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ABSTRACT Convolutional neural networks (CNNs) have developed to become powerful models for various
computer vision tasks ranging from object detection to semantic segmentation. However, most of the state-of-
the-art CNNs cannot be deployed directly on edge devices such as smartphones and drones, which need low
latency under limited power and memory bandwidth. One popular, straightforward approach to compressing
CNNs is network slimming, which imposes `1 regularization on the channel-associated scaling factors via
the batch normalization layers during training. Network slimming thereby identifies insignificant channels
that can be pruned for inference. In this paper, we propose replacing the `1 penalty with an alternative
nonconvex, sparsity-inducing penalty in order to yield a more compressed and/or accurate CNN architecture.
We investigate `p(0 < p < 1), transformed `1 (T`1), minimax concave penalty (MCP), and smoothly
clipped absolute deviation (SCAD) due to their recent successes and popularity in solving sparse optimization
problems, such as compressed sensing and variable selection. We demonstrate the effectiveness of network
slimming with nonconvex penalties on three neural network architectures – VGG-19, DenseNet-40, and
ResNet-164 – on standard image classification datasets. Based on the numerical experiments, T`1 preserves
model accuracy against channel pruning, `1/2,3/4 yield better compressed models with similar accuracies
after retraining as `1, and MCP and SCAD provide more accurate models after retraining with similar com-
pression as `1. Network slimming with T`1 regularization also outperforms the latest Bayesian modification
of network slimming in compressing a CNN architecture in terms of memory storage while preserving its
model accuracy after channel pruning.

INDEX TERMS Convolutional neural networks (CNN), machine learning, deep learning, network pruning,
nonconvex optimization.

I. INTRODUCTION
In the past years, convolutional neural networks (CNNs) have
evolved into superior models for various computer vision
tasks, such as image classification [1]–[3], image segmen-
tation [4]–[6], and object detection [7]–[9]. Unfortunately,
training a highly accurate CNN is computationally demand-
ing. State-of-the-art CNNs such as ResNet [1] can have up
to at least a hundred layers and thus require millions of
parameters to train and billions of floating-point-operations
to execute. Consequently, deploying CNNs in low-memory
devices, such as mobile smartphones, is difficult, making
their real-world applications limited.
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To make CNNs more practical, many works suggest
several different directions to compress large CNNs or to
learn smaller, more efficient models from scratch. Low-rank
approximation [10]–[14] minimizes network redundancy
by approximating the network’s weight matrices with
low-rank matrices. Weight quantization [15]–[19] replaces
the floating-point weights with quantized weights, such as
binary weights {−1,+1} and ternary weights {−1, 0,+1}.
Pruning [20]–[23] determines which weights, filters, and/or
channels are unnecessary and removes them from the net-
work. Lastly, another popular direction is to sparsify the
CNN while training it [24]–[27]. Sparsity can be imposed on
various types of structures existing in CNNs, such as filters
and channels [27].

One interesting yet straightforward approach in sparsify-
ing CNNs is network slimming [28]. This method imposes
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`1 regularization on the scaling factors in the batch nor-
malization layers. Due to `1 regularization, scaling factors
corresponding to insignificant channels are pushed towards
zeroes, narrowing down the important channels to retain,
while the CNNmodel is being trained. Once the insignificant
channels are pruned, the compressed model may need to
be retrained since pruning can degrade its original accu-
racy. Overall, network slimming yields a compressed model
with low run-time memory and number of computing oper-
ations. Since its inception, network slimming helps develop
lightweight CNNs for various image classification tasks, such
as traffic sign classification [29], facial expression recogni-
tion [30], and semantic segmentation. [31].

To improve the performance of network slimming,
we propose replacing `1 regularization with an alternative
regularization that promotes better sparsity and/or accuracy.
Typically, better sparsity-promoting regularizers are noncon-
vex. Hence, we examine the `p penalty [32]–[34], trans-
formed `1 (T`1) penalty [35], [36], the minimax concave
penalty (MCP) [37], and the smoothly clipped absolute devi-
ation (SCAD) penalty [38] due to their recent successes and
popularity. These four regularizers have explicit formulas
for their subgradients, which allow us to directly perform
subgradient descent [39] when training CNNs.

Preliminary work in the conference version [40] of
this paper demonstrated that T`1 regularization preserves
the CNN’s accuracy after pruning, and `p regularization
yields a more compressed CNN than `1 with similar
accuracy after retraining. This extended work includes dis-
cussion on the application of MCP and SCAD as additional
regularization options for network slimming. Moreover,
we provide more numerical results and analyses to validate
the improvement in network slimming by using nonconvex
regularization.

II. RELATED WORKS
A. COMPRESSION TECHNIQUES FOR CNN
1) LOW-RANK DECOMPOSITION
Low-rank decomposition aims to reduce weight matrices to
their low-rank structures for faster computation and more
efficient storage. One set of methods focuses on decomposing
pre-trained weight tensors. Denton et al. [10] compressed the
weight tensors of convolutional layers using singular value
decomposition to approximate them. Jaderberg et al. [11]
exploited the redundancy between different feature channels
and filters to approximate a full-rank filter bank in CNNs by
combinations of a rank-one filter basis. On the other hand,
there are methods that train CNNs with low-rank weight
matrices from scratch. Tai et al. [41] incorporated low-rank
tensor decomposition into their CNN training algorithm.
Wen et al. [12] proposed force regularization to train a CNN
towards having a low-rank representation. Xu et al. [13],
[14] developed trained rank pruning, an optimization scheme
that incorporates low-rank decomposition into the training
process. Trained rank pruning was further strengthened by
nuclear norm regularization.

2) WEIGHT QUANTIZATION
Quantization aims to represent weights with low-precision
values (≤8 bits arithmetic). The simplest form of quan-
tization is binarization, constraining weights to only two
values. Courbariaux et al. [16] proposed BinaryConnect,
a method that trains deep neural networks (DNNs) with
strictly binary weights. Neural networks with ternary weights
have also been developed and investigated. Li et al. [17]
created ternary weight networks, where the weights are only
−1, 0, or +1. Zhu et al. [18] proposed Trained Ternary
Quantization that constrains the weights to more general
values −W n, 0, and W p, where W n and W p are parameters
learned through the training process. Formore general quanti-
zation, Yin et al. [19] developed BinaryRelax, which relaxes
the quantization constraint into a continuous regularizer for
the optimization problem needed to be solved in CNNs.
Later, Bai et al. [42] proposed Proxquant, a stochastic prox-
imal gradient method for quantizing networks while training
them.

3) PRUNING
Pruning methods identify which weights, filters, and/or chan-
nels in CNNs are redundant and remove them from the net-
works. Early works focus on pruning weights. Han et al. [21]
proposed a three-step framework to first train a CNN, prune
weights if their norms are below a fixed threshold, and retrain
the compressed CNN. Aghasi et al. [20], [43] proposed using
convex optimization to determine which weights to prune
while preserving model accuracy. For CNNs, channel or
filter pruning is preferred over individual weight pruning
since the former significantly eliminates more unnecessary
weights. Li et al. [22] calculated the sum of absolute weights
for each filter of the CNN and pruned the filters with the
lowest sums. On the other hand, Hu et al. [23] proposed a
metric that measures the redundancies in channels to deter-
mine which to prune. Network slimming [28] is also another
method of channel pruning since it prunes channels with the
smallest associated scaling factors. Zhao et al. [44] improved
network slimming by incorporating a variational Bayesian
framework.

4) SPARSE OPTIMIZATION
Sparse optimization methods introduce a sparse regularizer
term to the loss function of the CNN so that the CNN
is trained to have a compressed structure from scratch.
BinaryRelax [19] and network slimming [28] are exam-
ples of sparse optimization methods for CNNs. Alvarez
and Salzmann [24] and Scardapane et al. [26] applied
group lasso [45] and sparse group lasso [26] to CNNs
to obtain group-sparse networks. Nonconvex regularizers
have also been examined recently. Xue and Xin [46] used
`0 and T`1 regularization in three-layer CNNs that clas-
sify shaky vs. normal handwriting. Both Ma et al. [47]
and Pandit et al. [48] proposed a regularizer that com-
bines group sparsity and T`1 and applied it to CNNs for
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FIGURE 1. Contour plots of sparse regularizers.

image classification. Bui et al. [49] generalized sparse group
lasso to incorporate nonconvex regularizers and applied
it to various CNN architectures. Li et al. [50] introduced
sparsity-inducing matrices into CNNs and imposed group
sparsity on the rows or columns via `1 or other nonconvex
regularizers to prune filters and/or channels.

B. REGULARIZATION PENALTY
Let z = (z1, . . . , zn) ∈ Rn. The `1 penalty is described by

‖z‖1 =
n∑
i=1

|zi|, (1)

while the `0 penalty is described by

‖z‖0 =
n∑
i=1

1{zi 6=0}, where 1{zi 6=0} =

{
1 if zi 6= 0
0 if zi = 0.

(2)

Although `1 regularization is popular in sparse optimization
in various applications such as compressed sensing [51]–[53]
and compressive imaging [54], [55], it may not actually
yield the sparsest solution [32], [34], [36], [56], [57]. More-
over, it is sensitive to outliers and it may yield biased
solutions [38].

A nonconvex alternative to the `1 penalty is the `p penalty

‖z‖p =

(
n∑
i=1

|zi|p
)1/p

(3)

for p ∈ (0, 1). The `p penalty interpolates `0 and `1 because
as p→ 0+, we have `p→ `0, and as p→ 1−, we have `p→
`1. It recovers sparser solution than `1 for certain compressed
sensing problems [33], [58]. Empirical studies [33], [59]

demonstrate that for p ∈ [1/2, 1), as p decreases, the solution
becomes sparser by `p minimization, but for p ∈ (0, 1/2),
the performance becomes no longer significant. Moreover,
it is used in image deconvolution [60], [61], hyperspectral
unmixing [62], computed topography reconstruction [63],
and image segmentation [64], [65]. Numerically, in com-
pressed sensing, a small value ε is added to zi to avoid blowup
in the subgradient when zi = 0. In this work, we will examine
across different values of p since `p regularization may work
differently in deep learning than in other areas.

Although `p may yield sparser solutions than `1, it is
still biased because parameters with large weights could be
overpenalized [66]. Hence, a better regularizer should also be
unbiased. In fact, Fan and Li [38] suggested three properties
that a regularizer should have: (1) continuity to avoid model
instability; (2) sparsity to reduce model complexity; and
(3) unbiasedness to avoid modeling bias due to overpenal-
ization of large parameters. Hence, we consider regularizers
that have all three properties, such as T`1, MCP, and SCAD.
The T`1 penalty is formulated as

Pa(z) =
n∑
i=1

(a+ 1)|zi|
a+ |zi|

(4)

for a > 0. T`1 interpolates `0 and `1 because as a →
0+, we have T`1 → `0, and as a → +∞, we have
T`1 → `1. It was validated to have the three aforemen-
tioned properties [67]. The T`1 penalty outperforms `1 and
`p in compressed sensing problems with both coherent and
incoherent sensing matrices [35], [36]. Additionally, the T`1
penalty yields satisfactory, sparse solutions in matrix comple-
tion [68] and deep learning [47].
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The MCP penalty [37] is provided by

pλ,a(z)

=

n∑
i=1

[(
λ|zi| −

z2i
2a

)
1{|zi|≤aλ} +

aλ2

2
1{|zi|>aλ}

]
, (5)

where λ ≥ 0 and a > 1. The parameter λ acts as a
regularization parameter while the parameter a controls the
level of sparsity, where the smaller a is, the sparser the
solution becomes. In fact, a allows MCP to roughly inter-
polate between `0 and `1. Originally, MCP is developed for
variable selection [37], but it has been utilized in various
other applications such as image restoration [69] and matrix
completion [70].

Lastly, the SCAD penalty [38] is given by

p̃λ,a(z)

=

n∑
i=1

[
λ|zi|1{|zi|≤λ} +

2 aλ|zi| − z2i − λ
2

2(a− 1)
1{λ<|zi|≤aλ}

+
λ2(a+ 1)

2
1{|zi|>aλ}

]
, (6)

where λ ≥ 0 is the regularization parameter and a > 2
controls the level of sparsity similarly to MCP. In both lin-
ear and logistic regression problems, SCAD outperforms `1
in variable selection [38]. Beyond variable selection, it is
applied in compressed sensing [71], bioinformatics [72], [73],
image processing [74], and wavelet approximation [75].

Figure 1 displays the contour plots of the aforemen-
tioned regularizers. With `1 regularization, the solution tends
towards one of the corners of the rotated squares, making it
sparse. Compared with `1, the level lines of the nonconvex
regularizers bend more inward towards the axes, encouraging
the solutions to coincide with one of the corners. In addition,
the contour plots of the nonconvex regularizers appear more
similar to the contour plot of `0. Therefore, solutions tend
to be sparser with nonconvex regularization than with `1
regularization.

For further discussion on the aforementioned nonconvex
regularizers, [76] and [77] provide detailed survey, applica-
tion, and analysis.

Throughout the rest of the paper, we define λp1,a(·) :=
pλ,a(·) and λp̃1,a(·) := p̃λ,a(·).

III. PROPOSED METHOD
A. BATCH NORMALIZATION LAYER
Batch normalization [78] has been instrumental in speeding
the convergence and improving generalization of many deep
learning models, especially CNNs [1], [79]. In most state-
of-the-arts CNNs, a convolutional layer is always followed
by a batch normalization layer. Within a batch normalization
layer, features generated by the preceding convolutional layer
are normalized by their mean and variance within the same
channel. Afterward, a linear transformation is applied to com-
pensate for the loss of their representative abilities.

FIGURE 2. Visualization of batch normalization on a feature map. The
mean and variance of the values of the pixels of the same colors
corresponding to the channels are computed and are used to normalize
these pixels.

We mathematically describe the process of the batch nor-
malization layer. First we suppose that we are working with
2D images. Let x ′ be a feature computed by a convolu-
tional layer. Each entry of x ′ is denoted by x ′i , where i =
(iN , iC , iH , iW ) indexes the features in (N ,C,H ,W ) order.
Here,N is the batch axis,C is the image channel axis,H is the
image height axis, andW is the image width axis. We define
the index set Si = {k = (kN , kC , kH , kW ) : kC = iC }, where
kC and iC are the respective subindices of k and i along the
C axis. In other words, the index set consists of pixels that
belong to the same channel. The mean µi and variance σ 2

i
are computed as follows:

µi =
1
|Si|

∑
k∈Si

x ′k , σ 2
i =

1
|Si|

∑
k∈Si

(x ′k − µi)
2
+ ε (7)

for some small value ε > 0, where |A| denotes the cardinality
of the set A. Then we normalize x ′i by x̂i =

x ′i−µi
σi

for each
index i. In short, the mean and variance are computed from
pixels of the same channel index and are used to normalize
them. Visualization is provided in Figure 2. Lastly, the output
of the batch normalization layer is computed as a linear
transformation of the normalized features:

zi = γiC x̂i + βiC , (8)

where γiC , βiC ∈ R are trainable parameters. Additionally,
γiC is defined to be the scaling factor related to the channel iC .

B. NETWORK SLIMMING WITH NONCONVEX
SPARSE REGULARIZATION
Since the scaling factors γiC ’s in (8) are associated with the
channels of a convolutional layer, we aim to penalize them
with a sparse regularizer in order to identify which channels
are irrelevant to the compressed CNN model. Suppose we
have a training dataset that consists of N input-output pairs
{(xi, yi)}Ni=1 and a CNN with L convolutional layers, where
each is followed by a batch normalization layer. Then we
have two sets of vectors {γl}Ll=1 and {βl}Ll=1, where γl =
(γl,1, . . . , γl,Cl ) and βl = (βl,1, . . . , βl,Cl ) with Cl being the
number of channels in the lth convolutional layer. Let W
be the weight parameters that include {γl}Ll=1 and {βl}Ll=1.
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TABLE 1. Sparse regularizers and their (limiting) subgradients.

Hence, the trainable parameters W of the CNN are learned
by minimizing the following objective function:

1
N

N∑
i=1

L(h(xi,W), yi)+ λ
L∑
l=1

R(γl), (9)

where h(·, ·) is the output of the CNN used for prediction,
L(·, ·) is a loss function,R(·) is a sparse regularizer, and λ >
0 is a regularization parameter forR(·). WhenR(·) = ‖ · ‖1,
we have the original network slimming method. As men-
tioned earlier, since `1 regularization may not yield the spars-
est solution and it could potentially be biased, we investigate
the method with a nonconvex regularizer, whereR(·) is ‖·‖pp,
Pa(·), p1,a(·), or p̃1,a(·).
To minimize (9), stochastic gradient descent is applied to

the loss function term while subgradient descent is applied
to the regularizer term [39]. The algorithm is summarized
in Algorithm 1. Subgradient descent is applicable to the
nonconvex regularizersR(z) for z ∈ Rn as it is for `1. Like `1,
the nonconvex regularizers are of the form

∑n
i=1 r(zi), where

r : R→ R has the following properties:
(i) r(0) = 0;
(ii) r is an even, proper, and continuous function;
(iii) r is increasing on [0,+∞);
(iv) r is differentiable on (−∞, 0) ∪ (0,+∞).
These properties ensure that r is differentiable everywhere
except at 0 and 0 is the global minimum of r while being
its only local minimum. As a result, the regularizers are
differentiable when zi 6= 0 for all i = 1, . . . , n. Hence,
subgradient descent becomes gradient descent at these points.
If zi = 0 for at least one index i, then we need to compute
its (limiting) subgradient [80, Definition 6.1] and decide a
candidate descent direction. Fortunately, because R(z) =∑n

i=1 r(zi), we have

∂R(z) = (∂r(z1), ∂r(z2), . . . , ∂r(zn))

Algorithm 1 Algorithm for Minimizing (9)
Input: Regularization parameter λ, learning rate η, sparse

regularizerR
InitializeW0, excluding {γl}Ll=1, with random values.
Initialize {γ 0

l }
L
l=1 with entries 0.5.

1: for each epoch t = 1, . . . ,T do

2: W t
=W t−1

−
η

N

N∑
i=1

∇L(h(xi,W t−1), yi) by stochas-

tic gradient descent or variant.
3: γ tl = γ

t−1
l − ηλ∂R(γ t−1l ) for l = 1, . . . ,L.

4: end for

by [80, Proposition 6.17(e)]. This means that at each compo-
nent r(zi), we can compute its subgradient ∂r(zi) individually
and select a descent direction from the set. Since 0 is a local
minimum of r , we have 0 ∈ ∂r(0), so we can select 0
as a descent direction for simplicity. Table 1 presents the
subgradients of the regularizers.

After the CNN is trained with (9) using Algorithm 1,
we prune the channels whose scaling factors are small
in magnitude, giving us a compressed model. How-
ever, the compressed model may lose its original accu-
racy, so it may need to be retrained but without the
sparse regularizer in order to attain its original accuracy
or better.

IV. EXPERIMENTAL RESULTS
We apply the proposed nonconvex network slimming using
`p(0 < p < 1), T`1, MCP, and SCAD regularization
on various networks and datasets and compare their results
against the original network slimming with `1 regularization
as the baseline.

Code for the experiments is available at
https://github.com/kbui1993/NonconvexNetworkSlimming.
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TABLE 2. Effect of channel pruning on the mean pruned parameter / FLOPs percentages (%) on VGG-19 trained on (a) CIFAR 10, (b) CIFAR 100, and
(c) SVHN. The mean is computed from five runs for each regularizer. For each channel pruning ratio, bold indicates outperforming `1; * indicates best
value; and NA indicates at least one of the five models is over-pruned.

A. DATASETS
1) CIFAR 10/100
The CIFAR 10/100 dataset [81] consists of 50k training color
images and 10k test color images with 10/100 classes total.
The resolution of each image is 32 × 32. To preprocess
the dataset, we apply the data augmentation techniques
(horizontal flipping and translation by 4 pixels) that have
been standard in practice [1], [28], [82]–[84] followed by
global contrast normalization and ZCAwhitening [84]. These
preprocessing techniques help improve the classification
accuracy of CNNs on CIFAR 10 and 100 as demonstrated
in [83], [84].

2) SVHN
The SVHN dataset [85] consists of 32 × 32 color images.
The entire training set has 604,388 images and the test set has
26,032 images. Before training on the dataset, each image is
normalized by the channel means and standard deviations.

We evaluate the proposed methods on VGG-19 [3],
DenseNet-40 [86], and ResNet-164 [1], three networks that
were examined in [28]. More specifically, we use a variation
of VGG-19 from https://github.com/szagoruyko/cifar.torch,
a 40-layer DenseNet with a growth rate of 12, and a 164-layer
pre-activation ResNet with a bottleneck structure.

B. IMPLEMENTATION DETAILS
1) TRAINING THE NETWORK
To perform a fair comparison between the original network
slimming and the proposed nonconvex network slimming,
we emulate most of the training settings in the original work
[28]. All networks are trained from scratch using stochastic
gradient descent. The initial learning rate is set at 0.1, and it
is reduced by a factor of 10 at the 50% and 75% of the total
number of epochs. In addition, we use weight decay of 10−4

and Nesterov momentum [87] of 0.9 without dampening.
On CIFAR 10/100, we train for 160 epochs, while on SVHN,
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FIGURE 3. Effect of channel pruning on the mean test accuracy of five runs of VGG-19 on CIFAR 10/100 and SVHN. Baseline refers to the mean test
accuracy of the unregularized model that is not pruned. Baseline accuracies are 93.83% for CIFAR 10, 72.73% for CIFAR 100, and 97.91% for SVHN.

we train for 20 epochs. On both datasets, the training batch
size is 64. Weight initialization is based on [88] and scaling
factor initialization is set to 0.5 as done in [28]. We exam-
ine the following regularizers for network slimming: `1,
`p(p = 0.25, 0.5, 0.75), T`1(a = 0.5, 1.0, 10.0), MCP (a =
5000, 10000, 15000), and SCAD (a = 5000, 10000, 15000).
The examined parameter values for these regularizers are
chosen because they attain similar model accuracy as the
baseline model without scaling factor regularization and they
can prune a model by at least 40% of its channels. Lastly,
we have the regularization parameter λ = 10−4 for VGG-19
and DenseNet-40 and λ = 5×10−5 for ResNet-164. The reg-
ularization parameter is chosen by trying to balance between
model accuracy and channel sparsity.

2) PRUNING THE NETWORK
After a model is trained, its channels are pruned globally. For
example, we specify a channel pruning ratio to be 0.35 or
a channel pruning percentage to be 35% and determine the
35th percentile among all magnitudes of the scaling factors
of the model. The 35th percentile is set as the threshold. Any
channels whose scaling factors are below the threshold in
magnitude are pruned.

Since the channels are pruned globally, there is a threshold
specific for each model: if the pruning ratio is above a certain

value, a model becomes over-pruned. That is, the model
cannot be used for inference because at least one of its layers
has all of its channels removed.

3) RETRAINING THE NETWORK
We retrain the pruned model without regularization on the
scaling factors with the same optimization setting as the
first time training it. The purpose of retraining is to at least
recover the compressed model’s original accuracy prior to
pruning.

4) PERFORMANCE METRICS
We compare the regularizers’ performances based on test
accuracy and compression of their respective models.

After pruning a network by its channels, we measure its
compression by the remaining number of parameters and
floating point operations (FLOPs). The number of parameters
relates to the storage cost while the number of FLOPS relates
to the computational cost. In our experiments, we report the
following percentages:

Percentage of parameters pruned

=

(
1−

# parameters remaining
total # network parameters

)
× 100%
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and

Percentage of FLOPs pruned

=

(
1−

# FLOPs remaining
total # network FLOPs

)
× 100%.

Since CNNs are highly nonconvex, each run of the same
model and regularizer with the same hyperparameters will
give a different result. Hence, we train each model of one
regularizer five times and compute the mean. Therefore,
the mean test accuracies and mean ratios/percentages of
parameters/FLOPs pruned are computed from five runs each.

C. CHANNEL PRUNING RESULTS
1) VGG-19
VGG-19 has about 20 million parameters and 7.97 × 108

FLOPs. Table 2 shows the relationships between channel
pruning ratios and mean percentages of parameters/FLOPs
pruned. Figure 3 shows the effect of channel pruning onmean
test accuracies.

On CIFAR 10, according to Table 2a, most of the non-
convex regularizers prune more parameters than `1 up to
channel pruning ratio 0.50. Although more parameters are
pruned, MCP and SCAD require more FLOPs in general
compared to `1. On the other hand, `p and T`1 outperform
`1 with respect to percentages of parameters/FLOPs pruned
for channel pruning ratio at least 0.60. Additionally, the mod-
els trained with `1/2 and `3/4 can have at least 80% of its
channels pruned and still be used for inference even though
their test accuracies are low. However, their test accuracies
can be improved if the models were retrained. According to
Figure 3, `3/4, T`1, MCP, and SCAD are more robust than
`1 to channel pruning since their accuracies drop at higher
channel pruning ratios. Although both `1/2 and `1/4 compress
the model significantly compared to other regularizers, they
are very sensitive to channel pruning.

On CIFAR 100, according to Table 2b, `p and T`1(a =
0.5, 1.0) require less parameters and FLOPs compared to `1
when the channel pruning ratios are at least 0.40. MCP and
SCAD have comparable number of parameters and FLOPs
pruned as `1. Figure 3 shows that T`1 is robust against chan-
nel pruning, especially when a = 0.5. At channel pruning
ratio 0.6, the accuracy for T`1(a = 0.5) does not drop as
much compared to other values of a and also other nonconvex
regularizers. For the other regularizers, `1 is outperformed by
`3/4, `1/2, MCP, and SCAD (a = 10000, 15000). Like for
CIFAR 10, models trained with either `1/2 or `1/4 are still
sensitive to channel pruning.

Lastly, for SVHN, according to Table 2c, MCP and SCAD
generally outperform `1 in parameter pruning percentages for
channel pruning ratios up to 0.60, but they do not save more
on FLOPs. However, FLOPs are reduced more by `p and
T`1 in general across all channel pruning ratios. By Figure 3,
`3/4, `1/2, and T`1 have higher test accuracies than `1 when
the channel pruning ratio is at 0.85.

In general, nonconvex regularizers save more on param-
eters, FLOPs, or both. It is important to note that T`1,

especially a = 0.5, helps preserve model accuracy against
channel pruning, and `1/4 is very sensitive to channel pruning.

2) DENSENET-40
DenseNet-40 has about 1 million parameters and 5.33× 108

FLOPs. Table 3 shows the relationships between channel
pruning ratios and mean percentages of parameters/FLOPs
pruned. Figure 4 shows the effect of channel pruning onmean
test accuracies.

On CIFAR 10, by Table 3a, `p and T`1 compress the model
more in terms of number of parameters and FLOPs than `1
after channel pruning across the various levels of channel
pruning ratios. In general, MCP and SCAD require slightly
more FLOPS than `1, but they require similar number of
parameters as `1. According to Figure 4, `p(p = 1/2, 3/4)
and T`1 are more robust to channel pruning than `1 since their
accuracies drop at higher channel pruning ratios, while MCP
and SCAD are worse.

For CIFAR 100, Table 3b demonstrates that `p and T`1
generally reduce more parameters and FLOPs required than
`1 after channel pruning. At channel pruning ratios 0.60 and
above, MCP and SCAD reduce only more FLOPs than `1.
In addition, models with MCP and SCAD regularization
remain usable for inference after 90% of their channels are
pruned, unlike models with `1 regularization. However, their
test accuracies are unacceptable so that the models will need
to be retrained to recover its original accuracies. According
to Figure 4, `p(p = 1/2, 3/4), T`1, and MCP (a = 15000)
are more robust to channel pruning than `1 because their test
accuracies drop at higher channel pruning ratios than `1’s.
For SVHN, Table 3c shows that `p and T`1 have larger

parameter/FLOPs pruning percentages than `1 across differ-
ent levels of the channel pruning ratios. In general, MCP also
saves more on parameters and FLOPs for channel pruning
ratio up to 0.50. After 0.50, MCP saves more on only FLOPs.
SCAD also generally saves more on FLOPs than `1. Accord-
ing to Figure 4, the test accuracy remains nearly constant for
channel pruning ratio up to 0.90 for all regularizers except for
`1/4 and `1/2. We also observe that across different channel
pruning ratios, T`1 has slightly worse test accuracy than `1
while MCP and SCAD mostly have better test accuracies
than `1.
In summary, we observe that `p and T`1 reduce more

parameters and FLOPs required than `1 after channel
pruning, while MCP and SCAD save more on only FLOPs
specifically for CIFAR 100 and SVHN. Like for VGG-19,
T`1(a = 0.5) is the most robust against channel pruning,
whereas `1/4 is the most sensitive to it.

3) RESNET-164
ResNet-164 has about 1.70 million parameters and requires
5.00 × 108 FLOPs. Table 4 records the mean percentages
of parameters/FLOPs pruned for different channel pruning
ratios. Figure 5 shows the effect of channel pruning on the
test accuracies of the regularized models.
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TABLE 3. Effect of channel pruning on the mean pruned parameter / FLOPs percentages (%) on DenseNet-40 trained on (a) CIFAR 10, (b) CIFAR 100, and
(c) SVHN. The mean is computed from five runs for each regularizer. For each channel pruning ratio, bold indicates outperforming `1; * indicates best
value; and NA indicates at least one of the five models is over-pruned.

OnCIFAR 10, Table 4a shows a quite noticeable difference
in the numbers of parameters and FLOPs pruned between `1
and `p or T`1(a = 0.5, 1.0). For example, `1/2 saves at least
10% more weight parameters and at least 8% more FLOPs
than `1 at channel pruning ratio 0.40 and above. On the other
hand, SCAD andMCP are outperformed by `1 in percentages
of parameters/FLOPs pruned. According to Figure 5, most
of the regularizers do not suffer a significant drop in test
accuracy when large number of channels are pruned.

On CIFAR 100, according to Table 4b, `p(p = 1/4, 1/2)
and T`1(a = 0.5, 1.0) prune at least 3%more parameters and
at least 1% more FLOPs than `1. However, MCP and SCAD
are outperformed by `1 again for percentages of parameters
and FLOPs pruned. In Figure 5, we observe that most of the
regularizers are robust against channel pruning since the test
accuracies do not drop severely at higher channel pruning
ratios.

On SVHN, Table 4c reports that `p and T`1 save more
parameters and FLOPs than `1 for channel pruning ratio at
least 0.20, while thatMCP and SCAD do not. Like for CIFAR
10 and CIFAR 100, most regularizers yield models whose test
accuracies are robust against channel pruning according to
Figure 5.
In general, the test accuracies of ResNet-164 models with

any regularizers, except for `1/4, are stable against channel
pruning. In addition, `p and T`1(a = 0.5, 1.0) prune more
parameters and FLOPs than `1. Overall, MCP and SCAD do
not perform well on ResNet-164.

D. RETRAINING AFTER PRUNING
Because the test accuracy drops after channel pruning
for VGG-19 and DenseNet-40 trained on CIFAR 10/100,
we retrain the models without regularization on the scaling
factors and examine whether or not the original test accuracy
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TABLE 4. Effect of channel pruning on the mean pruned parameter / FLOPs percentages (%) on ResNet-164 trained on (a) CIFAR 10, (b) CIFAR 100, and
(c) SVHN. The mean is computed from five runs for each regularizer. For each channel pruning ratio, bold indicates outperforming `1; * indicates best
value; and NA indicates at least one of the five models is over-pruned.

is recovered. For brevity, we analyze `1 and the nonconvex
regularizers whose possible channel pruning percentages are
at least the same as `1’s.

1) VGG-19
The results for VGG-19 on CIFAR 10/100 are presented
in Table 5. Generally, we observe that the test accuracy after
retraining is better than the original test accuracy before
channel pruning and retraining. For CIFAR 10, after the
models are retrained with 70% of their channels pruned, only
`1 `3/4, T`1(a = 1.0, 10.0), MCP (a = 10000, 15000),
and SCAD (a = 10000, 15000) exceed the baseline test
accuracy of 93.83%. Among the nonconvex regularizers, `3/4
and T`1(a = 1.0, 10.0) yield more compressed models
in terms of both parameters and FLOPS but have slightly
lower test accuracies than `1. On the other hand, MCP (a =
15000, 10000) and SCAD (a = 15000) are slightly less

compressed than `1 but have better test accuracies. When
75% of the channels are pruned, their retrained test accura-
cies decrease slightly due to compressing the models further.
Among the nonconvex regularizers, the test accuracy for
SCAD (a = 15000) is better than the baseline. Moreover,
SCAD (a = 15000) with 75% of its channels pruned requires
less parameters and FLOPS than `1 with 70% of its channels
pruned. For `1/4, when 90% of the channels are pruned,
at least 98% of parameters and FLOPs are pruned, but the
test accuracy after retraining is 81.57%. For CIFAR 100, with
45% of the channels pruned, all of the regularizers except for
`1/4 and T`1(a = 0.5) attain better test accuracies than the
baseline accuracy of 72.73%. Similar to CIFAR10, `3/4, `1/2,
and T`1(a = 1.0, 10.0) have slightly lower test accuracies
than `1 but have better compression. MCP and SCAD have
better test accuracies than `1 with similar parameter and
FLOP compression. When more channels are pruned, most
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FIGURE 4. Effect of channel pruning on the mean test accuracy of five runs of DenseNet-40 on CIFAR 10/100 and SVHN. Baseline refers to the mean test
accuracy of the unregularized model that is not pruned. Baseline accuracies are 94.25% for CIFAR 10, 74.58% for CIFAR 100, and 98.16% for SVHN.

of the regularizers suffer a slight decrease in retrained test
accuracies. Only `3/4 with 55% channels pruned and T`1(a =
0.5, 1.0) with 60% channels pruned experience a modest
improvement in test accuracy, but their test accuracies exceed
the baseline test accuracy and `1’s test accuracy with 55%
channels pruned.

Overall, for `p(p = 1/2, 3/4) and T`1(a = 0.5, 1.0),
the retrained models, despite being more compressed than
their `1 counterparts, have slightly lower test accuracies.
However, MCP and SCAD have similar compression as `1
but with better test accuracies after retraining.

2) DENSENET-40
Table 6 reports the results for DenseNet-40 on CIFAR
10/100. Overall, the baseline accuracy is better than all of
the retrained test accuracies, but the differences are at most
3.07% for CIFAR 10 and at most 6.82% for CIFAR 100.
For CIFAR 10, when 82.5% of the channels are pruned, only
MCP (a = 10000) and SCAD (a = 10000) have better test
accuracies than `1 with similar compression in parameters
and FLOPs. For `p(p = 1/2, 3/4) and T`1(a = 1.0), their
retrained test accuracies are only slightly lower by at most
0.20%, but this is at the cost of better compression. When
90% of the channels are pruned, the retrained test accuracies
decrease slightly more into the range of 91%-92%. Only `3/4

and T`1(a = 0.5, 1.0) have better test accuracies than `1
with much better compression. For CIFAR 100, when 75%
of the channels are pruned, `3/4, T`1(a = 10.0), MCP, and
SCAD have at least the same test accuracies as `1 with better
compression in parameters and FLOPs. However, increasing
the channel pruning percentage to 90% causes their retrained
test accuracies to deteriorate. As a result, none of the models
is able to exceed the test accuracy of the `1-regularized
models retrained with 85% of their channels pruned. For `1/2
and T`1(a = 10.0), when 85% of the channels are pruned,
their test accuracies exceed `1.

In general, pruning channels for DenseNet at the highest
percentage possible can be detrimental to the retrained test
accuracy. When channels are pruned at intermediate levels,
the nonconvex regularizers can have better retrained test
accuracies and/or better compression than `1.

E. SCALING FACTOR ANALYSIS
In order to better understand how `1 and the nonconvex
regularizers affect the scaling factors γ , we plot histograms
of the counts of the log10(|γ |) averaged from the five models
trained for each model and regularizer. Figures 6-14 provide
the histograms while Table 7 records the average number
of scaling factors whose magnitudes are less than 10−6 and
more than 10−6. The value 10−6 is chosen because generally,
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FIGURE 5. Effect of channel pruning on the mean test accuracy of five runs of ResNet-164 on CIFAR 10/100 and SVHN. Baseline refers to the mean test
accuracy of the unregularized model that is not pruned. Baseline accuracies are 95.04% for CIFAR 10, 77.10% for CIFAR 100, and 98.21% for SVHN.

any value below it has negligible effect on the numerical
computation [89].

For CIFAR 10, Figures 6-8 show the histograms while
Table 7a provides the average counts of the scaling factors
based on their magnitudes. For all three networks, we observe
the following phenomena. MCP and SCAD have similar
scaling factor distributions as `1 across all given values of a.
Moreover, MCP, SCAD, and `1 have similar number of scal-
ing factors whose magnitudes are less than 10−6 as verified
by Table 7a. This may explain why their compression rates
are similar to `1 in our earlier analyses. For `p, we see
that `3/4 has most of its scaling factors within the interval
(10−6, 10−5). As p decreases, the values of the scaling factors
tend farther away from 0. In fact, majority of the scaling
factors for `1/2 and `1/4 are at least 10−6 in magnitude.
Specifically for `1/4, most of the scaling factors have absolute
values at least 0.10. Hence, we can see why `1/4 is sensitive
to channel pruning. Lastly, for T`1, more scaling factors
decrease towards 0 in magnitude as a decreases. Moreover,
we observe that most of the scaling factors are accumulated
within the interval (10−7, 10−6). Because T`1 causes more
scaling factors to decrease towards 0 in magnitude, this might
explain why T`1 is robust against channel pruning.

For CIFAR 100, Figures 9-11 show the histograms of the
scaling factors while Table 7b records the average counts by

magnitudes. Because CIFAR 100 is a more difficult classi-
fication dataset compared to CIFAR 10, most of the scaling
factors appear to be within the interval (10−1, 1). However,
DenseNet-40 shows bimodal distributions for T`1, MCP, and
SCAD. Table 7b shows that more than half of the scaling
factors are less than 10−6 in magnitudes in DenseNet-40 for
most regularizers, but they are more than 10−6 in magnitudes
in VGG-19 and ResNet-164 for all regularizers. The distri-
butions of the scaling factors convey why DenseNet-40 can
be pruned at higher channel pruning ratios than VGG-19 and
ResNet-164, as indicated by the middle rows of Figures 3-5.
Across the three networks, MCP and SCAD have similar
distributions with `1. For `3/4, a considerable amount of
scaling factors are within the interval (10−6, 10−5), but as p
decreases, the magnitudes of most scaling factors increase.
Hence, less than a few hundred scaling factors are below
10−6 in magnitudes. As a result, models regularized with
`1/2 and `1/4 become more sensitive to channel pruning as
demonstrated earlier. For T`1(a = 10.0), its distribution of
scaling factors is similar to `1. However, when a = 0.5, 1.0,
more scaling factors have magnitudes less than 10−5, which
demonstrates T`1’s robustness to channel pruning when a is
small enough.

Figures 12-14 and Table 7c provide statistics about SVHN.
For all three networks, T`1(a = 10.0), SCAD, and MCP
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TABLE 5. Results from five retrained VGG-19 on CIFAR 10/100 after pruning. Baseline refers to the VGG-19 model trained without regularization on the
scaling factors.
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TABLE 6. Results from five retrained DenseNet-40 on CIFAR 10/100 after pruning. Baseline refers to the DenseNet-40 model trained without
regularization on the scaling factors.
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TABLE 7. Counts of scaling factors that are averaged across five runs per model and regularizer.

have similar distributions as `1. Similar to CIFAR 10 and
100, `3/4 has most of its scaling factors to be in the interval
(10−6, 10−5), but as p decreases for `p, the magnitudes of
the scaling factors increase, resulting in at least 90% of the
scaling factors to be at least 10−6 in magnitudes as shown
in Table 7c. For T`1(a = 0.5, 1.0) on the other hand, most of
the scaling factors are in the interval (10−7, 10−6).

F. COMPARISON WITH VARIATIONAL CNN PRUNING
We have shown that network slimming with nonconvex regu-
larizers can outperform the original with `1 regularization.
Now we compare our proposed method with variational
CNN pruning (VCP) proposed in [44], a Bayesian version

of network slimming. VCP is designed to be robust against
channel pruning, so we compare it with T`1(a = 0.5, 1.0),
which is proven to also be robust against channel pruning in
our earlier analyses. The comparisons between the two meth-
ods are shown in Table 8, using results fromDenseNet-40 and
ResNet-164 trained on CIFAR 10/100.

For DenseNet-40 trained on CIFAR 10, T`1 has a min-
imally better accuracy with less parameters pruned than
VCP with 60% channels pruned. However, we can increase
the percentage of channels pruned to 80% for T`1 so that
the number of parameters are reduced while maintaining the
same accuracy. On CIFAR 100, with similar percentages of
channels pruned, T`1 has a much better accuracy than VCP
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FIGURE 6. Histogram of scaling factors γ in VGG-19 trained on CIFAR 10. The x-axis is log10(|γ |).

FIGURE 7. Histogram of scaling factors γ in DenseNet-40 trained on CIFAR 10. The x-axis is log10(|γ |).
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FIGURE 8. Histogram of scaling factors γ in ResNet-164 trained on CIFAR 10. The x-axis is log10(|γ |).

FIGURE 9. Histogram of scaling factors γ in VGG-19 trained on CIFAR 100. The x-axis is log10(|γ |).
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FIGURE 10. Histogram of scaling factors γ in DenseNet-40 trained on CIFAR 100. The x-axis is log10(|γ |).

FIGURE 11. Histogram of scaling factors γ in ResNet-164 trained on CIFAR 100. The x-axis is log10(|γ |).
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FIGURE 12. Histogram of scaling factors γ in VGG-19 trained on SVHN. The x-axis is log10(|γ |).

FIGURE 13. Histogram of scaling factors γ in DenseNet-40 trained on SVHN. The x-axis is log10(|γ |).

VOLUME 9, 2021 19



K. Bui et al.: Improving Network Slimming With Nonconvex Regularization

FIGURE 14. Histogram of scaling factors γ in ResNet-164 trained on SVHN. The x-axis is log10(|γ |).

TABLE 8. Comparisons between network slimming with T`1(a = 0.5,1.0) and variational channel pruning. The results are immediately obtained after
channel pruning.

but again with less parameters pruned. Nevertheless, we can
increase the percentage of channels pruned to 60% and the
accuracy will remain the same with more parameters pruned.

On ResNet-164, with similar percentages of channels
pruned, T`1 outperforms VCP by a large margin for both
test accuracy and percentage of parameters pruned. For
CIFAR 10, only T`1(a = 0.5) is able to have 75% of the
channels pruned, and it saves more parameters by almost
24% with test accuracy better by 0.25%. For CIFAR 100%,
with 2% less channels pruned, T`1 prunes at least 7.97%
more parameters than VCP while having better accuracy of
at least 0.96%.

Overall, network slimming with T`1 is competitive against
the latest variant of network slimming.

V. CONCLUSION
We improve network slimming by replacing the `1 reg-
ularizer with a sparse, nonconvex regularizer for penaliz-
ing the scaling factors in the batch normalization layers.
In particular, we investigate `p(0 < p < 1), T`1, MCP,
and SCAD. We apply the proposed methods onto VGG-19,
DenseNet-40, and ResNet-164 trained on CIFAR 10/100 and
SVHN. We observe that `p and T`1 save more on parameters
and FLOPs than `1 with a slight decrease in test accuracy.
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In addition, T`1, especially a = 0.5, preserves model accu-
racy against channel pruning. Network slimming with T`1 is
competitive against VCP, another network slimming variant
robust against channel pruning. To attain better accuracy than
`1 while having similar compression, MCP and SCAD per-
form the best job after their models are pruned and retrained,
especially for VGG-19 and DenseNet-40.

For future directions, we plan to develop an optimization
algorithm based on the relaxed variable splitting method [90]
in order to use other nonconvex regularizers such as `1−α`2
[56], [91]. Additionally, we aim to generalize nonconvex
network slimming to layer normalization [92] and group
normalization [93]. Last, we will adapt nonconvex network
slimming to the state-of-the-art compact CNNs, such as
MobileNetv2 [94] and ShuffleNet [95].
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