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Abstract. We study the solvability of sparse blind separation of n nonnegative sources from
m linear mixtures in the underdetermined regime m < n. The geometric properties of the mixture
matrix and the sparseness structure of the source matrix are closely related to the identification of
the mixing matrix. We first illustrate and establish necessary and sufficient conditions for the unique
separation for the case of m mixtures and m+1 sources, and develop a novel algorithm based on data
geometry, source sparseness, and �1 minimization. Then we extend the results to any order m × n,
3 ≤ m < n, based on the degree of degeneracy of the columns of the mixing matrix. Numerical
results substantiate the proposed solvability conditions and show satisfactory performance of our
approach.
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1. Introduction. The goal of this paper is to study the blind source separa-
tion (BSS) problem of nonnegative data when fewer mixture signals than sources are
available. Such a case is referred to as underdetermined. The underdetermined blind
source separation (uBSS) presents an additional challenge beyond those determined
or overdetermined BSS in that the mixing matrix is noninvertible. For simplicity, we
consider the linear BSS model:

(1.1) X = AS,

where X ∈ R
m×p is the mixture matrix containing known mixed signals as its rows,

S ∈ R
n×p is the unknown source matrix, and A ∈ R

m×n is the unknown mixing
matrix. All matrices are nonnegative. The dimensions of the matrices are expressed in
terms of three numbers: (1) p is the number of available samples, (2) m is the number
of mixture signals, and (3) n is the number of source signals. Both X and S are
sampled functions of an acquisition variable which may be time, frequency, position,
or wavenumber, depending on the measurement device. The mathematical problem is
to estimate nonnegative A and S from X , which is also known as nonnegative matrix
factorization (NMF).

BSS has found numerous applications in areas from engineering to neuroscience
[4, 9, 10, 18, 21, 22, 23, 25], and a number of methods have been proposed based on
a priori knowledge of source signals such as spatio-temporal decorrelation, statistical
independence, sparseness, etc. For instance, independent component analysis (ICA
[9, 10, 11, 12, 21, 22, 23]) recovers statistically independent source signals and mix-
ing matrix A. The statistical independence requires uncorrelated source signals; this
condition, however, does not always hold in real world problems. Hence ICA methods
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practically look for approximately independent components. Recently there have been
several studies of ICA and its applications in computer tomography and biomedical
image processing, where nonnegative constraints are imposed for the mixing matrix
A and/or estimated source signals S [3, 7, 16, 27, 28, 31]. The present work is moti-
vated by nuclear magnetic resonance (NMR) spectroscopy data, which should not be
assumed to satisfy statistical independence, especially when the molecules responsi-
ble for each source may share common structural features [30]. Besides, the properly
phased absorption-mode NMR spectral signals from a single-pulse experiment are
positive. Therefore ICA-based methods would not work for this class of data. Al-
though the NMF introduced by Lee and Seung in [20] does not assume the statistical
independence of the source components, the NMF algorithms in general converge to
different solutions on each run due to the nonconvexity of the problem. For NMR
data, a better working assumption is the partial source sparseness condition proposed
by Naanaa and Nuzillard (NN) in [24]. The source signals are only required to be
nonoverlapping at some acquisition locations (see NNA in section 2). Such a local
sparseness condition leads to a dramatic mathematical simplification of a general non-
convex NMF problem. Geometrically speaking, the problem of finding mixing matrix
A reduces to the identification of a minimal cone containing the columns of mixture
matrix X . Linear programming is used to identify the cone in NN’s approach, while
authors of [17] proposed a geometric algorithm called the extreme vector algorithm
(EVA) to find the spanning edges of the cone. The working condition for EVA is
called the extreme data property, which is essentially the same as NN’s source condi-
tion. In fact, NN’s sparseness assumption and the geometric construction of columns
of A were known in the 1990s [6, 34] in the context of blind hyperspectral unmixing.
The analogue of NN’s assumption is called the pixel purity assumption. The result-
ing geometric (cone) method is the so-called N-findr [34] and is now a benchmark in
hyperspectral unmixing. NN’s method can be viewed as an application of N-findr [34]
to NMR data. However, NN’s approach and the EVA method are designed for solving
the determined or overdetermined case m ≥ n. For nonnegative uBSS, new methods
need to be developed. First, one may ask: Is the NN source sparseness assumption
good enough for nonnegative uBSS ?

There have been several studies on the uBSS of speech signals [7, 33, 35]. How-
ever, few results are available for the uBSS of nonnegative and partially overlapped
data (e.g., NMR signals). In [19], the authors extract three source spectra from two
measured mixed spectra in NMR spectroscopy. Their method first recovers the mix-
ing matrix A by clustering the mixture data in the wavelet domain, then solves for S
via linear programming. The source signals in [19] are assumed to be nowhere over-
lapping. Moreover, this method is limited to two mixtures. In this paper, we consider
nonnegative signals with overlap and study uBSS for arbitrary number of mixtures.
We are particularly concerned with the conditions for unique solvability of A and S up
to scaling and permutation. Motivated by NN’s sparse condition, we further explore
the geometric structure of column vectors of the mixture matrix. It turns out that an
additional sparseness condition on the sources (besides that of NNs) and a delicate
one degenerate column condition of the mixing matrix A are needed for the unique
separation in uBSS. Geometrically, the NN method can recover only the spanning
edges of a minimal cone containing the column vectors of X , which is not enough in
general to extract all column vectors of the mixing matrix A in uBSS. Our additional
conditions allow the recovery of the remaining columns of A as special interior points
of the cone which lie at intersections of certain hyperplanes. Counterexamples are
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illustrated if these additional conditions fail. Under the additional conditions on the
sparseness of S and the degree of degeneracy of A, we present a new algorithm which
first retrieves A by combining NN and the geometric property of the mixtures, then
recovers S by solving an �1 minimization problem.

The paper is organized as follows. In section 2, we review the essentials of NN’s
approach and its local sparseness assumption, then show by counterexamples that
extra conditions are needed for unique recovery in uBSS. In section 3, we introduce
the extra sparseness condition on the sources to accomplish unique recovery up to
scaling and permutation. The geometric study of mixture matrix suggests that this
condition is in fact optimal. In section 4, we develop a new method of uBSS. We
propose a novel algorithm to identify A based on the data geometry, then solve for
S using �1 minimization to ensure a sparse representation. In section 5, numerical
experiments are performed to verify the optimal sparseness condition and test the
effectiveness of our method. Various examples including real world data are prepared
to show the reliability of the method. Additionally, clustering methods are discussed
for recognizing the hyperplanes in the geometric structure of the noisy data. In
section 6, we generalize the method from treating mixing matrices of orderm×(m+1)
to any order m× n, 3 ≤ m < n. Concluding remarks are given in section 7.

2. Source sparseness and examples. In [24], Naanaa and Nuzillard (NN) pre-
sented an efficient sparse BSS method and its mathematical analysis for nonnegative
and partially overlapped signals in the (over)determined cases of model (1.1) where
m ≥ n. The mixing matrix A is full rank [24]. In simple terms, NN’s key sparseness
assumption (NNA) on source signals is that each source has a stand-alone peak at
some location of the acquisition variable where the other sources are identically zero.
More precisely, the source matrix S ≥ 0 is assumed to satisfy the following condition.

Assumption NNA. For each i ∈ {1, 2, . . . , n} there exists a ji ∈ {1, 2, . . . , p} such
that si,ji > 0 and sk,ji = 0 (k = 1, . . . , i− 1, i+ 1, . . . , n).

If (1.1) is written in terms of columns as

(2.1) Xj =

n∑
k=1

sk,jA
k, j = 1, . . . , p,

the NNA implies that Xji = si,jiA
i, i = 1, . . . , n, or Ai = 1

si,ji
Xji . Hence (2.1) is

rewritten as

(2.2) Xj =
n∑

i=1

si,j
si,ji

Xji ,

which says that every column of X is a nonnegative linear combination of the columns
of Â. Here Â = [Xj1 , . . . , Xjn ] is the submatrix of X consisting of n columns, each of
which is collinear to a particular column of A. It should be noted that ji (i = 1, . . . , n)
are not known and have to be computed. Once all the ji’s are found, an estimation
of the mixing matrix is obtained. The identification of Â’s columns is equivalent
to identifying a convex cone of a finite collection of vectors [15]. The convex cone
encloses the data columns in matrix X and is the smallest of such cones. Such a
minimal enclosing convex cone can be found by linear programming methods. For
model (1.1), the following constrained equations are formulated for the identification
of Â:

(2.3)

p∑
j=1,j �=k

Xjλj = Xk, λj ≥ 0, k = 1, . . . , p.
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Then a column vector Xk will be a column of Â if and only if the constrained equation
(2.3) is inconsistent (has no solution Xj, j �= k). However, if noises are present, the
following optimization problems are suggested to estimate the mixing matrix:

minimize score =

∥∥∥∥∥∥
p∑

j=1,j �=k

Xjλj −Xk

∥∥∥∥∥∥
2

, k = 1, . . . , p,(2.4)

subject to λj ≥ 0.(2.5)

A score is associated with each column. A column with a low score is unlikely to be
a column of Â because this column is roughly a nonnegative linear combination of
the other columns of X . On the other hand, a high score means that the correspond-
ing column is far from being a nonnegative linear combination of other columns of
X . Practically, the n columns from X with highest scores are selected to form Â,
the mixing matrix. The Moore–Penrose inverse Â+ of Â is then calculated, and an
estimate of S is achieved: Ŝ = Â+X .

The NN method is very efficient in separating the NNA sources for determined
and overdetermined BSS problems. It is also robust in that major peaks could still
be recovered when NNA is violated to a certain extent. A recent study of the authors
investigated how to postprocess with an abundance of mixture data, and how to
improve mixing matrix estimation with major peak-based corrections [32]. Here we
are interested in extending NN method to uBSS while maintaining the uniqueness of
source recovery. The following two examples show that extra conditions are necessary.

Example 1. Let (m,n) = (2, 3), and assume that the mixing matrix A ∈ R
2×3

has pairwise linearly independent columns, and that the remaining column is a non-
negative linear combination of the other two. The source matrix satisfies NNA. The
NN method can detect only the two columns which span the cone of column vectors
of X ; see A1 and A2 in Figure 1. The remaining (third) column of A is contained in
the cone, but it is impossible to identify. Any interior vector in the cone could be a
candidate.

Example 2. Let (m,n) = (3, 4), and assume that none of A’s four columns is a
nonnegative linear combination of the others. The source matrix satisfies NNA. Then
the n columns of A form a convex cone enclosing the data points (columns of X).
The NN method recovers all the columns of A by identifying the edges of the minimal
bounding convex cone. Figure 2 shows the four column vectors A1, . . . , A4. By proper
scaling of A4, we arrange them on a plane. Any point contained in both triangles
A1A2A3 and A1A2A4 admits two linear representations, indicating nonuniqueness of
the column vector of S.

The second example can be extended to m ≥ 3 as well when columns of data
matrix X admit multiple representations by column vectors of A. The examples
suggest that solving uBSS requires extra sparse conditions on S in addition to NNA;
thereby matrix S has fewer degrees of freedom, and a unique solution is more feasible.
In the next section, we propose a maximum overlap condition on the NNA source
signals to guarantee a unique separation of A and S.

3. Maximum overlap condition. Consider m ≥ 2 mixtures and n > m
sources. We propose to strengthen NNA by the (m− 1)-tuplewise maximum overlap
condition (MOC) on the source signals, as given next.

Assumption MOC-NNA. For each column of the source matrix S, there are at
most m − 1 nonzero entries. Furthermore, for each i ∈ {1, 2, . . . , n} there exists a
ji ∈ {1, 2, . . . , p} such that si,ji > 0 and sk,ji = 0 (k = 1, . . . , i− 1, i+ 1, . . . , n).
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Fig. 1. Diamonds are the column vectors of the true mixing matrix A; stars represent the
column vectors of X. NN’s approach can uniquely identify A1 and A2, which span the minimal cone
on the data points. The third column A3 cannot be uniquely extracted from the data points. In fact,
any star could be an estimation of A3; thus the resulting source recovery is nonunique.
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Fig. 2. A1, . . . A4 are the column vectors of A, which can be recovered by NN method. Stars
contained in the cone are X’s column vectors; they are linear combinations of A1, . . . , A4. However,
their representations under basis A are not unique. For the points contained in both triangle A1A2A3

and A1A2A4, they have different representations; in other words, the source matrix S has different
solutions.
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Fig. 3. Two mixtures from four sources. The stars are column vectors of X; they are on the
four lines in the top plot. After normalization to unit l2-norm, the column vectors of X cluster
around four different vectors in the bottom plot.

MOC puts a maximum overlap of m− 1 entries or minimum sparseness condition
on the columns of S. Simply said, this condition requires not only that each source
have a stand-alone peak at some location of the acquisition variable where the other
sources are identically zero, but also that there be at most m − 1 active sources at
each location of the acquisition variable. Below we study several underdetermined
cases and demonstrate the uniqueness of our recovery.

3.1. Two mixtures. Consider two mixtures from n > 2 sources. MOC means
that there is at most one active source in each location. Assume that the columns
of the mixing matrix A are pairwise linearly independent; then the two-dimensional
column vectors of X can be visualized as in Figure 3. Estimation of column vectors of
the mixing matrix A is easily achieved by clustering (e.g., K-means) [5], since there
is only one nonzero entry in each column of S. MOC-NNA implies that

(3.1) Xj = Aksk,j ;

sk,j is the nonzero entry in the jth column of S. Therefore, the source matrix S can be
uniquely determined once A is recovered. The column vectors of X are aligned with
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Fig. 4. An example of three mixtures and four sources. A’s column vectors define a convex
quadrilateral, and X’s column vectors (stars) lie on the edges and diagonals. Column vector P is
in the intersection of two diagonals, so P = a1A1 + a3A3 or P = a2A2 + a4A4. The corresponding
column of S cannot be uniquely determined. Matrix A violates one column degeneracy condition.

n different lines, as shown in the top plot of Figure 3. Moreover, the normalized n
points are obtained when column vectors are projected to the unit circle, as shown in
the bottom plot of Figure 3, and these n points can be the estimation of A’s columns.
The number of sources n is read off from the number of clusters on the unit circle and
may not need to be known in advance.

3.2. More than two mixtures. If m ≥ 3, MOC-NNA alone does not ensure a
unique solution; suitable conditions on the mixing matrix A are also required. Figure 4
shows the case of three mixtures and four sources, and we see that column vectors of
X (blue stars) all lie on the lines defined by A1, . . . , A4. For the solution of A and
S, the NN method can be used to recover A whose columns are the four vertexes of
the quadrilateral. However, the source matrix S has no unique solution if there are
data points at the intersection of the diagonals (point P in the plot). The column
vectors of S are uniquely determined at all points but P . The column vector of X
corresponding to P has two distinct representations: linear combination of either A1

and A3 or A2 and A4. High-dimensional hyperplanes are difficult to visualize, but
similar conclusions can be drawn.

Furthermore, Figure 5 shows that uBSS has no unique solution for the case of m
mixtures and n > m + 1 sources in general. This example has three mixtures and
five sources, and the sources satisfy MOC-NNA. The mixing matrix is assumed to
have one degenerate column which is a nonnegative linear combination of others (A5

in the figure). The column vectors of the mixture matrix X (stars) are located in
different lines, and each line is defined by two columns of A. Apparently the mixtures
at P1, P2, and P3 have different representations; e.g., P1 can be a linear combination
of A1 and A3 or A2 and A5. The solution for S is nonunique.
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Fig. 5. The geometry of three mixtures from five sources. Diamonds stand for the five columns
of A; stars are the column vectors of X.

3.3. n = m+ 1 > m ≥ 3. Let us consider m ≥ 3 mixtures and m+ 1 sources
satisfying the MOC-NNA condition. We further assume a degenerate mixing system:
mixing matrix A ∈ R

m×(m+1) has rank m, and one of its columns is a positive linear
combination of other linearly independent columns. We shall call this assumption the
one column degenerate condition (OCDC). The main result is as follows.

Theorem 3.1. Up to scaling and permutation, the uBSS problem (m ≥ 3 sources,
m+1 mixtures) attains a unique factorization AS, provided that A satisfies the OCDC
and S satisfies MOC-NNA.

For example, Figure 6 shows the configuration of three mixtures and four sources.
The four red diamonds are the column vectors of A. The column vector A4 is located
inside the triangle A1A2A3. Column vectors of X (blue stars) lie on different lines
determined by columns of A. The three vertexes of the triangle can be identified using
NN’s approach. The three lines inside the triangle meet at one point which is A4.
The plot suggests that each column vector of X has a unique representation under
the basis A, achieving unique recovery of the sources S. The proof of the theorem is
as follows.

Proof. We considermmixtures andm+1 sources. Each column of mixture matrix
X can be treated as a point in m-dimensional space, while each column of mixing
matrix A can be treated as a vector extending from the origin to a corresponding
point in the positive orthant. Without loss of generality, we assume that the last col-
umn Am+1 of A is degenerate. The other columns A1, . . . , Am are assumed to be
linearly independent as in the OCDC. Hence

(3.2) Am+1 =

m∑
i=1

λiA
i,

m∑
i=1

λi = 1, λi > 0.
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Fig. 6. The interior diamond is the degenerate column A4 of A. The column vectors (stars)
of X are located in several lines. Three inside lines intersect at A4.

Am+1 is contained in the convex cone spanned by A1, . . . , Am, which can be identified
from X ’s columns by NN’s approach, and we shall call the cone ΓA. Clearly ΓA

possesses the scale invariance property; i.e., any multiple of a vector that belongs
to ΓA will also belong to ΓA. Next we will find the degenerate column Am+1 (or
αAm+1, α > 0) which is contained in X . Because of the scale invariance property,
if the columns of X are rescaled to lie on an (m − 1)-hyperplane, the minimal cone
containing the rescaled data vectors actually is the cone ΓA. Thus it is possible
to restrict our attention to data on that hyperplane. This property is illustrated
in Figure 7: graphically the hyperplane cutting the cone forms a polyhedron. For
the selection of the hyperplane, we consider the one determined by the m points
A1, . . . , Am (the plane containing the triangle A1A2A3 in Figure 7). The construction
of the hyperplane is discussed in section 4.1.

Consider X ’s columns that are contained inside ΓA; those interior points can be
identified via linear programming. MOC-NNA implies that the interior points lie
on different (m − 1)-hyperplanes, and each hyperplane is spanned by vector Am+1

and any m − 2 vectors from A1, . . . , Am. The intersection of these hyperplanes is
the line connecting point Am+1 and the origin. Then the intersection point of the
line with the hyperplane determined by A1, . . . , Am is recognized as the estimation
of Am+1. For example, Figure 6 shows that all the interior points are contained in
three planes OA1A4, OA2A4, OA3A4, and the intersection of these planes is a line
OA4. Then the intersection of line OA4 with plane A1A2A3 is an estimate of A4. In
higher dimensions, same idea applies for the determination of the degenerate column.
In addition, the uniqueness of Am+1 can be expected. Thus the unique solution of A
is achieved up to scaling.

The source recovery is equivalent to finding a sparse representation of X under
A. Consider a column vector Xk of X ; it is either inside the ΓA or on its face. If Xk
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Fig. 7. A cloud of nonnegative data (top) rescaled to lie on a plane determined by A1, A2, A3

(bottom).

is located on the face, then it has the following form:

(3.3) Xk = s1A
1 + s2A

2 + · · ·+ siA
i + · · ·+ sm−1A

m−1 .

The question is whether this representation is unique. Apparently, it is unique in
terms of A1, . . . , Am−1, which are linearly independent. However, we may have

Xk = s′1A
1 + s′2A

2 + · · ·+ s′i−1A
i−1 + smAm + s′i+1A

i+1 + s′m−1A
m−1,(3.4)

m �= i, i ∈ {1, . . . ,m− 1}.

Subtracting (3.4) from (3.3) leads to

0 = (s1 − s′1)A
1 + · · ·+ (si−1 − s′i−1)A

i−1 + (si+1 − s′i+1)A
i+1

+ · · ·+ (sm−1 − s′m−1)A
m−1 + siA

i − smAm,

which implies that sj = s′j (j = 1, . . . ,m − 1 and j �= i), si = sm = 0. Thus the
representation (3.3) is unique.
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Now suppose that Xk is a point inside the cone ΓA. Without loss of generality,
we assume

(3.5) Xk =

m−2∑
i=1

ciA
i + cAm+1,

where ci ≥ 0, c > 0.
ThenXk has a unique representation under A1, . . . , Am−2, Am+1. In fact, suppose

that

(3.6) Xk =

m−2∑
i=1

c′iA
i + c′Am+1 .

Then

0 =

m−2∑
i=1

(ci − c′i)A
i + (c− c′)

m∑
i=1

λiA
i

=

m−2∑
i=1

[
(ci − c′i) + λi(c− c′)

]
Ai +

m∑
i=m−1

λi(c− c′)Ai .

It follows from λi > 0 that c = c′, ci = c′i.
Next assume that Xk can be represented by a different set of m−2 column vectors

of A1, . . . , Am and Am+1, or

(3.7) Xk = ci1A
i1 + ci2A

i2 + · · ·+ cim−2A
im−2 + c′Am+1 ,

where {i1, i2, . . . , im−2} ⊂ {1, 2, . . .}. We subtract (3.7) from (3.5) to get

0 = (c− c′)Am+1 +

m∑
i=1

biA
i

=
m∑
i=1

[
(c− c′)λi + bi

]
Ai,

where bi changes signs because bi > 0 if i belongs to {1, . . . ,m} but is not in {i1, . . . ,
im−2}; bi < 0 if the other way around.

From the linearly independence of A1, . . . , Am, it follows that

(3.8) (c− c′)λi + bi = 0, i = 1, 2, . . . ,m.

Suppose c �= c′, say c > c′; then bi < 0 since λi > 0. This is a contradiction because
b1, . . . , bm change signs. As a consequence, c must be equal to c′, and bi = 0. This
result implies that except for Xk = cAm+1, any other interior point of ΓA lies on only
one of the hyperplanes defined by Am+1 and any m − 2 vectors of A1, . . . , Am. In
other words, among the interior points only cAm+1 lies in the intersection of any two
hyperplanes. In fact, this result provides a way to identify Am+1.

The MOC-NNA sources and OCDC mixing matrix guarantee the unique solution
of uBSS. In the next section, we propose an approach to retrieve A and S.

4. Geometric uBSS method. Given m ≥ 3 mixtures X , suppose that there
are m + 1 MOC-NNA sources S and a degenerate mixing system A. We propose a
two-stage algorithm to determine A and S.
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4.1. Degenerate column. The m nondegenerate columns A1, . . . , Am of A can
be identified fromX by NN’s method. MOC-NNA implies that the degenerate column
Am+1 is among the columns ofX and is inside the cone ΓA spanned by column vectors
A1, . . . , Am.

With A1, . . . , Am being recovered, we present the following algorithm to identify
Am+1:

1. Determine the (m−1)-dimensional hyperplaneH defined by the pointsA1, . . . ,
Am in R

m (e.g., the plane A1A2A3 in Figure 6 for m = 3).
2. Scale the column vectors of mixture matrix X so that the scaled vectors lie

on the hyperplane H.
3. Construct two (m−1)-dimensional hyperplanes. Each hyperplane is spanned

by a particular interior point and a set of m − 2 vectors from A1, . . . , Am

such that this hyperplane contains Am+1. The details are given in Remark iii
below.

4. Identify the points that are inside ΓA.
5. Test all interior points; the one that lies on both hyperplanes in step 3 is

taken as an estimate of Am+1 (see the second part of the proof in section 3).
Remarks.
i. Step 2 reduces the problem to a lower-dimensional manifold. Figure 7 pro-

vides a geometric illustration of this step. It should be noted that the data
points can be scaled to lie on a different (m− 1)-hyperplane; for example, we
can scale them to lie on x1 + · · ·+ xm = 1.

ii. In step 3, the following constrained equations are solved for λ = (λ1, . . . , λm):

(4.1)

m∑
j=1

Ajλj = Xk, λj > 0, k = 1, . . . , p.

Any columnXk will be an interior point if and only if the constrained equation
(4.1) is consistent. If there is only one interior point, then it is Am+1. When
noises are present, we propose an alternative way to locate the interior points.
The idea is as follows: we shall first identify the points lying on the faces of
the cone. To achieve this, the following optimization problems are suggested
to solve

minimize score =

∥∥∥∥∥∥
∑

j∈{i1,...,im−1}
Ajλj −Xk

∥∥∥∥∥∥
2

, k = 1, . . . , p,(4.2)

subject to λj > 0,(4.3)

where {i1, . . . , im−1} ⊂ {1, . . . ,m}. We set a tolerance ε for the score, and
a column with a score lower than ε is recognized as a face point. Thus we
can locate all the points that lie on the face spanned by Ai1 , . . . , Aim−1 . The
value of ε depends on the noise level and needs to be tuned manually. We
then repeat this process for all other different sets of m − 1 vectors from
A1, . . . , Am. Finally, all the face points are obtained, and the retrieval of
interior points is followed.

iii. Here we shall describe how to construct the hyperplanes and select the par-
ticular interior point in step 4. Any m − 2 vectors from A1, . . . , Am plus an
interior column vector of X span an (m − 1)-hyperplane. For example, we
consider finding the normal equation n · (Y −Y0) = 0 of the hyperplane
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spanned by A1, . . . , Am−2 and an interior vector XI . n is the normal vec-
tor which can be obtained by the singular value decomposition of the matrix
B = [A1, A2, . . . , Am−2, XI ]. Note that B is an m× (m − 1) matrix of rank
m − 1, and it has the factorization B = V DUT, where U = [u1, . . . , um−1]
and V = [v1, . . . , vm] are orthogonal (m− 1)× (m− 1) and m×m matrices,
respectively, and where D is an m × (m − 1) diagonal matrix with entries
djj > 0 for j = 1, . . . ,m− 1 and djk = 0 otherwise. Hence BTvm = 0, which
implies that vm is the normal vector of the hyperplane spanned by B’s col-
umn vectors. Furthermore, the hyperplane is through point Y0, and a choice
is to set Y0 = 1

m−1 (
∑m−2

j=1 Aj +XI) to reduce the influence of noise in data.

We continue to use A1, . . . , Am−2 to illustrate how to select the particular
interior point. The criterion is that the point needs to lie on the hyperplane
spanned by A1, . . . , Am−2 and Am+1. Suppose the set of all interior points is
denoted as I, the set {A1, . . . , Am−2} as S. The selection process is described
as follows:
(1) Set J = I. Pick P ∈ I, and define a hyperplane H by P and S. Set

I = I − P .
(2) Take Q ∈ I and set I = I −Q.

(a) If Q lies on H, then P is the desired interior point. Go to (3).
(b) Otherwise,

· if I �= ∅, go to (2);
· if I is empty, set I = J − P , then go to (1).

(3) Output P and H, stop the process.
Generally there is at least one interior point (excluding Am+1) on each of the hy-
perplanes spanned by Am+1 and any m− 2 vectors from A1, . . . , Am. Therefore, the
selection of the particular interior point will be successful, and the output hyperplane
H obtained by this process contains Am+1. Repeating the same process for a different
set of m− 2 vectors from A1, . . . , Am, we obtain another hyperplane G. With these
two hyperplanes, we can identify Am+1 in step 5.

4.2. Recovery of sparse sources. For the recovery of S, we solve X = AS for
S, given A and X . Suppose that the source signals satisfy the MOC-NNA sparseness
condition; the theoretical result in section 3 guarantees a unique solution of S. We
seek the sparsest solution for each column Si of S as

(4.4) min ‖Si‖0 subject to ASi = X i.

Here ‖ · ‖0 (0-norm) represents the number of nonzeros. Because of the nonconvexity
of the 0-norm, we minimize the �1-norm,

(4.5) min ‖Si‖1 subject to ASi = X i,

which is a linear program [13] because Si is nonnegative. Under certain conditions
of matrix A, it is known [8, 37] that solution of �1-minimization (4.5) gives the exact
recovery of a sufficiently sparse signal, or solution to (4.4). Though our numerical
results support the equivalence of �1- and l0-minimizations, the mixing matrix A does
not satisfy the existing sufficient conditions [8, 37]. Linear programming is sufficient
for the examples we have studied here; however, larger size problems (larger values
of m and n) may require an efficient iterative method such as Bregman iteration [36]
for solving (4.5).
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Fig. 8. When plotted in R
3, the three mixtures (top) have the geometric structure shown in the

bottom plot. The lighter diamond (point P in the graph) is the degenerate column detected by the
geometric approach, and it is the intersection of the two lines. The black diamond (point PNMF )
represents the result using NMF algorithm, which apparently deviates from the correct solution.

5. Numerical experiments. We present numerical results to test our method
and also to validate the unique solvability condition proposed in the paper. Two ex-
amples are presented: the first example is to retrieve four sources from three mixtures,
while the second example recovers five sources from four mixtures. The nonnegative
sources in both examples satisfy the MOC-NNA, and the positive mixing matrices
satisfy OCDC.

The top plot in Figure 8 shows the three mixtures of the first example; the bottom
plot is the geometric structure of the mixtures in R

3. The geometric method provides
an exact recovery AGM of A up to a permutation. As a comparison, the NMF’s result
is also presented here:

A =

⎛
⎝

6 2 3 3.8
3 5 3 2.8
1 1 7 2.2

⎞
⎠, AGM =

⎛
⎝

2 6 3 3.8
5 3 3 2.8
1 1 7 2.2

⎞
⎠ ,

ANMF =

⎛
⎝

2 6 3 3.8
5 3 3 2.790
1 1 7 3.117

⎞
⎠ .
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Fig. 9. Top: the four true sources. Bottom: recovery by �1 minimization.

Once the mixing matrix is obtained, the sources are recovered by �1-minimization.
Figure 9 shows that the recovered sources agree very well with the ground truth.

For our second example, the geometry of the four mixtures in Figure 10 are
difficult to visualize. Yet our algorithm still produced an exact recovery of the mixing
matrix:

A =

⎛
⎜⎜⎝

6 2 3 8 4.9
3 5 3 2 3.1
1 1 7 6 3.8
2 3 4 5 3.35

⎞
⎟⎟⎠, AGM =

⎛
⎜⎜⎝

2 6 3 8 4.9
5 3 3 2 3.1
1 1 7 6 3.8
3 2 4 5 3.35

⎞
⎟⎟⎠ ,

ANMF =

⎛
⎜⎜⎝

2 6 3 8 4.9
5 3 3 2 3.696
1 1 7 6 2.391
3 2 4 5 3.025

⎞
⎟⎟⎠ .

The recovered sources in Figure 11 show again the reliable performance of the �1-
minimization.

5.1. Robustness. In this subsection, various examples are carried out to sup-
port the reliability of our approach. To test its robustness in the presence of noises,
we varied the signal-to-noise ratio (SNR) when adding white Gaussian noise to the
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Fig. 11. Top: the five true sources. Bottom: five recovered sources.

data. Figure 12 is an example of three mixtures from four sources, which are obtained
by adding Gaussian noise with SNR = 30 dB. The recovery of sources is presented in
Figure 13. In a second example, we used five sources to construct four noisy mixture
signals (Figure 14) by adding Gaussian noise with SNR = 40 dB. The result of the
separation is presented in Figure 15.

In a third example we apply the method to real world data. We used true nuclear
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Fig. 12. Signals of four source mixtures with noises: three mixing spectra (top) and their
geometric structure (bottom) where the black dot represents the approximation of the degenerate
column.

magnetic resonance (NMR) spectra of four compounds (mannitol, β-cyclodextrine,
β-sitosterol, and menthol) as source signals (data are from [24]). The NMR spectrum
of a chemical compound is produced by the Fourier transformation of a time-domain
signal which is a sum of sine functions with exponentially decaying envelopes. The real
part of the spectrum can be presented as the sum of symmetrical, positive valued,
Lorentzian-shaped peaks (see Figure 16). Hence an NMR spectrum has nonzero
responses everywhere. Therefore, the source signals in this case satisfy only a relaxed
MOC-NNA condition, as given next.

Assumption. For each column of the source matrix S, there are at mostm−1 dom-
inant entries. Furthermore, for each i ∈ {1, 2, . . . , n} there exists a ji ∈ {1, 2, . . . , p}
such that si,ji > 0 dominates that column.

The mixed signals were generated by (1.1) which is simulated by a 3× 4 OCDC
mixing matrix. The second plot in Figure 17 is the geometric structure of the mix-
tures, where the degenerate column A4 is identified as the intersection of the two lines.
The separation result is presented in Figure 16. The performance of the method can
be seen clearly by comparison of the spectra in the two plots. The above examples
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Fig. 13. Top: four true sources. Bottom: recovered sources.

demonstrate that our method is reliable in the regime where either the source con-
ditions are violated to a certain extent or the mixtures are noisy. However, every
method has its limitation; our approach may fail to identify the degenerate column if
higher level noise is present (SNR ≤ 25 dB). In this situation, some statistical tech-
niques should be used. Since the data points lie on different hyperplanes, clustering
analysis shall be applied to assign the points into clusters so that points in a clus-
ter are regarded as in a hyperplane. The hyperplanes can then be constructed by
least-squares data fitting. In the following, we shall apply two clustering methods,
Hough transform and spectral clustering, to recognize the hyperplanes in the noisy
data. For the details of Hough transform and spectral clustering, readers are referred
to [1, 2, 14, 26, 29].

The Hough transform is a feature extraction technique used in image analysis,
computer vision, and digital image processing [29]. The simplest case of Hough trans-
form is a linear transform for detecting straight lines, which can be used in the case
of three mixtures and four sources (three dimensions). In the Hough transform, a
main idea is to consider the characteristics of the straight line not as points x or y,
but in terms of the line’s parameters, here the slope parameter m and the intercept
parameter b. Based on that fact, the straight line y = mx+ b can be represented as a
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Fig. 15. Top: five true sources. Bottom: recovered sources via our method.
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Fig. 16. Top: the true source signals. Bottom: sources signals recovered by our method.

point (b,m) in the parameter space. Computationally, it is common to use a different
pair of parameters, denoted by r and θ, for the lines in the Hough transform. The
parameter r represents the distance between the line and the origin, while θ is the
angle of the vector from the origin to the closest point (see Figure 18). Using this
parametrization, the equation of the line can be written as

(5.1) y = −cos θ

sin θ
x+

r

sin θ
,

which can be rearranged to r = x cos θ + y sin θ. It is possible to associate with each
line a pair (r, θ) which is unique if θ ∈ [0, π) and r ∈ R. An infinite number of lines
can pass through a single point of the plane. If that point has coordinates (x0, y0) in
the original plane, all the lines passing through it obey

r(θ) = x0 cos θ + y0 sin θ,

where r is the same as in (5.1). This corresponds to a sinusoidal curve in the (r, θ)-
plane, which is unique to that point. If the curves corresponding to two points are
superimposed, the location (in the (r, θ)-space) where they cross corresponds to lines
(in the original plane) that pass through both points. More generally, a set of points
that form a straight line will produce sinusoids which cross at the parameters for
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Fig. 17. Three mixtures obtained by combining the spectra of menthol, β-sitosterol, mannitol,
and β-cyclodextrine. Top: three mixture spectra. Bottom: their geometric structure.

that line. Thus, the problem of detecting collinear points can be converted to the
problem of finding concurrent curves. This idea is demonstrated by the second plot
in Figure 18. In an example of three noisy mixtures from four sources, Hough trans-
form is used to detect lines from the mixture geometry. The results are presented in
Figure 19. The results of this transform are stored in a matrix. Cell value represents
the number of sinusoidal curves through any point. Higher cell values are rendered
brighter. The six bright spots are the Hough parameters (r, θ) of the six lines. From
the positions of these spots, (r, θ) values can be read off. Equations of the lines are
given by (5.1), and columns of A are approximated as the intersections of the lines
(see Figure 20). The estimation of A by Hough transform (AHT) is (the first row of
AHT is scaled to be same as that of A)

A =

⎛
⎝

0.8847 0.3651 0.3665 0.6544
0.4423 0.9129 0.3665 0.6544
0.1474 0.1826 0.8552 0.3789

⎞
⎠ ,

AHT =

⎛
⎝

0.8847 0.3651 0.3665 0.6544
0.4380 0.9357 0.3668 0.6459
0.1519 0.1892 0.8783 0.4039

⎞
⎠ ,
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Fig. 18. A straight line in the (x, y)-plane and its sinusoidal curves in the (r, θ)-plane. The
line’s (approximate) geometric parameters (r, θ) are read off first, then its equation is obtained by
formula (5.1).

and the source recovery is shown in Figure 20. Note that the Hough transform detects
lines in two dimensions. For higher-dimensional data, we shall use spectral clustering
technique to identify data points.

Spectral clustering has recently become one of the most popular clustering al-
gorithms [2, 26, 29]. It is simple to implement, can be solved efficiently, and very
often outperforms traditional clustering algorithms such as the k-means algorithm.
Next we shall combine the NN method and spectral clustering to retrieve columns of
mixing matrices from the rather noisy data. We first run the NN method to identify
A’s non-degenerate columns, then identify the interior data points by solving (4.2).
Second, spectral clustering is applied to assign the interior points to different groups
so that the points in the same group lie on the same hyperplane. Moreover, equa-
tions of the hyperplanes can be obtained by least-squares data fitting. Finally, the
degenerate column is identified as the intersection of these hyperplanes. We present
here an example of four mixtures from five sources. The true mixing matrix and its
estimation via NN and spectral clustering are (for ease of comparison, the first row
of (ANS) is scaled to be same as that of A)

A =

⎛
⎜⎜⎝

0.8485 0.3203 0.3293 0.7044 0.6154
0.4243 0.8006 0.3293 0.1761 0.4190
0.1414 0.1601 0.7683 0.5283 0.4976
0.2828 0.4804 0.4391 0.4402 0.4452

⎞
⎟⎟⎠ ,
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ANS =

⎛
⎜⎜⎝

0.8485 0.3203 0.3293 0.7044 0.6154
0.4249 0.8138 0.3383 0.1756 0.4520
0.1408 0.1564 0.7854 0.5326 0.6116
0.2754 0.4826 0.4462 0.4394 0.5023

⎞
⎟⎟⎠ ,

where the first four columns are nondegenerate and the last column is degenerate.
The source separation results are shown in Figure 21; the quality of the separation
can be seen from the comparison between the real sources and their recovery.

6. Extension to general cases. In this section, we extend our uBSS geometric
method from treating mixing matrices of order m × (m + 1) to any order m × n,
3 ≤ m < n. The extension is based on the degree of degeneracy of the columns of
the mixing matrix, and allows multiple solutions. Note that the MOC is not needed
for constructing columns of mixing matrices in the absence of degeneracy. In the
degenerate regime, it is needed to search for interior intersection points by subspaces
and their translations.
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Fig. 20. Top: Six lines are detected in Figure 19, and notice that they are not concurrent in the
circled region which is normal due to the presence of noise. All the neighboring intersecting points
are computed, and their average is taken to be the intersection point. Bottom: Original sources (up)
and the recovery by method in section 4.2.

6.1. Degeneracy of degree zero. If there is no column of A that is a non-
negative linear combination of other columns (zero degeneracy), then the columns
form the edges of a convex cone in R

m under an NN sparseness condition. The
computation reduces to the identification of spanning vectors of the minimal cone
containing the data set, which can be achieved by linear programming. Note that
there may be infinitely many solutions for the sources because the mixing matrix is
noninvertible. The �1-norm minimization shall be used to ensure a sparse source solu-
tion. The numerical results are presented as follows. The first example is to separate
out four sources from three mixtures, where the sources satisfy the NNA condition
and the mixing matrix has zero degeneracy. The mixtures and their geometry are
shown in Figure 22. It can be seen that the four columns are identified as the span-
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Fig. 21. Top: the four mixtures. Bottom: the five true sources (up) and their recovery (down).

ning edges of the convex cone containing the data set. The �1 solution of the sources
is in Figure 23. Compared to the ground truth, the recovery via �1 optimization is
very satisfactory: source signals 1 and 3 are almost exactly recovered. Although there
are some peaks missing, almost all the major peaks are captured in recovered source
signals 2 and 4. The second example aims to extract five sources from three mixtures,
which is a more underdetermined problem than the example one. The results are
presented in Figures 24 and 25, where the spanning edges of the cone are identified
and �1-norm minimization delivers a partially correct source separation. Although
several spurious peaks are introduced (for example, in the recovered source 1), the
major characteristic peaks are captured. In the practice of NMR, such results, though
imperfect, still provide valuable clues and assistance for NMR chemists in recognizing
chemicals from a template.
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Fig. 22. The three mixtures (top), and their geometric structure (bottom).

6.2. Degeneracy of degree r ≥ 1. If there are r degenerate columns (r ≥ 2;
the case of r = 1 has been discussed already in detail in previous sections), then under
the MOC, one must also search for intersections of translated subspaces of dimensions
m− 2 (lines when m = 3) in the interior of the cone. Consider m = 3 for simplicity
and ease of visualization (Figure 26). There are at least r intersections, each of which
is associated with a positive integer (degree) equal to the number of concurrent lines
passing through it. The intersections are ordered from high to low in terms of the
degree of intersection. The higher degree ones will be chosen first to fill in degenerate
columns of A. If identical degree appears at different intersections, one may encounter
multiple solutions. In practice, if the number of sources is unknown and is above the
number of edges of the cone, we choose additional columns of the mixing matrix from
the ordered list of interior intersections and provide possibly multiple solutions for
practitioners to analyze with their knowledge and experience.

Figure 26 shows the geometry of the mixtures in case of m = 3. The spanning
edges of the convex cone are identified using the NN method. Inside the cone, there are
three intersections found by either Hough transform or spectral clustering. Suppose
that there are two degenerate columns in the mixing matrix; the separation results
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Fig. 23. Top: the four real sources. Bottom: their �1 solutions.

are shown in Figure 27, where a reasonably good recovery can be seen by comparison
with the ground truth.

7. Concluding remarks. We studied sparse blind source separation of nonneg-
ative sources when there are fewer mixtures than sources. Considering a geometric
interpretation of the data reveals a great deal of information about unique solvability.
We found necessary and sufficient conditions on the uniqueness of the uBSS problem
up to scaling and permutation in the case of recovering m + 1 source signals from
m mixture data. Our approach exploited the geometry of the data matrix and the
sparsity of the source signals. Numerical results validate the solvability condition and
show satisfactory performance of the resulting uBSS. In order to deal with noisy data,
an initial attempt has been made by combining clustering analysis and the geometric
approach, and the idea proved to be successful.
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Fig. 24. The three mixtures (top), and their geometric structure (bottom).

Based on the degree of the degeneracy of the mixing matrix, we extend our method
to the general case of extracting n sources from m mixtures with m < n, m ≥ 3.
The degenerate columns of the mixing matrix may be recovered from intersections
of data hyperplanes (or translated subspaces) inside the minimal cone containing the
mixture data set. The intersections may be ordered by degrees. This often requires
additional knowledge for determining the actual number of degenerate columns of
the mixing matrix from the mixture data. One way to go is to examine whether the
recovered source signals are chemically meaningful. The geometric method developed
here provides only a short list of possible sparse solutions satisfying the mixing model.
In the practice of NMR, the computed short list may reveal valuable clues for a
knowledgable chemist to pursue further analysis. In this sense, the uBSS method is
a valuable assistive computational tool.
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