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Abstract. We develop an interacting particle method (IPM) for computing the large deviation
rate function of entropy production for diffusion processes, with emphasis on the vanishing-noise
limit and high dimensions. The crucial ingredient for obtaining the rate function is the computation
of the principal eigenvalue \lambda of elliptic, non-self-adjoint operators. We show that this principal
eigenvalue can be approximated in terms of the spectral radius of a discretized evolution operator,
which is obtained from an operator splitting scheme and an Euler--Maruyama scheme with a small
time step size. We also show that this spectral radius can be accessed through a large number of
iterations of this discretized semigroup, which is suitable for computation using the IPM. The IPM
applies naturally to problems in unbounded domains and scales easily to high dimensions. We show
numerical examples of dimensions up to 16, and the results show that our numerical approximation
of \lambda converges to the analytical vanishing-noise limit within visual tolerance with a fixed number
of particles and a fixed time step size. It is numerically shown that the IPM can adapt to singular
behaviors in the vanishing-noise limit. We also apply the IPM to explore situations with no explicit
formulas of the vanishing-noise limit. Our paper appears to be the first to obtain numerical results
of principal eigenvalue problems for non-self-adjoint operators in such high dimensions.
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1. Introduction. The problem we are interested in concerns the time reversibil-
ity of diffusion processes, as famously studied by Kolmogorov as early as 1937 [39]. He
found, among other things, that with V a smooth potential function and b a nonconser-
vative smooth vector field, stochastic differential equations (SDEs) in \BbbR d of the form\Biggl\{ 

dXt = - \nabla V (Xt)dt+ b(Xt)dt+
\surd 
2\varepsilon dBt,

X0 \sim \mu 
(1.1)
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COMPUTING RATE FUNCTIONS BY AN IPM A3331

are invariant under time reversal only when b= 0 and the density of the initial mea-
sure \mu is proportional to exp( - \varepsilon  - 1V ); see section 2 for precise statements of the
assumptions on V and b that we will work with. While time-reversed models have
a long history of applications to fields such as signal processing [48, 59] and electric
circuit theories [2, 3] and have been adopted in recent years as a way to generate high-
quality images in computer vision [60, 61], we will focus on questions from stochastic
thermodynamics. When the time reversal of a diffusion process is still a diffusion
process [1, 35], a natural question is, How distinguishable are the two processes; i.e.,
how irreversible is the original diffusion? One classical way to quantify irreversibility
is to compute an observable called entropy production. In the large-time limit or the
steady-state regime, the entropy production for (1.1) can be computed through the
Clausius-like entropy (Stratonovich) integral

S\varepsilon 
t =

1

\varepsilon 

\int t

0

\langle b(Xs),\circ dXs\rangle ,(1.2)

which, in the language of statistical thermodynamics, is the work done by the non-
conservative part of the drift force in (1.1), rescaled by temperature [41, 44]. Here,
the definition and physical description of the entropy production (1.2) for (1.1) rely
on it being interpreted as a small-mass approximation (a.k.a. Kramers--Smoluchowski
limit); it should be adapted naturally in the presence of momentum variables, which
should change sign under time reversal; see, e.g., [20, 37, 44]. We refer the reader
to [19] for a discussion of other decompositions of the drift force and to [37, 56] for
a rigorous comparison with other measures of irreversibility, including the viewpoint
of hypothesis testing of the arrow of time. The study of these different notions of
entropy production---and more precisely, of their large deviations---has driven impor-
tant theoretical progress in nonequilibrium statistical physics since the 1990s; see, e.g.,
[11, 22, 23, 29, 41, 44, 69]. One key feature of the theory of entropy production is that
the positivity of the mean entropy production rate is considered as a key signature of
steady nonequilibrium phenomena.

Let Prob\mu , \varepsilon refer to the law for the solution of (1.1) starting from an initial
measure \mu , which we assume for simplicity to have a smooth, positive, rapidly decaying
density with respect to the Lebesgue measure on \BbbR d. The large deviation rate function
I\varepsilon :\BbbR \rightarrow [0,\infty ] in this problem is the function that gives the exponential rate of decay
in t of fluctuations of order t in S\varepsilon 

t ,

Prob\mu ,\varepsilon \{ t - 1S\varepsilon 
t \approx s\} \asymp exp ( - tI\varepsilon (s)) ,(1.3)

as t\rightarrow \infty ; see section 2 for a more precise formulation of the large deviation principle.
We are interested in an efficient way of numerically computing this rate function.

Before we discuss numerical considerations, let us briefly explain how the rate
function is related to an eigenvalue computation. The moment-generating function of
S\varepsilon 
t with respect to Prob\mu , \varepsilon is

\chi \varepsilon 
t (\alpha ) =

\int 
Ct

exp( - \alpha S\varepsilon 
t )dProb

\mu , \varepsilon ,(1.4)

where \alpha \in \BbbR , and Ct is the space C([0, t];\BbbR d) of continuous paths in \BbbR d over the time
interval [0, t]. Under our assumptions, the following Feynman--Kac representation of
the moment-generating function \chi \varepsilon 

t (\alpha ) holds:
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A3332 Z. WU, R. RAQU\'EPAS, J. XIN, AND Z. ZHANG

\chi \varepsilon 
t (\alpha ) =

\int 
\BbbR d

(exp(tA \varepsilon ,\alpha )1) (\xi )d\mu (\xi ) ,(1.5)

where the operator A \varepsilon ,\alpha is a second-order differential operator that is elliptic but
not self-adjoint. Such a representation dates back to at least [41, 44] and relies on
Girsanov's theorem and the Feynman--Kac formula; we refer the reader to [7, 56] for
rigorous proofs that cover our hypotheses. With \lambda \varepsilon ,\alpha the principal eigenvalue (the
one with the largest real part) of A \varepsilon ,\alpha , the identity

lim
t\rightarrow \infty 

1

t
log\chi \varepsilon 

t (\alpha ) = \lambda \varepsilon ,\alpha (1.6)

provides a spectral-theoretic point of view on the large-t behavior of the moment-
generating function, which is instrumental in the study of large deviations. The
moment-generating function is convex in \alpha and symmetric about \alpha = 1

2 . The spectral-
theoretic point of view provides tools for showing smoothness in \alpha . The Legendre
transform of \lambda \varepsilon ,\alpha in the variable \alpha is the large deviation rate function I\varepsilon in (1.3):

I\varepsilon (s) = sup
\alpha 

( - \alpha s - \lambda \varepsilon ,\alpha ) .(1.7)

The symmetry about \alpha = 1
2 gives rise to the Gallavotti--Cohen symmetry I\varepsilon ( - s) =

I\varepsilon (s) + s. In sufficiently regular situations, many statistical properties of the family
(S\varepsilon 

t )t>0 can be equivalently read off the limiting cumulant-generating function \lambda \varepsilon ,\alpha 

or off the rate function I\varepsilon (s). For example, the asymptotic mean entropy production
per unit time is both  - \partial \alpha \lambda \varepsilon ,\alpha | \alpha =0 and the zero of I\varepsilon . Again, we refer the reader to
[7, 37, 56] for proofs and more thorough theoretical discussions.

There are several motivations for seeking novel numerical methods for accessing
I\varepsilon via \lambda \varepsilon ,\alpha . First, trying to probe the large deviations of S\varepsilon 

t from direct simulations of
(1.1) and computation of (1.2) is not realistic since these large deviations are events
with exponentially small probabilities. In most cases where rigorous theorems on
entropy production are proved, \lambda \varepsilon ,\alpha is the only grants access to the rate function
I\varepsilon but admits no closed-form formula. Second, the assumptions for these theorems
are relatively stringent---most significantly by the nondegeneracy assumption on the
noise---and we are looking for ways to explore the large deviations in situations where
no rigorous results are available. We will be particularly interested in the small-noise
regime 0 < \varepsilon \ll 1 since, under additional assumptions at the critical points of V ,
[56] provides explicit formulas for the limits \lambda 0,\alpha = lim\varepsilon \rightarrow 0+ \lambda 

\varepsilon ,\alpha for \alpha in an interval
of the form ( - \delta ,1 + \delta ) and I0(s) = lim\varepsilon \rightarrow 0+ I

\varepsilon (s) for s in an interval around the
mean entropy production rate, allowing us to compare our numerical results.1 In the
presence of momentum variables, the vanishing-noise limit has attracted independent
interest in the physics literature since the appearance of [42], due to its relation to
deterministic systems; it still does to this day [8, 56, 53]. We will come back to this
point in section 2.

In this paper, we develop an interacting particle method (IPM) [13, 18, 25, 33, 46]
for numerically computing \lambda \varepsilon ,\alpha ---and thus I\varepsilon (s)---at 0 < \varepsilon \ll 1. More precisely, we
consider an \alpha - and \varepsilon -dependent, discrete-time semigroup obtained from an operator
splitting and an Euler--Maruyama scheme with a time step size \Delta t, and then show
that the spectral radius associated with this discrete-time semigroup has the following
two properties:

1The physical and technical reasons for the restriction to values of \alpha near the interval [0,1] are
beyond the scope of the present article; we refer the reader to [37, 56, 69]. All of our numerical
experiments abide by the appropriate restrictions on \alpha , except for Example 5.4.
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COMPUTING RATE FUNCTIONS BY AN IPM A3333

\bullet On the one hand, it is accessible through large iterates of the semigroup
and lends itself to the IPM, thanks to suitable stability properties [24]; see
Propositions 2.1 and 3.1.

\bullet On the other hand, it provides a good approximation of \lambda \varepsilon ,\alpha for small \Delta t,
thanks to different results from (non-self-adjoint) perturbation theory [5, 38,
68]; see Theorem 3.2, which appears to be the first convergence result of
time discretization of Feynman--Kac semigroups in unbounded domains for
computing the principal eigenvalue.

We also discuss techniques for setting the measure of initial conditions to obtain faster
approximations of this spectral radius.

To put things into perspective, let us briefly discuss the computational difficulties.
A conventional way to obtain \lambda \varepsilon ,\alpha numerically is to compute it directly from A \varepsilon ,\alpha ,
by first discretizing A \varepsilon ,\alpha using traditional mesh-based methods, e.g., finite element
methods [63] or finite difference methods [9, 43], and then solving the principal eigen-
value problem of the resulting nonsymmetric matrix using, e.g., QR methods [74] or
Arnoldi methods [58, 62]. However, the following three issues pose great challenges
to such methods.

1. Unboundedness of the physical domain: Since the stochastic dynamics (1.1) is
defined in all of \BbbR d, truncation of the domain is usually needed in mesh-based
methods [34], and this may introduce numerical errors.

2. High dimensionality: Having in mind applications to stochastic thermody-
namics in which the dimension d of Xt in (1.1) is proportional to the number
of particles, we would like to be able to handle situations where d is large,
but most mesh-based methods suffer from the curse of dimensionality.

3. Singularities in the vanishing-noise limit: With \psi \varepsilon ,\alpha the normalized principal
eigenfunction, it is known from [26] that \varepsilon log\psi \varepsilon ,\alpha has a nontrivial limit as
\varepsilon \rightarrow 0+ under certain additional conditions. This implies that \psi \varepsilon ,\alpha is asymp-
totically proportional to exp( - \varepsilon  - 1\Psi \alpha ) for some function \Psi \alpha and thus admits
singularities in the vanishing-noise limit. For mesh-based methods, finer grids
are needed to capture the singularity.

On the other hand, the IPM provides an alternative to the computation of \lambda \varepsilon ,\alpha 

from the perspective of Feynman--Kac semigroups, which was already applied to the
computation of ground state energies of Schr\"odinger operators using diffusion Monte
Carlo [4, 10, 28, 31], and to the computation of effective diffusivity [49, 71, 72, 73]
and KPP front speeds [50, 76] and to nonlinear filtering problems [12, 14, 15], to
mention just a few. Since the IPM is based on simulations of an SDE, it naturally
applies to unbounded domains, and it is independent of whether the operator whose
principal eigenvalue is sought is self-adjoint. In addition, the IPM is an analogue
of diffusion Monte Carlo, which uses two randomization steps to avoid exponential
explosion of complexity in d for a fixed accuracy level, i.e., approximating Feynman--
Kac semigroups by distributions and reducing variance by resampling [47]. Also, the
IPM scales easily to high dimensions in terms of coding. In numerical examples of
different values of d (up to 16), the numerical approximation of \lambda \varepsilon ,\alpha converges to its
predicted vanishing-noise limit within visual tolerance with a fixed number of particles
and a fixed time step size, which shows the scalability and robustness of our method for
large d and small \varepsilon . Moreover, the empirical density of the particles we obtain at the
final time (after resampling) accurately captures singularities of the vanishing-noise
limit, which is compatible with [26]. We point out here that Feynman--Kac semigroups
have a long history in large deviation theory. Previous theoretical studies focused
on establishing large deviation principles in different applications with variational

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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A3334 Z. WU, R. RAQU\'EPAS, J. XIN, AND Z. ZHANG

formulae developed for rate functions that can be accessed through Feynman--Kac
semigroups; see, e.g., [16, 17, 40, 67, 70, 75]. Numerically, the population dynamics
and its variant, which are analogues of IPM, were applied to the calculation of rate
functions; see, e.g., [30, 36, 45, 54, 55, 64]. However, few theoretical results on the
properties of these methods are found; one exception is [55], in which systematic
errors and stochastic errors of the population dynamics were studied but only in the
setting of a discrete and finite state space (i.e., the physical domain in our context).
Moreover, although there are numerical examples of computing rate functions using
the population dynamics for high-dimensional cases (see, e.g., [30, 45, 64]), these
computations were still limited to the setting of a discrete and finite state space. To
the best of our knowledge, in the setting of a noncompact physical domain there are
so far no numerical results of the challenging high-dimensional case using analogues
of IPM.

The rest of this paper is organized as follows. In section 2, we present the
Feynman--Kac semigroup formulation of the principal eigenvalue problem and the for-
mulation of the large deviation principle. In section 3, we introduce the discrete-time
semigroup at the heart of our numerical approximation and present our theoretical
results on the corresponding spectral radius. In section 4, we present the interacting
particle algorithm and techniques for setting the initial measure. We begin section 5
with numerical examples of dimensions up to 16, exploring the vanishing-noise limit.
We find excellent agreement between our numerical examples and the explicit theo-
retical predictions when the analytical vanishing-noise limits exist in tractable form;
another numerical experiment allows us to probe situations in which we are not aware
of explicit theoretical predictions for the vanishing-noise limit. We end section 5 with
convergence tests of our IPM. Finally, we give some concluding remarks in section 6.
We provide proof sketches for propositions and theorems in Appendix A.

Notation. Let \scrP (\BbbR d) be the space of all probability measures over \BbbR d. For a
measure \mu with finite mass, let (\mu ,\varphi ) =

\int 
\BbbR d \varphi d\mu for any \varphi \in L\infty (\BbbR d). We use C0 for

the space of continuous real-valued functions on \BbbR d that vanish at infinity, and, given
a function W :\BbbR d \rightarrow [1,+\infty ), we use the notation

L\infty 
W (\BbbR d) =

\biggl\{ 
\varphi \in L\infty 

loc(\BbbR 
d) :
\bigm\| \bigm\| \bigm\| \varphi 
W

\bigm\| \bigm\| \bigm\| 
L\infty (\BbbR d)

<+\infty 
\biggr\} 
.(1.8)

We use | \cdot | for the Euclidean norm on \BbbR d and \| \cdot \| for the operator norm it induces
on d-by-d matrices.

2. Continuous-time Feynman--Kac semigroups and large deviations.
This section, together with section 3, serves to show that the principal eigenvalue \lambda \varepsilon ,\alpha 

of A \varepsilon ,\alpha in (1.4)--(1.6) can be approximated using the spectral radius of a discrete-
time semigroup, which will then be combined with particle systems and resampling
to yield our IPM in section 4. Before proceeding further, we make some assumptions
on V and b, trying to strike a balance between optimality and readability.

Assumption 2.1. We assume that (1) V \in C\infty (\BbbR d), (2) there exists a positive-
definite matrix H0 such that \langle x,H0\nabla V (x)\rangle \geq | x| 2 whenever | x| is large enough, and
(3) \| D2V (x)\| = o(| \nabla V (x)| ) as | x| \rightarrow \infty .

Assumption 2.2. We assume that (1) b \in (C\infty (\BbbR d))d, (2) \| b\| C1(\BbbR d) <\infty , and (3)
\langle b,\nabla V \rangle \leq c| \nabla V | 2 for some constant 0< c< 1

2 .

Recall that the formulas (1.5)--(1.6) appealed to an elliptic operator A \varepsilon ,\alpha as the
generator of a semigroup. On a suitable function space, this semigroup is compact

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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COMPUTING RATE FUNCTIONS BY AN IPM A3335

and irreducible, and this is what guarantees that the principal eigenvalue \lambda \varepsilon ,\alpha of A \varepsilon ,\alpha 

appropriately captures the large-t behavior of the moment-generating function \chi \varepsilon 
t (\alpha );

see, e.g., [7, 56]. For the analysis of the present paper, we will instead work with the
spectrally equivalent operator

\scrA \varepsilon ,\alpha f := exp(( - 2\varepsilon ) - 1V )A \varepsilon ,\alpha (exp((2\varepsilon ) - 1V ))

= \varepsilon \Delta f + \langle (1 - 2\alpha )b,\nabla f\rangle  - 1

4\varepsilon 
| \nabla V | 2f +

1

2\varepsilon 
\langle b,\nabla V \rangle f

 - \alpha (1 - \alpha )

\varepsilon 
| b| 2f +

1

2
(\Delta V )f  - \alpha (\nabla \cdot b)f,(2.1)

which is also associated with a semigroup, which we now take the time to describe.
Define the operator \scrL \varepsilon ,\alpha by

\scrL \varepsilon ,\alpha f = \varepsilon \Delta f + \langle (1 - 2\alpha )b,\nabla f\rangle (2.2)

on sufficiently regular functions, and let

U\varepsilon ,\alpha = - 1

4\varepsilon 
| \nabla V | 2 + 1

2\varepsilon 
\langle b,\nabla V \rangle  - \alpha (1 - \alpha )

\varepsilon 
| b| 2 + 1

2
(\Delta V ) - \alpha (\nabla \cdot b).(2.3)

For readability, let us fix \alpha and \varepsilon and omit the dependence on \alpha and \varepsilon from the
notation for the time being. Consider the SDE with infinitesimal generator \scrL , i.e.,

dXt = (1 - 2\alpha )bdt+
\surd 
2\varepsilon dBt,(2.4)

with Bt a d-dimensional Brownian motion, and the evolution operator PU
t defined by

PU
t \varphi (x) =\BbbE 

\biggl[ 
\varphi (Xt) exp

\biggl( \int t

0

U(Xs)ds

\biggr) \bigm| \bigm| \bigm| X0 = x

\biggr] 
,(2.5)

where \BbbE is the expectation over all realizations of (2.4), and \varphi is a function in a
suitable space. With natural choices of domain and space, \scrA = \scrL + U is indeed
the generator of the positivity-preserving semigroup (PU

t )t>0 with the same desirable
properties as that generated by A ---albeit on a different space. While these properties
and their consequences can be obtained in many different ways, we present a result
that foreshadows our upcoming analysis of the discrete semigroups behind our IPM,
and the result is an application of [24, Theorem 3] to our problem; see Appendix A
for a proof sketch.

Proposition 2.1. LetW (x) = e\theta | x| 
2

, and suppose that Assumptions 2.1--2.2 hold.
For \theta > 0 small enough, there exists a unique measure \mu  \star 

U \in \scrP (\BbbR d) with (\mu  \star 
U ,W )<+\infty 

and a constant \kappa > 0 with the following property: for any initial measure \mu \in \scrP (\BbbR d)
with (\mu ,W )<+\infty , there exists a constant C\mu > 0 such that\bigm| \bigm| \bigm| \bigm| (\mu ,PU

t \varphi )

(\mu ,PU
t 1)

 - (\mu  \star 
U ,\varphi )

\bigm| \bigm| \bigm| \bigm| \leq C\mu e
 - \kappa t\| \varphi \| L\infty 

W
(2.6)

for all \varphi \in L\infty 
W (\BbbR d) and t > 0. Moreover, the leading eigenvalue \lambda of A is simple and

real, and

\lambda = lim
t\rightarrow \infty 

1

t
log\BbbE 

\biggl[ 
exp

\biggl( \int t

0

U(Xs)ds

\biggr) \bigm| \bigm| \bigm| \bigm| X0 \sim \mu 

\biggr] 
,(2.7)
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A3336 Z. WU, R. RAQU\'EPAS, J. XIN, AND Z. ZHANG

where the expectation runs over the initial condition X0 \sim \mu and all realizations of
(2.4).

We now reintroduce the dependence on \alpha and \varepsilon in the notation. We also note
that it follows from standard perturbation-theory arguments that the limiting function
\alpha \mapsto \rightarrow \lambda \varepsilon ,\alpha is real-analytic. Hence, by (1.6) and the G\"artner--Ellis theorem, the following
large deviation principle holds: with I\varepsilon the Legendre transform of the function \alpha \mapsto \rightarrow 
\lambda \varepsilon ,\alpha , we have

 - inf
s\in intE

I\varepsilon (s)\leq lim inf
t\rightarrow \infty 

1

t
logProb\mu ,\varepsilon 

\biggl\{ 
1

t
S\varepsilon 
t \in E

\biggr\} 
\leq limsup

t\rightarrow \infty 

1

t
logProb\mu ,\varepsilon 

\biggl\{ 
1

t
S\varepsilon 
t \in E

\biggr\} 
\leq  - inf

s\in clE
I\varepsilon (s)

for every Borel set E \subseteq \BbbR ; again see [7, 56]. It was shown in [56] that, locally and
under additional conditions at the critical points of V , easily accessible formulas can
be given in the subsequent limit \varepsilon \rightarrow 0+, without any rescaling of \lambda \varepsilon ,\alpha or I\varepsilon . Roughly
speaking, this means that we have easy access to a limiting rate function I0 such that

Prob\mu ,\varepsilon \{ t - 1S\varepsilon 
t \approx s\} \asymp exp

\bigl( 
 - tI0(s)

\bigr) 
(2.8)

for t \gg \varepsilon  - 1 \gg 1 and s near the mean entropy production rate. These additional
conditions will be met here if we further assume that

detD2V | xj
\not = 0,(2.9)

at each of the finitely many critical points \{ xj\} Jj=1 of V , and that

| b(xj + \xi )| =O(| D2V | xj\xi | ).(2.10)

These extra conditions force the deterministic dynamics obtained by plainly putting
\varepsilon = 0 in (1.1) to have only very simple invariant structures. The limiting \lambda 0,\alpha turns out
to be the principal eigenvalue for a quadratic approximation of \scrA at some \alpha -dependent
choice of critical point of V such that the limiting I0 is the convex envelope of different
rate functions that would arise from linear diffusions approximating (1.1) near critical
points of V .

Suppose on the contrary that (2.9)--(2.10) fail, say because V has a whole critical
circle to which b is tangent as in [7, section 5]. Then, we expect to see, as \varepsilon \rightarrow 0+, the
principal eigenvalue \lambda \varepsilon ,\alpha diverge for \alpha /\in [0,1]. In such situations, one can consider the
rescaling of [7, 8] to obtain further information on the behavior of those divergences
and their relations to the deterministic dynamics and Freidlin--Wentzell theory. We
will explore this numerically in section 5.

3. Time discretization using discrete-time semigroups. We again fix \alpha 
and \varepsilon and omit keeping track of them in the notation. To compute the principal
eigenvalue \lambda , we consider a time discretization of the operator semigroup (PU

t )t>0,
which consists of two steps: an operator splitting scheme and an Euler--Maruyama
scheme for the SDE (2.4).

With a time step size \Delta t > 0, define an evolution operator \widetilde PU
\Delta t by\widetilde PU

\Delta t\varphi (x) = exp(\Delta tU(x))\BbbE [\varphi (X\Delta t)| X0 = x] ,(3.1)
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COMPUTING RATE FUNCTIONS BY AN IPM A3337

where X\Delta t is the solution to (2.4) at time \Delta t, and \varphi is a function in a suitable space.
Note that if we define an operator Pt by

Pt\varphi (x) =\BbbE [\varphi (Xt)| X0 = x] ,(3.2)

then Pt = exp(t\scrL ) on a suitable space. Hence, \widetilde PU
\Delta t = exp(\Delta tU) exp(\Delta t\scrL ) can be

seen as an approximation of PU
\Delta t using an operator splitting scheme. One can show

using arguments similar to those in the proof of Proposition 2.1 for PU
\Delta t (Appendix A)

that the spectral radius \widetilde \Lambda \Delta t of \widetilde PU
\Delta t admits a positive eigenvector and that no other

eigenvalue admits a positive eigenvector. It should be expected that, for \Delta t\ll 1, we
have log \widetilde \Lambda \Delta t \approx \Delta t\lambda . We will come back to this point at the end of this section.

We now further discretize \widetilde PU
\Delta t by considering an Euler--Maruyama scheme for

(2.4) with the time step size \Delta t, which reads\Biggl\{ \widehat Xn+1 = \widehat Xn + (1 - 2\alpha )b( \widehat Xn)\Delta t+
\surd 
2\varepsilon \Delta tGn,\widehat X0 \sim \mu ,

(3.3)

where Gn is a d-dimensional standard Gaussian random variable. We define the
evolution operator \widehat P\Delta t by \widehat P\Delta t\varphi (x) =\BbbE [\varphi ( \widehat Xn+1)| \widehat Xn = x],(3.4)

and define \widehat PU
\Delta t by \widehat PU

\Delta t\varphi (x) = exp(U(x)\Delta t) \widehat P\Delta t\varphi (x).(3.5)

In view of the good convergence properties of the Euler--Mayurama scheme and the
growth of U , we expect the spectral radius \widehat \Lambda \Delta t of \widehat PU

\Delta t to satisfy log \widehat \Lambda \Delta t \approx log \widetilde \Lambda \Delta t for
\Delta t\ll 1.

We define a normalized, discrete-time, dual Feynman--Kac semigroup associated
with \widehat PU

\Delta t by

(\Phi k,\Delta t\mu ,\varphi ) =
(\mu , ( \widehat PU

\Delta t)
k\varphi )

(\mu , ( \widehat PU
\Delta t)

k1)
=

\BbbE 
\Bigl[ 
\varphi ( \widehat Xk) exp

\Bigl( 
\Delta t
\sum k - 1

j=0 U( \widehat Xj)
\Bigr) \bigm| \bigm| \bigm| \widehat X0 \sim \mu 

\Bigr] 
\BbbE 
\Bigl[ 
exp

\Bigl( 
\Delta t
\sum k - 1

j=0 U( \widehat Xj)
\Bigr) \bigm| \bigm| \bigm| \widehat X0 \sim \mu 

\Bigr] (3.6)

for any initial measure \mu and any bounded measurable function \varphi . The following
proposition, which is an application of [24, Theorem 1] to our problem, establishes
desirable stability properties of \Phi k,\Delta t for the purpose of numerically accessing the

spectral radius \widehat \Lambda \Delta t; see Appendix A for a proof sketch.

Proposition 3.1. Suppose that Assumptions 2.1--2.2 hold. Then, there exists
a measure \widehat \mu  \star 

U,\Delta t \in \scrP (\BbbR d) with \widehat \Lambda \Delta t = (\widehat \mu  \star 
U,\Delta t,

\widehat PU
\Delta t1) and a constant \widehat \beta \in (0,1) with

the following property: for any initial measure \mu \in \scrP (\BbbR d), there is a constant C\mu for
which

| (\Phi k,\Delta t\mu ,\varphi ) - (\widehat \mu  \star 
U,\Delta t,\varphi )| \leq C\mu 

\widehat \beta k| | \varphi | | L\infty (3.7)

for all \varphi \in L\infty (\BbbR d) and k\geq 1. Moreover,

log \widehat \Lambda \Delta t = lim
k\rightarrow \infty 

1

k
log\BbbE 

\Biggl[ 
exp

\Biggl( 
\Delta t

k - 1\sum 
j=0

U( \widehat Xj)

\Biggr) \bigm| \bigm| \bigm| \bigm| \bigm| \widehat X0 \sim \mu 

\Biggr] 
.(3.8)

The aforementioned intuition that log \widehat \Lambda \Delta t \approx log \widetilde \Lambda \Delta t \approx \Delta t\lambda for \Delta t\ll 1 can indeed
be turned into the following soft convergence result; see Appendix A for a proof sketch.
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A3338 Z. WU, R. RAQU\'EPAS, J. XIN, AND Z. ZHANG

Theorem 3.2. Under Assumptions 2.1--2.2 we have

lim
n\rightarrow \infty 

n log \widehat \Lambda Tn - 1 = lim
n\rightarrow \infty 

n log \widetilde \Lambda Tn - 1 = T\lambda 

for every T > 0.

Remark 3.1. Let \widehat \lambda \Delta t =
log \widehat \Lambda \Delta t

\Delta t . Theorem 3.2 shows that lim
\Delta t\rightarrow 0

\widehat \lambda \Delta t = \lambda , but the

convergence order is unknown. In fact, in the case of compact physical domains, the
convergence analysis in [25] shows that | \widehat \lambda \Delta t - \lambda | =\scrO (\Delta t) as \Delta t\rightarrow 0, the proof of which
relies on the property that V and b are bounded in C2 and C1, respectively, over the
physical domain. However, V is unbounded in our case, and the generalization of the
aforementioned convergence analysis to noncompact physical domains is nontrivial as
pointed out in [25]. We will leave this to a future study.

4. Interacting particle methods. Sections 2 and 3 show that the principal
eigenvalue \lambda \varepsilon ,\alpha can be approximated in terms of the logarithmic spectral radius in
(3.8) that is accessible through large iterates of a discrete-time semigroup with good
stability properties. We obtain the full numerical discretization by using a particle
system to approximate the expectation in (3.8), i.e., the IPM. Given an ensemble of
particles, the IPM proceeds within each time interval as follows. The particles evolve
according to the dynamics of \widehat P\Delta t, with an importance weight assigned to each particle,
and then to control variance [25] (or to avoid weight degeneracy [46]), the particles are
resampled according to the multinomial distribution associated with their respective
weights. The logarithmic spectral radius in (3.8) is accessed using the particles at
each time step. The complete algorithm of the IPM for computing \lambda \varepsilon ,\alpha is given in
Algorithm 4.1, where we only emphasize the dependence of the final approximation\widehat \lambda \varepsilon ,\alpha \Delta t on \varepsilon and \alpha . Note that the particles \{ qn,m\} Mm=1 are no longer independent as
soon as n\geq 1 but still exchangeable.

4.1. The empirical measure of particles at the final time. The empiri-
cal measure of particles at the final time T (equivalently, after the Nth step) is a
random measure that is thought of as an approximation to the Feynman--Kac semi-
group \Phi N,\Delta t\mu , defined in (3.6), and thus to the invariant measure \widehat \mu  \star 

U,\Delta t for N large
by (3.7). To justify this, let us first consider the one-step evolution \Phi 1,\Delta t\mu . First
of all, by the Glivenko--Cantelli theorem or a variant thereof (see, e.g., [27, 65]), the
empirical measure

\widehat \mu 0,+
U,\Delta t,M :=

1

M

M\sum 
m=1

\delta q0,m

of the particles \{ q0,m\} Mm=1 approximates \mu well, provided that M is large. Then, on
the one hand, by (3.6) and the definitions in Algorithm 4.1, the measure \Phi 1,\Delta t\mu can
be approximated by the weighted empirical measure

\widehat \mu 1, - 
U,\Delta t,M := \Phi 1,\Delta t\widehat \mu 0

U,\Delta t,M =

M\sum 
m=1

p0,m\delta \widetilde q1,m .

On the other hand, since the multinomial law used in Algorithm 4.1 satisfies\sum 
k1,...,kM

kmProb\{ K1 = k1, . . . ,KM = kM\} =Mp0,m,

we have that, for any test function \varphi ,
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COMPUTING RATE FUNCTIONS BY AN IPM A3339

Algorithm 4.1. The interacting particle method for computing \lambda \varepsilon ,\alpha .
Input: \alpha , noise level \varepsilon , velocity field b, potential V , number of particles M , initial
measure \mu , final time T , time step size \Delta t= T

N .
Generate M independent and \mu -distributed particles \{ q0,m\} Mm=1.
for n = 1:N do
Compute each \widetilde qn,m using the Euler--Maruyama scheme (3.3) with qn - 1,m the
initial value.
Compute each weight wn - 1,m = exp(\Delta tU(qn - 1,m)) according to (2.3).

Compute the quantities Pn - 1 =
\sum M

m=1w
n - 1,m and \widehat \lambda n - 1 = log(Pn - 1/M).

Compute the probabilities pn - 1,m =wn - 1,m/Pn - 1 and sample M nonnegative
integers (Km)Mm=1 summing to M according to the multinomial law

Prob\{ K1 = k1, . . . ,KM = kM\} 

=
M !\prod M

m=1 km!

M\prod 
m=1

(pn - 1,m)km .

Set (qn,m)Mm=1 to contain Km copies of \widetilde qn,m.
end for
Compute the approximation of the principal eigen-

value.

\widehat \lambda \varepsilon ,\alpha \Delta t =
1

T

N - 1\sum 
n=0

\widehat \lambda n(4.1)

Output: the approximation \widehat \lambda \varepsilon ,\alpha \Delta t of the principal eigenvalue.

\sum 
k1,...,kM

\Biggl( 
1

M

M\sum 
m=1

\varphi (q1,m)

\Biggr) 
Prob\{ K1 = k1, . . . ,KM = kM\} 

=
\sum 

k1,...,kM

\Biggl( 
M\sum 

m=1

km
M
\varphi (\~q1,m)

\Biggr) 
Prob\{ K1 = k1, . . . ,KM = kM\} 

=

M\sum 
m=1

\sum 
k1,...,kM

km
M

Prob\{ K1 = k1, . . . ,KM = kM\} \varphi (\~q1,m)

=

M\sum 
m=1

p0,m\varphi (\~q1,m).

Hence, the resampled empirical measure \widehat \mu 1,+
U,\Delta t,M of \{ q1,m\} Mm=1 yields, once the ran-

domness in the resampling process is averaged out, the same expectations as the
weighted empirical measure \widehat \mu 1, - 

U,\Delta t,M . In particular, this holds when we let \varphi =\widehat PU
\Delta t exp(\Delta tU), which is relevant at the next step for carrying on with our approx-

imation of the principal eigenvalue. It is expected that, for that purpose and when
M is large, the empirical measure \widehat \mu 1,+

U,\Delta t,M is a numerically sounder choice as it gives
more importance to the regions where exp(\Delta tU) is large. We refer the reader to, e.g.,
[13, 46] for more thorough discussions.
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A3340 Z. WU, R. RAQU\'EPAS, J. XIN, AND Z. ZHANG

Iterating this argument, the measure \Phi N,\Delta t\mu should indeed be well approxi-
mated by the resampled empirical measure \widehat \mu N,+

U,\Delta t,M of \{ qN,m\} Mm=1. In our numerical
examples in section 5, as \varepsilon \rightarrow 0+, the observed asymptotic behavior of the empirical
density of particles at T is consistent with the theory in [26].

4.2. Choice of the initial measure. The IPM involves the choice of an initial
measure \mu for the particles. The effect of this choice is strongest on terms in the
sum (4.1) for which n\Delta t \ll 1. For example, the term with n = 1 approximately
contributes log(\Phi U

\Delta t\mu ,
\widehat PU
\Delta t1), while by Proposition 3.1, the desired weighted average

of \Delta t \widehat \lambda \Delta t equals log(\Phi U
\Delta t\widehat \mu  \star 

U,\Delta t,
\widehat PU
\Delta t1). This suggests that the first terms could lead

to an error of \scrO (1/T ) in our approximation if that initial measure \mu is \scrO (1) away
from \widehat \mu  \star 

U,\Delta t.
2 We now introduce two techniques to alleviate this issue.

The first technique is the so-called burn-in procedure, in which we altogether
drop from the sum the terms with n\Delta t < t and reweigh the sum accordingly. In other
words, we choose some t > 0 (typically a function of T ) and replace (4.1) with

\widehat \lambda \varepsilon ,\alpha \Delta t =
1

T  - t

N - 1\sum 
n=\lceil t

\Delta t\rceil 

\widehat \lambda n.
This is equivalent to changing T for T  - t and \mu for the empirical measure of particles
at t, which should be closer than \scrO (1) away from \widehat \mu  \star 

U,\Delta t if t is chosen large enough in
view of Proposition 3.1 and section 4.1.

The second technique applies when computing \widehat \lambda \varepsilon ,\alpha \Delta t at \varepsilon = \varepsilon 1 and \varepsilon = \varepsilon 2 with
\varepsilon 1 > \varepsilon 2. It consists of using the final distribution of the particles for the computation
at \varepsilon = \varepsilon 1 as the initial distribution of the particles for the computation at \varepsilon = \varepsilon 2.
Recall that, once appropriately rescaled in \varepsilon , the logarithms of the invariant density
for the respective problems should be close to each other when both \varepsilon 1 and \varepsilon 2 are
small. In particular, peaks in the density should be located at the same key points for
both \varepsilon 1 and \varepsilon 2. While this fact is symmetric, there is another consideration that does
rely on the fact that \varepsilon 1 > \varepsilon 2: it is typically the dynamics with the smallest noise that
takes the most resources to correct the effect of the poorly chosen initial condition and
hence benefits the most from a choice of initial condition that is informed by a previous
computation. In addition, we point out that the aforementioned two techniques can
be applied simultaneously.

Remark 4.1. The effectiveness of the burn-in procedure relies on the convergence
rate of (3.7) as k \rightarrow \infty , and it is more effective for faster convergence. On the
other hand, the effectiveness of the second technique relies on the convergence rate of
\varepsilon log p \star U,\varepsilon as \varepsilon \rightarrow 0+ [26], where p \star U,\varepsilon is the invariant density corresponding to \varepsilon (more
discussion on this convergence can be found in section 5.1), and it is more effective
for faster convergence. These two convergence rates depend closely on V and b, but
the study of this dependence is beyond the scope of this paper.

5. Numerical examples. We first focus on exploring the vanishing-noise limit
of the principal eigenvalue and the rate function. Then, we perform the convergence
tests with respect to the final time T and the time step size \Delta t supporting the con-
vergence of IPM.

5.1. The principal eigenvalue and the rate function in the vanishing-
noise limit. The computations in this subsection are performed on a
high-performance computing cluster with two Intel Xeon Gold 6226R (16 Core) CPUs

2This is indeed the case in Examples 5.5 and 5.6.
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COMPUTING RATE FUNCTIONS BY AN IPM A3341

and 96 GB RAM. We consider the computation of \lambda \varepsilon ,\alpha for certain values of \varepsilon and \alpha .
In particular, we choose \varepsilon = 0.1,0.01,0.001. For each fixed \varepsilon , we let \alpha \in 

\bigl[ 
 - 1

10 ,
11
10

\bigr] 
and compute \widehat \lambda \varepsilon ,\alpha \Delta t for \alpha = - 1

10 + j
31

12
10 with j = 0,1, . . . ,31. The computation of \widehat \lambda \varepsilon ,\alpha \Delta t

for each \varepsilon with 32 different values of \alpha is performed at the same time in parallel on
the 32 cores of the CPUs. For the numerical discretization of our method, we choose
M = 500,000 and \Delta t = 2 - 8 in Algorithm 4.1. Also, unless otherwise specified, the
initial measure of the particles is chosen to be the standard multivariate Gaussian
distribution.

Example 5.1. Consider

V E1(x1, x2) =
x21 + x22

2
+
x41 + x42

8
,

bE1(x1, x2) = \pi  - 1(cos(\pi x1) sin(\pi x2), - sin(\pi x1) cos(\pi x2)).

Note that V E1 has a global minimum point at (0,0) and no other critical points. For
\alpha in an open interval containing [0,1], it can be shown [56] that \lambda \varepsilon ,\alpha converges as
\varepsilon \rightarrow 0+ to

\lambda 0,\alpha = 1 - 
\sqrt{} 
1 + 4\alpha (1 - \alpha ).(5.1)

We choose T = 1024. We show the numerical eigenvalue \widehat \lambda \varepsilon ,\alpha \Delta t in Figure 1a. In

addition, the numerical rate function \widehat I\varepsilon \Delta t(s) obtained by the Legendre transform of\widehat \lambda \varepsilon ,\alpha \Delta t is shown in Figure 1b. Moreover, the empirical density of particles at T with
\alpha \approx 0.6742 is shown in Figure 2. It can be seen from Figure 2 that the particles
become more localized around the global minimum point (0,0) of V E1 as \varepsilon \rightarrow 0+.

Example 5.2. Consider

V E2(x1, x2;a) = x41  - 2x21 + (1+ a(x1  - 1)2)x22 + x42, bE2(x1, x2) = bE1(x1, x2),

with a= 0.4. Note that V E2 has two local minima at ( - 1,0) and (1,0), as well as a
saddle point at (0,0). For \alpha in an open interval containing [0,1], it can be shown [56]
that \lambda \varepsilon ,\alpha converges as \varepsilon \rightarrow 0+ to

(a) \widehat \lambda \varepsilon ,\alpha 
\Delta t . (b) \widehat I\varepsilon \Delta t(s).

Fig. 1. In Example 5.1, we plot our numerical approximation \widehat \lambda \varepsilon ,\alpha 
\Delta t of the principal eigenvalue

\lambda \varepsilon ,\alpha and the resulting approximation \widehat I\varepsilon \Delta t(s) of the rate function I\varepsilon (s), compared, respectively, to
the limit \lambda 0,\alpha in (5.1) and its Legendre transform I0(s). Note the consistency of the symmetries

mentioned in section 1. Also note that the restriction of \widehat I\varepsilon \Delta t(s) to certain values of s is due to our

restriction of \widehat \lambda \varepsilon ,\alpha 
\Delta t and how it interacts with the derivatives.
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A3342 Z. WU, R. RAQU\'EPAS, J. XIN, AND Z. ZHANG

(a) \varepsilon = 0.1. (b) \varepsilon = 0.01. (c) \varepsilon = 0.001.

Fig. 2. In Example 5.1, we plot the empirical density of particles at T with \alpha \approx 0.6742. Note
the concentration of the mass of the measure around (0,0) as \varepsilon decreases.

(a) \widehat \lambda \varepsilon ,\alpha 
\Delta t . (b) \widehat I\varepsilon \Delta t(s).

Fig. 3. In Example 5.2, we plot our numerical approximation \widehat \lambda \varepsilon ,\alpha 
\Delta t of the principal eigenvalue

\lambda \varepsilon ,\alpha and the resulting approximation \widehat I\varepsilon \Delta t(s) of the rate function I\varepsilon (s), compared, respectively, to
the limit \lambda 0,\alpha in (5.2) and its Legendre transform I0(s). Note that the maximum in (5.2) causes a
discontinuity of the derivative of the limit of the eigenvalue in \alpha = 0 and \alpha = 1, in turn causing flat
regions in the limit of the rate function.

\lambda 0,\alpha \widetilde \lambda \alpha (a) =max(\lambda \alpha +, \lambda 
\alpha 
 - ),(5.2)

where \lambda \alpha \pm =  - TrX\pm (\alpha ) +
1
2 TrD

2V E2| (\pm 1,0), with X\pm (\alpha ) satisfying the algebraic
Riccati equation

0 =X\pm (\alpha )
2  - 1 - 2\alpha 

2
(\nabla b| \top (\pm 1,0)X\pm (\alpha ) +X\pm (\alpha )

\top \nabla b| (\pm 1,0))

 - 1

4
D2V | (\pm 1,0)D

2V | (\pm 1,0)  - \alpha (1 - \alpha )\nabla b| \top (\pm 1,0)\nabla b| (\pm 1,0)

+
1

4
(\nabla b| \top (\pm 1,0)D

2V | (\pm 1,0) +D2V | (\pm 1,0)\nabla b| (\pm 1,0)).

We have omitted the superscript ``E2"" and the parameter ``a"" in this last equation to
avoid cluttering the notation. This equation involving 2-by-2 matrices is easily solved
numerically.

We choose T = 2048. We use the burn-in procedure, in which we start computing
the eigenvalue from t = 1024. We show \widehat \lambda \varepsilon ,\alpha \Delta t in Figure 3a and \widehat I\varepsilon \Delta t(s) in Figure 3b.
The empirical density of particles at T with \alpha \approx 0.5968 is shown in Figure 4, and
that with \alpha \approx 1.0613 is shown in Figure 5. We can see from Figures 4 and 5 that
the particles are localized around different local minimum points of V E2 for different
values of \alpha .
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COMPUTING RATE FUNCTIONS BY AN IPM A3343

(a) \varepsilon = 0.1. (b) \varepsilon = 0.01. (c) \varepsilon = 0.001.

Fig. 4. In Example 5.2, we plot the empirical density of particles at T with \alpha \approx 0.5968. Note the
concentration of the mass of the measure around ( - 1,0) as \varepsilon decreases; no mass could be observed
near (1,0) at \varepsilon = 0.001.

(a) \varepsilon = 0.1. (b) \varepsilon = 0.01. (c) \varepsilon = 0.001.

Fig. 5. In Example 5.2, we plot the empirical density of particles at T with \alpha \approx 1.0613. Note
the concentration of the mass of the measure around (1,0) as \varepsilon decreases; no mass could be observed
near ( - 1,0) at \varepsilon = 0.001.

Remark 5.1. The potential V E2 has two local minima, so the invariant density
might be bimodal when \varepsilon is moderately large, with the mass of the measure being
concentrated around the two different local minimum points of V E2. The empirical
density obtained by our method captures this feature; see Figure 6. This shows that
our IPM can accurately capture the shape of multimodal invariant measures, which
is known to be difficult for some sampling methods, e.g., Markov chain Monte Carlo
(MCMC) methods.

Example 5.3. Consider

V E3(x1, . . . , x16) =
1

2
x\top Mx+ 4| x| 4, bE3(x1, . . . , x16) = \eta (| x| )Bx,

where x= (x1, . . . , x16)
\top \in \BbbR 16, \eta is a smooth cut-off function with \eta (r) = 1 for r\leq 1

and \eta (r) = 0 for r\geq 2,

M =

\left(     
5 0 \cdot \cdot \cdot 0
0 6 \cdot \cdot \cdot 0
...

...
. . .

...
0 0 \cdot \cdot \cdot 20

\right)     \in \BbbR 16\times 16, B =Q\top 

\left(     
B1 0 \cdot \cdot \cdot 0
0 B2 \cdot \cdot \cdot 0
...

...
. . .

...
0 0 \cdot \cdot \cdot B8

\right)     Q\in \BbbR 16\times 16,

with

Bk =

\biggl( 
0 1
 - 1 0

\biggr) 
, k= 1, . . . ,8,
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A3344 Z. WU, R. RAQU\'EPAS, J. XIN, AND Z. ZHANG

Fig. 6. In Example 5.2, we plot the empirical density of particles at T for \varepsilon = 0.1 with \alpha \approx 
1.0613. Note that the density is bimodal, with the mass of measure being concentrated around ( - 1,0)
and (1,0), the two local minimum points of V \mathrm{E}2.

(a) \widehat \lambda \varepsilon ,\alpha 
\Delta t . (b) \widehat I\varepsilon \Delta t(s).

Fig. 7. In Example 5.3, we plot our numerical approximation \widehat \lambda \varepsilon ,\alpha 
\Delta t of the principal eigenvalue

\lambda \varepsilon ,\alpha and the resulting approximation \widehat I\varepsilon \Delta t(s) of the rate function I\varepsilon (s), compared, respectively, to
the limit \lambda 0,\alpha in (5.3) and its Legendre transform I0(s).

and Q \in \BbbR 16\times 16 is a random orthogonal matrix sampled using the method in [51].
With this choice, B does not have any particular block structure, there is no obvious
commutation relation between M and B, and all 16 coordinates, x1, . . . , x16, are
genuinely coupled. Note that V E3 has a global minimum point at the origin and
no other critical points. For \alpha in an open interval containing [0,1], it can be shown
[56] that \lambda \varepsilon ,\alpha converges as \varepsilon \rightarrow 0+ to

\lambda 0,\alpha = - TrX(\alpha ) +
1

2
TrM  - \alpha TrB,(5.3)

where X(\alpha ) is the maximal solution to

X(\alpha )\top X(\alpha ) - 1

2
(1 - 2\alpha )(B\top X(\alpha ) +X(\alpha )\top B)

 - 1

4
M\top M +

1

4
(B\top M +M\top B) - \alpha (1 - \alpha )B\top B = 0.

The above equation can be easily solved numerically.

We choose T = 2048. We use the burn-in procedure for \varepsilon = 0.1,0.01, in which we
start computing the eigenvalue from t = 1024. For \varepsilon = 0.001, we use the empirical
measure of particles at T obtained at \varepsilon = 0.01 as the initial measure. We show \widehat \lambda \varepsilon ,\alpha \Delta t

in Figure 7a and \widehat I\varepsilon \Delta t(s) in Figure 7b. The 2-dimensional marginal empirical density
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COMPUTING RATE FUNCTIONS BY AN IPM A3345

(a) \varepsilon = 0.1. (b) \varepsilon = 0.01. (c) \varepsilon = 0.001.

Fig. 8. In Example 5.3, we plot the 2-dimensional marginal empirical density of (x8, x9) of
particles at T with \alpha \approx 0.3258. Note the concentration of the mass of the measure around (0,0) as
\varepsilon decreases.

of (x8, x9) of particles at T with \alpha \approx 0.3258 is shown in Figure 8. It can be seen from
Figure 8 that the particles become more localized around the origin as \varepsilon \rightarrow 0+.

From the above examples of both small and large d, we can observe within visual
tolerance the convergence of both the numerical principal eigenvalue \widehat \lambda \varepsilon ,\alpha \Delta t and the

numerical rate function \widehat I\varepsilon \Delta t(s) to their respective analytical vanishing-noise limits \lambda 0,\alpha 

and I0(s), with a fixed number of particles and a fixed time step size. Furthermore,
the maximum of the 2-dimensional (marginal) empirical density of particles at T is
approximately proportional to \varepsilon  - 1 for small \varepsilon . We know that the invariant density
p \star U,\varepsilon of \mu  \star 

U,\varepsilon is the (suitably normalized) principal eigenfunction \psi \varepsilon ,\alpha for the dual
of the operator \scrL \varepsilon ,\alpha + U\varepsilon ,\alpha . Under certain additional conditions, the study in [26]
shows that \varepsilon log\psi \varepsilon ,\alpha has a nontrivial limit as \varepsilon \rightarrow 0+: the density is asymptotically
proportional to exp( - \varepsilon  - 1\Phi ) for some function \Phi , with a normalizing constant that is
asymptotically \scrO (\varepsilon  - d/2). Hence, the observed asymptotic behavior of the empirical
density of particles at T as \varepsilon \rightarrow 0+ is consistent with the theory in [26].

We end this subsection with a discussion on an example where the assumptions
(2.9)--(2.10) fail, preventing us from appealing to the proof of [56] for convergence in
the limit \varepsilon \rightarrow 0+. In such situations, it is possible for \lambda \varepsilon ,\alpha to diverge as \varepsilon \rightarrow 0+.

Example 5.4. Consider

V E4(x1, x2) = - x
2
1 + x22
4

+
x41 + 2x21x

2
2 + x42

8
,

bE4(x1, x2) = (cos(x1) sin(x2), - sin(x1) cos(x2)).

Note that \nabla V E4(x) = 0 for all x on the circle \{ (x1, x2) : x21 + x22 = 1\} , whereas bE4

acts nontrivially along that circle. In Figures 9a and 10a, we see that the eigenvalues
are of different orders in \varepsilon depending on whether \alpha \in [0,1] or \alpha /\in [0,1].

For this example, we use T = 1024. We show \widehat \lambda \varepsilon ,\alpha \Delta t in Figure 9a and its Legendre

transform \widehat I\varepsilon \Delta t(s) in Figure 9b. In particular, the zero of \widehat I\varepsilon \Delta t---which is the mean
entropy production rate for that value of \varepsilon ---seems to diverge as \varepsilon \rightarrow 0+, as expected
due to the inverse power of \varepsilon in definition (1.2) of the entropy production and the
periodic orbit of the deterministic dynamics, along which the work done by b per
unit time is nonzero. We also show \varepsilon \widehat \lambda \varepsilon ,\alpha \Delta t in Figure 10a and its Legendre transform

\varepsilon \widehat I\varepsilon \Delta t(\varepsilon 
 - 1s) in Figure 10b, as studied in [7, 8]. In particular, the following key feature

discussed in [7, section 5] is emerging as \varepsilon \rightarrow 0+: a kink in \varepsilon \widehat I\varepsilon \Delta t(\varepsilon 
 - 1s) at s= 0, where

two flat regions meet at an angle compatible with the Gallavotti--Cohen symmetry.
The example also confirms that in some (but not all) scenarios, the limits of I\varepsilon and
\varepsilon I\varepsilon (\varepsilon  - 1 \cdot ) provide complementary, nontrivial information on the fluctuations of S\varepsilon 

t .
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A3346 Z. WU, R. RAQU\'EPAS, J. XIN, AND Z. ZHANG

(a) \widehat \lambda \varepsilon ,\alpha 
\Delta t . (b) \widehat I\varepsilon \Delta t(s).

Fig. 9. In Example 5.4, we plot our numerical approximation \widehat \lambda \varepsilon ,\alpha 
\Delta t of the principal eigenvalue

\lambda \varepsilon ,\alpha and the resulting approximation \widehat I\varepsilon \Delta t(s) of the rate function I\varepsilon (s).

(a) \varepsilon \widehat \lambda \varepsilon ,\alpha 
\Delta t . (b) \varepsilon \widehat I\varepsilon \Delta t(\varepsilon 

 - 1s).

Fig. 10. In Example 5.4, we plot our numerical approximation \varepsilon \widehat \lambda \varepsilon ,\alpha 
\Delta t of the rescaled principal

eigenvalue \varepsilon \lambda \varepsilon ,\alpha and the resulting approximation \varepsilon \widehat I\varepsilon \Delta t(\varepsilon 
 - 1s) of the rescaled rate function \varepsilon I\varepsilon (\varepsilon  - 1s).

5.2. Convergence tests. Recall that our numerical discretization using the op-
erator splitting scheme and the Euler--Maruyama scheme converges with respect to
the final time T as shown in Proposition 3.1 and that it also converges with respect
to the time step size \Delta t as shown in Theorem 3.2. In this subsection, we consider
the ensuing IPM on two examples with a quadratic potential and a linear drift, both
of which admit explicit theoretical expressions for the principal eigenvalue \lambda \varepsilon ,\alpha that
are independent of \varepsilon . We perform convergence tests with respect to T and \Delta t, re-
spectively, by comparing | \widehat \lambda \varepsilon ,\alpha \Delta t  - \lambda \varepsilon ,\alpha | . We also test the effectiveness of the burn-in
procedure with these two examples. The computation in this subsection was per-
formed on a high-performance computing cluster with an Intel Xeon Gold 6226R (16
Core) CPU and 3 GB RAM.

Example 5.5. Consider

V LE1(x1, x2) =
x21 + x22

2
, bLE1(x1, x2) = (x2, - x1).

This is the linearized version about (0,0) of Example 5.1. Following [37, 56], there is
an open interval of values of \alpha that contains [0,1] and for which, for every \varepsilon > 0,

\lambda \varepsilon ,\alpha = 1 - 
\sqrt{} 
1 + 4\alpha (1 - \alpha ).(5.4)
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COMPUTING RATE FUNCTIONS BY AN IPM A3347

Example 5.6. Consider

V LE2(x1, x2) = - 1 + 4(x1  - 1)2 + x22, bLE2(x1, x2) = ( - x2, x1  - 1).

This is the linearized version about (1,0) of Example 5.2 with a = 1. Following
[37, 56], there is an open interval of values of \alpha that contains [0,1] and for which, for
every \varepsilon > 0,

\lambda \varepsilon ,\alpha = \lambda \alpha +,(5.5)

where \lambda \alpha + is given as in (5.2). Note that \lambda \alpha + is actually independent of a.

We use the same numerical setting for the above two examples. We fix \alpha =
0.25 and M = 500,000 and choose the initial measure of the particles to be the stan-
dard multivariate Gaussian distribution. For the convergence test with respect to
T , we fix \Delta t = 2 - 7 and choose T = 24,25, . . . ,212 for each \varepsilon = 0.1,0.01,0.001. The
error | \widehat \lambda \varepsilon ,\alpha \Delta t  - \lambda \varepsilon ,\alpha | is shown in Figures 11a and 12a. To test the effectiveness of the
burn-in procedure, we fix \varepsilon = 0.001 and \Delta t = 2 - 7, choose T = 24,25, . . . ,212, and
run the computation using the burn-in procedure, in which we start computing the
eigenvalue from t = T

2 . We show in Figures 11b and 12b the comparison between

(a) Convergence test with re-
spect to T using \Delta t = 2 - 7.

(b) Testing the effect of the
burn-in procedure from T/2
on the convergence with re-
spect to T , using \varepsilon = 0.001
and \Delta t = 2 - 7.

(c) Convergence test with re-
spect to \Delta t using T = 211.

Fig. 11. In Example 5.5, we plot the error | \widehat \lambda \varepsilon ,\alpha 
\Delta t  - \lambda \varepsilon ,\alpha | at \alpha = 0.25 against T and \Delta t, respec-

tively, using M = 500,000.

(a) Convergence test with re-
spect to T using \Delta t = 2 - 7.

(b) Testing the effect of the
burn-in procedure from T/2
on the convergence with re-
spect to T , using \varepsilon = 0.001
and \Delta t = 2 - 7.

(c) Convergence test with re-
spect to \Delta t using T = 211.

Fig. 12. In Example 5.6, we plot the error | \widehat \lambda \varepsilon ,\alpha 
\Delta t  - \lambda \varepsilon ,\alpha | at \alpha = 0.25 against T and\Delta t respectively,

using M = 500,000.
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A3348 Z. WU, R. RAQU\'EPAS, J. XIN, AND Z. ZHANG

results obtained with and without using the burn-in procedure. For the convergence
test with respect to \Delta t, we fix T = 2048 and choose \Delta t = 2 - 2,2 - 3, . . . ,2 - 9 for each
\varepsilon = 0.1,0.01,0.001. The error | \widehat \lambda \varepsilon ,\alpha \Delta t  - \lambda \varepsilon ,\alpha | is shown in Figures 11c and 12c.

As shown in the results of Examples 5.5--5.6, the convergence rate with respect
to T is first order, and the burn-in procedure does help accelerate the computation,
especially for small T . On the other hand, the convergence with respect to \Delta t is more
complicated. We are unable to identify the order of convergence in \Delta t, probably
due to insufficiently large values of M and T , but we are unable to afford a numerical
setting with very large T andM due to hardware limitations. Nonetheless, the results
suffice to confirm the convergence with respect to \Delta t.

In Figures 11a and 12a, we observe an increase in the error as \varepsilon decreases. Sev-
eral mechanisms could be at play to cause this increase: our (uninformed) standard
Gaussian initialization of the particle is increasingly far from the invariant measure in
Proposition 3.1, 3 affecting the multiplicative constant C\mu ; the Arrhenius law predicts
very slow transitions between relevant critical points, etc.

6. Conclusions. We develop an interacting particle method for the computa-
tion of rate functions I\varepsilon for the large deviations of entropy production in the con-
text of diffusion processes by equivalently computing the principal eigenvalue for a
family of non-self-adjoint elliptic operators. We are particularly interested in the
high-dimensional vanishing-noise case, which is challenging to traditional numerical
methods. We show that the principal eigenvalue can be well approximated in terms of
the spectral radius of a discretized semigroup, making it suitable for an IPM. More-
over, we discuss two techniques for setting the initial measure in the IPM for faster
computation. We present numerical examples of dimensions up to 16. The numerical
results provide evidence that the numerical principal eigenvalue converges within vis-
ual tolerance to the analytical vanishing-noise limit with a fixed number of particles
and a fixed time step size. Furthermore, the observed asymptotic behavior of the
empirical density at the final time in the vanishing-noise limit is consistent with the
theory in [26]. Our paper appears to be the first to obtain numerical results for prin-
cipal eigenvalue problems in such high dimensions. Our method allows us not only
to probe the rate function I\varepsilon in situations where no explicit formulas are available
but also to explore the gap between the theoretical works on different scalings for the
vanishing-noise limit \varepsilon \rightarrow 0+.

In the future, it would be interesting to systematically investigate the error es-
timate of the IPM with respect to the numerical parameters of the method. Fur-
thermore, the method should also be used to study the large deviation rate functions
in situations that go beyond the scope of the theoretical works [7, 8, 37, 56], e.g.,
combining nonlinearity of the vector field with the degeneracy of the noise. Finally,
it should be noted that one could explore the possible benefits of considering higher-
order schemes for SDEs (e.g., the Milstein method [52] and high-order Runge--Kutta
schemes (see, e.g., [57])) or more sophisticated resampling procedures.

Appendix A. Proof sketches.

Proof sketch for Proposition 2.1. We follow [24, section 2.3]. Picking \theta sufficiently
small such that 32\theta < \| H0\|  - 2 as in Assumption 2.1, one can show that the growth
bounds in Assumptions 2.1--2.2 imply that W is a Lyapunov function. The regularity
properties in Assumptions 2.1--2.2 can be used to show that the semigroup satisfies a

3In fact, in the examples considered, one can deduce by a change of variables that this invariant
measure is still Gaussian but with a variance that is rescaled by a factor of \varepsilon .
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COMPUTING RATE FUNCTIONS BY AN IPM A3349

Deoblin-type minorization property, an irreducibility property, and a local regularity
property that then suffice to deduce (2.6).

Since the semigroup is positivity preserving, compact, and irreducible, for every
fixed t0 > 0, the (positive) spectral radius \Lambda t0 of PU

t0 is a simple eigenvalue, is related
to the leading real eigenvalue \lambda of the generator according to \Lambda t0 = et0\lambda , and admits
a positive eigenvector h with \| h\| L\infty 

W
= 1. One can also show that the eigenspace for \lambda 

is actually 1-dimensional and is the only eigenspace admitting a positive eigenvector;
we refer the reader to [21, sections V.2, VI.3, VI.3] for more details on the spectral
theory of such semigroups (Perron--Frobenius-type theorems (a.k.a. Krein--Rutman-
type theorems), spectral mapping theorems, etc.) and to [7, App. A] and [56, App.
A] for a treatment of the particular semigroups of interest using these tools. Hence,
we can take \varphi = h in (2.6) at times of the form t= kt0, deduce that

t0\lambda = lim
k\rightarrow \infty 

1

k
log(\mu ,PU

kt01),

and then pass to (2.7) using standard arguments.

Proof sketch for Proposition 3.1. We follow [24, section 2.2]. The constant func-
tion 1 is a Lyapunov function for \widehat PU

\Delta t. To see this, note that the action of the first
operator in the splitting leaves 1 invariant and that the action of the second operator
is such that

exp(U\Delta t)1\leq 

\Biggl( 
sup
| y| >R

exp(\Delta tU(y))

\Biggr) 
1+

\Biggl( 
sup
| y| \leq R

exp(\Delta tU(y))

\Biggr) 
1\{ y:| y| \leq R\} ,(A.1)

and then take R\rightarrow \infty using the growth bounds in Assumptions 2.1--2.2. The regularity
properties in Assumptions 2.1--2.2 can be used to show that \widehat PU

\Delta t satisfies a Deoblin-
type minorization property, an irreducibility property, and a local regularity property
that then suffice to deduce (3.7) for some uniquely determined probability measure\widehat \mu  \star 
\Delta t satisfying

\Phi 1,\Delta t\widehat \mu  \star 
\Delta t = \widehat \mu  \star 

\Delta t.(A.2)

Moreover, one can show that the spectral radius \widehat \Lambda \Delta t for \widehat PU
\Delta t admits a positive eigen-

vector \widehat h with \| \widehat h\| L\infty = 1, and that no other eigenvalue admits a positive eigenvector.
Taking \varphi = \widehat h in (3.7), one can deduce that

log \widehat \Lambda \Delta t = lim
k\rightarrow \infty 

1

k
log(\mu , ( \widehat PU

\Delta t)
k1).

Finally, since (A.2) implies in particular that (\Phi 1,\Delta t\widehat \mu  \star 
\Delta t,
\widehat h) = (\widehat \mu  \star 

\Delta t,
\widehat h), it follows from

the eigenvalue equation for \widehat h and the definition of \Phi 1,\Delta t that \widehat \Lambda \Delta t = (\widehat \mu  \star 
U,\Delta t,

\widehat PU
\Delta t1).

Proof sketch for Theorem 3.2. Fix T > 0 and set\widetilde \Pi n := ( \widetilde PU
Tn - 1)n and \widehat \Pi n := ( \widehat PU

Tn - 1)n.

We show in four steps that the spectral radii of both \widetilde \Pi n and \widehat \Pi n converge to that of
PU
T as operators on C0 equipped with the L\infty -norm.
Step 1. Operator norm convergence \| \widehat \Pi n  - \widetilde \Pi n\| \rightarrow 0. The growth conditions on

V in Assumption 2.1 and the control on b in Assumption 2.2 imply that
exp(TU) is bounded by K := exp(T\| U+\| L\infty ) and satisfies the following
decay property: for every \delta > 0, there exists R\delta such that
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A3350 Z. WU, R. RAQU\'EPAS, J. XIN, AND Z. ZHANG

sup
| x| >R\delta 

exp(TU(x))< \delta .

The boundedness in Assumption 2.2 allows for the application of a classical
martingale argument that shows that, for every \eta > 0, there exists \rho \eta such
that

sup
x

\BbbP x

\Biggl\{ 
sup

t\in [0,T ]

| Xx
t  - x| \geq \rho \eta 

\Biggr\} 
< \eta .(A.3)

One can show that | \widehat \Pi n\varphi (x) - \widetilde \Pi n\varphi (x)| can be made arbitrarily small with
large n, uniformly in x and \varphi with \| \varphi \| L\infty = 1 as follows. Choose \delta and
\eta small enough, then R\delta and \rho \eta accordingly, and then consider separately
the cases | x| >R\delta +\rho \eta and | x| \leq R\delta +\rho \eta . The former will be small as is, and
as for the latter, take n large to leverage results for the Euler--Mayurama
scheme in total variation norm [6].

Step 2. Strong convergence \widetilde \Pi n - PU
T

s\rightarrow 0. Since we already know that \scrL +U gen-
erates a strongly continuous semigroup on C0, this is a direct consequence
of Trotter's product formula for the semigroups generated by \scrL and U on
that same space [68].

Step 3. Collective compactness of (\widetilde \Pi n)
\infty 
n=1. We want to show that

S := \{ \widetilde \Pi n\varphi : n\in \BbbN ,\varphi \in C0,\| \varphi \| L\infty \leq 1\} 

is precompact in C0. To do this, we need to show three properties: bound-
edness, uniform vanishing at infinity, and equicontinuity.
3a. Pointwise, it follows from the definition of \widetilde \Pi n and the assumption

that \| \varphi \| L\infty \leq 1 that

| (\widetilde \Pi n\varphi )(x)| \leq E

\Biggl[ 
exp

\Biggl( 
n - 1\sum 
k=0

T

n
U(XkTn - 1)

\Biggr) \bigm| \bigm| \bigm| \bigm| \bigm| X0 = x

\Biggr] 
.(A.4)

This shows, among other things, that the family S is bounded in norm
by K.

3b. Using (A.3) in conjunction with properties of U discussed in Step 1, we
see that the expectation on the right-hand side of (A.4) is arbitrarily
small, simultaneously for all n and \varphi , as soon as x is outside of a
sufficiently large ball. Hence, the family S does uniformly vanish at
infinity.

3c. To show equicontinuity, we consider the differences

\widetilde \Pi n\varphi (x) - \widetilde \Pi n\varphi (y) =Ex

\Biggl[ 
\varphi (XT ) exp

\Biggl( 
n - 1\sum 
k=0

T

n
U(XkTn - 1)

\Biggr) \Biggr] 

 - Ey

\Biggl[ 
\varphi (YT ) exp

\Biggl( 
n - 1\sum 
k=0

T

n
U(YkTn - 1)

\Biggr) \Biggr] 
with y close to some fixed x---we require | y - x| < 1 to begin. Note that
this difference of expectations can be computed by realizing the two
processes (Xt)t\in [0,T ] and (Yt)t\in [0,T ] on a common probability space
as we see fit---this is the classical coupling method; see, e.g., [66] and
historical references therein.
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By continuity, the difference

\delta 2 := | U(x) - U(y)| 

can be made arbitrarily small by taking y close enough to x. In view
of the ultra-Feller property [32], given any \tau > 0, the difference

\delta 3(\tau ) := \| P \ast 
\tau \delta x  - P \ast 

\tau \delta y\| TV

can be made arbitrarily small by taking y close enough to x. Hence,
once such a \tau is given, we can realize the two processes (Xt)t\in [0,T ] and
(Yt)t\in [0,T ] on a common probability space so that

\BbbP (x,y)\{ Xt \not = Yt for some t\in [\tau ,T ]\} \leq \delta 3(\tau ).

All in all, we have

| \widetilde \Pi n\varphi (x) - \widetilde \Pi n\varphi (y)| \leq E(x,y)

\bigm| \bigm| \bigm| \bigm| \bigm| \varphi (XT ) exp

\Biggl( 
n - 1\sum 
k=0

T

n
U(XkTn - 1)

\Biggr) 

 - \varphi (YT ) exp

\Biggl( 
n - 1\sum 
k=0

T

n
U(YkTn - 1)

\Biggr) \bigm| \bigm| \bigm| \bigm| \bigm| 
\leq 2K\eta + 2K\delta 3(\tau )+KT\delta 2+4K\tau sup

| z - x| <1+\rho \eta 

| U(z)| .

This can be made arbitrarily small, uniformly in \varphi and n, as follows.
First, we choose \eta so that the first term is as small as desired, and then
we fix \rho \eta accordingly. Next, we take \tau small enough so that the last
term is as small as desired. Finally, once \tau is fixed, we can choose a
coupling to compute the expectation, and the second and third terms
will be as small as desired as long as y is close enough to x.

Step 4. Spectral theory. On the one hand, Step 1 and the fact that both se-
quences of operators are uniformly bounded by K ensure that | spr(\widetilde \Pi n) - 
spr(\widehat \Pi n)| \rightarrow 0 by classical perturbation theory arguments; see, e.g., [38].
On the other hand, thanks to the spectral analysis of [5] for collectively
compact sequences of operators that converge strongly, Steps 2 and 3 show
that | spr(\widetilde \Pi n) - spr(PU

T )| \rightarrow 0.

Clearly, if \widetilde \Lambda Tn - 1 is an eigenvalue of \widetilde PU
Tn - 1 with a positive eigenvector, then (\widetilde \Lambda Tn - 1)n

is an eigenvalue of \widetilde \Pi n = ( \widetilde PU
Tn - 1)n with a positive eigenvector. Hence, the identity

spr(\widetilde \Pi n) = (\widetilde \Lambda Tn - 1)n follows from the fact that the spectral radius is the only eigenvalue
admitting a positive eigenvector. Similarly, spr(\widehat \Pi n) = (\widehat \Lambda Tn - 1)n. Finally, the fact that
spr(PU

T ) = exp(\lambda T ) is a consequence of the spectral mapping theorem [21], so the proof
is completed.
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