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1 Lecture 1

We will assume a basic familiarity with complex manifolds, and only do a brief review
today. Let M be a manifold of real dimension 2n, and an endomorphism J : TM →
TM satisfying J2 = −Id. Then we can decompose

TM ⊗ C = T 1,0 ⊕ T 0,1, (1.1)

where

T 1,0 = {X − iJX,X ∈ TpM} (1.2)

is the i-eigenspace of J and

T 0,1 = {X + iJX,X ∈ TpM} (1.3)

is the −i-eigenspace of J .

Remark 1.1. For now we will denote
√
−1 by i. However, later we will not do this,

because the letter i is sometimes used as an index.

The map J also induces an endomorphism of 1-forms by

J(ω)(v1) = ω(Jv1).

We then have

T ∗ ⊗ C = Λ1,0 ⊕ Λ0,1, (1.4)

where

Λ1,0 = {α− iJα, α ∈ T ∗pM} (1.5)

is the i-eigenspace of J , and

Λ0,1 = {α + iJα, α ∈ T ∗pM} (1.6)

is the −i-eigenspace of J .
We define Λp,q ⊂ Λp+q ⊗ C to be the span of forms which can be written as the

wedge product of exactly p elements in Λ1,0 and exactly q elements in Λ0,1. We have
that

Λk ⊗ C =
⊕
p+q=k

Λp,q, (1.7)

and note that

dimC(Λp,q) =

(
n

p

)
·
(
n

q

)
. (1.8)
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If (M,J) is a complex manifold, then there exist coordinate systems around any
point

(z1, . . . , zn) = (x1 + iy1, . . . , xn + iyn) (1.9)

such that T 1,0 is spanned by

∂j ≡
∂

∂zj
≡ 1

2

( ∂

∂xj
− i ∂

∂yj

)
, (1.10)

T 0,1 is spanned by

∂j ≡
∂

∂z̄j
≡ 1

2

( ∂

∂xj
+ i

∂

∂yj

)
, (1.11)

Λ1,0 is spanned by

dzj ≡ dxj + idyj, (1.12)

and Λ0,1 is spanned by

dz̄j ≡ dxj − idyj, (1.13)

for j = 1 . . . n.

1.1 The operators ∂ and ∂

The real operator d : Λk
R → Λk+1

R , extends to an operator

d : Λk
C → Λk+1

C (1.14)

by complexification.

Proposition 1.2. On a complex manifold, d = ∂ + ∂ where ∂ : Λp,q → Λp+1,q and
∂ : Λp,q → Λp,q+1, and these operators satisfy

∂2 = 0, ∂
2

= 0, ∂∂ + ∂∂ = 0. (1.15)

Proof. On a complex manifold, if α is a (p, q)-form written locally as

α =
∑
I,J

αI,Jdz
I ∧ dzJ , (1.16)

then we have the formulas

dα =
∑
I,J

(∑
k

∂αI,J
∂zk

dzk +
∑
k

∂αI,J
∂zk

dzk
)
∧ dzI ∧ dzJ (1.17)

∂α =
∑
I,J,k

∂αI,J
∂zk

dzk ∧ dzI ∧ dzJ (1.18)

∂α =
∑
I,J,k

∂αI,J
∂zk

dzk ∧ dzI ∧ dzJ , (1.19)

and these formulas give globally defined operators. The other relations follow simply
from d2 = 0.
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Definition 1.3. A form α ∈ Λp,0 is holomorphic if ∂α = 0.

It is easy to see that a (p, 0)-form is holomorphic if and only if it can locally be
written as

α =
∑
|I|=p

αIdz
I , (1.20)

where the αI are holomorphic functions.

Definition 1.4. The (p, q) Dolbeault cohomology group is

Hp,q

∂
(M) =

{α ∈ Λp,q(M)|∂α = 0}
∂(Λp,q−1(M))

. (1.21)

If f is a biholomorphism (one-to-one, onto, with holomorphic inverse), between
(M,JM) and (N, JN) then the Dolbeault cohomologies of M and N are isomorphic.

1.2 Hermitian and Kähler metrics

We next consider (M, g, J) where J is an almost complex structure and g is a Rie-
mannian metric.

Definition 1.5. An almost Hermitian manifold is a triple (M, g, J) such that

g(JX, JY ) = g(X, Y ). (1.22)

The triple is called Hermitian if J is integrable.

We also say that g is J-invariant if condition (1.22) is satisfied. Extend g by
complex linearity to a symmetric inner product on T ⊗ C.

To a Hermitian metric (M,J, g) we associate a 2-form

ω(X, Y ) = g(JX, Y ). (1.23)

This is indeed a 2-form since

ω(Y,X) = g(JY,X) = g(J2Y, JX) = −g(JX, Y ) = −ω(X, Y ). (1.24)

Since

ω(JX, JY ) = ω(X, Y ), (1.25)

this form is a real form of type (1, 1), and is called the Kähler form or fundamental
2-form.

Recall the following definition.

Proposition 1.6. The Nijenhuis tensor of an almost complex structure defined by

N(X, Y ) = 2{[JX, JY ]− [X, Y ]− J [X, JY ]− J [JX, Y ]} (1.26)

vanishes if and only if J is integrable.
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Recall that on a Riemannian manifold, there is a unique symmetric connection
which is compatible with the metric, and is given explicitly by the following formula

g(∇XY, Z) =
1

2

(
Xg(Y, Z) + Y g(Z,X)− Zg(X, Y )

−g(Y, [X,Z])− g(Z, [Y,X]) + g(X, [Z, Y ])
)
.

(1.27)

The following proposition gives a fundamental relation between the covariant deriva-
tive of J , the exterior derivative of ω and the Nijenhuis tensor.

Proposition 1.7. Let (M, g, J) be an almost Hermitian manifold (with J not neces-
sarily assumed to be integrable). Then

2g((∇XJ)Y, Z) = −dω(X, JY, JZ) + dω(X, Y, Z) +
1

2
g(N(Y, Z), JX), (1.28)

where the covariant derivative of J is defined as

(∇XJ)Y = ∇X(JY )− J(∇XY ), (1.29)

Proof. Exercise. Hint: use the formula

dα(X0, . . . , Xr) =
∑

(−1)jXjα(X0, . . . , X̂j, . . . , Xr)

+
∑
i<j

(−1)i+jα([Xi, Xj], X0, . . . , X̂i, . . . , X̂j, . . . , Xr).
(1.30)

Corollary 1.8. If (M, g, J) is Hermitian, then dω = 0 if and only if J is parallel.

Proof. Since N = 0, this follows immediately from (1.28).

Corollary 1.9. If (M, g, J) is almost Hermitian, ∇J = 0 implies that dω = 0 and
N = 0.

Proof. If J is parallel, then ω is also. The corollary follows from the fact that the
exterior derivative d : Ωp → Ωp+1 can be written in terms of covariant differentiation.

dω(X0, . . . , Xp) =

p∑
i=0

(−1)j(∇Xj
ω)(X0, . . . , X̂j, . . . , Xp), (1.31)

which follows immediately from (1.30) using normal coordinates around a point. This
shows that a parallel form is closed, so the corollary then follows from (1.28).

Definition 1.10. An almost Hermitian manifold (M, g, J) is

• Kähler if J is integrable and dω = 0, or equivalently, if ∇J = 0,

• Calabi-Yau if it is Kähler and the canonical bundle K ≡ Λn,0 is holomorphically
trivial,

• hyperkähler is it is Kähler with respect to 3 complex structures I, J , and K
satisfiying IJ = K.

Note that if (M, g, J) is Kähler, then ω is a parallel (1, 1)-form.
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2 Lecture 2

2.1 Complex tensor notation

Choosing any real basis of the form {X1, JX1, . . . , Xn, JXn}, let us abbreviate

Zα =
1

2

(
Xα − iJXα

)
, Zα =

1

2

(
Xα + iJXα

)
, (2.1)

and define

gAB = g(ZA, ZB), (2.2)

where the indices A and B can be barred or unbarred indices. Notice that

gαβ = g(Zα, Zβ) =
1

4
g(Xα − iJXα, Xβ − iJXβ)

=
1

4

(
g(Xα, Xβ)− g(JXα, JXβ)− i(g(Xα, JXβ) + g(JXα, Xβ))

)
= 0,

since g is J-invariant, and J2 = −Id. Similarly,

gαβ = 0, (2.3)

Also, from symmetry of g, we have

gαβ = g(Zα, Zβ) = g(Zβ, Zα) = gβα. (2.4)

However, applying conjugation, since g is real we have

gαβ = g(Zα, Zβ) = g(Zα, Zβ) = g(Zβ, Zα) = gβα, (2.5)

which says that gαβ is a Hermitian matrix.
We repeat the above for the fundamental 2-form ω, and define

ωAB = ω(ZA, ZB). (2.6)

Note that

ωαβ = ω(Zα, Zβ) = g(JZα, Zβ) = igαβ = 0 (2.7)

ωαβ = ω(Zα, Zβ) = −igαβ = 0 (2.8)

ωαβ = ω(Zα, Zβ) = igαβ (2.9)

ωαβ = ω(Zα, Zβ) = −igαβ. (2.10)

The first 2 equations are just a restatement that ω is of type (1, 1). Also, note that

ωαβ = igαβ, (2.11)

defines a skew-Hermitian matrix.
On a Hermitian manifold, the fundamental 2-form in holomorphic coordinates

takes the form

ω =
n∑

α,β=1

ωαβdz
α ∧ dzβ = i

n∑
α,β=1

gαβdz
α ∧ dzβ. (2.12)
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Remark 2.1. Note that for the Euclidean metric, we have gαβ = 1
2
δαβ, so

ωEuc =
i

2

n∑
j=1

dzj ∧ dzj. (2.13)

We note the following local characterizations of Kähler metrics.

Proposition 2.2. If J is integrable, then (M, g, J) is Kähler if and only if

• In local holomorphic coordinates we have

∂gαβ
∂zk

=
∂gkβ
∂zα

, (2.14)

• For each p ∈ M , there exists an open neighborhood U of p and a function
u : U → R such that ω = i∂∂u.

• For each p ∈ M , there exists a holomorphic coordinate system around p such
that

ω =
i

2

n∑
j,k=1

(δjk +O(|z|2)jk)dz
j ∧ dzk, (2.15)

as |z| → 0.

Proof. Exercise.

2.2 The musical isomorphisms

We recall the following from Riemannian geometry. The metric gives an isomorphism
between TM and T ∗M ,

[ : TM → T ∗M (2.16)

defined by

[(X)(Y ) = g(X, Y ). (2.17)

The inverse map is denoted by ] : T ∗M → TM . The cotangent bundle is endowed
with the metric

〈ω1, ω2〉 = g(]ω1, ]ω2). (2.18)

Note that if g has components gij, then 〈·, ·〉 has components gij, the inverse matrix
of gij.

If X ∈ Γ(TM), then

[(X) = Xidx
i, (2.19)
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where

Xi = gijX
j, (2.20)

so the flat operator “lowers” an index. If ω ∈ Γ(T ∗M), then

](ω) = ωi∂i, (2.21)

where

ωi = gijωj, (2.22)

thus the sharp operator “raises” an index.
The [ operator extends to a complex linear mapping

[ : TM ⊗ C→ T ∗M ⊗ C. (2.23)

We have the following

Proposition 2.3. The operator [ is a complex anti-linear isomorphism

[ : T 1,0 → Λ0,1 (2.24)

[ : T 0,1 → Λ1,0. (2.25)

Proof. These mapping properties follow from the Hermitian property of g. Next, for
any two vectors X and Y

[(JX)Y = g(JX, Y ), (2.26)

while

J([X)(Y ) = ([X)(JY ) = g(X, JY ) = −g(JX, Y ). (2.27)

In components, we have the following. The metric on T ∗Z ⊗ C has components

g(dzα, dzβ) = gαβ (2.28)

where these are the components of the inverse matrix of gαβ. We have the identities

gαβgβγ = δαγ , (2.29)

gαβgβγ = δαγ , (2.30)

If X = XαZα is in T (1,0), then [X has components

([X)α = gαβX
β, (2.31)

and if X = XαZα is in T (0,1), then [X has components

([X)α = gαβX
β, (2.32)

Similarly, if ω = ωαZ
α is in Λ1,0, then ]ω has components

(]ω)α = gαβωβ, (2.33)

and if ω = ωαZ
α is in Λ0,1, then ]X has components

(]ω)α = gαβωβ. (2.34)
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2.3 Trace

Let us rearrange the basis in the order {X1, . . . , Xn, JX1, . . . , JXn}. Write the matrix
associated to and endomorphism H ∈ EndR(TM) as

H =

(
A B
C D

)
. (2.35)

Then in the basis {Z1, . . . , Zn, Z1̄, . . . , Zn̄} of TM ⊗ C the matrix associated to the
endomorphism H ⊗ C ∈ EndC(TM ⊗ C) is given by

H ⊗ C =
1

2

(
A+D + i(C −B) 0

0 A+D − i(C −B)

)
+

1

2

(
0 A−D + i(B + C)

A−D − i(B + C) 0

)
.

(2.36)

Obviously, we have

tr(H) = A+D = tr(H ⊗ C) =
∑
α

hαα +
∑
α

hᾱᾱ. (2.37)

Note that the mixed components hα
β̄

do not contribute to the trace.

If (M,J, g) is almost Hermitian, then the [ operator gives an identification

EndR(TM) ∼= T ∗M ⊗ TM ∼= T ∗M ⊗ T ∗M, (2.38)

This yields a trace map defined on T ∗M ⊗ T ∗M defined as follows. If

h = hαβdz
αdzβ + hαβdz

αdzβ + hαβdz
αdzβ + hαβdz

αdzβ, (2.39)

then

tr(h) = gαβhαβ + gαβhαβ. (2.40)

Note that the components hαβ and hαβ do not contribute to the trace. If h is real,
then this agrees with the usual Riemannian trace mapping defined as

tr(h) = tr
(
X 7→ ]

(
h(X, ·)

))
, (2.41)

which in components is

tr(h) =
2n∑
i,j=1

gijhij, (2.42)

where the above formula involves components in a real basis.

Remark 2.4. In Kähler geometry one sometimes sees the trace of some 2-tensor
defined as just the first term in (2.40). If h is the complexification of a real tensor,
then this is (1/2) of the Riemannian trace.
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2.4 Determinant

Let us assume that J is standard, that is,

J =

(
0 −In
In 0

)
. (2.43)

If H is an endomorphism with H ◦ J = J ◦H, then H must have the form

H =

(
A −B
B A

)
. (2.44)

Consequently, the matrix associated to the endomorphism H ⊗C ∈ EndC(TM ⊗C)
is given by

H ⊗ C =

(
A+ iB 0

0 A− iB

)
. (2.45)

It follows that

det(H) = det(A+ iB) det(A− iB) = | det(A+ iB)|2 ≥ 0, (2.46)

This implies that any complex manifold is orientable, and admits a unique orientation
compatible with the complex struture.

A formula which will be useful later is the following for the volume form:(
i

2

)n
dz1 ∧ dz1 ∧ · · · ∧ dzn ∧ dzn = dx1 ∧ dy1 ∧ · · · ∧ dxn ∧ dyn (2.47)

3 Lecture 3

3.1 Christoffel symbols of a Kähler metric

In general we have

∇A∂B = ΓkAB∂k + Γk̄AB∂k̄. (3.1)

For a Kähler metric, these symbols simplify a lot:

Proposition 3.1. The only non-zero Christoffel symbols are Γkij = Γkji and Γk̄īj̄ = Γkij.

Proof. First, note that

0 = ∂k̄g(∂i∂j) = g(∇k̄∂i, ∂j) + g(∂i,∇k̄∂j), (3.2)

so

g(∇k̄∂i, ∂j) = −g(∂i,∇k̄∂j). (3.3)
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Next,

∂igjk̄ = ∂ig(∂j, ∂k̄) = g(∇i∂j, ∂k̄) + g(∂j,∇i∂k̄), (3.4)

and

∂jgik̄ = ∂jg(∂i, ∂k̄) = g(∇j∂i, ∂k̄) + g(∂i,∇j∂k̄), (3.5)

Using symmetry of the Riemannian connection

∇∂A∂B −∇∂B∂A = [∂A, ∂B] = 0, (3.6)

and the Kähler condition (2.14), these equations imply

g(∇i∂j, ∂k̄) =
1

2

(
∂igjk̄ + ∂jgik̄

)
= ∂igjk̄ (3.7)

g(∇i∂k̄, ∂j) =
1

2

(
∂igjk̄ − ∂jgik̄

)
= 0. (3.8)

Other symbols are treated similarly, and left as an exercise.

Note that (3.7) yield a nice formula for the Christoffel symbols of a Kähler metric

Γkij = gkl̄∂igjl̄ (3.9)

3.2 Curvature of a Riemannian metric

The curvature tensor is defined by

R(X, Y )Z = ∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z, (3.10)

for vector fields X, Y , and Z. We define

Rm(X, Y, Z,W ) ≡ −g(R(X, Y )Z,W ). (3.11)

We will refer to R as the curvature tensor of type (1, 3) and to Rm as the curvature
tensor of type (0, 4).

In a coordinate system we define quantities R l
ijk by

R(∂i, ∂j)∂k = R l
ijk ∂l, (3.12)

or equivalently,

R = R l
ijk dx

i ⊗ dxj ⊗ dxk ⊗ ∂l. (3.13)

Define quantities Rijkl by

Rijkl = Rm(∂i, ∂j, ∂k, ∂l), (3.14)
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or equivalently,

Rm = Rijkldx
i ⊗ dxj ⊗ dxk ⊗ dxl. (3.15)

Then

Rijkl = −g(R(∂i, ∂j)∂k, ∂l) = −g(R m
ijk ∂m, ∂l) = −R m

ijk gml. (3.16)

Equivalently,

Rijlk = R m
ijk gml, (3.17)

that is, we lower the upper index to the third position.
In coordinates, the algebraic symmetries of the curvature tensor are

R l
ijk = −R l

jik (3.18)

0 = R l
ijk +R l

jki +R l
kij (3.19)

Rijkl = −Rijlk (3.20)

Rijkl = Rklij. (3.21)

Of course, we can write the first 2 symmetries as a (0, 4) tensor,

Rijkl = −Rjikl (3.22)

0 = Rijkl +Rjkil +Rkijl. (3.23)

Note that using (3.21), the algebraic Bianchi identity (3.23) may be written as

0 = Rijkl +Riklj +Riljk. (3.24)

Definition 3.2. The Ricci tensor is the tensor in Γ(T ∗M ⊗ T ∗M) defined by

Ric(X, Y ) = tr
(
U → R(U,X)Y

)
. (3.25)

The scalar curvature is the function

R = tr
(
X → ]

(
Ric(X, ·)

))
. (3.26)

We clearly have

Ric(X, Y ) = Ric(Y,X), (3.27)

so Ric ∈ Γ(S2(T ∗M)). We let Rij denote the components of the Ricci tensor,

Ric = Rijdx
i ⊗ dxj, (3.28)

where Rij = Rji. From the definition,

Rij = R l
lij = glmRlimj, (3.29)

and

R = gijRij. (3.30)
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3.3 Curvature of a Kähler metric

Proposition 3.3. If (M, g, J) is Kähler, then

Rm(X, Y, Z,W ) = Rm(JX, JY, Z,W ) = Rm(X, Y, JZ, JW ), (3.31)

Ric(X, Y ) = Ric(JX, JY ). (3.32)

Proof. We first claim that

R(X, Y )JZ = J(R(X, Y )Z). (3.33)

To see this,

R(X, Y )JZ = ∇X∇Y (JZ)−∇Y∇X(JZ)−∇[X,Y ]JZ

= J(∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z) = J(R(X, Y )Z),

since J is parallel. Next,

Rm(JX,JY, U, V ) = −g(R(JX, JY )U, V ) = −g(R(U, V )JX, JY )

= −g(J(R(U, V )X), JY ) = −g(R(U, V )X, Y ) = Rm(X, Y, U, V ).

Next, we compute

Ric(JX, JY ) = tr
(
U → R(U, JX)JY

)
= tr

(
JU → R(JU, JX)JY

)
= tr

(
JU → R(U,X)JY

)
= tr

(
JU → J(R(U,X)Y )

)
= tr

(
U → R(U,X)Y

)
= Ric(X, Y ).

(3.34)

Corollary 3.4. The only nonzero components of the Kähler curvature tensor are

R l
ij̄k , R

l̄
ij̄k̄ , R

l
ījk , R

l̄
ījk̄ , (3.35)

and

Rij̄kl̄, Rij̄k̄l, Rījkl̄, Rījk̄l. (3.36)

Proposition 3.5. The Kähler curvature tensor enjoys the following symmetries:

Rij̄kl̄ = Ril̄kj̄ = Rkj̄il̄ = Rkl̄ij̄ (3.37)

Proof. Exercise (use the Bianchi identity).

Note that

R l
ij̄k ∂l = ∇i∇j̄∂k −∇j̄∇i∂k = −∇j̄(Γ

l
ik∂l) = −∂j̄(Γlik)∂l, (3.38)

so

R l
ij̄k = −∂j̄(Γlik) . (3.39)
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Proposition 3.6. The components of the Ricci tensor can be written as

Rij̄ = R p
pj̄i

= gk̄lRik̄j̄l, (3.40)

and locally

Rij̄ = −∂i∂j̄(log det(gkl̄)) (3.41)

R = −2gij̄∂i∂j̄(log det(gkl̄)). (3.42)

Proof. Since the Ricci tensor is symmetric, we have

Rij̄ = Rj̄i, (3.43)

and since RAB = R C
CAB = R C

CBA , we have

Rij̄ = Rj̄i = R C
Cj̄i = R p

pj̄i
. (3.44)

Also, we have

Rij̄ = gCDRiCj̄D = gk̄lRik̄j̄l

= gk̄lRlk̄j̄i = −gk̄lRk̄lij̄.
(3.45)

Next, Jacobi’s formula says that

∂i log det(gkl̄) = gkl̄∂igkl̄. (3.46)

Then

−∂i∂j̄(log det(gkl̄)) = −∂j̄∂i(log det(gkl̄))

= −∂j̄
(
gkl̄∂igkl̄

)
= −∂j̄Γpip = −∂j̄Γppi = R p

pj̄i
= Rij̄.

(3.47)

The last line follows from R = 2gij̄Rij̄, see Remark 2.4.

3.4 The Ricci form

We can convert the Ricci tensor into a 2-form by

ρ(X, Y ) ≡ Ric(JX, Y ). (3.48)

Proposition 3.7. The Ricci form ρ of a Kähler metric is a real, closed (1, 1) form,
and can be written locally as

ρ =
√
−1Rij̄dz

i ∧ dz̄j = −
√
−1∂∂ log det(gkl̄) (3.49)

Proof. From Proposition 3.3,

ρ(Y,X) = Ric(JY,X) = Ric(X, JY )

= Ric(JX, J2Y ) = −Ric(JX, Y ) = ρ(X, Y ),
(3.50)
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so ρ is indeed a real 2-form. Next,

ρ(JX, JY ) = Ric(J2X, JY ) = −Ric(X, JY )

= −Ric(JY,X) = −ρ(Y,X) = ρ(X, Y ),
(3.51)

which implies that ρ is a (1, 1)-form. Next,

ρij̄ = ρ(∂i, ∂j̄) = Ric(J∂i, ∂j̄) =
√
−1Rij̄, (3.52)

so then

ρ = ρij̄dz
i ∧ dz̄j =

√
−1Rij̄dz

i ∧ dz̄j

= −
√
−1
(
∂i∂j̄(log det(gkl̄))

)
dzi ∧ dz̄j = −

√
−1∂∂(log det(gkl̄)).

(3.53)

Finally, closedness of ρ follows easily since d = ∂ + ∂.

This allows us to make the following definition/proposition.

Proposition 3.8 (First Chern class). The cohomology class

c1(M,J) ≡ 1

2π
[ρ] ∈ H1,1

R (M) ⊂ H2(M,R) (3.54)

is independent of the choice of Kähler metric.

Proof. If h is another Kähler metric then

ρg − ρh = −
√
−1∂∂ log det(gkl̄) +

√
−1∂∂ log det(hkl̄)

= −
√
−1∂∂ log

(det(gkl̄)

det(hkl̄)

)
.

(3.55)

However, note that for any function f ,

−
√
−1∂∂f = (∂ + ∂)(−

√
−1∂f)

=
1

2
(∂ + ∂)(−

√
−1 ∂f +

√
−1∂f) =

1

2
dJdf,

(3.56)

hence

ρg − ρh =
1

2
dJd log

(det(gkl̄)

det(hkl̄)

)
, (3.57)

and since the quotient of the determinants is a globally defined function, we are
done.

Remark 3.9. We note that we can write the difference of Ricci forms of any two
Kähler metrics as

ρg − ρh = −
√
−1∂∂ log

(ωng
ωnh

)
, (3.58)

and note also the formula

ωng = n!dVg, (3.59)

where dVg is the Riemannian volume element.
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4 Lecture 4

4.1 Line bundles and divisors

A line bundle over a complex manifold M is a rank 1 complex vector bundle π : E →
M . The transition functions are defined as follows. A trivialization is a mapping

Φα : Uα × C→ E (4.1)

which maps x× C linearly onto a fiber. The transition functions are

ϕαβ : Uα ∩ Uβ → C∗, (4.2)

defined by

ϕαβ(x) =
1

v
π2(Φ−1

α ◦ Φβ(x, v)), (4.3)

for v 6= 0.
On a triple intersection Uα ∩ Uβ ∩ Uγ, we have the identity

ϕαγ = ϕαβ ◦ ϕβγ. (4.4)

Conversely, given a covering Uα of M and transition functions ϕαβ satifsying (4.4),
there is a vector bundle π : E →M with transition functions given by ϕαβ, and this
bundle is uniquely defined up to bundle equivalence, which we will define below. If
the transitions function ϕαβ are C∞, then we say that E is a smooth vector bundle,
while if they are holomorphic, we say that E is a holomorphic vector bundle. Note
that total space of a holomorphic vector bundle over a complex manifold is a complex
manifold.

Exercise 4.1. A section is a mapping σ : M → E such that π ◦ σ = idM . Show that
that is equivalent to a collection of functions σα : Uα → C satisfying

σα = ϕαβσβ. (4.5)

A vector bundle mapping is a mapping f : E1 → E2 which is linear on fibers,
and covers the identity map. Assume we have a covering Uα of M such that E1 has
trivializations Φα and E2 has trivializations Ψα. Then any vector bundle mapping
gives locally defined functions fα : Uα → C defined by

fα(x) =
1

v
π2(Ψ−1

α ◦ F ◦ Φα(x, v)) (4.6)

for v 6= 0. It is easy to see that on overlaps Uα ∩ Uβ,

fα = ϕE2
αβfβϕ

E1
βα, (4.7)

equivalently,

ϕE2
βαfα = fβϕ

E1
βα. (4.8)
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We say that two bundles are E1 and E2 are equivalent if there exists an invertible
bundle mapping f : E1 → E2. This is equivalent to non-vanishing of the local
representatives, that is, fα : Uα → C∗. A vector bundle is trivial if it is equivalent to
the trivial product bundle. That is, E is trivial if there exist functions fα : Uα → C∗
such that

ϕβα = fβf
−1
α . (4.9)

Note, by Exercise 4.1, this is equivalent to the existence of a nowhere-vanishing sec-
tion.

The tensor product E1⊗E2 of two line bundles E1 and E2 is again a line bundle,
and has transition functions

ϕE1⊗E2
αβ = ϕE1

αβϕ
E2
αβ. (4.10)

The dual E∗ of a line bundle E, is again a line bundle, and has transition functions

ϕE
∗

αβ = (ϕEβα)−1. (4.11)

Note that for any line bundle,

E ⊗ E∗ ∼= C, (4.12)

is the trivial line bundle.
An effective divisor D is defined to be the zero set of a holomorphic section

of a nontrivial line bundle. Conversely, an irreducible holomorphic subvariety of
codimension 1 defines a line bundle by taking local defining functions which vanish
to order 1 along the divisor to be the transition functions, that is,

ϕαβ =
fα
fβ
. (4.13)

By Exercise 4.1, we see that such a line bundle always admits a holomorphic section
which vanishes exactly on D. However, as we will soon see, not every line bundle
admits a nontrivial holomorphic section!

4.2 Hermitian metrics on line bundles

Definition 4.2. A Hermitian metric on a line bundle L→ M is a smooth choice of
Hermitian inner product on each fiber. That is

h(p) : Lp ⊗ Lp → C, (4.14)

which is linear in the first argument, anti-linear in the second argument, h(v, w) =
h(w, v), and such that h(v, v) > 0 with equality if and only if v 6= 0. Equivalently, h
is a section of L∗ ⊗ L∗, satisfying the latter condition.
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An associated metric which is linear in both variables is

〈s1, s2〉 = h(s1, s2) (4.15)

Recall that a connection is a C-linear mapping

∇ : Γ(TMC)× Γ(L)→ Γ(L), (4.16)

which satisfies for any function f : M → C,

∇X(fs) = (Xf)s+ f∇Xs (4.17)

∇fXs = f∇Xs. (4.18)

We say a connection is compatible with h if

Xh(s1, s2) = h(∇Xs1, s2) + h(s1,∇Xs2), (4.19)

which is equivalent to (exercise).

X〈s1, s2〉 = 〈∇Xs1, s2〉+ 〈s1,∇Xs2〉. (4.20)

There is a canonical connection associated to a holomorphic line bundle.

Definition 4.3. Given a Hermitian metric h on a line bundle L → M , the Chern
connection is the uniquely defined connection satisfying the following properties:

• If s is a locally defined holomorphic section, then ∇j̄s = 0.

• ∇ is compatible with h.

Proposition 4.4. The Chern connection exists and is unique.

Proof. If s is a locally defined holomorphic section over an open set U , since L is a
line bundle,

∇js = Ajs, (4.21)

for some functions Aj : U → C. Then by the properties of the the Chern connection,

∂j|s|2h = ∂jh(s, s) = h(Ajs, s) = Aj|s|2h, (4.22)

so we can solve for

Aj = |s|−2
h ∂j|s|2h = ∂j log |s|2h, (4.23)

so the connection is uniquely determined locally, which implies it exists.

Definition 4.5. The curvature of the Chern connection is the 2-form

Ωh ∈ Γ(Λ2
C(M)⊗ End(L)) ∼= Γ(Λ2

C(M)) (4.24)

defined by

Ωh(X, Y )s = ∇X∇Y s−∇Y∇Xs−∇[X,Y ]s. (4.25)
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Note that in (4.24), we used that End(L) ∼= L∗ ⊗ L is a trivial bundle to get a
globally defined 2-form.

Proposition 4.6. The curvature of the Chern connection satisifes

• Ωh ∈ Γ(Λ1,1(M)),

• For a locally defined nonvanishing holomorphic section s,

Ωh = −∂∂(log |s|2h
)
. (4.26)

Proof. For the first part, if s is any local nonvanishing holomorphic section, using
(4.23), we have

Ωh(∂i, ∂j)s = ∇i∇js−∇j∇is

= ∇i(Ajs)−∇j(Ais)

= ∂i(Aj)s+ AiAjs− ∂j(Ai)s− AiAjs
= (∂i∂j log |s|2h − ∂j∂i log |s|2h)s = 0.

(4.27)

Next,

Ωh(∂ī, ∂j̄) = ∇ī∇j̄s−∇j̄∇īs = 0. (4.28)

For (4.26), again using (4.23), we compute

Ωh(∂i, ∂j̄)s = ∇i∇j̄s−∇j̄∇is

= −∇j̄(Ais)

= −∂j̄(Ai)s
= −(∂j̄∂i log |s|2h)s = −(∂i∂j̄ log |s|2h)s

(4.29)

Proposition 4.7 (First Chern class of a line bundle). Let L→ M be a line bundle.
The form

√
−1Ωh is a closed real (1, 1) form, and the cohomology class

c1(L) ≡
√
−1

2π
[Ωh] ∈ H1,1

R (M) ⊂ H2(M,R) (4.30)

is independent of the choice of Hermitian metric.

Proof. Note that Ωh is not a real 2-form, but that
√
−1Ωh is real. This is because

using the above formula (4.26) and (3.56), we have
√
−1Ωh = −

√
−1(∂i∂j̄ log |s|2h)dzi ∧ dz̄j

= −
√
−1∂∂ log |s|2h =

1

2
dJd log |s|2h.

(4.31)

Closedness of Ωh of also follows from the formula. Next, given any other hermitian
metric h̃, there exists a function f : M → R such that h̃ = e−fh. Then it is easy to
see that

√
−1Ωh̃ =

√
−1Ωh +

√
−1∂∂f, (4.32)

so the cohomology class is independent of the choice of metric.
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Remark 4.8. The factor of (1/2π) is chosen to make this an integral class, we will
discuss this again later.

Recall the canonical bundle is the line bundle K = Λn,0. This inherits a natural
hermitian metric from the Kähler metric defined as follows. Let ei ∈ T 1,0 be a
Hermitian orthonormal frame, i.e, g(ei, ej) = δij and let ei denote the dual basis of
Λ1,0, for i = 1 . . . n. Then declare that

e1 ∧ · · · ∧ en (4.33)

has unit norm.

Proposition 4.9. Denote the curvature form of the canonical bundle by ΩK. Then
√
−1ΩK = −ρ, (4.34)

where ρ is the Ricci form.

Proof. This follows from above since a local nonvanishing section of K is given by

dz1 ∧ · · · ∧ dzn, (4.35)

which has norm squared equal to 1/ det(gkl̄).

As a corollary, we see that

c1(K) = −c1(M). (4.36)

5 Lecture 5

5.1 Positivity of a line bundle

Definition 5.1. A line bundle L → M is positive if the cohomology class c1(L) ∈
H1,1

R (M) has a representative γ ∈ H1,1
R (M) which is positive definite. That is, the

symmetric real bilinear form

γ̃(X, Y ) = γ(X, JY ), (5.1)

is a positive definite symmetric form at each point. A line bundle L is called negative
if its dual bundle L∗ is positive.

Proposition 5.2. If L is negative, then L does not admit any non-zero holomorphic
section.

Proof. First, we note that c1(L) = −c1(L∗), so by assumption there exists a repre-
sentative γ of c1(L) which is negative definite. Fix any Hermitian metric h on L.
Then

√
−1

2π
Ωh = γ + da, (5.2)
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for some function a : M → R. By the ∂∂ Lemma which we will prove later, there
exists a function f : M → R such that

√
−1Ωh = 2πγ +

√
−1∂∂f. (5.3)

Given any Hermitian metric h on L, recall from above that if h̃ = efh, then

√
−1Ωh̃ =

√
−1Ωh −

√
−1∂∂f, (5.4)

so we have found a Hermitian metric h̃ with curvature

√
−1Ωh̃ = 2πγ. (5.5)

Next, let p ∈ M be a point where |s| achieves a maximum. Then |s| 6= 0 in some
neighborhood of p, so by the formula (4.26), we have

2πγ = −
√
−1∂∂(log |s|2h), (5.6)

but it is easy to check that the right hand side is positive semidefinite at a maximum
of |s|, which contradicts that γ is negative definite.

Exercise 5.3. Show the following stronger result: if there exists a Hermitian metric
h on L with

tr(
√
−1Ω̃h) < 0, (5.7)

then L admits no non-zero holomorphic sections.

5.2 The Laplacian on a Kähler manifold

Let α and β be sections of Λp,q. Then we define the Hermitian inner product of α
and β to be

(α, β) = g(α, β). (5.8)

We next want to compute the formal L2 adjoints of certain operators. For

Γ(Λp.q) Γ(Λp,q+1),∂ (5.9)

the L2-Hermitian adjoint

Γ(Λp,q+1) Γ(Λp.q),∂
∗

(5.10)

is defined as follows. For α ∈ Γ(Λp,q+1) and β ∈ Γ(Λp,q), we have∫
M

(α, ∂β)dV =

∫
M

(∂
∗
α, β)dV, (5.11)
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where dV denotes the Riemannian volume element. Other adjoints are defined simi-
larly.

Consider the 3 Laplacians

∆H = d∗d+ dd∗, (5.12)

∆∂ = ∂∗∂ + ∂∂∗ (5.13)

∆∂ = ∂
∗
∂ + ∂∂

∗
, (5.14)

where ·∗ denotes the L2-adjoint.
First, we consider the case of functions f : M → C.

Proposition 5.4. For f : M → C, we have

∆Hf = 2∆∂f = 2∆∂f. (5.15)

Proof. In coordinates we have

∆Hf = (dd∗ + d∗d)f = d∗df = −gAB∇A∇Bf (5.16)

∆∂f = (∂∂∗ + ∂∗∂)f = ∂∗∂f = −gīj∇ī∇jf (5.17)

∆∂f = (∂∂
∗

+ ∂
∗
∂)f = ∂

∗
∂f = −gij̄∇i∇j̄f. (5.18)

Then

∇i∇j̄f = ∇i(∂j̄f) = ∂i∂j̄f − ΓAij̄∂Af = ∂j̄∂if = ∇j̄∇if, (5.19)

since the mixed Christoffel symbols vanish, which implies that ∆∂ = ∆∂. Next,

∆Hf = −gAB∇A∇Bf = −gij̄∇i∇j̄f − gīj∇ī∇jf = ∆∂f + ∆∂f. (5.20)

On a Kähler manifold, this occurrence continues to hold for any (p, q)-form.

Proposition 5.5. For α ∈ Γ(Λp.q), if (M,J, g) is Kähler, then

∆Hα = 2∆∂α = 2∆∂α. (5.21)

Proof. Let L denote the mapping

L : Λp → Λp+2 (5.22)

given by L(α) = ω ∧ α, where ω is the Kähler form. Then we have the identities

[∂
∗
, L] = i∂ (5.23)

[∂∗, L] = −i∂. (5.24)

These are proved proved first in Cn and then on a Kähler manifold using Kähler
normal coordinates. The proposition then follows from these identities (proof omit-
ted).
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Proposition 5.6. If (M,J, g) is a compact Kähler manifold, then

Hk(M,C) ∼=
⊕
p+q=k

Hp,q

∂
(M), (5.25)

and

Hp,q

∂
(M) ∼= Hq,p

∂
(M)∗. (5.26)

Consequently,

bk(M) =
∑
p+q=k

bp,q(M) (5.27)

bp,q(M) = bq,p(M). (5.28)

Proof. This follows because if a harmonic k-form is decomposed as

φ = φk,0 + φk−1,1 + · · ·+ φ1,k−1 + φ0,k, (5.29)

then

0 = ∆Hφ = 2∆∂φ
k,0 + 2∆∂φ

k−1,1 + · · ·+ 2∆∂φ
1,k−1 + 2∆∂φ

0,k, (5.30)

therefore

∆∂φ
k−p,p = 0, (5.31)

for p = 0 . . . k.
Next,

∆∂φ = ∆∂φ, (5.32)

so conjugation sends harmonic forms to harmonic forms.
The Proposition then follows using Hodge Theory to identify the cohomology

groups with the corresponding spaces of harmonic forms.

This yields a topologicial obstruction for a complex manifold to admit a Kähler
metric:

Corollary 5.7. If (M,J, g) is a compact Kähler manifold, then the odd Betti numbers
of M are even.

Consider the action of Z on C2 \ {0}

(z1, z2)→ 2k(z1, z2). (5.33)

This is a free and properly discontinuous action, so the quotient (C2 \ {0})/Z is a
manifold, which is called a primary Hopf surface. A primary Hopf surface is dif-
feomorphic to S1 × S3, which has b1 = 1, therefore it does not admit any Kähler
metric.
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5.3 Vanishing theorems

Proposition 5.8. We have the following vanishing:

• (Bochner) If ρij̄ =
√
−1Rij̄ is positive definite, then for p > 0, any harmonic

(0, p) or (p, 0) form vanishes, thus b0,p = bp,0 = 0.

• (Kobayashi-Wu) If gij̄Rij̄ > 0 then any harmonic (0, n) or (n, 0) form vanishes,
thus b0,n = bn,0 = 0.

Proof. If α ∈ Γ(Λp,0), then

∆∂α = ∆∂α = ∂
∗
∂α. (5.34)

Then in components,

(∆∂α)i1...ip = −gp̄i∇p∇īαi1...ip

= −gp̄i
(
∇ī∇pαi1...ip −R

q
p̄ii1

αqi2...ip − · · · −R
q

p̄ii1
αi1...ip−1q

)
.

(5.35)

But note that

gp̄iR q
p̄ij

= gp̄igql̄Rp̄il̄j = gql̄Rl̄j. (5.36)

So we have

(∆∂α)i1...ip = −gp̄i∇ī∇pαi1...ip +Rl̄i1g
ql̄αqi2...ip + · · ·+Rl̄ipg

ql̄αi1...ip−1q. (5.37)

The result then follows by pairing with α and integrating by parts.
In the case p = n, it is not difficult to see the only the trace of the Ricci tensor

appears in the final integration by parts step, details are left as an exercise.

6 Lecture 6

6.1 Kähler class and ∂∂-Lemma

Note also that the Kähler form is also a real closed (1, 1)-form, so we can define the
following.

Definition 6.1. The Kähler class of ω is

[ω] ∈ H1,1
R ⊂ H2(M,R) (6.1)

In general, this class can be different that the first Chern class defined above.

Proposition 6.2. If ω1 and ω2 are two real (1, 1)-forms on (M,J) and if [ω1] =
[ω2] ∈ H2(M,R), then there exists a real valued function f : M → R such that

ω2 = ω1 +
√
−1∂∂f, (6.2)
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Proof. By assumption, there exists a real 1-form α

ω2 − ω1 = dα (6.3)

Next, write α = α1,0 + α0,1 where α1,0 is a 1-form of type (1, 0), and α0,1 is a 1-form
of type (0, 1). Since α is real, α1,0 = α0,1. Next,

ω2 − ω1 = dα = ∂α + ∂α

= ∂α1,0 + ∂α0,1 + ∂α1,0 + ∂α0,1
(6.4)

The first and last terms on the right hand side are forms of type (2, 0) and (0, 2),
respectively. Since the left hand side is of type (1, 1), we must have ∂α0,1 = 0, so

ω2 − ω1 = dα = ∂α0,1 + ∂α1,0. (6.5)

Next, consider the function ∂
∗
α0,1, where ∂

∗
is the L2-adjoint of ∂ with respect to the

Hermitian inner product ∫
M

(f1, f2)dVg =

∫
M

〈f1, f2〉dVg. (6.6)

Since ∂
∗
α0,1 has integral zero, we can solve the equation

∆f = ∂
∗
∂f = ∂

∗
α0,1, (6.7)

equivalently

∂
∗
(∂f − α0,1) = 0. (6.8)

But from above, ∂(∂f − α0,1) = 0, so

∆∂(∂f − α0,1) ≡ (∂∂
∗

+ ∂
∗
∂)(∂f − α0,1) = 0. (6.9)

From Proposition 5.5 this implies that

∆∂(∂f − α0,1) ≡ (∂∂∗ + ∂∗∂)(∂f − α0,1) = 0, (6.10)

which implies that

∂∂f = ∂α0,1. (6.11)

Substituting this back into (6.5), we have

ω2 − ω1 = ∂∂f + ∂∂f =
√
−1∂∂(2Im(f)), (6.12)

so let f = 2Im(f).
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6.2 Yau’s Theorem

The statement of the Calabi conjecture is the following.

Theorem 6.3 (Calabi conjecture, proved by Yau). Let (M,J, ω) be a compact Kähler
manifold, and let ψ be a real (1, 1)-form representing c1(M). Then there exists a
unique Kähler form ω̃ with [ω̃] = [ω] such that ρω̃ = 2πψ.

To prove this, Yau first proved the following statement.

Theorem 6.4 (Yau). Let (M,J, ω) be a compact Kähler manifold, F ∈ C∞(M,R),
with ∫

M

eFωn =

∫
M

ωn. (6.13)

Then there exists a unique Kähler metric ω̃ with [ω̃] = [ω] ∈ H1,1(M,R) and

ω̃n = eFωn (6.14)

To prove this, use the ∂∂-Lemma to recast (6.14) as a PDE

(ω +
√
−1∂∂u)n = eFωn (6.15)

This is solved using the method of a priori estimates (details omitted).
Here, we will just show how this implies Theorem 6.3. From above we know that

(1/2π)ρω represents c1(M). So by the ∂∂-Lemma, there exists a function F : M → R
such that

ρω = 2πψ +
√
−1∂∂F. (6.16)

Adding a constant to F if necessary, let ω̃ be the solution of (6.14). Applying the
operator −

√
−1∂∂ log to both sides of (6.14), we obtain

ρω̃ = ρω −
√
−1∂∂F = 2πψ. (6.17)

Here we note the following immediate corollary.

Theorem 6.5 (Yau). Let (M,J, ω) be a compact Kähler manifold with c1(M) = 0.
Then there exists a unique Kähler form ω̃ with [ω̃] = [ω] such that Ric(ω̃) = 0.

We also mention the following closely related result.

Theorem 6.6 (Aubin-Yau). Let (M,J, ω0) be a compact Kähler manifold with c1(M,J) <
0. Then there exists a unique Kähler form ω with [ω] = −2πc1(M,J) such that
ρω = −ω.

27



To reduce this to a PDE, we use the ∂∂-Lemma. For any Kähler form ω0 ∈
−2πc1(M,J), we have ρω0 is in the same class, so there exists a function F : M → R
so that

ρω0 = −ω0 +
√
−1∂∂F. (6.18)

Now let ω be another Kähler metric in the same class, so that ω = ω0 +
√
−1∂∂φ.

Then

ρω = ρω0 −
√
−1∂∂ log

(ωn
ωn0

)
. (6.19)

We want to solve ρω = −ω, which gives

−ω = −ω0 −
√
−1∂∂φ = −ω0 +

√
−1∂∂F −

√
−1∂∂ log

(ωn
ωn0

)
, (6.20)

which is

−
√
−1∂∂φ =

√
−1∂∂F −

√
−1∂∂ log

(ωn
ωn0

)
. (6.21)

This will follow if we can solve the equation

−φ = F − log
(ωn
ωn0

)
, (6.22)

or equivalently,

(ω +
√
−1∂∂φ)n = eF+φωn0 . (6.23)

This equation obeys the maximum principle, so existence of a unique solution follows
from the method of a priori estimates.

If c1(M,J) > 0, then a similar discussion shows that the equation ρω = ω yields
the equation

(ω +
√
−1∂∂φ)n = eF−φωn0 . (6.24)

This equation does not obey the maximum principle, and does not necessarily admit
a solution. This case is much more subtle, and we will not go into details here.

Remark 6.7. If there is a Kähler Einstein metric with ρω = ±ω, then

c1(M) = ±2π[ω], (6.25)

So the only possible Kähler class is (a multiple of) the anticanonical class in the
positive case, and the canonical class in the negative case.

However, in the case of c1(M) = 0, the Kähler class is not determined.
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6.3 The ∂ operator on holomorphic vector bundles

Recall that the transition functions of a complex vector bundle are locally defined
functions φαβ : Uα ∩ Uβ → GL(m,C), satisfying

φαβ = φαγφγβ. (6.26)

Definition 6.8. A vector bundle π : E → M is a holomorphic vector bundle if in
complex coordinates the transitition functions φαβ are holomorphic.

Recall that a section of a vector bundle is a mapping σ : M → E satisfying
π ◦ σ = IdM . In local coordinates, a section satisfies

σα = φαβσβ, (6.27)

and conversely any locally defined collection of functions σα : Uα → Cm satisfying
(6.27) defines a global section. A section is holomorphic if in complex coordinates,
the σα are holomorphic.

Proposition 6.9. If π : E →M is a holomorphic vector bundle, then there is a first
order differential operator

∂ : Γ(Λp,q ⊗ E)→ Γ(Λp,q+1 ⊗ E), (6.28)

satisfying the following properties:

• A section σ ∈ Γ(E) is holomorphic if and only if ∂(σ) = 0.

• For a function f : M → C, and a section σ ∈ Γ(Λp,q ⊗ E),

∂(f · σ) = (∂f) ∧ σ + f · ∂σ. (6.29)

• ∂ ◦ ∂ = 0.

Proof. Let σj be a local basis of holomorphic sections of E in Uα, and write any
section σ ∈ Γ(Uα,Λ

p,q ⊗ E) as

σ =
∑

sj ⊗ σj, (6.30)

where sj ∈ Γ(Uα,Λ
p,q). Then define

∂σ =
∑

(∂sj)⊗ σj. (6.31)

We claim this is a global section of Γ(Λp,q+1 ⊗ E). Choose a local basis σ′j of holo-
morphic sections of E in Uβ, and write σ as

σ =
∑

s′j ⊗ σ′j. (6.32)
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Since σ′j = (φ−1
αβ)jlσl, we have that

s′j = (φαβ)jlsl, (6.33)

so we can write

σ =
∑

(φαβ)jlsl ⊗ σ′j. (6.34)

Consequently

∂σ =
∑

(∂s′j)⊗ σ′j =
∑

∂((φαβ)jksk)⊗ σ′j
=
∑

(φαβ)jk∂(sk)⊗ σ′j =
∑

(∂sk)⊗ (φαβ)jkσ
′
j =

∑
(∂sk)⊗ σk.

The other properties follow immediately from the definition.

Definition 6.10. The (p, q) Dolbeault cohomology group with coefficients in E is

Hp,q

∂
(M,E) =

{α ∈ Λp,q(M,E) | ∂α = 0}
∂(Λp,q−1(M,E))

. (6.35)

The Dolbeault Theorem says that if M is compact, then

Hp,q

∂
(M,E) ∼= Hq(M,Ωp(E)). (6.36)

where the right hand side is a sheaf cohomology group, with Ωp(E) the sheaf of
holomorphic E-valued p-forms.

7 Lecture 7

7.1 Holomorphic vector fields

Definition 7.1. A holomorphic vector field on a complex manifold (M,J) is vector
field Z ∈ Γ(T 1,0) which satisfies Zf is holomorphic for every locally defined holomor-
phic function f .

In complex coordinates, a holomorphic vector field can locally be written as

Z =
∑

Zj ∂

∂zj
, (7.1)

where the Zj are locally defined holomorphic functions.
From above, there is a first order differential operator

∂ : Γ(T 1,0)→ Γ(Λ0,1 ⊗ T 1,0), (7.2)

such that a vector field Z is holomorphic if and only if ∂(Z) = 0.
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Letting Θ denote T 1,0, there is a complex

Γ(Θ)
∂−→ Γ(Λ0,1 ⊗Θ)

∂−→ Γ(Λ0,2 ⊗Θ)
∂−→ Γ(Λ0,3 ⊗Θ)

∂−→ · · · . (7.3)

The holomorphic vector fields (equivalently, the automorphisms of the complex struc-
ture) are identified with H0(M,Θ). The higher cohomology groups H1(M,Θ) and
H2(M,Θ) of this complex play a central role in the theory of deformations of complex
structures.

Proposition 7.2. If Ric is negative definite, then M does not admit any nontrivial
holomorphic vector fields.

Proof. Locally, write Z = Zj∂j. Then

0 = ∂īZ
j = ∇īZ

j. (7.4)

Differentiating again, we have

0 = ∇p∇īZ
j. (7.5)

Trace this on the indices p and ī,

0 = gp̄i∇p∇īZ
j = gp̄i

(
∇ī∇pZ

j +R j
p̄iq

Zq
)
. (7.6)

The curvature term is

gp̄iR j
p̄iq

= gp̄igjl̄Rp̄il̄q = gjl̄gp̄i(−Rp̄iql̄) = gjl̄gp̄i(−Rpl̄qī) = gjl̄Rl̄q. (7.7)

So we have

0 = gp̄i(∇ī∇pZ
j) + gjl̄Rl̄qZ

q. (7.8)

Note that this is a globally defined tensor equation. Pairing this with Zk̄ = gk̄pZ
p,

and integrating by parts, we obtain

0 = −
∫
M

|∇′Z|2dVg +

∫
M

Ric(Z, Z̄)dVg, (7.9)

where ∇′Z denotes the (1, 0)-part of the covariant derivative of Z. So if the Ric is
negative definite, we conclude that Z ≡ 0.

This result implies that if a Kähler manifold has negative definite Ricci tensor,
then the holomorphic automorphsm group is discrete, since the Lie algebra of this
group can be identified with the Lie algebra of holomorphic vector fields.
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7.2 Serre duality

Note, for this section, we will only assume (M,J) is a compact complex manifold,
not necessarily Kähler. But we will choose a metric g which is Hermitian (this can
always be done).

For a real oriented Riemannian manifold of dimension n, the Hodge star operator
is a mapping

∗ : Λp → Λn−p (7.10)

defined by

α ∧ ∗β = gΛp(α, β)dVg, (7.11)

for α, β ∈ Λp, where dVg is the oriented Riemannian volume element.
If M is a complex manifold of complex dimension m = n/2, and g is a Hermitian

metric, then the Hodge star extends to the complexification

∗ : Λp ⊗ C→ Λ2m−p ⊗ C, (7.12)

and it is not hard to see that

∗ : Λp,q → Λn−q,n−p. (7.13)

Therefore the operator

∗ : Λp,q → Λn−p,n−q, (7.14)

is a C-antilinear mapping and satisfies

α ∧ ∗β = gΛp(α, β)dVg. (7.15)

for α, β ∈ Λp ⊗ C.
It turns out that the L2-adjoint of ∂ is given by

∂
∗

= −∗̄ ∂ ∗̄, (7.16)

and the ∂-Laplacian is defined by

∆∂ = ∂
∗
∂ + ∂∂

∗
. (7.17)

Letting

Hp,q(M, g) = {α ∈ Λp,q|∆∂α = 0}, (7.18)

Hodge theory tells us that

Hp,q

∂
(M) ∼= Hp,q(M, g), (7.19)

is finite-dimensional, and that

Λp,q = Hp,q(M, g)⊕ Im(∆∂) (7.20)

= Hp,q(M, g)⊕ Im(∂)⊕ Im(∂
∗
), (7.21)

with this being an orthogonal direct sum in L2.
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Corollary 7.3. Let (M,J) be a compact complex manifold of real dimension n = 2m.
Then

Hp,q

∂
(M) ∼= (Hn−p,n−q

∂
(M))∗, (7.22)

and therefore

bp,q(M) = bn−p,n−q(M) (7.23)

Proof. It is easy to see that

∗ ∆∂ = ∆∂ ∗, (7.24)

so the mapping ∗ preserves the space of harmonic forms, and is invertible. The
result then follows from Hodge theory. The dual appears since the operator ∗̄ is
C-antilinear.

A similar argument works with forms taking values in a holomorphic bundle.
Choosing a hermitian metric h on E, we have a Hodge star operator

∗̄E : Λp,q(E)→ Λn−p,n−q(E∗) (7.25)

which is defined by the following. For α ∈ Λp,q(E). of the form α1⊗s1, where α1 ∈ Λp,q

and s1 ∈ Γ(E), and γ ∈ Λn−p,n−q(E∗) of the form γ1 ⊗ s2, where γ1 ∈ Λn−p,n−q, and
s2 ∈ Γ(E∗), then

α ∧ γ ≡ (α1 ∧ γ1)(s2(s1)) ∈ Λn,n. (7.26)

Therefore, we can define an operator

∗̄E : Λp,q(E)→ Λn−p,n−q(E∗) (7.27)

by insisting that for α, β ∈ Λp,q(E),

α ∧ ∗̄Eβ = gΛp,q(E)(α, β)dVg, (7.28)

where dVg is the Riemannian volume element.

Corollary 7.4. If E →M is a holomorphic vector bundle, then

Hp,q

∂
(M,E) ∼=

(
Hn−p,n−q(M,E∗)

)∗
(7.29)

Proof. We define ∂E to be the L2 adjoint of ∂E, which is again given by

∂
∗
E = −∗̄E ∂E ∗̄E, (7.30)

and let

∆∂E
= ∂E∂

∗
E + ∂

∗
E∂E. (7.31)

One can verify easily that

∆∂E
∗̄E = ∗̄E∆∂E

(7.32)

so ∗̄E gives a conjugate linear isomorphism between the corresponding spaces of har-
monic form. The results follows from Hodge theory.
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Serre duality is often stated in the following way:

Hp(M,O(E)) ∼=
(
Hn−p(M,O(K ⊗ E∗))

)∗
, (7.33)

where K = Λn,0 is the canonical bundle, and these are the cohomologys groups of the
sheaf of holomorphic sections of the corresponding bundles. To see this, note by the
Dolbeault Theorem,

Hp(M,Ωq(E)) ∼= Hq,p

∂E
(M,E), (7.34)

We then have

Hp(M,O(E)) ∼= H0,p

∂E
(M,E) ∼=

(
Hn,n−p
∂E

(M,E∗)
)∗

∼=
(
Hn−p(M,Ωn(E∗))

)∗
=
(
Hn−p(M,O(K ⊗ E∗))

)∗
.

(7.35)

8 Lecture 8

8.1 Kodaira vanishing theorem

Proposition 5.8 has a generalization to line bundles.

Proposition 8.1. Let (M, g, J) be a Kähler manifold, and L→M a hermitian line
bundle with Hermitian metric h. If

ρg +
√
−1Ωh > 0, (8.1)

then

Hq(M,O(L)) = 0 for q > 0. (8.2)

If

tr(ρg +
√
−1Ωh) > 0, (8.3)

then

Hn(M,O(L)) = 0. (8.4)

Proof. Similar to the proof of Proposition 5.8 above, each time one commutes a
covariant derivative, there is an extra term arising from the curvature of the line
bundle h, complete details are left to the reader.

Theorem 8.2 (Kodaira vanishing). Let (M,J, g) be Kähler, and let L → M be a
holomorphic line bundle.

• If L is positive, then

Hq(M,O(K ⊗ L)) = 0 for 0 < q ≤ n. (8.5)
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• If L is negative, then

Hq(M,O(L)) = 0 for 0 ≤ q < n. (8.6)

Proof. Since L is positive, there exists a hermitian metric h on L with positive definite
curvature form. Let K have the natural metric induced from the Kähler metric g on
M . Then we have

√
−1ΩK⊗L =

√
−1ΩK +

√
−1ΩL = −ρg +

√
−1ΩL, (8.7)

so that

√
−1ΩK⊗L + ρg =

√
−1ΩL (8.8)

is positive, and therefore K ⊗ L satisfies the assumptions of Proposition 8.1.
The second statement follows from Serre duality:

Hq(M,O(L)) ∼=
(
Hn−q(M,O(K ⊗ L∗))

)∗
. (8.9)

Since L is negative, L∗ is positive, and the right hand side vanishes for 0 ≤ q < n.

We also mention the following result.

Theorem 8.3 (Kobayashi-Wu vanishing). Let (M,J, g) be Kähler, and let L → M
be a holomorphic line bundle.

• If L admits a hermitian metric with tr(
√
−1Ωh) > 0, then

Hn(M,O(K ⊗ L)) = 0. (8.10)

• If L admits a hermitian metric tr(
√
−1Ωh) < 0, then

H0(M,O(L)) = 0. (8.11)

Proof. This follows from Proposition 8.1.

There is a more fancy vanishing result called Kodaira-Nakano vanishing which we
will not prove:

Theorem 8.4 (Kodaira-Nakano vanishing). Let (M,J, g) be Kähler, and let L→M
be a holomorphic line bundle.

• If L is positive, then

Hp(M,Ωq(L)) = 0 for n < p+ q. (8.12)

• If L is negative, then

Hp(M,Ωq(L)) = 0 for 0 ≤ p+ q < n. (8.13)
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8.2 Complex projective space

Complex projective spaces is defined to be the space of lines through the origin in
Cn+1. This is equivalent to Cn+1/ ∼, where ∼ is the equivalence relation

(z0, . . . , zn) ∼ (w0, . . . , wn) (8.14)

if there exists λ ∈ C∗ so that zj = λwj for j = 1 . . . n. The equivalence class of
(z0, . . . , zn) will be denoted by [z0 : · · · : zn].

The only non-trivial integral cohomology of CPn is in even degrees

H2j(CPn,Z) ∼= Z (8.15)

for j = 1 . . . n.
We next define the tautological bundle

O(−1) = {([x], v) ∈ CPn × Cn+1|v ∈ [x]}. (8.16)

The bundle O(−1) admits a Hermitian metric h by restricting the inner product in
Cn+1 to a fiber. We define

Definition 8.5. The Fubini-Study metric ωFS = −
√
−1Ωh.

Exercise 8.6. Show the following

• ωFS is positive definite. Consequently, ωFS is a Kähler metric.

•
∫
P1 c1(O(−1)) = −1, for any line P1 ⊂ Pn.

Using Proposition 5.6, it follows that the Hodge numbers are given by

bp,q(CPn) =

{
1 p = q

0 p 6= q.
(8.17)

For a surface, the Hodge diamond is

h0,0

h1,0 h0,1

h2,0 h1,1 h0,2

h2,1 h1,2

h2,2

. (8.18)

and the Hodge diamond of CP2 is given by

1
0 0

0 1 0
0 0

1

. (8.19)
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8.3 Line bundles on complex projective space

If M is any smooth manifold, consider the short exact sequence of sheaves

0→ Z→ E → E∗ → 1. (8.20)

where E is the sheaf of germs of C∞ functions, and E∗ is the sheaf of germs of non-
vanishing C∞ functions. The associated long exact sequence in cohomology is

. . .→ H1(M,Z)→ H1(M, E)→ H1(M, E∗)
→ H2(M,Z)→ H2(M, E)→ H2(M, E∗)→ . . . .

(8.21)

But E is a flabby sheaf due to existence of partitions of unity in the smooth category,
so Hk(M, E) = {0} for k ≥ 1. This implies that

H1(M, E∗) ∼= H2(M,Z). (8.22)

Using Čech cohomology, the left hand side is easily seen to be the set of smooth line
bundles on M up to equivalence.

Next, if M is a complex manifold, consider the short exact sequence of sheaves

0→ Z→ O → O∗ → 1. (8.23)

where O is the sheaf of germs of holomorphic functions, and O∗ is the sheaf of
germs of non-vanishing holomorphic functions. The associated long exact sequence
in cohomology is

. . .→ H1(M,Z)→ H1(M,O)→ H1(M,O∗)
c1→ H2(M,Z)→ H2(M,O)→ H2(M,O∗)→ . . . .

(8.24)

Now O is not flabby (there are no nontrivial holomorphic partitions of unity!). How-
ever

dim(Hk(M,O)) = b0,k. (8.25)

Since b0,1 = b0,2 = 0 for CPn, we have

H1(CPn,O∗) ∼= H2(M,Z) ∼= Z. (8.26)

Again, using Čech cohomology, the left hand side is easily seen to be the set of
holomorphic line bundles on M up to equivalence. Consequently, on CPn the smooth
line bundles are the same as holomorphic line bundles up to equivalence:

Corollary 8.7. The set of holomorphic line bundles on CPn up to equivalence is
isomorphic to Z, with the tensor product corresponding to addition.

The line bundles on CPn are denoted by O(k), where k is the integer obtained
under the above isomorphism, which is the first Chern class. Of course, every line
bundle must be a tensor power of a generator. If H ⊂ CPn is a hyperplane, then the
line bundle corresponding to H, denoted by [H] is O(1). To see that [H] corresponds
to O(1), use the following:

Proposition 8.8 ([GH78, page 141]). The first Chern class of a complex line bundle
L is equal to the Euler class of the underlying oriented real rank 2 bundle, and is the
Poincaré dual to the zero locus of a transverse section.
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8.4 Adjunction formula

Let V ⊂Mn be a smooth complex hypersurface. The exact sequence

0→ T (1,0)(V )→ T (1,0)M
∣∣
V
→ NV → 0, (8.27)

defines the holomorphic normal bundle. The adjunction formula says that

NV = [V ]|V . (8.28)

To see this, let fα be local defining functions for V , so that the transition functions
of [V ] are gαβ = fαf

−1
β . Apply d to the equation

fα = gαβfβ (8.29)

to get

dfα = d(gαβ)fβ + gαβdfβ. (8.30)

Restricting to V , since fβ = 0 defines V , we have

dfα = gαβdfβ. (8.31)

Note that dfα is a section of N∗V . For a smooth hypersurface, the differential of a local
defining function is nonzero on normal vectors. Consequently, N∗V ⊗ [V ] is the trivial
bundle when restricted to V since it has a non-vanishing section.

For any short exact sequence

0→ A→ B → C → 0, (8.32)

it holds that

Λdim(B)(B) ∼= Λdim(A)(A)⊗ Λdim(C)(C), (8.33)

so the adjunction formula can be rephrased as

KV = (KM ⊗ [V ])|V . (8.34)

8.5 del Pezzo surfaces

We begin with the definition.

Definition 8.9. A del Pezzo surface or Fano surface is a Kähler surface with positive
first Chern class, or equivalently, negative canonical bundle.

We will next discuss the following classification.

Proposition 8.10. A del Pezzo surface is isomorphic to P1 × P1 or P2 blown-up at
0 ≤ k ≤ 8 distinct points such that no 3 points are on a line, no six are on a conic,
and no 8 of them lie on a cubic with one of them a double point.
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Proof. Since the canonical bundle is negative, by Proposition 5.2, it does not admit
any non-trivial holomorphic section. Therefore,

b2,0 = dim(H0(M,O(K)) = 0. (8.35)

Since M is Kähler, also b0,2 = 0. Therefore H2(M,R) = H1,1
R (M). The anticanonical

class is positive. Some class nearby is rational, and therefore some multiple is an
integral, positive class. Therefore M is algebraic by the Kodaira embedding theorem.

Next, by Kodaira’s vanishing theorem (Proposition 8.2) and Serre duality (7.33),

b0,1 = dim
(
H1(M,O)

)
= dim

(
H1(M,O(K))

)
= 0, (8.36)

and then b1,0 = 0. Also since K is negative, any power of K is negative, so by
Proposition 5.2,

dim(H0(M,O(mK))) = 0 (8.37)

for any integer m > 0.
By Castelnuovo’s Theorem M is rational. That is, M is bimeromorphic to P2. It

is not hard to show that if M contains a (−1) curve and has c1(M) > 0, then the
blow-down of M , call it M0 also has c1(M0) > 0. This is seen by using the fact that

c1(M) = π∗c1(M0)− [E], (8.38)

where E is the exceptional divisor, so that

c1(M)2 = c1(M0)2 − 1, (8.39)

so c1(M0) has positive square. Also, it is not hard to see that c1(M0) · [C] > 0 for any
curve C, so c1(M0) > 0 by Nakai’s criterion.

Next, the adjunction formula (8.34), says that for any nonsingular curve D in M ,

−χ(D) = −c1(M) · [D] + [D]2, (8.40)

where χ(D) is the Euler characteristic of D. Since c1(M) > 0, we obtain the inequality

−χ(D) < [D]2. (8.41)

In particular, if D is a rational curve, we obtain

−2 < [D]2. (8.42)

The minimal model of a rational surface is either P2 or a Hirzebruch surface
Fn = P(O ⊕ O(n)). But such a surface contains a rational curve of self-intersection
−n, so the minimal model is either F0

∼= P1× P1, or P2. Exercise: show that P1× P1

blown-up at one point is the same as P2 blown-up at 2 points.
The blow-up points must be distinct because an interated blow-up contains ra-

tional curves of self-intersection strictly less than −1. Indeed, if D is any smooth
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curve on M0 passing through the blow-up point, then letting D̃ denote the proper
transform of D, we have

[D̃] · [D̃] = [π∗D − E] · [π∗D − E]

= [π∗D] · [π∗D] + [E] · [E] = [D] · [D]− 1.
(8.43)

The remaining statement is proved by showing that these “bad” configurations of
points are the only configurations which have rational curves of self-intersection
strictly less than −1, but we omit the details.

We see that the Hodge diamond of a del Pezzo surface is

1
0 0

0 k + 1 0
0 0

1

, (8.44)

where k is the number of blow-up points, or k = 1 in the case of P1 × P1. Also, we
have that

c2
1(M) = c2

1(P2)− k = 9− k. (8.45)

We call b = 9− k the degree of the del Pezzo surface. Note that c2
1(M) = [T ] · [T ] =

b, where T is an anticanonical divisor, so the degree of the normal bundle of an
anticanonical divisor is b = 9− k.

Note, by Yau’s Theorem, all del Pezzo surfaces admit metrics with positive Ricci
curvature.

Exercise 8.11. Prove the following.

• The Fubini-Study metric on Pn is a Kähler-Einstein metric.

• The product metric (Pn × Pn, gFS + gFS) is Kähler-Einstein.

For surfaces, Tian proved the following.

Theorem 8.12 (Tian). For 3 ≤ k ≤ 8, any del Pezzo surface P2 blow-up at k points
admits a positive Kähler-Einstein metric in the anticanonical class.

9 Lecture 9

9.1 Hirzebruch Signature Theorem

We think of a complex surface V as a real 4-manifold, with complex structure given
by J . Then the kth Pontrjagin Class is defined to be

pk(V ) = (−1)kc2k(TV ⊗ C) (9.1)
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Since (V, J) is complex, we have that

TV ⊗ C = TV ⊕ TV , (9.2)

so

c(TV ⊗ C) = c(TV ) · c(TV ) (9.3)

= (1 + c1 + c2) · (1− c1 + c2) (9.4)

= 1 + 2c2 − c2
1, (9.5)

which yields

p1(V ) = c2
1 − 2c2. (9.6)

Consider next the intersection pairing H2(V )×H2(V )→ R, given by

(α, β)→
∫
α ∧ β ∈ R. (9.7)

Let b+
2 denote the number of positive eigenvalues, and b−2 denote the number of

negative eigenvalues. By Poincaré duality the intersection pairing is non-degenerate,
so

b2 = b+
2 + b−2 . (9.8)

The signature of V is defined to be

τ = b+
2 − b−2 . (9.9)

The Hirzebruch Signature Theorem [MS74, page 224] states that

τ =
1

3

∫
V

p1(V ) (9.10)

=
1

3

∫
V

(c2
1 − 2c2). (9.11)

The Gauss-Bonnet Theorem says that
∫
V
c2 = χ(V ), so this can be rewritten as,

2χ+ 3τ =

∫
V

c2
1. (9.12)

Remark 9.1. This implies that S4 does not admit any almost complex structure,
since the left hand side is 4, but the right hand side trivially vanishes.
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9.2 Representations of U(2)

As discussed above, some representations which are irreducible for SO(4) become
reducible when restricted to U(2). Under SO(4), we have

Λ2T ∗ = Λ2
+ ⊕ Λ2

−, (9.13)

where

Λ+
2 = {α ∈ Λ2(M,R) : ∗α = α} (9.14)

Λ−2 = {α ∈ Λ2(M,R) : ∗α = −α}. (9.15)

But under U(2), we have the decomposition

Λ2T ∗ ⊗ C = (Λ2,0 ⊕ Λ0,2)⊕ Λ1,1. (9.16)

Notice that these are the complexifications of real vector spaces. The first is of
dimension 2, the second is of dimension 4. Let ω denote the 2-form ω(X, Y ) =
g(JX, Y ). This yields the orthogonal decomposition

Λ2T ∗ ⊗ C = (Λ2,0 ⊕ Λ0,2)⊕ R · ω ⊕ Λ1,1
0 , (9.17)

where Λ1,1
0 ⊂ Λ1,1 is the orthogonal complement of the span of ω, and is therefore

2-dimensional (the complexification of which is the space of primitive (1, 1)-forms).

Proposition 9.2. Under U(2), we have the decomposition

Λ2
+ = R · ω ⊕ (Λ2,0 ⊕ Λ0,2) (9.18)

Λ2
− = Λ1,1

0 . (9.19)

Proof. We can choose an oriented orthonormal basis of the form

{e1, e2 = Je1, e3, e4 = Je3}. (9.20)

Let {e1, e2, e3, e4} denote the dual basis. The space of (1, 0) forms, Λ1,0 has generators

θ1 = e1 + ie2, θ2 = e3 + ie4. (9.21)

We have

ω =
i

2
(θ1 ∧ θ1

+ θ2 ∧ θ2
)

=
i

2

(
(e1 + ie2) ∧ (e1 − ie2) + (e3 + ie4) ∧ (e3 − ie4)

)
= e1 ∧ e2 + e3 ∧ e4 = ω1

+.

(9.22)

Similarly, we have

i

2
(θ1 ∧ θ1 − θ2 ∧ θ2

) = e1 ∧ e2 − e3 ∧ e4 = ω1
−, (9.23)
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so ω1
− is of type (1, 1), so lies in Λ1,1

0 . Next,

θ1 ∧ θ2 = (e1 + ie2) ∧ (e3 + ie4)

= (e1 ∧ e3 − e2 ∧ e4) + i(e1 ∧ e4 + e2 ∧ e3)

= ω2
+ + iω3

+.

(9.24)

Solving, we obtain

ω2
+ =

1

2
(θ1 ∧ θ2 + θ

1 ∧ θ2
), (9.25)

ω3
+ =

1

2i
(θ1 ∧ θ2 − θ1 ∧ θ2

), (9.26)

which shows that ω2
+ and ω3

+ are in the space Λ2,0 ⊕ Λ0,2. Finally,

θ1 ∧ θ2
= (e1 + ie2) ∧ (e3 − ie4)

= (e1 ∧ e3 + e2 ∧ e4) + i(−e1 ∧ e4 + e2 ∧ e3)

= ω2
− − iω3

−,

(9.27)

which shows that ω2
− and ω3

− are in the space Λ1,1
0 .

This decomposition also follows from the proof of the Hodge-Riemann bilinear
relations [GH78, page 123].

Corollary 9.3. If (M4, g) is Kähler, then

b+
2 = 1 + 2b2,0, (9.28)

b−2 = b1,1 − 1, (9.29)

τ = b+
2 − b−2 = 2 + 2b2,0 − b1,1. (9.30)

Proof. This follows from Proposition 9.2, and Hodge theory on Kähler manifolds, see
[GH78].

So we have that

χ = 2 + b2 = 2 + b1,1 + 2b2,0 (9.31)

τ = 2 + 2b2,0 − b1,1. (9.32)

In the del Pezzo case, from Proposition 8.10, we conclude that

b2 = b1,1 = k + 1, b+
2 = 1, b−2 = b1,1 − 1 = k, (9.33)

and

2χ+ 3τ = 9− k = b. (9.34)

Let us assume that the canonical bundle is trivial and M is simply connected.
The signature theorem says that

2χ+ 3τ = 0, (9.35)
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which is

4 + 5b+
2 − b−2 = 0. (9.36)

Since the canonical bundle is trivial, b0,2 = b2,0 = 1, so we have that

b+
2 = 1 + 2b2,0 = 3, (9.37)

and therefore we have

b−2 = 19, b2 = 22, χ = 24, τ = −16. (9.38)

The Hodge numbers in this case are b1,1 = 20, b0,2 = b2,0 = 1, so the Hodge
diamond of a K3 surface is given by

1
0 0

1 20 1
0 0

1

. (9.39)

It follows from the classification of quadratic forms over the integers that the
intersection form is given by

2E8 ⊕ 3

(
0 1
1 0

)
. (9.40)

For the Ricci-flat metric of Yau on K3, it follows that Λ2
+ is a flat bundle. Since

K3 is simply connected, there exist 3 orthonormal parallel self-dual 2-forms, call them

ωI , ωJ , ωK . (9.41)

Using the metric, these are Kähler forms associated to orthogonal complex structures
I, J,K. That is I2 = J2 = K2, and we can assume that IJ = K. The metric is
Kähler with respect to aI + bJ + cK for a2 + b2 + c2 = 1, i.e., (a, b, c) ∈ S2 ⊂ R3.
Such a structure is called a hyperkähler structure.

9.3 Examples

Let V ⊂ P3 be a nonsingular degree d hypersurface, giving by the vanishing of a
homogeneous polynomial of degree d.

Exercise 9.4. Prove that KP3
∼= O(−4),

By the adjunction formula (8.34)

KV = (KM ⊗ [V ])|V = (O(−4)⊗O(d))|V = (O(d− 4))|V . (9.42)

Note that by the Lefschetz hyperplane theorem, V is simply connected.
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• If d = 1, then V ∼= P2.

• If d = 2, them c1(V ) = 2c1([O(1)])|V . This is positive, so V is a del Pezzo
surface. Since

∫
M
c1(V )2 = 4[H] · [V ] = 8, V is a degree 8 del Pezzo. Thus V is

either Blp(P2) or P1 × P1. Exercise: prove it is the latter case.

• If d = 3, c1(V ) = c1([O(1)])V . Again, this is positive, so V is a del Pezzo
surface. Since

∫
M
c1(V )2 = [H] · [V ] = 3, V is a degree 3 del Pezzo, and V is

biholomorphic to Blp1,...,p6P2, with the six points not all on a conic.

• For d = 4, the canonical bundle is trivial, thus V is a K3 surface, and V admits
a Ricci-flat metric by Theorem 6.5, which must be hyperkähler.

• For d > 4, the first Chern class is negative, so these surfaces admit negative
Kähler-Einsten metrics in the canonical class, by Theorem 6.6.
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