[April 25, 2009]

LECTURE 1

Galois cohomology

We begin with a very quick and selective introduction to the facts from group
cohomology and Galois cohomology that will be needed for the following lectures.
For basic details see [AW, Gr, Se2], and for some of the more advanced results see
[Sel, Mi]. For another quick overview see the lectures of Tate [Ta3] from PCMI
1999. We omit most proofs, although accessible ones are often given as exercises.

1.1. G-modules.

Suppose G is a group. A G-module is an abelian group A with an action of G on
A that respects the group operation on A. That is, there is a map

GxA— A
such that, if we let ga (or sometimes a9) denote the image of (g,a) in A, then
(gh)a = g(ha),  gla+b) = ga+ gb
for g,h € G and a,b € A. Define the fixed subgroup
A% ={a € A:ga=a forevery g € G}.

Example 1.1.1. If X is an abelian group we can view X as a G-module with
trivial G action, and then X¢ = X.

Example 1.1.2. If F/K is a Galois extension of fields and G = Gal(F/K), then
F and F* are G-modules. More generally, if H is an algebraic group defined over
K, then the group of F-points H(F) is a G-module and H(F)¢ = H(K).

Example 1.1.3. If A and B are G-modules and ¢ : A — B is a group homo-
morphism, we define a new group homomorphism gy for ¢ € G by (g¢)(a) =
g(p(g~ta)). This makes Hom(A, B) into a G-module, and Hom(4, B)“ is the
group of G-module homomorphisms from A to B.

We say that a G module A is co-induced if A = Hom(Z[G], X) for some abelian
group X.

Exercise 1.1.4. Suppose A is a G-module, and Ag is the G-module whose un-
derlying abelian group is A, but whose G action is trivial. Show that the map
a — ,, where ¢,(g) = g~ la, is an injection from A to the co-induced module
Hom(Z[G], Ay).

1.2. Characterization of the cohomology groups.

For this section suppose that the group G is finite. For every G-module A, there are
abelian (cohomology) groups H*(G, A) for i > 0. For an explicit definition using
cocycles and coboundaries, see [AW, Se2]. We will omit the definition, and just
make use of the following properties.
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Theorem 1.2.1. There is a unique collection of functors H'(G, - ) from G-modules
to abelian groups, for i > 0, satisfying the following properties:
(1) H°(G, A) = A® for every G-module A.
(2) If0 = A — B — C — 0 is a short exact sequence of G-modules, then
there is a (functorial) long exact sequence

0— H°G,A) - H(G,B) — H°(G,C) - H(G,A) — H'(G,B) — - --
- — HY(G,A) — H(G,B) — H(G,C) — H*(G,A) — -
(3) If A is co-induced, then H'(G,A) =0 for all i > 1.

Exercise 1.2.2. Show that the three properties above determine the cohomology
groups H'(G, A) uniquely (assuming they exist). Hint: use induction and the
fact (Exercise 1.1.4) that for every G-module A there is a short exact sequence
0— A— B— C — 0 with B co-induced.

In these lectures we will only make use of H*(G, A) for i < 2 (and mostly i < 1).
When ¢ = 0 the groups are described explicitly by condition (1) of Theorem 1.2.1;
when ¢ = 1 we have the following explicit description.

Define C1(G, A) (the 1-cochains) to be the group of (set) maps from G to A.
Define subgroups of cocycles and coboundaries BY(G, A) C Z*(G,A) c CY(G, A)
by

Z1(G,A) ={f € CH(G, A) : f(gh) = f(9) + g(f (M)}
BY(G,A) = {f € CY(G, A) : for some a € A, f(g) = ga — a for every g € G}.
Proposition 1.2.3. H'(G, A) = ZY(G, A)/BY(G, A).
There is a similar definition of H*(G, A) for every 4, where the cochains C*(G, A)
(are) set maps from G* to A, and BY(G,A) C Z'(G,A) C C(G, A) are defined
appropriately.

Example 1.2.4. Suppose that G acts trivially on A. Then Z*(G, A) = Hom(G, A)
and B(G, A) = 0, so in this case we conclude from Proposition 1.2.3 that

H(G, A) = Hom(G, A).

Exercise 1.2.5. Suppose that G is a finite cyclic group. For every G-module A,
let Ay :={a€A:3>° .5ga =0} (here “N” stands for “norm”; Ay is the kernel
of the norm map a — - . ga).

Show that if g is a generator of G, then the map f — f(g) is an injective
homomorphism from Z!(G, A) to A with image Ax. Deduce that in this case

HY (G, A) = Ax/(g — 1)A.
(Warning: note that this isomorphism depends on the choice of generator g.)

Exercise 1.2.6. Suppose 0 — A — B — C — 0 is an exact sequence of G-modules,
and suppose ¢ € C¢. Fix an element b € B that maps to c.

Show that the map g — gb — b defines a 1-cocycle f. € Z'(G, A) (that depends
on the choice of b). Show that ¢ — f. induces a well-defined homomorphism
HY%(G,C) — HY(G, A) and check that with this homomorphism, the beginning of
the long exact sequence of Theorem 1.2.1(2) is in fact exact.
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1.3. Continuous cohomology.

Now suppose that G is a profinite group (see for example [Gr]), i.e., there is an
isomorphism

(1.1) G =lim G/U

where U runs over open subgroups of G of finite index. This isomorphism gives G
natural topology, where we view each finite quotient G/U as a discrete topological
space, so the product [[(G/U) is a compact group with the product topology, and
then (1.1) identifies G with a closed (and hence compact) subset of [[(G/U).

Note that a finite group G is profinite, with the discrete topology.

If A is a G-module, we will view A as a topological group with the discrete
topology, and we call A a continuous G-module if the action of G on A (i.e., the
map G x A — A) is continuous.

Exercise 1.3.1. Suppose A is a G-module. Show that the following are equivalent:

(1) A is a continuous G-module,
(2) for every a € A, the stabilizer of a in G is open,
(3) A= UAY union over open subgroups U C G.

Example 1.3.2. If F//K is an infinite Galois extension of fields, and we put G :=
Gal(F/K), then there is a natural isomorphism

G =1limGal(L/K)

inverse limit over finite Galois extensions L of K in F. Thus G is a profinite group.
If H is an algebraic group over K as in Example 1.1.2, then

H(F) = UH(L) = UH(F)S2E/K),

union over finite extensions L of K in F. Therefore G acts continuously on H(F)
by Exercise 1.3.1.

It follows (for example) that when F' = K®°P is a separable closure of K, the
following G-modules are continuous: K°P, (K°P)*, p o (the p-power roots of
unity in K®°P), E(K®P) for an elliptic curve F, and E[p*°] (the p-power torsion in
E(K®P)).

If A is a continuous G-module, we can define continuous cohomology groups
Hi(G, A), defined similarly to the case of finite groups G but with continuous
cochains (that is, C*(G, A) consists of continuous maps from G* to A). Theorem
1.2.1(1) and (2) also hold for continuous cohomology groups.

If G is finite, then all relevant maps are continuous and the continuous coho-
mology groups agree with the cohomology groups described in §1.2.

In the next section we will see (Proposition 1.4.7) how to describe the contin-
uous cohomology groups in terms of the cohomology of finite groups.

Until further notice we will always assume that the group G is profinite,
and G-module will mean continuous G-module, a discrete abelian group
with a continuous action of G.

1.4. Change of group.

Suppose H is a closed subgroup of a profinite group G, and A is a G-module. Then
Ais an H-module, and A9 C Af. For every i there is a restriction map on cochains
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Res : CY(G, A) — C*(H, A), and these maps induce restriction maps
Res: H'(G,A) — H'(H, A).

If [G : H] is finite, then there is also a norm map A¥ — A% defined by
a— Y. g 9a, summing over a set of left coset representatives of G/H. This map
extends in a less obvious way to a corestriction map

Cor : H'(H, A) — H'(G, A)
for every 1.
Proposition 1.4.1. If [G : H] is finite, then Cor o Res : H(G, A) — H'(G, A) is
multiplication by [G : H].
Corollary 1.4.2. If G is finite, then for every G-module A and every i > 1, we

have 4
|G| - H'(G, A) = 0.

Proor. Take H = {1} in Proposition 1.4.1. O
Exercise 1.4.3. Suppose m € Z. Show that if mA = 0, then mH*(G, A) = 0 for
every i. Show that if m : A — A is an isomorphism, then mH*(G, A) = H (G, A)
for every i. Deduce that if |G|: A — A is an isomorphism, then H!(G, A) = 0.
Exercise 1.4.4. Suppose G is finite. Using Exercise 1.1.4, show that for ¢ > 1,
H'(G, A) can be expressed in terms of H*~1(G, C) for some G-module C. Use this

fact, the norm map on H°, and induction to define the corestriction map on H?.
Using this definition, prove Proposition 1.4.1.

Now suppose that H is a closed normal subgroup of G. Then A is a G/H-
module, and for every i there is an inflation map on cochains Inf : C*(G/H, A") —
C*(G, A). These maps induce inflation maps

Inf : H(G/H, A™) — H'(G, A).
Theorem 1.4.5. If H is a normal subgroup of G and A is a G-module, then there
is an natural exact sequence

DL g6, A) B HY(H,A)CH

— H*(G/H,A") - H*(G, A).

0— HY(G/H, A™)

Corollary 1.4.6. Suppose H acts trivially on A, and
HY'(G/H,A) = H*(G/H,A) = 0.
Then H' (G, A) = Hom(H, A)¢/H
Proposition 1.4.7. If A is a G-module, then
H'(G, A) = lim H'(G/U, A)
direct limit over open subgroups U C G, with respect to the inflation maps.

Exercise 1.4.8. Prove Proposition 1.4.7 when ¢ = 1, using the description (Propo-
sition 1.2.3) of H'(G, A) in terms of cocycles.

Exercise 1.4.9. Use Proposition 1.4.7 to show that if A is a G-module, then
H'(G, A) is a torsion group for i > 1.
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Proposition 1.4.10. Suppose G = Z := lim Z/nZ, and A is a torsion G-module.

(1) If~ is a topological generator of G, then evaluation of cocycles at ~y induces
an isomorphism H'(G,A) =2 A/(y — 1)A.
(2) H(G,A) =0 fori>2.

PROOF. See [Se2, §XIII.1]. Assertion (1) is the following exercise. O

Exercise 1.4.11. Prove Proposition 1.4.10(1) using Exercise 1.2.5 and Proposition
1.4.7.

From now on, if F/K is a Galois extension and A is a Gal(F/K)-module, we
will write H'(F/K, A) in place of H*(Gal(F/K), A), and when F is a separable
closure K*°P of K we write simply G := Gal(K*°?/K) and H'(K, A) in place of
Hi(K*? /K, A) = H(Gy, A).

Definition 1.4.12. Suppose K is a nonarchimedean local field K of characteristic
zero, i.e., a finite extension of some Q,. Let Ix C Gk denote the inertia group,
K" = K'x the maximal unramified extension of K, and ¢ € Gal(K"/K) the
Frobenius automorphism. Then Gal(K"/K) = G /Ix = Z, generated by ¢.

If Ais a Gg-module, define the unramified cohomology group HY(K,A) C
H'(K,A) by

HY(K, A) := ker[H'(K, A) 2= HY(K™, A)].

The inflation-restriction exact sequence (Theorem 1.4.5) shows that
(1.2) HYK,A) = HY(K"Y /K, A'x).
If A is a Gg-module, we will say that A is unramified if I acts trivially on A.

Proposition 1.4.13. If A is a finite unramified G -module, then:
(1) Hy(K,A) = H'(K" /K, A) = A/(p — 1)A,
(2) HY(K,A)/H} (K, A) =~ Hom(I, A)®*.
PRrOOF. This follows from Theorem 1.4.5 and Proposition 1.4.10. (I

1.5. Selmer groups.

Suppose for this section that K is a number field, and A is a Gx-module. For every
place v of K, we can view the decomposition group Gk, as a subgroup of Gk, so
we have restriction maps

Res, : H'(K,A) — H'(K,, A).

Definition 1.5.1. A Selmer structure F for A is a collection of distinguished
subgroups
Hx(K,,A) c HY(K,,A)
for every place v of K, such that Hx(K,, A) = H}(K,, A) for all but finitely many
V.
If F is a Selmer structure for A, we define the Selmer group H:(K, A) by
HY (K, A) = ker[H (K, A) S22 @(H (K, A)/HE (K, A))].

In other words, Hx(K, A) is the subgroup of all classes in H'(K, A) whose
localization lies in H%(K,, A) for every v.
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Exercise 1.5.2. Suppose F is a Selmer structure, and suppose X is a finite set of
places of K containing all archimedean places, all places where A is ramified, and
all v such that HL(K,, A) # H}(K,, A). Let Ky, be the maximal extension of K
unramified outside of 3. Show that
HE(K, A) = ker[H' (Ky /K, A) 222 @ (HY(K,, A)/HE(K,, A))]
vEX

Proposition 1.5.3. If A is finite and F is a Selmer structure for A, then H:(K, A)
is finite.

ProoOF. With notation as in Exercise 1.5.2, a standard result (for example [Mi,
Corollary 1.4.15]) shows that H'(Kyx/K, A) is finite. Thus H}(K, A) is finite by
Exercise 1.5.2. (]

In what follows, Selmer groups will be arithmetically interesting objects (ideal
class groups, Selmer groups of elliptic curves, ... ) and their orders should be related
to values of L-functions. We will see examples of Selmer groups in the next section.

Exercise 1.5.4. If B is a G g-quotient of A, show that a Selmer structure F for
A induces a Selmer structure for B (which we also denote by F), where we define
HL(K,,B) to be the image of H}(K,, A) under the canonical map H'(K,, A) —
HY(K,,B).

Similarly, show that if C'is a G g-submodule of A, show that a Selmer structure
F for A induces one for C, where H}(K,,C) is defined to be the inverse image of
H}(K,, A) under the canonical map H*(K,,C) — H'(K,, A).

1.6. Kummer theory.
Proposition 1.6.1. Suppose F/K is a Galois extension. Then

K ifi=0
0 ifi>0,

KX ifi=0

H'(F/K, F) _{ 0 ifi=1.

HY(F/K,F*) = {

Exercise 1.6.2. Use Proposition 1.4.7 to reduce the proof of Proposition 1.6.1 to
the case where F'/K is finite.

Theorem 1.6.3. For every m > 0 prime to the characteristic of K, there is a
natural isomorphism

KX J(K*)™ = H' (K, py,).

PRrROOF. The long exact cohomology sequence coming from the short exact

sequence
m

0 — p, — (K5P) —— (K*P)* —0
begins
0 — p,,(K) — K* "~ K* — HYK,p,,) — H'(K, (K*P)*).
Now the theorem follows from Proposition 1.6.1. (]

Exercise 1.6.4. Show using the description from Exercise 1.2.6 that the isomor-
phism of Theorem 1.6.3 is given by sending z € K* to the cocycle g — g( %/x)/ ¥/x
for g € Gk.

Corollary 1.6.5. If p,, C K then K> /(K*)™ = Hom(Gg, ib,,,)-
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Exercise 1.6.6. Suppose p,, C K and X is a finite subgroup of K*/(K*)™.
Show that the isomorphism of Corollary 1.6.5 identifies

X = Hom(Gal(K ( VX)/K), .,

where K (%/X) is the extension of K generated by m-th roots of all elements of
X. Show that the isomorphism of Corollary 1.6.5 induces a bijection between finite
subgroups of K*/(K*)™ and finite abelian extensions of K of exponent dividing
m.

Definition 1.6.7. If K is a nonarchimedean local field of characteristic zero, define
Hi (K, p,,) € H' (K, )
to be the image under the Kummer map of Theorem 1.6.3
O /(OR)™ — K*/(K*)™ = H' (K, p,,)
where O is the ring of integers of K. If K is R or C, let H} (K, p,,,) = H'(K, p,,,)-

Exercise 1.6.8. Show that if K is a number field, then the collection of subgroups
{H}(K,, p,,)} is a Selmer structure (i.e., show that H} (Ky, p,,) = HY Ky, p,,)
for all v moo).

Proposition 1.6.9. The Selmer group H{ (K, p,,,) defined with the Selmer struc-
ture above satisfies

0 — Ox/(0F)™ — H{ (K, p,) — Cx[m] — 0
where Cx[m] is the m-torsion subgroup of the ideal class group of K.

Exercise 1.6.10. Prove Proposition 1.6.9 as follows. Viewing H}!(K,u,,) C
K*/(K*)™ show that if z € K* projects to an element of H{(K,pu,,), then
the fractional principal ideal xOg is a™ for some fractional ideal a. Show that
sending x to the class of a induces a surjective map H} (K, p,,) — Cx[m] with
kernel O /(Ox)™.

Theorem 1.6.3 has the following analogue for elliptic curves.

Theorem 1.6.11. Suppose E is an elliptic curve defined over K and m > 0 is
prime to the characteristic of K. There is an exact sequence

0 — B(K)/mE(K) — H(K, Elm]) — H"(K, B(K*?))[m] — 0.
Exercise 1.6.12. Prove Theorem 1.6.11 using the short exact sequence
0 — E[m] — E(K*P) -~ BE(K*P) — 0.

Show that the injection E(K)/mE(K) — H'(K, E[m]) is given by sending = €
E(K) to the cocycle g — gy — y, where y € E(K®°P) satisfies my = = (and the
same y is used for all g).

Definition 1.6.13. If K is a nonarchimedean local field of characteristic zero, F
is an elliptic curve over K, and m > 0, define

H{(K,E[m]) C H'(K, E[m])
to be the image of the Kummer map of Theorem 1.6.11
E(K)/mE(K) — H'(K, E[m]).
If K is Ror C, let H} (K, Em]) = H' (K, E[m]).
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Suppose now that K is a number field and F is an elliptic curve over K. If
v 1 moo and E has good reduction at v, then H} (K,, E[m]) = H}(K,, E[m]) by
[Ca], so the collection of subgroups {H}(K,, E[m])} is a Selmer structure. The
corresponding Selmer group is the classical m-Selmer group of E/K, sitting in an
exact sequence

0 — E(K)/mE(K) — H{ (K, E[m]) — II(E/K)[m] — 0
where III(E/K) is the Shafarevich-Tate group of E/K.

1.7. The Brauer group.
If K is a field, p, will denote the roots of unity in K°°P.

Exercise 1.7.1. Suppose K is a field. Show that for every m > 0 prime to the char-
acteristic of K, there is a natural isomorphism H?(K, p,,) = H?(K, (K*°P)*)[m].
Deduce that if K has characteristic zero, then H?(K, p.) = H?(K, (K5°)*).

Theorem 1.7.2. If K is a nonarchimedean local field of characteristic zero (i.e.,
a finite extension of some Qy), then there is a canonical isomorphism

invg : HA(K, py) = Q/Z.
If K =R, there is a canonical isomorphism
invg : H*(R, o) — 3Z/Z C Q/Z.
PROOF. See [Se2, §XIII.3]. O

Theorem 1.7.3. Suppose K is a number field. For every m < oo there is an exact
sequence

0 — H(K, ) 2 @H (K p,) S QJZ— 0
where K, is the completion of K at v, and Res, is the restriction map with respect
to the subgroup G, C Gk.
PRrROOF. See [AT, Chapter 7, Theorem 8]. O

1.8. Local fields and duality.
Suppose A and B are G-modules. There is a cup product homomorphism
HY(G,A)® H)(G,B) — H"(G,A® B).

We view this as a bilinear pairing on H*(G, A) x H?(G, B), written (a,b) — a U b.
The cup product pairing has numerous properties [AW, Se2]; here we mention only
that it commutes with restriction maps: if H C G, then Res(a)URes(b) = Res(aUb).

Suppose now that K is a field, A is a finite Gx module, and p, is the G-
module of roots of unity in K*°P. Define the Cartier dual A* = Hom(A, p.). Then
A* is also a (continuous) Gx-module, and there is a natural pairing

AQA" — p.
We can compose the cup product with this pairing to get a pairing

(1.3) HY(K,A)® H (K,A*) — H™ (K, p.).
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If K is a local field of characteristic zero, and i+ j = 2, we can compose the pairing
(1.3) with the isomorphism of Proposition 1.7.2 to get a new pairing

(1.4) H{(K,A) x HI(K,A*) - H*(K,p,) 25 Q/Z.
Theorem 1.8.1 (Tate local duality). Suppose K is a local field of characteristic

zero, A is a finite Gx-module, and 0 < i < 2. Then (1.4) is a perfect pairing of
finite groups.

PROOF. See [Mi, Corollary 1.2.3]. O

In the following examples and exercise, K is a local field of characteristic zero
and O is its ring of integers.

Example 1.8.2. Fix m > 0, and let A = p,,. Then A* = Z/mZ (with trivial
G k-action), and we have

HYK,p,,) = K*/(K*)", HYK,Z/mZ)=Hom(G,Z/mZ).
By Theorem 1.8.1, the pairing (1.4) gives an isomorphism (for every m)

~

KX J(K*)™ = HY(K, p,) = Hom(H' (K, Z/mZ), Q/Z)
= Hom(Hom(Gg, Z/mZ), Q/Z) = G52 /(G32)™.

The inverse limit of these maps over m gives the Artin map K> — G3% of local
class field theory.

Exercise 1.8.3. Recall that H} (K, u,,) C HY(K, p,,) is the image of the Kummer
map O /(0Ox)™ — H' (K, p,,). Define

H} (K,Z/mZ) = H:(K,Z/mZ) = Hom(G /Ix,Z/mZ) C H'(K,Z/mZ),
where Iy C Gk is the inertia group. Show, using the local class field theory de-

scription of the isomorphism in Example 1.8.2, that H} (K, p,,) and H} (K, Z/mZ)
are orthogonal complements of each other under the Tate pairing

HY(K, )  HY(K, Z/mZ) — Q/2.
Example 1.8.4. Suppose E is an elliptic curve over K, m > 0, and A = E[m)].
The Weil pairing E[m] x E[m] — u,, gives a canonical isomorphism A* 2 E[m)].
By Theorem 1.8.1, the pairing (1.4) gives a perfect pairing
HY(K,E[m]) x H'(K, E[m]) — Z/mZ.

The subgroup H} (K, E[m]) C H'(K, E[m]) given by Definition 1.6.13 is its own
orthogonal complement under this pairing [Tal].

1.9. Unramified and transverse cohomology groups.

Fix for this section a nonarchimedean local field K of characteristic zero, and let Og
be its ring of integers. As in Definition 1.4.12, we let Ix C G denote the inertia
group, K" = K'¥ the maximal unramified extension of K, and ¢ € Gal(K"/K)
the Frobenius automorphism. Then Gal(K™ /K) = G /Ix = 7, generated by .
Recall that a Gg-module A is unramified if I acts trivially on A.

Proposition 1.9.1. Suppose A is a finite unramified G g-module of order prime
to the residue characteristic of K. Then HL(K,A) and H} (K, A*) are orthogonal
complements of each other under the pairing (1.4).
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PROOF. See for example [Mi, Theorem 1.2.6], or combine the following two
exercises. O

Exercise 1.9.2. Show using Proposition 1.4.13 that if A is a finite unramified
G k-module of order prime to the residue characteristic of K, then

[Hy (K, A)| = [H (K, A") - Hy (K, A")].

You will need to use that the tame quotient of I is isomorphic (as a G g-module)
to [, 2p Moo where p is the residue characteristic of K.

Exercise 1.9.3. Assuming that the cup product commutes with inflation, show
that Hl(K, A) and H}(K, A*) are orthogonal because the following diagram com-
mutes:

Hl(K7A) X Hl(K7A*) #)HQ(Kaﬂ'oo)

InfT InfT

(K, A) x (K, AY) —— HA(K™ /K, o)
and the lower right corner is zero by Proposition 1.4.10(2).
Let k denote the residue field of K, and ¢ := |k|.

Definition 1.9.4. Suppose L/K is a totally tamely ramified extension of degree
g — 1; then there is a canonical isomorphism Gal(L/K) = k*. (When K = Q; we
can take L = Qu(p,).) We define the L-transverse subgroup H{ (K, A) C H'(K, A)
by

HY(K,A) :=ker[H'(K,A) — H'(L,A)] = H'(L/K, A°").

Proposition 1.9.5. Suppose A is a finite unramified G x -module and (g—1)A = 0.
Then:
(1) HY(K,A) =2 Hom(Gal(L/K), A?=1).
(2) HY(K,A) @ Gal(L/K) = A¥=1.
(3) There is a direct sum decomposition H' (K, A) = HL(K,A) ® H} (K, A).
(4) HY(K,A) and HL (K, A*) are orthogonal complements of each other under
the pairing (1.4).

PROOF. See [MR1, Lemmas 1.2.1, 1.2.4 and Proposition 1.3.2]. Since A is
unramified and I and G, generate G g, we have AGL = AGx = A¥=1_ This proves
(1) and (2). By (1) and Proposition 1.4.13(2), |[H (K, A)| = |[HL(K, A)|-|H (K, A)],
so to prove (3) it is enough to show that H}(K, A) N H!(K, A) = 0, and then to
prove (4) it is enough to show that H} (K, A) and H} (K, A*) are orthogonal. These
are left as an exercises, or see [MR1]. O

Definition 1.9.6. Suppose m | ¢ — 1, and let R = Z/mZ. Suppose that A is an
unramified G-module that is free of finite rank over R, and that det(1 — ¢|A) = 0.
Consider the characteristic polynomial

P(z) := det(1 — pz|A) € R|x].
Since P(1) = det(1 — ¢|A) = 0, we have P(z) = (x — 1)Q(z) for some Q(z) €
R[z]. By the Cayley-Hamilton theorem, P(¢~!) annihilates A, so Q(p~1) C A¥=L.
Define the unramified-transverse comparison map ¢t to be the composition

Qe !
BEALANSLEY

HL(K, A) = AJ(p— 1)A ), 491 2 HY(K, A) ® Gal(L/K)
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using the isomorphisms of Proposition 1.4.13(1) and 1.9.5(2).

Exercise 1.9.7 (Lemma 1.2.3 of [MR1]). Suppose m | ¢—1 and A is an unramified
G-module that is free of finite rank over Z/mZ. Show that A?=! is free of rank
one over Z/mZ if and only if A/(¢ — 1)A is free of rank one over Z/mZ. If these
conditions are satisfied, show that the map ¢t of Definition 1.9.6 is an isomorphism
and H} (K, A), H (K, A), HL(K, A*), H} (K, A*), are all free of rank 1 over Z/mZ.

1.10. Comparing Selmer groups.

Suppose K is a number field and A is a finite G g-module.

Definition 1.10.1. If F is a Selmer structure for A, define a Selmer structure F*
for the Cartier dual A* := Hom(A4, p.,) by
Hy.(K,,A*) = Hp(K,, A)* ¢ H'(K,, A*)

for every v, where H:(K,, A)* is the orthogonal complement of HL(K,,A) in
H'(K,, A*) under the local Tate pairing (1.4). By Proposition 1.9.1, F* is a Selmer
structure.

If 7,G are Selmer structures for A, we will say G C F if Hgl;(Kv,A) C
HL(K,,A) for every v. Note that if G C F, then
° Hé(K7A) C Hx(K, A),
o F* CG*.
Theorem 1.10.2 (Global duality). Suppose G1,Gs are Selmer structures for A,
and G1 C Gy. There are exact sequences

DRes,
E—

0—— Hg (K,A) —— H} (K, A) @H, (K, A)/Hg (K., A),

* * Res, * *
0 —— HE. (K, A") —— Hj. (K, A%) LEPHéf(KU,A )/ HE (K, A7),

summing over v such that Hg (K,, A) # H, (K,, A). The images of the two right-
hand maps are orthogonal complements of each other under the sum of the local
Tate pairings (1.4).

PRrROOF. See [Ru, Theorem 1.7.3] to derive this statement from the usual state-
ment of Poitou-Tate duality ([Ta2, Theorem 3.1] or [Mi, Theorem 1.4.10]). O

Exercise 1.10.3. Show that the two sequences of Theorem 1.10.2 are exact. Show
that the images of the two right-hand maps are orthogonal, using Theorem 1.7.3.

The following corollary of Theorem 1.10.2 will be used to bound the size
of Hr(K,A). Note that given F, there will exist G C F “small enough” that
Hj(K,A)=0.

Corollary 1.10.4. Suppose G C F are Selmer structures for A, and Hé(K, A)=0.
Then
®Res,

|Hz(K, A)| < |coker[Hg. (K, A*) —=% @H. (K,, A)/HE. (K,, A")]|.

Exercise 1.10.5. Prove Corollary 1.10.4.



