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1 Introduction

The first part of this course will be a review of some basic concepts in Riemannian
geometry. We will then give a fairly basic introduction to the Ricci Flow. We will
also study some conformal geometry, and look at Riemannian 4-manifolds in greater
depth. If time permits, we will present some basics of hermitian geometry. Some
basic references are [Bes87], [CLN06], [Lee97], [Pet06], [Poo81].
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2 Lecture 1: September 4, 2007

2.1 Metrics, vectors, and one-forms

Let (M, g) be a Riemannian manifold. The metric g ∈ Γ(S2(T ∗M)). In coordinates,

g =
n∑

i,j=1

gij(x)dxi ⊗ dxj, gij = gij, (2.1)

and gij >> 0 is a positive definite matrix. The symmetry condition is of course
invariantly

g(X, Y ) = g(Y,X). (2.2)

A vector field is a section of the tangent bundle, X ∈ Γ(TM). In coordinates,

X = X i∂i, X i ∈ C∞(M), (2.3)

where

∂i =
∂

∂xi
, (2.4)

is the coordinate partial. We will use the Einstein summation convention: repeated
upper and lower indices will automatically be summed unless otherwise noted.

A 1-form is a section of the cotangent bundle, X ∈ Γ(T ∗M). In coordinates,

ω = ωidx
i ωi ∈ C∞(M). (2.5)

Remark. Note that components of vector fields have upper indices, while components
of 1-forms have lower indices. However, a collection of vector fields will be indexed
by lower indices, {Y1, . . . , Yp}, and a collection of 1-forms will be indexed by upper
indices {dx1, . . . , dxn}. This is one reason why we write the coordinates with upper
indices.

2.2 The musical isomorphisms

The metric gives an isomorphism between TM and T ∗M ,

[ : TM → T ∗M (2.6)

defined by

[(X)(Y ) = g(X, Y ). (2.7)

The inverse map is denoted by ] : T ∗M → TM . The cotangent bundle is endowed
with the metric

〈ω1, ω2〉 = g(]ω1, ]ω2). (2.8)
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Note that if g has component gij, then 〈·, ·〉 has components gij, the inverse matrix
of gij.

If X ∈ Γ(TM), then

[(X) = Xidx
i, (2.9)

where

Xi = gijX
j, (2.10)

so the flat operator “lowers” an index. If ω ∈ Γ(T ∗M), then

](ω) = ωi∂i, (2.11)

where

ωi = gijωj, (2.12)

thus the sharp operator “raises” an index.

2.3 Inner product on tensor bundles

The metric induces a metric on Λk(T ∗M). We give 3 definitions, which are all equiv-
alent.

Definition 1: If

ω1 = α1 ∧ · · · ∧ αk
ω2 = β1 ∧ · · · ∧ βk,

(2.13)

then

〈ω1, ω2〉 = det(〈αi, βj〉), (2.14)

and extend linearly. This is well-defined.
Definition 2: If {ei} is an ONB of TpM , let {ei} denote the dual basis, defined by

ei(ej) = δij. Then declare that

ei1 ∧ · · · ∧ eik , 1 ≤ i1 < i2 < · · · < ik ≤ n, (2.15)

is an ONB of Λk(T ∗pM).
Definition 3: If ω ∈ Λk(T ∗M), then in coordinates

ω =
n∑

i1,...,ik=1

ωi1...ikdx
i1 ∧ · · · ∧ dxik . (2.16)

Then

〈ω, ω〉 =
∑

i1<···<ik

ωi1...ikωi1...ik =
1

k!

∑
i1...ik

ωi1...ikωi1...ik , (2.17)
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where

ωi1...ik = gi1ligi2l2 . . . giklkωl1...lk . (2.18)

To get an inner product on the full tensor bundle, we let

Ω ∈ Γ
(

(TM)⊗p ⊗ (T ∗M)⊗q
)
. (2.19)

We call such Ω a (p, q)-tensor field. Declare

ei1 ⊗ · · · ⊗ eip ⊗ ej1 ⊗ · · · ⊗ ejq (2.20)

to be an ONB. If in coodinates,

Ω = Ω
i1...ip
j1...jq

∂i1 ⊗ · · · ⊗ ∂ip ⊗ dxj1 ⊗ · · · ⊗ dxjq , (2.21)

then

‖Ω‖2 = 〈ω, ω〉 = Ω
j1...jq
i1...ip

Ω
i1...ip
j1...jq

. (2.22)

By polarization,

〈Ω1,Ω2〉 =
1

2

(
‖Ω1 + Ω2‖2 − ‖Ω1‖2 − ‖Ω2‖2

)
. (2.23)

We remark that one may reduce a (p, q)-tensor field into a (p − 1, q − 1)-tensor
field for p ≥ 1 and q ≥ 1. This is called a contraction, but one must specify which
indices are contracted. For example, the contraction of Ω in the first contrvariant
index and first covariant index is written invariantly as

Tr(1,1)Ω, (2.24)

and in coordinates is given by

δj1i1 Ω
i1...ip
j1...jq

= Ω
li2...ip
lj2...jq

. (2.25)

2.4 Connections on vector bundles

A connection is a mapping Γ(TM)× Γ(E)→ Γ(E), with the properties

• ∇Xs ∈ Γ(E),

• ∇f1X1+f2X2s = f1∇X1s+ f2∇X2s,

• ∇X(fs) = (Xf)s+ f∇Xs.

In coordinates, letting si, i = 1 . . . p, be a local basis of sections of E,

∇∂isj = Γkijsk. (2.26)

If E carries an inner product, then ∇ is compatible if

X〈s1, s2〉 = 〈∇Xs1, s2〉+ 〈s1,∇Xs2〉. (2.27)

For a connection in TM , ∇ is called symmetric if

∇XY −∇YX = [X, Y ], ∀X, Y ∈ Γ(TM). (2.28)
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Theorem 2.1. (Fundamental Theorem of Riemannian Geometry) There exists a
unique symmetric, compatible connection in TM .

Invariantly, the connection is defined by

〈∇XY, Z〉 =
1

2

(
X〈Y, Z〉+ Y 〈Z,X〉 − Z〈X, Y 〉

−〈Y, [X,Z]〉 − 〈Z, [Y,X]〉+ 〈X, [Z, Y ]〉
)
.

(2.29)

Letting X = ∂i, Y = ∂j, Z = ∂k, we obtain

Γlijglk = 〈Γlij∂l, ∂k〉 = 〈∇∂i∂j, ∂k〉

=
1

2

(
∂igjk + ∂jgik − ∂kgij

)
,

(2.30)

which yields the formula

Γkij =
1

2
gkl
(
∂igjl + ∂jgil − ∂lgij

)
(2.31)

for the Riemannian Christoffel symbols.

2.5 Covariant derivatives of tensor fields

First consider X ∈ Γ(TM), which is a (1, 0) tensor field. We define a (1, 1) tensor
field ∇X as follows

∇X(Y ) = ∇YX. (2.32)

If S is a (1, 1) tensor field, then we define a (1, 2) tensor field ∇S by

∇S(X, Y ) ≡ (∇XS)Y ≡ ∇X(S(Y ))− S(∇XY ). (2.33)

With this definition, we have the Leibniz rule

∇X(S(Y )) = (∇XS)(Y ) + S(∇XY ). (2.34)

This serves to define a connection on Γ(TM ⊗ T ∗M).
In general, if S is a (1, r)-tensor field then define a (1, r + 1)-tensor field ∇S by

∇S(X, Y1, . . . , Yr) = ∇X(S(Y1, . . . , Yr))−
r∑
i=1

S(Y1, . . . ,∇XYi, . . . , Yr), (2.35)

and this defines a connection on Γ(TM ⊗ (T ∗M)⊗r).
Next, let S be a (0, r)-tensor field, then define a (0, r + 1)-tensor field ∇S by

∇S(X, Y1, . . . , Yr) = X(S(Y1, . . . , Yr))−
r∑
i=1

S(Y1, . . . ,∇XYi, . . . , Yr). (2.36)
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This defines a connection on Γ((T ∗M)⊗r).
We next consider the above definitions in components. For the case of a vector

field X ∈ Γ(TM), ∇X is a (1, 1) tensor field. In coordinates, this is written as

∇X = ∇mX
idxm ⊗ ∂i, (2.37)

where

∇mX
i = ∂mX

i +X lΓiml. (2.38)

For a (0, r)-tensor field S, we have

∇S = ∇mSi1,...irdx
m ⊗ dxi1 ⊗ · · · ⊗ dxir , (2.39)

where

∇mSi1,...ir = ∂mSi1,...ir − Sli2...irΓli1m − · · · − Si1...ir−1lΓ
l
irm. (2.40)

Note for a 1-form ω, we have

∇mωi = ∂mωi − ωlΓlim. (2.41)

Compare the signs with the covariant derivative of a vector field.
For a general (p, q)-tensor field, in coordinates,

∇mS
i1...ip
j1...jq

≡ ∂mS
i1...ip
j1...jq

+ S
li2...ip
j1...jq

Γi1ml + · · ·+ S
i1...ip−1l
j1...jq

Γ
ip
ml

− Si1...iplj2...jq
Γlmj1 − · · · − S

i1...ip
j1...jq−1l

Γlmjq .
(2.42)

We leave it to the reader to write down an invariant definition.

Remark. Some authors instead write covariant derivatives with a semi-colon

∇mS
i1...ip
j1...jq

= S
i1...ip
j1...jq ;m

. (2.43)

However, the ∇ notation fits nicer with our conventions, since the first index is the
direction of covariant differentiation.

Notice the following calculation,

(∇g)(X, Y, Z) = Xg(Y, Z)− g(∇XY, Z)− g(Y,∇XZ) = 0, (2.44)

so the metric is parallel. Also note that that covariant differentiation commutes with
contraction,

∇m

(
δj1i1X

i1i2...
j1j2...

)
= δj1i1∇mX

i1i2...
j1j2...

(2.45)

Let I : TM → TM denote the identity map, which is naturally a (1, 1) tensor. We
have

(∇I)(X, Y ) = ∇X(I(Y ))− I(∇XY ) = ∇XY −∇XY = 0, (2.46)

so the identity map is also parallel.
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2.6 Gradient and Hessian

For f ∈ C1(M,R), the gradient is defined as

∇f = ](df) (2.47)

The Hessian operator is the endomorphism defined by

Hess(f)(X) = ∇(∇f)(X) = ∇X(∇f) = ∇X(](df)). (2.48)

Since the metric is parallel,

Hess(f)(X) = ]∇X(df). (2.49)

The Hessian is the (0, 2)-tensor defined as

∇2f(X, Y ) = ∇df(X, Y ) = X(df(Y ))− df(∇XY ) = X(Y f)− (∇XY )f. (2.50)

Note the Hessian operator is obtained from the Hessian simply by using the sharp
operator to convert the Hessian into an endomorphism.

In components, we have

∇2f(∂i, ∂j) = ∇i∇jf = ∇i(df)j = ∂i∂jf − Γkijfk. (2.51)

The symmetry of the Hessian

∇2f(X, Y ) = ∇2f(Y,X), (2.52)

then follows easily from the symmetry of the Riemannian connection.

3 Lecture 2: September 6, 2007

3.1 Curvature in vector bundles

Let X, Y ∈ Γ(TM), s ∈ Γ(E), where π : E →M is a vector bundle with a connection
∇, and define

R∇(X, Y )s = ∇X∇Y s−∇Y∇Xs−∇[X,Y ]s. (3.1)

This is linear over C∞ functions, so defines a tensor,

R∇ ∈ Γ(T ∗M ⊗ T ∗M ⊗ End(E)), (3.2)

called the curvature tensor of the bundle E. Clearly R∇ is skew-symmetric in the
first 2 indices, so in fact

R∇ ∈ Γ(Λ2(T ∗M)⊗ End(E)). (3.3)
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Let E has an inner product 〈·, ·〉, and assume that ∇ is compatible with this inner
product,

X〈s1, s2〉 = 〈∇Xs1, s2〉+ 〈s1,∇Xs2〉, (3.4)

for X ∈ Γ(TM), and s1, s2 ∈ Γ(E) (note that, by a partition of unity argument, any
vector bundle with inner product admits a compatible connection). In this case,

R∇ ∈ Γ(Λ2(T ∗M)⊗ so(E)), (3.5)

where so(E) is the bundle of skew-symmetric endomorphisms of E. Equivalently,

〈R∇(X, Y )s1, s2〉+ 〈R∇(X, Y )s2, s1〉 = 0, (3.6)

for X, Y ∈ Γ(TM), and s1, s2 ∈ Γ(E).
Let f : N →M , and consider the pullback bundle

f ∗E = {(p, v), p ∈ N, v ∈ E : f(p) = π(v)}. (3.7)

There are natural projections π1 : f ∗E → N , and π2 : f ∗E → TM defined by
π1((p, v)) = p, and π2((p, v)) = v, respectively. A connection in E induces a connec-
tion in f ∗E. Take V ∈ Γ(f ∗E), and vectors Xp, Yp ∈ TpN . Then

Rf∗∇(Xp, Yp)Vp = R∇
(

(f∗X)f(p), (f∗Y )f(p)

)
π2(Vp)f(p). (3.8)

Written out, this is

(f ∗∇)Xp(f
∗∇)YpVp − (f ∗∇)Y (f ∗∇)XVp = R∇

(
(f∗X)f(p), (f∗Y )f(p)

)
π2(Vp)f(p). (3.9)

This is easily verified in coordinates. This basically says that the curvature of the
pull-back connection is the pull-back of the curvature of the connection in TM , and
is called the structure equation of the connection.

A fantastic reference for the strict calculus of connections in a vector bundle is
[Poo81, Chapters 2,3].

3.2 Curvature in the tangent bundle

We now restrict the discussion to the tangent bundle TM , and let ∇ be the Rieman-
nian connection. In this case, the curvature tensor will be denoted simply by R. The
algebraic symmetries are:

R(X, Y )Z = −R(Y,X)Z (3.10)

0 = R(X, Y )Z +R(Y, Z)X +R(Z,X)Y (3.11)

Rm(X, Y, Z,W ) = −Rm(X, Y,W,Z) (3.12)

Rm(X, Y,W,Z) = Rm(W,Z,X, Y ), (3.13)
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where Rm(X, Y, Z,W ) = −〈R(X, Y )Z,W 〉. In terms of the musical isomorphisms,

Rm(X, Y, Z,W ) = −[
(
R(X, Y )Z

)
W. (3.14)

In a coordinate system we write

R(∂i, ∂j)∂k = R l
ijk ∂l. (3.15)

Then

Rm(∂i, ∂j, ∂k, ∂l) = 〈R(∂i, ∂j)∂k, ∂l〉
= 〈R m

ijk ∂m, ∂l〉
= R m

ijk gml.

(3.16)

We now define

Rijlk = −Rijkl = R m
ijk gml, (3.17)

that is, we lower the upper index to the third position.

Remark. Some authors choose to lower this index to a different position. One has to
be very careful with this, or you might end up proving that Sn has negative curvature!

Therefore as a (1, 3) tensor, the curvature tensor is

R = R l
ijk dx

i ⊗ dxj ⊗ dxk ⊗ ∂l, (3.18)

and as a (0, 4) tensor,

Rm = Rijkldx
i ⊗ dxj ⊗ dxk ⊗ dxl. (3.19)

In coordinates, the algebraic symmetries of the curvature tensor are

R l
ijk = −R l

jik (3.20)

0 = R l
ijk +R l

jki +R l
kij (3.21)

Rijkl = −Rijlk (3.22)

Rijkl = Rklij. (3.23)

Of course, we can write the first 2 symmetries as a (0, 4) tensor,

Rijkl = −Rjikl (3.24)

0 = Rijkl +Rjkil +Rkijl. (3.25)

Note that using (3.23), the algebraic Bianchi identity (3.25) may be written as

0 = Rijkl +Riklj +Riljk. (3.26)
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We next compute the curvature tensor in coordinates.

R(∂i, ∂j)∂k = R l
ijk ∂l

= ∇∂i∇∂j∂k −∇∂j∇∂i∂k

= ∇∂i(Γ
l
jk∂l)−∇∂j(Γ

l
ik∂l)

= ∂i(Γ
l
jk)∂l + ΓljkΓ

m
il ∂m − ∂j(Γlik)∂l − ΓlikΓ

m
jl∂m

=
(
∂i(Γ

l
jk) + ΓmjkΓ

l
im − ∂j(Γlik)− ΓmikΓ

l
jm

)
∂l,

(3.27)

which is the formula

R l
ijk = ∂i(Γ

l
jk)− ∂j(Γlik) + ΓlimΓmjk − ΓljmΓmik (3.28)

Fix a point p. Exponential coordinates around p form a normal coordinate system
at p. That is gij(p) = δij, and ∂kgij(p) = 0, which is equivalent to Γkij(p) = 0. The
Christoffel symbol is

Γljk =
1

2
glm
(
∂kgjm + ∂jgkm − ∂mgjk

)
. (3.29)

In normal coordinates at the point p,

∂iΓ
l
jk =

1

2
δlm
(
∂i∂kgjm + ∂i∂jgkm − ∂i∂mgjk

)
. (3.30)

We then have at p

R l
ijk =

1

2
δlm
(
∂i∂kgjm − ∂i∂mgjk − ∂j∂kgim + ∂j∂mgik

)
. (3.31)

Lowering an index, we have at p

Rijkl = −1

2

(
∂i∂kgjl − ∂i∂lgjk − ∂j∂kgil + ∂j∂lgik

)
= −1

2

(
∂2 7 g

)
.

(3.32)

The 7 symbol is the Kulkarni-Nomizu product, which takes 2 symmetric (0, 2) tensors
and gives a (0, 4) tensor with the same algebraic symmetries of the curvature tensor,
and is defined by

A7B(X, Y, Z,W ) =A(X,Z)B(Y,W )− A(Y, Z)B(X,W )

− A(X,W )B(Y, Z) + A(Y,W )B(X,Z).

To remember, first term is A(X,Z)B(Y,W ), skew symmetrize in X and Y . Then
skew-symmetrize both of these in Z and W .
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3.3 Sectional curvature, Ricci tensor, and scalar curvature

Let Π ⊂ TpM be a 2-plane, and let Xp, Yp ∈ TpM span Π. Then

K(Π) =
Rm(X, Y,X, Y )

g(X,X)g(Y, Y )− g(X, Y )2
, (3.33)

is independent of the particular chosen basis for Π, and is called the sectional curvature
of the 2-plane Π. The sectional curvatures in fact determine the full curvature tensor:

Proposition 3.1. Let Rm and Rm′ be two (0, 4)-curvature tensors which satisfy
K(Π) = K ′(Π) for all 2-planes Π, then Rm = Rm′.

From this proposition, if K(Π) = k0 is constant for all 2-planes Π, then we must
have

Rm(X, Y, Z,W ) = k0

(
g(X,Z)g(Y,W )− g(Y, Z)g(X,W )

)
, (3.34)

That is

Rm =
k0

2
g 7 g. (3.35)

In coordinates, this is

Rijkl = k0(gikgjl − gjkgil). (3.36)

We define the Ricci tensor as the (0, 2)-tensor

Ric(X, Y ) = tr(U → R(U,X)Y ). (3.37)

We clearly have

Ric(X, Y ) = R(Y,X), (3.38)

so Ric ∈ Γ(S2(T ∗M)). We let Rij denote the components of the Ricci tensor,

Ric = Rijdx
i ⊗ dxi, (3.39)

where Rij = Rji. From the definition,

Rij = R l
lij = glmRlimj. (3.40)

Notice for a space of constant curvature, we have

Rjl = gikRijkl = k0g
ik(gikgjl − gjkgil)

= (n− 1)k0gjl,
(3.41)

or invariantly

Ric = (n− 1)k0g. (3.42)
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The Ricci endomorphism is defined by

Rc(X) ≡ ]
(
Ric(X, ·)

)
. (3.43)

The scalar curvature is defined as the trace of the Ricci endomorphism

R ≡ tr(X → Rc(X)). (3.44)

In coordinates,

R = gpqRpq = gpqglmRlpmq. (3.45)

Note for a space of constant curvature k0,

R = n(n− 1)k0. (3.46)

4 Lecture 3: September 11, 2007

4.1 Differential Bianchi Identity

The differential Bianchi identity is

∇Rm(X, Y, Z, V,W ) +∇Rm(Y, Z,X, V,W ) +∇Rm(Z,X, Y, V,W ) = 0. (4.1)

This can be easily verified using the definition of the covariant derivative of a (0, 4)
tensor field which was given in the last lecture, and using normal coordinates to
simplify the computation. In coordinates, this is equivalent to

∇iRjklm +∇jRkilm +∇kRijlm = 0. (4.2)

Let us raise an index,

∇iR
l

jkm +∇jR
l

kim +∇kR
l

ijm = 0. (4.3)

Contract on the indices i and l,

0 = ∇lR
l

jkm +∇jR
l

klm +∇kR
l

ljm = ∇lR
l

jkm −∇jRkm +∇kRjm. (4.4)

This yields the Bianchi identity

∇lR
l

jkm = ∇jRkm −∇kRjm. (4.5)

In invariant notation, this is sometimes written as

δR = d∇Ric, (4.6)

where d∇ : S2(T ∗M)→ Λ2(T ∗M)⊗ T ∗M , is defined by

d∇h(X, Y, Z) = ∇h(X, Y, Z)−∇h(Y, Z,X), (4.7)
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and δ is the divergence operator.
Next, trace (4.5) on the indices k and m,

gkm∇lR
l

jkm = gkm∇jRkm − gkm∇kRjm. (4.8)

Since the metric is parallel, we can move the gkm terms inside,

∇lg
kmR l

jkm = ∇jg
kmRkm −∇kg

kmRjm. (4.9)

The left hand side is

∇lg
kmR l

jkm = ∇lg
kmglpRjkpm

= ∇lg
lpgkmRjkpm

= ∇lg
lpRjp = ∇lR

l
j.

(4.10)

So we have the Bianchi identity

2∇lR
l
j = ∇jR. (4.11)

Invariantly, this can be written

δRc = −1

2
dR. (4.12)

The minus appears due to the definition of the divergence operator.

Corollary 4.1. Let (M, g) be a connected Riemannian manifold. If n > 2, and there
exists a function f ∈ C∞(M) satisfying Ric = fg, then Ric = (n − 1)k0g, where k0

is a constant.

Proof. Taking a trace, we find that R = nf . Using (4.11), we have

2∇lR
l
j = 2∇l

(R
n
δlj

)
=

2

n
∇lR = ∇lR. (4.13)

Since n > 2, we must have dR = 0, which implies that R, and therefore f , is
constant.

4.2 Algebraic study of the curvature tensor

Recall that the curvature tensor Rm as a (0, 4)-tensor satisfies

Rm ∈ S2(Λ2T ∗M) ⊂ ⊗4T ∗M. (4.14)

Define a map b : S2Λ2 → S2Λ2 by

bRm(x, y, z, t) =
1

3

(
Rm(x, y, z, t) +Rm(y, z, x, t) +Rm(z, x, y, t)

)
, (4.15)
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this is called the Bianchi symmetrization map. Then S2(Λ2) decomposes as

S2(Λ2) = Ker(b)⊕ Im(b). (4.16)

Note that

b(α� β) =
1

6
α ∧ β, (4.17)

where α, β ∈ Λ2(T ∗M), and � denotes the symmetric product, therefore

Im(b) = Λ4T ∗M. (4.18)

Note that this implies b ≡ 0 if n = 2, 3, and dim(Im(b)) = 1 if n = 4.
Next, define

C = Ker(b) ⊂ S2(Λ2) (4.19)

to be the space of curvature-like tensors. Consider the decomposition

S2(Λ2) = C ⊕ Λ4. (4.20)

If V is a vector space of dimension p, then

dim(S2(V )) =
p(p+ 1)

2
. (4.21)

Since

dim(Λ2) =
n(n− 1)

2
, (4.22)

we find that

dimS2(Λ2) =
1

8
n(n− 1)(n2 − n+ 2). (4.23)

Also,

dim(Λ4) =

(
n

4

)
, (4.24)

which yields

dim(C) =
1

8
n(n− 1)(n2 − n+ 2)− 1

24
n(n− 1)(n− 2)(n− 3)

=
1

12
n2(n2 − 1).

(4.25)

Recall the Ricci contraction, c : C → S2(T ∗M), defined by

(c(Rm))(X, Y ) = tr(U → ]Rm(U,X, ·, Y )). (4.26)
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In components, we have

c(Rm) = R l
lij dx

i ⊗ dxj = gpqRipjqdx
i ⊗ dxj. (4.27)

Recall the Kulkarni-Nomizu product 7 : S2(T ∗M)× S2(T ∗M)→ C defined by

h7 k(X, Y, Z,W ) = h(X,Z)k(Y,W )− h(Y, Z)k(X,W )

− h(X,W )k(Y, Z) + h(Y,W )k(X,Z).
(4.28)

Note that h7 k = k 7 h.

Proposition 4.1. The map ψ : S2(T ∗M)→ C defined by

ψ(h) = h7 g, (4.29)

is injective for n > 2.

Proof. First note that

〈f, h7 g〉 = 4〈cf, h〉. (4.30)

To see this, we compute (in an orthonormal basis)

fijkl(hikgjl − hjkgil − hilgjk + hjlgik)

= fijkjhik − fijkihjk − fijjlhil + fijilhjl

= 4fijkjhik.

(4.31)

Also note that

c(h7 g) = (n− 2)h+ (tr(h))g. (4.32)

To see this

c(h7 g) =
∑
j,l

(h7 g)ijkl

=
∑
j,l

(hikgjl − hjkgil − hilgjk + hjlgik

= nhik − hjkgij − hijgjk + (tr(h))gik

= (n− 2)h+ (tr(h))g.

(4.33)

To prove the proposition, assume that h7 g = 0. Then

0 = 〈h7 g, h7 g〉
= 4〈h, c(h7 g)〉
= 4〈h, (n− 2)h+ (tr(h))g〉

= 4
(

(tr(h))2 + (n− 2)|h|2
)
,

(4.34)

which clearly implies that h = 0 if n > 2.
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Corollary 4.2. For n = 2, the scalar curvature determines the full curvature tensor.
For n = 3, the Ricci curvature determines the full curvature tensor.

Proof. The n = 2 case is trivial, since the only non-zero component of R can be R1212.
For any n, define the Schouten tensor

A =
1

n− 2

(
Ric− R

2(n− 1)
g

)
. (4.35)

We claim that

c(Rm− A7 g) = 0. (4.36)

To see this, we first compute

tr(A) =
1

n− 2

(
R− nR

2(n− 1)

)
=

R

2(n− 1)
. (4.37)

Then

c(Rm− A7 g) = c(Rm)− c(A7 g) = Ric−
(

(n− 2)A+ (tr(A))g
)

= Ric−
(
Ric− R

2(n− 1)
g +

R

2(n− 1)
g
)

= 0.

(4.38)

For n = 3, we have dim(C) = 6. From the proposition, we also have

ψ : S2(T ∗M) ↪→ C. (4.39)

But dim(S2(T ∗)) = 6, so ψ is an isomorphism. This implies that

Rm = A7 g. (4.40)

Remark. The above argument of course implies that, in any dimension, the curvature
tensor can always be written as

Rm = W + A7 g, (4.41)

where W ∈ Ker(c). The tensor W is called the Weyl tensor, which we will study in
depth a bit later.
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5 Lecture 4: September 13, 2007

5.1 Orthogonal decomposition of the curvature tensor

Last time we showed that the curvature tensor may be decomposed as

Rm = W + A7 g, (5.1)

where W ∈ Ker(c) is the Weyl tensor, and A is the Schouten tensor. We can rewrite
this as

Rm = W +
1

n− 2
E 7 g +

R

2n(n− 1)
g 7 g, (5.2)

where

E = Ric− R

n
g (5.3)

is the traceless Ricci tensor. In general, we will have

S2(Λ2(T ∗M)) = Λ4(T ∗M)⊕ C
= Λ4 ⊕W ⊕ ψ(S2

0(T ∗M))⊕ ψ(Rg),
(5.4)

whereW = Ker(c)∩Ker(b). This turns out to be an irreducible decomposition as an
SO(n)-module, except in dimension 4. In this case, the W splits into two irreducible
pieces W =W+ ⊕W−. We will discuss this in detail later.

Proposition 5.1. The decomposition (5.2) is orthogonal.

Proof. From above,

〈W,h7 g〉 = 4〈cW, h〉 = 0, (5.5)

so the Weyl tensor is clearly orthogonal to the other 2 terms. Next,

〈E 7 g, g 7 g〉 = 〈E, c(g 7 g)〉 = 〈E, 2(n− 1)g〉 = 0. (5.6)

To compute these norms, note that for any tensor B,

|B 7 g|2 = 〈B 7 g,B 7 g〉
= 4〈B, c(B 7 g)〉
= 4〈B, (n− 2)B + tr(B)g〉
= 4(n− 2)|B|2 + 4(tr(B))2.

(5.7)

The decomposition (4.41) yields

|Rm|2 = |W |2 + 4(n− 2)|A|2 + 4(tr(A))2, (5.8)
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while the decomposition (5.2) yields

|Rm|2 = |W |2 +
4

n− 2
|E|2 +

2

n(n− 1)
R2. (5.9)

Note that

|E|2 = EijEij = (Rij −
R

n
gij)(Rij −

R

n
gij)

= |Ric|2 − 2

n
R2 +

1

n
R2

= |Ric|2 − 1

n
R2,

(5.10)

so we obtain

|Rm|2 = |W |2 +
4

n− 2
|Ric|2 − 2

(n− 1)(n− 2)
R2. (5.11)

5.2 The curvature operator

Consider the curvature

R ∈ Γ
(
Λ2(T ∗M)⊗ so(TM)

)
. (5.12)

We know that

so(TM) = Λ2(T ∗M). (5.13)

An explicit isomorphism is given as follows. Take ω ∈ Λ2(T ∗M), and X ∈ TM .
Then ω(X, ·) is a 1-form, so ω maps to the endomorphisms O : TM → TM defined
by X 7→ ](ω(X, ·)). This is skew-symmetric:

〈O(X), Y 〉 = 〈](ω(X, ·)), Y 〉
= ω(X, Y ) = −ω(Y,X) = −〈O(Y ), X〉.

(5.14)

So for the Riemannian connection, we can view the curvature as

R ∈ Γ
(
Λ2(T ∗M)⊗ Λ2(T ∗M)

)
. (5.15)

Using the metric, we can identify Λ2(T ∗M) = (Λ2(T ∗M))∗, so we have

R ∈ Γ
(
End

(
Λ2(T ∗M)

))
. (5.16)

This is called the curvature operator. The identity

Rm(X, Y, Z,W ) = Rm(Z,W,X, Y ) (5.17)

implies furthermore that R is symmetric,

〈Rω1, ω2〉 = 〈ω1,Rω2〉. (5.18)
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To see this, compute in an ONB

〈Rα, β〉 = 〈Rijklαij, βkl〉
= 〈αij, Rijklβkl〉
= 〈αij, Rklijβkl〉
= 〈α,Rβ〉.

(5.19)

Since any symmetric matrix can be diagonalized, R has n(n− 1)/2 eigenvalues.

5.3 Curvature in dimension three

For n = 3, the Weyl tensor vanishes, so the curvature decomposes as

Rm = A7 g = (Ric− R

4
g) 7 g = Ric7 g − R

4
g 7 g, (5.20)

in coordinates,

Rijkl = Rikgjl −Rjkgil −Rilgjk +Rjlgik −
R

2
(gikgjl − gjkgil). (5.21)

The sectional curvature in the plane spanned by {ei, ej} is

Rijij = Riigjj −Rjigij −Rijgji +Rjjgii −
R

2
(giigjj − gjigij)

= Riigjj − 2Rijgij +Rjjgii −
R

2
(giigjj − gijgij).

(5.22)

Note we do not sum repeated indices in the above equation! Choose an ONB so that
the Rc is diagonalized at a point p,

Rc =

λ1 0 0
0 λ2 0
0 0 λ3

 . (5.23)

In this ONB, Rij = λiδij (again we do not sum!). Then the sectional curvature is

Rijij = λigjj − 2λigijgij + λjgii −
λ1 + λ2 + λ3

2
(giigjj − gijgij)

= λi − 2λiδij + λj −
λ1 + λ2 + λ3

2
(1− δij).

(5.24)

We obtain

R1212 =
1

2
(λ1 + λ2 − λ3)

R1313 =
1

2
(λ1 − λ2 + λ3)

R2323 =
1

2
(−λ1 + λ2 + λ3) .

(5.25)
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We can also express the Ricci eigenvalues in terms of the sectional curvatures

Rc =

R1212 +R1313 0 0
0 R1212 +R2323 0
0 0 R1313 +R2323

 . (5.26)

We note the following, define

T1(A) = −A+ tr(A)g = −Ric+
R

2
g. (5.27)

Since Rc is diagonal, T1(A) takes the form

T1(A) =

R2323 0 0
0 R1313 0
0 0 R1212

 . (5.28)

That is, the eigenvalue of T1(A) with eigenvector ei is equal to the sectional curvature
of the 2-plane orthogonal to ei.

Next, we consider the curvature operator R : Λ2(T ∗M)→ Λ2(T ∗M). We evaluate
in the basis e1 ∧ e2, e1 ∧ e3, e2 ∧ e3. An easy computation shows that for i < j,

R(ei ∧ ej) = Rijklek ∧ el = 2Rijijei ∧ ej, (5.29)

so the curvature operator is also diagonal, and its eigenvalues are just twice the
corresponding sectional curvatures.

6 Lecture 5: September 18, 2007

6.1 Covariant derivatives redux

Let E and E ′ be vector bundles over M , with covariant derivative operators ∇, and
∇′, respectively. The covariant derivative operators in E ⊗ E ′ and Hom(E,E ′) are

∇X(s⊗ s′) = (∇Xs)⊗ s′ + s⊗ (∇′Xs′) (6.1)

(∇XL)(s) = ∇′X(L(s))− L(∇Xs), (6.2)

for s ∈ Γ(E), s′ ∈ Γ(E ′), and L ∈ Γ(Hom(E,E ′)). Note also that the covariant
derivative operator in Λ(E) is given by

∇X(s1 ∧ · · · ∧ sr) =
r∑
i=1

s1 ∧ · · · ∧ (∇Xsi) ∧ · · · ∧ sr, (6.3)

for si ∈ Γ(E).
These rules imply that if T is an (r, s) tensor, then the covariant derivative ∇T

is an (r, s+ 1) tensor given by

∇T (X, Y1, . . . , Ys) = ∇X(T (Y1, . . . Ys))−
s∑
i=1

T (Y1, . . . ,∇XYi, . . . , Ys). (6.4)
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For notation, we will write a double covariant derivative as

∇2T = ∇∇T, (6.5)

which is an (r, s+ 2) tensor.

Proposition 6.1. For T an (r, s)-tensor field, the double covariant derivative satisfies

∇2T (X, Y, Z1, . . . , Zs) = ∇X(∇Y T )(Z1, . . . , Zs)− (∇∇XY T )(Z1, . . . Zs). (6.6)

Proof. We compute

∇2T (X, Y, Z1, . . . , Zs) = ∇(∇T )(X, Y, Z1, . . . , Zs)

= ∇X(∇T (Y, Z1, . . . , Zs))−∇T (∇XY, Z1, . . . , Zs)

−
s∑
i=i

∇T (Y, . . . ,∇XZi, . . . Zs)

= ∇X(∇Y T (Z1, . . . , Zs))

−∇∇XY (T (Z1, . . . , Zs))

+
s∑
i=1

T (Z1, . . . ,∇∇XYZi, . . . , Zs)

−
s∑
i=i

(∇Y T )(Z1, . . . ,∇XZi, . . . Zs).

(6.7)

The right hand side of (6.6) is

∇X(∇Y T )(Z1, . . . , Zs)− (∇∇XY T )(Z1, . . . Zs)

= ∇X(∇Y T (Z1, . . . , Zs))−
s∑
i=1

(∇Y T )(Z1, . . . ,∇XZi, . . . , Zs)

−∇∇XY (T (Z1, . . . , Zs)) +
s∑
i=1

T (Z1, . . . ,∇∇XYZi, . . . , Zs).

(6.8)

Comparing terms, we see that both sides are equal.

Remark. If we take a normal coordinate system, and X = ∂i, Y = ∂j, the above
proposition says the seemingly obvious fact that, at p,

∇i∇jT
j1...jr
ii...is

= ∇i(∇jT
j1...jr
ii...is

), (6.9)

since the Christoffel symbols vanish at p in normal coordinates.
Equivalently, we could take an ONB at a point p, and parallel translate this

frame to a neighborhood of p, to obtain an parallel orthonormal frame field in a
neighborhood of p. The above equation would hold for the components of T with
respect to this frame.
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6.2 Commuting covariant derivatives

Let X, Y, Z ∈ Γ(TM), and compute using the Proposition 6.1

∇2Z(X, Y )−∇2Z(Y,X) = ∇X(∇YZ)−∇∇XYZ −∇Y (∇XZ)−∇∇YXZ
= ∇X(∇YZ)−∇Y (∇XZ)−∇∇XY−∇YXZ
= ∇X(∇YZ)−∇Y (∇XZ)−∇[X,Y ]Z

= R(X, Y )Z,

(6.10)

which is just the definition of the curvature tensor. In coordinates,

∇i∇jZ
k = ∇j∇iZ

k +R k
ijm Z

m. (6.11)

We extend this to (p, 0)-tensor fields:

∇2(Z1 ⊗ · · · ⊗ Zp)(X, Y )−∇2(Z1 ⊗ · · · ⊗ Zp)(Y,X)

= ∇X(∇Y (Z1 ⊗ · · · ⊗ Zp))−∇∇XY (Z1 ⊗ · · · ⊗ Zp)
−∇Y (∇X(Z1 ⊗ · · · ⊗ Zp))−∇∇YX(Z1 ⊗ . . .⊗ Zp

= ∇X

( p∑
i=1

Z1 ⊗ · · ·∇YZi ⊗ · · · ⊗ Zp
)
−

p∑
i=1

Z1 ⊗ · · ·∇∇XYZi ⊗ · · · ⊗ Zp

−∇Y

( p∑
i=1

Z1 ⊗ · · ·∇XZi ⊗ · · · ⊗ Zp
)

+

p∑
i=1

Z1 ⊗ · · ·∇∇YXZi ⊗ · · · ⊗ Zp

=

p∑
j=1

p∑
i=1,i 6=j

Z1 ⊗∇XZj ⊗ · · ·∇YZi ⊗ · · · ⊗ Zp

−
p∑
j=1

p∑
i=1,i 6=j

Z1 ⊗∇YZj ⊗ · · ·∇XZi ⊗ · · · ⊗ Zp

+

p∑
i=1

Z1 ⊗ · · · ⊗ (∇X∇Y −∇Y∇X −∇[X,Y ])Zi ⊗ · · · ⊗ Zp

=

p∑
i=1

Z1 ⊗ · · · ⊗ R(X, Y )Zi ⊗ · · · ⊗ Zp.

(6.12)

In coordinates, this is

∇i∇jZ
i1...ip = ∇j∇iZ

ii...ip +

p∑
k=1

R ik
ijm Zi1...ik−1mik+1...ip . (6.13)

Proposition 6.2. For a 1-form ω, we have

∇2ω(X, Y, Z)−∇2ω(Y,X,Z) = ω(R(Y,X)Z). (6.14)
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Proof. Using Proposition 6.1, we compute

∇2ω(X, Y, Z)−∇2ω(Y,X,Z)

= ∇X(∇Y ω)(Z)− (∇∇XY ω)(Z)−∇Y (∇Xω)(Z)− (∇∇YXω)(Z)

= X(∇Y ω(Z))−∇Y ω(∇XZ)−∇XY (ω(Z)) + ω(∇∇XYZ)

− Y (∇Xω(Z)) +∇Xω(∇YZ) +∇YX(ω(Z))− ω(∇∇YXZ)

= X(∇Y ω(Z))− Y (ω(∇XZ)) + ω(∇Y∇XZ)−∇XY (ω(Z)) + ω(∇∇XYZ)

− Y (∇Xω(Z)) +X(ω(∇YZ))− ω(∇X∇YZ) +∇YX(ω(Z))− ω(∇∇YXZ)

= ω
(
∇Y∇XZ −∇X∇YZ +∇[X,Y ]Z

)
+X(∇Y ω(Z))− Y (ω(∇XZ))−∇XY (ω(Z))

− Y (∇Xω(Z)) +X(ω(∇YZ)) +∇YX(ω(Z)).

(6.15)

The last six terms are

X(∇Y ω(Z))− Y (ω(∇XZ))−∇XY (ω(Z))

− Y (∇Xω(Z)) +X(ω(∇YZ)) +∇YX(ω(Z))

= X
(
Y (ω(Z))− ω(∇YZ)

)
− Y (ω(∇XZ))− [X, Y ](ω(Z))

− Y
(
X(ω(Z))− ω(∇XZ)

)
+X(ω(∇YZ))

= 0.

(6.16)

Remark. It would have been a bit easier to assume we were in normal coordinates,
and assume terms with ∇XY vanished, but we did the above for illustration.

In coordinates, this formula becomes

∇i∇jωk = ∇j∇iωk −R p
ijk ωp. (6.17)

As above, we can extend this to (0, s) tensors using the tensor product, in an almost
identical calculation to the (r, 0) tensor case. Finally, putting everything together,
the formula in coordinates for a general (r, s)-tensor T is

∇i∇jT
i1...ir
j1...js

= ∇j∇iT
i1...ir
j1...js

+
r∑

k=1

R ik
ijm T

i1...ik−1mik+1...ir
j1...js

−
s∑

k=1

R m
ijjk

T i1...irj1...jk−1mjk+1...js
.

(6.18)

6.3 Rough Laplacian and gradient

For (p, q) tensor T , we let

∆T = tr(X → ](∇2T )(X, ·)). (6.19)
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This is called the rough Laplacian. In coordinates this is

∆T i1...irj1...js
= gij∇i∇jT

i1...ir
j1...js

. (6.20)

Equivalently, in an ONB,

∆T i1...irj1...js
=
∑
i,j

δij∇i∇jT
i1...ir
j1...js

. (6.21)

Proposition 6.3. For a function f ∈ C3(M),

∆df = d∆f +RcT (df). (6.22)

Proof. We compute in coordinates

∆∇if = glp∇p∇l∇if

= glp∇p∇i∇lf

= glp(∇i∇p∇lf −R q
pil ∇qf

= ∇ig
lp∇p∇lf +Rq

i∇qf

= ∇i∆f +Rq
i∇qf.

(6.23)

Remark. In (6.22), the Laplacian on the left hand side is not the Hodge Laplacian on
1-forms. More on this next time.

7 Lecture 6: September 20, 2007

7.1 Commuting Laplacian and Hessian

We compute the commutator of the Laplacian and Hessian, acting on functions.

Proposition 7.1. Let f ∈ C4(M). Then

∆∇2f = ∇2∆f +Rm ∗ ∇2f +∇Rm ∗ ∇f. (7.1)

Proof. We compute

(∆∇2f)ij = gkl∇k∇l∇i∇jf

= gkl∇k(∇l∇i∇jf)

= gkl∇k(∇i∇l∇jf −R p
lij ∇pf)

= gkl
(
∇k∇i∇l∇jf

)
− gkl∇k

(
R p
lij ∇pf

)
= gkl

(
∇k∇i∇j∇lf

)
− gkl∇k

(
R p
lij ∇pf

)
= I + II.

(7.2)
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We have

I = gkl
(
∇i∇k∇j∇lf −R p

kil ∇p∇jf −R p
kij ∇l∇pf

)
= gkl

(
∇i(∇k∇j∇lf)−R p

kil ∇p∇jf −R p
kij ∇l∇pf

)
= gkl

(
∇i

(
∇j∇k∇lf −R p

kjl ∇pf
)
−R p

kil ∇p∇jf −R p
kij ∇l∇pf

)
= gkl

(
∇i∇j∇k∇lf −∇i(R

p
kjl ∇pf)−R p

kil ∇p∇jf −R p
kij ∇l∇pf

)
.

(7.3)

Lowering some indices, we obtain

I = gkl
(
∇i∇j∇k∇lf −∇i(Rkjpl∇pf)−Rkipl∇p∇jf −Rkipj∇l∇pf

)
. (7.4)

Since g is parallel,

I = ∇i∇jg
kl∇k∇lf −∇i(g

klRkjpl∇pf)− gklRkipl∇p∇jf −Rkipj∇k∇pf

= ∇i∇j∆f −∇i(−Rjp∇pf) +Rip∇p∇jf −Rkipj∇k∇pf
(7.5)

The second term is

II = −gkl∇k

(
R p
lij ∇pf

)
= −gkl∇k

(
Rlipj∇pf

)
= −gkl∇k

(
Rpjli∇pf

)
= −∇k

(
R k
pji ∇pf

)
= −∇kR

k
pji ∇pf −R k

pji ∇k∇pf.

(7.6)

Using the contracted differential Bianchi identity (4.5), we write

II = −(∇pRji −∇jRpi)∇pf −R k
pji ∇k∇pf

= −(∇pRji −∇jRpi)∇pf −Rpjki∇k∇pf
(7.7)

Combining everything, we have

∆∇i∇jf = I + II

= ∇i∇j∆f + (∇iRjp)∇pf +Rjp∇i∇pf +Rip∇p∇jf −Rkipj∇k∇pf

− (∇pRji)∇pf + (∇jRpi)∇pf −Rpjki∇k∇pf

= ∇i∇j∆f +Rjp∇i∇pf +Rip∇p∇jf − 2Rkipj∇k∇pf

+ (∇iRjp +∇jRpi −∇pRij)∇pf.

(7.8)

We can rewrite the formula as

∆∇i∇jf = ∇i∇j∆f + (Rjpgik +Ripgjk − 2Rkipj)∇k∇pf

+ (∇iRjp +∇jRpi −∇pRij)∇pf.
(7.9)
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Proposition 7.2. If g has constant sectional curvature k0, then

∆∇i∇jf = ∇i∇j∆f + 2nk0∇i∇jf − 2k0∆fgij. (7.10)

Proof. Since g has constant sectional curvature, g is in particular Einstein, so all
covariant derivatives of Ricci vanish. The formula becomes

∆∇i∇jf = ∇i∇j∆f

+
(

(n− 1)k0gjpgik + (n− 1)k0gipgjk − 2k0(gkpgij − gipgkj)
)
∇k∇pf

= ∇i∇j∆f + 2nk0∇i∇jf − 2k0∆fgij.

(7.11)

7.2 An application to PDE

We next give a PDE application of this formula.

Proposition 7.3. Assume that (M, g) has constant sectional curvature k0 ≥ 0, and
let Ω ⊂ M be a domain with smooth boundary. Let f ∈ C4(Ω) be a convex function
in Ω satisfying

∆f = h, (7.12)

where 0 < h ∈ C2(Ω) is a positive concave function. Then either (i) f is strictly
convex in Ω, or (ii) f satisfies the Monge-Ampére equation

det(∇2f) = 0, (7.13)

everywhere in Ω.

Proof. Consider the function H = det1/n(∇2f). Since f is convex, H ≥ 0. We
compute in normal coordinates

∆H =
∑
l

∇l∇lH

=
∑
l

∇l(F
ij∇l∇i∇jf)

≤ F ij∆∇i∇jf

= F ij(∇i∇j∆f + 2nk0∇i∇jf − 2k0∆fgij),

(7.14)

where F ij is the linearized operator of det1/n, and we have used the fact that det1/n

is a concave function of the eigenvalues, in the positive cone.
Using the equation (7.12), this is

∆H ≤ F ij(∇i∇jh+ 2nk0∇i∇jf − 2k0∆fgij). (7.15)
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Since f is convex, F ij is positive semi-definite, and since H is concave, ∇2h is negative
semi-definite, so

∆H ≤ 2k0F
ij(n∇i∇jf −∆fgij)

≤ 2k0nF
ij∇i∇jf

= 2k0nH

(7.16)

Rewriting, we have shown that

∆H − 2k0nH ≤ 0. (7.17)

In other words, H is a non-negative super-solution of the operator ∆−2k0nI in Ω. If
H is not strictly positive in Ω, then it must be zero at an interior point. In this case,
the strong maximum principle says that H vanishes identically in Ω [GT01, Section
3.2]. This completes the proof.

Remark. The above result is called a Caffarelli-Friedman type estimate. We also
cheated a bit – H is not differentiable at 0, we leave it to the reader to fix this.

8 Lecture 7: Tuesday, September 25.

8.1 Integration and adjoints

If T is an (r, s)-tensor, we define the divergence of T , div T to be the (r, s− 1) tensor

(div T )(Y1, . . . , Ys−1) = tr
(
X → ](∇T )(X, ·, Y1, . . . , Ys−1)

)
, (8.1)

that is, we trace the covariant derivative on the first two covariant indices. In coor-
dinates, this is

(div T )i1...irj1...js−1
= gij∇iT

i1...ir
jj1...js−1

. (8.2)

If X is a vector field, define

(div X) = tr(∇X), (8.3)

which is in coordinates

div X = δij∇iX
j = ∇jX

j. (8.4)

For vector fields and 1-forms, these two are of course closely related:

Proposition 8.1. For a vector field X,

div X = div ([X). (8.5)

29



Proof. We compute

div X = δij∇iX
j

= δij∇ig
jlXl

= δijg
jl∇iXl

= gil∇iXl = div ([X).

(8.6)

If M is oriented, we define the Riemannian volume element dV to be the oriented
unit norm element of Λn(T ∗Mx). Equivalently, if ω1, . . . ωn is a positively oriented
ONB of T ∗Mx, then

dV = ω1 ∧ · · · ∧ ωn. (8.7)

In coordinates,

dV =
√

det(gij)dx
1 ∧ · · · ∧ dxn. (8.8)

Recall the Hodge star operator ∗ : Λp → Λn−p defined by

α ∧ ∗β = 〈α, β〉dVx, (8.9)

where α, β ∈ Λp.

Proposition 8.2. (i) The Hodge star is an isometry from Λp to Λn−p.
(ii) ∗(ω1 ∧ · · · ∧ ωp) = ωp+1 ∧ · · · ∧ ωn if ω1, . . . ωn is a positively oriented ONB of
T ∗Mx. In particular, ∗1 = dV , and ∗dV = 1.
(iii) On Λp, ∗2 = (−1)p(n−p).
(iv) For α, β ∈ Λp,

〈α, β〉 = ∗(α ∧ ∗β) = ∗(β ∧ ∗α). (8.10)

(v) If {ei} and {ωi} are dual ONB of TxM , and T ∗xM , respectively, and α ∈ Λp, then

∗(ωj ∧ α) = (−1)piej(∗α), (8.11)

where iX : Λp → Λp−1 is interior multiplication defined by

iXα(X1, . . . , Xp) = α(X,X1, . . . , Xp). (8.12)

Proof. The proof is left to the reader.

Remark. In general, locally there will be two different Hodge star operators, depending
upon the two different choices of local orientation. Each will extend to a global Hodge
star operator if and only if M is orientable. However, one can still construct global
operators using the Hodge star, even if M is non-orientable, an example of which will
be the Laplacian.
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We next give a formula relating the exterior derivative and covariant differentia-
tion.

Proposition 8.3. The exterior derivative d : Ωp → Ωp+1 is given by

dω(X0, . . . , Xp) =

p∑
i=0

(−1)j(∇Xjω)(X0, . . . , X̂j, . . . , Xp), (8.13)

(the notation means that the X̂j term is omitted). That is, the exterior derivative dω
is the skew-symmetrization of ∇ω, we write dω = Sk(∇ω). If {ei} and {ωi} are dual
ONB of TxM , and T ∗xM , then this may be written

dω =
∑
i

ωi ∧∇eiω. (8.14)

Proof. Recall the formula for the exterior derivative [War83, Theorem ?],

dω(X0, . . . , Xp) =

p∑
j=0

(−1)jXj

(
ω(X0, . . . , X̂j, . . . , Xp)

)
+
∑
i<j

(−1)i+jω([Xi, Xj], X0, . . . , X̂i, . . . , X̂j, . . . , Xp).

(8.15)

Since both sides of the equation (8.13) are tensors, we may assume that [Xi, Xj]x = 0,
at a fixed point x. Since the connection is Riemannian, we also have ∇XiXj(x) = 0.
We then compute at the point x.

dω(X0, . . . , Xp)(x) =

p∑
j=0

(−1)jXj

(
ω(X0, . . . , X̂j, . . . , Xp)

)
(x)

=

p∑
j=0

(−1)j(∇Xjω)(X0, . . . , X̂j, . . . , Xp)(x),

(8.16)

using the definition of the covariant derivative. This proves the first formula. For the
second, note that

∇Xjω = ∇(Xj)ieiω =
n∑
i=1

ωi(Xj) · (∇eiω), (8.17)

so we have

dω(X0, . . . , Xp)(x) =

p∑
j=0

(−1)j
n∑
i=1

ωi(Xj) · (∇eiω)(X0, . . . , X̂j, . . . , Xp)(x)

=
∑
i

(ωi ∧∇eiω)(X0, . . . , Xp)(x).

(8.18)
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Remark. One has to choose an identification of Λ(T ∗M) with Λ(TM)∗, in order
to view forms as multilinear alternating maps on the tangent space. We choose
the identification as in [War83, page 59]: if ω = e1 ∧ · · · ∧ ep ∈ Λp(T ∗M), and
e = e1 ∧ · · · ∧ ep ∈ Λp(TM), then

ω(e) = det[ei(ej)]. (8.19)

This makes the wedge product defined as follows. If α ∈ Ωp, and β ∈ Ωq, then

α ∧ β(X1, . . . , Xp+q) =
1

p! q!

∑
σ

α(Xσ(1), . . . , Xσ(p)) · β(Xσ(p+1), . . . , Xσ(p+q)), (8.20)

and the sum is over all permutations of length p+ q.

Proposition 8.4. For a vector field X,

∗(div X) = (div X)dV = d(iXdV ) = LX(dV ). (8.21)

Proof. Fix a point x ∈ M , and let {ei} be an orthonormal basis of TxM . In a small
neighborhood of x, parallel translate this frame along radial geodesics. For such a
frame, we have ∇eiej(x) = 0. Such a frame is called an adapted moving frame field
at x. Let {ωi} denote the dual frame field. We have

LX(dV ) = (diX + iXd)dV = d(iXdV )

=
∑
i

ωi ∧∇ei

(
iX(ω1 ∧ · · · ∧ ωn)

)
=
∑
i

ωi ∧∇ei

(
(−1)j−1

n∑
j=1

ωj(X)ω1 ∧ · · · ∧ ω̂j ∧ · · · ∧ ωn
)

=
∑
i,j

(−1)j−1ei
(
ωj(X)

)
ωi ∧ ω1 ∧ · · · ∧ ω̂j ∧ · · · ∧ ωn

=
∑
i

ωi(∇eiX)dV

= (div X)dV = ∗(div X).

(8.22)

Corollary 8.1. Let (M, g) be compact, orientable and without boundary. If X is a
C1 vector field, then ∫

M

(div X)dV = 0. (8.23)

Proof. Using Stokes’ Theorem and Proposition 8.4,∫
M

(div X)dV =

∫
d(iXdV ) =

∫
∂M

ixdV = 0. (8.24)
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Using this, we have an integration formula for (r, s)-tensor fields.

Corollary 8.2. Let (M, g) be as above, T be an (r, s)-tensor field, and S be a (r, s+1)
tensor field. Then ∫

M

〈∇T, S〉dV = −
∫
M

〈T, div S〉dV. (8.25)

Proof. Let us view the inner product 〈T, S〉 as a 1-form ω. In coordinates

ω = 〈T, S〉 = T j1...jsi1...ir
Si1...irjj1...js

dxj. (8.26)

Note the indices on T are reversed, since we are taking an inner product. Taking the
divergence, since g is parallel we compute

div (〈T, S〉) = ∇j(T j1...jsi1...ir
Si1...irjj1...js

)

= ∇j(T j1...jsi1...ir
)Si1...irjj1...js

+ T j1...jsi1...ir
∇jSi1...irjj1...js

= 〈∇T, S〉+ 〈T, div S〉.
(8.27)

The result then follows from Proposition 8.1 and Corollary 8.1.

Remark. Some authors define ∇∗ = −div, for example [Pet06].

Recall the adjoint of d, δ : Ωp → Ωp−1 defined by

δω = (−1)n(p+1)+1 ∗ d ∗ ω. (8.28)

Proposition 8.5. The operator δ is the L2 adjoint of d,∫
M

〈δα, β〉dV =

∫
M

〈α, dβ〉dV, (8.29)

where α ∈ Ωp(M), and β ∈ Ωp−1(M).

Proof. We compute∫
M

〈α, dβ〉dV =

∫
M

dβ ∧ ∗α

=

∫
M

(
d(β ∧ ∗α) + (−1)pβ ∧ d ∗ α

)
=

∫
M

(−1)p+(n−p+1)(p−1)β ∧ ∗ ∗ d ∗ α

=

∫
M

〈β, (−1)n(p+1)+1 ∗ d ∗ α〉dV

=

∫
M

〈β, δα〉dV.

(8.30)
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Proposition 8.6. On Ωp, δ = −div.

Proof. Let ω ∈ Ωp. Fix x ∈M , and dual ONB {ei} and {ωi}. We compute at x,

(div ω)(x) =
∑
j

iej∇ejω

=
∑
j

(−1)p(n−p)
(
iej
(
∗ ∗(∇ejω)

))
= (−1)p(n−p)

∑
j

(−1)n−p ∗ (ωj ∧ ∗∇ejω)

= (−1)(p+1)(n−p)
∑
j

∗
(
ωj ∧∇ej(∗ω)

)
= (−1)n(p+1)(∗d ∗ ω)(x).

(8.31)

Remark. Formula (8.6) requires a bit of explanation. The divergence is defined on
tensors, while δ is defined on differential forms. What we mean is defined on the first
line of (8.31), where the covariant derivative is the induced covariant derivative on
forms.

An alternative proof of the proposition could go as follows.∫
M

〈α, δβ〉dV =

∫
M

〈dα, β〉dV

=

∫
M

〈Sk(∇α), β〉dV

=

∫
M

〈∇α, β〉dV

=

∫
M

〈α,−div β〉dV.

(8.32)

Thus both δ and −div are L2 adjoints of d. The result then follows from uniqueness
of the L2 adjoint.

9 Lecture 8: September 23, 2007

9.1 Bochner and Weitzenböck formulas

For T an (r, s)-tensor, the rough Laplacian is given by

∆T = div ∇T . (9.1)

For ω ∈ Ωp we define the Hodge laplacian ∆H : Ωp → Ωp by

∆Hω = (dδ + δd)ω. (9.2)

We say a p-form is harmonic if it is in the kernel of ∆H .
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Proposition 9.1. For T and S both (r, s)-tensors,∫
M

〈∆T, S〉dV = −
∫
M

〈∇T,∇S〉dV =

∫
M

〈T,∆S〉dV. (9.3)

For α, β ∈ Ωp, ∫
M

〈∆Hα, β〉dV =

∫
M

〈α,∆Hβ〉dV. (9.4)

Proof. Formula (9.3) is an application of (9.1) and Corollary (8.2). For the second,
from Proposition 8.5,∫

M

〈∆Hα, β〉dV =

∫
M

〈(dδ + δd)α, β〉dV

=

∫
M

〈dδα, β〉dV +

∫
M

〈δdα, β〉dV

=

∫
M

〈δα, δβ〉dV +

∫
M

〈dα, dβ〉dV

=

∫
M

〈α, dδβ〉dV +

∫
M

〈α, δdβ〉dV

=

∫
M

〈α,∆Hβ〉dV.

(9.5)

Note that ∆ maps alternating (0, p) tensors to alternating (0, p) tensors, therefore
it induces a map ∆ : Ωp → Ωp (note that on [Poo81, page 159] it is stated that
the rough Laplacian of an r-form is in general not an r-form, but this seems to be
incorrect). On p-forms, ∆ and ∆H are two self-adjoint linear second order differential
operators. How are they related? Consider the case of 1-forms.

Proposition 9.2. Let ω ∈ Ω1(M). If dω = 0, then

∆ω = −∆H(ω) +RcT (ω). (9.6)

Proof. In Proposition 6.3 above, we showed that on functions,

∆df = d∆f +RcT (df). (9.7)

But on functions, ∆f = −∆Hf . Clearly ∆H commutes with d, so we have

∆(df) = −∆H(df) +RcT (df). (9.8)

Given any closed 1-form ω, by the Poincaré Lemma, we can locally write ω = df for
some function f . This proves the formula.

Corollary 9.1. If (M, g) has non-negative Ricci curvature, then any harmonic 1-
form is parallel. In this case b1(M) ≤ n. If, in addition, Rc is positive definite at
some point, then any harmonic 1-form is trivial. In this case b1(M) = 0.
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Proof. Formula (9.6) is

∆ω = RcT (ω). (9.9)

Take inner product with ω, and integrate∫
M

〈∆ω, ω〉 = −
∫
M

|∇ω|2dV =

∫
M

Ric(]ω, ]ω)dV (9.10)

This clearly implies that ∇ω ≡ 0, thus ω is parallel. If in addition Rc is strictly
positive somewhere, ω must vanish identically. The conclusion on the first Betti
number follows from the Hodge Theorem.

We next generalize this to p-forms.

Definition 1. For ω ∈ Ωp, we define a (0, p)-tensor field ρω by

ρω(X1, . . . , Xp) =
n∑
i=1

p∑
j=1

(
RΛp(ei, Xj)ω

)
(X1, . . . , Xj−1, ei, Xj+1, . . . , Xp), (9.11)

where {ei} is an ONB at x ∈M .

Remark. Recall what this means. The Riemannian connection induces a metric con-
nection in the bundle Λp(T ∗M). The curvature of this connection therefore satisfies

RΛp ∈ Γ
(

Λ2(T ∗M)⊗ so(Λp(T ∗M))
)
. (9.12)

We leave it to the reader to show that (9.11) is well-defined.

The relation between the Laplacians is given by

Theorem 9.1. Let ω ∈ Ωp. Then

∆Hω = −∆ω + ρω. (9.13)

We also have the formula

〈∆Hω, ω〉 =
1

2
∆H |ω|2 + |∇ω|2 + 〈ρω, ω〉. (9.14)

Proof. Take ω ∈ Ωp, and vector fields X, Y1, . . . , Yp. We compute

(∇ω − dω)(X, Y1, . . . , Yp) = (∇Xω)(Y1, . . . , Yp)− dω(X, Y1, . . . , Yp) (9.15)

=

p∑
j=1

(∇Yjω)(Y1, . . . , Yj−1, X, Yj+1, . . . , Yp), (9.16)
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using Proposition 8.3. Fix a point x ∈ M . Assume that (∇Yj)x = 0, by parallel
translating the values of Yj at x. Also take ei to be an adapted moving frame at p.
Using Proposition 8.6, we compute at x

(div ∇ω + δdµ)(Y1, . . . , Yp) = div (∇ω − dω)(Y1, . . . , Yr)

=
n∑
i=1

(
∇ei(∇ω − dω)

)
(ei, Y1, . . . , Yp)

=
n∑
i=1

(
ei(∇ω − dω)

)
(ei, Y1, . . . , Yp)

=
n∑
i=1

p∑
j=1

ei

(
(∇Yjω)(Y1, . . . , Yj−1, ei, Yj+1, . . . , Yp)

=
n∑
i=1

p∑
j=1

(∇ei∇Yjω)(Y1, . . . , Yj−1, ei, Yj+1, . . . , Yp)

(9.17)

We also have

dδω(Y1, . . . , Yp) =

p∑
j=1

(−1)j+1(∇Yjδω)(Y1, . . . , Ŷj, . . . , Yp)

=

p∑
j=1

(−1)jYj

(
n∑
i=1

(∇eiω)(ei, Y1, . . . , Ŷj, . . . , Yp)

)

= −
n∑
i=1

p∑
j=1

(∇Yj∇eiω)(Y1, . . . , Yj−1, ei, Yj+1, . . . , Yp).

(9.18)

The commutator [ei, Yj](x) = 0, since ∇eiYj(x) = 0, and ∇Yjei(x) = 0, by our choice.
Consequently,

(∆Hω + ∆ω)(Y1, . . . , Yp) = (∆Hω + div ∇ω)(Y1, . . . , Yp) = ρω(Y1, . . . , Yp). (9.19)

This proves (9.13). For (9.14), we compute at x

div ∇ω(Y1, . . . , Yp) =
∑
i

∇ei(∇ω)(e1, Y1, . . . , Yp)

=
∑
i

ei(∇eiω)(Y1, . . . , Yp)

=
∑
i

(∇ei∇eiω)(Y1, . . . , Yp).

(9.20)
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Next, again at x,

〈−div∇ω, ω〉 = −
∑
i

〈∇ei∇eiω, ω〉

= −
∑
i

ei (〈∇eiω, ω〉 − 〈∇eiω,∇eiω〉)

= −1

2

∑
i

(eiei|ω|2) + |∇ω|2

=
1

2
∆H |ω|2 + |∇ω|2.

(9.21)

Remark. The rough Laplacian is therefore “roughly” the Hodge Laplacian, up to
curvature terms. Note also in (9.14), the norms are tensor norms, since the right
hand side has the term |∇ω|2 and ∇ω is not a differential form. We are using (8.19)
to identify forms and alternating tensors. This is an important point. For example,
as an element of Λ2(T ∗M), e1 ∧ e2 has norm 1 if e1, e2 are orthonormal in T ∗M . But
under our identification with tensors, e1∧ e2 is identified with e1⊗ e2− e2⊗ e1, which
has norm

√
2 with respect to the tensor inner product. Thus our identification in

(8.19) is not an isometry, but is a constant multiple of an isometry.

10 Lecture 9: October 2, 2007

10.1 Manifolds with positive curvature operator

We begin with a general property of curvature in exterior bundles.

Proposition 10.1. Let ∇ be a connection in a vector bundle π : E →M . As before,
extend ∇ to a connection in Λp(E) by defining it on decomposable elements

∇X(s1 ∧ · · · ∧ sp) =

p∑
i=1

s1 ∧ · · · ∧ ∇Xsi ∧ · · · ∧ sp. (10.1)

For vector fields X, Y , RΛp(E)(X, Y ) ∈ End(Λp(E)) acts as a derivation

RΛp(E)(X, Y )(s1 ∧ · · · ∧ sp) =

p∑
i=1

s1 ∧ · · · ∧ R∇(X, Y )(si) ∧ · · · ∧ sp. (10.2)

Proof. We prove for p = 2, the case of general p is left to the reader. Since this is a
tensor equation, we may assume that [X, Y ] = 0. We compute

RΛ2(E)(X, Y )(s1 ∧ s2) = ∇X∇Y (s1 ∧ s2)−∇Y∇X(s1 ∧ s2)

= ∇X

(
(∇Y s1) ∧ s2 + s1 ∧ (∇Y s2)

)
−∇Y

(
(∇Xs1) ∧ s2 + s1 ∧ (∇Xs2)

)
= (∇X∇Y )s1 ∧ s2 +∇Y s1 ∧∇Xs2 +∇Xs1 ∧∇Y s2 + s1 ∧ (∇X∇Y )s2

− (∇Y∇X)s1 ∧ s2 −∇Xs1 ∧∇Y s2 −∇Y s1 ∧∇Xs2 − s1 ∧ (∇Y∇X)s2

=
(
R∇(X, Y )(s1)

)
∧ s2 + s1 ∧

(
R∇(X, Y )(s2)

)
.

(10.3)
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We apply this to the bundle E = Λp(T ∗M). Recall for a 1-form ω,

∇i∇jωl = ∇j∇iωl −R k
ijl ωk. (10.4)

In other words,

(R(∂i, ∂j)ω)l = −R k
ijl ωk, (10.5)

where the left hand side means the curvature of the connection in T ∗M , but the right
hand side is the Riemannian curvature tensor. For a p-form ω ∈ Ωp, with components
ωi1...ip , Proposition 10.1 says that

(
RΛp(eα, eβ)ω

)
i1...ip

= −
p∑

k=1

R l
αβik

ωi1...ik−1lik+1...ip , (10.6)

where the left hand side now means the curvature of the connection in Λp(T ∗M).
Next, we look at ρω in coordinates. It is written

(ρω)ii...ip = gαl
p∑
j=1

(
RΛp(∂α, ∂ij)ω

)
i1...ij−1lij+1...ip

. (10.7)

Using (10.6), we may write ρω as

(ρω)ii...ip = −gαl
p∑
j=1

p∑
k=1,k 6=j

R m
αijik

ωi1...ij−1lij+1...ik−1mik+1...ip

− gαl
p∑
j=1

R m
αij l

ωi1...ij−1mij+1...ip

(10.8)

Let us rewrite the above formula in an orthonormal basis,

(ρω)ii...ip = −
n∑

l,m=1

p∑
j=1

p∑
k=1,k 6=j

Rlijmikωi1...ij−1lij+1...ik−1mik+1...ip

+
n∑

m=1

p∑
j=1

Rijmωi1...ij−1mij+1...ip .

(10.9)

Using the algebraic Bianchi identity (3.25), this is

Rlijmik +Rlmikij +Rlikijm = 0, (10.10)

which yields

Rlijmik −Rmij lik = Rlmijik . (10.11)
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Substituting into (10.9) and using skew-symmetry,

(ρω)ii...ip = −1

2

n∑
l,m=1

p∑
j=1

p∑
k=1,k 6=j

(Rlijmik −Rmij lik)ωi1...ij−1lij+1...ik−1mik+1...ip

+
m∑
m=1

p∑
j=1

Rijmωi1...ij−1mij+1...ip

= −1

2

n∑
l,m=1

p∑
j=1

p∑
k=1,k 6=j

Rlmijikωi1...ij−1lij+1...ik−1mik+1...ip

+
m∑
m=1

p∑
j=1

Rijmωi1...ij−1mij+1...ip .

(10.12)

Theorem 10.1. If (Mn, g) is closed and has non-negative curvature operator, then
any harmonic form is parallel. In this case, b1(M) ≤

(
n
k

)
. If in addition, the curvature

operator is positive definite at some point, then any harmonic p-form is trivial for
p = 1 . . . n− 1. In this case, bp(M) = 0 for p = 1 . . . n− 1.

Proof. Let ω be a harmonic p-form. Integrating the Weitzenböck formula (9.14), we
obtain

0 =

∫
M

|∇ω|2dV +

∫
M

〈ρω, ω〉dV. (10.13)

It turns out the the second term is positive if the manifold has positive curvature
operator [Poo81, Chapter 4], [Pet06, Chapter 7]. Thus |∇ω| = 0 everywhere, so ω
is parallel. A parallel form is determined by its value at a single point, so using the
Hodge Theorem, we obtain the first Betti number estimate. If the curvature operator
is positive definite at some point, then we see that ω must vanish at that point, which
implies the second Betti number estimate. Note this only works for p = 1 . . . n − 1,
since ρω is zero in these cases.

This says that all of the real cohomology of a manifold with positive curvature
operator vanishes except for Hn and H0. We say that M is a rational homology
sphere (which necessarily has χ(M) = 2). If M is simply-connected and has positive
curvature operator, then is M diffeomorphic to a sphere? In dimension 3 this was
answered affirmatively by Hamilton in [Ham82]. Hamilton also proved the answer is
yes in dimension 4 [Ham86]. Very recently, Böhm and Wilking have shown that the
answer is yes in all dimensions [BW06]. The technique is using the Ricci flow, which
we will discuss shortly.

We also mention that recently, Brendle and Schoen have shown that manifolds
with 1/4-pinched curvature are diffeomorphic to space forms, again using the Ricci
flow. If time permits, we will also discuss this later [BS07].

Remark. On 2-forms, the Weitzenböck formula is

(∆Hω)ij = −(∆w)ij −
∑
l,m

Rlmijωlm +
∑
m

Rimωmj +
∑
m

Rjmωim. (10.14)
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Through a careful analysis of the curvature terms, M. Berger was able to prove a
vanishing theorem for H2(M,R) provided that the sectional curvature is pinched
between 1 and 2(n− 1)/(8n− 5) [Ber60].

11 Lecture 10: October 4, 2007

11.1 Killing vector fields

For a vector field X, the covariant derivative∇X is a (1, 1) tensor. Equivlently, ∇X ∈
Γ(End(TM)). Any endomorphism T of an inner product space can be decomposed
into its symmetric and skew-symmetric parts via

〈Tu, v〉 =
1

2
(〈Tu, v〉+ 〈u, Tv〉) + (〈Tu, v〉 − 〈u, Tv〉)

= 〈Tsymu, v〉+ 〈Tsku, v〉.
(11.1)

Furthermore, the symmetric part may be decomposed into its pure trace and traceless
components

Tsym =
trT

n
I +

◦
T =

trT

n
I +

(
T − trT

n
I

)
. (11.2)

The decomposition

T =
trT

n
I +

◦
T + Tsk, (11.3)

is irreducible under the action of the orthogonal group O(n).

Proposition 11.1. For a vector field X,

g((∇X)symY, Z) =
1

2
LXg(Y, Z) (11.4)

g((∇X)skY, Z) =
1

2
d([X)(Y, Z), (11.5)

and the diagonal part is

div X

n
I. (11.6)

Proof. Recalling the formula for the Lie derivative of a (0, 2) tensor,

LXg(Y, Z) = X(g(Y, Z))− g([X, Y ], Z)− g(Y, [X,Z])

= X(g(Y, Z))− g(∇XY −∇YX,Z)− g(Y,∇XZ −∇ZX)

= g(∇YX,Z) + g(Y,∇ZX) +X(g(Y, Z))− g(∇XY, Z)− g(Y,∇XZ)

= 2g((∇X)symY, Z),

(11.7)
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which proves (11.4). Using the formula for d,

d([X)(Y, Z) = Y (([X)(Z))− Z(([X)Y )− ([X)([Y, Z])

= Y (g(X,Z))− Z(g(X, Y ))− g(X, [Y, Z])

= g(∇YX,Z) + g(X,∇YZ)− g(∇ZX, Y )− g(X,∇ZY )− g(X, [Y, Z])

= g(∇YX,Z)− g(∇ZX, Y ) + g(X,∇YZ −∇ZY − [Y, Z])

= 2g((∇X)skY, Z),

(11.8)

which proves (11.5). Formula (11.6) is just the definition of the divergence as the
trace of the covariant derivative.

A vector field X is a Killing field if the 1-parameter group of local diffeomorphisms
generated by X consists of local isometries of g.

Proposition 11.2. A vector field is a Killing field if and only if LXg = 0, which is
equivalent to the skew-symmetry of ∇X.

Proof. Let φt denote the 1-parameter group of X,

d

ds
(φ∗sg)

∣∣∣
t

=
d

ds
(φ∗s+tg)

∣∣∣
0

= φ∗t
d

ds
(φ∗sg)

∣∣∣
0

= φ∗tLXg.

(11.9)

It follows that φ∗tg = g for every t if and only if LXg = 0. The skew-symmetry of
∇X follows from Proposition 11.1

Note that, in particular, a Killing field is divergence free. We next have a formula
due to Bochner

Proposition 11.3. Let X be a vector field. Then

2g(∆X,X) + 2|∇X|2 + ∆|X|2 = 0. (11.10)

Proof. Let ei be an adapted moving frame at x ∈M . We compute at x

2g(∆X,X) + 2|∇X|2 + ∆|X|2

= 2
n∑
i=1

(
g(∇ei∇eiX,X) + |∇eiX|2

)
− div (∇|X|2)(x)

= 2
n∑
i=1

(
ei(g(∇eiX,X))− g(∇eiX,∇eiX) + |∇eiX|2

)
−

n∑
i=1

∇ei∇ei(g(X,X))

= 2
n∑
i=1

ei(g(∇eiX,X))− 2
n∑
i=1

∇ei(g(∇eiX,X)) = 0.

(11.11)
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We next have

Proposition 11.4. If X is a Killing field, then

∆X +Rc(X) = 0. (11.12)

If in addition M is compact and Rc is negative semidefinite, then X is parallel and
Ric(X,X) = 0.

Proof. Let ei be an adapted frame at x ∈ M , and let Y be a vector field with
(∇Y )x = 0. At the point x,

g(∆X, Y ) +Ric(X, Y )

=
n∑
i=1

g(∇ei∇eiX, Y ) +
n∑
i=1

g(∇ei∇YX −∇Y∇eiX, ei)

=
n∑
i=1

ei(g(∇eiX, Y )) +
n∑
i=1

ei(g(∇YX, ei))−
n∑
i=1

Y (g(∇eiX, ei))

= −
n∑
i=1

ei(g(ei,∇YX)) +
n∑
i=1

ei(g(∇YX, ei))− Y (div X),

= 0.

(11.13)

This proves 11.12. Using (11.10), we have

−Ric(X,X) + 2|∇X|2 + ∆|X|2 = 0. (11.14)

If M is compact, using Corollary 8.1, we obtain

−
∫
M

Ric(X,X)dV + 2

∫
M

|∇X|2dV = 0. (11.15)

If Ric is negative semidefinite, then clearly ∇X = 0, so X is parallel.

Corollary 11.1. Let (M, g) be compact, and let Iso(M, g) denote the isometry group
of (M, g). If (M, g) has negative semi-definite Ricci tensor, then dim(Iso(M, g)) ≤ n.
If, in addition, the Ricci tensor the Ricci tensor is negative definite at some point,
then Iso(M, g) is finite.

Proof. If the isometry group is not finite, then there exists a non-trivial 1-parameter
group {φt} of isometries. By Proposition 11.2, this generates a non-trivial Killing
vector field. From Proposition 11.4, X is parallel and Ric(X,X) = 0. Since X is
parallel, it is determined by its value at a single point, so the dimension of the space
of Killing vector fields is less than n, which implies that dim(Iso(M, g)) ≤ n. If Ric is
negative definite at some point x, then Ric(Xx, Xx) = 0, which implies that Xx = 0,
and thus X ≡ 0 since it is parallel. Consequently, there are no nontrival 1-parameter
groups of isometries, so Iso(M, g) must be finite.

Note that an n-dimensional flat torus S1 × · · · × S1 attains equality in the above
inequality. Note also that by Gauss-Bonnet, any metric on a surface of genus g ≥ 2
must have a point of negative curvature, so any non-positively curved metric on a
surface of genus g ≥ 2 must have finite isometry group.
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11.2 Isometries

Since there were a few non-trivial points about isometries used above, we present
here some standard facts about isometries. There are 2 notions of isometry. The first
definition is a map which is surjective and distance preserving, viewing a Riemannian
manifold as a length space. The other is a diffeomorphism φ : M →M which satisfies
φ∗g = g. These two notions coincide [Hel78, Theorem I.11.1].

Theorem 11.1. The isometry group Iso(M, g) of a connected Riemannian manifold is
a Lie group with respect to the compact-open topology. Furthermore, If M is compact,
then Iso(M, g) is also compact.

Proof. Consider the bundle of orthonormal frames

O(n)→ F (M)→M, (11.16)

which is a principal O(n) bundle over M . Fix a point x ∈ M , and a frame Vx =
{e1, . . . , en} based at x. Any isometry φ of (M, g) lifts to a bundle automorphism
φ̃ : F (M)→ F (M), which preserves the canonical Rn-valued 1-form ω, and the so(n)-
valued connection form α. The mapping φ → φ̃(Vx) defines an embedding. This is
injective since any isometry which preserve a point, and induces the identity map in
the tangent space at that point, is globally the identity map [Hel78, Lemma I.11.2].
Furthermore, the image of Iso(M, g) is a closed submanifold, this is proved in [Kob95,
Theorem 3.2]. If M is compact, then so is F (M). A closed submanifold of a compact
space is itself compact.

Note that as a corollary of the above proof, we obtain for any (Mn, g),

dim(Iso(M, g)) ≤ n(n+ 1)

2
. (11.17)

If equality is attained in the above inequality, then (M, g) must have constant sectional
curvature. To see this, by the above imbedding, we would have Iso(M, g) = F (M), or
one of the 2 connected components of F (M). The isometry group must act transitively
on 2-planes in any tangent space (since SO(n) does), therefore (M, g) must have
constant sectional curvature. With a little more work, one can show that (M, g) is
isometric to one of the following spaces of constant curvature (a) Rn, (b) Sn, (c) RPn,
(d) hyperbolic space Hn, see [Kob95, Theorem II.3.1].

Remark. We remark that if (M, g) is complete, then every Killing vector field is com-
plete (that is, the local 1-parameter group is global, and the 1-parameter subgroups are
defined for all time) [Kob95, Theorem II.2.5]. Thus the Lie algebra of Iso(M, g) can
be identified with the space of Killing vector fields, even in the complete non-compact
case.
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12 Lecture 11: October 9, 2007

12.1 Linearization of Ricci tensor

We recall the formula for the Christoffel symbols in coordinates

Γkij =
1

2
gkl
(
∂igjl + ∂jgil − ∂lgij

)
, (12.1)

and the formula for the curvature tensor in terms of the Christoffel symbols,

R l
ijk = ∂i(Γ

l
jk)− ∂j(Γlik) + ΓlimΓmjk − ΓljmΓmik. (12.2)

We let h ∈ Γ(S2(T ∗M)) be a symmetric (0, 2) tensor and linearize the Christoffel
symbols in the direction of h. We will let primes denote derivatives, for example

(Γkij)
′ ≡ ∂

∂t
Γkij(g + th). (12.3)

Recall the formula for the derivative of an inverse matrix

(g−1)′ = −g−1g′g−1. (12.4)

Proposition 12.1. The linearization of the Christoffel symbols is given by

(Γkij)
′ =

1

2
gkl
(
∇ihjl +∇jhil −∇lhij

)
. (12.5)

Proof. It is easy to see that the difference of any two Riemannian connections ∇−∇̃
is a tensor, satisfying

∇− ∇̃ = Γ(TM ⊗ S2(T ∗M)). (12.6)

This clearly implies that Γ′ ∈ Γ(TM ⊗ S2(T ∗M)) is also a tensor. Since (12.5) is a
tensor equation, we prove in a normal coordinate system centered at x ∈M ,

(Γkij)
′ =

1

2
(gkl)′

(
∂igjl + ∂jgil − ∂lgij

)
+

1

2
gkl
(
∂ig
′
jl + ∂jg

′
il − ∂lg′ij

)
. (12.7)

At the point x, we have

(Γkij)
′(x) =

1

2
gkl
(
∂ihjl + ∂jhil − ∂lhij

)
(x)

=
1

2
gkl
(
∇ihjl +∇jhil −∇lhij

)
(x),

(12.8)

and we are done.

Proposition 12.2. The linearization of the Ricci tensor is given by

(Ric′)ij =
1

2

(
−∆hij +∇i(div h)j +∇j(div h)i −∇i∇j(trh)

− 2Riljph
lp +Rp

ihjp +Rp
jhip

)
.

(12.9)
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Proof. Tracing (12.2) on i and l, we find the formula

(Ric)jk = ∂l(Γ
l
jk)− ∂j(Γllk) + ΓmjkΓ

l
lm − ΓmlkΓ

l
jm. (12.10)

In normal coordinates, at x we have

(Ric′)ij(x) = ∇l(Γ
l
ij)
′ −∇i(Γ

l
lj)
′ =

1

2
∇l

(
glm
(
∇ihjm +∇jhim −∇mhij

))
− 1

2
∇i

(
glm
(
∇lhjm +∇jhlm −∇mhlj

))
=

1

2
glm
(
∇l∇ihjm −∇i∇lhjm +∇l∇jhim −∇i∇jhlm −∇l∇mhij +∇i∇mhlj

)
=

1

2
glm
(
−R p

lij hpm −R p
lim hjp)−

1

2
∇i∇j(trh)− 1

2
∆hij

+
1

2
glm
(
∇l∇jhim +∇i∇mhlj

)
=

1

2

(
−R p

lij hlp +Rp
ihjp −∇i∇j(trh)−∆hij

)
+

1

2
glm
(
∇j∇lhim −R p

lji hpm −R
p

ljm hip +∇i∇mhlj
)

=
1

2

(
−R p

lij hlp +Rp
ihjp −∇i∇j(trh)−∆hij

)
+

1

2

(
∇j(div h)i −R p

lji h
l
p +Rp

jhip +∇i(div h)j

)
.

(12.11)

Using the symmetry of h,

−R p
lij hlp −R

p
lji h

l
p = −Rlipjh

pl −Rljpih
pl

= −Rlipjh
pl −Rpiljh

lp = −2Riljph
lp.

(12.12)

Collecting all the terms, we have proved (12.9).

Remark. Equation (12.9) is often written as

(Ric′)ij =
1

2

(
∆Lhij +∇i(div h)j +∇j(div h)i −∇i∇j(trh)

)
, (12.13)

where ∆L is the Lichneriowicz Laplacian defined by

∆L = −∆hij − 2Riljph
lp +Rp

ihjp +Rp
jhip. (12.14)

Proposition 12.3. The linearization of the scalar curvature is given by

R′ = −∆(trh) + div2h−Rlph
lp. (12.15)

Proof. Using (12.4) and Proposition 12.2, we compute

R′ = (gij(Ric)ij)
′ = (gij)′Rij + gij(Ric′)ij

= −(g−1hg−1)ijRij −∆(trh) + div2h

= −∆(trh) + div2h−Rlph
lp.

(12.16)
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12.2 The total scalar curvature functional

LetM denote the space of Riemannian metrics on M . We define the Einstein-Hilbert
functional E :M→ R

E(g) =

∫
M

RgdVg. (12.17)

This is a Riemannian functional in the sense that it is invariant under diffeomor-
phisms.

Proposition 12.4. If M is closed and n ≥ 3, then a metric g ∈M is critical for E
if and only if g is Ricci-flat.

Proof. We compute the first variation of E. For the volume element,

(dVg)
′ = (

√
det(g)dx1 ∧ · · · ∧ dxn)′

=
1

2
(det(g))−1/2T ijn−1hijdx

1 ∧ · · · ∧ dxn

=
1

2

( 1

det(g)
T ijn−1

)
hijdVg

=
1

2
trg(h)dVg,

(12.18)

where T ijn−1 is the cofactor matrix of gij. We then have

E ′(g) =

∫
M

(
R′ +

R

2
trg(h)

)
dVg

=

∫
M

(
−∆(trh) + div2h−Rlphlp +

R

2
trg(h)

)
dVg

=

∫
M

(
(−Rlp +

R

2
glp)hlp

)
dVg.

(12.19)

If this vanishes for all variations h, then

Ric =
R

2
g. (12.20)

Taking a trace, we find that R = 0, so (M, g) is Ricci-flat.

Remark. If n = 2 the above proof shows that E has zero variation, thus is constant.
This is not surprising in view of the Gauss-Bonnet Theorem.

Remark. Notice that the Euler-Lagrange equations are the vanishing of the Einstein
tensor, which is divergence free. This is actually a consequence of the invariance of
E under the diffeomorphism group, so this property will hold for any Riemannian
functional.
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Lemma 12.1. Let λ > 0, and let g(λ) = λg. Then

Rg(λ) = Rg

Rm(g(λ)) = λRm(g)

Ric(g(λ)) = Ric(g)

R(g(λ)) = λ−1R(g)

dVg(λ) = λn/2dVg.

(12.21)

Proof. This is clear directly from the definitions of the various curvatures and volume
element given above.

The functional E is not scale-invariant for n ≥ 3. To fix this we define

E(g) = V ol(g)
2−n
n

∫
M

RgdVg. (12.22)

To see that this is scale-invariant, replace g with g(λ)

E(g(λ)) = V ol(g(λ))
2−n
n

∫
M

Rg(λ)dVg(λ)

= (λn/2V ol(g))
2−n
n

∫
M

λ−1Rgλ
n/2dVg

= E(g).

(12.23)

Proposition 12.5. If M is closed and n ≥ 3, then a metric g ∈M is critical for E if
and only if g is Einstein. A metric g is critical for E under all conformal variations
if and only if g has constant scalar curvature.

Proof. We compute

E
′
(g) =

2− n
n

V ol(g)
2−n
n
−1(V ol(g))′

∫
M

RgdVg

+ V ol(g)
2−n
n

∫
M

(
−Rlp +

R

2
glp)hlp

)
dVg

= V ol(g)
2−n
n

(2− n
n

V ol(g)−1

∫
M

1

2
(trgh)dVg ·

∫
M

RgdVg

)
+ V ol(g)

2−n
n

∫
M

(
−Rlp +

R

2
glp
)
hlpdVg.

(12.24)

Consider only conformal variations, that is g(t) = f(t)g, then h = g′(t) = f ′(t)g =
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trgh

n
g is diagonal. For these variations, we have

E
′
(g) = V ol(g)

2−n
n

(2− n
n

V ol(g)−1

∫
M

1

2
(trgh)dVg ·

∫
M

RgdVg

)
+ V ol(g)

2−n
n

∫
M

(
−Rlp +

R

2
glp)

trgh

n
glp

)
dVg

= V ol(g)
2−n
n

(2− n
n

V ol(g)−1

∫
M

1

2
(trgh)dVg ·

∫
M

RgdVg

)
− 2− n

2n
V ol(g)

2−n
n

∫
M

Rg(trgh)dVg

=
n− 2

2n
V ol(g)

2−n
n

(∫
M

(trgh)(Rg −R)dVg

)
,

(12.25)

where R denotes the average scalar curvature

R = V ol(g)−1

∫
M

RgdVg. (12.26)

If this is zero for an arbitrary function trgh, then Rg must be constant. The full
variation then simplifies to

E
′
(g) = V ol(g)

2−n
n

∫
M

(
−Rlp +

R

n
glp
)
hlpdVg. (12.27)

If this vanishes for all variations, then the traceless Ricci tensor must vanish, so (M, g)
is Einstein.

Remark. Instead of looking at the scale invariant functional E, one could instead
restrict E to the space of unit volume metrics M1. This introduces a Lagrange
multiplier term, and the resulting Euler-Lagrange equations are equivalent to those
of the scale invariant functional.

13 Lecture 12: October 11, 2007.

13.1 Ricci flow: short-time existence

In the previous section, we saw that critical points of the Einstein-Hilbert functional
are Einstein. In order to find Einstein metrics, one would first think of looking at the
gradient flow on the space of Riemannian metric. This is

∂

∂t
g = Ricg −

Rg

n
g, g(0) = g0. (13.1)

It turns out that this is not parabolic. Undeterred by this fact, Hamilton considered
the modified flow

∂

∂t
g = −2Ricg, g(0) = g0. (13.2)
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This turns out to be almost strictly parabolic. The problem is with the action of
the diffeomorphism group. For example, consider a Ricci flat metric on a compact
manifold. If the Ricci flow were strictly parabolic, then the space of steady state
solutions would be finite dimensional. But the space of Ricci flat metrics is invariant
under the diffeomorphism group, so is infinite dimensional. Nevertheless, we have

Proposition 13.1. Let (M, g) be a compact Riemannian manifold. Then there exists
an ε > 0 such that a solution of the Ricci flow exists on M × [0, ε). Furthermore, the
solution is unique.

The remainder of this section will be devoted to the proof. First assume we have
a solution of the Ricci flow defined on some short time interval. For any nonlinear
system of PDEs, we say it is parabolic at a solution ut provided the linearized operator
at ut is parabolic. As mentioned above, the Ricci flow is degenerate parabolic. To
see this, recall the linearization of the Ricci tensor,

(Ric′)ij =
1

2

(
−∆hij +∇i(div h)j +∇j(div h)i −∇i∇j(trh)

)
+ lower order terms.

(13.3)

Fix a point x ∈ M , and consider normal coordinates at p. We may write the above
operator at x,

(Ric′)ij =
1

2

n∑
k,l=1

(
− ∂2hij
∂xk∂xl

+
∂2hlj
∂xi∂xl

+
∂2hli
∂xj∂xl

− ∂2hkl
∂xi∂xj

)
+ lower order terms.

(13.4)

We would like the first term to be the Laplacian, so let E = −2Ric, and we have

(E ′)ij =
n∑

k,l=1

( ∂2hij
∂xk∂xl

− ∂2hlj
∂xi∂xl

− ∂2hli
∂xj∂xl

+
∂2hkl
∂xi∂xj

)
+ lower order terms. (13.5)

The linearization of E at g is a mapping

E ′(g) : Γ(S2(T ∗M))→ Γ(S2(T ∗M)). (13.6)

The symbol of E ′ at x is a mapping

σ(E ′)(x) : T ∗xM × S2(T ∗xM)→ S2(T ∗xM), (13.7)

and is formed by replacing partial derivatives with the corresponding cotangent di-
rections in only the highest order terms. We obtain

σ(E ′)(x)(ξ, h) =
n∑

k,l=1

(
ξkξlhij − ξiξlhlj − ξjξlhli + ξiξjhkl

)
. (13.8)
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Let us assume that ξ = (1, 0, . . . , 0) satisfies ξ1 = 1, and ξi = 0 for i > 1. A simple
computation shows that(

σ(E ′)(x)(ξ, h)
)
ij

= hij if i 6= 1, j 6= 1(
σ(E ′)(x)(ξ, h)

)
1j

= 0 if j 6= 1,(
σ(E ′)(x)(ξ, h)

)
11

=
n∑
k=2

hkk.

(13.9)

The symbol in the direction ξ has a zero eigenvalue, so the Ricci flow cannot possibly
be strictly parabolic. To remedy this, we will define a modified flow which is strictly
parabolic. Define the 1 form V by

V = div h− 1

2
∇(trh), (13.10)

and rewrite E ′ as

(E ′)ij = ∆hij −∇iVj −∇jVi + lower order terms. (13.11)

We will next find another operator whose linearization is the negative the second two
terms on the right hand side, up to lower order terms. To this end, define a vector
field

W k = gpq(Γkpq − Γ̃kpq), (13.12)

where Γ̃ are the Christoffel symbols of a reference connection. Since the difference
of two connections is a tensor, this defines a global vector field W . Consider the
operator P :M→ Γ(S2(T ∗M)), defined by

P (g) = LWg. (13.13)

Recall from Proposition 11.1 that the Lie derivative of the metric with respect to a
vector field is the symmetric part of the covariant derivative. In coordinates, this is

(LWg)ij = ∇iWj +∇jWi, (13.14)

where Wi are the components of the dual 1-form [W . We linearize in the direction of
h, and use normal coordinates at x:(

P ′(g)(h)
)
ij

= ∂iW
′
j + ∂jW

′
i

=
1

2

∑
p,q

(
∂i(∂phqj + ∂qhpj − ∂jhpq) + ∂j(∂phqi + ∂qhpi − ∂ihpq)

)
= ∇i(div h)j +∇j(div h)i −∇i∇j(trh).

(13.15)

This shows that (
P ′(g)(h)

)
ij

= ∇iVj +∇jVi + lower order terms. (13.16)
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So we define the Ricci-DeTurck flow by

∂

∂t
g = −2Ricg + δ∗([W ), g(0) = g0, (13.17)

where δ∗ : Γ(T ∗M)→ Γ(S2(T ∗M)) is the operator defined by

(δ∗ω)ij = ∇iωj +∇jωi, (13.18)

and W is the vector field defined in (13.12) above. The computations above show this
is now a strictly parabolic system, since the leading term is just the rough Laplacian,
which has diagonal symbol

σ(∆)(x)(ξ, h) = |ξ|2xh. (13.19)

Short time existence for the modified flow follows from [È̆ıd69, Chapter ?] using an
iteration procedure, see also [Lie96, Theorem VIII,8.2], by using the Schauder fixed
point theorem. We will discuss this next lecture.

We next show how to go from a solution of the Ricci-DeTurck flow back to a
solution of the Ricci flow. Define a 1-parameter family of maps φt : M →M by

∂

∂t
φt(x) = −W (φt(x), t), φ0 = IdM . (13.20)

The maps φt exists and are diffeomorphisms as long as the solution g(t) exists, this
is proved in [CK04, Section 3.3.1].

We claim that g̃(t) = φ∗tg(t) is a solution to the Ricci flow. First, g̃(0) = g(0)
since φ0 = IdM . Then

∂

∂t
(φ∗tg(t)) =

∂

∂s
(φ∗s+tg(s+ t))

∣∣∣
s=0

= φ∗t

( ∂
∂t
g(t)

)
+

∂

∂s
(φ∗s+tg(t))

∣∣∣
s=0

= φ∗t
(
− 2Ric(g(t)) + LW (t)g(t)

)
+

∂

∂s

(
(φ−1

t ◦ φt+s)∗φ∗tg(t)
)∣∣∣

s=0

= −2Ric(φ∗tg(t)) + φ∗t (LW (t)g(t))− L(φ−1
t )∗W (t)(φ

∗
tg(t))

= −2Ric(φ∗tg(t)),

(13.21)

using the fact that

∂

∂s
(φ−1

t ◦ φt+s)
∣∣∣
s=0

= (φ−1
t )∗

( ∂
∂s
φt+s

∣∣∣
s=0

)
= (φ−1

t )∗W (t). (13.22)

We will discuss uniqueness next time.
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14 Lecture 13: October 16, 2007

14.1 Uniqueness

Last time we showed how go to Ricci-DeTurck flow back to a solution of Ricci flow.
The procedure was: given a solution g(t) to the Ricci-DeTurck flow defined on M ×
[0, ε], define the vector field W by

W k = gpq(Γkpq − Γ̃kpq), (14.1)

and let φt be the 1-parameter family of diffeomorphisms solving

∂

∂t
φt(x) = −W (φt(x), t), φ0 = IdM . (14.2)

Then g̃(t) = φ∗tg(t) is a solution of the Ricci flow. To go in the other direction, we look
at harmonic maps. Let (M, g) and (N, h) be Riemannian manifolds. For a smooth
map f : M → N , view the derivative of f as a section

f∗ ∈ Γ(T ∗M ⊗ f ∗TN). (14.3)

Since both TM and TN are equipped with their respective Riemannian connections,
the bundle on the right hand side also carries the induced connection. We then write

∇(f∗) ∈ Γ(T ∗M ⊗ T ∗M ⊗ f ∗TN). (14.4)

We define the harmonic map Laplacian as

∆g,hf = trg
(
∇(f∗)

)
∈ Γ(f ∗TN). (14.5)

In coordinates, this is

(∆g,hf)α = gij
{ ∂2fα

∂xi∂xj
− (Γg)

k
ij

∂fα

∂xk
+
(
(Γh)

α
βγ ◦ f

)∂fβ
∂xi

∂fγ

∂xj
.
}

(14.6)

We define the harmonic map flow

∂f

∂t
= ∆g,hf, f(0) = f0. (14.7)

This strictly parabolic equation was first studied by Eells and Sampson. In the case
the target has non-positive sectional curvature, they proved that the flow exists for
all time and converges exponentially fast to a harmonic map [ES64].

Returning to the Ricci flow, assume we have a solution g(t) to the Ricci flow, both
defined on M × [0, ε). Let φt be the solution to the harmonic map heat flow

∂φt
∂t

= ∆g(t),g̃φt, φ(0) = IdM . (14.8)

where g̃ is any reference metric. By direct computation, it can be shown that g(t) =
(φt)∗g(t) solves Ricci-DeTurck flow. To prove uniqueness, if you have 2 solutions g1(t)
and g2(t) of Ricci flow with the same initial data. Using the harmonic map heat flow,
we obtain 2 solutions of Ricci-DeTurck flow with the same initial data. By uniqueness
of solution to Ricci-Deturck flow, they are the same. But the diffeomorphisms defined
in (14.2) must be the same, so g1(t) = g2(t). For more details, see [CK04, Section
3.4.4].
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14.2 Linear parabolic equations

We recall the definition of parabolic Hölder norms. Let us endow M × R with the
distance function

d(z1, z2) = d(x1, x2) + |t1 − t2|1/2, zi = (xi, ti). (14.9)

Let 0 < α ≤ 1, and let Ω ⊂M × R be a domain. For f : Ω→ R, define

[f ]α;Ω = sup
z1 6=z2,zi∈Ω

|f(z1)− f(z2)|
d(z1, z2)α

(14.10)

|f |α;Ω = |f |0,Ω + [f ]α;Ω. (14.11)

Remark. Roughly, the Hölder exponent in t is half of the spatial Hölder exponent.
This is because a heat equation is ut = uxx, so we only require “half” of the regularity
in the time direction as we do in the spatial direction.

If this norm is finite, we say f is Hölder continuous with exponent α, and write
f ∈ Cα(Ω). We next define

[f ]2,α;Ω = [ft]α;Ω +
n∑

i,j=1

[(D2
x)i,jf ]α;Ω (14.12)

|f |2,α;Ω = |f |0;Ω + |Df |0;Ω + |ft|0;Ω +
n∑

i,j=1

|(D2
x)i,jf |0;Ω + [f ]2,α;Ω. (14.13)

If this norm is finite, we write f ∈ C2,α(Ω). The spaces Cα(Ω), and C2,α(Ω) are
Banach spaces under their corresponding norms | · |. Note that a Ck,α norm can be
defined analogously for any integer k ≥ 0.

We consider parabolic linear operators of the form

Lu = −ut + aij(x, t)Diju+ bi(x, t)Diu+ cu, (14.14)

as expressed in a coordinate system. The following is a fundamental theorem on
existence of solutions to linear parabolic equations.

Theorem 14.1. ([Kry96]). Let Ω = M × [0, t), for some t > 0. Assume that for
some 0 < α < 1, there exists a constant Λ such that

|aij|α;Ω + |bi|α;Ω + |c|α;Ω < Λ. (14.15)

Also, assume that L is strictly parabolic, that is, for some constant λ > 0,

aij(x, t)ξiξj ≥ λ|ξ|2. (14.16)

Given f ∈ Cα, and φ ∈ C2,α, there exists a unique solution to

Lu = 0, u(x, 0) = φ, (14.17)

on M × [0, t). Furthermore, there exists a constant C = C(α, λ,Λ, n) such that

|u|2+α;Ω ≤ C(|f |α;Ω + |φ|2+α;Ω). (14.18)
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Proof. The idea of the proof is simple, although we do not have time to write down
a complete proof here. First prove (14.18) for an equation with constant coefficients.
Using the Hölder condition on the coefficients, the equation is locally close to a con-
stant coefficient heat equation, so the estimate will hold locally. The global estimate
is then obtained by a patching argument. The existence follows from the estimate
(14.18) and the method of continuity.

Note that the constant is independent of t. Thus if the coefficients are bounded
Hölder for all time, then it is not hard to show the solution exists for all time.
Furthermore, the above theorem holds for linear parabolic systems, with the ellipticity
assumption meaning that the symbol is non-degenerate, see [È̆ıd69, page 4]. An
important point: this theorem is true for linear systems, but NOT necessarily true
for nonlinear systems such as the Ricci flow.

Remark. For elliptic equations, to prove uniqueness it is usually necessary to assume
the zeroth order term has a sign c ≤ 0. For parabolic equations with bounded
coefficients, such an assumption is not necessary. To see this, if u solves a parabolic
equation ut = Lu + f , with bounded c ≤ λ, then the function v(x, t) = u(x, t)e−λt

satisfies the equation vt = Lv − λv + fe−λt. The maximum principle can be applied
to this latter equation.

14.3 Quasilinear parabolic systems

We just saw that linear parabolic systems have long-time existence. This is NOT
true for nonlinear systems, but the above result for linear equations can actually
be applied to prove short-time existence for nonlinear systems. We will consider
quasilinear equations of the form

ut = Pu, u(x, 0) = φ, (14.19)

where P has the form

Pu = aij(x, t, u,Du)D2
iju+ h(x, t, u,Du). (14.20)

where aij and h are smooth functions, and parabolicity assumption

aijξiξj ≥ λ|ξ|2, t < ε. (14.21)

where λ > 0 is a constant.

Proposition 14.1. Let M be compact, and assume (14.21) is satisfied. if φ ∈ C2,α,
then there exists an ε > 0 such that the equation (14.19) has a unique solution defined
on M × [0, ε). If φ is smooth, then so is this solution.

Proof. Choose θ so that 0 < θ < δ < 1, and define

S = {v ∈ C1,θ(M × [0, ε)) : |v|1,θ ≤M0}, (14.22)
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where M0 = 1 + |φ|2,α, and ε is to be chosen later. Define the map J : S → C2,θ by
u = Jv is the unique solution of the linear problem

ut = aij(x, t, v,Dv)D2
iju+ h(x, t, v,Dv)

u(x, 0) = φ.
(14.23)

Such a solution exists by Theorem 14.1, and satisfies

|u|2,θ ≤ C(|h(x, t, v,Dv)|θ;Ω + |φ|2,θ;Ω)

≤ CM0,
(14.24)

on M × [0, ε). In particular |u|0,1 < CM0, which says that

|u(x, t)− φ(x)| = |u(x, t)− u(x, 0)| ≤ CM0t
1/2 ≤ CM0ε

1/2. (14.25)

Using interpolation, for any δ > 0,

|u|1,θ ≤ δ|u|2,θ + C|u|0 ≤ δM0 + CM0ε
1/2 = (δ + Cε1/2)M0, (14.26)

so by choosing ε sufficiently small, we see that J : S → S. Finally, S is a convex,
compact subset of the Banach space C1, and J is continuous, so by the Schauder fixed
point theorem [Lie96, Theorem VIII.8.1], J has a fixed point. Such a fixed point is
clearly a solution of the original nonlinear equation. If φ is smooth, the the solution
will also be smooth by parabolic regularity.

Remark. For simplicity, we just considered parabolic equations, but the above proof
is also valid in the case of parabolic systems [È̆ıd69, Section 3.4].

15 Lecture 14

15.1 Maximum principle for scalar parabolic equations

We begin with the most basic parabolic maximum principle. Recall that a C2 function
on a domain in space time is C2 in space, but C1 in time. The results in this section
can be found in [CK04, Chapter 4].

Proposition 15.1. Let gt be a smooth 1-parameter family of metrics on M × [0, T ).
If u(x, t) : M × [0, T )→ R is a C2 supersolution of the heat equation

∂u

∂t
= ∆g(t)u, (15.1)

that is,

∂u

∂t
≥ ∆g(t)u, (15.2)

satisfying C1 ≤ u(x, 0), for some constant C1, then C1 ≤ u(x, t) for all t ∈ [0, T ). If
u(x, t) : M × [0, T )→ R is a C2 subsolution of (15.1),

∂u

∂t
≤ ∆g(t)u, (15.3)

satisfying u(x, 0) ≤ C2, for some constant C2, then u(x, t) ≤ C2 for all t ∈ [0, T ).
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Proof. We will prove the supersolution case, the other case is similar. Let F : M ×
[0, T ) be any C2 function. Suppose that (x0, t0) is a point satisfying

F (x0, t0) = min
M×[0,t0]

F. (15.4)

That is (x0, t0) is a point at which F attains its minimum, taken over all earlier
spacetime points. Then clearly

∂F

∂t
(x0, t0) ≤ 0 (15.5)

∇F (x0, t0) = 0 (15.6)

∆F (x0, t0) ≥ 0. (15.7)

Now F (x, t) = u(x, t)− C1 + εt + ε, for any ε > 0. For t = 0, we have F ≥ ε > 0. F
satisfies the inequality

∂F

∂t
=
∂u

∂t
+ ε ≥ ∆g(t)u+ ε = ∆g(t)F + ε. (15.8)

If we prove that F > 0 for all t ∈ [0, T ), for any ε > 0, then we will clearly be done.
To prove this, assume by contradiction that F ≤ 0 for some (x1, t1) ∈ M × [0, T ).
Since M is compact, and F > 0 at t = 0, then there is a first time t0 ∈ (0, t1] such
that there exists a point x0 ∈M with F (x0, t0) = 0. Note that

u(x0, t0) = C1 − εt0 − ε < C1. (15.9)

Using the above inequalities, we have

0 ≥ ∂F

∂t
(x0, t0) ≥ ∆g(t)F (x0, t0) + ε ≥ ε > 0, (15.10)

which is a contradiction.

Remark. Note from (15.9) we only needed to assume u is a subsolution whenever
u < C1. Also, the above theorem holds if the right hand side of the equation has a
gradient term, clearly this will not affect the argument since the gradient will vanish
at a minimum point.

We next consider the case that the equation has a zeroth order term.

Proposition 15.2. Let gt be a smooth 1-parameter family of metrics on M × [0, T ),
and let β : M × [0, T ) be bounded from above. If u(x, t) : M × [0, T ) → R is a C2

supersolution

∂u

∂t
≥ ∆g(t)u+ β(x, t) · u, (15.11)

satisfying 0 ≤ u(x, 0), then 0 ≤ u(x, t) for all t ∈ [0, T ). If u is a C2 subsolution

∂u

∂t
≤ ∆g(t)u+ β(x, t) · u, (15.12)

satisfying u(x, 0) ≤ 0, then u(x, t) ≤ 0 for all t ∈ [0, T ).
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Proof. Let v(x, t) = e−Ctu(x, t) where C is a lower bound for β(x, t). We compute

∂v

∂t
= −Ce−Ctu(x, t) + e−Ct

∂u

∂t
≥ −Ce−Ctu(x, t) + e−Ct

(
∆g(t)u+ β(x, t) · u

)
= ∆g(t)v + (β − C)v.

(15.13)

From the remark above, we need only verify that v is a subsolution whenever u < 0.
If we let C be an upper bound for β, then for v < 0,

∂v

∂t
≥ ∆g(t)v + (β − C)v ≥ ∆g(t)v. (15.14)

Since 0 ≤ v(t, 0), and v is a supersolution of the heat equation, applying Proposition
15.1 we are done. In the subsolution case, we need to verify that v is a supersolution
whenever v > 0. If C again denotes an upper bound for β, then for v > 0,

∂v

∂t
≤ ∆g(t)v + (β − C)v < 0, (15.15)

and the result again follows from Proposition 15.1.

Remark. Proposition 15.2 implies uniqueness of solution to linear parabolic equations
with zeroth order term bounded from above. Furthermore, the method of proof can
be used to derive a priori estimates for linear equations, see [Lie96, Theorem 2.11].

Next, we consider the case of a nonlinear zeroth order term.

Proposition 15.3. Let gt be a smooth 1-parameter family of metrics on M × [0, T ),
and F : R→ R be a locally Lipschitz function. Let u(x, t) : M × [0, T )→ R be a C2

supersolution

∂u

∂t
≥ ∆g(t)u+ F (u), (15.16)

satisfying C1 ≤ u(x, 0). Let φ1 be the solution to the ODE

d

dt
φ1 = F (φ1), φ1(0) = C1, (15.17)

then φ1(t) ≤ u(x, t) for all x ∈M and for all t ∈ [0, T ) such that φ1(t) exists.
Let u(x, t) : M × [0, T )→ R be a C2 subsolution

∂u

∂t
≤ ∆g(t)u+ F (u), (15.18)

satisfying u(x, 0) ≤ C2. Let φ2 be the solution to the ODE

d

dt
φ2 = F (φ2), φ2(0) = C2, (15.19)

then u(x, t) ≤ φ2(t) for all x ∈M and for all t ∈ [0, T ) such that φ2(t) exists.
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Proof. We just consider the supersolution case. We have

∂

∂t
(u− φ1) ≥ ∆g(t)u+ F (u)− F (φ1) = ∆g(t)(u− φ1) + F (u)− F (φ1). (15.20)

By assumption u ≥ φ1 at t = 0. Take t0 ∈ (0, T ). Since M is compact, there exists a
constant Ct0 such that |u(x, t)| ≤ Ct0 and |φ1(t)| ≤ Ct0 for all (x, t) ∈M × [0, t0]. By
the Lipschitz assumption on F , there exists a constant C ′ such that

|F (r)− F (s)| ≤ C ′|s− t| for all r, s ∈ [−Ct0 , Ct0 ]. (15.21)

On M × [0, t0], u− φ1 satisfies

∂

∂t
(u− φ1) ≥ ∆g(t)(u− φ1) + F (u)− F (φ1)

≥ ∆g(t)(u− φ1)− C ′sign(u− φ1) · (u− φ1).
(15.22)

This says that u − φ1 is a supersolution of an equation of the form in Proposition
15.2 with β = −C ′sign(u− φ1), so we conclude that u− φ1 ≥ 0 on M × [0, t0]. Since
t0 ∈ (0, T ) was arbitrary, we are done.

16 Lecture 15

16.1 Evolution of scalar curvature under the Ricci flow

Proposition 16.1. Under the Ricci flow, g′ = −2Ric, the evolution of the scalar
curvature is given by

∂

∂t
R = ∆R + 2|Ric|2. (16.1)

Proof. From Proposition 12.3 the linearization of the scalar curvature is

R′ = −∆(trh) + div2h−Rlph
lp. (16.2)

We let h = −2Ric, and use the twice contracted differential Binachi identity

div Ric =
1

2
dR, (16.3)

to obtain

∂

∂t
R = 2∆R + div2(−2Ric) + 2RlpR

lp = ∆R + 2|Ric|2. (16.4)

Corollary 16.1. If the solution the Ricci flow exists on a time interval [0, T ), and
the scalar curvature of the metric g(0) satisfies Rg(0) ≥ C1 for some constant C1, then
Rg(t) ≥ C1 for all t ∈ [0, T ). Furthermore, if Rg(0) is nonnegative and strictly positive
at some point, then Rg(t) is strictly positive t ∈ (0, T ).
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Proof. We clearly have the inequality

∂

∂t
R ≥ ∆R, (16.5)

which says that R is a supersolution of the scalar heat equation. So the first state-
ment follows from the maximum principle as stated in Proposition 15.1. The second
statement follows from the strong maximum principle, see [Lie96, Theorem 2.9].

We can furthermore obtain a more quantitative estimate on the scalar curvature
from below.

Proposition 16.2. If the solution the Ricci flow exists on a time interval [0, T ), then

Rg(t) ≥
Rmin(g0)

1− (2/n)t ·Rmin(g0)
. (16.6)

Proof. Let E be the traceless Ricci tensor. From the obvious inequality |E|2 ≥ 0, we
obtain

|Ric|2 − (2/n)R2 + (1/n)R2 ≥ 0, (16.7)

which is the inequality

|Ric|2 ≥ (1/n)R2. (16.8)

From (16.1), we obtain

∂

∂t
R ≥ ∆R + (2/n)R2. (16.9)

Let φ1 be the solution to the ODE

d

dt
φ1 = (2/n)φ2

1, (16.10)

with initial value φ1(0) = Rmin(g0). The exact solution is

φ1 =
1

Rmin(g0)−1 − (2/n)t
, (16.11)

if Rmin(g0) 6= 0. From Proposition 15.3, we conclude that

Rg(t) ≥
1

Rmin(g0)−1 − (2/n)t
. (16.12)

Corollary 16.2. If If the solution the Ricci flow exists on a time interval [0, T ), and
Rg(0) is strictly positive, then T ≤ (n/2) ·Rmin(g0)−1.

Proof. Clearly (16.6) says that the scalar curvature would have to blow-up at time
T0 = (n/2) ·Rmin(g0)−1, so existence time of the Ricci flow must be less than T0.
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16.2 Einstein metrics

Assume we have a solution to the Ricci flow which is of the form

g(t) = f(t)g(0), (16.13)

where f(t) is a positive function. We compute

g′(t) = f ′(t)g(0) =
f ′(t)

f(t)
f(t)g(0) = (log f)′(t)g(t). (16.14)

For this to be a solution of Ricci Flow, we require

−2Ric(g(t)) = (log f)′(t)g(t), (16.15)

which says that g(t) must be an Einstein metric. Letting Ric(g(0)) = λg(0), since
Ricci is scale invariant, we have

−2Ric(g(t)) = −2Ric(g(0)) = −2λg(0) = f ′(t)g(0), (16.16)

which has solution

f(t) = −2λt+ C. (16.17)

If f(0) = 1, then

g(t) = (1− 2λt)g(0). (16.18)

We have the following trichotomy for the Ricci flow with initial data an Einstein
metric:

(i) If λ < 0 then the solution to Ricci flow exists for all time, the solution eternally
expands.

(ii) If λ = 0, then the solution is static.
(iii) If λ > 0, then the solution to Ricci flow maximally exists on the time interval

[0, (2λ)−1], and the solution shrinks to a point in finite time.
We compare case (iii) to the conclusion of Corollary 16.2. The scalar curvature of

g is equal to nλ, and we indeed have

(n/2) ·Rmin(g0)−1 = (n/2)(nλ)−1 = (2λ)−1. (16.19)

Indeed, this had to be the same, since we used the inequality |E|2 ≥ 0, which is an
equality for Einstein metrics.

16.3 Normalized versus unnormalized Ricci flow

There standard way to modify Ricci flow so that all Einstein metrics are static solu-
tions. Let

r =

∫
M
RgdVg∫
M
dVg

, (16.20)
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denote the average scalar curvature. The flow is

∂

∂t
g = −2Ric+

2

n
r · g. (16.21)

Indeed, an Einstein metric is a static solution since

∂

∂t
g = −2(R/n)g +

2

n
Rg = 0. (16.22)

The main point is that the normalized Ricci flow preserves the volume. To see this,
from equation (12.24),

d

dt
(V ol(g(t)) =

∫
M

1

2
trg

(
− 2Ric+

2

n
rg
)
dVg =

1

2

∫
M

(−2R + 2r)dVg = 0. (16.23)

The normalized Ricci flow and unnormalized Ricci flow are essentially the same flow,
they just differ by scaling factor in space, and a re-parametrization of time.

Assume we have a solution of Ricci flow on some time interval [0, T ),

∂

∂t
g = −2Ric. (16.24)

The corresponding solution of normalized Ricci flow is found as follows. First, choose
ψ(t) > 0 so that the metrics ḡ(t) = ψ(t)g(t) have unit volume, and define

t̄ =

∫ τ

0

ψ(τ)dτ. (16.25)

We compute

∂

∂t̄
ḡ =

dt

dt̄

∂

∂t
(ψ(t)g(t))

=
1

ψ(t̄)

(
ψ(t)

∂

∂t
g +

dψ

dt
· g(t)

)
= −2Ric+

(
1

ψ2

dψ

dt

)
ḡ.

(16.26)

Since the metrics ḡ have unit volume, we have

0 =
1

2

∫
trḡ

(
−2Ric+

(
1

ψ2

dψ

dt

)
ḡ

)
dVḡ

=

∫ (
−R +

n

2ψ2

dψ

dt

)
dVḡ

= −r̄ +
n

2ψ2

dψ

dt
.

(16.27)

Substituting this into the above, we obtain

∂

∂t̄
ḡ = −2Ric+ (2/n)r̄ḡ, (16.28)

which is the normalized flow. To go from the normalized flow to unnormalized flow,
Use the ODE

(2/n)r̄ =
1

ψ2

dψ

dt
=

1

ψ

dψ

dt̄
(16.29)

to define ψ as a function of t̄, and reverse the above computations.
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16.4 Evolution of scalar under normalized Ricci flow

Proposition 16.3. Under the normalized Ricci flow, g′ = −2Ric + (2/n)rg, the
evolution of the scalar curvature is given by

∂

∂t
R = ∆R + 2|Ric|2 − (1/n)Rr. (16.30)

Proof. We just repeat the computation we did in the case of unnormalized flow. Again
the general linearization of the scalar curvature is

R′ = −∆(trh) + div2h−Rlph
lp. (16.31)

We let h = −2Ric+ (2/n)rg, and again use the twice contracted differential Binachi
identity

∂

∂t
R = 2∆R + div2(−2Ric) + 2Rlp(R

lp − (1/n)rglp) = ∆R + 2|Ric|2 − (1/n)Rr.

(16.32)

17 Lecture 16

17.1 Parabolic maximum principles for tensors

In dealing with the Ricci flow, one requires the maximum principle for parabolic
tensor systems, rather than just on scalar functions. The following is the first version

Proposition 17.1. Let gt be a smooth 1-parameter family of metrics on M × [0, T ).
Let α(t) be a symmetric (0, 2) tensor which is a supersolution

∂

∂t
α ≥ ∆g(t)α + β(α, g, t), (17.1)

where β is a symmetric (0, 2) tensor which is locally Lipschitz in all of its arguments.
Furthermore, assume that β satisfies the null eigenvector assumption

β(V, V )(x, t) ≥ 0, (17.2)

whenever V (x, t) satisfies α(V, ·) = 0, that is V is a null eigenvector for α(x, t). If
α(x, 0) is positive semidefinite, then α(x, t) is positive semidefinite for all (x, t) ∈
M × [0, T ).

Proof. Suppose (x0, t0) is a first spacetime point at which α acquires a zero eigenvector
V . Extend V to a vector field in a spacetime neighborhood so that

∂

∂t
V (x0, t0) = 0

∇V (x0, t0) = 0.
(17.3)
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This can be done by parallel translating V(x0,t0) along radial geodesics in the g(t0)
metric, and then by extending to be independent of time. Then locally around (x0, t0),
we compute

∂

∂t

(
α(V, V )

)
=

∂

∂t
(α)(V, V )

≥ (∆α + β)(V, V ).
(17.4)

By choice of V , we have α(V, V )(x0, t0) = 0, and α(V, V )(x, t0) ≥ 0 in a neighborhood
of x0, which implies that

∆
(
α(V, V )

)
(x0, t0) ≥ 0. (17.5)

We next compute

∆
(
α(V, V )

)
= ∆

(
αijV

iV j
)

= gpq∇p∇q

(
αijV

iV j
)

= gpq∇p

(
∇q(αij)V

iV j + 2αij(∇qV
i)V j

)
= gpq

(
∇p∇qαij

)
V iV j + 2gpq

(
∇qαij

)(
∇pV

i
)
V j + 2gpq

(
αij∇pV

i∇qV
j
)

+ 2gpqαij(∇p∇qV
i)V j.

(17.6)

Using the equations (17.3), since V is a null eigenvector, we have at (x0, t0),

∆
(
α(V, V )

)
= (∆α)(V, V ). (17.7)

By the null eigenvector assumption on β, we therefore have

∂

∂t

(
α(V, V )

)
≥ (∆α + β)(V, V )(x0, t0) ≥ 0, (17.8)

which shows that α on a null eigendirection cannot decrease. If we had assumed
that β is strictly positive definite, we would have strict inequality, which would imply
that any zero eigendirection immmediately becomes positive. For the full proof, one
argues as in the proof of Proposition 15.1, by considering the modified tensor

αε(x, t) = α(x, t) + (εt+ ε)g(x, t), (17.9)

to make things strictly positive definite. This is the main idea, but there are some
extra details which we omit, see [CK04, Theorem 4.6].

17.2 Evolution of Ricci tensor under Ricci flow

Proposition 17.2. Under the Ricci flow, g′ = −2Ric, the evolution of the Ricci
tensor is given by

∂

∂t
Rij = ∆LRij = ∆Rij + 2RiljpR

lp − 2Rp
iRjp. (17.10)
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Proof. Recall from Proposition 12.2 the linearization of the Ricci tensor:

(Ric′)ij =
1

2

(
−∆hij +∇i(div h)j +∇j(div h)i −∇i∇j(trh)

− 2Riljph
lp +Rp

ihjp +Rp
jhip

) (17.11)

For the Ricci flow, we have g′ = −2Ric, and we have

∂

∂t
Rij = ∆Rij −∇i(div Ric)j −∇j(div Ric)i +∇i∇j(R)

+ 2RiljpR
lp −Rp

iRjp −Rp
jRip.

(17.12)

From the Bianchi identity

div Ric =
1

2
dR, (17.13)

the terms containing derivatives cancel out, and we obtain

∂

∂t
Ricij = ∆Rij + 2RiljpR

lp −Rp
iRjp −Rp

jRip = ∆LRij (17.14)

Remark. Examining the above proof, it is easy to see that the exact same evolution
formula holds for the normalized Ricci flow.

We see that the evolution of the Ricci tensor contains terms which depend upon
the full curvature tensor. Expanding the curvature tensor, we obtain

Proposition 17.3. Under the Ricci flow, g′ = −2Ric, the evolution of the Ricci
tensor is given by

∂

∂t
Rij = ∆Rij + 2WiljpR

lp − 2n

n− 2
Rp
iRjp +

2n

(n− 1)(n− 2)
RRij

+
2

n− 2

(
|Ric|2 − 1

n− 1
R2
)
gij

(17.15)

Proof. We use the decomposition of the curvature tensor given from Section (4.2),

Rm = W + A7 g, (17.16)

which written out is

Rijkl = Wijkl + Aikgjl − Ajkgil − Ailgjk + Ajlgik. (17.17)
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We substitue this into (17.11) and simplify:

∂

∂t
Rij = ∆Rij + 2RiljpR

lp − 2Rp
iRjp

= ∆Rij + 2(Wiljp + Aijglp − Aljgip − Aipglj + Alpgij)R
lp − 2Rp

iRjp

= ∆Rij + 2WiljpR
lp +

2

n− 2

(
Rijglp −Rljgip −Ripglj +Rlpgij

)
Rlp

− R

(n− 1)(n− 2)

(
gijglp − gljgip − gipglj + glpgij

)
Rlp − 2Rp

iRjp

= ∆Rij + 2WiljpR
lp +

2

n− 2

(
RRij − 2RljR

l
i + |Ric|2gij

)
− R

(n− 1)(n− 2)

(
2Rgij − 2Rij

)
− 2Rp

iRjp.

(17.18)

Collecting terms, we obtain (17.15).

Specializing to dimension 3, we obtain

Corollary 17.1. In dimension 3, under the Ricci flow g′ = −2Ric, the evolution of
the Ricci tensor is given by

∂

∂t
Rij = ∆Rij − 6Rp

iRjp + 3RRij +
(
2|Ric|2 −R2

)
gij. (17.19)

Proof. From Corollary 4.2, the Weyl tensor is identically zero in dimension 3.

Proposition 17.4. If the solution the Ricci flow exists on a time interval [0, T ), and
the Ricci tensor of the metric g(0) is positive (semi-)definite, then the Ricci tensor of
g(t) remains positive (semi-)definite for for all t ∈ [0, T ). Furthermore, if the Ricci
tensor of g(0) is nonnegative and has a strictly positive definite at some point, then
the Ricci tensor of g(t) is strictly positive for all t ∈ (0, T ).

Proof. To apply Proposition 17.1, we need to verify the null-eigenvector assumption
(17.2). So let V be a null eigenvector for the Ricci tensor. We look at(
− 6Rp

iRjp + 3RRij +
(
2|Ric|2 −R2

)
gij

)
V iV j =

(
2|Ric|2 −R2

)
|V |2 ≥ 0, (17.20)

by the inequality (16.8) for n = 2 (since Ric has a zero eigenvalue), so we are done.
The last statement follows from the strong maximum principle.

Proposition 17.5. If the solution the Ricci flow exists on a time interval [0, T ), and
the metric g(0) has positive (nonnegative) sectional curvature, then g(t) has positive
(nonnegative) sectional curvature for for all t ∈ [0, T ). Furthermore, if the sectional
curvature of g(0) is nonnegative and is strictly positive at some point, then the sec-
tional curvature of g(t) is strictly positive for all t ∈ (0, T ).
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Proof. Recall from Section 5.3 that positivity (nonnegativity) of the sectional curva-
ture in dimension 3 is equivalent positivity (nonnegativity) of the tensor T = T1(A),
which is

T = −Ric+
1

2
Rg. (17.21)

We have

∂

∂t
T = − ∂

∂t
Ric+

1

2

( ∂
∂t
R
)
g −R ·Ric. (17.22)

Using (17.19), and (16.1) we obtain

∂

∂t
Tij = −∆Rij + 6Rp

iRjp − 3RRij −
(
2|Ric|2 −R2

)
gij +

1

2
(∆R + 2|Ric|2)gij −RRij

= −∆T + 6Rp
iRjp − 4RRij −

(
|Ric|2 −R2

)
gij.

(17.23)

We rewrite the right hand side in terms of T .

∂

∂t
Tij = ∆T + 6(−T pi + (1/2)Rgpi )(−Tjp + (1/2)Rgjp)− 4R(−Tij + (1/2)Rgij)

−
(∣∣− T + (1/2)Rg

∣∣2 −R2
)
gij

= ∆T + 6T pi Tjp − 6RTij + (3/2)R2gij + 4RTij − 2R2gij

−
(
|T |2 − (1/2)R2g + (3/4)R2 −R2

)
gij

= ∆T + 6T pi Tjp − 2RTij + (1/4)R2gij − |T |2gij.
(17.24)

Assuming T has a zero eigenvalue, we need to verify

(1/4)R2 − |T |2 ≥ 0. (17.25)

Since tr(T ) = R/2, we can rewrite this as

(tr T )2 − |T |2 ≥ 0. (17.26)

This is obvious – since T is symmetric, assume it is diagonal. The last statement
again follows from the strong maximum principle.

18 Lecture 17

18.1 Evolution of curvature tensor under Ricci flow

We begin with a general proposition about the linearization of the curvature tensor.
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Proposition 18.1. The linearization of the (1, 3) curvature tensor in the direction
g′ = h is given by

(R′) l
ijk =

1

2
glm
(
∇i∇khjm −∇i∇mhjk −∇j∇khim +∇j∇mhik

−R p
ijk hpm −R

p
ijm hkp

)
.

(18.1)

Proof. Recall from Proposition 12.1, the linearization of the Christoffel symbols:

(Γkij)
′ =

1

2
gkl
(
∇ihjl +∇jhil −∇lhij

)
. (18.2)

Also recall the formula (3.28) for the curvature tensor in terms of the Christoffel
symbols:

R l
ijk = ∂i(Γ

l
jk)− ∂j(Γlik) + ΓlimΓmjk − ΓljmΓmik. (18.3)

We compute in normal coordinates at a point x,

(R′) l
ijk = ∇i(Γ

l
jk)
′ −∇j(Γ

l
ik)
′

=
1

2
glm∇i

(
∇jhkm +∇khjm −∇mhjk

)
− 1

2
glm∇j

(
∇ihkm +∇khim −∇mhik

)
=

1

2
glm
(
∇i∇khjm −∇i∇mhjk −∇j∇khim +∇j∇mhik

+∇i∇jhkm −∇j∇ihkm

)
=

1

2
glm
(
∇i∇khjm −∇i∇mhjk −∇j∇khim +∇j∇mhik

−R p
ijk hpm −R

p
ijm hkp

)
(18.4)

Proposition 18.2. For any Riemannian metric, we have

∆R l
ijk = glm

(
∇i∇mRkj −∇i∇kRmj −∇j∇mRki +∇j∇kRmi

)
−Rr

iR
l

jrk −Rr
jR

l
rik

+ gpq
(
R r
ijp R

l
qrk +R r

pik R
l

jqr −R l
pir R

r
jqk +R r

pjk R
l

qir −R l
pjr R

r
qik

)
.

(18.5)

Proof. We compute

∆R l
ijk = gpq∇p∇qR

l
ijk

= gpq∇p(−∇iR
l

jqk −∇jR
l

qik ) (Differential Bianchi)

= gpq
(
−∇i∇pR

l
jqk +R r

pij R
l

rqk +R r
piq R

l
jrk +R r

pik R
l

jqr −R l
pir R

r
jqk

−∇j∇pR
l

qik +R r
pjq R

l
rik +R r

pji R
l

qrk +R r
pjk R

l
qir −R l

pjr R
r

qik

)
.

(18.6)
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We simplify the covariant derivative terms using again the Differential Bianchi identity

gpq
(
−∇i∇pR

l
jqk −∇j∇pR

l
qik

)
= −gpq

(
∇i∇p(g

lmRjqmk) +∇j∇p(g
lmRqimk)

)
= −gpqglm

(
∇i∇pRjqmk +∇j∇pRqimk

)
= −gpqglm

(
∇i∇pRmkjq +∇j∇pRmkqi

)
= gpqglm

(
∇i(∇mRkpjq +∇kRpmjq) +∇j(∇mRkpqi +∇kRpmqi)

)
= glm

(
∇i(∇mRkj −∇kRmj) +∇j(−∇mRki +∇kRmi)

)
= glm

(
∇i∇mRkj −∇i∇kRmj −∇j∇mRki +∇j∇kRmi

)
.

(18.7)

Substituting into the above, and noticing that two of the quadratic curvature terms
simplify to have a Ricci, we have

∆R l
ijk = glm

(
∇i∇mRkj −∇i∇kRmj −∇j∇mRki +∇j∇kRmi

)
+ gpq

(
R r
pij R

l
rqk +R r

pik R
l

jqr −R l
pir R

r
jqk

+R r
pji R

l
qrk +R r

pjk R
l

qir −R l
pjr R

r
qik

)
−Rr

iR
l

jrk −Rr
jR

l
rik .

(18.8)

Using the first Bianchi identity, we combine two quadratic terms

R r
pij R

l
rqk +R r

pji R
l

qrk = (−R r
pij +R r

pji )R l
qrk

= (R r
ijp +R r

jpi +R r
pji )R l

qrk

= R r
ijp R

l
qrk .

(18.9)

Using this, we are done.

Proposition 18.3. Under the Ricci flow, g′ = −2Ric, the evolution of the (1, 3)
curvature tensor is given by

∂

∂t
R l
ijk = ∆R l

ijk +Rp
iR

l
jpk +Rp

jR
l

pik +Rl
pR

p
ijk −R

p
kR

l
ijp

− gpq
(
R r
ijp R

l
qrk +R r

pik R
l

jqr −R l
pir R

r
jqk +R r

pjk R
l

qir −R l
pjr R

r
qik

)
.

(18.10)

Proof. Using Proposition 18.1 with h = −2Ric, we obtain

∂

∂t
R l
ijk = glm

(
−∇i∇kRjm +∇i∇mRjk +∇j∇kRim −∇j∇mRik

+R p
ijk Rpm +R p

ijmRkp

)
.

(18.11)
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Substituting the formula from Proposition 18.2,

∂

∂t
R l
ijk = ∆R l

ijk +Rr
iR

l
jrk +Rr

jR
l

rik

− gpq
(
R r
ijp R

l
qrk +R r

pik R
l

jqr −R l
pir R

r
jqk +R r

pjk R
l

qir −R l
pjr R

r
qik

)
+ glm

(
R p
ijk Rpm +R p

ijmRkp

)
= ∆R l

ijk +Rp
iR

l
jpk +Rp

jR
l

pik +Rl
pR

p
ijk −R

p
kR

l
ijp

− gpq
(
R r
ijp R

l
qrk +R r

pik R
l

jqr −R l
pir R

r
jqk +R r

pjk R
l

qir −R l
pjr R

r
qik

)
(18.12)

Proposition 18.4. Under the Ricci flow, g′ = −2Ric, the evolution of the (0, 4)
curvature tensor is given by

∂

∂t
Rijkl = ∆Rijkl + gpq(RiqRjpkl +RjqRpikl −RkpRijql −RqlRijkp)

− gpq
(
R r
ijp Rqrkl + 2RpikrR

r
qjl + 2R r

pil Rjqkr

)
.

(18.13)

Proof. We compute

∂

∂t
Rijmk =

∂

∂t
(gmlR

l
ijk ) = −2RmlR

l
ijk + gml

∂

∂t
R l
ijk

= −2RmpR
p

ijk + ∆Rijmk +Rp
iRjpmk +Rp

jRpimk +RmpR
p

ijk −R
p
kRijmp

− gpq
(
R r
ijp Rqrmk +R r

pik Rjqmr −RpimrR
r

jqk +R r
pjk Rqimr −RpjmrR

r
qik

)
.

(18.14)

Notice that

−RpimrR
r

jqk +R r
pjk Rqimr = RpimrR

r
qjk +R r

pjk Rqimr (18.15)

is symmetric in p and q. Since gpq is also symmetric, we can write

gpq
(
−RpimrR

r
jqk +R r

pjk Rqimr

)
= 2gpq

(
RpimrR

r
qjk

)
. (18.16)

Similarly,

gpq
(
R r
pik Rjqmr −RpjmrR

r
qik

)
= 2gpq

(
R r
pik Rjqmr

)
. (18.17)

Collecting all terms, and renaming indices, we are done.

To simplify this further, Hamilton defines the quadratic curvature quantity

Bijkl = gprgqsRpiqjRrksl = gprgqsRqjpiRrksl = R r
qji R

q
rkl , (18.18)
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Proposition 18.5. The tensor Bijkl has the symmetries

Bijkl = Bjilk = Bklij. (18.19)

Proof. We compute

Bijkl = gprgqsRpiqjRrksl

= gprgqsRqjpiRslrk

= gqrgpsRpjqiRslrk

= gqsgprRpjqiRrlsk = Bjilk,

(18.20)

and

Bklij = R r
qlk R

q
rij

= R q
rij R

r
qlk

= R r
qij R

q
rlk

= Bjilk = Bijkl.

(18.21)

19 Lecture 18

19.1 Evolution of curvature tensor

Proposition 19.1. Under the Ricci flow, g′ = −2Ric, the evolution of the (0, 4)
curvature tensor is given by

∂

∂t
Rijkl = ∆Rijkl + gpq(RiqRjpkl +RjqRpikl −RkpRijql −RqlRijkp)

+ 2
(
Bijkl −Bijlk +Bljki −Blikj

)
.

(19.1)

Proof. We need only express the last 3 quadratic curvature terms in Proposition 18.4
in terms of the tensor B. We compute

gpq
(
R r
ijp Rqrkl + 2RpikrR

r
qjl + 2R r

pil Rjqkr

)
= gpqgrmRijmpRqrkl + 2gpqRkrpiR

r
qjl + 2gpqRkrjqR

r
pil

= gpqgrmRijmpRqrkl + 2R q
kri R

r
qjl − 2R p

krj R
r

pil

= gpqgrmRijmpRqrkl − 2R q
rki R

r
qjl + 2R p

rkj R
r

pil

= gpqgrmRijmpRqrkl − 2Bljki + 2Blikj.

(19.2)
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Apply the algebraic Bianchi identity twice to the first term

gpqgrmRijmpRqrkl = gpqgrmRmpijRqrkl = −gpqgrmRpmijRqrkl

= −gpqgrm(Rpijm +Rpjmi)(Rqklr +Rqlrk)

= −gpqgrm(RpijmRqklr +RpijmRqlrk +RpjmiRqklr +RpjmiRqlrk)

= −gpqgrm(−RjmpiRqkrl +RjmpiRqlrk −RmipjRqkrl +RmipjRqlrk)

= R q
jmiR

m
qkl −R

q
jmiR

m
qlk +R q

mijR
m

qkl −R
q

mijR
m

qlk

= −R q
rji R

r
qkl +R q

rji R
r

qlk +R q
rij R

r
qkl −R

q
rij R

r
qlk

= −Bijkl +Bijlk +Bjikl −Bjilk

= −2Bijkl + 2Bijlk,

(19.3)

using the symmetry (18.19). Collecting all the terms, we are done.

Remark. Notice that Bijkl does not have the symmetries of a curvature tensor, but
the expression

Bijkl −Bijlk +Bljki −Blikj (19.4)

is an algebraic curvature tensor.

19.2 Uhlenbeck’s method

Given a solution to the Ricci flow g(t) on [0, T ), Let {e0
a}, a = 1 . . . n, be a locally

defined orthonormal frame field for the metric g(0). Evolve the frame by the equation

d

dt
ea(x, t) = Rc(ea(x, t)), ea(x, 0) = e0

a(x). (19.5)

This is a linear ODE, so the solution also exists on [0, T ).

Proposition 19.2. The frame {ea(t)} is an orthonormal frame field for the metric
g(t).

Proof. We compute

∂

∂t

(
g(ea, eb)

)
=
( ∂
∂t
g
)

(ea, eb) + g
( ∂
∂t
ea, eb

)
+ g
(
ea,

∂

∂t
eb

)
= −2Ric(ea, eb) + g(Rc(ea), eb)) + g(ea, Rc(eb)) = 0.

(19.6)

In general, a manifold does not posess an globally defined frame field, so we do
the following. Let V be a vector bundle over M which is bundle isomorphic to TM ,
and let ι : V → TM be a fixed bundle isomorphism. Endow V the pull-back metric
h0 = ι∗(g0). Evolve ι as follows

d

dt
ι = Rc(ι), ι(0) = ι0. (19.7)

The analogue of the above proposition is
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Proposition 19.3. Let h(t) = (ι(t))∗g(t). Then h(t) is constant in time, so the
bundle maps

ι(t) : (V, h(0))→ (TM, g(t)) (19.8)

are bundle isometries of g(t) with the fixed metric h(0) = ι∗0g(0).

Proof. Let x ∈M , X, Y vectors in the fiber Vx, then

∂

∂t
h(X, Y ) =

∂

∂t

(
(ι∗g)(X, Y )

)
=

∂

∂t

(
g(ιX, ιY )

)
= −2Rc(ιX, ιY ) + g(Rc(ιX), Y ) + g(X,Rc(ιY )) = 0,

(19.9)

which says h is independent of time, so h = h(0) = ι∗0g(0).

We next let D(t) = ι(t)∗∇(t) be the pull-backs of the Riemannian connections of
g(t) under ι(t). We pull-back the curvature tensor of g(t): for X, Y, Z,W ∈ Vx,

(ι∗Rm)(X, Y, Z,W ) = Rm(ι∗X, ι∗Y, ι∗Z, ι∗W ). (19.10)

Let {xk}, k = 1 . . . n, denote local coordinates in M , and let {ea}, a = 1 . . . n,, be a
local basis of sections of V . The components ιka of ι(t) are defined

ι(ea) =
n∑
k=1

ιka∂k. (19.11)

The components Rabcd of ι∗Rm are

Rabcd = (ι∗Rm)(ea, eb, ec, ed) =
n∑

i,j,k,l=1

ιiaι
j
bι
k
c ι
l
dRijkl. (19.12)

The connection D(t) induces a connection on any tensor bundle, and thus we get a
Laplacian on V where we trace with respect to h(t) = h(0).

Proposition 19.4. Let g(t) be a solution to Ricci Flow, and ι(t) defined as in (19.7),
then the evolution equation for ι∗Rm is given by

∂

∂t
Rabcd = ∆DRabcd + 2

(
Babcd −Babdc +Bdbca −Bdacb

)
, (19.13)

where

Babcd = hpqhrsRapbrRcqds. (19.14)
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The evolution equation for the components of ι are given by

∂

∂t
ιka = Rk

l ι
l
a. (19.15)

Using this, we compute

∂

∂t
Rabcd =

n∑
i,j,k,l=1

∂

∂t

(
ιiaι

j
bι
k
c ι
l
dRijkl

)
=

∂

∂t

(
ιia

)
ιjbι

k
c ι
l
dRijkl + ιia

( ∂
∂t
ιjb

)
ιkc ι

l
dRijkl + ιiaι

j
b

( ∂
∂t
ιkc

)
ιldRijkl + ιiaι

j
bι
k
c

( ∂
∂t
ιld

)
Rijkl

+ ιiaι
j
bι
k
c ι
l
d

[
∆Rijkl + gpq(RiqRjpkl +RjqRpikl −RkpRijql −RqlRijkp)

+ 2
(
Bijkl −Bijlk +Bljki −Blikj

)]
.

(19.16)

It turns out that all of the Ricci terms cancel, and we obtain

∂

∂t
Rabcd = ιiaι

j
bι
k
c ι
l
d

[
∆Rijkl + 2

(
Bijkl −Bijlk +Bljki −Blikj

)]
. (19.17)

Since the maps ι are parallel, it follows that(
ι∗(∆Rm)

)
abcd

= ∆DRabcd. (19.18)

Also, Babcd = (ι∗B)(ea, eb, ec, ed), so we are done.

19.3 Square of curvature operator

Recall the curvature operator

Rm : Λ2 → Λ2, (19.19)

defined in an ONB by (
Rm(ω)

)
ij

= Rijklωkl. (19.20)

The square of the curvature operator is given by

Rm2 : Λ2 → Λ2, (19.21)

which in components is(
Rm2(ω)

)
ij

= RijpqRm(ω)pq = RijpqRpqklωkl. (19.22)

In components, we have

(Rm2)ijkl = gpqgrsRijprRqskl. (19.23)
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Proposition 19.5. The square of the curvature operator is

(Rm2)ijkl = 2(Bijkl −Bijlk). (19.24)

Proof. This was proved above in 19.3.

This shows we can rewrite the curvature evolution using Uhlenbeck’s trick, as

∂

∂t
Rabcd = ∆Rabcd + (Rm2)abcd + 2

(
Bdbca −Bdacb

)
. (19.25)

Next time we will relate the last two terms with an operation called the Lie algebra
square.

20 Lecture 19

20.1 Lie algebra square

Let g be any Lie algebra, and let φα be a basis of g. The structure constants of g are
defined as

[φα, φβ] =
∑
γ

Cαβ
γ φγ. (20.1)

If we let φ∗α denote the dual basis, and symmetric bilinear form L on g∗ can be viewed
as an element of S2(g) with components given by

Lαβ = L(φ∗α, φ
∗
β). (20.2)

The Lie algebra square of L, is L# ∈ S2(g) is defined as

L#
αβ = Cγδ

α C
εζ
β LγεLδζ . (20.3)

This operation is well-defined, i.e., it is independent of the basis chosen for g.
From (5.13) above, we know that Λ2 is isomorphic to the Lie algebra so(n), thus

we can view the curvature operator as Rm ∈ S2(so(n)).

Theorem 20.1. Let g(t) be a solution to Ricci Flow, and ι(t) defined as in (19.7),
then the evolution equation for ι∗Rm is given by

∂

∂t
Rabcd = ∆DRabcd +Rm2 +Rm#. (20.4)

Proof. From (19.25) we just need to show that

Rm#
ijkl = 2

(
Bljki −Blikj

)
. (20.5)

This is a straightforward but tedious computation, we just give an outline. First, one
writes down the explicit formula for Rm#, which is

(Rm#)ijkl = RpquvRrswxC
(pq),(rs)
(ij) C

(uv),(wx)
(kl) , (20.6)
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where the structures constant are written with 2-form indices. Next, one explicitly
calculates the structure constants for so(n),

C
(pq),(rs)
(ij) =

1

4

(
gqr(δpi δ

s
j − δsi δ

p
j ) + gqs(δri δ

p
j − δ

p
i δ
r
j )

+gpr(δsi δ
q
j − δ

q
i δ
s
j ) + gps(δqi δ

r
j − δri δ

q
j )
)
.

(20.7)

We then obtain

(Rm#)ijkl = RpquvRrswxg
qr(δpi δ

s
j − δsi δ

p
j )g

vw(δukδ
x
l − δxkδul )

= R q
uvp R

v
sqx (δpi δ

s
j − δsi δ

p
j )(δ

u
kδ

x
l − δxkδul )

= R q
kvi R

v
jql −R

q
lvi R

v
jqk −R

q
kvj R

v
iql +R q

lvj R
v

iqk .

(20.8)

Using the definition of Bijkl = R q
rji R

r
qkl , we have

(Rm#)ijkl = Bikjl −Biljk −Bjkil +Bjlik = 2(Bljki −Blikj). (20.9)

The proof is then finished as before using Uhlenbeck’s trick.

Corollary 20.1. Let g(t) be a solution to the Ricci flow on Mn on [0, T ). If g(0) has
positive (non-negative) curvature operator, then g(t) also has positive (non-negative)
curvature operator for all t ∈ (0, T ). If g(0) has non-negative curvature operator and
the curvature operator is strictly positive at some point x ∈ M , then then curvature
operator is strictly positive for t ∈ (0, T ).

Proof. First we show that if the curvature operator is non-negative, then Rm# is also
non-negative. This is a general property of the Lie algebra square operation. To see
this, choose a basis for which L is diagonal, Lαβ = δαβLαα (no sum on α), and

L#(v, v) = (vαCγδ
α )(vβCεζ

β )LγεLδζ = (vαCγδ
α )2LγγLδδ, (20.10)

which clearly shows that L# is non-negative provided that L is. Clearly Rm2 is also
non-negative provided Rm is. The result then follows from the evolution equation
(20.4), and a generalization of the maximum principle, Proposition 17.1, to more
general systems of tensors.

20.2 Dimension 3

In dimension 3, let e1, e2, e3 be an orthonormal frame, and e1, e2, e3 be the dual
orthonormal co-frame. We define the orthonormal basis ω1 = e2 ∧ e3, ω2 = −e1 ∧ e3,
and ω3 = e1 ∧ e2 for Λ2. With the identification of Λ2 with so(3), we have

ω1 =

0 0 0
0 0 1
0 −1 0

 , ω1 =

0 0 −1
0 0 0
1 0 0

 , ω1 =

 0 1 0
−1 0 0
0 0 0

 . (20.11)
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The structure constants are given by (20.7), and a computation shows that in this
basis, we have a b c

b d e
c e f

#

=

df − e2 ce− bf be− cd
ce− bf af − c2 bc− ae
be− cd bc− ae ad− b2

 (20.12)

Consider the associated ODE

d

dt
M = M2 + M#. (20.13)

As we saw in the maximum principle for nonlinear equations, Proposition 15.3, so-
lutions of Ricci flow can be compared to solution of this ODE. If we choose a basis
which diagonalizes the curvature operator, and label the eigenvalues

λ(0) ≥ µ(0) ≥ ν(0), (20.14)

Then the ODE system becomes

d

dt

λ µ
ν

 =

λ2

µ2

ν2

+

µν λν
λµ

 . (20.15)

Simple algebra shows that

d

dt
(λ− µ) = (λ− µ)(λ+ µ− ν) (20.16)

d

dt
(µ− ν) = (µ− ν)(−λ+ µ+ ν). (20.17)

So the difference of the eigenvalues has a nice evolution equation. Hamilton proves
that if the initial metric has positive Ricci tensor, then the Ricci eigenvalues become
more and more pinched as t→ Tmax, and in fact the metric, after rescaling, converges
to a constant sectional curvature metric. The main tool is the maximum principle,
and comparison with ODE solutions.

Theorem 20.2 (Hamilton [Ham82]). If (M3, g) is a compact three-manifold with
positive Ricci tensor, then the normalized Ricci flow convergences exponentially fast
to a constant positive curvature metric as t→∞.

The remaining details can be found in [CK04, Chapter 6].
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21 Lecture 20

21.1 Conformal geometry

Let u : M → R. Then g̃ = e−2ug, is said to be conformal to g.

Proposition 21.1. The Christoffel symbols transform as

Γ̃ijk = gil
(
− (∂ju)glk − (∂ku)glj + (∂lu)gjk

)
+ Γijk. (21.1)

Invariantly,

∇̃XY = ∇XY − du(X)Y − du(Y )X + g(X, Y )∇u. (21.2)

Proof. Using (2.31), we compute

Γ̃ijk =
1

2
g̃il
(
∂j g̃kl + ∂kg̃jl − ∂lg̃jk

)
=

1

2
e2ugil

(
∂j(e

−2ugkl) + ∂k(e
−2ugjl)− ∂l(e−2ugjk)

)
=

1

2
e2ugil

(
− 2e−2u(∂ju)gkl − 2e−2u(∂ku)e−2ugjl + 2e−2u(∂lu)gjk

+ e−2u∂j(gkl) + e−2u∂k(gjl)− e−2u∂l(gjk)
)

= gil
(
− (∂ju)gkl − (∂ku)gjl + (∂lu)gjk

)
+ Γijk.

(21.3)

This is easily seen to be equivalent to the invariant expression.

Proposition 21.2. The (0, 4)-curvature tensor transforms as

R̃m = e−2u
[
Rm+

(
∇2u+ du⊗ du− 1

2
|∇u|2g

)
7 g
]
. (21.4)

Proof. Recall the formula (3.28) for the (1, 3) curvature tensor

R̃ l
ijk = ∂i(Γ̃

l
jk)− ∂j(Γ̃lik) + Γ̃limΓ̃mjk − Γ̃ljmΓ̃mik. (21.5)

Take a normal coordinate system for the metric g at a point x ∈M . All computations
below will be evaluated at x. Let us first consider the terms with derivatives of
Christoffel symbols, we have

∂i(Γ̃
l
jk)− ∂j(Γ̃lik) = ∂i

[
glp
(
− (∂ju)gpk − (∂ku)gpj + (∂pu)gjk

)
+ Γljk

]
− ∂j

[
glp
(
− (∂iu)gkp − (∂ku)gip + (∂pu)gik

)
+ Γlik

]
= glp

(
− (∂i∂ju)gpk − (∂i∂ku)gpj + (∂i∂pu)gjk

)
+ ∂i(Γ

l
jk)

− glp
(
− (∂j∂iu)gkp − (∂j∂ku)gip + (∂j∂pu)gik

)
− ∂j(Γlik)

= glp
(
− (∂i∂ku)gpj + (∂i∂pu)gjk + (∂j∂ku)gip − (∂j∂pu)gik

)
+R l

ijk .

(21.6)
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A simple computation shows this is

∂i(Γ̃
l
jk)− ∂j(Γ̃lik) = glp(∇2u7 g)ijpk +R l

ijk . (21.7)

Next, we consider the terms that are quadratic Christoffel terms.

Γ̃limΓ̃mjk − Γ̃ljmΓ̃mik = glp
(
− (∂iu)gmp − (∂mu)gip + (∂pu)gim

)
×gmr

(
− (∂ju)gkr − (∂ku)gjr + (∂ru)gjk

)
−glp

(
− (∂ju)gmp − (∂mu)gjp + (∂pu)gjm

)
×gmr

(
− (∂iu)gkr − (∂ku)gir + (∂ru)gik

)
.

(21.8)

Terms in the first product which are symmetric in i and j will cancel with the corre-
sponding terms of the second product, so this simplifies to

Γ̃limΓ̃mjk − Γ̃ljmΓ̃mik

= glpgmr
(

(∂iu)gmp(∂ju)gkr + (∂mu)gip(∂ku)gjr + (∂pu)gim(∂ru)gjk

+(∂iu)gmp(∂ku)gjr − (∂iu)gmp(∂ru)gjk + (∂mu)gip(∂ju)gkr

−(∂mu)gip(∂ru)gjk − (∂pu)gim(∂ju)gkr − (∂pu)gim(∂ku)gjr

− same 9 terms with i and j exchanged
)

= glp
(

(∂iu)(∂ju)gkp + (∂ju)(∂ku)gip + (∂pu)(∂iu)gjk

+(∂iu)(∂ku)gjp − (∂iu)(∂pu)gjk + (∂ku)(∂ju)gip

−gmr(∂mu)(∂ru)gipgjk − (∂pu)(∂ju)gik − (∂pu)(∂ku)gij

− same 9 terms with i and j exchanged
)

(21.9)

The first and ninth terms are symmetric in i and j. The fourth and sixth terms, taken
together, are symmetric in i and j. The third and fifth terms cancel, so we have

Γ̃limΓ̃mjk − Γ̃ljmΓ̃mik = glp
(

(∂ju)(∂ku)gip − (∂pu)(∂ju)gik − |∇u|2gipgjk

− same 3 terms with i and j exchanged
)
.

(21.10)

Writing out the last term, we have

Γ̃limΓ̃mjk − Γ̃ljmΓ̃mik = glp
(

(∂ju)(∂ku)gip − (∂iu)(∂ku)gjp − (∂pu)(∂ju)gik + (∂pu)(∂iu)gjk

− |∇u|2gipgjk + |∇u|2gjpgik
)
.

(21.11)

Another simple computation shows this is

Γ̃limΓ̃mjk − Γ̃ljmΓ̃mik = glp
[(
du⊗ du− 1

2
|∇u|2

)
7 g
]
ijpk

. (21.12)
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Adding together (21.7) and (21.12), we have

R̃ l
ijk = glp

[(
∇2u+ du⊗ du− 1

2
|∇u|2

)
7 g
]
ijpk

+R l
ijk . (21.13)

We lower the the index on the right using the metric g̃lp, to obtain

R̃ijpk = e−2u
[(
∇2u+ du⊗ du− 1

2
|∇u|2

)
7 g
]
ijpk

= e−2uRijpk, (21.14)

and we are done.

Proposition 21.3. Let g̃ = e−2ug. The (1, 3) Weyl tensor is conformally invariant.
The (0, 4) Weyl tensor transforms as

W̃ijkl = e−2uWijkl. (21.15)

The Schouten (0, 2) tensor transforms as

Ã = ∇2u+ du⊗ du− 1

2
|∇u|2g + A. (21.16)

The Ricci (0, 2) tensor transforms as

R̃ic = (n− 2)
(
∇2u+

1

n− 2
(∆u)g + du⊗ du− |∇u|2g

)
+Ric. (21.17)

The scalar curvature transforms as

R̃ = e2u
(

2(n− 1)∆u− (n− 1)(n− 2)|∇u|2 +R
)
. (21.18)

Proof. We expand (21.13) in terms of Weyl,

W̃ l
ijk + (Ã7 g̃) l

ijk = glp
[(
∇2u+ du⊗ du− 1

2
|∇u|2

)
7 g
]
ijpk

+W l
ijk + (A7 g) l

ijk .

(21.19)

Note that

(Ã7 g̃) l
ijk = g̃lp(Ã7 e−2ug)ijpk

= glp(Ã7 g)ijpk.
(21.20)

We can therefore rewrite (21.19) as

W̃ l
ijk −W l

ijk = glp
[(
− Ã+∇2u+ du⊗ du− 1

2
|∇u|2 + A

)
7 g
]
ijpk

. (21.21)

In dimension 2 and 3 the right hand side is zero, so the left hand side is also. In
any dimension, recall from Section 4.2, that the left hand side is in Ker(c), and the
right hand side is in Im(ψ) (with respect to either g or g̃). This implies that both
sides must vanish. To see this, assume R ∈ Ker(c) ∩ Im(ψ). Then R = h 7 g, so
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c(R) = (n − 2)h + tr(h)g = 0, which implies that h = 0 for n 6= 2. This implies
conformal invariance of Weyl, and also the formula for the conformal transformation
of the Schouten tensor. We lower an index of the Weyl,

W̃ijkl = g̃pkW̃
p

ijl = e−2ugpkW
p

ijl = e−2uWijkl, (21.22)

which proves (21.15). We have the formula(
− Ã+∇2u+ du⊗ du− 1

2
|∇u|2 + A

)
7 g = 0. (21.23)

Recall that c(A7 g) = (n− 2)A+ tr(A)g = Ric, so we obtain

−R̃ic+ (n− 2)(∇2u+ du⊗ du− 1

2
|∇u|2) + (∆u)g + (1− n

2
)|∇u|2 +Ric = 0,

(21.24)

which implies (21.17). Finally,

R̃ = g̃−1R̃ic = e2ug−1R̃ic

= (n− 2)e2u
(

∆u+
n

n− 2
∆u+ (1− n)|∇u|2 +R

)
= e2u

(
2(n− 1)∆u− (n− 1)(n− 2)|∇u|2 +R

)
,

(21.25)

which is (21.18).

By writing the conformal factor differently, the scalar curvature equation takes a
nice semilinear form, which is the famous Yamabe equation:

Proposition 21.4. If n 6= 2, and g̃ = v
4

n−2 g, then

−4
n− 1

n− 2
∆v +Rv = R̃v

n+2
n−2 . (21.26)

Proof. We have e−2u = v
4

n−2 , which is

u = − 2

n− 2
ln v. (21.27)

Using the chain rule,

∇u = − 2

n− 2

∇v
v
, (21.28)

∇2u = − 2

n− 2

(∇2v

v
− ∇v ⊗∇v

v2

)
. (21.29)

Substituting these into (21.18), we obtain

R̃ = v
−4
n−2

(
− 4

n− 1

n− 2

(∆v

v
− |∇v|

2

v2

)
− 4

n− 1

n− 2

|∇v|2

v2
+R

)
= v

−n+2
n−2

(
− 4

n− 1

n− 2
∆v +Rv

)
.

(21.30)
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Proposition 21.5. If n = 2, and g̃ = e−2ug, the conformal Gauss curvature equation
is

∆u+K = K̃e−2u. (21.31)

Proof. This follows from (21.18), and the fact that in dimension 2, R = 2K.

21.2 Negative scalar curvature

Proposition 21.6. If (M, g) is compact, and R < 0, then there exists conformal
metric g̃ = e−2ug with R̃ = −1.

Proof. If n > 2, we would like to solve the equation

−4
n− 1

n− 2
∆v +Rv = −v

n+2
n−2 . (21.32)

If n > 2, let p ∈ M be a point where v attains a its global maximum. Then (21.26)
evaluated at p becomes

R(p)v(p) ≤ −(v(p))
n+2
n−2 . (21.33)

Dividing, we obtain

(v(p))
4

n−2 ≤ −R(p), (21.34)

which gives an a priori upper bound on v. Similarly, by evaluating a a global minimum
point q, we obtain

(v(p))
4

n−2 ≥ −R(q), (21.35)

which gives an a priori strictly positive lower bound on v. We have shown there
exists a constant C0 so that ‖v‖C0 < C0. The standard elliptic estimate says that
there exists a constant C, depending only on the background metric, such that (see
[GT01, Chapter 4])

‖v‖C1,α ≤ C(‖∆v‖C0 + ‖v‖C0)

≤ C(‖Rv + v
n+2
n−2‖C0 + CC0 ≤ C1,

(21.36)

where C1 depends only upon the background metric. Applying elliptic estimates
again,

‖v‖C3,α ≤ C(‖∆v‖C1,α + ‖v‖C1,α) ≤ C3, (21.37)

where C3 depends only upon the background metric.
In terms of u, the equation is

2(n− 1)∆u− (n− 1)(n− 2)|∇u|2 +R = −e−2u. (21.38)
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Let t ∈ [0, 1], and consider the family of equations

2(n− 1)∆u− (n− 1)(n− 2)|∇u|2 +R =
(
(1− t)R− 1

)
e−2u. (21.39)

Define an operator Ft : C2,α → Cα by

Ft(u) = 2(n− 1)∆u− (n− 1)(n− 2)|∇u|2 +R−
(
(1− t)R− 1

)
e−2u. (21.40)

Let ut ∈ C2,α satisfy Ft(ut) = 0. The linearized operator at ut, Lt : C2,α → Cα, is
given by

Lt(h) = 2(n− 1)∆h− (n− 1)(n− 2)2〈∇u,∇h〉+ 2
(
(1− t)R− 1

)
e−2uh. (21.41)

Notice that the coefficient h is strictly negative. The maximum principle and linear
theory imply that the linearized operator is invertible. Next, define

S = {t ∈ [0, 1] | there exists a solution ut ∈ C2,α of Ft(ut) = 0}. (21.42)

Since the linearized operator is invertible, the implicit function theorem implies that
S is open. Assume uti is a sequence of solutions with ti → t0 as i → ∞. The
above elliptic estimates imply there exist a constant C4, independent of t, such that
‖uti‖C3,α < C4. By Arzela-Ascoli, there exists ut0 ∈ C2,α and a subsequence {j} ⊂ {i}
such that utj → ut0 strongly in C2,α. The limit ut0 is a solution at time t0. This shows
that S is closed. Since the interval [0, 1] is connected, this implies that S = [0, 1],
and consequently there must exist a solution at t = 1. In the case n = 2, the same
arugment applied to (21.31) yields a similar a priori estimate, and the proof remains
valid.

For n = 2, the Gauss-Bonnet formula says that∫
M

KgdVg = 2πχ(M). (21.43)

So the case of negative Gauss curvature in the above theorem can only occur in the
case of genus g ≥ 2.

22 Lecture 21

22.1 The Yamabe Problem

We just saw that in the strictly negative scalar curvature case, it is easy to conformally
deform to constant negative scalar curvature. It turns out that on any compact
manifold, one can always deform to a constant scalar curvature metric, without any
conditions. For n = 2, this is implied by the uniformization theorem (however, this
can be proved directly using PDE alone). For n ≥ 3, the Yamabe equation takes the
form

−4
n− 1

n− 2
∆v +R · v = λ · v

n+2
n−2 , (22.1)
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where λ is a constant. These are the Euler-Lagrange equations of the Yamabe func-
tional,

Y(g̃) = V ol(g̃)−
n−2
n

∫
M

Rg̃dvolg̃, (22.2)

for g̃ ∈ [g], where [g] denotes the conformal class of g. An important related conformal
invariant is the Yamabe invariant of the conformal class [g]:

Y ([g]) ≡ inf
g̃∈[g]
Y(g̃). (22.3)

The Yamabe problem has been completely solved through the results of many math-
ematicians, over a period of approximately thirty years. Initially, Yamabe claimed
to have a proof in [Yam60]. The basic strategy was to prove the existence of a
minimizer of the Yamabe functional through a sub-critical regularization technique.
Subsequently, an error was found by N. Trudinger, who then gave a solution with a
smallness assumption on the Yamabe invariant [Tru68]. Later, Aubin showed that
the problem is solvable provided that

Y ([g]) < Y ([ground]), (22.4)

where [ground] denotes the conformal class of the round metric on the n-sphere, and
verified this inequality for n ≥ 6 and g not locally conformally flat [Aub76b], [Aub76a],
[Aub98]. Schoen solved the remaining cases [Sch84]. It is remarkable that Schoen
employed the positive mass conjecture from general relativity to solve these remaining
most difficult cases. A great reference for the solution of the Yamabe problem is Lee
and Parker [LP87].

22.2 Constant curvature

Let g denote the Euclidean metric on Rn, n ≥ 3, and consider conformal metrics
g̃ = e−2ug.

Proposition 22.1. If g̃ is Einstein, then there exists constant a, bi, c, such that

g̃ =
(
a|x|2 + bix

i + c
)−2

g. (22.5)

Proof. For the Schouten tensor, we must have

Ã = ∇2u+ du⊗ du− 1

2
|∇u|2g. (22.6)

Let us rewrite the conformal factor as g̃ = v−2g, that is u = ln v. The equation is
then written

v2Ã = v∇2v − 1

2
|∇v|2g. (22.7)
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Let us assume that g̃ is Einstein, which is equivalent to g̃ having constant curvature.
In this case, we have

Ã =
tr(A)

n
g̃ =

R

2n(n− 1)
v−2g, (22.8)

so we obtain

K

2
g = v∇2v − 1

2
|∇v|2g, (22.9)

where R = n(n− 1)K. The off-diagonal equation is

vij = 0, i 6= j, (22.10)

implies that we may write vi = hi(xi) for some function hi. The diagonal entries say
that

K

2
= vvii −

1

2
|∇v|2. (22.11)

Differentiate this in the xj direction,

0 = vjvii + vviij − vlvlj. (22.12)

If j = i, then we obtain

viii = 0. (22.13)

In terms of h,

(hi)ii = 0. (22.14)

This implies that

hi = aixi + bi, (22.15)

for some constants ai, bi. If j 6= i, then (22.12) is

0 = vj(vii − vjj). (22.16)

This says that ai = aj for i 6= j. This forces v to be of the form

v = a|x|2 + bix
i + c. (22.17)

From conformal invariance of the Weyl, we know that W̃ = 0, so g̃ being Einstein
is equivalent to having constant sectional curvature. The sectional curvature of such
a metric is

K = 2vvii − |∇v|2

= 2(a|x|2 + bix
i + c)2a− |2axi + bi|2

= 4ac− |b|2.
(22.18)
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If K > 0, then the discriminant is negative, so there are no real roots, and v is defined
on all of Rn. The metric

g̃ =
4

(1 + |x|2)2
g (22.19)

represents the round metric with K = 1 on Sn under stereographic projection. If
K < 0 then the solution is defined on a ball, or the complement of a ball, or a half
space. The metric

g̃ =
4

(1− |x|2)2
g (22.20)

is the usual ball model of hyperbolic space, and

g̃ =
1

x2
n

g (22.21)

is the upper half space model of hyperbolic space. If K = 0 and |b| 6= 0, the solution
is defined on all of Rn.

22.3 Conformal transformations

The case K = 0 of this proposition implies the follow theorem of Liouville.

Theorem 22.1 (Liouville). For n ≥ 3, then group of conformal transformations of
Rn is generated by rotations, scalings, translations, and inversions.

Proof. Let T : Rn → Rn be a conformal transformation. Then T ∗g = v−2g for some
positive function v, which says v is a flat metric which is conformal to the Euclidean
metric. By above, we must have v = a|x|2 + bix

i + c, with |b|2 = 4ac. If a = 0, then
v = c, so T is a scaling composed with an isometry. If a 6= 0, then

v =
1

a

∑
i

(axi +
1

2
bi)

2. (22.22)

From this it follows that T is a scaling and inversion composed with an isometry.

We note the following fact: the group of conformal transformations of the round
Sn is isomorphic to the group of isometric of hyperbolic space Hn+1. This is proved
by showing that in the ball model of hyperbolic space, isometries of Hn+1 restrict
to conformal automorphisms of the boundary n-sphere. By identifying Hn+1 with a
component of the unit sphere in Rn,1, one shows that Iso(Hn) = O(n, 1). We have
some special isomorphisms in low dimensions. For n = 1,

SO(2, 1) = PSL(2,R),

SO(3, 1) = PSL(2,C)

SO(5, 1) = PSL(2,H).

(22.23)
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For the first case,

g =

(
a b
c d

)
∈ PSL(2,R) (22.24)

acts upon H2 in the upper half space model by fractional linear transformations

z 7→ az + b

cz + d
, (22.25)

where z satisfies Im(z) > 0. The boundary of H2 is S1, which is identified with
1-dimensional real projective space RP1. The conformal transformations of S1 are

[r1, r2] 7→ [ar1 + br2, cr1 + dr2]. (22.26)

It is left as an exercise to find explicit maps from the groups on the right to the
isometries of hyperbolic space, and conformal transformations of the sphere in the
other two cases.

22.4 Obata Theorem

The metrics in the previous section with K = 1 are none other than the spherical
metric. We following characteriztion of the round metric on Sn due to Obata.

Theorem 22.2 (Obata [Oba72]). Let g̃ be a constant scalar curvature metric on Sn

conformal to the standard round metric g. Then (Sn, g̃) is isometric to (Sn, g), plus
a scaling.

Proof. We write g = v−2g̃. The transformation of the Schouten tensor is

Ag = v−1∇̃2v − 1

2v2
|∇̃v|2g̃ + Ag̃. (22.27)

Let E = Ric− (R/n)g denote the traceless Ricci tensor. In terms of E, we have

0 = Eg = (n− 2)v−1
(
∇̃2v − 1

n
(∆̃v)g̃

)
+ Eg̃. (22.28)

We integrate ∫
Sn
v|Eg̃|2dVg̃ = −(n− 2)

∫
Sn

〈
Eg̃, ∇̃2v − 1

n
(∆̃v)g̃

〉
dVg̃

= −(n− 2)

∫
Sn
〈Eg̃, ∇̃2v〉dVg̃

= (n− 2)

∫
Sn
〈δ̃Eg̃, ∇̃v〉dVg̃ = 0,

(22.29)

since δR̃c = 1
2
dR̃ = 0, by assumption the g̃ has constant scalar curvature. We

conclude that g̃ is Einstein. We have shown in (22.20) that the round metric on Sn

is conformal to the Euclidean metric. From conformal invariance of the Weyl, the
round metric therefore has vanishing Weyl tensor. Since g̃ in conformal to g, it also
has vanishing Weyl. This plus the Einstein condition implies g̃ has constant sectional
curvature. Thus g̃ is isometric to the round metric by [Lee97, Theorem ?], and a
scaling fixes the curvature.
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We have a further characterization:

Theorem 22.3 (Obata [Oba72]). Let g be a an Einstein metric. The g is the unique
constant scalar curvature metric in its conformal class, unless (M, g) is conformally
equivalent to (Sn, ground), in which case there is a (n+1) parameter family of solutions,
all of which is isometric to the round metric, up to scaling.

Proof. From the preceeding proof, we know the any constant scalar metric conformal
to an Einstein metric is also Einstein. From (22.28) we thus have a non-zero solution
of the equation

∇2v =
1

n
(∆v)g. (22.30)

This implies (M, g) is conformal to the round metric, as proved in [?].

22.5 Differential Bianchi for Weyl

Proposition 22.2. The divergence of the Weyl is given by

δW = (n− 3)d∇A, (22.31)

where A is the Schouten tensor. In coordinates,

∇lW
l

jkm = (n− 3)(∇jAkm −∇kAjm). (22.32)

Proof. The divergence of the curvature tensor was given in (4.5)

∇lR
l

jkm = ∇jRkm −∇kRjm. (22.33)

Decomposing the curvature tensor,

∇lW
l

jkm + glp(A7 g)jkpm) = ∇jRkm −∇kRjm, (22.34)

which yields the formula

∇lW
l

jkm = −glp∇l(A7 g)jkpm +∇jRkm −∇kRjm

= −glp∇l

(
Ajpgkm − Akpgjm − Ajmgkp + Akmgjp

)
+∇j

(
(n− 2)Akm +

R

2(n− 1)
gkm

)
−∇k

(
(n− 2)Ajm +

R

2(n− 1)
gjm

)
.

(22.35)

The Bianchi identity in terms of A is

∇jA
j
i =

1

2(n− 1)
∇iR. (22.36)

Substituting this in the above expression, we find that all of the scalar curvature
terms vanish, and we are left with

∇lW
l

jkm = (n− 3)(∇jAkm −∇kAjm). (22.37)
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23 Lecture 22

23.1 Local conformal flatness

We define the Cotton tensor as

C = d∇A, (23.1)

or in coordinates,

Cijk = ∇iAjk −∇jAik. (23.2)

We say a manifold (M, g) is locally conformal flat if for each point p ∈M , there is a
function u : U → R defined in a neighborhood of p such the that metric g̃ = e−2ug is
a flat metric.

Proposition 23.1. Let (M, g) be an n-dimensional Riemannian manifold. If n = 2,
then g is locally conformally flat. If n = 3, then g is locally conformally flat if and
only if the Cotton tensor vanishes. If n ≥ 4, g is locally conformally flat if and only
if the Weyl tensor vanishes identically.

Proof. For n = 2, the equation for local conformal flatness is

∆u+K = 0. (23.3)

This is just Laplace’s equation, which can always be solved locally.
If (M, g) is locally conformally flat, then for n ≥ 4, the Weyl tensor must vanish

from conformal invariance. For n = 3, local conformal flatness implies we have a
solution the equation

∇2u+ du⊗ du− 1

2
|∇u|2g + Ag = 0. (23.4)

We apply d∇ to this equation,

(d∇Ag)ijk = ∇iAjk −∇jAik

= ∇i

(
∇j∇ku+∇ju∇ku−

1

2
|∇u|2gjk

)
− skew in i and j

= ∇i∇j∇ku+ (∇i∇ju)(∇ku) + (∇ju)(∇i∇ku)− (∇lu)(∇l∇iu)gjk

− skew in i and j

= ∇i∇j∇ku+ (∇ju)(∇i∇ku)− (∇lu)(∇l∇iu)gjk

− skew in i and j

= −R p
ijk ∇pu+ (∇ju)(∇i∇ku)− (∇lu)(∇l∇iu)gjk

− (∇iu)(∇j∇ku) + (∇lu)(∇l∇ju)gik
(23.5)
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The first term is

−R p
ijk ∇pu = −gplRijlk∇pu

= −gpl(Ailgjk − Ajlgik − Aikgjl + Ajkgil)∇pu

= −Ailgjk∇lu+ Ajlgik∇lu+ Aik∇ju− Ajk∇iu.

(23.6)

Substituting (23.4), we find that all term cancel, and thus

d∇Ag = 0 (23.7)

is a necessary condition in dimension 3.
Finally, we deal with the sufficiency. By Proposition 22.2, the Cotton tensor

vanishes also in case n ≥ 4. We must find a solution of the equation

∇2u = −du⊗ du+
1

2
|∇u|2g − Ag. (23.8)

From classical tensor calculus, the integrability condition for this overdetermined
system is exactly the vanishing of the Cotton tensor [?].

Another way to see this is to think of du = α as a 1-form. The equation is then

∇α = −α⊗ α +
1

2
|α|2g − Ag. (23.9)

In local coordinates,

(∇α)ij = ∂iαj − Γkijαk, (23.10)

so this overdetermined system looks like

∂iαj = fij(α1, . . . , αn) + hij. (23.11)

The vanishing of the Cotton tensor is exactly the integrability condition required in
the Frobenius Theorem [?, Chapter 6].

23.2 Examples

Besides constant sectional curvature metrics, there are two other commonly found ex-
amples of locally conformally flat metrics. First, the product of two constant sectional
curvature metrics, on manifolds M and N with KM = 1, and KN = −1, respectively,
is locally conformally flat. To see this, note we can write the product metric

gM×N = gM + gN . (23.12)

Since the sectional curvatures are constant, we have

gM =
1

2
gM 7 gM , and gN = −1

2
gN 7 gN , (23.13)
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so

RM×N = RM +RN =
1

2

(
gM 7 gM − gN 7 gN

)
=

1

2
(gM + gN) 7 (gM − gN)

=
1

2
gM×N 7 (gM − gN)

=
1

2
Ψ(gM − gN),

(23.14)

and therefore the Weyl tensor vanishes.
We can actually exhibit such metrics directly as follows. Topologically,

Rp+q \ Rq−1 = {Rp+1 \ {0}} × Rq−1

= Sp × R+ × Rq−1

= Sp ×Hq,

(23.15)

Let us endow this space with the metric g = r−2gRp+q , where

r2 =

p+1∑
i=1

x2
i , (23.16)

and gRp+q is the Euclidean metric on Rp+q. This metric is conformal to the Euclidean
metric, so by definition is locally conformally flat. Let gSp denote the standard metric
on the unit sphere Sp ⊂ Rp+1. We can rewrite our metric as

g =
1

r2

(
dr2 + r2gSp +

p+q∑
i=p+2

dx2
i

)
= gSp +

1

r2

(
dr2 +

p+q∑
i=p+2

dx2
i

)
, (23.17)

and we see the left hand side is the product metric of gSp with the hyperbolic upper
half space Hq.

The second example is the product of a manifold of constant sectional curvature
with S1 or R. To see that this is locally conformally flat, we again write

RM×R =
K

2
gM 7 gM

=
K

2
(gM + dx2) 7 (gM − dx2),

(23.18)

since dx2 7 dx2 = 0, thus the Weyl tensor vanishes.

24 Lecture 23

24.1 Conformal invariants

Proposition 24.1. For n = 3, the Cotton tensor is conformally invariant. That is,
under the transformation g̃ = e−2ug,

C̃ = C. (24.1)
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Proof. This is a calculation, very similar to the calulation performed in the proof of
Proposition 23.1. In that proof we assumed that

∇2u+ du⊗ du− 1

2
|∇u|2g + Ag = 0, (24.2)

but here we have that

∇2u+ du⊗ du− 1

2
|∇u|2g + Ag = Ã. (24.3)

That computation shows that

d∇
(
∇2u+ du⊗ du− 1

2
|∇u|2g + Ag

)
=

d∇Ag − Ãilgjk∇lu+ Ãjlgik∇lu+ Ãik∇ju− Ãjk∇iu,
(24.4)

since W = 0 when n = 3. So we have that

(d∇Ã)ijk = (d∇Ag)ijk − Ãilgjk∇lu+ Ãjlgik∇lu+ Ãik∇ju− Ãjk∇iu. (24.5)

Next, we compute

(d∇̃Ã)ijk = ∇̃iÃjk − ∇̃jÃik

= ∂iÃjk − Γ̃pijÃpk − Γ̃pikÃjp − skew in i and j

= ∂iÃjk − Γ̃pikÃjp − skew in i and j.

(24.6)

Recall the formula (21.1) for the conformal change of Christoffel symbol:

Γ̃ijk = gil
(
− (∂ju)glk − (∂ku)glj + (∂lu)gjk

)
+ Γijk. (24.7)

Substituting this, we obtain

(d∇̃Ã)ijk = (d∇Ã)ijk − gpl
(
− (∂iu)glk − (∂ku)gli + (∂lu)gik

)
Ãjp − skew in i and j

= (d∇Ã)ijk + (∂iu)Ãjk + (∂ku)Ãji − (∇lu)gikÃjl − skew in i and j

= (d∇Ã)ijk + (∂iu)Ãjk − (∇lu)gikÃjl − (∂ju)Ãik + (∇lu)gjkÃil.

(24.8)

Comparing terms, we are done.

Proposition 24.2. For n ≥ 4, the quantity∫
M

|Weylg|
n
2 dVg, (24.9)

is conformally invariant. For n = 3, the quantity∫
M

|Cg|dVg =

∫
M

√
〈Cg, Cg〉gdVg, (24.10)

is a conformal invariant.
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Proof. We know that the (1, 3) Weyl tensor is a conformal invariant. Let g̃ = λg, and
compute ∫

M

|W̃ |
n
2
g̃ dVg̃ =

∫
M

(
g̃ipg̃jqg̃krg̃slW̃

s
pqr W̃

l
ijk

)n
4
dVg̃∫

M

(
λ−2gipgjqgkrgslW

s
pqr W

l
ijk

)n
4
λn/2dVg

=

∫
M

|W |
n
2 dVg.

(24.11)

For the second, we know that the (0, 3) Cotton tensor is a conformal invariant. For
g̃ = λg, we compute∫

M

|C̃|g̃dVg̃ =

∫
M

(
g̃ipg̃jqg̃krC̃pqrC̃ijk

) 1
2
dVg̃

=

∫
M

(
λ−3gipgjqgkrCpqrCijk

) 1
2
λ

3
2dVg

=

∫
M

|Cg|gdVg.

(24.12)

24.2 Weitzenböck formula revisited

Recall from Section 9.1 that for ω ∈ Γ(Λp),

∆Hω = −∆ω + ρω, (24.13)

where

ρω = −1

2

n∑
l,m=1

p∑
j=1

p∑
k=1,k 6=j

Rlmijikωi1...ij−1lij+1...ik−1mik+1...ip

+
n∑

m=1

p∑
j=1

Rijmωi1...ij−1mij+1...ip .

(24.14)

If (M, g) is locally conformally flat, for the first term, we have

− 1

2

n∑
l,m=1

p∑
j=1

p∑
k=1,k 6=j

Rlmijikωi1...ij−1lij+1...ik−1mik+1...ip

= −1

2

n∑
l,m=1

p∑
j=1

p∑
k=1,k 6=j

(
Alijgmik − Amijglik − Alikgmij

+ Amikglij

)
ωi1...ij−1lij+1...ik−1mik+1...ip .

(24.15)
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It is easy to see that the four terms terms are the same, so we have

ρω = −2
n∑
l=1

p∑
j=1

p∑
k=1,k 6=j

Alijgmikωi1...ij−1lij+1...ik−1mik+1...ip

+
n∑

m=1

p∑
j=1

Rijmωi1...ij−1mij+1...ip

= −2(p− 1)
n∑
l=1

p∑
j=1

Alijωi1...ij−1lij+1...ip

+
n∑

m=1

p∑
j=1

Rijmωi1...ij−1mij+1...ip

=
n− 2p

n− 2

n∑
l=1

p∑
j=1

Rlijωi1...ij−1lij+1...ip +
p(p− 1)

(n− 1)(n− 2)
Rω.

(24.16)

Remark. Note that if (M, g) has constant sectional curvature K, then this becomes

ρω =
n− 2p

n− 2

n∑
l=1

p∑
j=1

Rlijωi1...ij−1lij+1...ip +
p(p− 1)

(n− 1)(n− 2)
Rω

= Kp(n− p)ω.
(24.17)

Proposition 24.3. If (M, g) is compact, of dimension n = 2m, locally conformally
flat, and R > 0, then bm(M) = 0.

Proof. Let ω be a harmonic m-form. From the Bochner formula (9.14), we have

0 =

∫
M

|∇ω|2 +

∫
M

〈ρω, ω〉dVg

=

∫
M

|∇ω|2 +
m

2(2m− 1)

∫
M

Rg|ω|2dVg.
(24.18)

If R > 0, then clearly we must have ω ≡ 0.

Proposition 24.4. If (Mn, g) is compact, locally conformally flat, and Ric > 0, then
bi(M) = 0 for i = 1 . . . n− 1.

Proof. Again, this follows easily from the Bochner formula and Poincaré duality.

Remark. This is not surprising, since Kuiper has shown that any compact simply
connected locally conformally flat manifold is conformally diffeomorphic to the round
n-sphere [?]. In this case, since Ric > 0, Myers’ Theorem implies that the universal
cover in compact, and is therefore conformally equivalent to the round Sn. Then
(M, g) is a compact conformal quotient of Sn. But any co-compact subgroup of the
conformal group SO(n + 1, 1) is conjugate to a subgroup of isometries, so (M, g) is
conformal to a positive space form.
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We can also write ρω in terms of the Schouten tensor,

ρω = (n− 2p)
n∑
l=1

p∑
j=1

Alijωi1...ij−1lij+1...ip +
p

2(n− 1)
Rω. (24.19)

Under various positivity assumptions on the Schouten tensor, some Betti number
vanishing theorems were shown in [?]. We mention also that Schoen and Yau have
shown vanishing theorems for certain homotopy groups in the locally conformally flat
positive scalar curvature case [?]. Chern and Simons, and Kulkarni have shown that
the Pontrjagin forms depend only upon the Weyl tensor. Therefore all the Pontryagin
classes of any compact locally conformally flat manifold vanish [?], [?].

We look again at the case of 2-forms. On 2-forms, the Weitzenböck formula is

(∆Hω)ij = −(∆w)ij −
∑
l,m

Rlmijωlm +
∑
m

Rimωmj +
∑
m

Rjmωim. (24.20)

In dimension 4, the Ricci terms vanish, and we obtain

(ρω)ij = −
n∑

l,m=1

Wlmijωlm +
1

3
Rωij. (24.21)

Let λ denote the minimum eigenvalue of this Weyl curvature operator.

Proposition 24.5. Let (M4, g) be a compact 4-manifold. If λ < R
3

, then b2(M) = 0.

Proof. Again, an easy application of the Bochner formula.

25 Lecture 24

25.1 Laplacian of Schouten

Let (M, g) be a Riemannian manifold, and recall the Schouten tensor

A =
1

n− 2

(
Ric− R

2(n− 1)
g

)
, (25.1)

and the Cotton tensor

Cijk = ∇iAjk −∇jAik. (25.2)

We differentiate the formula

∇iAjk = ∇jAik + Cijk, (25.3)

to get

(∆A)jk = ∇i∇jAik +∇iCijk. (25.4)
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Commuting covariant derivatives,

∇i∇jAik = gil∇l∇jAik

= gil
(
∇j∇lAik −R m

lji Amk −R m
ljk Aim

)
= ∇j∇iAik − gilgmp (RljpiAmk +RljpkAim)

(25.5)

Using the Bianchi identity (4.11), we compute

∇iAik =
1

n− 2

(
∇iRik −

1

2(n− 1)
∇i(Rgik)

)
=

1

n− 2

(
1

2
∇kR−

1

2(n− 1)
∇kR

)
=
∇kR

2(n− 1)

= ∇k(tr(A)).

(25.6)

Substituting into (25.5) we obtain

∇i∇jAik = ∇j∇k(tr(A)) + gmpRjpAmk − gilgmpRljpkAim

= ∇j∇k(tr(A)) + gmp
(
(n− 2)Ajp + tr(A)gjp

)
Amk

− gilgmp
(
Wljpk + Alpgjk − Ajpglk − Alkgjp + Ajkglp

)
Aim

= ∇j∇k(tr(A)) + (n− 2)Amj Amk + tr(A)Ajk

− gilgmpWljpkAim − |A|2gjk + 2Amj Akm − tr(A)Ajk

= ∇j∇k(tr(A))− gilgmpWljpkAim + n(A2)jk − |A|2gjk.

(25.7)

Substituting into the above, we arrive at the general formula

(∆A)jk = ∇iCijk +∇j∇k(tr(A))− gilgmpWljpkAim + n(A2)jk − |A|2gjk. (25.8)

Proposition 25.1. If (M, g) is locally conformally flat, and has constant scalar cur-
vature, then

∆A = nA2 − |A|2g. (25.9)

Proof. From Proposition 23.1, the Weyl and Cotton tensor terms vanish, and also
the scalar term vanishes in (25.8).

25.2 The Yamabe Flow

The Yamabe flow, introduced by Hamilton, is

d

dt
g = −(Rg − rg)g, (25.10)
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where

rg =
1

V ol(g)

∫
M

RdVg, (25.11)

is the average scalar curvature. Note this flow remains in the conformal class of the
initial metric. Also, this flow preserves volume. To see this,

d

dt
V ol(g(t)) =

1

2

∫
M

trg(h)dVg

= −n
2

∫
M

(Rg − rg)dVg = 0

(25.12)

We recall the formula for the linearization of the Ricci tensor

(Ric′)ij =
1

2

(
−∆hij +∇i(div h)j +∇j(div h)i −∇i∇j(trh)

− 2Riljph
lp +Rp

ihjp +Rp
jhip

)
.

(25.13)

For the Yamabe flow, we have

d

dt
(Ric)ij =

1

2

(
(∆R)gij + (n− 2)∇i∇jR

)
. (25.14)

The evolution of the scalar curvature is given by

δR = δ(g−1Ric) = g−1(δRic) + (δg−1)Ric

=
1

2
g−1
(

(∆R)gij + (n− 2)∇i∇jR
)

+ g−1(R− r)gg−1Ric

= (n− 1)∆R +R(R− r).

(25.15)

Proposition 25.2. The Yamabe flow preserves positive scalar curvature.

Proof. The change of scalar curvature for the unnormalized Yamabe flow is

d

dt
R = (n− 1)∆R +R2, (25.16)

so the maximum principle applies.

We next restrict to the case that (M, g) is locally conformally flat. In this case,
(25.8) is

∆A = ∇2(tr(A)) + nA2 − |A|2g. (25.17)

Rewrite this in terms of the Ricci tensor

1

n− 2
∆

(
Ric− R

2(n− 1)
g

)
=

1

2(n− 1)
∇2R + nA2 − |A|2g. (25.18)
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which is

∆Ric =
1

2(n− 1)

(
(∆R)g + (n− 2)∇2R

)
+ (n− 2)

(
nA2 − |A|2g

)
. (25.19)

Substituting into (25.14) we obtain

d

dt
Ric = (n− 1)∆Ric− (n− 2)(n− 1)

(
nA2 − |A|2g

)
. (25.20)

In an ONB, we compute that

nAimAjm − |A|2gij =
1

(n− 2)2

(
nRimRjm −

n

n− 1
RRij − |Ric|2gij +

R2

n− 1
gij

)
.

(25.21)

We have show that in the locally conformally flat under the Yamabe flow the evolution
of the Ricci tensor is given by

d

dt
Ric = (n− 1)∆Ric− n− 1

(n− 2)

(
nRic2 − n

n− 1
RRic− |Ric|2g +

R2

n− 1
g

)
.

(25.22)

Proposition 25.3. If (M, g) is locally conformally flat, then the Yamabe flow pre-
serves positive Ricci.

Proof. As in the Ricci flow case, we just need to verify the null eigenvector assumption.
If Ricci in non-negative and has a zero eigenvector, then we require that

|Ric|2 ≤ R2

n− 1
, (25.23)

which is true, using (16.8) in dimension n− 1.

As we discussed in the previous section, Kuiper’s Theorem implies that if (M, g)
is compact, locally conformally flat and has positive Ricci, then (M, g) is conformal
to a constant positive curvature metric. One may ask: if one starts the Yamambe
flow with such a metric, does the flow converge to the constant curvature metric.
Ben Chow showed that this is indeed the case with proof similar to that of Hamilton
[Cho92]. Subsequently, Rugang Ye proved the Yamabe flow converges on a locally
conformally flat manifold with any initial data [Ye94].

In the general case (not necessarily locally conformally flat), Hamilton proved
existence of the flow for all time and proved convergence in the case of negative
scalar curvature. The case of positive scalar curvature however is highly non-trivial.
Schwetlick and Struwe [SS03] proved convergence for 3 ≤ n ≤ 5 provided an certain
energy bound on the initial metric is satsified. In the beautiful paper [Bre05], Simon
Brendle proved convergence for 3 ≤ n ≤ 5 for arbitrary initial data.
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26 Lecture 25

26.1 Curvature in dimension 4

Recall the Hodge star operator on Λp in dimension n satisfies

∗2 = (−1)p(n−p)I. (26.1)

In the case of Λ2 in dimension 4, ∗2 = I. The space of 2-form decomposes into

Λ2 = Λ2
+ ⊕ Λ2

−, (26.2)

the +1 and −1 eigenspaces of the Hodge star operator, respectively. Note that
dimR(Λ2) = 6, whilst dimR(Λ2

±) = 3. Elements of Λ2
+ are called self-dual 2-forms,

and elements of Λ2
− are called anti-self-dual 2-forms

We fix an oriented orthonormal basis e1, e2, e3, e4 and let

ω±1 = e1 ∧ e2 ± e3 ∧ e4,

ω±2 = e1 ∧ e3 ± e4 ∧ e2,

ω±3 = e1 ∧ e4 ± e2 ∧ e3,

note that ∗ω±i = ±ω±i , and 1√
2
ω±i is an orthonormal basis of Λ2

±.

Remark. In dimension 6, on Λ3, we have ∗2 = −1, so Λ3⊗C = Λ3
+⊕Λ3

−, the +i and −i
eigenspaces of the Hodge star. That is, ∗ gives a complex structure on Λ3 in dimension
6. In general, in dimensions n = 4m, Λ2m = Λ2m

+ ⊕Λ2m
− , the ±1 eigenspaces of Hodge

star, whilst in dimensions n = 4m + 2, the Hodge star gives a complex structure on
Λ2m+1.

In the remainder of this section, we will perform computations in a local oriented
ONB. For a 2-form ω, the components of ω are defined by

ωij = ω(ei, ej), (26.3)

so that the 2-form can be written

ω =
1

2

∑
i,j

ωije
i ∧ ej. (26.4)

What are the components of ep ∧ eq? We write

ep ∧ eq =
1

2

∑
i,j

(ep ∧ eq)ijei ∧ ej

=
1

2

∑
i,j

δpqij e
i ∧ ej,

(26.5)

so the components of ep ∧ eq are given by (ep ∧ eq)ij = δpqij , the generalized Kronecker
delta symbol, which is defined to be +1 if (p, q) = (i, j), −1 if (p, q) = (j, i), and 0
otherwise.
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In Section 5.2, we defined the curvature operator

R ∈ Γ
(
S2
(
Λ2(T ∗M)

))
. (26.6)

In an local ONB, we write

(Rω)ij =
1

2

∑
k,l

Rijklωkl. (26.7)

Notice we have changed previous convention, and introduced a factor of 1/2, the
reason for this will be seen below. Therefore the curvature operator is

Rω =
1

2

∑
i,j

(Rω)ije
i ∧ ej

=
1

4

∑
i,j,k,l

Rijklωkle
i ∧ ej.

(26.8)

Note that any tensor with components Pijkl satisfying Pijkl = −Pjikl = −Pijlk and
Pijkl = Pklij yields a symmetric operator P : Λ2 → Λ2 defined by the same formula

Pω =
1

4

∑
i,j,k,l

Pijklωkle
i ∧ ej. (26.9)

Conversely, any symmetric operator P : Λ2 → Λ2 is equivalent to a (0, 4) tensor, by

Ppqrs = 〈P(ep ∧ eq), er ∧ es〉. (26.10)

For the operator P , we have

Ppqrs = 〈P(ep ∧ eq), er ∧ es〉

= 〈1
4

∑
i,j,k,l

Pijkl(e
p ∧ eq)klei ∧ ej, er ∧ es〉

=
1

4
〈
∑
i,j,k,l

Pijklδ
pq
kl e

i ∧ ej, er ∧ es〉

=
1

4
〈
∑
i,j

(Pijpq − Pijqp)ei ∧ ej, er ∧ es〉

=
1

2
〈
∑
i,j

Pijpqe
i ∧ ej, er ∧ es〉

=
1

2
(Prspq − Psrpq) = Ppqrs.

(26.11)

This computation was just to verify that with our convention of 1/4 in (26.9), we get
back the same tensor we started with.
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In dimension 4 there is the special coincidence that the curvature operator acts
on 2-forms, and the space of 2-forms decomposes as above. Recall from Section 5.1,
the full curvature tensor decomposes as

Rm = W +
1

2
E 7 g +

R

24
g 7 g, (26.12)

where

E = Ric− R

4
g (26.13)

is the traceless Ricci tensor.
Corresponding to this decomposition, we define the Weyl curvature operator, W :

Λ2 → Λ2 as

(Wω)ij =
1

2

∑
k,l

Wijklωkl. (26.14)

We also define W± : Λ2 → Λ2
± as

W±ω = π±Wω, (26.15)

where π± : Λ2 → Λ2
± is the projection 1

2
(I ± ∗). The operator W+ is a symmetric

operator, so by the above procedure, it corresponds to a curvature-like tensor W+,
the components of which are defined by

W+
pqrs = 〈W+(ep ∧ eq), er ∧ es〉

=
1

2
〈W
(
ep ∧ eq + ∗(ep ∧ eq)

)
, er ∧ es〉.

(26.16)

For example,

W+
1234 =

1

2
〈W
(
e1 ∧ e2 + e3 ∧ e4

)
, e3 ∧ e4〉

=
1

2
(W1234 +W3434).

(26.17)

Correspondingly, we can decompose the Weyl curvature tensor as

W = W+ +W−, (26.18)

the self-dual and anti-self-dual components of the Weyl curvature, respectively. There-
fore in dimension 4 we have the further orthogonal decomposition of the curvature
tensor

Rm = W+ +W− +
1

2
E 7 g +

R

24
g 7 g. (26.19)

The traceless Ricci curvature operator E is the operator associated to the curvature-
like tensor E 7 g, and the scalar curvature operator S is the operator associated to
Rg 7 g.
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Proposition 26.1. The Weyl curvature operator preserves the type of forms,

W : Λ2
± → Λ2

±, (26.20)

and therefore

W± : Λ2
± → Λ2

±. (26.21)

The scalar curvature operator acts as a multiple of the identity

Sω = 2Rω. (26.22)

The traceless Ricci operator reverses types,

E : Λ2
± → Λ2

∓. (26.23)

In block form corresponding to the decomposition (26.2), the full curvature operator
is

R =


W+ + R

12
I E

E W− + R
12
I

 . (26.24)

Proof. We first consider the traceless Ricci operator. We compute

((E 7 g)ω)ij =
1

2
(E 7 g)ijklωkl

=
1

2
(Eikgjlωkl − Ejkgilωkl − Eilgjkωkl + Ejlgikωkl)

=
1

2
(Eikωkj − Ejkωki − Eilωjl + Ejlωil)

= Eikωkj − Ejkωki,

(26.25)

since ω is skew-symmetric. Next assume that Eij is diagonal, so that Eij = λigij, and
we have

1

2
(E 7 g)ijklωkl = λiδikωkj − λjδjkωki

= λiωij − λjωji
= (λi + λj)ωij.

(26.26)

Next compute

1

2
(E 7 g)ijkl(ω

+
1 )kl =

1

2
(E 7 g)ijkl(δ

kl
12 + δkl34)

= (λi + λj)(δ
ij
12 + δij34)

= (λ1 + λ2)δij12 + (λ3 + λ4)δij34.

(26.27)
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Since E is traceless, λ1 + λ2 = −λ3 − λ4, so we have

1

2
(E 7 g)ijkl(ω

+
1 )kl = (λ1 + λ2)(δij12 − δ

ij
34), (26.28)

which equivalently is

(E 7 g)(ω+
1 ) = (λ1 + λ2)ω−1 . (26.29)

A similar computation shows that

(E 7 g) : Λ2
± → Λ2

∓. (26.30)

The dimension of the space {M : Λ2 → Λ2,M symmetric,M∗ = − ∗M} is 9. The
dimension of the maps of the form E7g, where is a traceless symmetric tensor is also
9, since the map E → E 7 g is injective for n > 2. We conclude that the remaining
part of the curvature tensor

W± +
1

24
S : Λ2

± → Λ2
±. (26.31)

The proposition follows, noting that g 7 g = 2I, twice the identity. To see this, we
have (

(g 7 g)ω
)
ij

=
1

2
(g 7 g)ijklωkl

=
1

2
(gikgjl − gjkgil − gilgjk + gjlgik)ωkl

= (gikgjl − gjkgil)ωkl
= (ωij − ωji) = 2ωij.

(26.32)

Of course, instead of appealing to the dimension argument, one can show directly
that (26.31) is true, using the fact that the Weyl is in the kernel of Ricci contraction,
that is, the Weyl tensor satisfies Wiljl = 0. For example,

(Wω+
1 )ij =

1

2
Wijkl(δ

12
kl + δ34

kl )

= Wij12 +Wij34,
(26.33)

taking an inner product,

〈Wω+
1 , ω

−
1 〉 =

1

2
(Wij12 +Wij34)(δ12

ij − δ34
ij )

= W1212 −W3412 +W1234 −W3434

= W1212 −W3434.

(26.34)

But we have

W1212 +W1313 +W1414 = 0

W1212 +W3232 +W4242 = 0,
(26.35)
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adding these,

2W1212 = −W1313 −W1414 −W3232 −W4242. (26.36)

We also have

W1414 +W2424 +W3434 = 0

W3131 +W3232 +W3434 = 0,
(26.37)

adding,

2W3434 = −W1414 −W2424 −W3131 −W3232 = 2W1212, (26.38)

which shows that

〈Wω+
1 , ω

−
1 〉 = 0. (26.39)

Next

〈Wω+
1 , ω

−
2 〉 =

1

2
(Wij12 +Wij34)(δ13

ij − δ42
ij )

= W1312 −W4212 +W1334 −W4234

= −W1231 −W4212 −W4313 −W4234.

(26.40)

But from vanishing Ricci contraction, we have

W4212 +W4313 =0,

W1231 +W4234 =0,
(26.41)

which shows that

〈Wω+
1 , ω

−
2 〉 = 0.

A similar computation can be done for the other components.

27 Lecture 26

27.1 Some representation theory

As SO(4) modules, we have the decomposition

S2(Λ2) = S2(Λ2
+ ⊕ Λ2

−)

= S2(Λ2
+)⊕ (Λ2

+ ⊗ Λ2
−)⊕ S2(Λ2

−),
(27.1)

which is just the “block form” decomposition in (26.24).

Proposition 27.1. We have the following isomorphisms of Lie groups

Spin(3) = Sp(1) = SU(2), (27.2)

and

Spin(4) = Sp(1)× Sp(1) = SU(2)× SU(2). (27.3)
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Proof. Recall that Sp(1) is the group of unit quaternions,

Sp(1) = {q ∈ H : qq = |q|2 = 1}, (27.4)

where for q = x0 + x1i + x2j + x3k, the conjugate is q = x0 − x1i − x2j − x3k. The
first isomorphism is, for q1 ∈ Sp(1), and q ∈ Im(H) = {x1i+ x2j + x3k},

q1 7→ q1qq1 ∈ SO(Im(H)) = SO(3), (27.5)

is a double covering of SO(3). For the isomorphism Sp(1) = SU(2), we send

q = α + jβ 7→
(
α −β
β α

)
, (27.6)

where α, β ∈ C.
To see that Sp(1) × Sp(1) = Spin(4), take (q1, q2) ∈ Sp(1) × Sp(1), and define

φ : H→ H by

φ(q) = q1qq2. (27.7)

This define a homomorpishm f : Sp(1)× Sp(1)→ SO(4), with

ker(f) = {(1, 1), (−1,−1)}, (27.8)

and f is a non-trivial double covering.

We let V denote the standard 2-dimensional complex representation of SU(2),
which is just matrix multiplication of (27.6) on column vectors. Let Sr(V ) denote
the space of complex totally symmetric r-tensors. This is the same as homogeneous
polynomials of degree r in 2 variable, so dimC(Sr(V )) = r + 1. The following propo-
sition can be found in [?].

Proposition 27.2. If W is an irreducible complex representation of Spin(3) = SU(2)
then W is equivalent to Sr(V ) for some r ≥ 0. Such a representation descends to
SO(3) if and only if r is even, in which case are complexifications of real representa-
tions of SO(3). Furthermore,

Sp(V )⊗ Sq(V ) =

min(p,q)⊕
r=0

Sp+q−2rV. (27.9)

For G1 and G2 compact Lie groups, it is well-known that the irreducible represen-
tations of G1×G2 are exactly those of the form V1⊗V2 for irreducible representations
V1 and V2 of G1 and G2, respectively [?]. For Spin(4) = SU(2)× SU(2), let V+ and
V− denote the standard irreducible complex 2-dimensional representations of the first
and second factors, respectively.
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Proposition 27.3. If W is an irreducible complex representation of Spin(4) =
SU(2)× SU(2) then W is equivalent to

Sp,q = Sp(V+)⊗ Sq(V−), (27.10)

for some non-negative integers p, q. Such a representation descends to SO(4) if and
only if p+ q is even, in which case these are complexifications of real representations
of SO(4).

Note that

dimC(Sp,q) = (p+ 1)(q + 1), (27.11)

which yields that dimC(S1,1) = 4. Since p + q = 2 is even, this corresponds to an
irreducible real representation of SO(4). It it not hard to show that the standard real
4-dimensional representation of SO(4), call it T , is irreducible. Therefore, we must
have

T ⊗ C = V+ ⊗C V−. (27.12)
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