1.

7.

MATH 180, FINAL
March 19, 2007

Answers

(a) Text, p. 79
(b) Text, p. 69

Text, Theorem 6.2
Suppose p # 2 and p # 7. Then —7 is a square modulo p if and only if
(_—7) =1, and
P
_ _ p=1 p=17-1 _
(57) = (G0 = (-0 ()75 (8) = ()P0 (8) = (2).

Thus —7 is a square modulo p if and only if p is a square modulo 7, and
the squares modulo 7 are 1,2,4. Thus —7 is a square modulo p if and only
ifp=1,20or4 (mod7)orp="7.

hSEEN]

(a) Suppose N = pg with distinct odd primes p,q. By the Chinese
Remainder Theorem, the number of solutions of (*) is the product of
the number of solutions of #? = @ modulo p and modulo ¢. Since (*)
has a solution, a is a square modulo p and modulo ¢, so the equations
modulo p and ¢ each have 2 solutions. Therefore (*) has 4 solutions.

(b) Since 22 =a=9y*> (mod N), N | (2? —y?) = (z +y)(x — y). Since
x # +y (mod N), Nt (z+vy) and N { (r —y). Hence the ged
(x + y,N) is a nontrivial divisor of N, so (x +y,N) = p or ¢ and
N/(x +y,N) (or (x —y, N)) is the other prime factor.

(a) 39/14=12,1,3,1,2].

(b) 2,3,11/4,14/5,39/14

(¢c) z=—-by=14
The equation z° = 1 has 1 solution in Uy, and 5 solutions in U;;. By the
Chinese Remainder Theorem, x° = 1 has 5 solutions in U;7. Exactly 1 of

these (z = 1) has order 1, and the other 4 must have order 5. Therefore
there are 4 elements of Uy7 with order 5.

(a) a:[2,1,a+2}=35j38,s0a2—8:0anda=\/§.

(b) The table of convergents is:

2 1 4 1 4
0 12 3 14 17 82
1 0j/1 1 5 6 29



SO
T — VB < 555 < .01

and 17/6 is the first convergent with this property.

(tor) = (51) = (1) = (55) = (G5) = = (F) = -(5) = -1

so 41 is not a square modulo 101.



