—doy ANw  inV

and we take the cohomology class of this form.

Remark 12.1. This mapping appears to depend upon the choice of partition of unity, but
recall that when viewed as a cohomology class, it is actually independent of such choice.

The following lemma will be useful.
Lemma 12.2. [f

0 » Vi —2— Vs > Vi1 y Vi s 0. (12.7)

~
~

1s exact, then

0 = dim(V;) — dim(V3) + dim(V3) + - - - + (=1)*" dim(V},). (12.8)
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Proof. Induction. O]

Example 12.3. S™ Cover with 2 open sets U,V, with U 2 R* =~V and UNV = Sn~1,
use the Mayer-Vietoris sequence and induction to get

R £=0,n
HAp(S™) = ’ 12.9
an(5") {0 O0<k<n (12.9)
First, consider the case of S?.
0
0 —— Hip(S") —— Hip(U) ® Hip(V) =" Hip(UNV)
j (12.10)
§0
1 1
[—> Hjp(SY) AN Hip(U)® Hip(V) == H,(UNV) —— 0.
But U NV is contractible to 2 points, so this is
B° af
0 > R »yRER — RAR
7 (12.11)
1 60
L Hl,(S") —— 0.
The lemma then says that H},(S') & R.
Next, for n > 1, look at the beginning of the Mayer-Vietoris sequence
0
0 —— HI(S") —— H(U) & HI(V) —5 H(UNV) =2 ... (12.12)
But now U NV is connected, so this is
0—R-Z3RoR 25 R s ... (12.13)

Since f3 is injective, the kernel of a? is 1-dimensional. But a” has a 2-dimensional domain,
so the image of a? is 1-dimensional, that is a° is surjective. So we can move to the next level
and get

0 —— Hip(S") —2 Hip(U) & Hi(V) — HizUnV) =25 ) (12.14)

Since U and V are contractible, this says that Hj(S™) = 0 for n > 2.
Next, we look at the upper portion of the Mayer-Vietoris sequence

C——— HIZ2(U) ® Hig?(V) = HiR*(S" )

6n72

n— n il aP n— n— .
{+H@%s> 0 » Hyp ' (5"7) (12.15)

~

6n71
6P+1

~
e

L s
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This yields

Hjp(S™) = Hj7 (5") = R, (12.16)
and

Hip(S5") 2 Hig ($") =, (12.17)
for 2 < k <mn — 1, so this finishes the proof.

Example 12.4. Torus T?. See lecture notes for details. The conclusion was that 1 —
dim(H}5(T?)) + dim(H3(T?)) = 0.

13 Lecture 13

Definition 13.1. We say that a manifold M has a good cover U; each non-trivial finite
intersection U;; N ---NU;, has the same de Rham cohomology as R".

Corollary 13.2. If M has a finite good cover, then the de Rham cohomology of M is finite-
dimensional.

Proof. Note that if

A-Llsp-2,¢C (13.1)
is exact at B, then
B~ Ker(g) ® Im(g) = Im(f) & Im(g). (13.2)

Consequently, if A and C are both finite-dimensional, then B is also finite-dimensional.

We prove the corollary using induction on the number of open sets in a finite good cover.
To see this, let k be the number of sets in a good cover. For k = 1, we know the corollary
is true. Assume the corollary is true up to k, and let {Uy, ..., Uxs1} be a good cover of a
manifold M. Let U =U; U---UU, and let V = Ugyq. Then U and V have good covers
with fewer that k + 1 open sets, so their de Rham cohomology is finite-dimensional. Also,
UiNUgsq,..., U NUgyq is a good cover of U NV, so the theorem is true for U NV as well.

Now we look at the following portion of the Mayer-Vietoris sequence

L2 gl uny) 2 HR U uV) S HE(U) @ HE, (V) — . (13.3)
The above observation then implies that HY,(U U V) is finite-dimensional. ]

Corollary 13.3. If M is compact, then the de Rham cohomology of M 1is finite-dimensional.

Proof. Using a Riemannian metric, there exists a covering of M by geodesically convex
neighborhoods. Any nontrivial intersection of such sets is also geodesically convex. Using
the exponential map at any point, a geodesically convex set is diffeomorphic to a star-shaped
domain R", which we previously showed has the same de Rham cohomology as R™. It follows
that every compact manifold admits a finite good cover. O]

Exercise 13.4. (For those who do not like Riemannian geometry.) If M is compact and
admits a triangulation, then show that M admits a finite good cover.
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13.1 Mayer-Vietoris for cohomology with compact supports

Let M be a manifold, possibly noncompact. Let QP(M) denote the smooth p-forms with
compact support. We have a complex

L ey (M) —4 QM) —Ls ey (M) —4s o (13.4)

and Hf’ Jr(M) is defined to be the cohomology of this complex. Of course, if M is compact
then H (M) = Hp(M).

Write M = U UV as the union of two open sets in M. Note that if U; C U, and
w € QF(U;) then w extends to be a compactly supported form in Us. Letting ¢ : U; — Us
denote the inclusion mapping, we denote by i,w this extension map on forms. We claim that
the following sequence is exact:

0 —— PUNV) -2 Q) @ Q2(V) -2 (U UV) —— 0 (13.5)
where
& (wurv) = ((ivaveo )wonv, —(ivnvey )«wwony) (13.6)
and
B (wors wy) = (iesnr)swor + (ivesnr) sy (13.7)

To see this, &* is obviously injective. For exactness at the middle step, obviously fParw = 0.
If B” (wy,wy) = 0, then wy = —wy. This implies that the support of both forms is contained
in U NV, and since they are equal there, take wyny = wy, and then (wy,wy) = &P (wy).

To show that 3 is onto, let w € QP(M). Let ¢y, ¢y be a partition of unity subordinate
to the covering {U, V}. Then w = f7(¢ppw, pyw).

Consequently, from the ziz-zag Lemma, we obtain a long exact sequence

D B p(UN V) =2 HP p(U) @ H (V) —2 HP (U UV) 2

] (13.8)
Let us review the definition of the mapping ¢”. Given a cohomology class [w] € H ;,(UUV),

represented by w € Q2(U U V) with dw = 0, we first write w = B3P (¢pyw, pyw), then we apply
the exterior derivative to get

(d(pw), d(dvw)) = (dby Aw, dby Aw) € (U & Q2(V) (13.9)

Either of these elements is supported in U NV and then since doy A w + doy A w = 0,
0w = [dpy Aw] = [—doy Aw] € HY (U N V). (13.10)
Remark 13.5. This mapping appears to depend upon the choice of partition of unity, but

recall that when viewed as a cohomology class, it is actually independent of such choice.
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13.2 Integration of differential forms

Another important fact is that we can integrate top-dimensional differential forms on a com-
pact manifold. But we need to recall orientability. First, an orientation on a n-dimensional
vector space V' is a choice of ordered basis (vy, ..., v,) with equivalence relation if 2 ordered
bases are related by a change of basis matrix with positive determinant. There are exactly
2 such equivalence classes, and if M is a manifold, the oriented double cover of M denoted
by M is the double cover obtained by replacing a point p with the 2 orientations on 7, M.

Definition 13.6. A manifold M is orientable if any of the following equivalent conditions
are satisfied.

e M admits an coordinate atlas (U,, ¢,) such that the overlap maps are orientation-
preserving ¢, o qﬁgl, that is, the Jacobian (¢, o ¢El)* has positive determinant.

e N admits a nowhere-zero n-form.

e The oriented double cover M — M is trivial, i.e., it has 2 components.
If M is orientable, the choice of one of the components of M is called an orientation on M.

On an oriented n-dimensional manifold, the integral of w € Q"(M) is defined as follows.
Choose an oriented coordinate atlas (U,, ¢,). First, assume that w € Q"(M) has compact
support in a single coordinate system U,. Then

(ha)s(w) = fdz* A--- A da™, (13.11)
where f : ¢,(U,) — R has compact support. Define

/wz/ fdaz' ... dx". (13.12)
M o (Ua)

By the change-of-variables formula for integrals, this definition is independent of coordinate
system containing the support of w.
Next, if M is compact, or if w has compact support, let y, be a partition of unity

subordinate to U,, and define
w = XaW- 13.13
=), 1313

Since the sum is finite, this definition is independent of the choice of coordinate atlas and
choice of partition of unity. To see this, let U, and V3 be open covers with subordinate
partitions of unity pa, x 3, respectively. Then

Z/ Pat) = Z/ D Xppaw = Z/ PaXpw = Z/ PaXpW, (13.14)
«a Ua o Ua B a,B Ua a,B Vs

since poxs is suported in V. Therefore

%:/U Paw:%:/vﬁza:paxﬂwzzﬁ:/vﬁ Xpw. (13.15)
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14 Lecture 14

14.1 Stokes’ Theorem

Integration by parts on manifolds is the following.

Theorem 14.1 (Stokes’ Theorem for manifolds with boundary). Let (M, 0M) be an oriented
manifold with boundary of dimension n. If w € Q" (M) has compact support, then

/aMw:/de, (14.1)

where the boundary has the orientation induced from the outer normal, i.e., if v; € T,(OM),
then the ordered basis (vi,...v,—1) is oriented if (v,vy,...,v,_1) is positively oriented, for
any outward pointing normal vector v.

Proof. A manifold with boundary, by definition, can be covered by usual coordinate charts
in the interior together with coordinate charts (U;, ¢;), where ¢; : U; — H™, where

H" = {(z",...2") € R" | 2™ > 0}. (14.2)
is the upper half space in R", such that
¢;: Uy MOM — R"* (14.3)

is a coordinate chart on M viewed as an (n — 1)-dimensional smooth manifold.
We first consider forms compactly supported in such a coordinate chart. Then just
consider an (n — 1)-form of the form

w:fdxl/\~~/\(ja?i/\~~/\da:”. (14.4)
Note that
dw = (=1)"*0;fdx" A -+ A da" (14.5)

If © < n, then w restricted to the boundary is zero, and
/ dw=(—1)"" [ 0O;fdx---dz" =0, (14.6)
n H'!L

by Fubini’s Theorem and the fundamental theorem of calculus, since f has compact support.
If « = n, then

/ dw = (=1)""1 8 L fdat - da”

_ / / O fdzt - - - dz" (14.7)
Rn—1
:(—1)”/ ye ,0)da! /\---/\da:"_lz/ w,
Rn—1 OH™
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since the outward normal is —e,, so {—e,,e1,...,€e, 1} is oriented, which is equivalent to
(—1)™ times {e1,...,e,}. In general w is a sum of n-terms of the above type, so this proves
Stokes’ Theorem for w € Q"~1(H™) with compact support.

Next, we choose a partition of unity y; subordinate to the cover (U;, ¢;), ¢; : U; — R™,
and write w = ) . x;w. Let w; = x;w. Then for each i in the index set, we have

Jae= = [ et = [ ey e

— [ ey = [ @)= [ e

where the last equality holds since ¢; |/ is a coordinate chart on M as a (n—1)-dimensional
manifold. Finally, we have

/de:/Md<;M> :Z/dei:;/aMwiZ/aM;MZ/aMw- (14.9)

O

(14.8)

14.2 Poincaré Lemma for cohomology with compact supports

Let M be a manifold, possibly noncompact. Let Q2(M) denote the smooth p-forms with
compact support. We have a complex

L (M) —4 Qe(M) —4s QrHY (M) —4s . (14.10)

and Hg Jr(M) is defined to be the cohomology of this complex. Of course, if M is compact
then H[  p(M) = Hjyp(M).

Theorem 14.2. [Poincaré Lemma for compact supported cohomology] Let M be a differen-
tiable n-manifold, then

HYp(M x R) = HEL(M). (14.11)
First, we define a mapping “integration over the fiber” by
Tt QF(M x R) — QF (M) (14.12)
by the following. Any k-form on M x R can be written as
w=h(p,t)m" ¢ + f(p,t) (7" 1) A dt, (14.13)
where ¢ € QF(M) and ¢y € Q¥ 1(M), but h, f € Q°(M x R). Define

T (w) = (/_Z f(p, t)dt>¢k_1, (14.14)

noting that the integral is defined because w is assumed to have compact support, and this
form has compact support since f has compact support.

48



We claim that
dMOT(* :W*OdMX]R, (1415)

To see this, the left hand side of (14.15)) is

dyy © Tow — dM<</Z F(p, t)dt) ¢k_1)

o . (14.16)
= (/Oo %dt>d$ N Q-1+ (/Oo f(p. t)dt)>dM¢k—1-
The right hand side of is
oh 0
0 dyw = o <Edt ATy + a—id:p AT Gt Adt+ F(p, )7 (dasde_1) A dt)
0
=, <a—£dx AT 1 ANdt + f(p, t)m* (dprdr—1) A dt) (14.17)
= (/Oo %dt>dx N Qp—1 + (/oo f(p, t>dt)>dM¢k—1a

since the term involving h is zero because h has compact support, and using the fundamental
theorem of calculus. Therefore 7, induces a mapping

T HY (M X R) — HY L(M). (14.18)

Next, we choose e € Q}(R) with [, e =1, and define

ex: QF (M) — QF(M x R) (14.19)
by
ex(w) = (mw) Ne. (14.20)
It is not hard to see that
dyrxr © € = €, 0d)y. (14.21)
To see this,
dyoei(w) =dym"wAe = (dym'w) A e =" (dyw) N e = e, ody(w). (14.22)

Therefore e, induces a mapping

et HY jp(M) — HEFE(M x R). (14.23)
Let us write e = xdt, then
T 0 €4 (w) = T (X(t)(ﬂ'*w) A dt) = (/ X(t)dt)w =w (14.24)

Therefore, we have 7, oe, = 1 on Q’c“(M), so T, 0e, =1 on HédR(M).
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Proposition 14.3. We have e, o, = 1 on Hng(M x R). Consequently, m, and e, are
isomorphisms on compactly supported cohomology.

Proof. Again writing
w=h(p,t)m" ¢ + f(p,t) (7" 1) A dt, (14.25)
define a mapping
K :QF M xR) = Q" Y(M x R) (14.26)
by

K(w) :7r*¢k,1< /_ ; Fla, s)ds — ( /_ ; e) /_ Z f(a:,s)ds). (14.27)

Note that the right hand side is indeed a (k — 1)-form on M x R with compact support, the
ds-s are not 1-forms in this formula. We claim that if w € QF(M x R) then

(1—em)w = (—1)FHdK — Kd)w, (14.28)

which can be separately verified for w = h(p,t)7*¢y, and for forms of type w = f(p,t)dt A

T Pr—_1.
For forms of the first type, we obviously have

(1 — exma)h(p, t) 7" P = h(p, t)7" Py (14.29)

On the other hand, since K is zero on forms of this type,

(dK — Kd)(h(p, )7 é3) = —K<<gh>dx ATy + (%>dt AT + h(p, t)ﬂ*dgbk)

£ ot
- —K<<E>dt A 7r*¢k>
= (—1)'“‘1K<<%>(7r*¢k) A dt) (14.30)

ol Bae ([ ) [ %

[e.e]

= (=D (" du)h(p, ).

For forms of the second type, we have
(1= em) [0, 07 s At = [, 05 st ([ 7000 (7°00) ne
= o A (1.1t — ( / T tydt)e) (14.31)
= (=) (f(p, t) — (/_OO f(p, t)dt)x(t)>7r*¢k,1 A dt
The verification that this is equal to (—1)¥"1(dK — Kd) is left as an exercise.
Using Proposition [10.10] this formula then implies that e, o 7, = 1 as a mapping on

HY ;z(M x R), and the proposition follows. O
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Corollary 14.4. We have

R k=
HY 1 (R") = { ! (14.32)

and a generator for H?;n(R™) is given by any compactly supported n-form p with fRn uw=1.
Proof. We start with M = {p} a single point. The above shows that
Hcl,dR(R) = H(?,dR({pD =R (14'33)

Furthermore, the proof shows that a generator of the left hand side is y(z!)dz'. Next, we
have

HZ 45(R?) 2 H, 45(R) = R, (14.34)

and a generator of the left hand side is x(z!)dz! A x(2?)dz?. In general, a generator is given
by will be

x(@') - x(a)dat A A dat (14.35)

Next, we use the fact that 7, is an isomorphism. The isomorphism

Hcl,dR(R) = Hg,dR({p}) =R (14.36)
is given by
b1 /Rgbldxl. (14.37)
Then the isomorphism
HZ4p(R*) = H,gp(R) = R, (14.38)
is given by
f(t, 2?)dat A da? — </ f(:cl,xQ)de) dx! (14.39)
R
Composing these isomorphisms and using Fubini’s Theorem, we get
flzt 2 dat A da? ] f(zt, 2?)dat A da?. (14.40)
R

In general, the isomorphism is given by

fl@t . a™)dat A A da" flt oo a™dat A A da (14.41)
R
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15 Lecture 15

Recall last time we showed that

HE p(R™) = {R h=n (15.1)

Remark 15.1. This shows that H} (M) is not a homotopy invariant, since ([14.32) is
not the same as the cohomology of a point. But of course, H} ;z(M) is a diffeomorphism
invariant.

If M is any oriented manifold of dimension n, then we have a pairing
QF (M) x QP H(M) — R, (15.2)

given by

(a,ﬁ)H/Moz/\ﬁ. (15.3)

By Stokes” Theorem, this mapping descends to cohomology, and since this mapping is bilin-
ear, we obtain a pairing

PD: H:p(M)® H *(M) — R. (15.4)

In the case M = R", note that Hf;,(R") = Hjy *(R™). Furthermore, we have an isomor-
phism

PD : Hjp(R") — (H' 5 (R™))* (15.5)
given by PD(a)(8) = [g. @AB. This is because we showed that an isomorphism of H;(R")
and R is obtained from composing the isomorphisms

7l_n—l 7&

HPyp(R") —— HI' AR ey » HO p(RY), (15.6)

where 7% : H¥,,(RF) — HJ(R¥"!) is the mapping induced by writing R* = R¥"! x R and

using coordinates (z!,...,z*71 ¢), writing w € QF(R¥) as
w=f',. .. 2" det A Ada™TE A dE (15.7)
and then
k(W) = (/OO Flat, ... ,:ck’l,t)dt>dxl Ao Ada™ Y (15.8)
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so the iterated map is

ﬂio~~o7rf(w):7rio~~o7rf1(/ f(xl,...,x”)dx">dx1/\--~/\d:6"*1
:Wio-~~o7rf2(/ (/ f(xl,...,x”’l,x”)dx">dx"’1>dxl/\-~Ad:c"72

= /_Z ( (/_Z f(q:l,...,x”’l,x”)dx">d:c"’1~~>d:(:1

= f(:cl,...,x”)d:v1~--dx”—/ w
R"

n

(15.9)

by Fubini’s Theorem.

15.1 Star-shaped open sets in R"

Let U be a star-shaped open set in R". Let us assume that the special point is the origin.
Then we write

U={tv|ves"10<t<pb)} (15.10)
where p: S"! — R,
Lemma 15.2. If p is smooth, then U is diffeomorphic to the unit ball in R™, and thus

R k=n

k —
HZr(U) = {0 k£ n (15.11)

Proof. Since U is an open set, clearly B(0,¢) C U for some € > 0, so p(v) > €. Choose a
function f: R — R so that 0 < f <1,

f(t) = {0 t<ef2 (15.12)

1 t>¢

and f'(t) > 0 for 0 <t <e. Define h: B(0,1) — U by

h(tv) = (t + (p(v) — €) f(t))v (15.13)

for0 <t <1.

Then A is one-one and surjective. In a neighborhood of the origin, it is smooth with A,
invertible, because it is the identity map there. The radial derivative of h is 1 + (p(v) —
€)f'(t) > 0. Therefore h, is invertible everywhere, so h is a diffeomorphism. O

Lemma 15.3. In general, p : S"1 — R is upper semi-continuous. That is for any v € S™~1
and € > 0, there is a neighborhood U, C S™' of v such that p(w) > p(v) — € for all w € U,.

Proof. Choose a t so that tv € U with p(v) — e < t. Since U is an open set, there is a open
ball B(tv,d) C U. Then there is a neighborhood U, C S™~! of v such that ty € B(tv,d§) C U
for y € U,. This implies that p(y) >t > p(v) — €. O
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The main result of the subsection is the following.

Corollary 15.4. If U is a star-shaped open set in R", then H o (U) = Hf p(R™) for all
0 < k <n. Furthermore, an isomorphism of Hng(U) and R is given by integration.

Proof. At the end of the proof we will show that given any compact subset K C U, there
is a star-shaped open set V with K C V C U and such that py is C*°, and thus V is
diffeomorphic to R™ by Lemma [I5.2]

If 0 < k < n, then w = dn, where n € Q¥1(V), but we just view n € QF1(U), which
proves that H;,(U) = {0}. For k = n, then we know that w = dn + cu, where p is a
compactly supported form in V' with fRn i =1 and ¢ € R. Again we can view u as a
compactly supported form in U, which proves that dim(H?;,(U)) < 1. If p = dy with
v € QP 1(U), then we can view v € Q" 1(V) for a nice V. Then Stokes’ Theorem says that

/nu:/ndyz/aquo, (15.14)

a contradiction. Therefore dim(H;z(U)) = 1.

Finally, we will find the star-shaped domain V claimed above. For each v € S"~!, there is
a number ¢, < p(v) so that all the points in K of the form uv must have u < ¢,. That is, the
segment {rv |t, < r < p(v)} does not hit K. This is because K, being compact, must stay at
a positive distance from the boundary in the radial direction. Furthermore since K is closed,
there is a neighborhood of W, C S™~! of v such that the set {ry |t, < r < p(v)} does not
hit K either. From Lemma , p is upper semicontinuous, so choosing € = p(v) — t,, there
is a neighborhood U, C S™ ! of v such that p(w) > p(v) — (p(v) — t,) = t, for all w € U,.
Therefore, by taking the intersection of these neighborhoods, there is a neighborhood of v,
W, € 8" so that ¢, works as ¢, for all y € W,. Since S"~! is compact, we can cover by
finitely many W,,,,...,W,,. Let x; be a partition of unity subordinate to this cover. Define

P ="ty X1+ Lo X (15.15)
Since x1 + -+ Xxx = 1, and each ,; < p(v), we have p(x) < p(z). Letting
V={tv|veS" " 0<t<pw)} (15.16)

then K C V C U, and py = p is smooth.
O

Remark 15.5. It is actually true that U is diffeomorphic to R™, but this is more difficult
to show, and we do not need such a strong result.

16 Lecture 16

16.1 Good covers

Next, let us modify our definition of good cover.
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Definition 16.1. We say that a manifold M has a good cover U; each non-trivial finite
intersection U;, N --- N U;, has the same de Rham cohomology as R", the same compactly
supported de Rham cohomology as R™.

Recall we proved ealier that if M has a finite good cover, then the de Rham cohomology
is finite-dimensional. We next extend this to compactly supported cohomology.

Corollary 16.2. If M has a finite good cover, then the compactly supported de Rham coho-
mology is finite-dimensional.

Proof. Recall that if

A-Ll,sp-2,¢C (16.1)
is exact at B, then
B = Ker(g) ® Im(g) = Im(f) ® Im(g). (16.2)

Consequently, if A and C' are both finite-dimensional, then B is also finite-dimensional.

We prove the corollary using induction on the number of open sets in a finite good cover.
To see this, let k£ be the number of sets in a good cover. For k = 1, we know the corollary
is true. Assume the corollary is true up to k, and let {Uy,...,Uxs1} be a good cover of a
manifold M. Let U = Uy U---UUy, and let V = Ugyy. Then U and V' have good covers
with fewer that £+ 1 open sets, so their compactly supported de Rham cohomology is finite-
dimensional. Also, Uy NUgyq, ..., U NUgi1 is a good cover of U NV, so the theorem is true
for UNV as well.

Now we look at the following portion of the compactly supported Mayer-Vietoris sequence

L 1P (U) @ HY (V) s HY (U V) s HPELU V)
(16.3)
The above observation then implies that H[ ;(U U V) is finite-dimensional. O
Corollary 16.3. If M is compact, then M admits a finite good cover.

Proof. Using a Riemannian metric, there exists a covering of M by geodesically convex
neighborhoods. Any nontrivial intersection of such sets is also geodesically convex. Using
the exponential map at any point, a geodesically convex set is diffeomorphic to a star-shaped
domain R™. This is contractible, so from the Poincaré Lemma, it has the same de Rham
cohomology as R™. Corollary tells us that it also has the same compactly supported de
Rham cohomology as R", so we are done. O]

17 Lecture 17

17.1 Poincaré Duality

Lemma 17.1 (The Five Lemma). Assume the diagram

Vi ==V, —= Vs ——= Vi ——= V;
$1 P2 ®3 P4 ¢s5 (17'1)
TR SO PR A
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commutes, and has exact rows. If ¢, pa, G4, 5 are isomorphisms, then ¢z is also an isomor-
phism.

Proof. Injectivity of ¢3: If ¢3(v3) = 0, then B3(¢3(v3) = 0 = ¢yas(v3). Since ¢y is injective,

as(vs) = 0. By exactness, vs = as(ve). Then ¢sas(vy) = 0 = Papa(ve). By exactness,
¢2(v9) = B1(wy). By surjectivity of ¢y, wy = ¢1(v1). Then
P2(v2) = Pro1(v1) = dacr(v1), (17.2)

but since ¢, is injective, this implies that vy = a4 (vy). Finally, ve = as(vs) = asay(vy) =0,
by exactness.
The proof of surjectivity is similar, and left to the reader. m

Lemma 17.2. If the sequence

W1 e W2 b > W3 (173)
18 exact at Wy, then the dual sequence
Wy 2 wr 2 Wy (17.4)

is exact at W3
Proof. First, if w; € W3, and w; € Wy, then
a* (B ws)(wr) = (B ws)(a(wr)) = wy(Be(ws)) = 0, (17.5)

since foa = 1 by assumption. This proves that Im(8*) C Ker(a*). For the other direction,
if wi € Ker(a*), then for all w; € Wy, o*(w)(w;) = wi(a(w;y)). So the element 0 =
wioa € Wy, We want to find w; € W5 such that w; = S*wj;. For all wy, € W, this is
wh(wy) = wjPws, which is just wi = w} o f. So if ws € Wj is of the form f(w;) then define

wj(ws) = wi(ws). (17.6)
If wy = B(w)), then f(we — w)) =0, so we — wh = a(wy). Then
wy(wy — wy) = wi(a(wr)) = (wya)(wr) = 0. (17.7)

So we have defined wj on the subspace Im(5) C W3. To extend to a linear mapping on all
of Wj, just take any subspace so that W3 = Im(8) & W, and define wj to vanish on W.
Then the condition w3 = wj o 8 is obviously satisifed. ]

Theorem 17.3. If M" is orientable and has a finite good cover, then
PD: Hin(M) — (HZZ5(0M))" (173)

1s an isomorphism for all 0 < k < n.
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Proof. Let m = n — k, and consider the diagram

_ _ ak—1 _ k—1 Bk ok
Hip (U) & Hip (V) ——— Hip (UNV) = Hjjp(UUV) ——— Hjp(U) & Hjjp(V) —*— Hf(UNV)

lPDEBPD lPD lPD JPD@PD lPD
m m x (@) m * (Sm)* m * (Bm)* m m « (@m)" m *
qc,d—;%l(U) ® Hd,;_Rl(V)) ? Hc,szr%l(Um V) —= HIyp(UUV) —% (Hyp(U) ® HYyp(V)) — HTr(UNV)

(17.9)

The top horizontal row is exact since it is the usual Mayer-Vietoris sequence. The bottom

horizontal row is exact since is the dual exact sequence of the Mayer-Vietoris sequence with

compact support. We next claim that this diagram commutes up to sign, so by changing

some of the vertical maps to their negatives if necessary, we obtain a commutative diagram.
Consider the square

H U NYV) 2 HEL(UUY)
lPD lPD (17.10)

B 0 vy 25 g ooy

For the mapping
PDod* ' Hig" (UNV) = HYp(UUV)* (17.11)

let’s take an element [w] € HY.' (U N'V), and an element [7] € Hr(UUV). Then

(PD o *[u])[7] = PD(5*[w])[r] = /M (1) AT (17.12)

Recall from our discussion of the Mayer-Vietoris sequence that

gty = Jdov e U (17.13)
—doy ANw inV
This form is supported in U NV, so we have
(PD o 6" w])[r] = / (F T AT = / (—doy Nw) A T. (17.14)
Unv unv
Next, we look at the mapping
(0™)* o PD: HiH (UNV) — HIYp(UUV)™ (17.15)
We then have
(™) o PD[w])[r] = PDW](5™[r]) = / WA G (17.16)
Unv

Recall from our discussion of the compactly supported Mayer-Vietoris sequence that

07 = [dpy A7) = [—doyv A7) € HIF(UNV). (17.17)

57



So we have

((Sm)* o PD[w])[r] = /mvw Ndpy N1 = (—1)k1/ doy Nw A T.

unv

So we see that
(0™)* o PD = (—=1)¥PD o 5"
Next, we look at the square

ﬁk
HcllcR(U uv) ——— H(leR(U) D HcIlCR(V)

lPD lPD@PD

m * (™ m m *
HIp(UUV) — (Hc,dR(U) D Hc,dR<V))

Next, a lemma

(17.18)

(17.19)

(17.20)

Lemma 17.4. Let f : A — B@ C be a linear map between finite dimensional vector spaces.
Write f = (fB, fc), where f: A — B and fo : A — C. Then f*: (B® C)* — A* is given

by

[0, ¢)(a) = b"(fs(a)) + ¢ (fola)),
where we used the isomorphism (B & C)* = B* & C*.
Proof. We leave the proof of this as an exercise.

For the mapping
(PD@® PD)o 8" : Hiy(UUV) = (HI(U) ® HIyp(V)',

choose [w] € Hix(UUV), [n] € H4x(U) and [rp] € H(V), and we have

((PD @ PD)o p*w])([n], [2]) = (PDy o B lwl)(In]) + PDy o By [w])([7])

:/w‘U/\Tl—i—/wh//\Tg.
U v
Next, we look at the mapping
(Bm)* oPD: H5R<U uv) — (Hén,dR(U) D Hg,ldR(V))*a

for which we have

(8™ o PDL]) (7], [r) = PD](B"([], [72))) = PDLw](: + 72)

:/wA(Tl+Tz)=/w/\T1+/W/\T2
M M M

:/w/\71+/w/\72,
U 1%
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since 71 has compact support on U and 75 has compact support on V. So we have that
(PD @& PD)o F = (f™)* o PD. (17.26)

We leave the remaining a square(s) as an exercise.

By the five lemma, if the outer 4 vertical maps are isomorphisms, then so is the central
vertical map. The proof is completed by induction on the number of open sets in the good
cover, since we know it is true for R” from the previous lecture. O]

Corollary 17.5. If M™ is a connected and orientable n-manifold with a finite good cover,
then HZ;p(M) = R. If M is compact, then Hyp(M) = R. If M is noncompact, then
Hyp(M) = {0}

Corollary 17.6. If M™ is a connected and orientable n-manifold with a finite good cover
then HE (M) and HZ;A?(M) have the same dimension. If M is moreover compact, then

HE (M) and HjR" (M) have the same dimension.

Corollary 17.7. If M"™ is a compact oriented odd-dimensional manifold, then the Fuler
characteristic x(M) = 0.

Remark 17.8. Poincaré duality is also true for singular homology with Z coefficients on a
orienable manifold. If M is not orientable, then it is still true for Z /27 coefficients.

Next topics in the Spring: Poincare duality on nonorientable manifolds, Kunneth formula,
Thom isomorphism, singular homology and cohomology, de Rham’s Theorem.

18 Lecture 18

18.1 Degree of a smooth mapping

Definition 18.1. A mapping f : X — Y between topological spaces is proper if the inverse
image of any compact set is compact.

Exercise 18.2. Let X and Y be metric spaces. For a sequence of points z; € X, we say
that lim;_,..x; = 0o if given any compact subset K C X, then there exists an integer N so
that z; € X \ K for i > N. Show that f : X — Y is proper iff for any sequence z; € X such
that lim;_,.ox; = 00, then lim; . f(z;) = oo.

Exercise 18.3. If Y is a manifold and f : X — Y is proper and continuous, then f is a
closed mapping, that is, f maps closed sets to closed sets.

Let f : M — N be a proper smooth mapping between n-dimensional connected and
oriented smooth manifolds. Since f is proper, f* : Q¥(N) — QF(M), and therefore there
is an induced mapping f* : Hl';jz(N) — Q7 p(M). From Poincaré duality, we know that
H]'jp(M) = HJp(M) = R, and similarly for N. Recall that the Poincaré duality isomorphism
is given by [w] — [ 1y w- Therefore we can make the following definition.
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Definition 18.4. The degree of f is the real number deg(f) so that
/ ffw= deg(f)/ w (18.1)
M N
for all w € QF(N).

Proposition 18.5. If f : M — N and g : N — M are both proper then go f : N — M s
proper and

deg(g o f) = deg(g) o deg(f) (18.2)
Proof. The composition of proper maps is obviously proper. Given w € Q"(M) then

[ worre=[ row=de) [ go=degpaces) [ w153
Il

Proposition 18.6. Let f : M — N be a diffeomorphism. Then deg(f) =1 is f is orienta-
tion preserving, and deg(f) = —1 if f is orientation reversing.

Proof. This follows from the change of variables formula, the definition of the integral is
clearly invariant under diffeomorphisms, but only up to sign. O]

Proposition 18.7. If M and N are compact, and f : M — N 1is smoothly homotopic to
g: M — N, then deg(f) = deg(g).

Proof. If M and N are compact, we know that H;n(M) = Hjp(M) and H];p(N) =
Hjr(N). By the Poincaré Lemma, f* = g*: H? p(N) — HZ p(M). O
Remark 18.8. This is not true in the noncompact case. The functions z and 2% as mappings
from C to itself are properly homotopic, yet have different degrees.

Proposition 18.9. If f : M — N s proper and not surjective, then deg(f) = 0.

Proof. If f is not surjective, then there exists ¢ € N which is not in the image of f. Fur-
thermore, since f is a closed mapping, there exists a neighborhood U of ¢ which contains no
points in the image of f. Let x be an n-form supported in U with fUX =1. But f*x =0,
so [, [*x =0, and thus deg(f) = 0. O

Proposition 18.10. If f : M — N is proper, then deg(f) € Z. Furthermore, if ¢ € N be a
reqular value of f, and let f~'(q) = {p1,...,pr}. Then

deg(f) = > sen(f.ln)

(18.4)

where

Sgn( * pi) = det(f* Pz)/| det(f* Pi) ’ (185)
Proof. By Sard’s Theorem, there exists a regular value q. We can choose a neighborhood

U of g so that f~Y(U) = U, []---]] Uk and such that f : U; — U is a diffeomorphism. Let
x € Q¢(U) satisfy [, x = 1. Then f*x is supported in Uy U - - - U U, and we have

/Mf*xzi/mf*xzisgn(

lpi)- (18.6)

k
folo) /Ux = sen(s

O
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18.2 Applications of degree

Corollary 18.11. There does not exist any non-zero vector field on S™ for n even.

Proof. Let A: S™ — S™ be the antipodal map. We first claim that deg(A) = —1 for n even.
Clearly A is a diffeomorphism, so we just need to check if it is orientation preserving or not.
The standard orientation of S™ is given by

w= (xl%) a(dxt A - A da™ . (18.7)
Clearly
A*(w) = (=1)"hw. (18.8)
So if n is even, we have deg(A) = —1.

But if X is a non-zero vector field on S™, let 7,(¢) be the portion of the great circle such
that 7,(0) = p, 7,(1) = —p and such that +,(0) points in the direction of X,. Then H(p,t) =
Yp(t) is a homotopy between Id and A. This is a contradiction since deg(/d) = 1. O

Remark 18.12. Odd-dimensional spheres always have a non-zero vector field:
X = (—Ig,l’l,—$4,x3,"') (189)
We also have the following:

Proposition 18.13. If f : S™ — S™ is smooth and deg(f) # (=1)"*L, then f has a fized
point.

Proof. 1f no fixed point, then for p € S™, the line segment from f(p) to —p does not hit the
origin. Then we can define

(1—t)f(p) —tp
H(p,t) = : 18.10
PO = a1 f) S0
which is a homotopy between f and the antipodal map. O

Next, we have

Proposition 18.14. Let M be a smooth n-dimensional oriented compact manifold with
connected boundary OM. Let N be a compact connected oriented (n — 1) manifold. Let
g:0OM — N be a smooth mapping which extends to a smooth mapping G : M — N. Then

deg(g) = 0.

Proof. Let w be any smooth (n — 1) form on N such that wa = 1. Obviously dyw = 0
since N is of dimension n — 1. Then by Stokes” Theorem

deg(g) = /8 gw= /a Gw= /M dyr (G w) = /M G* (dyw) = 0. (18.11)
]
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Corollary 18.15 (Brouwer fixed point theorem). If f : B — B" is smooth, then f has a
fixed point.

Proof. Assume by contradiction that f has no fixed point. Then define G : B" — S"~! by

x— F(x)
G(r) = ———. (18.12)
[z — F(z)|
Letting g = G|gn-1, by the previous proposition, we have deg(g) = 0.
However, define H : S"~! x [0,1] — S™~! by

x —tF(x)

H(x,t):m.

(18.13)

Clearly, the denominator never vanishes, so H is a smooth homotopy between ¢ and the
identity map. Since deg(Id) = 1, this is a contradiction. O

Theorem 18.16 (Fundamental theorem of algebra). Any nonconstant polynomial in C has
a zero.

Proof. Let P(x) = ap2™ + ap_12""' + -+ + ag, where a, # 0. Recall that CP' = (C?\
{(0,0)})/ ~ where (z',2?) ~ A(z',2?) for A # 0. It is easy to see that we can extend
P(x) : S — S?% as a holomorphic map (it is a meromorphic function on C with a single
pole at infinity of order n). Since P is holomorphic, it is orientation preserving. Since P is a
polynomial, the set of critical values is a finite set. Since P is non-constant, P attains some
value ¢ € S? which is not critical. Since P is orientation preserving at all regular points,
the degree must then be non-zero (in fact, the degree is n). By the above proposition, this
implies that P is surjective. [

19 Lecture 19

19.1 Real projective spaces

Recall that RP™ is the space of lines through the origin in R"*!. Equivalently, RP" is the
space of vectors in R" modulo the equivalence relation

(U1, .« Upg1) ~ (cv1, ..., cpg1), ¢ #0. (19.1)

Since every line through the origin hits the unit sphere in exactly two points, we can desribe
RIP" as a quotient space. That is,

RP" = S"/Zs, (19.2)
where Zy acts by p — A(p) = —p. Let m: S™ — RP" denote the projection mapping.

Proposition 19.1. RP" is orientable if n is odd, and non-orientable if n is even.
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Proof. In the last lecture, we saw that

0N .
= (21— o A dz" 19.
w (a: aﬂ)J(dw Ao ANdx™) (19.3)

is a nowhere-vanishing n-form on S™ C R"™!. Clearly,
Atw = (=1)"w. (19.4)

So if n is odd, w is invariant under the above Zs action and thus descends to be nowhere-zero
n-form on RP".

In n is even, then A*w = —w. This says that A is orientation-reversing. If RP" were
orientable, then it would have a non-zero n-form w € Q"*(RP"), and the pull back form 7*w
would be a non-zero n-form on S™ which is invariant under A:

A'm*w = (mo A)'w = 1w, (19.5)
since m o A = m. This says that A is orientation-preserving, which is a contradiction. O]

We next compute the de Rham cohomology of RP".
Theorem 19.2. We have

R k=0
HY(RP") = % 2 i l:l zdz (19.6)
0 k=mneven
Proof. Since A : 8™ — S™ satisfies A2 = Idgn. For each 0 < k < n, we have that
QF(S™) = QF (S™) @ QF (S) (19.7)
where
QF(S™) = {w e QF(S™) | A*w = Fw}, (19.8)
because we can write
W= %(w + AW + %(w — A'w) (19.9)
We claim that
™ QF(RP™) — QF (S™) C QF(S™), (19.10)

and is an isomorphism. Just as above m o A = 7 implies that A*1*w = 7*w, so clearly the
image of the pull-back lies in the space of invariant forms. Next, we need to show that if
w € OF(S™), then w is the pull-back of a form a € QF(RP"). That is, if A*w = w, then for
pe S" and Xy,..., X € T,5",

wWp( X1, Xpp) = (T70)p (X1, -, Xi) = Q) (M X1, o0 T X)), (19.11)
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Let us use this equation to define ary,). We need to prove this is well-defined. Given
[p] € RP", there are exactly 2 preimages p and A(p) = —p. The mappings (7.), : 1T,5" —
T[p]R]P)n, (’/T*)A(p) : TA(p)Sn — T[p]RPn, and (A*)p : TpSn — TA(p)Sn are iSOHlOI‘phiSHlS. Given
[p] € RP" and Y3,...Y), € TjRP", there are exactly 2 choices:

ap(Yi, .. Vi) = wp((ma), "Y1, . (), ' Ya), (19.12)
or
(Vi Vi) = wag) (1) 3y Vi, - (m) 50, Vi), (19.13)

Since m o A = 7, we have

() Ay (As)p = (T)p- (19.14)
Since all of the mappings are isomorphisms, this implies that
()i = (A, (19.15)
SO can be rewritten as
(Vi Ye) = wag(A)p(m)y Vi, .. (A)(m)y V). (19.16)

The condition that w is invariant under A, A*w = w says that

(A"w), (X1, Xi) = wag (A X1, AKXy (19.17)

Choosing X; = (m,),'Y;, we see that (19.12) = (19.13), therefore o is well-defined.
We next note that if A*w = w then

A'dw = dA™w = dw, (19.18)
so the exterior derivative maps
d: QF(S™) — QEFL(S™). (19.19)
We therefore have the commutative diagram

-1 QFYRPT) — QF(RP) —Ls QFL(RP?) —1 -

lw* l”* l”* (19.20)

. d Q’fl(S”) d ; Qﬁ_(sn) d ; QT_l(Sn) L}

Since 7* is an isomorphism, we have
Hip(RP") = HY(Q(5™)) (19.21)
We next note that if A*w = —w then

Atdw = dA*w = —dw, (19.22)
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so the exterior derivative maps
d: QF (S™) — QFFI (™). (19.23)
We can also decompose the de Rham complex on S™ by
OF1(5m) @ QFL(sm) 2Lk (57) @ 0k (57) 2L, L (gn) @ R (M), (19.24)
This implies that
HER(S™) = HF(QU(S™) @ HF(Q(S™)). (19.25)

Next, note that since A is a diffeomorphism satisfying A? = Idg», we have that A induces a
mapping on cohomology

A HEL(S™) — HbR(S™), (19.26)
which also satisfies (A*)? = Idyr(gny. Consequently, we can decompose
HEL(S™) = HE(S™) @ HF (™), (19.27)

where HY (S™), H*(S™) are the invariant and anti-invariant cohomology classes, respectively.
Equivalently, these are the +1 and —1 eigenspaces of A*. We next claim that
H*(Q(S™) = HE(S™). (19.28)
This follows because we have two decompositions
Hi(S") = HHL(S™) @ HH(@(S™) 929,
— HE(5") @ HE(S7), |

the first factors are the +1 eigenspace, and the second factors are the —1 eigenspace, so they
must be equal.

To finish the proof, we clearly have HY,(RP") = {0} for 0 < k < n. For k = n, we
know that A* = (—1)"*! acting on H75(S™), so we have that H},(RP") = R if n is odd, and
H(RP") = {0} if n is even.

m

20 Lecture 20

20.1 Finite group quotients

Let M be a smooth manifold, and I" be a finite group. An left action of I" on M is a smooth
mapping
A:T'xM—M (20.1)
satisfying
A(g192,p) = Alg1, A(g2, p))- (20.2)

For each g € I', then mapping A, : M — M is a diffeomorphism since it has inverse A 1.
Also, A(e,p) = p for all p € M, where e is the identity element of I'.
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Definition 20.1. The action A is free if A(g,p) = p for some p € M implies that g = e.

We define the quotient space M /T as the set of equivalence classes [p] where the equiva-
lence relation is p; ~ py if there exist g € I" such that A(g, p1) = pe.

Proposition 20.2. If the action is free, then the quotient space M /T is a manifold. Fur-
thermore, m : M — M/T" is a covering space of order |I'| with deck transformation group
r.

Proof. We will leave this as an exercise. O]
Definition 20.3. The space of invariant k-forms

Q5 (M) ={w e Q"(M) | Alw =w for all g € T'}. (20.3)
Proposition 20.4. The mapping ©* : Q*(M/T) — Q¥ (M) is an isomorphism.

Proof. For each g € T', we have m o A, = m which implies that A*7*w = 7*w, so clearly the

image of the pull-back lies in the space of invariant forms. Next, we need to show that if
w € QF (M), then w is the pull-back of a form o € Q¥(M/T). That is, if A%w = w for all
g €', then for p € M, and X;,..., X} € T,M,

wp( X1, .o, X)) = (77 0)p (X1, .o, X)) = Q) (X, oo, T Xg). (20.4)

Let p be any preimage of [p] under the projection 7. The mapping (7), : T,M — Tj,(M/T)
is an isomorphism. Given Yi,...Y} € Ty, (M/T'), we define

ap(Y1,...,Y) = wp((ﬁ*)lel, e (W*);lYk). (20.5)

We need to show this is well-defined. Let p be any other preimage. Then there exists g € '
such that p = Ayp. Using A p instead of p in the definition yields

Qg (Yi, e ,Yk) = wAg(p)<<7T*)2;(p)}/1, ceey (W*)E;(p)yk)' (206)

Since mo Ay = m, we have

(1) 4,0) ((Ag)u)p = () (20.7)
Since all of these mappings are isomorphisms, this implies that
(T) 2y = (Ag))p(ma), (20.8)
SO can be rewritten as
(Vi Vi) = w0, (A () Vi (AL (), Y. (209)

The condition that w is invariant under A,, A’w = w says that

wp(Xl, Ce ,Xk) = (A;w)p(Xl, R ,Xk) = wAg(p)((Ag)*Xl, ce (Ag)*Xk> (2010)
Choosing X; = (), 1Y;, we see that (20.5) = (20.6)), therefore « is well-defined. O
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Proposition 20.5. We have

HiG(M/T) = HE (@3, (M)) (20.11)
Proof. If A*w = w then
A%dw = dA™w = dw, (20.12)
so the exterior derivative maps
d: QF (M) — QMY(M). (20.13)

We therefore have the commutative diagram

-1 QFN(M/T) — QF(M/T) —s QMY (MT) —L -

l”* lﬁ lﬁ* (20.14)

o @5 00) —4— 5 (1) —— 2501 —

Since 7* is an isomorphism, this finishes the proof. O
Next, we have the following
Proposition 20.6. The induced mapping
T Hyo(M)T) — Hbo (M) (20.15)
18 1njective.
Proof. We have that % (M) C Q*(M) is a subcocomplex. This induces a mapping
HE Q4 (M) — (M) (20.16)

by the following. Take an equivalence class [w] € H*(€2 (M)) represented by w € QF (M),
and map this to the cohomology class [w] € H¥,(M). This is well-defined, since if w = da
where a € Q5 1(M) then obviously [w] = 0 in H¥,(M) also.

By the previous proposition, we just need to show that the mapping is an injection.
For this, we need to show that if w € QF (M) satisfies w = da for o € Q¥ (M), then w = dj3,
where 3 € Q%1(M). For this, simply define

1 *
b= > A (20.17)
gel
For any ¢’ € G, this satisfies
Ay = m Z AgAga = m Z Aggra = |T| Z Aga=p (20.18)
gel gerl gel’
so B € Q" H(M). Then
1 . 1 . 1
dﬁ:WZdAg&:WZAgda:mZda:da. (20.19)
ger ger gel
0
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Definition 20.7. The kth Betti number of M is
V5(M) = dim(HE,(M)). (20.20)
We can phrase the above result as follows.
Theorem 20.8. [If 7 : M — M isa covering space then
vE(M) > bE(M). (20.21)

Definition 20.9. The Euler characteristic of M is

n

X(M) = (=1)*v*(M). (20.22)

k=0

The following theorem is more difficult to prove (with the right machinery however, it is
easy).

Theorem 20.10. If 7 : M — M is a covering space with deck transformation group T' then
X(M) = T] - x(M). (20.23)

We will prove this a bit later.

20.2 Compactly supported cohomology

If M is noncompact, the mapping 7 : M — M /T is proper. Therefore we have
™ QE(M/T) — QF (M). (20.24)
The above arguments holds verbatim for compactly supported cohomology, so we have:
Proposition 20.11. The mapping © : Q¥ (M/T) — QF (M) is an isomorphism, and
Hgqp(M/T) = H(Q; , (M)). (20.25)
Furthermore, the induced mapping
7 HY yn(M/T) — HY o (M) (20.26)

18 1njective.

21 Lecture 21

21.1 Top cohomology of nonorientable manifolds

Theorem 21.1. If M is a smooth manifold of dimension n which is non-orientable and
connected then

Hyjp(M) ={0} and H;z(M)={0}. (21.1)
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Proof. Recall the construction of the orientable double cover 7 : M — M: the bundle A™(M)
is a real line bundle. Endow this bundle with a Riemannian metric, and then M is the unit
sphere bundle. Since M is non-orientable, M is connected. The mapping A : Wp = —wp is
clearly a free Zg-action on M, and M = M /Z,.

We claim that M is orientable. Given p € M, there are precisely 2 preimages p and Ap
under 7. The point p = w, is, by definition, a non-zero n-form on 7,M, so determines an
orientation on T,M. The mapping =, : TI;]\Z — T,M is an isomorphism, so we give T; ﬁM
the induced orientation. Similarly, we give Tl4; the induced orientation. This clearly gives
a smooth orientation on M, called the tautological orientation. Note that the mapping A is
orientation-reversing ( otherwise, the quotient space would also be orientable).

For compactly supported cohomology, we have

T deR(M/P) — deR(M) (21.2)

is injective. Given w € QP(M), we have w = 7*w satisfies A*® = @. But

/M@:—/MA“:—/MA*@, (21.3)

since A is orientation-reversing. Consequently,

/Ma) = 0. (21.4)

By Poincaré duality, this implies that [@] = 0 € Hgde(Z\;[ ). But since 7* is injective, this
implies that [w] =0 € H];p(M).

For the regular de Rham cohomology, we only need to consider the case that M is
noncompact. Then M is also noncompact. By Poincaré duality, we have

Hp(01) = (HY(N1)) " = {0}, (21.5)

But since
7 < Hlg(M) — Hi (1) (21.6)
is injective, this implies that H},(M) = {0}. O

21.2 Summary

Let us summarize our results on the top-dimensional cohomology of any connected smooth
n-dimensional manifold.

Theorem 21.2. Let M be a connected smooth n-dimensional manifold. Then

" R M compact and orientable
0 M otherwise
and
R M orientable
"M = ) 21.8
c’dR( ) {0 M otherwise ( )
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Proof. 1If M is orientable, Poincaré duality says
Hip(M) = (Hg gp(M))" (21.9)

If M is compact, the right hand side is 1-dimensional. If M is non-compact, the right hand
side is O-dimensional. In the orientable case, we also have

Hp (M) = (Hgp(M))", (21.10)

and the right hand side is always 1-dimensional, if M is either compact or non-compact.
The non-orientable cases follow from Theorem 21,11

21.3 Compact surfaces

By “surface” we will mean a 2-dimensional smooth manifold. We will compute the de Rham
cohomology of any compact surface. First, we need to define the connected sum operation.

Given surfaces M, My choose points p; € M;, i = 1,2. Let U; be a neighborhood of
p; which is diffeomorphic to By(2), a ball centered at the origin of radius 2 in R* = C.
Let ¥; : B(0,2) — M; be a diffeomorphism such ¥;(By(2)) = U; and ¥;(0) = p;. Let
Vi=M;\ ¥;(Bo(1/2)).

Definition 21.3. We define M #M; = Vi [[ V2/ ~ where the equivalence relation is z ~ w
if z € U1(By(2) \ Bo(1/2)) and w € Wy(By(2) \ By(1/2)) satisfy

T (2) ~ (U5 (w) 7 (21.11)
where the right hand side means the inverse as a complex number.
Exercise 21.4. Prove the following properties of the connected sum:
(i) Show that M;#M, is a surface.

(ii) Show that if M; and M, are orientable, then so is M;#M,. (Hint: the map z > 27!
is orientation-preserving).

(iii) If either M; or M, is non-orientable, then M;# M, is non-orientable.

Theorem 21.5 (Classification of compact surfaces). If M is an orientable compact surface
then M 1is diffeomorphic to

k
——f—
S? or T #T? = kH4T?, (21.12)
for some k € Z. If M is a non-orientable compact surface then M is diffeomorphic

k

RP*4 ... #RP? = k4RP? (21.13)

for some k € Z.
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We will not prove this, but will determine the de Rham cohomology groups of each of

these cases. This will show that these examples are pairwise non-diffeomorphic.

Theorem 21.6. We have

R k=02
Hk 82 — ) 7
ir(S7) {0 Eo1
and x(S?) = 2. If M = g#T?, then
R =0,2
HY (M) = T
dR( ) {Rgg E—1
and x(M) =2 —2g. If M = (g + 1)#RP? then
R k=0
Hip(M)={RY k=1,
0 k=2

and x(M)=1—g.

(21.14)

(21.15)

(21.16)

The remainder of this section will be occupied with the proof. We already know this is
true for S? and RP?. For T2, we can cover by open sets U, V, such that U and V retract to

St and U NV retracts to 2 copies of S1. The Mayer-Vietoris sequence gives
0 —— Hyp(T?) —— Hgp(S") ® Hip(S') —— Hgp(S'11SY) j

{—> Hip(T?) —— Hip(5%) ® Hip(S") —— Hip(STI1S7) j

[—> H2.(T?) > 0.

This is

0 s R >R@R—>R@Rj

L)H(%R(TQ) —— ROR —— RBR

Le— .
Recall the lemma:

Lemma 21.7. If
0 s 1V —=— 14

2\
~
=

L
2\
=~
2\
jan)

18 exact, then
0 = dim(V) — dim(V3) + dim(V3) 4 - - - + (= 1) dim(V}).
Applying the lemma yields that Hj,(7T?) =R @ R and x(7?) = 0.
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22 Lecture 22

22.1 Compact surfaces

We continue the proof of Theorem [21.6, Next, we have

Proposition 22.1. The Euler characteristic of a connect sum of surfaces is given by
X(Mi#Ms) = x (M) + x(Ma) — 2. (22.1)

Proof. Given any decomposition of M = U UV into the union of 2 open sets, we have the
Mayer-Vietoris sequence,

0 —— H' (M) —— H(U)® H)R(V) —— HIR(UNV) j

L Hip (M) —— HL(U)® H (V) —— Hi(UNV) j (22.2)

[—> H2.(M) —— H2,(U)® H3p(V) —— HQ(UNV) —— 0.
Lemma [21.7] implies that
X(M) =x(U) +x(V) =x(UnNV). (22.3)

Given a surface M and p € M, cover M by open sets U = M \ {p}, V' a small ball around
p, and UNV ~ St Applying (24.3),

X(M A\ A{p}) = x(M) - 1. (22.4)

Next, we cover My# My by U ~ My \{p1}, V ~ My \ {p2} and such that U NV retracts onto
St. Applying (24.3) with (22.4)) yields

X(Mi#My) = x(My) = 1+ x(My) — 1 = x(S") = x(My) + x(Mz) — 2. (22.5)
O
In the orientable case, the proposition implies that
X (9#T%) =2 —2g. (22.6)
In the nonorientable case, the proposition implies that
X((g+ D#RP?) =1 —g. (22.7)

and the dimension of the middle de Rham homology group follows since we know the di-
mension of the top de Rham cohomology group.

Proposition 22.2. We have the miscellaneous facts about surfaces:
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The orientable double cover of (g + 1)#RP? is g#T72.
The Klein bottle is diffeomorphic to RP?#RP?.

We have T?*#RP? is diffeomorphic to 34#RP2.

e Any compact nonorientable surface is diffeomorphic to a compact orientable surface
connect sum with an RP?* or Klein bottle.

We leave the proof as an exercise.

22.2 Triangulations

Define the standard p-simplex to be
P
AP — {(to,...,tp) ER”“,Zti:l,tiZO}. (22.8)
=0
For 0 <i < p, the ith face of A? is the (p — 1)-simplex
AP APTE 5 AP (22.9)
defined by
(to, .. 7tp_1) — (to, ey tii1, 008, tp—l)- (2210)

More generally, for £ < p — 1, a k-face of A? is a simplex obtained from A, obtained by
setting p — k of the coordinates equal to 0.

Definition 22.3. If M is a smooth compact n-dimensional manifold, a triangulation of M
is collection of diffeomorphisms

b A" — M (22.11)
for 2 = 1... N whose images cover M and such that if
i (AP) N ef (A7) # 0, (22.12)
for 7 # j, then the intersection is exactly a k-face of both simplices for 0 < k < p — 1.

We will refer to image of ¢} as an n-simplex of the triangulation, and the image of any
k-face of a simplex will be called a k-simplex of the triangulation. Let a4 be the number of
k-simplices in a triangulation.

Theorem 22.4. If a smooth compact surface M admits a triangulation, then

X(M)=ayp—a;+ay=V —E+ F. (22.13)
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Proof. Clearly, we can assume that M is connected. Let U be the union of small balls around
the barycenters (center of mass) of the 2-simplices p;. Let Vi = M \ U2, {p;}. Then UNV
is homotopic to the disjoint union of s copies of S*.

Applying the Mayer-Vietoris sequence to U and V' yields that

0 > R » R2 @ HOp(Vy) —— R*2

L Hijp(M) ——— Hjp(Vh) ———— R (22.14)

[—> Hi(M) —— H2,(V;) ——— 0.
Lemma implies that
0=1—ay—b"(V}) +ag—b" (M) +b" (V) —ay + b*(M) — b*(V1), (22.15)
or
X(M) = x(V1) + az. (22.16)

We next apply the Mayer-Vietoris sequence on Vi, with a new U and V. For this, if 2
2-simplices intersect along a 1-face, then we can connect the barycenters by a curve which
intersects the 1-face in the barycenter of the 1-face.

Then let U be the disjoint union of sets diffeomorphic to balls which are slight “fattenings”
of slight shrinkings of the curves (so that they are disjoint near the endpoints). Let V{ be the
complement in V; of the union of the curves joining the barycenters. Then V; = U UV, V;
is the union of a; balls, and the set Vj deformation retracts onto the set of O-faces. Also, the
intersection consists of 2a; sets diffeomorphic to balls, since each curve cuts the fattenings
into 2 pieces.

0 > R » R @ R —— R
(22.17)
[—> Hip(Vi) — 0
Lemma [21.7] implies that

x(V1) = ap — au. (22.18)

Combining with , we have
X(M) = ap — a; + as. (22.19)
O
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Remark 22.5. In higher dimensions, it is true that

n

X(M) => (=)o, (22.20)

k=0

but we leave this as an exercise. (The above proof basically extends to the higer-dimensional
case; see [Spi79, Chapter 11]. )

Corollary 22.6. If a finite group I acts freely on a compact manifold M, then
X(M) = |- x(M/T). (22.21)
Proof. If M/T has a triangulation with oy, k-simplices, then we can pull-back the triangula-

tion to M, which is a triangulation with dy = |I'|ay k-simplices. ]

23 Lecture 23

23.1 Complex projective space

Complex projective spaces is defined to be the space of lines through the origin in C**!.
This is equivalent to C"*'/ ~_ where ~ is the equivalence relation

(2% 2" ~ (. w™) (23.1)
if there exists A € C* so that 27 = Aw’ for j = 1...n. The equivalence class of (2°,...,2")
will be denoted by [2° : -+ : 2"]. Letting U; = {[2° : --- : 2"]|27 # 0}, CP" is covered by
(n + 1) coordinate charts ¢, : U; — C" defined by

0 G-l g+l n
b [0 2 e (513..., S ..,fi-), (23.2)
& A &
with inverse given by
¢t (wh o w) = wh T L w w", (23.3)

The overlap maps are holomorphic, which gives CP" the structure of a complex manifold,
and is therefore orientable.

Theorem 23.1. The de Rham cohomology of CP" is given by

R &k even

(23.4)
0 k odd

H5R(C]P’”) = {

Proof. We note that CP" = U UV, where U is diffeomorphic to C", V is a tubular neigh-
borhood of CP" ! and U NV deformation retracts onto S**~*. The Mayer-Vietoris sequence
gives
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0 —— HCP") —— HY%.(C?) @ HY,(CP" ') —— HYL(S* 1)

L—) HiR(CPn) — HéR((CPn_I) B HéR(SQn_l) (23-5)

t—) H(CP") — HgR(C]P’”*I) —— H2 (S —— -

The theorem follows by induction since we know the de Rham cohomology of S?"~! is non-
zero only in degrees 0 and 2n — 1. O

Theorem 23.2. The de Rham cohomology ring of CP" is
Hip(CP") = Rlw]/(w™*), (23.6)
where u is an element of degree 2.
Proof. Proos is by induction. Assume that the statement is true for n — 1, so that
Hp(CP" ) = R[a]/ (™), (23.7)

for « € H2,(CP"'). The Mayer-Vietoris sequence shows that the inclusion i : CP"~' — CP"
induces an isomorphism

i* . H*(CP") = H*(CP" 1) (23.8)

for k < 2n, so there is a element w € H?(CP") so that i*w = a. Then i*w* = o is not zero
for k < n.
Next, we use the isomorphism from Poincaré duality

H3 (CP) = (Hip(CP"))" (23.9)

with isomorphism given by the paring

(W [w)) = " (23.10)

which implies that w™ is not zero in H%(CP"). O

Remark 23.3. Later, we will give a more geometric way to understand this using intersection
theory.
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23.2 Branched covers

Definition 23.4. Let M and N be compact surfaces. We say that f : M — N is a degree d
branched covering if there exist S = {p1,...px} € N such that f is is a d-fold covering space
away from S, f~1(p;) is finite, and near and q € f~!(p;), f is diffeomorphically conjugate to
z — 2% for some integer d,.

Note that the sum of the branching degrees d, ; for ¢; ; € f~*(p;) must satisfy Zj d;; = d.

Remark 23.5. Assuming that M and N are compact Riemann surfaces. Then any noncon-
stant holomorphic mapping f : M — N is a branched covering. This follows because the set
of critical values must be finite; in local holomorphic coordinates, a critical point satisfies

% = 0, since f is nonconstant, and this equation can only have finitely many zeroes. Away

from the critical values, f must be a covering space, with the number of sheets given by the
degree of f, which we know is the multiplicity of f, : Hiz(M) — H2p(N).

Theorem 23.6 (Riemann-Hurwitz formula). If f : M — N is a degree d branched covering,
then

X(M) =d-x(N) =) (d, — 1), (23.11)

peEM
where dy, is the local branching degree at p.

Proof. Consider a triangulation of N which has vertices at all of the critical values of f.
This lifts to a triangulation of M which has d times the number of faces, and d times the
number of edges. Then number of vertices is d times the number of vertices which are not
at branching points. At a branching point, the number of vertices is reduced by d,. O

23.3 Hypersurfaces in CP"

Let f4 be a homogeneous degree d polynomial in the variable (zo, ... z,), that is

fo=>_ar? (23.12)

[|=d

where [ is a multi-index of length n + 1. Although f; is not a well-defined function from
CP" to C, the subset

Vi ={p € CP": fu(p) = 0} (23.13)

is a well-defined subset of CP".
Also, for each i =0...n, % fa is a homogeneous degree d — 1 polynomial. We have the
following

Proposition 23.7. If f; and %fd for i = 0...n have no common zeroes, then Vi is a
submanifold.

Proof. This follows from the implicit function theorem, details are left as an exercise. O
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We will now restrict to CPP?, and consider the hypersurface defined by
fao=23+ 24423, (23.14)

We claim this is a submanifold: we have

0 d—1
- fa = dz; . 23.1
8z@fd dZZ ( 3 5)

The set where 52 f; = 0 is the subset {[20, 21, 22] € CP" | z; = 0}. These 3 subsets have no

common zero, therefore V; is a smooth Riemann surface.

Proposition 23.8. The surface V}, is compact orientable and has genus

(d—-1)(d-2)

> (23.16)

g=
Proof. The subset V is closed, and since CP? is compact, V is compact. We know V has a
complex structure, and since holomorphic maps are orientation-preserving, V' is orientable.
To find the genus, let w : CP*\ [1,0,0] — CP' by [20, 21, 22] = [21, 22]. Since the point [1,0, 0]
is not on V' = V},, the restriction of 7 to V gives a holomorphic mapping 7 : V — CP'.
Since f is a degree d polynomial, this mapping has degree d. The branch points are the
subset

{[z1, 22] € CP* | 2§ + 24 = 0} = {[1, 4]}, (23.17)

where (4 is a dth root of —1. There are exactly d of these, so there are d branch points of
order d. The Riemann-Hurwitz formula then gives

\(V) = dx(CP') — d(d — 1) = — + 3d. (2318)
But we know that x(V') = 2 — 2¢g, and solving for g yields ([23.16]). O

The first few values of this, starting with d = 1 are
0,0,1,3,5,10,15,21... (23.19)

The degree 1 case is a line, so is obviously CP'. The degree 2 case is also an S2. The degree
3 case is a torus; this is called an elliptic curve.

Remark 23.9. Actually, the result holds for any smooth degree d hypersurface in CP?,
not just the degree d Fermat hypersurface. To see this, one can show that any smooth
degree d hypersurface can be connected to the degree d Fermat hypersurface through smooth
hypersurfaces. This is because the subset of the projective space of coefficients of non-smooth
hypersurfaces is a lower dimensional set which cannot disconnect. So we can connect any
degree d hypersurface to the Fermat one by a curve of coefficients (¢). One can then use
the implicit function theorem to show that all of the hypersurfaces in this family must be
diffeomorphic (aka Ehresmann’s Theorem).
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24 Lecture 24

We will use the following lemma.

Lemma 24.1. If N¥ C M™ is a compact submanifold, and n is even, then
X(M) = x(N) + x(M\ N). (24.1)

Proof. Given any decomposition of M = U UV into the union of 2 open sets, we have the
Mayer-Vietoris sequence,

0 —— H'(M) —— Hp(U) ® Hyp(V) —— Hip(UNV) j

{‘) Hjp(M) —— Hjp(U) ® Hjp(V) —— Hip(UNV) j

(24.2)
L H2 (M) —— HZ(U) & H2(V) —— HZ(UNV) — 0.
Lemma implies that
X(M) =x(U) +x(V) =x(UnV). (24.3)

Now, we choose U = M \ N, V = D.(N) a tubular neighborhood of N, which deformation
retracts onto N. Then U NV is a punctured disc bundle over N, and deformation retracts
onto V' = S.(N), which is a sphere bundle over N. Since n is assumed to be even, S.(N) is
a smooth odd-dimensional manifold (for € sufficiently small). If S.(NN) is orientable, then by
Corollary [17.7, x(Se(N)) = 0. If S((N) is non-orientable, then the orientable double cover
S satisfies x(S) = 0. Then by Corollary

0= x(5) = 2x(Se(N)). (24.4)

So in either case we have
X(M) = x(M\ N) + x(N). (24.5)
O

Remark 24.2. The Lemma is also true in odd dimensions, but we will need an extra tool
to prove this.

24.1 Degree d hypersurface in CP"

We now consider V; C CP", where

fa= Z 22, (24.6)



We have % = dz™!. The zero set of this is

Zi = {[z0,- .- 2n) €CP" | z; =0} = CP* 1. (24.7)

Clearly ZoN---N Z, =, so by Proposition V¢ is a smooth submanifold. We will also
call Vy as V'
Consider the projection

7 : CP"\ [1,0,...,0] — CP"! (24.8)
given by 7[zo, ..., 2] = [#1,. .., 2s). Since [1,0,...,0] ¢ V}, we can consider
TV — CP"! (24.9)
Given [z1,...,2,] € CP""!, the equation

n

w==> (24.10)

=1

will have exactly d distinct root, unless
d _
zi =0, (24.11)

in which case there is a single solution 2z = 0.

We say that 7 : V' — CP"! is d-fold cover of CP"~!, brached along a degree d hyper-
surface V"' c CP"".

This means that

T Vi\a (V) = P\ vt (24.12)
is a d-fold covering space. By Corollary [22.6] we have
X (Vi \ o (Vi) = d(x(CP" P\ Vi) (24.13)
Using Lemma [24.1] we have
X(Vi) = x (@ (V™) = d(x(CP" ) — x (V7). (24.14)

But 7 : 77 1(V;"!) — V]! is a diffeomorphism, and using Theorem [23.1, we have the
recursive formula

X(Vi) = nd + (1= d)x(Vi ). (24.15)
Note that V' consists of d distinct points in CP', so
x(V3) =2d+ (1 —d)d = —d? +3d = d(3 — d) (24.16)
which we derived last time. For n = 3, we have

x(V3) =3d+ (1 —d)d(3 — d) = d(d* — 4d + 6). (24.17)
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24.2 The quadric hypersurface in CP?

We let f = 23 + 22 + 25 + 25. Then from (24.17) we know that V; = V;* satisfies x(V3') = 4.
Let’s see what else we can say about this case.
Make the change of variables

20 = Wy + 1wy, 21 = iwg + Wy, 2o = Wy — W3, 23 = —Wy + W3, (24.18)
Then V3} is equivalent to the hypersurface in CP* defined by
{{wo, w1, w2, ws] | wowr = waws}. (24.19)
We define a mapping o : CP!' x CP* — CP? by
o ([20, 21], [22, 23]) = [2022, 2123, 2023, 2122)] (24.20)
Then obviously o(CP' x CP') C V.
Proposition 24.3. The mapping o is a diffeomorphism from S? x S?% to V3.

Proof. Consider the point [1,0,0,0] € V;}. The preimage under o is defined by the equations
2020 =1, 2123 =0, 2923 =0, 2120 =0 (24.21)
Clearly this implies that z; = 0 and z3 = 0 so there is a unique preimage point
o ([1,0,0,0]) = ([t,0], [1,0]). (24.22)
Near this point, we can write the mapping as
([1, 2], [1, w]) = [1, 2w, w, z (24.23)
So locally, the mapping is from C? — C3
(z,w) = [zw,w, 2], (24.24)

This is a graph, so the differential is an isomorphism on the tangent space to the origin.
Consequently, we have deg(o) = 1, so o is surjective by Proposition . The action of the
automorphism group is transitive, so the above calculation shows that the differential is an
isomorphism at any point, so there are no critical points, and the degree 1 statement implies
that every point has a single preimage since the mapping is holomorphic. O

Corollary 24.4. The de Rham cohomology groups of S* x S? = V33 are

R k=04
HMS*x S?)=(R? k=2 . (24.25)
0 k=13
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Proof. Since S? is simply connected, S? x S? is also. To see this, let v : S — S? x S? be
a closed loop. Then ~; = m;y : ST — S?, and since S? is simply connected, there exists
homotopies H; : [0,1] x S* — S? such that H;(0,t) = v;, and H;(1,¢) = p;, where p; are any
2 points in S?. Then H = (Hy, Hy) : [0,1] x S* — S% x S? is a homotopy between v and a
constant mapping.

We claim this implies that H}(S? x S?) = 0. To see this, given any a € Q!(S5? x S?)
with da = 0, fix any point (pg, qo) € S* x S? and define

f(p,q) = La = /[0’1]7 a, (24.26)

where 7 is any smooth path from (pg,qo) to (p,q). This is well defined because if v; and
v are 2 such paths, then (—v2) * v; is a closed path, and therefore bounds a 2-disc D. By

Stokes’ Theorem
/ a= / da = 0. (24.27)
(—y2)* D

We therefore have b' = 0. By Poincaré duality b*> = 0. By the above computations, we know
that x(S? x S?) = 4, which implies that by = 2. O

Exercise 24.5. Improve the above argument to show that if 7r; (M) is finite, then H}(M) =
0.

Remark 24.6. This will also follow from the Kunneth formula.

It follows from the Lefschetz hyperplane theorem that V;} is simply connected. We will
probably not have time to prove this, but this implies the following.

Proposition 24.7. The de Rham cohomology of V} is given by

R k=0,4
HA(V3) = { REFF-4A+6d-2 | 9 (24.28)
0 k=1,3

24.3 The non-orientable case

Later, we will show that RP? cannot be embedded in R3. But today, we will show that RIP?
can be embedded in R*. We define a mapping from R? to R® by

¢ (z,y,2) —~ (2%,9%, 2%,V 2y, V2x2,v/2yz) (24.29)

When restricted to S? C R3, this mapping is invariant under the antipodal map, so we get
a mapping

¢ : RP? — RS (24.30)
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which is easily checked to be an embedding. The image of ¢ lies in the subset of RS:

6
vz{(:cl,...,xG)eRﬁ|x1+x2+x3:1,zx§:1} (24.31)
i=1
This is S° C RS intersected with a hyperplane, so is diffecomorphic to S*. So we have a
mapping of

¢ : RP* — S*. (24.32)

Since S*\ {p} is diffeomorphic to R* under stereographic projection, we find the claimed
embedding. This is called the Veronsese RP? in S*.

Note we also have that RP? embeds into CP? as the submanifold with all real coordinates.
There is an involution of CP? given by

C: [Z(), 21, ZQ] — [20,51722]. (2433)

The fixed point set of this involution is RP?. so we have that CP? is a double cover of
CP?/Zy, branched over an RP?. The above higher dimensional branched covering formula
says that

X(CP?) = 2x(CP*/Z,) — (2 — 1)x(RP?), (24.34)

which implies that x(CP?/Z,) = 2. It turns out that CP?/Z, is diffeomorphic to S*, and
the branch locus is the above embedded RP?! We will leave this as a challenging exercise.

25 Lecture 25

25.1 Long exact sequence in cohomology with compact support

We will let N C M be a compact submanifold of a smooth manifold M, which is not
necessarily compact. Then M \ N is a manifold, and we can consider

QP(M \ N) —— Q2(M) ——— QP(N), (25.1)

where e is the extension map, and ¢ : N — M is the inclusion mapping. We clearly have
that i*oe = 0, or I'm(e) C Ker(i*). However, the opposite inclusion is not true. This is
because in w € QP(M) restricts to zero on N, then it is not necessarily 0 in a neighborhood
of N.

To fix this problem, we instead consider the germs of forms on N (similar to how we
defined germs of functions in the beginning of the course). Let w; € QP(U;), where Uj is a
neighborhood of N in M. We say that w; ~ ws if there is a neighborhood Us of N such
that wy|y, = waly,. We call the set of such equivalence classes by GP(N). We can extend
d : GP(N) — GPTL(N) just by taking d of a representative form. If 2 forms agree in a
neighborhood of N, then their exterior derivatives will also agree in the same neighborhood
of N. The pull-back mapping * : QP(M) — GP(N) is defined just by pulling back a form to
a neighborhood of U, and then projection to a germ.
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Proposition 25.1. The sequence of co-complezes
0 —— Q(M\ N) —— Q2(M) —“— GP(N) —— 0 (25.2)

18 exact.

Proof. Obviously, e is injective. We have that i*oe = 0. To see this, if w € QP(M \ N), then
w is zero in a neighborhood of U. Then obviously the germ of w is zero. This implies that
Im(e) C Ker(i*). For the reverse inclusion, let w € QP(M) such that i*w = 0. This means
that there is a neighborhood U of N such that w|y = 0. Then W’ = wypn has compact
support, and w = ew’.

To finish, we need to show that the mapping i* is surjective. Given a germ [w] € GP(N),
it is represented by a form w defined on a neighborhood U of N. Let U’ C U be a smaller
neighborhood with U’ C U. Let x be a cutoff function so that x = 1 on U’ and 0 on M \ U.
Then v’ = yw € Q2(M) and i*w' = w. O

Lemma 25.2. The cohomology of H*(G*(N)) = HY,(N) for k > 0.

Proof. First, we note there is a morphism of cochain complexes from G*(N) to QP(N) given
by ¢*: GP(N) — QP(N) such that the following diagram commutes for every p

GP(N) —2— Gri(N)

L* |+ (25.3)

QP(N) —2 QP+L(N)

Y

where dg is the extension to germs of the exterior derivative, and ¢* is just restriction of any
representative of a germ to N. This induces a mapping

 HP(GH(N)) — HER(N), (25.4)

which we claim is an isomorphism.

Let U be a tubular neighborhood of NV, which we identify with a small disc bundle in the
normal bundle of N, and we have 7 : U — N. We define 7* : QP(N) — GP(NN) given taking
the germ of the pull-back under 7. The following diagram commutes

GP(N) —2 GrHi(N)

W*T ,r*T (25.5)

LN QPHL(N),

Recall that 7 : U — N is a homotopy equivalence which is moreover a retraction. Note that
mot = Idy implies that

L* 0] 7T* = [ngR(N) (256)
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Consequently, ¢* is surjective. For the other direction we have that o is homotopic to Idy.
Let H : U x [0,1] — U be a homotopy so that H(p,1) = com and H(p,0) = Idy. Recall the
homotopy operator

" Q" (U x [0,1]) — Q" 1U) (25.7)

which was given by integration over the fiber. From Proposition [10.12] this satisfies for
w e QU x [0,1]));

(1)*w — (10)*'w = dpI*w + " dyy o w- (25.8)

where 1;(p) = (p,t). We have H o 1g = tom, and H o1y = Idy. So given w € QF(U), we can
substitute H*w in (25.8) to get

(Lom)'w —w=dyl"H*w + I"'dy o H* w. (25.9)

Consider the mapping 7** : GP(N) — GP(N). Given [w] € GP(N) such that dg|w] = 0, then
take a representative wy € ((N), such that dwy = 0 for some open set U with N C U.
There exists a sequence U; D Uy D - - - of tubular neighborhoods of N so that the intersection
is V. So without loss of generality, we can assume that U is a small tubular neighborhood
as above. The above formula then shows that

™ o t'wy = wy + dpI*H*wy, (25.10)
which implies that

™ o w] = [w] € HP(G*(N)). (25.11)

Consequently, ¢* is injective, and we are done.
O

From the proposition, the zig-zag lemma yields an exact sequence
- Hng(M\N) — Hng(M) — Hip(N) — Hﬁ’;}%(M\N) —

(25.12)

which we refer to as the long exact sequence in cohomology with compact support.

Example 25.3. Let M = CP" and N = CP""'. Then M \ N = C", so this sequence gives
a very easy inductive proof of the cohomology of complex projective space.

25.2 Generalized Jordan curve theorem

Theorem 25.4. Let N be a compact connected proper submanifold of an connected ori-
entable M™ satisfying b' (M) = 0. Then the number of components of N \ M is equal to
dim H"(N) + 1.
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Proof. The above exact sequence yields

Hng(M\N) B Hng(M) —— Hjp(N) T

(25.13)
[—> Hyjg(M\ N) —— H (M) —— Hyi'(N).
We use Poincaré duality to get
HZap(M) = (Hip(M))" = {0}, (25.14)

by the assumption that b'(M) = 0. Since M is orientable and connected, we know that
HI'7(M) =~ R, (25.15)
Since N is a proper submanifold, it has dimension less than or equal to n, so
H'74(N) = {0} (25.16)

Therefore, we have the short exact sequence

0 —— Hjp(N) —— HI/4(M\ N) y R » 0. (25.17)
Using Poincaré duality again,
HIZp(M\ N) = Hjp(M\ N). (25.18)
Finally, Lemma yields that
# of components of M \ N = dim(Hz(M \ N)) = 1 + dim(HJz(N)). (25.19)
O

Remark 25.5. We have some remarks:

e The example of {p} x St C S! x S* shows that the assumption on b'(M) = 0 is
necessary.

e Also, the example of S = RP! c RP? shows that the orientability of M is also
necessary, since RP? \ RP"! is a 2-disc, and is connected.

e However, consider RP? ¢ RP?. The assumptions of the theorem are satisfied, and the
number of components of the complement is 1.

Corollary 25.6. Let M and N be as above, If N is codimension 2 or higher, then M \ N
15 connected.

Proof. This is obvious since H}}5(N) is necessarily zero. O

Remark 25.7. A few remarks:
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e An example from last time was RP* C S*, the complement S*\ RP?* is connected.
But also, we had 7 : CP? — S*, since CP? \ RP? must also be connected this implies
that 7 : CP* \ RP* — S*\ RP? must be a nontrivial double cover. It turns out that
71(S*\ RP?) = Z, and this is the universal cover. To see this, it is not hard to show
that S\ RP? is a rank 2 real vector bundle over RP?, and thus is homotopy equivalent
to RP?, so m;(S*\ RP?) = 7 (RP?) = Z,.

e Also, for CP"™' ¢ CP", the complement is a disc, and is connected. This holds for
V; € CP", the complement is connected (actually true for any subvariety).

Theorem 25.8. If M = R*"! and N is compact, codimension 1, and connected, then N
must be orientable, and the number of components of R"™\ M is ezactly 2.

Proof. If N is orientable, then H},(M) = R, so this follows from the above. We will next
show that even if N is not orientable, then the number of components of R"*!\ M is greater
than or equal to 2, so the only possibility is that HJ,(M) = R and therefore M must be
orientable. We will just give an outline of the proof.

Given p € R"™ \ N, let S, be a small sphere around p, and let m, : N — S, be the
projection onto S, just using the obvious retraction of R"*!\ {p} onto S,.

Then we can define the winding number of N around p to be

1 #{f ' (q)} is odd

0 #{f (@)} is cven (25:20)

for any regular value ¢ € S,.

Exercise 25.9. Prove the following properties of the mod 2 degree.

e Show this is well-defined, independent of the choice of regular value (hint: use that
the boundary of any 1-manifold with boundary must always have an even number of
points).

e Show this is constant on components of R™" \ N (prove homotopy invariance).

e If p; and p, are such that the straight line segment between p; and p, hits N transver-
sally at a single point, then deg,(m,,) = 1 —degy(m,,). (Hint: we can assume that N is
locally just the hyperplane {(z1, ..., x,,0)}, and p; and py are the points {(0,...,0, £e)}.

The exercise implies that the number of component of R"*1 \ N is at least 2. Thus the
only possiblity is that dim(H}z(N)) = 1 and therefore N is orientable. O

Corollary 25.10. A compact non-orientable surface k#RP* cannot be embedded into R3.
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26 Lecture 26

26.1 FEuler characteristic

Proposition 26.1. Let N C M™ be a compact embedded submanifold of an orientable smooth
manifold M.

X(M) = x(M\N)+ (=1)"x(N) (26.1)
Proof. We use the exact sequence of a pair for cohomology with compact supports:

p—1 0" 6P 1
S HY (p(M\N) —— H? (M) —— HJ,(N) —"— ngi‘R(M\N) —_—

)

(26.2)

Using Lemma [21.7, and Poincaré duality (since M is orientable), we have
(=D)"X(M\ N) = (=1)"x(M) + x(N) = 0. (26.3)
[l

Remark 26.2. If n is even, this of course agree with Proposition [24.1} In case n is odd, this
says that

X(M) = x(M\ N) = x(N) (26.4)
But the proof of Proposition [24.1] showed that
X(M) = x(M\ N) + x(N) = x(5(N)) (26.5)

where S.(NN) is the unit sphere bundle of the normal bundle of N. Combining these two
results says that in this case we must have

V(S.(N)) = 2x(N). (26.6)

As an illustration of this, consider S° C R® and 5% = S° N {(x1,2,73,0,0,0)}. Then
X(Se(N)) =2-x(S?) = 4. So S.(N) is a 4-manifold with Euler characteristic 4. This is not
surprising because the normal bundle is trivial, so D (N) = S? x D3 s0 S.(N) = 0D.(N) =
S? x §2.

26.2 Manifolds with boundary

Proposition 26.3. If M is a manifold with boundary which has compact boundary, then
there is an exact sequence

o 2y HY (p(M\ OM) —S— H? (M) —"— HYL (M) —%— HP5n(M\OM) —— -
(26.7)
Proof. The proof is almost exactly the same as the proof of (25.12) above, with N = oM
using tubular neighborhoods of OM in M. O
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Example 26.4. For example, this can be used to give another computation of H i“ Jr(R™) by
applying to the pair (M,0M) = (D", S"1), where D" is the closed disc.

We can also use this to compute the following.

Proposition 26.5. Let m,n € Z,, then

R k=0m+n
. m R k=mornifm#n
HEL(S™ x S™) = R k—m ifm—n (26.8)

0 otherwise

Proof. Let M = D™ x ™. Then S™ x S™ = M, and M\ OM = B™! x S" where B™*!
is an open disc. By Poincaré duality, we have

HY o (B™ 1 5 ™) 2 (Ha " 0(B™ ! x S™))* = (Hy " (S™)), (26.9)

where the last isomorphism follows since de Rham cohomology is a homotopy invariant. This
in nonzeroonly if p=m+n+1orp=m+ 1.

Also M is compact, so H} ;z(M) = Hjp(M). But M is is a deformation retract of
Bt x 8™ so

HY jp(M) 22 Hjp(B™ x S™) 2 Hijp(S™). (26.10)
The result then follow from this and the exact sequence ((26.7)). O

Remark 26.6. It follows from this that x(S™ x S™) = x(S™) x x(S™). Actually, it is true
in general that x(M x N) = x(M) x x(N), this will follows from the Kiinneth formula.

26.3 Relative cohomology

We will assume that N C M is a compact submanifold of a compact manifold M. There are
two ways to define the relative cohomology Hip(M, N).

Definition 26.7 (Godbillon). First, define QP(M,N) C QP(M) of forms which vanish on
N. Then obviously d : QP(M, N) — QP (M, N), and we can define

HY.(M,N) = HP(Q" (M, N)). (26.11)
There is a short exact sequence
0 —— QP(M,N) — Q*(M) —— Q?(N) —— 0. (26.12)
The zig-zag lemma shows that there is a long exact sequence

Lo H?(M,N) — Hb.(M) i, HLo(N) LN Hg;l(M,N) — -, (26.13)
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Compare this with the long exact sequence,

sp—1 e 7* 1
s HY p(M\N) —S— HY (M) —“— HP(N) =% HPLL(MA\N) —— -

(26.14)
The five lemma shows that we have an isomorphism

HY.(M,N) = H’(M \ N). (26.15)
There is another definition of relative cohomology.

Definition 26.8 (BottTu). Define QF.(M, N) = QP(M) & QP~!(N), and a differential d :
Qpr (M, N) = Qg (M, N) by

d(w,0) = (dw, *w — db), (26.16)
where ¢ : N — M is the inclusion. Define Hp(M, N) to be the cohomology of this complex.

This is a short exact sequence of co-complexes (which commutes up to sign), so there is
a short exact sequence

0 —— QFI(N) —2 Q2 (M, N) —2 Qr(M) —— 0, (26.17)

where a(f) = (0,0) and f(w,f) = w. The zig-zag lemma shows that there is a long exact
sequence

C—o s HY (M, N) —2 HP (M) — HPL(N) —2 HEN(M,N) —— . (26.18)

Comparing with the above exact sequence ([26.14]), we again have an isomorphism
HY»(M,N) = H?(M\ N). (26.19)
so both cohomologies are the same.

Exercise 26.9. Give a direct proof that Hi,(M, N) = H},(M, N). Here is an outline, due
to Johannes Ebert on mathoverflow. For either theory, consider the sequence of complexes

0 —— QP(M,N) —2 QP(U,N) & Q*(M \ N) —2» QP(U\ N) —— 0,  (26.20)
where U is a tubular neighborhood of N. Define a morphism from Godbillon to Bott-Tu,
©:P(M,N)— Q%.(M,N) by w— (w,0). Prove that both theories agree if N = (). Also

show that if « : N — M is a homotopy equivalence, then H?(M, N) = {0} in either theory.
The result then follows from the five lemma.
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26.4 Duality on manifolds with boundary
This subsection is really just a remark. We have the following.

Theorem 26.10 (Poincaré-Lefscetz duality). If M is compact orientable manifold with
boundary, then we have

HE, (M, 0M) = (H? (M))", (26.21)
Proof. From the above, we have that
Hijp(M,0M) = H] ;n(M\ OM). (26.22)
Since M is orientable, we can use Poincaré duality on the interior of M to obtain
H o (M \ OM) = (Hyp"(M \ OM))™. (26.23)
But M \ OM is homotopy equivalent to M, so
Hi? (M \ 0M) = (M), (26.24)
and the result follows by combining the above isomorphisms. O]

27 Lecture 27

27.1 Kunneth formula

Let M and N be smooth manifolds. Let m : M x N — M denote the projection onto the
first factor, and p: M x N — N be projection onto the second factor. There is a mapping
from

K :QP(M) x QY(N) — QPFF9(M x N) (27.1)
given by K : (w,¢) — m*w A p*¢. Since K is bilinear, there is an induced mapping

K :QP(M)® QYN) — QPFY(M x N) (27.2)
Note that if dw = 0 and d¢ = 0 then

K((w + da),6) = *(w + da) A 5"
=mT'WwAp O+dria N pto (27.3)
=T'wAp P+ d(TanpP).

Consequently, there is an induced mapping

K : HY,(M)® HIp(N) — HP"(M x N). (27.4)
By taking direct sums, we obtain a mapping
Y € HP(M)® HY(N) — H*(M x N). (27.5)
ptq=Fk

The next theorem says that ¥ is an isomorphism for each k.
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Theorem 27.1 (Kiinneth formula). For any k € Z,k > 0, we have

Hjfo(M x N) = @ H,(M)® Hip(N). (27.6)
pt+q=k

Proof. If M = U UV, then consider the Mayer-Vietoris sequence on M:
L (U UV - BEL(U) @ HEL(V) —2 HE,(UNV) =2 .. (27.7)

In the category of vector spaces, tensor products preserve exact sequences, so we have an
exact sequence

. — > HP(UUV)® HFP(N) —— (HP(U) @ H*~P(N)) @ (HP(V) ® HF"P(N)) —— HP(UNV) ® HF "P(N) —— - .. (27.8)

Next, take the direct sum on p from 0 to k, and we have a long exact sequence. Consider
the following diagram.

OF_(HP(UUV)® HF"P(N) —— ©k_(HP(U) @ HF 7P (N)) @ (HP (V) @ HF"P(N)) —— @k_(HP(U N V) @ HF7P(N)

lw lw lw (27.9)

HE(UUV) x N) H*(U x N)® H*(V x N) HE((UNV) x N),

where the lower row is the Mayer-Vietoris sequence with respect to the open cover {U X
N,V x N} of M x N. This is straightforward to check commutativity. If we continue the
diagram to the right, we see the following square

@F_ HP(UNV) ® HYP(N) —2 @f_(H (U UV) @ HP(N)
ld, ld, (27.10)
HY((UNV) x F) o sy HHL(UUV) x N).

fw®ede H(UNV)® H*P(N). Then

61w ® 6) = B((0w) @ 6) = 7 (3w) A o (7.11)

Recall the definition of 0: if py, py is a partition of unity with respect to the covering {U, V'}
of M, then

) d(pyw) inU
o(w) = {_ dpw) V. (27.13)

Note also that 7*py, 7*py is a partition of unity with respect to the open covering {U x
N,V x N} of M x N. Therefore

(27.14)

5a() = d(m* pyy) inU x N
? —d(m*pyy) inV x N.
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On the set U x N, we have

o (w @ @) = 7 (d(pyw)) A p"¢

27.15
=d(m*py) AN Tw A p*o, ( )

and

02 (w ® @) = da(T"w A p* )
=d(m*pv (7w A p*¢)) (27.16)
=d(m*py) AN Tw A p*o.

If M = R", this is the Poincaré Lemma, see Proposition [10.12] The result then follows
by the five lemma and the usual argument of induction on the number of sets in a good cover
of M. O

Corollary 27.2. Let

—N—
" =S"%x--- xS, (27.17)

then
. k n n
dim(H"*(T")) = i (27.18)
Let m,n € Z., then

R k=0m+n
R k=mornifm#n
R2 k=mifm=n

0 otherwise

HEL(S™ x S™) = (27.19)

Theorem 27.3 (Kiinneth formula for cohomology with compact support). Let M and N
be orientable. Then for any k € Z,k > 0, we have

HYyo(M x N) = @ H? (M) @ HZ o (N). (27.20)
pta=k

Proof. If M and N are orientable, then M x N is orientable. The result then follows from
the Kiinneth formula for ordinary de Rham cohomology, and Poincaré duality. O]

Exercise 27.4. Show the above result is true without any orientability assumption. (Hint:
use the Mayer-Vietoris sequence for compactly supported cohomology, and imitate the above
proof of Kiinneth for ordinary de Rham cohomology.)
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27.2 The Thom isomorphism
This section is straight from Bott-Tu [BT82]

Theorem 27.5. Let m : E — M be a rank n orientable vector bundle over a compact
orientable manifold M™. Then

HME) = H™(M). (27.21)

Proof. First, it is straightforward to see that the total space of an orientable vector bundle
over an orientable manifold is an orientable manifold, just by taking a covering U, of M
which is an oriented atlas of M, and which has transition functions in GLy(n,R). Then

Hg yp(E) = (Hgg™ ™ (B))" = (Hy ™™ (M))" = Hyg"(M). (27.22)

The first isomorphism is from Poincaré duality on E. The second is from homotopy invariance
of de Rham cohomology. The third is from Poincaré duality on M. O

We would like to understand this isomorphism more explicitly, as well as generalize it
to allow M to be noncompact. Consider the complex of forms 2%, (E) which have compact
support in the fiber direction. Define “integration over the fiber”

Tt QF (B) — QF (M) (27.23)

as follows. Take an oriented local trivialization of E, &, : U, x R® — E. Use coordinates
(z1,...,2m) on U, and (ty,...,t,) on R™. Then if w € QF (U, x R"), we have

w=m*of(x,t)dt!, (27.24)
where |I| < n or
w=T¢f(z,t)dt" A--- A dt". (27.25)

We define m,w = 0 in the first case and
T = ( f(a:,t)dt)¢ (27.26)
Rn

in the second case.

Exercise 27.6. Show that this definition is independent of the local trivialization.
The exercise then implies that m, is well-defined.

Proposition 27.7. We have 7, o dg = dp; o 7,.

Proof. If w is of the first type, then m,w = 0. If |I| < n — 1, then the left hand side also
vanishes. If |I| = n — 1, then for example consider the case that

W = 7T*¢f(l', t)dtl AR dtnfl. (2727)
Then
0
Todw = :I:l( 1, t)dt)gb ~0 (27.28)
since f has compact support in the ¢-direction. We leave the case of forms of the second
type as an exercise. O
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As a corollary, we see that 7, induces a mapping
T HE (E) — H"(M), (27.29)
We will show that this mapping is an isomorphism.
Proposition 27.8. Let 7 : E — M be as above, T € Q¥(M) and w € Q. (E). Then
T (T T AW) =T A Tw, (27.30)

and if k =m +n —1, then

/E(W*T) Nw = /MT A T, (27.31)

Proof. 1f w is of the first type, then it is easy to see both sides are zero. If w is of the second
type, then locally we have

w=Tm¢f(x,t)dt A Adt", (27.32)
and
T (T T ANw) = T, (7?*(7' AO)f(x, t)dtt A A dt”)
=7 A ¢( flz, t)dt> (27.33)
=TAN W*w.R
The second follows from this upon integration. m

Theorem 27.9 (Thom isomorphism). The mapping
T HE(E) — HY." (M), (27.34)
s an isomorphism.

Proof. Let {U,V'} be a covering of M, and let py, pyy be a partition of unity subordinate to
{U,V}. Then 7*py, 7*py is a partition of unity subordinate to {71 (U),7=(V)}. We have
an exact sequence

0 —— QW uV)) L QB (U) @ @ (V)) — QB (U NV)) —— 0,
(27.35)
which yields an exact sequence
L mE (e W o)) s HE (e NU)) @ HY(r (V) s HE (e (U N V)~
(27.36)

Consider the diagram

Hy(r YU uv)) 2 B (r (U)) @ HE(Y(V)) —2 HE (=~ {(U N V)

lm lm lm (27.37)

R UUV) — 2 HEMU) @ HY(V) —2 s HESM(U NV,
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This is easily verified to be commutative. It we extend the diagram to the right, we have
the square

HE(x (U N V) = HEF (U0 V)
lm lm (27.38)
HYMUNV) —2—s HEES™ (U N V).
Using Proposition [27.8 we have on 7= (U), for w € H? (x~Y(U NV,

o = 7 (d((* v )
= 1. (7"(dpv) A w) (27.39)
= (de) A T = 09T, W.

The same argument shows that the diagram is commutative if we extend to the left.
If U =2 R™, then we have that

Tt Hy yqn(U x R™) — Hjz"(U). (27.40)

The proof is the same as the Poincaré Lemma for compact supports, see Theorem [14.2| The

result then follows from the five lemma and induction on the number of open sets in a good
cover of M. O]

Remark 27.10. It is true that H? (E) = H% . (E, Ey), where Ej is the complement of the
zero-section, we will return to this later.

28 Lecture 28

28.1 Thom class

In the previous lecture, we showed that
T HE(E) — HY" (M), (28.1)
is an isomorphism for k > n.

Definition 28.1. The Thom class of an oriented vector bundle w : E — M is the class
¢ = (71'*)_1(1) € H! (F) where 1 € HgR(M).

Note that by Proposition [27.8, we have
Te(MTWwA D) =w A TP = w, (28.2)

and since T, is invertible, this implies that
. (w) = T'w A D, (28.3)

That is, the inverse of 7, for any degree is given by wedging with the Thom class.
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Proposition 28.2. The Thom class of a rank n oriented vector bundle is the unique coho-
mology class in H (E) which restricts to a generator of H'(F) = R for each fiber F.

Proof. Since 7, ® = 1, we have that & is a compactly supported n-form with integral equal
to 1. For the converse, assume that ® € H} (FE) is any class with this property. Then by
Proposition we have

T (T AND) =w AT D =w 28.4
(m*w) A @) ,

so ® must be the Thom class since the inverse to 7, is unique. O]

28.2 Poincaré dual of a submanifold

Let ¢ : ¥* < M"™ be a compact oriented submanifold of a smooth oriented manifold M™.
We define a functional

E,:H*(M)—=R (28.5)

F(w) = /E . (28.6)

By Stokes’ Theorem, this is well-defined. By Poincaré duality, we have H"*(M) = (H*(M))*,
with isomorphism given by PD(a)(8) — [,, 6 A . Consequently, there is a cohomology
class ny € H"*(M) so that for all [w] € H*(M),

/z’*w:/ WA ns. (28.7)
2 M

Note that since X is compact, we can also define
F:H"M)—R (28.8)
by

Flw) = /2 . (28.9)

Again, by Poincaré duality, there is a cohomology class n% € H?*(M) such that for all

w] € H*(M),
/Zi*w:/Mw/\n’E. (28.10)

Definition 28.3. If ¥¥ C M™" is a closed oriented submanifold of an oriented manifold M™,
then 7y is called the closed Poincaré dual of ¥ in M, and 7% is called the the compact
Poincaré dual of ¥ € M.
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If M is also compact, then 75, = 75, but in general they could be different: just consider
{0} C R"™. The closed Poincaré dual lives in H"(R"), which is trivial. But the compact
Poincaré dual lives in H?(R™) = R. This has the property that for any f € C*°(R") with
df =0,

7O = | fr (28.11)
R’ﬂ
Of course, f must be constant so we can choose 7). to be any n-form which has integral
equal to 1. Note that we can choose the support to be in an arbitrarily small neighborhood
of 0". However, in the following, we will just consider the closed Poincaré dual.
We have the exact sequence of vector bundles

0 » Ty —— TM]y > Ny > 0, (28.12)
where Ny, is defined to be the quotient bundle TM|s,/Ts. Since every short exact sequence
of vector spaces splits, we have the isomorphism

Tyls = Ny © Tk, (28.13)

and we give the normal bundle the orientation which makes the direct sum orientation agree
with that of M.

As we mentioned before, there exists a tubular neighborhood U of ¥ which is diffeomor-
phic to the normal bundle Ny. Let &z € H? *(U) denote the Thom class of this bundle.
Let j : U — M be the inclusion mapping. Then since @y, has compact support in the fiber
direction, we can consider j, &y, € H"*(M).

Proposition 28.4. The image of the Thom class of the normal bundle of ¥ under j, repre-
sents the Poincaré dual of X, that is

J+®x = e € H**(M). (28.14)

Proof. Call the normal bundle projection 7 : U — ¥, and let i : ¥ < U denote the inclusion
of 3 as the zero section. Then 7o+ = Idy and i o 7 is homotopic to Idy. Consequently, if
w € QF(M), we have

w="7""w+dr, (28.15)

where 7 € Q*}(U). Since j,® is supported in U, we have

/ w/\j*@:/w/\CIDZ/(ﬂ*i*w—l—dT)/\CI):/(W*@'*M)/\CI). (28.16)
M U U U

The last equality holds using Stokes’ theorem

/dT/\(I):/d(T/\(I)):/ TAP =0, (28.17)
U U U
since ® is closed and vanishes on OU. By the integral formula (27.31]), we then have

/ WA J, P = / Tw AT = / T w, (28.18)
M s >

since m,® = 1 by the defining property of . O

98



We also have the following.

Proposition 28.5. The Thom class of an oriented vector bundle m : E — M over an
oriented manifold M s the Poincaré dual of the zero section.

Proof. Let ¢ : M — FE be the zero section. We have the exact sequence
0 —— Ty —— TE|, ) — Ny — 0. (28.19)

But the normal bundle of ¢(M) is clearly isomorphic to the bundle E, so the result follows
from Proposition [28.4] O

28.3 Intersection Theory

Let % and "% be compact oriented submanifolds of oriented M of complementary dimen-
sion, which intersect transversally. That is, if p € ¥¥ N X"* then

TM|, =TSk, & TE"7",. (28.20)
This implies that
TM’p = Nyragn-r = Nzk‘p S5 Nznfk’p. (28.21)

Corollary 28.6. If n, € H*(M) and n, € H* *(M). If n, is Poincaré dual to a compact
submanifold ¥"% and ny is Poincaré dual to a compact submanifold ¥*, and X" % and ¥F
intersect transversally, then

PD(m)(nz)Z/anAm (28.22)

is the oriented intersection number of points in X" ¢ N XF.

Proof. To see this, we can just take coordinates near p which flatten out both submanifolds.
That is X" % C R" ¥ x 0%, and ©*¥ C 0" x R*. Then use the defining property of the Thom
classes and Proposition [28.4] ]

Remark 28.7. This gives a geometric picture of the cohomology ring of CP". Let [w] €
H?(CP?) be dual to a linear CP""* ¢ CP". Since any linear CP* intersects CP"™* in a
single point with positive intersection (since these are complex submanifolds), we see that
[wF] € H?*(CP?) is the Poincaré dual of a linear subspace CP"™* ¢ CP",

28.4 Euler class

Let m : E — M be an oriented vector bundle of rank n over a compact oriented manifold M.

Definition 28.8. The Euler class e(E) € H"(M) is 0*®p, where 0 : M — E is any section.
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Since any 2 sections are homotopic, this is well-defined, independent of the choice of
section. If the rank of the bundle n = dim (M), then we can define

(E) = /M e(E). (28.23)

Proposition 28.9. If 7 : E — M is an oriented vector bundle of rank n over a compact
oriented manifold M of dimension n, then x(F) is the oriented intersection number of a
section which s transverse to the zero section with the zero section.

Proof. Let ¢ : M — FE be the zero section. Then

/e(E):/ L*(I):/ PN TP
M M M

(28.24)
E E E

O

Corollary 28.10. If there exists a non-zero section of 0 : M — E, then x(E) = 0.

Now we restrict to £ = T'M.
Proposition 28.11. Let M be compact and oriented. Then
/ o(TM) = x(M). (28.25)
M

Proof. Choose X to be a vector field which is transverse to the zero section. By the corollary,
X(T'M) counts the signed number of zeroes of X. To finish, take a triangulation of M. Then
there exists a vector field on M which has a single zero at the barycenter of each i-face, with
positive intersection on the even faces, and negative intersection on the odd faces. We know
from our previous work that this is the Euler characteristic. O]

29 Lecture 29

29.1 Gysin sequence

We let g : E — M be a rank k oriented vector bundle over the smooth compact manifold
M. Choose a Riemannian metric g on F, and consider

D.(E)={v € E |g(v,v) <€} (29.1)
B(E) ={v e E |g(v,v) < €} (29.2)
S(E)={v e E |gv,v) =€l (29.3)

which are the closed disc bundle, the open disc bundle, and the sphere bundle, respectively.
Note the D.(FE) is a manifold with boundary S.(E), and with interior B.(E). Note that
s : Sc(E) — M is a fiber bundle with fiber S*~1.
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Since M is compact, D (F) is also compact, so the long exact sequence for manifolds
with boundary is
sp—1 e i 5P
= H. jp(Be(E)) —— Hjp(De(E)) —— Hjp(Se(E)) —— HZE%(Be(E)) —

(29.4)
Note that B.(FE) is diffeomorphic to E, and E deformation retracts onto D.(E), so we obtain
the following exact sequence

517—1 sk 5P 1
. ’ Hf,dR(E) = Hjp(E) —— HJp(S(E)) —— HQZR(E) —

where the inclusion mapping is now i : S.(E) < E. Now let us form the following big
diagram

6p—l sk 5P 1
—— HY p(B) —— Hjp(E) —— HY(S(E)) ——— HYIR(E) — -

lﬂ* J }d l,r* (29.5)
-1 . T
C 2 HEER(MY) BN HE (M) 5 HPL(Sc(E)) — HEEYF(M) —— -

where 7, : QF (E) — QP~%(M) is integration on the fiber, 1 : M — E is the zero section.
Furthemore, since the vertical maps are isomorphisms, the mapping ~? is defined using this
diagram.

We do not yet know that the lower row is exact. This will follow if we show that all of
the squares commute, since all of the vertical mappings are isomorphisms.

For the first square, let us replace the vertical mappings by their inverses:

HZyp(E) —— Hap(E)
@EAW*(.)T WET (29.6)
Hig" (M) =555 Hip(M).
Then if w € HP~%(M), we have
e(Pp AN mhpw) =e(Pp) A Thw. (29.7)
For the other mapping, we have
e ANw) =1p(L"Pp Aw) = (Lomg) Pp Ampw = e(Pp) A Thw, (29.8)

because ¢ o g is homotopic to Idg, so (1o 7g)* is the identity mapping on de Rham coho-
mology.
For the second square let us replace the first vertical mapping by its inverse:

HYW(E) —— HZ(S.(E))
ng l@-d (29.9)
HEL(M) — HZ(S.(E)).

Then g o = mg, so i* o, = 7§, and this is obviously commutative. Therefore, we have
proved the following.
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Theorem 29.1 (Gysin). If 7 : E — M is a rank k orientable vector bundle over a compact
manifold M, then there is a long exact sequence

p—1 - . T P _
o D HER (M) SER HE (M) —S HEL(S(B)) —— HEETR M) —— - (29.10)

where AP is “integration over the fiber”.

This theorem can be used to compute the de Rham cohomology of the total spaces of
sphere bundles. However, we will not do any examples right now since we need to move on
to the next topic: singular homology.

29.2 Free abelian groups and tensor products

Definition 29.2. Given any set S, the free abelian group ZS is the abelian group consisting
of all formal linear combinations

Zas .S (29.11)
seS

where a; € Z and only finitely many coefficients are nonzero in the sum. The group operation

Zas-s+2bs-552(as+bs)-s. (29.12)

seS seS seS

The free abelian group is characterized by the following universal property. If f : S — G
is any mapping of S into an abelian group G, then there exists a unique group homomorphism

f:7S — G such that f(1-s)= f(s) for all s € S.

Definition 29.3. If G and H are abelian group, then the tensor product G ®z H is the
quotient of the free abelian group Z(G x H) by the subgroup generated by the following
elements:

(gl + 92, h) - (917 h) - <g27 h)7 (2913>
(9,71 + h2) — (g, h1) — (g, ha). (29.14)
Denote the natural projection by 7 : G x H — G ® H. We will write w(g,h) = g ® h.

The tensor product is characterized by the following universal property. If C' is any abelian
group, and f: G x H — C is a bilinear mapping, that is,

flg1+g2,h) = f(g1,h) + fg2, h) (29.15)
fg,h1+ ha) = f(g,h1) + f(g, ha), (29.16)

then there exists a unique group homomorphism f : G ®z H — C such that the following

diagram commutes:

GXH%O

e

G ®z H.

Exercise 29.4. For any group G, show that there is a natural isomorphism Z @z G = G
(natural with respect to group homomorphisms).
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29.3 Singular chains
Define the standard p-simplex to be

p
AP = {(t()v"'vtp) ERP+1aztithi20}- (29.17)

=0
The ith face of AP is the (p — 1)-simplex
AP AP AP (29.18)
defined by
(to, .- stp_1) = (o, tic1, 0,85, .. Epe1). (29.19)
For a topological space X, a continuous mapping
c: AP — X. (29.20)
is called a singular p-simplex.

Definition 29.5. The pth singular chain group C,(X; G) is the free abelian group generated
by a singular p-simplices. Given any abelian group G, the pth singular chain group C,(X; G)
with coefficients in G is C,(X;Z) ®z G.

We can think of a singular p-chain ¢ € C,(X;Z) as a finite linear combination

N
c=Y ap, (29.21)
=1

where a; € Z and ¢; are singular p-simplices. Similarly, we can think of ¢ € C,,(X;G) as a
finite sum

N
c=Y_gici, (29.22)
i=1
where g; € G, since (a-¢)® g=c® (a-g).

30 Lecture 30

30.1 The boundary operator and singular homology
Definition 30.1. Define the boundary operator

0:Cy(X;Z) = Cpi(X;Z) (30.1)
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by the following given a singular p-simplex ¢ : A? — X, let

dc = Zp:(—nic o A (30.2)
i=0
and extend to all chains by linearity. For an abelian group G, define
0:Co(X;G) = Cp1(X;G) (30.3)
by d(c, ® g) = (0c,) @ g, and extend by linearity.
Proposition 30.2. We have 9 = 0.
Proof. First, we claim that for all 0 < j <i<n+41,
Ao AMh = Ao AP} (30.4)
To see this, the left hand side of is

A? e} A?_l(to, e 7tn72) = A?(to, N ,tj,l,Oj,tj, e ,tn,Q)

(30.5)
- (to, e ,tj,l,Oj,tj, e 7ti7270i7ti717 e 7tn72)-
The right hand side of (30.4)) is
Ao A" Mtg, .o tno) = A(to, .o tica, 01, tio1, .. e

- <t07 s )tj—1a0j7tj) ce 7ti—270i7t7§—1) s 7tn—2)-

To prove the proposition, clearly we only need to consider the standard (n + 1)-simplex. We
then compute

n+1 n+1

00 Duia (A1) = 0, (Do (-1yartt) = 37 (-1ya, (ar) =
=0 1=0
n+1 n
=) (=)' (—1 ATt o AT (30.7)
i=0 =0
n+1
= ) (DA oA+ > (1) PAMT o AT =T+ T1.
0<j<i<n+1 0<i<j<n
By (30.4)), we have
n+1
I= ) (-1)HAT oAy, (30.8)
0<j<i<n+1

Reindex the sum in II by letting j' = 7 + 1, and we get

IT= Y ()™ TAMoAL == Y (=)Ao AT (30.9)

0<i<j’ <n+1 0<i<j’<n+1
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Then just by relabeling the indices as i — 7,5’ — 4, we have

[T=- Y (-1)HAT oAy, (30.10)
0<j<i<n+1
Consequently, by (30.8)), we have I + I1 = 0. ]

Since 9? = 0, we have a chain complex
Op+2 Op+1 Op Op-1
— Cp1(X5G) — Cp(X;G) — Cpy(X;G) —— -+ (30.11)

Define the pth singular homology group by

o Ker{0,: C,(X;G) = Cpui(X;G)}
By ) = e O (X3 G) = Oy (X)) (80.12)

Remark 30.3. It turns out that the homology groups with Z-coefficients determine the
homology groups with any other coefficients GG, which is a result known as the universal
coefficient theorem for homology. Also, in the following we will denote Cy(X) = Cr(X;Z)
and the homology groups Hy(X) = Hy(X;Z).

Proposition 30.4. If X has path components X; for i € T then
Hy(X) = @D Hi(X). (30.13)
i€T
Proof. First, at the level of chains we have
Cr(X) = EP Cr(Xi) (30.14)
i€T

since the A* is path-connected and the image of A*¥ under a continuous mapping must lie in
a path component of X. The boundary operator preserves this decomposition, so the kernels
and images of the boundary operator are also direct sums. Therefore, the homology groups
also decompose as a direct sum. O

Proposition 30.5. The lowest homology group Hy(X) is isomorphic to a free abelian group
on the set of path components of X.

Proof. From the previous proposition, we just need to show that a path-connected X satisfies
Ho(X) = Z. We have that Hy(X) = Co(X)/Im(0;). A 0-chain is a finite sum of points
co = Y. a;p;. Fix any point p € X, and let ; : A’ — X be paths from p to p;, which we
view as 1-simplices satisfying 7;(0,1) = p and ~(1,0) = p;. Then 0v; = p; — p. Then

Consequently, then mapping € : ¢y — > _. a; yields an isomorphism Hy(X) = Z. O
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Example 30.6. The topologist’s sine curve X is connected, but H°(X) = Z2.

We can use the mapping in the above proof to define an “augmented” chain complex C

C Oy(X) = (X)) 2 Cp(X) — Z —— 0. (30.16)

and we define the reduced homology HP(X ) to be the homology of this complex.
Exercise 30.7. Show that H,(X) = H,(X) for p > 1 and H,(X) = H,(X) ® Z.

Lemma 30.8. If X = {p} is a one-point space, then

Z k=0

(30.17)
0 k>0

Hip(X) :{

Equivalently, H,(X) =0 for all k > 0.

Proof. Any continuous k-simplex is ¢, : A¥ — X is a constant mapping, so Cj(X) = Z for
all £ > 0. Fix a generator, and call it ¢;. Also, we have

0161 = O, 8202 = :|:Cl, 83 = O, 8404 = :|:Cg, e (3018)
Therefore, the chain complex looks like

. a4=ﬂ:1> Z 03=0 ((J)2=:|:1> Z 01=0 90=0

> 7 > 0, (30.19)

s 7,

and the claim follows. O

30.2 Chain complexes

A collection A,, of abelian groups for p € Z and operators 8]‘34 : Ay — A,y for p > 1 satisfying
a;ag‘ﬂ = 0 is called a chain complex.

aﬁ-;-z oA 8;04_1

oA, /
y Apyy — A, y Ay g —— - (30.20)

Definition 30.9. The pth homology of a chain complex is the abelian group

(A — Ker{o} : A, — A,1}
o) = Im{a}fﬂ P Api = Ap}

(30.21)

Definition 30.10. A morphism a : A — B of chain complexes is a collection of mappings
oy 1 Ay = B, such that 97 a1 = 0,024 1. In other words, o : A — B is a morphism if the
following diagram commutes

0541
Appn — 4
= I (30.22)
6]3
B,y —= B,.
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Proposition 30.11. Morphisms satisfy the following properties:

o Composition of morphisms: If « : A — B and  : B — C are morphisms of chain

complexes, then foa: A — C is a morphism.

o Associativity: If v : C' — D is another morphism, then yo (foa) = (yo ) o a.

Proof. The diagram looks like
o84
Ap+1 — Ap

lazﬂrl lo‘p
6]3

p+1
By —% B,

P
lﬁp-‘rl lﬁp
o
Cpy1 — C).

We want to show that
Ppoayo 8;z4+1 = az?—i—l 0 Bp+1 0 Apt
Using commutativity of the top square, the left hand side of is
Bpoayo 8;74+1 =fpo afﬂ O Qp1-
Using commutativity of the bottom square, the right hand side of is
ﬁpapBJrl © Qpt1,

which proves ((30.24]).

(30.23)

(30.24)

(30.25)

(30.26)

Associtivity is clear: 7,0 (8,0a,) = (7,0 8,) o o, holds for every p > 0 since composition

of mappings is associative.

]

Proposition 30.12. A morphism of chain complezes oo : A — B induces mappings Hyo :
H,(A) — H,(B). Furthermore, if B : B — C' is another morphism of chain complexes, then

H,(foa)=H,50Hy.
Proof. Given [a,] € H,(A) represented by a, € A, satisfying 9;'a, = 0, we have
o5 aa, = ap_lﬁfap =0,

therefore we can define (H,oy)[a,] = [apap]. To check that this is well-defined,

[ (@, + aﬁﬂ%ﬂ)] = [apa, + apa;irlapﬂ] = [apa, + a11]>3+10‘p+1ap+1] = [apap).

Next,for [a,] € H,(A) represented by a, € A,, we have

Hy(B o a)lay] = [(By 0 ap)ay] = [By(ap(ay))] = HpBylay(ap)] = HyB(Hpalay)).
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30.3 Functorality of homology

We next consider the functorality of homology. If f : X — Y is a continuous mapping
between topological spaces, then we can push forward chains by the following. For a simplex
in X, c: A? — X, we define (f.),c = f oc, and extend to chains by linearity. This yields

mappings
(o) C(X5G) = C(Y3 6, (30.31)
for p=0,1,2,.... The following says that the collections of mappings (f.), are a morphism
of chain complexes.
Proposition 30.13. The following diagram
o
Cpi1(X;G) — Cp(X;G)
.,
Coi1(V;G) 5 C\(Y;G)
commutes.
Proof. Consider a simplex ¢ : AP™' — X . By definition,
p+1
Ofc=Y (=1)co AP*, (30.33)
=0
SO
p+1
(fu)po 050e = S (1) f o (co AT, (30.34)
i=0
On the other hand, for a simplex ¢ : AP*' — Y, we have
pt1 ‘
Oy = (1) o AT, (30.35)
i=0
Letting ¢ = (fi)p+1¢ = f o ¢, we have
p+1 .
O (fpsrc = S (~1)(f o c) o AP, (30.36)
=0
Since composition of mappings is associative, we are done. O
Corollary 30.14. If f : X — Y then there are induced mappings
(o) Hy(X; G) > Hy(V;G). (30.37)
If g: Y — Z, then
(g0 f)e)p = (ge)p o (fo)p- (30.38)

Consequently, if X and Y are homeomorphic, then H,(X;G) = H,(Y;G) for every p > 0.
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Proof. The first part follows from Proposition [30.13|and Proposition [30.12 If f: X — Y is
a homeomorphism, there exists a continuous inverse g : Y — X such that

go f=idx, fog=idy. (30.39)
Since the identity map obviously induces the identity map on homology, we have

(ge)po (fe)p = Z.de(X;G)a (fe)po(gs)p = ide(Y;G% (30.40)
O

Definition 30.15. The topological chain functor is the functor from the category of topo-
logical spaces and continuous mappings to the category of chain complexes and morphisms
of chain complexes mapping X to {C,(X;G),0, : Cp(X;G) = Cp1(X;G)} and f: X = Y
maps to f, : Cp(X;G) = Cp(Y; G).

The topological pth homology functor is the functor from the category of topological
spaces and continuous mapping to the category of abelian groups and homomorphisms given
by X — H,(X;G) and f: X — Y maps to H,f = (f.), : Hy(X;G) = H,(Y;G).

Proposition 30.16. The above functors are covariant functors.

Proof. This follows since (g o f). = g« o f. on the level of chains, and the fact that the
composition of covariant functors is a covariant functor. n

31 Lecture 31

31.1 Relative homology

If A C X is any subset of the topological space X then C,(A) C C,(X), and we define
Cp(X,A) = Cy(X)/Cy(A). The inclusion mapping i : A — X induces an injective mapping
ix 1 Cp(A) = Cp(X), so for each p > 0, we have a short exact sequence of abelian groups

0 —— Cp(A) — Cp(X) —— Cp(X, A) —— 0. (31.1)

We note that the boundary operator dx induces an operator
Ox.a:Cp(X,A) = Cp_1(X, A) (31.2)
since the boundary of a chain ¢ € C,(A) lies in C,_1(A). The above exact sequence is then

a short exact sequence of chain complexes. It follows from the zig-zag lemma that there is
a long exact sequence

O gAY T (X)) s Hy(X,A) s Hy oy (A) —— - (31.3)

The connecting homomorphism is just ¢ — dc € C,_1(A).
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Assume that A # (). Note we also have a commutative diagram

0 —— Ch(A) SELEN Co(X) —— Co(X,A) —— 0

i
:

which has exact rows and columns. Therefore, we also have a long exact sequence in relative
homology for the reduced homology terminating in:

(31.4)

)

)
:

Y

s (X A) 2 Fy(A) T Bo(X) —— Ho(X,A) —— 0. (31.5)

By taking A = {x¢} where 27 € X is any point, we see that
Hy(X) = Hy(X, xo). (31.6)
The relative homology also enjoys functorial properties.

Proposition 31.1. If f: X — Y is continuous and f(A) C B. Then

Coin(X, A) 2 0 (X, A)
l(f* pr1 l(f*)p (31.7)
Cpna(Y, B) 5 C,(Y, B)

commutes. Consegently, there is an induced mapping
H,f: Hy(X,A) — Hy(Y, B). (31.8)
Proof. We leave this as an easy exercise. O]

Remark 31.2. If A is a “good” subspace, then H,(X, A) = H,(X/A), for p > 0, where
X/A is the quotient space obtained by identifying all point of A. For example, this holds if
there is an open neighborhood of A which deformation retracts onto A. We will discuss this
later. This makes the long exact sequence in homology very useful for computing homology
groups.

Example 31.3. For example, if we take X = D", the closed unit disc, and A = S"~! = 9D",
then we have

Op+1

aysmy s g(pny s Hy(D7, S s Hy (S™Y) —— -, (31.9)

Our next task is to show homotopy invariance of homology. Then since D" is contractible,
H,(D") =0 for all p > 0. Since D"/S"! is homeomorphic to S™, and S"! is a deformation
retraction of an annulus, by Remark and (31.9), we conclude that

H, (8" ') = H,(D",S" ) = H,(5") (31.10)
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for all p > 1.
Since SY = {—1, 1}, by Proposition and Lemma [30.8, we know that

7Z? k=0
Hy(S%) = {0 L0 (31.11)
Also by Proposition already know that Hy(S™) = Z for n > 0.
An easy induction argument implies that
H,(57) = {f po;ii\:ise (31.12)
for n > 1.
31.2 Exact sequences of coefficients
Consider a short exact sequence of abelian groups
0 —— G —L5 Gy —2 Gy —— 0. (31.13)
This induces a short exact sequence of chains
0 —— C(X) @2 Gy 2L CL(X) @7 G ~22% (X)) ®7, Gy — 0. (31.14)
By the zig-zag lemma, we have a long exact sequence
- —— Hy(X;G1) —— Hp(X;Ga) —— Hp(X;G3) —— Hp, 1 (X;G1) —— -+,
(31.15)
Let ¢ > 1 be an integer, and consider the short exact sequence,
0 y 7 — 7 —" 7)qZ — 0. (31.16)
The corresponding long exact sequence shows that
- —— Hy(X) —5 Hy(X) —— Hy(X;Z/qZ) —— H, 1(X) — ---. (31.17)

It follows from this that there is a short exact sequence

Hp(X)

0 * G, (X))

H,(X,Z/qZ) —— Ker{q.: Hy—1(X) — Hp_1(X)} —— 0. (31.18)
For example, we have

7/qZ p=0,n

) (31.19)
0 otherwise

Hy(5™ Z/qZ) = {
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As another example of this, consider the short exact sequence of abelian groups

e27r7,z

0 y 7 —— R > St > 0. (31.20)

We then have a long exact sequence
D Hy(X;Z) — Hy(X;R) —— Hy(X;8Y) —— Hy 1(X;Z) — -+, (31.21)

It follows that there is a short exact sequence

0 B Hy(X;8") —— Ker{i.: Hy1(X;Z) = Hyp—1(X;R)} —— 0.
(31.22)

It turns out that i, (H,(X,Z)) is always a lattice of full rank inside the vector space H,(X,R).
Therefore the first group is a torus of dimension b,(X) = dim(H,(X,R)). However, the last
group could have torsion, so the middle group is not necessarily a torus.

The above are just some special cases of the universal coefficient theorem for homology.

31.3 Chain homotopy between morphisms of chain complexes

Definition 31.4. Let f : A — B, and g : A — B be two morphisms of chain complexes.
We say that f is chain homotopic to g if there exists mappings S, : A, — By} such that

fo = 9p = 05415y + Sp19;. (31.23)
Proposition 31.5. If f is chain homotopic to g then H,f = H,g : Hy(A) — H,(B).

Proof. Consider the mapping H,f — H,g, and take [a,] € H,(A) represented by a, € A,
satisfying (9};4% = 0. Then

(Hpf — Hpg)lap) = (Hy(f — 9)lay] = [(fp — 9p))ay)]

= [07,,Spa, + Sp,lﬁfap] = [05,,Spa,) = 0. (31.24)
O
31.4 The prism operator
Given a topological space X, our goal is to define an operator
Sp 1 Cp(X) = Cpia (X x [0,1]) (31.25)
such that
(t1)« = (10)+ = Op41Sp + Sp-10p, (31.26)

where ¢, : X — X x [0, 1] is the inclusion ¢(x) = (z, t).

In other words, S is a chain homotopy between the morphisms (o). and (¢1), from the
singular chain complex on X and the singular chain complex on X x [0, 1].

We only need to define S, for for singular p-simplices, and extend to all chain by linearity.
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31.41 p=0

First, we discuss p = 0. Recall that

A’={1} CR (31.27)
Al ={(to,t1) ER?* | to+t, =1, t; >0,i =0,1}. (31.28)
Define
py s A = A% x [0, 1] (31.29)
by
po((to, 1)) = (to +t1,ta) = (L ). (31.30)

A 0-simplex is a mapping ¢ : AY — X. Consider the mapping
co x id : A° x [0,1] — X x [0,1] (31.31)

given by (cq x id)(x,s) = (c(z), s). Define Soco = ¢, where ¢; : Al — X is ¢; = (¢ X id) o pl.
That is,

(Soco)(to, t1) = (co x 1d)(1,t1) = (co(eo), t1)- (31.32)
We need to verify that
(t1)xco — (Lo)«Co = 01S0co. (31.33)
For eq € A, the left hand side evaluated on e is
(e1)coleo) = (2o)coleo) = t1(co(€n)) — to(co(en)) = (colen), 1) — (coleo), 0). (31.34)
The right hand side is

615000 = (9101 = 81((60 X Zd)* Opg)

— (o x id).0 = (o X i) (R o Ay — o Ay 1
We have
po o A§(1) = pp(0,1) = (1,1) (31.36)
and
po 0 Aj(1) = p(1,0) = (1,0). (31.37)
So we have
01Soco(eo) = (co x id).(1,1) — (co x id).(1,0) = (coleo), 1) — (coleo), 0), (31.38)

and we are done with p = 0.
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3142 p=1

We next consider p = 1. Let ¢; be a 1-simplex ¢; : A — X. We let ¢y = (1,0), and
e; = (0,1) be the unit basis vectors in R?. Recall that

A = {(tg,t1,t2) ER® | tg+t1 +ta =1, t; >0,i =0,1,2}. (31.39)

We will divide A® x [0, 1] into 2 2-simplices, which is geometrically cutting a square into two
triangles. For ¢ = 0,1, define

p; i A% = Al x [0,1] (31.40)

by
P+ (tostista) = (to +tr, ta, tr + 1) (31.41)
p% : (to,tl,tg) — (to,tl + tg,tg). (3142)

Note that p} maps the following
eo — (€0,0), e1—(eg,1), eg— (e1,1), (31.43)
so the image of p} is the “upper” triangle of the square. The mapping pj maps
eo — (e0,0), e (e1,0), eg (er,1) (31.44)

so the image of p} is the “lower” triangle of the square.
Define

Si(c1) = (1 x id) o py — (c1 x id) o pl. (31.45)
We want to verify the formula
(t1)sc1 — (t0)xC1 = 0251¢1 + SpO1¢4 (31.46)
The left hand side is
t1oc; —igocr = (e1,1) — (e1,0). (31.47)
Next, we have

828101 = 82((61 X Zd) Opé) — 82<<Cl X Zd) Op%)
= Da((cr X id)upp) — Do((cr x id).py)

= (¢1 x id)«(Oapy — Oapy)
2 2 (31.48)

= (er x i), (D2 (~1)7pho A2 = 37 (~1)iph o A2)

j=0 Jj=0
= (c1 xid).(py 0 AF — py o A +pg o A3 — py o Af + pj o A] — pj o AZ).
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We next compute terms inside the parenthesis. First,

p(l) @] Ag(to, tl) = p(l)((), to, tl) = (to, tl, t[) + tl) (3149)

po o Al(to, t1) = polto, 0,t1) = (to, t1,t1) (31.50)

po o A(to, 1) = py(to,t1,0) = (to +t1,0,1,). (31.51)
Next,

p1 o Al (to, t1) = po(0,to, t1) = (0,t0 + t1, 1) (31.52)

p1 o Al(to, t1) = po(to, 0,t1) = (to, b1, t1) (31.53)

pi o A%(to,tl) = p(l](to,tl, 0) = (to,tl, O) (3154)

So we have (with a slight abuse of notation)

D S1c1 = (1 X id), ((to, ti,to +t1) — (to,t1,t1) + (to + 11,0, 1)
— (0t + £, t1) + (to, tr, t1) — (to,t1,0)> (31.55)
= (c1,1) + (e1(eo), t1) — (ci(er), t1) — (c1, 0).
The term Sy0;cq is

Soﬁlcl == S()(Cl o) A(l) — C1 0 A%)
= So(c1(e1) — ci(eo)) = (er(er), t1) — (cileo), t1)-

So summing everything up gives

(31.56)

D S1c1 + Spdicr = (e, 1) + (cleg), t1) — (e(er), t1) — (c1,0) + (er(er), t1) — (ci(eo), t1)
=(c1,1) = (¢1,0) =11 0¢1 — 190 1.

(31.57)

Next time we will do the general case.

32 Lecture 32

32.1 Homotopy invariance of homology

Definition 32.1. Let X and Y be topological spaces. Continuous mappings f,g: X — Y
are said to be homotopic if there exists a continuous mapping F : X x [0, 1] — Y such that
F(z,0) = f(z) and F(z,1) = g(a).

Proposition 32.2. If f,g: X — Y are homotopic then
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Proof. Let F: X x [0,1] — Y be a homotopy between f and g. Let ¢; : X — X x [0, 1] be
the mapping ¢,(z) = (x,t). In the previous lecture, we constructed mappings

Sk Cu(X,Z) = Ciy1 (X x [0,1],Z) (32.2)
such that
(¢1)x — (t0)+ = Ok41Sk + Sk—10k, (32.3)

for k = 0,1. Below, we will construct this operator in the general case, but for now, we
assume such an operator exists. Equation (32.3) implies that

Hyvo = Hyy : H(X,Z) — Hi(X x [0,1],Z). (32.4)

Since f = F oy and g = F oy, and Hj, is a covariant functor, we have
H,f = HyF o Hyy, Hpg= HyF o Hytq, (32.5)
therefore Hyf = Hyg : Hi (X, Z) — H,(Y,Z). O

Corollary 32.3. The homology groups of R™ are given by

. Z k=0
Hy(R™Z) = {o e (32.6)

Proof. Define f : R* — R° by f(z) = {0} and g : R® — R" by f({0}) = {0"}. Then
fog = Idgo, so we have

Hy.f o Hyg = Id ko). (32.7)
Also, g o f(z) = 0". The mapping F': R" x [0,1] — R" defined by
F(x,t) = tx. (32.8)
is a homotopy from g o f to the identity map /d : R™ — R". Proposition [32.2] says that
Hygo Hyf = Idgxmny (32.9)

Consequently, Hy(R™; Z) = Hy(R% Z). The latter space was determined above in Lemma/30.8]
so we are done. O

32.2 Homotopy type

Definition 32.4. Topological spaces X and Y have the same homotopy type if there exist
continuous mappings f : X — Y and g : Y — X such that g o f is homotopic to Idx and
f o ¢ is homotopic to Idy.

Corollary 32.5. If X and Y have the same homotopy type, then H,(X,Z) = H.(Y,Z).

116



Proof. From Proposition [32.2, we have

H.go H.f = Idy,(xR) (32.10)
H,foH.g=Ildy, vp), (32.11)
so H,f and H,g are isomorphisms. O]

Some special cases of this are the following.
Definition 32.6. A space X is contractible if X has the same homotopy type as a point.

Corollary 32.7. If X is contractible, then

Z k=0

: (32.12)
0 k>0

Hk(X;Z):{

Definition 32.8. A subset 7 : A — X is a deformation retraction of X if there exists a
mapping r : X — X such that

roi=1idyu, (32.13)
and ¢ o r is homotopic to Idx.

Corollary 32.9. If A is a deformation retraction of X then Hp(A;Z) = Hy(X;7Z) for all
k>0.

Example 32.10. Consider 7 : R\ {0} — S"~! C R" given by r(x) = x/|z|. The mapping
F(x,t) = (1 — t)z + t(z/|z|) is a smooth homotopy between Idg» and ior, so S* ! is a
smooth deformation retraction of R” \ {0} and we therefore have

Hp(S" 1 7) = Hy(R"\ {0};Z). (32.14)
Corollary 32.11 (Invariance of dimension). If R™ and R™ are homeomorphic, then m = n.

Proof. Assume that f: R™ — R” is a homeomorphism, then f: R™\ {0™} — R™\ {f(0™)}
is also a homeomorphism. From Example [32.10, we obtain that

HY(S™Z) & HYNR™\ {07} 2) & HAN R\ {f(0")}:2) = HY(S™52).  (32.15)

Example then implies that m = n. (But recall we still need to prove the claim in

Remark [31.2]) O

32.3 Prism operator: general case

We will divide A™ x [0,1] into (n + 1) (n + 1)-simplices. For i = 0,...,n, define

o AT AT % [0, 1] (32.16)
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by
(to, -+ stng1) = ((fo, -+ s timn, ti H b, tigo, oo g ), tipr + -+ taga) (32.17)
We will view A™ x [0,1] € R™*2 so will henceforth omit the inner parenthesis.

Define S,, : C,,(X;Z) — Cpi1(X x [0,1];Z) by
Sulcn) =D (=1)'(en x id) o p, (32.18)
=0
and extend to all chains by linearity.
We want to verify the formula

(Ll)*cn - (LO)*CTL = n—l—lSncn + Sn—léncn (3219)
The left hand side of (32.19) is
110Cy — Lo Oy = (Cn, 1) — (cp,0). (32.20)

The first term on the right hand side of (32.19) is

n

6nJrlSncn = anJrl ( Z<_1)l<cn X Zd) Op?)

1=0

= Zj:(_l)ian—f—l ((Cn X id)*p?)

= (cn x 1d). Z(_l)ian-l—l(p?) (32.21)
n n+1

= (cn x id). Y _(=1)" Y (=1)p} o AZH!
i=0 j=0
n n+l

= (¢, X id)s Z Z(—l)”jp;‘ o A?—H.

i=0 j=0

The second term on the right hand side of (32.19)) is

n

S 10nn = S ( S (~1)icno A?)

1=0

= Z(_Disnfl(cn o A})
=0
n—1

(1) S (1) ((cn o A7) x z’d) o pi! (32.22)

-

0

n—

(2

s |
—
.
I
o

(=1 (e, x id) o (A} x id) op§“1

I
o
.
Il
=)
—

= (cp x id), (1) (A} xid) o pi".
=0 7=0

<.
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Combining these yields
an—i—lSnCn + Sn—lancn

—_

n n+l n—

(cn x id) (ZZ 1) o AT 4 (1) (A? x id) opyﬂ).

=0 7=0 =0

3

(32.23)

<.
I
o

To analyze these sums, we need a few lemmas. Let ¢ : A" — A™ x [0, 1] be the mapping
ts(x) = (x, ).

Lemma 32.12. We have

o Aptt = (32.24)
"o Agi} Lo (32.25)
pro Al = pn o AT 1 < <n. (32.26)

Proof. The mapping pj is given by

pg(to, e 7tn+1) = (to + tl, tz, .. ,tn+1,t1 4+ 4 tn+1>, (3227)
so we have
o AT (to, . tn) = pR(0,t0, ... tn) = (toste, . tn to 4+ -+t
o (to ) = (0, 2o ) = (to, 1 0 ) (32.28)
— (to, e ,tn, 1),
which proves ([32.24). Next, the mapping p! is given by
pZ(to, ce ’tn—&—l) = (to, ce 7tn + tn—i—l; tn—l—l); (3229)
so we have
mo At (to, ..oy tn) = PR(toy - 10, 0) = (to, ..y 10, 0), (32.30)
which proves ([32.25)).
Next, the left hand side of (32.26)) is the mapping
p;l e} A;H_l(to, ce 7tn> == p?(to, e 7tz’_1, 0i7ti, c. 7tn)
= (to,. . s tic1,0; + iy tign, oo loyti + -+ 1)
n (32.31)
- <t0,...,tn, tj)
j=i
Next, the right hand side of (32.26)) is the mapping
p;ll e} A;H—l(to, Ce ,tn> = p;'ll(tm . 7ti—1; Oi, ti7 “e ,tn)
= (to,.. . ti—oyticg 4+ 04, b5, tpy b+ -+ 1)
n (32.32)
- (to,...,tn, tj>
j=i
O
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Next, we have the following.
Lemma 32.13. Forn > 0, and 0 <1 <n the mapping
prc AT A" % [0, 1] (32.33)
1s the unique affine mapping satisfying
0 0<k<i
pileg) = 4 (B0 Osk<i (32.34)
(ep-1,1) i<k<n+1.
Also, for 0 < i < n+ 1, the i-th face of the standard (n + 1)-simplex is the unique affine
mapping AT A" — AL satisfying

P
AT (e;) = {6’“ 0sk<s (32.35)

Proof. The mappings p;' is uniquely determined by its action on the vertices for the following
reason. The mapping p? : A" — A" x [0,1] C R™"? is the restriction of an affine mapping
p? : R"2 — R"™2 which is of the form

pi =L+ ¢}, (32.36)

where L? is a linear mapping, and ¢} is a constant vector. Any ¢ € A" can be written as
a linear combination

n+1

t=> tje;, (32.37)
j=0

where t; > 0 and )77 t; = 1, so we have
n+1 n+1

pi(t) = L ( thej) ot =Y hL}(e) + ¢, (32.38)
J=0 J=0

so pI' is determined by its action on the vertices, as claimed.
Since

P (to, s tngr) = ((Fos - bt ti H tigs tia, oy tga), tign + - - F tag), (32.39)

formula (32.34)) follows immediately.
Similar to above, the mapping A?™! is uniquely determined by its action on the vertices.
The face mapping is A" : A" — A™FL defined by

A (o, ) = (toy -y tio1, Oty ooy t), (32.40)

and formula ([32.35)) follows from this. Finally, similar to above, the mapping A" is uniquely
determined by its action on the vertices.
O
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The next lemma is crucial.

Lemma 32.14. We have

p]H o AT = (AT xid)op Tt j > (32.41)
Po A = (AT xdd)op!T! j < (32.42)

Proof. Since both sides of each equation are affine maps with domain the standard n-simplex,
we just need to check the equation on the vertices e, for 0 < k < n. For this, we use (32.34))

and (32.35).

For (32.41)), we assume that 7 > 4. If £ <4, then

p?+1 ° A?H(ek) = p?+1<€k) = (ex, 0), (32.43)
and
(A} x id) o p ' (ex) = (A} x id)(ex, 0) = (ex,0). (32.44)
Next, if i < k < j, then
P10 A7 ex) = Py (ent1) = (exs1,0), (32.45)
and
(A} xid) o i~ (ex) = (AT x id)(ex, 0) = (ex11,0). (32.46)
Next, if k > j, then
P10 AT (er) = P (ersn) = (ex; 1), (32.47)
and
(A} xid) o pi~Hex) = (A} x id)(ep—1,1) = (ex, 1). (32.48)
The formula is proved similarly, the details are left as an exercise. O

Exercise 32.15. Prove formula (32.42)).
Now we return to analyzing the formula
a’rz—l—l’snc’rz + Sn—lancn
n n+l . n n—1 . (3249>
= (¢, X id), (ZZ ZﬂpzoAnJr —i—ZZ 1) ( A"xzd)op;l_).
=0 5=0 =0 5=0

We split up the second sum on the right hand side as follows

n n—1
SN (AL xidyop; ) = S0 (<) (AL xid) o)
=0 7=0 0<j<i<n
+ Y (CUAr xid) o)
0<i<j<n (3250)
= D (=)"pioaly
0<j<i<n
+ Z (_ z+]pj+ A;H-l’
0<i<j<n
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where we used (32.41)) and (32.42)) on the last line.
Flipping ¢ and j, we write the other sum as

n n+l n+1
S oA = (X e X4 S 0 X Jeurpear
7=0 i=0 0<i<yj<n  t=j=0 1=j+1=1 1<j+1<i<n+1
n+1
_ Z ( 1)z+]pj An-ﬁ-l + sz An—i—l sz . oAn+1
0<i<j<n =0 i=1
+ Z (_1)i+jp? o A?‘H_
1<j+1<i<n+1
(32.51)
Using ((32.24]), (32.25)), and (32.26)), the middle two sums are
n+1
sz AnJrl sz L0 An+1 _ pO AnJrl _ pn AnJrl =1 — L. (3252>

(This is the cancellation of interior overlapping faces, leaving only to top face minus the
bottom face).
The other two sums are

Z ( 1)Z+] An+1 Z ( 1)z+3 AnH

0<i<j<n 1<j4+1<i<n+1

- _ Z (—1)i+jp?+1oA?H— Z (— 1)”” OAZ"_:FI1

0<i<j<n 0<j<i<n

(32.53)

which follows from making the reindexing j° = j — 1 in the first sum, and ¢/ =i — 1 in the
second sum. These terms cancel out those in ([32.50)).

33 Lecture 33

This section closely follows [?, Chapter 17].

33.1 Barycentric subdivision

Consider the standard n-simplex A" C R, We are going to subdivide A™ into (n + 1)!
n-simplices through an inductive definition.

Deﬁnition 33.1. The barycenter of the standard p-simplex is the point b = (¢g,...,tp11)

with ¢; = +1

Let ¢ : AP — A™ be an affine p-simplex. Since c is affine, it is determined by its values
on the basis vectors ¢;,0 < i < p, and write ¢(e;) = v;. For shorthand notation, we can
write ¢ = [vgvy - - - v,]. Choose any v € A". Define the cone on ¢ with basepoint v to be the
affine (p + 1)-simplex C,(c) which maps C,(c)(ep) = v and C,(c)(e;) = v;—1. In shorthand,
Cy(c) = [vvg - - - vp]. The free abelian group on affine p-simplices in A™ is denoted by AP(A™).
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Definition 33.2 (Barycentric subdivision operator). For any affine simplex in ¢ : AP — A™,
we inductively define

Sp(c) = {Cb(s”_lapc) p=b (33.1)

c p =0,
and then extend to any affine p-chain by linearity.
Proposition 33.3. For c € A,(A"), we have
(Cyc) = {Z ) f(c()aﬁ i g 8 (33.2)
where € is the augmentation.

Proof. Let ¢ : AP — A" be an affine simplex, and let v; = c¢(e;). Then we denote ¢ by
c=[vg,...,v). For p=0, we have

9(Cylwo]) = O([v, o)) = [vo] — [v]. (33.3)
For p > 1,
v, v, ..., Up) = [Vo, ..., V] — ' (=1 [v, v, ..., 0, Vig1, - - - , Up) (33.4)
= ¢ — C,(0c). :
]

Corollary 33.4. If c € A,(A") then
OpSpc = Sp_10,c. (33.5)
Le., S, Ay(A™) — A,(A™) is a morphism of chain complexes.

Proof. We prove this inductively. The p = 0 case is an exercise. Assume true up to p — 1,
then for an affine p-simplex ¢,

OpSpc = 0p(Cp(Sp-10,¢))
= p,lapc - Cbap,lsp,lapc (336)
= p_lapc — CbSp_gﬁp_lapc = Sp_lﬁpc.

Proposition 33.5. There exists homomorphisms T, : A,(A") — A,+1(A™) so that
Sp —1Id = 0,1\ T, +T),—10,. (33.7)

In other words S, is chain homotopic to the identity mapping.
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Proof. Given an affine p-simplex ¢ : A? — A", we define T" inductively by

To— Co(Spc —c—Tp-10,¢) p>0 . (33.5)
0 p=20

We leave the p = 0,1 cases as an exercise. Assume the result is true up to p — 1. Then

Opt1Tpc = Opiq (Cb(Spc —c— Tp_lﬁpc))
= Spc — ¢ = Tj_10pc — Cy(0p(Spe — ¢ — T,_10,c))

= Spc — ¢ — T_10p¢c — Cp(Sp—10p¢c — Opc — 0,T,—10,¢) (33.9)
= Spc — ¢ =T, 10,c — Cp(T)—20p_10,¢) = Spc — ¢ — T,_10,c.
0
Given a topological space X, we define
Sy Cp(X) = Cp(X), T,:Cp(X) = Cpia(X), (33.10)
by the following. For a simplex ¢ : AP — X, we define
Spe = .S AP, The = ¢, T,AP, (33.11)
and then extend to all chains by linearity. We then have
Proposition 33.6. The operators S, and T, satisfy
0pSpc = Sp_10,c, (33.12)
that is, S, s a morphism of chain complezes, and
Sp —1d = 0,1 T, + 1,10, (33.13)
that is, S, is chain homotopic to the identity mapping.
Proof. Follows from the above discussion and functorality. m

Corollary 33.7. For any integer k > 1, the morphism Sk : Cp(X) — C,(X) is a morphism
of chain complexes which is chain homotopic to the identity by a chain homotopy T, .

Proof. For k = 1, this is the previous proposition. For k > 1, write
k _ (k=1 k—2
S, —1d= (S, + 87"+ +1d)(S, — Id)

= Gpi(Opi Ty + Tp10p) (33.14)
= Op1Gpr16Tp + GprTp-10p.

In other words T, = G417, is the desired chain homotopy. O

Next, let U be a collection of sets whose interiors form an open covering of X. Consider
the subcomplex C,(U) C C,(X) consisting only of chains whose images are contained in
some element of /. The main result is the following
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Theorem 33.8. The inclusion mapping i : C,(U) C Cp(X) induces an isomorphism
i H(CLU)) 2 H(X). (33.15)

Proof. First, we show the mapping is injective. Let ¢, € C,(U) with 9pc, = 0. Assume
that ¢, = Opr1¢p41 Where ¢, € Cp(X). Since the diameter of simplices in the barycentric
subdivision process limit to zero as k — oo, it follows from the Lebesgue number lemma
that there is a k > 1 so that S¥ ,¢,41 € Cpi1(U). We then have

k
Sp+1cp+1 — pi1 = Opr2Tpi14Cpr1 + TprOpi1Cpia

(33.16)
= Op2Tpt1,kCp+1 + Tp iy
Taking the boundary of this gives
8p+151,:+1cp+1 — Cp = Op1 TprCp, (33.17)
or
Cp = p+1(S;§+1Cp+1 — T} kCp) (33.18)

Since, S¥, 1 Cps1 — Tprcp € Cpya(U), we are done with injectivity.
Next, for surjectivity, Let ¢, € C,(X) with d,¢, = 0. Again, by the Lebesgue number
lemma, there is a k > 1 so that Skc, € C,(U). Then we have

Skep — ¢y = Op1 Ty iy + Tpo1,60pCp = Opi1 Ty iy (33.19)

This says exactly that ¢, is the image of S]’,fcp, and we are done. [

34 Lecture 34

34.1 Excision for singular homology

We next prove another one of the main axioms of singular homology theory.

Theorem 34.1. Consider U C A C X such that the closure of U is contained in the interior
of A. Then for all k > 0, the inclusion mapping i : (X \ U, A\ U) — (X, A) induces an
isomorphism on singular homology

Hyi: Hy(X \ U, A\ U) - Hy(X, A). (34.1)

Proof. From the assumption that U C A, we have that i = {A, B = X \ U} is a covering of
X. Then

(X \ U A\U) = (B,AN B), (34.2)
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so we want to show that that the inclusion (B,AN B) C (X, A) induces isomorphisms in
homology. Note we have the short exact sequence of chain complexes

0 — Cu(A) —— C.(U) —— C.(U)/CL(A) —— 0

ll l l (34.3)

0 —— Cu(A) —— Cu(X) —— C(X,A) —— 0.

We know the middle maps induced isomorphisms in homology, and the first one obviously
does, so by the five lemma we conclude that

Hy(X,A) = Hy(C.(U)/C.(A)) (34.4)
We have that
C.(U) = Cu(A) 4+ Ciu(B) C Ci(X). (34.5)

Lemma 34.2 (Noether’s second isomorphism). Let G, Gy be subgroups of an Abelian group
G such that G1 + Go = G. Then there is an isomorphism

Go G
> 4.
GiNGy Gy (34.6)
Using Lemma [34.2] we therefore have
C(B) OB CA+CB) W) 51
C.(ANB) C.(A)NCB) Cy(A) C.(A) '
This completes the proof. O

34.2 Relative homology

We next give a generalization of the long exact sequence in relative homology. Consider a
triple (X, A, B), where B C A C X. For each p > 0, we have a short exact sequence of
abelian groups

0 —— Cy(A,B) —— Cp(X,B) —— Cp(X,A) —— 0, (34.8)

where all the mappings are induced by inclusions. The above exact sequence is then a short
exact sequence of chain complexes. It follows from the zig-zag lemma that there is a long
exact sequence

Ot A, BY T H(X,B) —— Hy(X,A) s Hy (A, B) —— -+, (34.9)

Now we can turn Remark B1.2] from above into a theorem.

Theorem 34.3. If A C X is a nontrivial closed subspace which is a deformation retraction
of an open set U C X, then H,(X,A) = H,(X/A), for p > 0, where X/A is the quotient
space obtained by identifying all points of A.
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Proof. We begin with the following commutative diagram

Hy(X,A) —— H(X,U) ¢ H,(X\ AU\ A)

l l l (34.10)

H,(X/A AJA) —— H,(X/A,U/A) «—— H,(X/A\ AJA,U/A\ A/A),

where the vertical mappings are induced by the quotient maps, and the horizontal mapping
are induced by inclusions. The long exact squence for the triple (X, U, A)

et m(U, A) 2 H(X,A) —— Hy(X,U) —2 H, (U, A) —— -+
(34.11)
yields H,(X,A) = H,(X,U). So the upper left arrow in (34.10]) is an isomorphism. The
upper right arrow is an isomorphism by excision. Since U deformation retracts onto A, it
follows that U/A deformation retracts onto A/A, and the lower left arrow is an isomorphism.
The lower right arrow is an isomorphism by excision.
The right vertical arrow is an isomorphism since the quotient mapping

g: X\ A X/A\ A/A (34.12)

is a homeomorphism which maps U \ A onto U/A\ A/A. Since the diagram commutes, the
left vertical arrow must be an isomorphism. To finish, we note that for p = 0, from (31.6))
above,

Ho(X/A, AJA) = Hy(X/A, {pt}) = Hy(X/A). (34.13)

O

34.3 Mayer-Vietoris sequence for singular homology

Write X = U UV as the union of two open sets in X. Then the following sequence is exact:

0 —— C(UNV) -2 C(U) @ Co(V) —25 Co(U) + Cp(V) —— 0 (34.14)
where
a(cp) = ((ivrvest)sep (iunvey )p) (34.15)
and
Blap, by) = a, — by (34.16)

From Theorem [33.8, we know the homology of the complex H,(C,(U) 4+ C,(V)) = H.(X).
Consequently, by the zig-zag lemma, we obtain a long exact sequence

L q(UNV) =2 H(U) @ Hy(V) —2 H(UUV) —2 . (34.17)
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34.4 Singular cohomology
We now define singular cohomology. Let G be any abelian group, and define
CP(X;G) = Hom(Cy(X), GQ), (34.18)

to be the group of homomorphisms from C,(X) to G, and let 6 : CP(X;G) — CP(X; G)
denote the dual to the boundary operator dp41 : Cpy1(X) = Cp(X), defined as follows. For
® € CP(X;G) and cpiq € Cpia (X)),

(P Gp11) = Bpirconn). (31.19)
Since 8, 0 91 = 0, we have 6P*! o §¥ = 0, so we have a cochain complex

§P+1

S oYX E) 2 or(xG G s ot (X G) 2 (34.20)
Define the pth singular cohomology group with coefficients in G by
P . P p+1
HY(X: G = Ker{o?: C?"(X;G) —» CP"(X;G)} (34.21)

Im{or1: Cr1(X.G) — Or(X; G}

Next, let f: X — Y be a continuous mapping between topological spaces. The mapping on
chains (f.), : Cp(X) — C,(Y') induces the dual mapping on cochains

fCP(Y;G) = CP(X;G) (34.22)
by the following. For ¢» € C?(Y; G) and ¢, € C,(X), define
(f ) ep) = (fecp) (34.23)
Dualizing the diagram , we have the following commutative diagram

CP(Y;G) —X CPHY(Y;G)
l( Py l( eyt (34.24)
X oYX G).

That is the collection of mappings (f*)? is a morphism of cochain complexes.
The singular cohomology spaces are a topological invariant.

Corollary 34.4. If f: X — Y is continuous, then there are induced mappings
(f)?: H(Y;G) — HP(X; G). (34.25)
If g: Y — Z, then
((go f))" = (7)o (g")". (34.26)

Consequently, if X and Y are homeomorphic, then HP(X;G) = HP(Y; G) for every p > 0.
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Proof. Exactly the same as the proof of Corollary [30.14] with Ox, dy replaced by dx,dy. O

In the category of abelian groups, Lemma does not hold. However, the following
does hold.

Lemma 34.5. Let G be an abelian group, and let G1,Ga, G3 be free abelian groups. If the
sequence

0 » G —— Go y G3 > 0. (34.27)
then the dual sequence
0 —— Hom(Gs, G) —2— Hom(Gs, G) —2— Hom(Gy,G) — 0. (34.28)

15 exact.

Proof. The proof is the same as the proof of Lemma for vector spaces, since we have
assumed the groups in the exact sequence are free abelian groups. O]

Remark 34.6. More generally, if there is a short exact sequence of abelian groups (not
assumed to be free abelian)

0 —— Gl e Gg > Gg > O, (3429)
then there is an exact sequence

0 —— Hom(G3,G) —— Hom(Gy,G) —— Hom(G1, Q) j
(34.30)

L Ext(Gs, G) —— Ext(Gs, G) —— Ext(G1,G) — 0,

where Fzt(G’,G) is a canonically defined functor, defined by the above exact sequence for
any 2-step free resolution of G'. That is, given an abelian group G’, take any short exact
sequence

0 y GL —2 Gy —2 & > 0, (34.31)
where G; and G, are free, and then define Ext(G’,G) by
0 —— Hom(G',G) —— Hom(Gy,G) —— Hom(G1,G) —— Ext(G',G) —— 0.
(34.32)

(This is well-defined, but needs proof). The term Fzt(G’,G) = 0 provided that G’ is a free
abelian group.

129



35 Lecture 35

35.1 The axioms for singular cohomology

Homotopy invariance. If f : X — Y is homotopic to g : X — Y then HPf = HPg :
HP(Y;G) — HP(X;G). Consequently, if X is homotopy equivalent to Y then H?(X;G) =
HP(Y;G) for all p > 0. The proof follows by dualizing the chain homotopy constructed in
the proof of homotopy invariance of homology.

Long exact sequence in relative cohomology. If A C X, then dualizing the relative
exact sequence on chains yields

0 —— Hom(Cy(X,A),G) —— Hom(Cy(X),G) —— Hom(C,(A),G) —— 0.

(35.1)
We define the relative cohomology to be the cohomology of the first co-complex. The zig-zag
lemma shows that there is a long exact sequence

T HP(X, A G) —— HP(X;G) —C HP(A:G) —2s HPYU(X, A G) —— -,
(35.2)

Excision. Consider U C A C X such that the closure of U is contained in the interior
of A. Then for all £ > 0, the inclusion mapping i : (X \ U, A\ U) — (X, A) induces an
isomorphism on singular homology

H* : H*(X, A;G) — HYNX \ U, A\ U;G). (35.3)

The proof follows from dualizing the maps in the proof of the homology isomorphisms.
Alternatively, this follows from the statement of excision on homology, and an algebraic
lemma which says that if a mapping induces isomorphism on homology in all degrees, then
the dual mapping also induce isomorphisms on cohomology in all degrees. (This is basically
the universal coefficient theorem for cohomology, which we do not have time to explain.)

Mayer-Vietoris sequence. If X = U UV where U and V are open, then
B U UVG) —E HY(USG) @ HY(V:G) —2 HP(UNV;G) —2s -
(35.4)
The proof follows directly by dualizing the operators in the proof of Mayer-Vietoris for
homology.

Remark 35.1. Now we have enough tools to compute the integral cohomology of many
examples. Since we are out of time this quarter, we will have to leave it to the student to
“upgrade” all of our previous de Rham cohomology computations to integral cohomology.
We will next finish up the course by proving de Rham’s Theorem.
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35.2 Smooth singular cohomology

Next, we restrict to the category of smooth manifolds. For a smooth manifold space X, a
smooth mapping

c: AP — X. (35.5)
is called a smooth singular p-simplex.

Definition 35.2. The smooth pth singular chain group C;°(X,R) is the free vector space
over R generated by smooth singular p-simplices.

We note that the usual boundary operator maps

Opi1 - C21(X;R) = C2(X;R) (35.6)

p+1

To define smooth singular cohomology, let C? (X;R) denote the smooth singular cochains,
which are dual to smooth singular chains, i.e.,

CZ(X;R) = Hom(C(X;R),R), (35.7)

and let 67 : C? (X;R) — CZM(X;R) denote the dual to the boundary operator defined as
before. For ¢ € C% (X;R) and ¢,; € C°(X;R),

(0°?)(cp+1) = (Fpr1Cps1).- (35.8)
Since 8, 0 O 1 = 0, we have 677! o 67 = 0, so we have a cochain complex

op+1

L ol R) 2 or (X R) =2 orfl(XGR) 2 (35.9)
Define the pth smooth singular cohomology group by
Ker{é?: C? (X:R CrH(X:R
HE (X R) = LW O (X R) = Co (XiR)} (35.10)

Im{or=1: C% ' (X;R) — C%(X;R)}

The smooth singular cohomology satisfies the same axioms as the topological singular coho-
mology.

Proposition 35.3 (Smooth homotopy invariance). If f : X — Y is smoothly homotopic to
g: X — Y then H?f = HPg : H2 (Y;R) — H? (X;R). Consequently, if X is homotopy
equivalent to 'Y then HP (X;R) = H? (Y;R) for all p > 0.

Proof. The proof is the same as in the topological case, because the co-chain homotopy maps

Sk CF (X x [0,1);R) = CE (X R), (35.11)

that is, the chain homotopy constructed there preserves smoothness. O]
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Proposition 35.4 (Mayer-Vietoris). If X = U UV where U and V' are open, then there is
a long exact sequence

I HR (U UVIR) T HE(UiR) @ HE(VSR) s HL(UNVIR) 2

(35.12)

Proof. The proof of the topological Mayer-Vietors relies on the cone construction, which
unfortunately does not map smooth simplices to smooth simplices since the cone is not
differentiable at the cone point. However, this is easily fixed using a cutoff function to map
to a simplex which is constant near the cone point. Details left as an easy exercise. O

Proposition 35.5. If M is a smooth manifold which has a finite good cover, then
H? (M;R) = HP(M;R) (35.13)

Proof. Both cohomology theories agree on contractible spaces, and both satisfy a Mayer-
Vietoris sequence. There is an obvious chain mapping from smooth co-chains to topological
co-chains. By the same argument as before using the five lemma and induction on the number
of elements in a good cover, the cohomology groups are isomorphic in any degree. O]

35.3 de Rham’s Theorem

Define the standard n-simplex to be

p
AP — {(to,...,tp) ERPH,Zti:l,tiZO}. (35.14)
i=0

We orient A, with respect to the normal n = (1,...,1). Le., (v1,...,v,) € T, AP is oriented
if (7, v1,...,v,) is oriented equivalent to (eg,...,e,) in RPT'. The ith face of AP is the

(p — 1)-simplex
AP AP AP (35.15)

defined by

(to, R atp—l) — (to, R 7ti—17 O, ti, R tp—l)- (3516)

For a smooth manifold space X, a smooth mapping
c: AP — X. (35.17)

is called a smooth singular p-simplex. If w € QP(X), and ¢ is a smooth singular p-simplex,

define
/w :/ cw. (35.18)
c AP
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A smooth singular p-chain is a finite linear combination

N
=1

where a; € R and ¢; are smooth singular p-simplices. For w € QP(M), define

/cw _ ila / o (35.20)

Theorem 35.6 (Stokes” Theorem on chains). Let M be a compact oriented manifold. If
w € Q~1(M), then for any chain c € C°(X;R),

/&w = /de. (35.21)

Proof. The standard n-simplex is a “manifold with corners”, on which Stokes” Theorem re-
mains valid. The sign in the definition of the boundary operator gives the correct orientation
on each face. ]

We are now in a position to state the theorem of de Rham relating de Rham cohomology
and singular cohomology with real coefficients of a smooth manifold M. Morever, we can
write the explicit mapping. Consider the following diagram:

L el (M) —2 s () — 2 rr() —22

lfp-l lfp l;pﬂ (35.22)

2 O (M R) 2 OB (M R) s CEP(MGR) s

where the vertical maps are defined as follows. If w € QP(M), and ¢, is a smooth p-chain,
then let

(FPw)(cp) = / w. (35.23)

Cp

Proposition 35.7. The diagram (35.22) commutes. Consequently, there are induced map-
Pings

HPFP: HY (M) — HE (M;R). (35.24)
Proof. Commutativity says that
SPFP = Friigp (35.25)

Given w € QP(M), and (p + 1)-chain ¢, 1, the left hand side of (35.23)) evaluates to

@) ) = @) Omicp) = [ w (35.26)

Op+1¢pt1
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The right hand side of (35.23) evaluates to

FrdPw(cpyr) = / dPw, (35.27)
Cp+1
These are equal by Theorem [35.6, Stokes” Theorem on chains.
Consequently, F* is a morphism of co-chain complexes, so there are well-defined induced
maps on the cohomology groups.

O
We can now prove the main result.
Theorem 35.8 (de Rham). If M has a finite good cover then the mappings
FP:HYp(M) — HE (M;R), (35.28)

are isomorphisms for all p > 0.
Proof. Note we have the following morphism of short exact sequences of co-complexes

0— QU UYV) o y QPU) B QP(V) —L 5 QPUNV) ——— 0

lfp l]fp@fp i]—'P
0 —— (C(UsR) + C°(V3R))* L or (U R) @ CP(VR) —22 CP(U NV R) —— 0,
(35.29)

The above diagram is easily seen to commute at every square. It follows that the following
diagram of associated Mayer-Vietoris exact sequences commutes at every square

_ _ k-1 _ 5k gk ok
HiN(U) & HEH(V) “— HE'UNV) == HY(UUV) —— HE,(U) @ HY,(V) —“— H5,(UNV)

_ — _ k k
l}'k loFh-t . l}"‘ ! ) l]—"“ ) l]-‘ OF k l}"“
H Uy @ HL(v) 25 g unvy =2 grouv) -2 gRUY e HANV) —L s HRUNY)

(35.30)

If there is only 1 element in the covering, then we are done by the homotopy invariance of
both theories. By the Five Lemma, if the result is true for U, V and U NV, then it is also
true for U U V. By induction on the number of elements in a finite good cover, the theorem
is then true for any manifold which admits a finite good cover. m

From Proposition [35.5 above, we have
Theorem 35.9. If X is a smooth manifold with a finite good cover, then
HY.(X) = HP(X;R). (35.31)

Consequently, the de Rham cohomology groups are a topological invariant. That is if smooth
manifolds X andY are homeomorphic, then Hyp(X) = HY (V).

Remark 35.10. There do exist examples of homeomorphic but non-diffeomorphic smooth
manifolds! But de Rham cohomology will never be able to tell these apart — for this one
needs more refined invariants.
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35.4 Products in cohomology
Cochains have some extra ring structure: we next define the cup product
U: CP(X;R) x CYX;R) —» CPM(X;R), (35.32)

by the following. If ¢,., is a singular (p + ¢)-simplex, and ¢” and ¢? are singular cochains,
then define

(" U ) (Cprg) = (cprqo (to, 1 1p, 0,000, 0)) - U cprq o (0,000, 0,85, tprg)).  (35.33)

We will see below that the cup product is bilinear, so by the universal property of the tensor
product, the cup product descends to a linear mapping

U: CP(X;R)® CYX;R) = CP"(X;R). (35.34)
The cup product enjoys the following properties, of which we omit the proof.

Proposition 35.11. The cup product is associative

(PUch)Uuc = U(fUc). (35.35)

The cup product is bilinear. That is, for ¢ € R,
a? U (eb?) = c(a? Ub?), a"Ub?+c?) =a? Ubl+aP U! (35.36)
(ca?’)Ub? =c(a? Ub?Y), (P +V)Uc?=a?Uc?+0P Ul (35.37)

Cup products are functorial, i.e., for f : X — Y continuous,
fr(Pucet) = f*PuU f et (35.38)
The coboundary operator is an anti-derivation with respect to the cup product
(" Uc?) = (6c?)Uc? + (—1)Pc” U (0c?). (35.39)
This implies the following corollary.

Corollary 35.12. The cup product on cochains induces a cup product on cohomology

U: H?(X;R)® HY(X;R) — H""(X;R). (35.40)
If f: X =Y is continuous, then
fFH(Y;R) —» H*(X;R) (35.41)

1s an algebra homeomorphism. Consequently, if X and Y are homeomorphic, then the sin-
gular cohomology algebras are isomorphic.

Recall that the de Rham cohomology also has an algebra structure induced by the wedge
product. One can show also the following:

Theorem 35.13. The de Rham isomorphism
F* Hjp(M) — HZ (M;R), (35.42)
18 moreover an isomorphism of algebras.

This is not at all obvious!
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