How do we know rank(Es(f(t))) ≥ 3? Let

x_1(t) = 12(t^4 − 4t^3 + 6t^2 − 4t + 2)^2(t^4 − 4t^3 + 12t^2 − 16t + 8), y_1(t) = 36t(t − 2)(t^4 − 4t^3 + 6t^2 − 4t + 2)^2(t^4 − 4t^3 + 12t^2 − 16t + 8)^2, x_2(t) = (t

2−4t+2)(t2−2)(t4−4t3+6t2−4t+2)2(t4−4t3+12t2−16t+8) 36(t−1)2 , y_2(t) = (t

2−4t+2)2(t2−2)2(t4−4t3+6t2−4t+2)2(t4−4t3+12t2−16t+8)2 216(t−1)3 , x_3(t) = 12(t^2 − 4t + 2)(t^2 − 2)(t^4 − 4t^3 + 6t^2 − 4t + 2)^2, y_3(t) = 36(t^2 − 4t + 2)^2(t^2 − 2t + 2)(t^2 − 2)^2(t^4 − 4t^3 + 6t^2 − 4t + 2)^2.

Then (x1(t), y1(t)), (x1(t), y1(t)), (x1(t), y1(t)) ∈ Ef(t)(Q ) for every t, and for all but finitely many t these points are independent.

Example (Martin-McMillen, 1998). The elliptic curve

y^2 + xy + y = x^3 − 19252966408674012828065964616418441723x +32685500727716376257923347071452044295907443056345614006

has rank at least 23.

Proof. P1 = ( 16902136044621724275584661392595 119224493521 ,

−69455519784971993679807552308609739430858248812

41166906143372569 ) , P2 = ( 6647882272466103821634772046571 30891226081 ,

−17137023844710987140049387309945953892946213544

5429411004770479 ) , · · ·