Dispersive instability and its minimization in time-domain
computation of steady-state responses of cochlear models
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Dispersive instability appears in time-domain solutions of classical cochlear models. In this letter,
a derivation of optimal initial data is presented to minimize the effect of instability. A second-order
accurate implicit boundary integral method is introduced. Numerical solutions of two-dimensional
models show that the optimal initial conditions work successfully in time-domain steady-state
computations for both the zero Neumann and zero Dirichlet fluid pressure boundary conditions at
the helicotrema. ©2004 Acoustical Society of AmericdDOI: 10.1121/1.1699393
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I. INTRODUCTION andr being positive constants, asda known function of.

. . . . The scala fluid motion obeys incompressible Stokes system
Time-domain computation of cochlear models is neces- y P y

X . : with constant density.

sary for computing basilar-membrat®M) responses in the Equations (2.1)~(2.2) are evolved in time with the
presence of nonlinearitiés? However, time-domain solu- b dq d initial dada
tions are prone to dispersive instabifitgven at the linear oundary and Initial da
level. In Sec. Il, illustrative numerical examples are given on px(0t)=pin(t), p(L,t)=0, (2.3
such an instability arising in time-domain solutions of clas-
sical linear cochlear models, where frequency-domain solu-  U(x,00=0, u(x,0=0, 2.4
tions are perfectly fine. where p;, is proportional to stapes acceleration driven by

It is useful to investigate how to do away with the insta-input signal.
bility and capture steady states dynamically as fastintime as  The classical two-dimensional model repla¢gsl) by

possible. The objective here is to come up with a robust anghe Laplace equation omthanks to the incompressibility of
effective approach without modifying models or specializingf|yigs3°

model parameters. Though the dispersiveness of model equa-
tions is the source of the problem, the cure lies in choosinga  Pxx* Pzz=0, (X,2)€(0L) X (0H), 29
class of initial data so that the instability can be minimizedsypject to boundary conditions
and steady-state responses effectively computed.
In Sec. Ill, precise conditions of such optimal initial data ~ Pxlx=0==2p£(t), plx-L=0, (2.6
are derived for the two-dimensional model under zero Neu- Pyls—0=2pUsts Polsep=0 2.7
mann fluid pressure boundary condition at the helicotrema. ' 2%~ ° PRt Palz=n™" '
In Sec. IV, an associated second-order accurate implictvhereH is the vertical heightp the fluid volume density,
boundary integral method is presented and analyzed. Nu(t) the stapes acceleration. The initial conditith4) re-
merical results show that the optimal initial data work effec-mains the samg.
tively for both zero Neumann and zero Dirichlet pressure  The time-dependent systems above are known to be dis-
boundary conditions. Conclusions are given in Sec. V. persive. If one ignores the boundary conditionsxat0, L,
real dispersion relation is obtained in closed form when set-
ting r=0, s to a positive constant, and looking for plane
waves. A dispersive wave property is that spatial long waves
Classical one-dimensional transmission line modemove faster than short wavés.
read$ For single-frequency input, sint+¢), the time-
dependent solutions lock onto the input frequency in time
Pxx=NUg=0, X (0.L), 2D ang eventually develop a spatial profile. It is generally ex-
P= MUy + ruy+s(x)u, (2.2  pected that the steady state is a time harmonic solution, or
the imaginary part of the complex solution

where p is the fluid pressure difference across the basilaga\(x z,f )expli2nft+¢)}, known as the frequency-domain
membrangBM), u the BM displacement. the longitudinal ¢ tion. '

length of BM with stapes located at=0, and helicotrema at However in numerical computations, time-domain solu-

x=L; N a constant equal to ﬂ_“id_ density times the ratio ofjong(x,t) contain additional dispersive waves which may
BM width and scala cross sectiom,r,s are the mass, damp- 4 ,tqrow the desired resporsés an illustration, in Fig. 1,

ing, and stiffness of BM per unit area, respectively, with .« show the BM displacemeni(x,t=20 ms), when the in-

put is sin(27ft), f=3 kHz, computed by a second-order ac-
dElectronic mail: jxin@math.utexas.edu. curate implicit finite difference meth8dof the one-

Il. DISPERSIVE INSTABILITY
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BM response at 20 ms, classical transmission line model
3 T T T T T T

FIG. 1. BM displacementin nm) at 20 ms with a sinu-
soidal input of 40 dBSPL) and 3 kHz, computed by an
0 i implicit second-order finite difference method from the
classical transmission line modéR.1)—(2.4). Mass
densitym=0.05 g/cmd, damping constant=100 dyn
-slen®, stiffnesss(x) as in (4.7). Midear factor is in-
-1r 7 cluded. Steady state has formed to the left of the char-
acteristic location(about 2 cn, yet to the right of it,
dispersive instability is developed and persists after-
o} 1 ward.
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dimensional transmission line model with standard choice ofteady states. Such optimal initial data shall depend on the

coefficients. The dispersive waves are developed in the&put signal.

middle of the domain. They eventually travel xe=L and

remain there at later time. Figure 2 is a computed BM dis-

placement at 10 ms from the two-dimensional model, using a

second-order accurate implicit boundary integral methody|. OPTIMAL INITIAL DATA

The solution has reached steady state, yet the dispersive tail

wave stays. The phenomenon is persistent under grid refine- It is not obvious at all how to choose initial data in the

ment, indicating that it is intrinsic to analytical solutions. systemg2.1)—(2.7) better than the natural all-zero data. Let

Alternative numerical methods also reveal the same instabilus instead consider syste(8.5—(2.7), with the Dirichlet

ity. boundary conditiorp|,—, =0 replaced by the zero Neumann
The key idea for developing a robust method to computébsoundary conditiorp,|,—, =0, or a rigid wall condition. At

steady states in the time domain is to select suitable initialeast for frequency-domain solutions, the resulting change is

data different from the conventional data (®.4) so as to known to be insignificant; see the discussions in Neatyd

minimize the growth of dispersive waves in the wake ofreferences therein. However, there is a major difference in

BM response at 10 ms, classical two dimensional model
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FIG. 2. BM displacementin nm) at 10 ms with a sinu-
soidal input of 40 dBSPL) and 3 kHz, computed by an
implicit boundary integral method from the classical
two-dimensional cochlear modgR.5—(2.7). Model

and numerical parameters are as in Sec. IV. Midear fac-
tor is included. Steady state has formed to the left of the
0 b characteristic locatiofabout 2 cn), yet to the right of

it, dispersive instability is developed and persists after-
ward.
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mathematical formulation. A solvability condition must be L
f u(x,t)ydx=—AHow ?sinwt+ @), (3.11)

imposed on the boundary data for the Neumann Laplacian,

) . 0
as a consequence of Green’s theorem. It is

. has mean zero ové0,T], whereT equals the period?.
f Ug(X, 1) dXx= E)H, (3.1) Such a choice ofr, also minimizes thé.? norm square

0 of fgu(x,t)dx in the time interva[ 0,T]. In fact, it is easy to
check that(3.11) is satisfied exactly by the time harmonic
steady-state solution. For general signals, the optimality con-
ditions ona, and a, can be derived by minimizing

which is preserved in time provided E.2) is constrained
as

pP(x,0t)+N(t)=muy,+ru+s(x)u, (3.2 2

T t t’
; ; T + t+Hfdt’f dr| dt,
where\(t) is a time-dependent Lagrange multiplier so that f @2 0 0 &(n)dr

0
(3.1 holds. It is clear that

L over a large enough numbe@r Equivalently, one could do it
_ - m frequency by frequency based on a spectral representation of
A= C Jo [p(x,0) —ru;—s(x)u]dx+ 3 E(HH. the signal.

(3.3

The role Of)\(t) is to ensure that the evolution afis con- IV. NUMERICAL METHOD AND RESULTS
sistent with the solvability conditio3.1) for all time. With

this formulation, a time-domain method can be devised. Be-  Letus consider the general single-tone input, and choose
fore we do that, let us extract some information ahwfrom  initial data as
Eqg. (3.2).

Integrating(3.1) in time twice, we find u(x,0)=azg(x) U= a;9(x), (4.)
where g(x) e C*([0L]), g'(0)=g'(L)=0, [5g(x)dx=1;
fLUt(X t)dx=a; +H ftf(T)dT (3.4) anda,, a, as in(3.9—(3.10 so that(3.11) holds as a con-
0 ’ 0 ' ' straint for all time.

We shall compute with a boundary integral method by
writing the pressure as a functional @f, then reducing the
L to( problem to an integral-differential equation af and per-
fo u(x,H)dx=az+a;t+H fodt jo ¢(ndr, (39 forming discretization. This is similar to the integral equation
method in earlier works® except for the constraint3.11).

and

where Inverting the Neumann Laplacian to solve for the pressure
L with the help of separation of variables, we obtain
alzf ui(x,0)dx, (3.6 t
’ p(x,00) =" gL( L(x-L3)- )
L
*2= fo u(x.0)dx. 3.9 “ L, cogkmx/L)dx
—4p Kt ke HIL) cogkax/L)
For a general single-tone signak(t)=A sin(wt+¢), =1k tanh(ka
:i\fgrf. The right-hand side of3.5) is integrated exactly to =po(X,t)+p1(X,1) (4.2)
J The constrained system is
L
J;) u(x,t)dx=t(AHw *cose+a;)+AHw ? P(X,0t) +A(t)=mu;+ru+S(X)U— €Uyy, (4.3
L
X (sing—sin(wt+ ¢))+ a,. (3.9 J u(x,t)dx=—AHw ?sin(wt+ ¢), (4.4
0

There is linear growth of 5u(x,t)dx or instability unless _ . .
g Tou(x.t) y where we have included a regularizing second-order stiffness

a;=—AHw !cose. (3.9  termeu,,, €being a small, positive constant. The role of this
second-order term is to allow us to impose zero Neumann
boundary condition oru: u,(0t)=u,(L,t)=0, which en-
sures thaty,|x-o. =0 so that the series expansion(#h2)
converges uniformly inxe[0,L]. Mechanically, this term
adds the longitudinal elastic tension on the membrame
was considered in BM modélgarlier.

Now, we truncate the series i#.2) with its first K

Interestingly, unless cas=0, « should not equal zeto
This partially explains why instability is generic when com-
puting the seemingly perfect systef®.1)—(2.7), assuming
(and we shall see this is supported by numerics )dlet the
zero Neumann boundary conditionyat L does little to the
instability which arises in the interior of the computational

domain. . ) : . .
Nlext we chooser, as terms, and discretize the integral ;@ by composite trap-
' 2 ezoidal rule. The semidiscrete system becomes
=—AHow ?sing, 3.1
@em Al Tsine G100 (mid+apM) (u)), - \"=[po-ru - sur+ eus]!,
so that
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FIG. 3. BM displacementin nm) at 10 ms with a sinu-
soidal input of 40 dB(SPL and 3 kHz, computed by
the implicit boundary integral method of the two-
dimensional cochlear model with optimal initial data
and zero Neumann data on pressurg=aB.5 cm. Mid-

ear factor is included. Steady state has formed to the
left of the characteristic locatiofebout 2 c, and to

the right of it, dispersive instability has been mini-
mized.
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where(j,n) denotes the grid pointx(t) = (j (dx),n(dt)), dx
and dt being spatial and temporal grid stepd;and M are
JXJ matrices;ld the identity,J total number of spatial grid
points; M = (m;)

K

>

k=1

coth(kmH/L)

m|j:hCJ' Ko

-cogkmx,/L)-cogkmx; /L),
j)l, range between 1 anlj ¢, =c;=1/2,¢;=1 if 1 <j<J.
Let Q=diag(1/2,1,...,1,1/2); then, the matri@M is

self-adjoint and non-negative. This is actually a property o
the continuum operator fromy, to p,, which is compact on

L2([O,L]) and permits convergent finite dimensional ap-
proximations. The need for the diagonal matrix multiplier is

due to trapezoidal rule. Hence, the operatoid+4pM is
invertible as a boundedspatia) operator uniformly inK
—00,

3.5

The constrained system is further discretized a@}(
and (ut)Jn are replaced by standard second-order central dif-
ferencing, and

_ 152, n+1 -1
(Ui '= 385 (U] "+ 20+ Ui ™),

where 62 is the standard spatial second-order differencing.
Such a discretization leads to a stable implicit method so that
time stepdt is less restricted bylx and steady states are
reached in shorter time evolutibthan by explicit methods.
Discretizing the integral i1t4.4) by trapezoidal rule, the fully
fdiscrete system takes the block form

[ b,

0
whereM , is symmetrizable by left multiplieQ andQM, is
positive definite;b;=(1,...,1) eR’, b,=(1/2,1,...,1,1/2)

mid+4pM,

b;

un+1

=B(u",u" Y, (4.6)

)\n+1

0.8
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o

BM displacement (in nm )

FIG. 4. BM displacementin nm) at 10 ms with a sinu-
soidal input of 40 dB(SPL) and 3 kHz, computed by
the implicit boundary integral method of the two-
dimensional cochlear model with optimal initial data as
in (5), and zero Dirichlet data on pressure at
=3.5cm. Midear factor is included. Steady state has
formed to the left of the characteristic locatitabout 2
cm), and to the right of it, dispersive instability has also
been minimized by optimal initial data.
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eR’, dots referring to 1'sT the transpose; and vect&
e R’*1 depends only on known values ofat previous time

steps. The matriM is related toM as
dt dt)?
—.r-ld— (—)2
2 4(dx)
and M2=(mi"j) is the tridiagonal matrix with—2 on the

diagonal, and 1 on the off-diagonals, excepf,=m); ;
=2. The vector functiorB is:

M1:M+(4p)71 'E'MZ ’

dt
B=(mld+4pM)(2u"—u"" 1)+ ?ru”’l

+(dt)2Z€ S2(2uM+u" 1) — (dH2Su+ (dt)2pl,

whereS s the diagonal matrix witts(j(dx))’s on the diag-
onal, j=1,2,...J; pg has componentpy(j(dx),n(dt)), j

Fig. 4, computed with a similar second-order implicit bound-
ary integral method. Comparing with Fig. 2, we see that the
solution captures well the steady-state response. Comparing
with Fig. 3, we observe that there is no significant difference
between imposing zero Dirichlet or zero Neumann pressure
boundary data ak=3.5cm, as in case of the frequency-
domain solutions. For this reason, the optimal initial data
obtained theoretically from the zero Neumann case apply to
the classical mode2.4)—(2.7) as well, though it is not yet
clear how to find the exact optimal conditions in the Dirich-
let case.

V. CONCLUSIONS

Time-domain computations of steady-state cochlear re-
sponses in classical models are subject to dispersive instabil-
ity. Optimal conditions on initial data are derived and shown
to effectively minimize the instability effect for both the zero

=1,2,...J. Also, zero Neumann boundary conditions areNeumann and zero Dirichlet pressure boundary conditions at

used whenﬁi involves the boundary points.
The block matrix in(4.6) is invertible. In fact, we have
the identity

Qo0
0 1

mQ+4pQM; Qb
b; o/

b; 0]

the helicotrema in two-dimensional models. In future work,
the analytical conditions on the optimal initial data and the
implicit boundary integral method may be extended to time-
domain solutions of nonlinear and active cochlear

modelst®!?
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g function is:g(x) =60 maxx?(1—x)3,0]. Thes(x) is a func-
tional fit of the Liberman dafa
s(x)=4m°m(0.456 ex4.83 1—x/3.5)) — 0.45?,
(4.7)
in dyn/cn?, the mass densityn=0.1 g/cnf, the damping
constantr =200 dyn s/cn?; the fluid densityp=1 g/cn?,

L=3.5cm,H=0.1 cm consistent with parameters in Nely.

The spatial steplx=0.01 cm, time stelt=0.001 ms,
truncation ordeK =100, e=10"° g/$. Smallere makes no

noticeable difference in solutions. The input is a sinusoidal

3-kHz tone of 40 dB SPL, with phase shift=0. At 3 kHz,
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