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Abstract. We study the computational properties of solving a con-
strained Li-Lo minimization via a difference of convex algorithm (DCA),
which was proposed in our previous work [13,19] to recover sparse sig-
nals from a under-determined linear system. We prove that the DCA
converges to a stationary point of the nonconvex Li-L2 model. We clar-
ify the relationship of DCA to a convex method, Bregman iteration [20]
for solving a constrained L; minimization. Through experiments, we dis-
cover that both L; and Li-L2 obtain better recovery results from more
coherent matrices, which appears unknown in theoretical analysis of ex-
act sparse recovery. In addition, numerical studies motivate us to consider
a weighted difference model Li-aLa (o > 1) to deal with ill-conditioned
matrices when Li-Lo fails to obtain a good solution.

1 Introduction

Compressive sensing (CS) [7,9] is about acquiring or recovering a sparse
signal (a vector with most elements being zero) from an under-determined linear
system Au = b, where b is the data vector and A is a M x N matrix for M < N.
Mathematically, it amounts to solving a constrained optimization problem,

min ||ullo s.t. Au=1b, (1)

where || - ||o is the Ly norm, which counts the number of non-zero elements.
Minimizing the Ly norm is equivalent to finding the sparsest solution. Since Ly
minimization is NP-hard [14], a popular approach is to replace Lo by a convex Ly
norm, which often gives a satisfactory sparse solution. A major step for CS was
the derivation of the restricted isometry property (RIP) [3], which guarantees to
recover a sparse signal by minimizing the L; norm. It is also proved in [3] that
Gaussian random matrices satisfy the RIP with high probability. A deterministic
result in [6,8,11] says that exact sparse recovery via L; minimization is possible
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where p is the mutual coherence of A, defined as

Jullo <

(2)
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The inequality (2) suggests that L; may not perform well for highly coherent
matrices in that if g ~ 1, then ||ul|p is 1 at most.

Recently, there has been a surge of activities in deploying nonconvex penalties
to promote sparsity while solving the linear system, because the convex L; norm
may not perform well on some practical problems with coherent sensing matrices.
In our previous studies [13,19], we advocate the use of a nonconvex functional L;-
Lo, as opposed to L, for p € (0,1) in [5,12,18]. To minimize L1-Ls, a difference
of convex algorithm (DCA) [16] is applied. In [13], we conduct an extensive
study comparing the sparse penalties, Lo, L1, L,(0 < p < 1), L1 — Lo, and their
numerical algorithms. Numerical experiments demonstrate that Li-Lo is always
better than L; to promote sparsity, and using DCA for L;-L, is better than
iterative reweighted algorithms for L, minimization [5,12] when the sensing
matrix exhibits high coherence.

The contributions of this work are four-fold. First, we prove that the DCA
iterations for a constrained minimization converge to a stationary point (Sec-
tion 2). Second, we clarify the relation of DCA to the Bregman iteration [20],
which is designed for convex functional minimization (Section 3). Third, we ana-
lyze how coherence, sparsity and minimum separation (MS) contribute to exact
recovery of a sparse vector from an under-determined system, and discover that
both L; and Li-Lo get better recovery results towards high coherence (Sec-
tion 4). Lastly, we demonstrate that exact recovery is highly correlated with
DCA converging in a few steps, and then propose a weighted difference model,
minimizing Li-aLs for @ > 1, to improve the reconstruction accuracy when
L;-L, fails to find the exact solution (Section 5).

2 Constrained L;-L, Minimization
Replacing Lo in (1) by Li-Lo, we get a constrained minimization problem,

urrelﬂlgllv llulh = Jullz st. Au=0. (4)

The idea of DCA [16] involves linearizing the second (nonconvex) term in the
objective function at the current solution, and advancing to a new one by solving
a L type of subproblem, i.e.,

Upy1 = argmin {|jully — (gn,u) s.t. Au="b}, (5)

for g, = i “n— We introduce two Lagrange multipliers y, z in an augmented

a2
Lagrangian,

1
Lo ,0,9.2) = Mol — A gt oy (u=v) 27 (Aub) £ fu—v+ L | dub].
Then an alternating direction of multiplier method (ADMM) [1] is applied to

solve eq. (5), by alternatively updating each variable (u, v,y and z) to minimize
Ly ,. Please refer to Figure 1 for pseudo-code. Note that the update of v can



be solved efficiently by a soft shrinkage operator: v = shrink(u + y, A\/p), where
shrink(s,y) = sgn(s) max{|s| — v, 0}.

Next we will prove that the DCA sequence {u, }, defined in eq. (5), converges
to a stationary point of eq. (4). The convergence proof of an unconstrained Li-Lo
minimization can be found in [19]. For general DCA, convergence is guaranteed if
the optimal value is finite and the sequence generated by DCA is bounded [16,17].
Here we can prove that the DCA sequence is bounded with probability 1, due
to degree-1 homogeneity of Li-Lo and the fact that a nonzero signal is 1-sparse
if and only if its L1-Lo is zero (see Lemma 1).

Lemma 1. Suppose u € RN \ {0} and |lullo = s, then
lully = llulleo =0 if and only if s=1.
Please refer to [19] for the proof.

Lemma 2. The objective function E(u) = |jully — |Jull2 is monotonically de-
creasing for the DCA sequence {u,} defined in eq. (5).

Proof. We want to show that
0 < E(up) — E(unt1) = llunlli = llunllz = lJunt1llt + luntall2- (6)

The first-order optimality condition for a constrained problem (5) can be formu-
lated as

oL oL
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where L(u,v) = |julls — ¢ u + T (Au — b) is the Lagrangian. Since L; norm is

not differentiable, we consider a subgradient p,y1 € O||tunt1|]1, and hence eq. (7)
is equivalent to

Prt1l —qn+ATv =0 and  Au,.1 =0b. (8)
Left multiplying the first equation in (8) by w, — u,41 gives
0= <pn+1 —qn + ATVv Up — un+1>
= (Pn+1, Un) + (@ Unt1) — [tntalls — [lunll2, 9)

where we use (Pnt1,Un+1) = ||Unt1ll1s (Gn, un) = |Jun|l2, and Au, = Aupiq = b.
Substituting eq. (9) into eq. (6), we get

E(un) = E(unt1) = ([unlly = (pnt1, un)) + (luntalle = {(gns tnta)). - (10)

Since any subgradient of L; norm has the property that |p£2rl < 1 for all
1 <4< N, wehave ||uyll1 > (Pn+1,un). The second term in eq. (10), ||upnt1ll2 —
(Gn, unt1) = 0 is due to Cauchy-Schwarz inequality. Therefore, we proved that
E(un) P E(un—i-l)- g

Lemma 3. The DCA sequence {u,} is bounded with probability 1.



Proof. Tt follows from Lemma 2 that E(u,) is bounded, and hence there exists
a constant C' so that
[unlly = llunll2 < C. (11)

Write u, = ||unll2 - un/||tnll2, or a polar decomposition into amplitude and
phase. By degree-1 homogeneity, eq. (11) is:

U U,
lunllz(l 711 = I ll2) < C.
T a2 [t |2

Suppose ||u,||2 diverges (up to a sub-sequence, but denoted the same), then

I [l

Un

[

Un,

[[n |2

l2 — 0, as n — oc.

Since uy, /|| un |2 is compact (on unit sphere), it converges to a limit point, denoted
as Uy, on the unit sphere (up to a sub-sequence). Hence, |lu.|[1 — ||u«]l2 = 0,
implying ||u«|[o = 1 by Lemma 1.

On the other hand, the DCA sequence satisfies Au,, = b. Dividing by ||u,||2 —
0o, we find that Au, = 0, so u, is in Ker(A). Unless A has a zero column (or
one component of u is absent in the constraint), Ker(A) does not contain a
one-sparse vector, which is a contradiction.

So if A has no zero column (which happens with probability 1 for random
matrices from continuous distribution), we conclude that w,, is bounded.

Theorem 1. Any non-zero limit point u, satisfies the first-order optimality con-
dition, which means u, is a stationary point.

Proof. The objective function F is monotonically decreasing by Lemma 2, and
bounded from below, so E(u™) converges and hence we have ||up+1|l2—{qn, Unt+1) —
0, which implies that w, — up+1 — 0 as u, # 0.

As the sequence {uy} is bounded by Lemma 3, there exists (by definition) a
subsequence of {u,,} converging to a limit point u,. The subsequence is denoted
as {un, }. The optimality condition at the ny—th step of DCA is

Qo1 — ATV € O|lup, |1 and  Au,, =b. (12)

Since uy, — us and subgradient of Ly norm is a closed set, we have 9||uy, |1 C
O||ux|l1- Letting ny — oo, we get

¢« — ATv € O|luy|ly and Au, = b, (13)

which means that u, satisfies the first-order optimality condition and hence it
is a stationary point. a

3 Study A: DCA v.s. Bregman Iteration

We want to point out that DCA is related to Bregman iteration, which was
derived from Bregman divergence [2], defined as

D5 (u,v) :== J(u) — J(v) — (p,u — ), (14)



where J() is a convex functional, and p € 9.J(v) is a subgradient of J at the
point v. For constrained L; minimization,

i & Au=0b, 15
nin flufs s u (15)

Bregman iteration incorporates the Bregman divergence into an unconstrained
formulation, and advances to a new solution u, 41 based on a Taylor expansion
of J(u) = ||ull1 at current step, i.e., up41 = argmin, ADY (u, uy,) + 3| Au — b||3.
The optimality condition is

A(Prt1 = pn) + AT (Aup g1 = b) = 0. (16)

Summing from 0 to n + 1, we have Ap, 11 + ZZ:& AT (Auy — b) =0, or

{ )\anrl + AT(AUn+1 - Un) =0 (17)
Up = ZZ:l(b - Auk)ﬂ
for pg = ug = 0, which is equivalent to
Upt+1 = argmin Al|u|; + %HAU — vn)? (18)
Upt1 = Up +b— Atpyq.

We consider the same idea for Li-Ls. In particular, we get an optimality
condition by lagging the second term,

A(anrl - pn) - )‘(Qn - anl) + AT(Aun+1 - b) =0, (19)

where p and ¢ be subgradients of ||u||; and ||u||2 respectively. Summing from 0
to n+ 1 and letting p; = qo = 21 = 0, we obtain

{ )\pn+1 - )\Qn + AT(Aun+1 - Zn) =0 (20)
Znt1 = 2n + (b — Aupia),

for z, = ZZ=1 b — Auy. The first equation in (20) is equivalent to up41 =
argmin Al|ully — Mgn, u) + || Au — 2, |3, which can be solved via ADMM.

DCA+ADMM (Alg.1) and Bregman+ADMM (Alg.2) are summarized in
Fig. 1, which shows that their difference lies in the update of z and ¢ (com-
pare boxed lines in Figure 1). For DCA, z is updated MaxQOuter iterations and
then ¢ is updated, while Bregman iteration updates z and ¢ simultaneously.
We plot relative errors of each inner solution to the ground-truth versus com-
putational time in Fig. 2, which illustrates that DCA is more computationally
efficient than Bregman iteration.

The update of z is to account for the constraint Au = b, which is enforced
by DCA at every inner iteration. This constraint also plays an important role in
proving DCA’s convergence (see Theorem 1). As for Bregman iteration, Osher
et. al. [15] proved that Bregman iteration (18) converges if the regularization
function is convex, while convergence analysis for nonconvex formulation (20) is
subject to future investigation.
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Define MaxOuter, MaxInner and initialize u £ 0,0 =y =2 =10

Alg.1: DCA + ADMM Alg.2: Bregman + ADMM
[for 1 to MaxOuter do | | for 1 to MaxOuter do |
for 1 to MaxInner do for 1 to MaxInner do
u= (ATA 4 pI)~1(AT(h - 2) + u=(ATA 4 pI)~ (AT (h - 2) +
ply +v) + Aq) ply +v) + Ag)
v = shrink(u+y, \/p) v = shrink(u+y, \/p)
y=y+(u—v) y=y+u—v)
z=z+Au—0 end for
end for r=z4+Au—>b
q = u/[lull2 q = u/l[ull2
end for end for

Fig. 1. Pseudo-codes for DCA4+ADMM (left) and Bregman+ADMM (right).

4 Study B: Sparsity v.s. Coherence

Theoretically, the success of Ly depends on the RIP or incoherence condition.
Unfortunately, RIP is difficult to verify for a given matrix, while incoherence is
not strong enough to account for exact recovery. Therefore, we are interested
in non-RIP conditions to evaluate the performance of Ly or Li-Lo, which will
contribute a better characterization of sparse solutions.

We consider a family of randomly oversampled partial discrete cosine trans-
form (DCT) matrices of the form

2wy

c RMXN
F

1
with a; = — cos(

VM

where w is a random vector uniformly distributed in [0, 1]*. This matrix arises
in spectral estimation [10], if the cosine function in (21) is replaced by complex
exponential. The coherence of this type of matrices is controlled by F' in the
sense that larger F' corresponds to larger coherence.

We then generate random sparse vectors as ground-truth, denoted as uyg,
whose sparsity (Lo norm) is S with nonzero elements being at least R distance
apart, referred to as minimum separation. Let b = Aug, and u, is a reconstructed
solution, from Ly minimization using Bregman iteration (18) or Li-Lo minimiza-
tion using DCA (5). We consider the algorithm successful, if the relative error
of u, to the ground truth u, is less than .001, <.e., lu—ugll o1,

llugll
We analyze whether success rates (based on 100 random realizations) are

related to coherence (F'), sparsity (S), and minimum separation (R) using ran-
domly oversampled DCT matrices of size 100 x 2000. We include the discussion
of MS here, due to the work of [4], which suggests that sparse spikes need to be
further apart for more coherent matrices. However, we observe that MS seems
to play a minor role in sparse recovery when it is above 2F, a theoretical lower
bound [4], as indicated by the first plot in Fig. 3 showing that success rates as

A=l[a, -, an]

)7j:17"'7N7 (21)




DCA
Bregman

-10F 4

-12 I I I I I I
0 2 4 6 8 10 12 14 16 18 20

Computational time

Fig. 2. Comparison between DCA and Bregman in terms of relative errors to the
ground-truth solution versus computational time (sec.), which shows that DCA is more
effiient than Bregman iteration. The stopping condition for outer iterations is ||z, —
Zn—1]|/||zn=1|| < le — 4, and Bregman stops eariler than DCA after about 8 seconds.

a function of S are almost identical for different R. The second plot in Fig. 3 is
success rates as a function of F for different S while R = 50, which suggests that
sparsity is the most important factor that contributes to exact sparse recovery,
compared to MS and coherence.

In Fig. 4, we examine the success rates of using L, and L;-Lo as a function
of R, while S is fixed to be 25. The two plots illustrate that the success rates
of F = 10,15 are higher than that of F' = 5, which implies that more coherent
matrices yield better recovery rates for both L; and L;-Ly. This phenomenon
appears new in L sparse recovery, which is worthy of future study.

5 Study C: Exact Recovery v.s. DCA Convergence

We find that if DCA converges in a few iterations (say 3-5), the reconstructed
solution coincides with the ground-truth solution with high probability. It follows
from Theorem 1 that DCA sequence always converges to a stationary point. We
consider a stopping condition of DCA to be W < .001. In this section,
we say DCA converges if the number of iterations is less than 10. Table 1 is the
confusion matrix or joint occurrence of whether DCA converges and whether
the algorithm finds the exact solution, which illustrates exact recovery is highly

correlated with DCA converging in a few steps.



Fig. 3. Success rates of recovering sparse signals from randomly oversampled partial
DCT matrices of size 100 x 2000 as a function of S for different R while F' = 10
(left) and as a function of F' for different S while R = 50 (right). Both plots suggest
that sparsity is the most important factor in sparse recovery, compared to MS and
coherence.

Table 1. Confusion matrix of whether DCA converges and whether the algorithm finds
the exact solution.

converge|not converge
exact 8104 17
not exact| 445 5732

We examine the relative errors between two consecutive DCA iterations for
both converging and non-converging cases. Fig. 5 shows that the relative errors
monotonically decreases, and DCA stops in 3-5 steps. On the other hand, if
the relative errors are oscillatory, it often implies that the algorithm does not
converge (within 10 iterations).

We found that one reason that DCA does not converge is that Li-Lo of
the exact solution is larger than that of some DCA iterates u,,, and hence the
algorithm jumps among these local mimima. This observation suggests that L;-
Lo is unable to promote sparsity in some degenerate cases. As a remedy, we
propose a weighted difference model L;-aLo with more weight on the nonconvex
term (a > 1). We find that the weighted difference model sometimes improves
the recovery rate, though there is no convergence proof for o > 1, as the objective
function is not bounded from below. To illustrate this phenomenon numerically,
we consider to apply the DCA for L1-2L,, if the DCA for L1-Ls does not converge
within 10 iterations; otherwise, we use the solution of Li-Ls to be the one in
lieu of L1-2L5. The success rates for both a« = 1 and o = 2 are then recorded in
Tables 2, which report at least 10% improvement for most testing cases.
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Fig. 4. Success rates of using L; (left) and Li-L2 (right) as a function of R while fixing
S = 20 for different F' showing that larger coherence yields better recovery rates.

Table 2. Success rates (%) of Li-Lz and L1-2Lo.

F=10,R=150,S=| 18 | 21 | 24 | 27 | 30 |Total
L1-Lo 97 | 78 | 34 | 10 0 | 219
L1-2L, 98 | 81 | 40 | 17 4 | 240
improve 1.03 | 3.85 |17.65|70.00| inf | 9.59

F=10,S=25R=| 20 | 30 | 40 | 50 | 60 |Total
Li-Lo 28 | 33 | 25 | 36 | 26 | 216
L1-2L, 37 | 37 | 34 | 41 | 32 | 266
improve 32.14|12.12(36.01|13.89|23.08|23.15

6 Study D: Constrained V.S. Unconstrained

We now compare the constrained Li-Ls minimization (4) with the uncon-
strained version, i.e.,

. 1
iy A(ully ~ llull2) + 5| Au — b3, (22

which is studied thoroughly in [19]. The constrained formulation is a parameter-
free model, while two auxiliary variables are introduced in the ADMM algorithm.
In all experiments, we choose A = 2, p = 10. For the unconstrained formulation,
a small )\ is chosen to enforce Au = b implicitly. Here we choose A = 107° in
(22). The comparison between constrained and unconstrained formulations for
both Ly and Li-Ly is given in Fig. 6, which shows that the two optimization
problems yield similar performance when X is small.

7 Conclusion and Future Work

This paper studied the computational aspects of a constrained Li-Lo mini-
mization, as an alternative to the conventional L approach, to recover sparse
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Fig. 5. Relative errors (in logarithmic scales) betweent two consecutive DCA iterations
for converging (left) and non-converging (right) cases. If DCA converges in a few steps
(3-5), it gives an exact recovery with high probability.

signals from an under-determined system. The DCA is applied to solve this non-
convex model with guaranteed convergence to a stationary point. The relation
of DCA for a nonconvex model with a convex method, Bregman iteration, was
also presented. Numerical experiments demonstrated that more coherent matri-
ces give better recovery results and we proposed a weighted difference model to
improve the reconstruction results, when Li-Ls is not sharp enough to promote
sparse solution.

As for future directions, we will analyze the convergence of Bregman itera-
tion applied to a nonconvex model, i.e., eq. (20). Furthermore, we will devote
ourselves to the understanding of the peculiar phenomenon of larger coherence
giving better results. As for the weighted difference model, we will further explore
the possibilities of stabilizing the resulting algorithm, and adaptively choosing
the weighting parameter o with respect to the matrix A in eq. (1).
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