COMMUNICATIONS IN INFORMATION AND SYSTEMS
Volume 14, Number 2, 87-109, 2014

Ratio and difference of [, and [, norms and sparse
representation with coherent dictionaries

PENGHANG YIN, ERNIE ESSER, AND JACK XIN

The ratio of Iy and ls norms has been used empirically to en-
force sparsity of scale invariant solutions in non-convex blind source
separation problems such as nonnegative matrix factorization and
blind deblurring. In this paper, we study the mathematical the-
ory of the sparsity promoting properties of the ratio metric in the
context of basis pursuit via over-complete dictionaries. Due to the
coherence in the dictionary elements, convex relaxations such as [y
minimization or non-negative least squares may not find the spars-
est solutions. We found sufficient conditions on the nonnegative
solutions of the basis pursuit problem so that the sparsest solu-
tions can be recovered exactly by minimizing the nonconvex ratio
penalty. Similar results hold for the difference of /; and I3 norms. In
the unconstrained form of the basis pursuit problem, these penal-
ties are robust and help select sparse if not the sparsest solutions.
We give analytical and numerical examples and introduce sequen-
tially convex algorithms to illustrate how the ratio and difference
penalties are computed to produce both stable and sparse solu-
tions.
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1. Introduction

The ratio of I; and ls norms is a widely used empirical nonconvex scale-
invariant penalty for encouraging sparsity for nonconvex problems such as
nonnegative matrix factorization (NMF) and blind deconvolution applica-
tions [11, 12, 13]. A related metric that is homogeneous of degree one is the
difference of I; and ls norms. Both appear to encourage sparse solutions to
non-negative least squares (NNLS) type problems of the form

A )
(L1) min 5[4z — b + R()
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where R(z) = HiH; or R(x) = ||z||1 — ||z||2. If A satisfies certain incoherence
properties, then sufficiently sparse nonnegative solutions to Ax = b are
unique [1], which is why solving the convex NNLS problem often works well
without the additional sparsity penalty R(z). A coherence measure of matrix
A is p(A) defined as the maximum of the cosine of pairwise angles between
any two columns of A. Let t4 = Fpp, as in [1]. A sufficient incoherence
condition [1] for uniqueness of the sparsest solution zg > 0 is that ||zgllo <
%. However, such conditions are often not satisfied in practice, in which
case including R(z) can yield much sparser solutions. Likewise, minimizing
the convex metric, the 1 norm, can effectively recover sparse solutions to
the underdetermined system Az = b when columns of the matrix A satisfy
certain incoherence conditions [2, 3, 4].

We are interested in understanding the sparsity promoting properties
of the ratio and difference metrics theoretically and computationally in a
highly coherent (over-complete) dictionary. Over-complete dictionaries occur
in human visual and auditory systems [14, 10, 16], and in discretization
of continuum imaging problems such as radar and medical imaging when
the grid spacing is below the Rayleigh threshold [7]. Band exclusion and
local optimization techniques are introduced to image objects sufficiently
separated with respect to the coherence bands in [7].

Computationally, the two non-convex penalties can be treated as follows.
Since ||z||1 — ||z||2 is a difference of convex functions, stationary points of

the resulting nonconvex model are computed by difference of convex (DC)
llzlx
) : - lell2 "
using a related gradient projection strategy. In the general dictionary case,

the exact [ recovery of sparse solutions is studied in [5] where a main result
is that if Az = f, ||xollo < 1+];471 , M being an upper bound of off diagonal
entries of the Gram matrix AT A, then z( is the unique solution given by I,
norm minimization. The columns of A are more coherent if M is larger. In
this case, [; minimization is less effective.

The organization of the paper is as follows. In section 2, we begin with
examples of the basis pursuit problem of the form min, R(x) subject to
Az = b to compare Iy or [, (p € (0,1)) minimization with that of the ratio
or difference of I3 and ls norms, and with the ground truth to understand
the properties and limitations of each metric. These analytical examples
help to introduce the coherence issues in finding sparse solutions. We leave
as a future work to investigate similar phenomena in physical data sets. In
section 3, we show that mimimizers of the ratio or difference of I1 and [
norms must be locally the sparsest feasible solution. We then formulate a
uniformity condition on a particular subset Fj, of the feasible solutions and

can be minimized

programming [15]. The model with the ratio penalty
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prove the exact recovery of the sparsest solution xg of Az = b by mini-
mizing the ratio of I3 and ls norms. The uniformity condition essentially
says that the ratio of the minimum and maximum of the nonzero entries
of any solution z from Fj, is bounded from below by a constant that de-
pends on ||zo||o and ||z||o. Interestingly, a similar condition appears in [7]
for the band-excluded orthogonal matching pursuit method to recover the
support of the solution up to the coherence band. The ratio of the maxi-
mum and minimum over the support of a vector is referred to as dynamic
range in optical imaging [7]. For the difference of I; and Iy norms, the ex-
act recovery condition is that the minimum of the nonzero entries of any

2(y/Ilzollo—1)

solution z # xo from F, be above =7m—=— |zo||2. Our theoretical results
shed light on the sparsity promoting capability of the ratio and difference
penalties. In section 4, we show numerical examples optimizing (1.1) with
A being a coherent dictionary such that the ratio and difference of I; and
Il norms regularization outperform NNLS. More comparisons with /; min-
imization for imaging data can be found in [6]. Concluding remarks are in

section 5.
2. Examples of basis pursuit in coherent dictionaries

The examples below will show a couple of situations where {1 or I, (p € (0, 1))
minimization ceases to be effective. Though these examples are mathemati-
cal in nature, they help to illustrate the coherence induced issues in finding
sparse solutions. Imaging examples can be found in [7, 6] where the sparse
solutions are more complicated and not in closed analytical form.

Example 1: Let p € (0,1] and two distinct dense vectors b, > € R”
(n > 2). so that b = b' + b? is also dense; Let HZH; be close to their upper
bound O(v/n), i = 1,2. a = ||(b},0?)],, A = [b',b%, al,,al,], where I, is
n x n identity matrix. Consider the linear system Az = b, x € R**?" which
has a 2-sparse solution:

ro = [1,1,0,---,0]".

The other sparse solutions are: 21 = [0, 1, (b;)l,O]’, xe = [1,0,0, (b;)/]’, T3 =
[0,0, @, (572)’]/ , the first two are at least 3-sparse, the last one is at least

4-sparse. The [, norm of x; is:

lzoll, = 2'/7,
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while:
15151 1
21, = (1 + —p) /P e (1,2'/7),

lslly = <1+”b loyp ¢ (1,917,
iy, 0 Wl _

laslly = £

Thus, g cannot be recovered by minimizing [, norm subject to Az = b.
There are at least three less sparse solutions with smaller [, norm than .

Now let p = 1, the ls norms of g and x3 are:

s = V3. oy = OV 0T
ol = V2 Naslle = 1y Gy,

So the ratio of I; and Iy norms are:

llwolls _ 5 Nl _ Jlle’, DT

[Elb llwallz e (Y)Y
2l _ M, )Tl sl _ [I1GY )Tl Ja
lz2llz - llla’s (02)Vll2" llslla 1O, (02) ]2 '

We want to have Hx1||1 > /2 or:

a/’ bl Al 9 bl + b2
i , ( 1)/]/”1 _ 16711 + [16°]12 >V,
la’s @O Tllz /(16 + 162]11)% + 113
or:
206M1F > [16%[1F + 2" ]13.
Likewise 12211 < (/5 requires:

IEAIB
2(6*1 > 1611 + 2[16% 13-
The above inequalities reduce to:

1611 > V2[bll2, i = 1,2,

if we assume that the first two columns of A satisfy ||b!||; = [|b?||1, b' # b%. It
follows that xg has the smallest ratio of [; and [ norms. So é—; minimization
can recover xg in the counterexample where [; minimization could not.

Let us look at difference of {1 and I norms at p = 1.



Ratio and difference of /1 and ls norms and sparse representation 91

llzollt — [|zoll2 = 2 — V2.

YOVl e iy g
oy, @y, — Lo ) > V2,

if n is large enough. However,

23]t — llzsll2 = 1

bt bl
laalh = ol = 1+ 100 fy 10

a a

b2 b2
22|l = [|lz2ll2 =1+ &% _ 1+ H a2”2'

If both were above 2 — v/2 so that x has the least difference of I; and Iy
norms, we would have by adding the two expressions:

4-2V2<3— Z H+”2_3—21

1=0,1 1=0,1

or:
4-2v2~1.1716 <1,

which is impossible. Hence minimizing the difference of {; and l5 norms gives
either x1 or zg, the 2nd sparsest solution, but not the sparsest solution xg
in this example. It is better than minimizing /; which gives the 3rd sparsest
solution x3.

Since the 7 penalty tends to get larger for more dense vectors, it is

plausible that a:o is recovered by minimizing l; if n is large enough. How-

ever, this cannot happen without proper conditions on b', b2. We show a
counterexample below.
First, we note that

(") %)
Ker(A) = span{[1,0, — - ,0),10, 1, — ,0,[0,0, ¢, )"}, Ve e R™.
Let
bl / b2 ! b2 _ bl /
IL‘4:$0—|—[1,0,—(G>,0]/—[0,1,( ),0},:[2,07( a ),0]/.
Then
b2,
lwall _ 2+ 520 ol _ 5
[EAA[P: 2 [zoll2 ’

if
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16° — bl
a

5 =8"s o [52+[
a - a

< 2V/2 -2~ 0.828.

Since

=1, this is not a stringent condition. Thus z4 is
a less sparse solution than xy with smaller ratio of % norm. Minimization of

% does not yield xg. On the other hand, x4 contains a large peak (height 2),
and many smaller peaks (%), resembling a perturbation of the 1-sparse
solution [2,0,---,0]" in the case of bt = b?.

In particular, if b is a small perturbation of b', then @ ~ 0. So x4

is close to the 1-sparse vector [2,0,--- 0]’ with the ratio of f—; norm slightly

above 1, the least value of the ratio among all nonzero vectors. We observe
[
[E
A. The minimizer goes from exact 1-sparse structure when b' = b? to an
approximate l-sparse structure when b! ~ b2. In contrast, the Iy minimizer
xo experiences a jump from [2,0,0,0]" to [1,1,0,0]". The discrete character
of Iy makes it non-trival to recover the least [y solution from minimizing %

here that ming. 4 ,—p is continuous with respect to the perturbations of

If we view b! and b? as dictionary elements in a group, then minimizing %
selects only one of them (intra sparsity). Similarly, if we view corresponding
columns (1st and (n+1)-th, 2nd and (n+2)-th, etc) of [al, «l,] as vectors
in a group (of 2 elements), then z4 selects one member out of each group.
The examples here show that minimizing é—; has the tendency of removing
redundencies or preferring intra-sparsity in a coherent and over-determined
dictionary. The /1 minimization does not do as well in terms of intra-sparsity,
using all group elements except for knocking out the b, b? group.

Let us look closer at the solutions in the non-negative orthant. Such
vectors are:

1 b2
xr = [1 + tla 1 + t27 _(tlg - C)/7 _(tQE + C),]/7

satisfying:
2 bl
I+t 205 1+t2 207 to— <c< —t1—,
a a

which is valid if:
2
(22) bl < 07 t1 € (07 g)v b2 - (1 - E)blv I<ek 17 tg = —t3.

The kernel is an (n+2)-dimensional plane which contains a lower dimensional
affine subspace parallel to the unit [; ball if the vectors on the plane:

bt b?
v=[t1,t2, —(t1— — ¢)/, —(ta— + )]
[1727 (1CL )7 (2a+)]7
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Data pts // L1 unit ball (UB), projection on L2 UB then min(L1) —> sparsity

Project data points
1.4F to the unit circle

0.8
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Figure 1: Illustration of the advantage of minimizing ; L over I} when data
points (on x1 + xo = 2 in the first quadrant) lie parallel to the [; unit
ball. Minimization of ll is same as projection onto the unit [, ball then
intersecting with the umt l1 ball to select sparse solutions. In contrast, Iy
minimization cannot distinguish sparse data points.

are orthogonal to the one vector [1,1,---,1,1] € R*"*2 in other words,

(2.3) > 1—2% t; =0,
j

i=1,2

which holds with essentially an (n + 1)-dimensional free parameter (t1,c),
under constraints in (2.2). If the minimal /; ball intersects the kernel at a
point p, the line at p in the direction v lies on the [; ball. Then I; mini-
mization is not effective, there are infinitely many non-sparse minimizers.
An illustration in two dimensions is in Fig. 1, where all points on z1 +x = 2
in the first quadrant are minimizers of /1 norm. Using the scale invariance
of %, minimizing % can be viewed as first projecting data points (feasible
vectors) onto the [y unit ball, then intersecting with the minimal [ ball,
which leads to sparse solutions.

Example 2: Let p € (0,1] and a dense vector b € R" (n > 2),a = ||(b,b)||, =
217 ||b||,, A = [b,b,al,,al,], where I, is n x n identity matrix. The linear
system Ax = 2b, x € R?>T?" has a 1-sparse solution:

o = [270, 30]/‘
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There is also a 2-sparse solution
xr1 = [1>1707' o ?0]/'

Some other solutions are: zo = [1,0, %/,O]’, x3 = [0,0, %/,%]’, Then mini-
mizing % and [y — I both give the sparsest solution xg, since both %
and ||zo||1 — ||zol|2 attain their possible lower bounds 1 and 0. However, for

l,-norm minimization (p € (0,1]),

[zollp, = 2,
1]l = 247 > 2,
_ ”ng 1/p _ 3 1/p 3
[[@2ll, = (1 + 7) = (5) =
b/ b//
||x3”p — ||[ ) ] Hp = 1.

a

For p = 1, z( has the largest [; norm among these solutions. For p € (0, 1],
|zollp > ||z3]|p- So l,-norm minimization fails to find the sparsest solution.

Example 3: Let A = [b,b% I,,,al,] be the same from Example 1 and
b = b +e', where e! = [1,0,---,0), a = 2VP||p!|, (p € (0,1]), b* # b,
both dense. The aim is to represent data b with columns of A to have both
intra-sparsity and inter-sparsity across the groups.

The 2-sparse solutions with perfect intra and inter sparsity (at most 1
in each group and least number of groups) are:

1 N 2 (el)//
1'02[170’(6)70]7 1:0:[130707 a ]a

some much less sparse solutions are (good intra-sparsity, almost no inter-
sparsity):

bl /
xl — [070, (el)l7 ( a) ]/7
1 bl /
2 mﬁﬁfez Iy

We have:

1
lzolly =2 > 1+ 5 = [l |}
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1 1 1
+ pr > [|z2l[5-

=1+ —> =
ol =1+~ > 5

So I, minimization will miss the 2-sparse solutions.
Let p =1, in view of:

1
”x‘ful — V2~ 1.414,
[z5ll2

2 1 —1
||3U8H1 _tre o NG
[z5llz V1+a=2
||$1H1 o 1.5

zila 6113
o L+ 2y

~ 1.5,

if |bY]]1 > ||b']|2 by the assumption, % of z} or x3 can be smaller. If a

is large, % minimization prefers 22 because it is a small perturbation of
a l-sparse vector [1,0,0,0]". However, minimizing % does not always lead
to 23 if a is small enough. We show a counterexample as below: Let x5 =

0,0, (b'),{2LY’  then

leslls _ 5+a™" _Jlaglh _ 1+a”

< < =
[|23]|2 a”t =gl V1I+a=?

if
a < 0.908.

Notice that x3 has one large peak and many (relatively speaking) smaller
peaks, resembling a small perturbation of a 1-sparse vector if a is small
enough.

The solutions are of the form:

1ys
v =[1,0,0, (ea) [+ 1,0, (1), 0] + 20,1, (%), 01 + [0,0,a, '),

nonnegativity constraints are:
1

(2.4) L4t >0, tg>0, —tb' —tob® +ac>0" +¢>0.
a

In particular, consider
ty >0, ¢ > 0.
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At any point p on the plane Ax = b, we seek a direction
v=1t1[1,0,—(b"), 0] + 2[0,1, —(6%)", 0] + [0,0,a¢’, T’
so that v-[1,---,1] =0, or:

ti+ta+ Y —t1bf —tabl + (a+1)¢; =0,
j

or:

A= bt +1=> bhza+(a+1)> ¢ =0,

which admits nontrivial solutions satisfying (2.4) if

c:O,Zb}:o,ij?:o,
J J

t1 = —t9, 12 € (0, 1),
— bt — tab? = to(b* — b*) > 0.

So the intersection of the {; minimal ball with the kernel is at least a line
segment, rendering /; minimizers non-unique and most of the /; minimizers
non-sparse.

In summary, the examples here indicate that minimizing the ratio of
l1 and I3 norms is more likely to get a sparser solution than minimizing I,
(p € (0,1)) when the column vectors of matrix A are structured or coherent.
The geometric reason is that the /3 unit ball with corners and edges tend to
hit the unit sphere on axes or coordinate planes resulting in sparse solutions.
Intersecting the /; unit ball with another high dimensional plane may have
multiple non-sparse minimizers (as shown in Fig. 1). Minimizing the differ-
ence of /1 and /> norms is better than minimizing /, norms, and appears
no better than minimizing the ratio of [y and I norms. Computationally
though, the difference has better analytical structure for algorithm design
as we shall explore later.

3. Exact recovery theory
In this section, we show that it is possible to recover the sparsest solution

exactly by minimizing the ratio and difference of /1 and [ norms, thereby
establishing the origin of their sparsity promoting property.
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3.1. Exact recovery of 5—1
2

Suppose A € R™*™ and g > 0 € R", where m < n. Let b = A zq, we exclude
the case b = 0 throughout this paper and study the following problems:
Py: min|zllp subjectto Az =1b
x>0

.l

P.:
T a0 [zl

subject to Az =10

P;: min|z|; — ||z|]2 subject to Ax =10
x>0

Denote by F = {x € R": Az = b, x > 0} the set of feasible solutions, and
let S(x) denote the support of x.

Definition 3.1. x € F is called locally sparse if By € F \ {z} such that
S(y) C S(x). Denote by Fr, = {x € F : x is locally sparse} the set of locally
sparse feasible solutions.

The following lemma says that any locally sparse solution is in essence
locally the sparsest solution.

Lemma 3.1. V x € Fp, 36, > 0 such thatVy € F, if 0 < |ly — z[|2 < I,
we have S(x) C S(y).

Proof. Let y = x + v and choose J, = min;cg(y) {7}, then

v <||lv|l2 < min {x;
ol < llvll2 < min {r:)

So
Yi > x; — ||[v]|oo > x; — min {z;} > 0,Vi € S(x)
i€S(x)

which implies
S(z) € S(y).
And S(x) # S(y) since x € Fr,. Then the claim follows. O

The following theorem states that the solutions of P., P; and Py must
be locally sparse, thereby being at least locally the sparsest feasible solution.

Theorem 3.1. If z* solves P., P; or Py, then x* € Fy.
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Proof. Suppose x* solves P, or P; and it is not locally sparse, then Jy* €
F\ {z*} such that S(y*) C S(«*). Thus there exists a small enough € > 0,
such that z* — ey* > 0. Let

1—e

or equivalently,
r=eyt+ (1 —¢€)z"

then A z* = b and thus z* € F.
By the nonnegativity of y* and z*,

12"l = elly™[lx + (1 = )"l

Moreover, since y* # x* both satisfying Ax = b, they are linearly inde-
pendent. So y* and z* are also linearly independent, and

12" [l2 < €lly™ll2 + (1 = €)[[2"[|2

Thus
* * _ * * *
R o TN Y E T
lz*ll2 = elly*llz + (1 = €)[[2*[|2 ly*l2” [l2*l2
and
[z*lln = 2" ll2 > e(lly™lln = ly™ll2) + (1 = €)= [l1 — [27[]2)
> min{|ly"[l1 — [ly*[l2, [[27]1 — l]z"[]2}
Contradiction.

Now suppose z* solves Py and it is not in F,, then 3y* € F\ {z*} such
that S(y*) C S(«*). Since no nonnegative solution of Az = b is sparser than
x*, we have S(y*) = S(x*) = S. So minies{Z—}} <lor minieg{g—}} < 1 must
be true. Without loss of generality, let minieg{%} = z—: = r < 1 for some

index k € S. Then z* = l—irzz:* — IL_Ty* > 0 since 2} = % >0, Vies.
Moreover, Az* = 1—be* - Ay = ﬁb — 1=:b = b which implies
z* € F. But S(z*) C S and 2} = 0, thus S(z*) C S which contradicts with

z* being the solution of Fp. O

By Theorem 3.1, all the minimizers of P., P; and Py are contained in
Fr. From now on, we no longer care about those feasible solutions outside

FL.
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For any x > 0 € R", suppose (S(z), Z(x)) is a partition of the index set
of z, ie., {1,2,--- ,n}, where S(z) = {i : z; > 0}, Z(x) = {i : z; = 0}.

Definition 3.2. The uniformity of z, U(x), is the ratio between the smallest
nonzero entry and the largest one, i.e.
minieS(;r) T;

<1

O0<U =
<U@ MaXjes(z) Ti

Theorem 3.2. If xy uniquely solves Py and ||zollo = s, if U(x) >

Vizllo—+/llzllo—s

NNV Vo € Fp\ {xo}, then zo also uniquely solves P,. In partic-
Zllo Zllo—S

ular, if any feasible solution x is a binary vector with all entries either 0 or

Vzlo—vllzllo—s Clearly
Vizllo++/llzllo—s

Py and P, are equivalent as we note that H;Hz =+/|lzllo-

1, then the above inequality holds since U(zx) =1 >

[E3[P
[P
assume Max;eg(y) 7 = 1 and 0 < min;eg(,) 7, = U(z) < 1. By the Cauchy-

Schwarz inequality, Izl ||z||lo- Starting with the following lemma, we

Since is scale-invariant, Vx > 0 € R", without loss of generality, we

(BB
first estimate the lower bound of Hi“l
Lemma 3.2. Let ¢ = [z1, - ,&j_1,%j, Tjy1, - ,Tn), where U(z) < xj <
1.
Letz_ = [z1,--- ,2j-1,U(2),xj41, - ,zp) and x4 = [21,- -+ ,2j-1,1, 2541,

-, xy,], then we have

[E11R
2|2

[E! IIw+H1}

> min
Ul Tas

Proof. Since U(z) < zj; <1, 3X > 0, such that ; = A\U(z) + (1 — A\)1 and
x = Ar_~+(1—X)zy. Given that z_ and = are nonnegative but not linearly
dependent, we have

el = [IAz— + (1 = Mzi v = Mz + (1= N[zl

and
[zll2 = [Ar— + (1 = Nzyll2 < Mlz—|l2 + (1 = A)[[z4 |2
So
|1 S Mzl + (1 =Nz 11
[zll2 = Allz—l2 + (1 = M)z |2

>min{\|x—H1 ||33+H1} .
- lz—ll2” |12
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]|

l[z]2°
nonzero entry in x should be either ‘U(x)’ or ‘1’. Then we have the following

lemma:

Lemma 3.3. Let U(x) =U. Then

ﬁ_H H EL

Proof. To estimate the lower bound, it is reasonable to assume the number
of ‘1’ in z is | and the number of ‘U’ is ||z||p — . Then

By the above lemma, in order for = to obtain its minimum of every

1+U

=zl A= U)L+ Uzl
Izl /(1= U2+ 02|z

Set ¢'(I) = 0, we have | = HLUHmHo, and the inequality of lower bound
follows. g

We now prove Theorem 3.2:

Proof. Suppose xg is the unique solution of Py with a sparsity of s. First of
all, by Theorem 3.1, the minimizer of P, must be in Fr,. If any other solution

v € Fy, satisfies U(z) > VIielo—+/lizllo—s

, by solving the inequality for s, we
lzllo++/llzllo—s

have the following:

fﬁm

1+U(x
By Lemma 3.3,
|oll <5< VU@ < Izl
< \/ lzllo <
lzoll2 ~ 1+U = Jall:
Hence solving P, will yield the sparest solution xg. O

3.2. Exact recovery of l; — Iz

In this subsection, we show similar exact recovery results for the difference
l1 and I3 norms.

Lemma 3.4. Suppose x > 0 € R", then

llo —
5 in {wz} <zl = llzlla < (Vlzllo = D2

2 ieS(x
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Proof. 1t suffices to show the lower bound given that the upper bound is
directly by the Cauchy-Schwarz inequality.

] = [|l]l5
zllt = llzlle = 0

[zll1 + [[xl2
i T

[/l + llz[l2
 Xitjes(a) TiTj

[/l + llz[l2

([lzllo — Dl2|l1 mineg(z) {z:i}
- ||~”UH1 + [|lz(2

_ l=flo —

I+ ||ch—2 Zénl(n){l'z}

[zllo —
P L O
> 5 Zénsl(n {zi}

Theorem 3.3. If xg uniquely solves Py with a sparsity of s, and if
Minge g(z) {7} > ”x‘ﬂ 11)H3:0H2, Ve € Fr \ {xo}, then zo also uniquely
solves Py.

Proof. Suppose min;cg(;){zi} > ”;ﬂ;_l)HxOHQ, Vo € Fr \ {zo}, then by
Lemma 3.4,
lzolly = llzoll2 < (Vs — 1)||900H2

|z]lo —
7 iemsl& {as}

<zl = llzll2, V& € Fo\ {zo}

Moreover, the solution of Py is contained in F1, by Theorem 3.1. Hence xq
is the unique solution of P,. O

4. Numerical approach
In this section, we consider the numerical aspects of minimizing [ /lo and

l1 — Iy penalties for finding sparse solutions. The setting where it is most
effective computationally is in the unconstrained optimization model:

. 1 2
(4.5) leél)I(lF(.’I}) = 2||Ax b||* + R(x),
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where R(z) = v{zjt or R(x) = y([lzll1 = [l#]}2), and X = {w € RV : ; >
0,>;x; > r > 0}. Due to the nonnegativity constraint, R(z) simplifies to
7%, where 1 denotes the constant vector in RY consisting of all ones. The

2

model (4.5) allows some measurement error in representing b in terms of the
coherent dictionary, and helps to regularize the ill-conditioning of A.

Under the nonnegative constraints, it is reasonable to assume that F'(z)
is coercive on X in the sense that for any 2° € X the set {z € X : F(z) <
F(z")} is bounded. This is true if there are no nonnegative vectors in ker (A4),
which follows for example if A has only nonnegative elements and no columns
that are identically zero. Let us consider the more challenging ratio penalty
first. Since R is differentiable on X, it is natural to use a gradient projection
approach to solve (4.5). We will use the scaled gradient projection method
proposed for a similar class of problems in [6]. The approach is based on the
estimate

1

F(y) = F(z) < (y = 2)" (A = 50)T = O)(y — )

-0 (GATA+C)y — o) + (v — ) VF(),

where A\, and Ag are lower and upper bounds respectively on the eigenvalues
of V2R(x) for z € X and C is any matrix. This leads naturally to the
strategy of iterating

(4.6) 2" = arg ml)l(l(x - m”)T(%ATA +cnI)(x —a") + (x — 2™ VF(2").
Te

To ensure convergence and a monotonically decreasing objective F'(z"), it
suffices to choose ¢,, > 0 such that there is a sufficient decrease in F' accord-
ing to

(4.7) F(xn—I—l) _ F(xn) < o[(x"+1 o xn)T(%ATA + cnI)(x"'H _ xn)
+ (2" — 2TV F(2™))

for some o € (0,1]. To improve the method’s overall efficiency, ¢, can be
adjusted every iteration to prefer smaller values while still ensuring a suf-
ficient decrease in F'. The complete algorithm from [6] is shown below for
reader’s convenience.

Algorithm 1. A Scaled Gradient Projection Method for Solving (4.5) with
R(z) = v{f.
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Define 2° € X, ¢g > 0,0 € (0,1], 1 >0, p> 0, & > 1,6 > 1 and set n = 0.

whilen =0 or [[2" — 2" e > €

Yy = arg mi)r(l (x — x")T(%ATA +cnI)(x —2™) + (x — ™)V (a™)
rEe

it F(y) = F") >0 (g =" (GAT A+ D)y~ a") + (s~ ") V(")

Y
S if smallest eigenvalue of 2—’1‘1 + %ATA is greater than p
¢, otherwise.

end while

Any limit point a* of the sequence of iterates {z"} satisfies
(y — 2*)TVF(z*) > 0 for all y € X and is therefore a stationary point
of (4.5) [6]. Note that every iteration requires solving the convex problem

1
min (z — 2" (ZATA + ¢, T)(x — 2™) + (z — 2™)TVE(z™).
zeX 2

As in [6] we can solve this using the Alternating Direction Method of Multi-
pliers (ADMM) [8, 9]. The explicit iterations are described in the following
algorithm.

Algorithm 2. ADMM for solving convex subproblem.
Define 6 > 0, €3 > 0, v° and p° arbitrarily and let k = 0.

k_ k=1 k_ .k
while k =0 or || o” =™ | > €3 Or o = w7l

[o% — 2|

I ) + (ATA + (26” + 6)2-)—1 ((S(Uk _ xn) _pk — VF(J;TL))

oF
R Z Iy <Uk+1 + _>

_— >
b —an] ~

1)
pk+1 _ pk + 5(uk+1 _ ,Uk+1)
k=k+1

end while
2T = ok,
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Computed x using NNLS on Example 2 Computed x using NNLS on Example 3

0.012
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0.008 -
0.006 -

0.004 -
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. . . . . . . . . .
20 40 60 80 100 120 140 160 180 200 20 40 60 80 100 120 140 160 180 200

Figure 2: Estimated x using non-negative least squares.

Here, Iy denotes the orthogonal projection onto X . Note that if AAT is
much smaller in size than AT A we can use the Woodbury identity to rewrite
the inverse that appears in Algorithm 2.

As numerical experiments we apply these algorithms to Examples 2 and
3, with both of the A matrices defined using values of n = 100, p = 0.95
and b a vector of n random numbers uniformly distributed on [0, 1]. The
coherence and ill-conditioning of these matrices make these examples nu-
merically challenging. Non-negative least squares, often a good method for
finding sparse nonnegative solutions when they exist [1], fails to find sparse
solutions for these examples as shown in Figure 2. Solving the % model (4.5)
on the other hand, while it does not identify the sparsest solutions, does find
solutions with much better sparsity properties. The results for Examples 2
and 3 are shown in Figure 3. The model parameters used were v = 0.1 and
r = 0.05. For the algorithm parameters, § = 1, cg = 1077, & = 2, & = 10
and o = 0.01. The most important of the algorithm parameters is §, which
affects the efficiency of ADMM on the convex subproblem. The tolerances
for the stopping conditions were set to ¢, = 107° and e; = 1074,

For Example 2, Algorithm 1 recovered the 2-sparse solution [1,1,0,--- ,
0)’. For Example 3 it approximately recovered [0,0, (e!)’, (le)’]/, which has
the property that one coefficient is much larger than all the others.

These results are initialization dependent. Here we initialized z° to be
a constant vector, which is partly to blame for finding a 2-sparse solution
to Example 2 that is a stationary point but not a local minimum. Instead,
consider initializing z° to be a small perturbation of a constant vector, for
instance 2 = 7(100 + 0.017;) with 7; sampled from a normal distribution
with mean zero and standard deviation 1. With such an initialization, we
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) Computed x using 1/12 minimization on Example 2 ) Computed x using I1/12 minimization on Example 3
1.8 1.8
161 16
1.4r 1.4
1.2 1.2
1 1
08 0.8
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0.4 0.4
0.2 0.2
0 L . v v L L L L L L 0 v L y v L = ” - - ~
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Figure 3: Estimated x using Algorithm 1 on (4.5).

are far more likely to find one of the 1-sparse solutions [2,0,0,---,0]" or
[0,2,0,---,0]".

Another important numerical consideration is the parameter r that acts
as a lower bound on the /; norms of the possible solutions. Because of the
way the matrices A are scaled for Examples 2 and 3, the sparsest solutions
also have larger [ norms. In this case, larger values of r promote sparsity.
Choosing r = 0.05 is still much less than the norms of the NNLS solutions,
so it is not the case here that those potential solutions were eliminated by
the choice of constraint set.

Minimizing the difference of [; and I3 norms is easier than minimizing
the ratio because the objective becomes a difference of convex functions.
In particular we can set ¢, = ¢ for any ¢ > 0 in the iteration (4.6) and
be guaranteed to satisfy the sufficient decrease inequality (4.7) with o = 1.
Moreover, since the difference penalty is better behaved at the origin, we
could consider simplifying the constraint set X and letting it be the entire
nonnegative orthant. However, we choose to leave X as previously defined
since it may be advantageous to disallow solutions whose [; norms are below
some threshold r. Using a constant ¢, Algorithm 1 can be simplified to the
following.

Algorithm 3. SGP Method for Solving (4.5) with R(z) = v(||z|}1 — ||z||2)-
Define 2° € X, ¢ > 0, ¢ > 0 and set n = 0.

whilen =0 or [|z" — 2" ! >
1
2"t = argmin (v - 2")T (AT A+ T)(x - 2") + (v - 2") T VF(2")
re
n=n+1

end while
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Computed x using I1-I2 minimization on Example 2 Computed x using 11-I2 minimization on Example 3
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Figure 4: Estimated z using Algorithm 3 on (4.5).

Algorithm 2 can again be used to solve the convex subproblem in Algo-
rithm 3.

We repeat the experiments on Examples 2 and 3 using Algorithm 3 to
numerically compare how well the [; —lo penalty is able to promote sparsity.
We first attempt to use the same parameters as before, setting v = 0.1,
r =0.05, 6 = 1 and ¢ = 107°. We again set the tolerances for the stopping
conditions to be €, = 1078 for the outer iterations and e; = 10~* for the
inner iterations. Unfortunately, with these parameters [y — ls minimization
does not yield sparse solutions for either Example 2 or 3. Two approaches
to improve sparsity are to increase -y or to increase r. Using large values of
does yield sparse vectors, but they are highly sensitive to the initialization
and are often not close to the correct sparse solutions. On the other hand, if
we keep all the parameters the same but increase r to » = 0.5, then we are
able to get the sparse solutions shown in Figure 4, which are similar to those
generated by Algorithm 1. For Example 2, the {1 norm of the NNLS solution
is approximately 0.76, so it is still in our constraint set. For Example 3,
however, the [; norm of the NNLS solution is approximately 0.39, which
falls outside our constraint set when we set » = 0.5. So the sparse result for
Example 3 shown in Figure 4 is special to this problem and probably has
more to do with the constraint set than it does with {; — 5 minimization.
But for Example 2, [; — I3 minimization did help find a good sparse solution.

5. Discussion and conclusion

We studied properties of the ratio and difference of /1 and I3 norms in finding
sparse solutions from a representation with coherent and redundant dictio-
naries. We presented an exact recovery theory and showed both anlaytical
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and numerical examples. In future work, we plan to investigate further the
mathematical theory and computational performance of the related algo-
rithms based on these sparsity promoting measures, also apply them to
data in applications. A work along this line is [6].
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