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SHAPIRO-LOPATINSKIJ CONDITION FOR ELLIPTIC BOUNDARY VALUE
PROBLEMS

KATSIARYNA KRUPCHYK AND JUKKA TUOMELA

Abstract

Elliptic boundary value problems are well-posed in suitable Sobolev spaces, if
the boundary conditions satisfy the Shapiro—Lopatinskij condition. We propose here
a criterion, which covers also overdetermined elliptic systems, for checking this
condition. We present a constructive method for computing the compatibility oper-
ator for the given boundary value problem operator which is also necessary when
checking the criterion. In case of 2 independent variables we give a formulation of
the criterion for the Shapiro—Lopatinskij condition which can be checked in finite
number of steps.

Our approach is based on formal theory of PDEs, and we use constructive mod-
ule theory and polynomial factorisation in our test. Actual computations were car-
ried out with computer algebra systems Singular and MuPad.

1. Introduction

It is well-known that elliptic boundary (value) problems are well-posed only if the boundary conditions
are chosen appropriately. By well-posedness one usually means that the solution exists and is unique in some
space, and it depends continuously on data and parameters, or more generally that the relevant operator is at
least Fredholm (kernel and cokernel are finite dimensional). The property which the boundary conditions should
satisfy to have a well-posed problem in some Sobolev spaces for a elliptic boundary value problem is called
the Shapiro—Lopatinskij condition. Of course in many physical models the boundary conditions are more or
less clear, and if the model is at all reasonable one may expect that these “natural” boundary conditions give a
well-posed problem. However, in more complicated models one may not have any natural boundary conditions,
or it may not be clear which boundary conditions are “best” in a given situation.

In [17] Mohammadi and Tuomela proposed to use involutive form of the PDE system in numerical compu-
tations. The resulting systems are not standard ones, so the question naturally arose how to effectively check if
given boundary conditions indeed satisfy the Shapiro—Lopatinskij condition. The purpose of the present article
is to give a (partial) answer to that question.

Originally the Shapiro—Lopatinskij condition was formulated for square?® elliptic systems [16], [23], but
subsequently the theory was generalised to square DN-elliptic systems? [2] [3] [4] and overdetermined elliptic
systems [8] [9]. Note that there is no need to consider overdetermined DN—elliptic systems because we, together
with Seiler, proved in [15] that any DN-elliptic problem becomes elliptic when completed to involutive form.

The plan of the paper is as follows. In section 2 we review the necessary background, mainly some con-
structive module theory and formal theory of PDEs, but we also recall some facts about Sobolev spaces. In
section 3 we prove some results related to the notion of finite type and introduce DN-elliptic systems. Then in
section 4 we take up square DN—elliptic systems and propose a criterion for checking the Shapiro—Lopatinskij
condition. We also give a constructive test for checking this condition in case of 2 independent variables. This
restriction is due to the fact that in 2 variable case we can use factorisation of polynomials in one variable in a
way which seems to be impossible in the general case. Note that strictly speaking we could have treated directly
the general case, but because square DN—elliptic systems are anyway important in practice it is perhaps best
to consider them separately. Also results of this section are helpful in proving more general results later. In
section 5 we introduce boundary value problem operators, and show how one can constructively compute their
compatibility operators. These constructions are based on computing syzygies using Grébner bases and suitable
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Shapiro-Lopatinskij condition

module orderings. In section 6 we then give a new criterion for checking the Shapiro—Lopatinskij condition in
the overdetermined case. We also propose a constructive test in 2 variable case. Finally in section 7 we draw
some conclusions and indicate some directions for future work.

In our examples we have used Singular [13] and MuPad [11]. In the Appendix we show how to use these
programs to perform the needed computations.

2. Preliminaries

2.1. Algebra
All the relevant material can be found for example in [12] and [10] (orderings and commutative algebra) and
[5] and [18] (field extensions).

2.1.1. Orderings

Let N be the space of multi indices, i. e. the set of all ordered n-tuples = (1, ..., ptn) With 1; € Ny. 1 isa
multi index whose j’th component is one and others are zero. The length of a multi index is |u| = 1 +- - -+ iy,
and the class of the multi-index u, denoted by cls p, is £, if uy = - -+ = pg_1 = 0 and pg # 0.

A total ordering > on the set of monomials Mon,, = {£* | p € N} in n variables is called a global
monomial ordering if it satisfies the following conditions: (1) £ > &7 implies £7¢« > ¢7¢P forall o, B,y €
N and (2) £€* > 1 for all a # 0. In this paper we will only consider such orderings and for simplicity we will
drop the words “‘global monomial’ from now on. We will need in the sequel the following orderings.

- lexicographic ordering (denoted by >;,): £€* >, &P if and only if
Ji<i<nar =p5,...,0i-1 = Bim1,; > B

- degree reverse lexicographic ordering (denoted by > 4,): €% >4, €7 if and only if
| > |B] or (|a| =|Bland 31 <i<n:an=PFn,..., Q41 = Piy1,0; < 5i);

- product ordering: let >; be an ordering on Mon(&y, . .., &,) and >» be an ordering on Mon(ny, ..., m;).
Then the product ordering > on Mon(&1, ..., &, M, - --,m;) is defined as

el >y o > Y or (a =o' andn? >, nﬁ').

2.1.2. Commutative algebra
Let A = K[¢] = K[y, .. ., &,] be a polynomial ring in n variables where K is some field of characteristic zero.
If Z is an ideal of K[¢], then Az = K[¢]/Z is the residue class ring.

The cartesian product A* is an A-module of rank k. A module which is isomorphic to some A is called
free. A module M is finitely generated, if there are elements a4,...,a, € M such that M = {a4,...,a,).
Every submodule of A* is finitely generated.

Let C' be am x m matrix whose elements belong to A. The adjoint of C, denoted by adj (C') € A™*™  is
the matrix of cofactors of C, i. e.

Cadj (C) = I, det(C)

where I,,, is the unit matrix of size m x m.
Let us consider a homomorphism ¢ : A* — A™ and its image My = image(p) = (b',...,b*) Cc A™. If
s € A¥ is such that

sibt -+ s5pb* =0,

then s is called a syzygy of Mj. All such s form the (first) syzygy module of A, which is denoted by M. But
now M is the image of some homomorphism ¢, and one can consider its syzygies. Now Hilbert’s syzygy
theorem [10, p. 45] asserts that every finitely generated A-module has a free resolution, i.e. an exact sequence
of the form

A —"> Am A" /My —=0  (21)

0 Ak'r Ak'r—l
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Recall that exactness means that the image of any map in this sequence is equal to the kernel of the following
map. The length of a free resolution is less than or equal to n, where n is the number of variables in the
polynomial ring A, i.e. for our module M, we have r < n.

2.1.3. Module orderings
Let A = K[¢] as before and let us denote by ef the canonical basis vectors of A¥. The elements of the form
&ret can be ordered in two different ways. Here < can be any monomial ordering.

e TOP ordering

%t <., P it 2 <P or(a=pBandi> ).
e POT ordering

€%l <, &Pl if P> jor(i=jand&¥ < €P).

Now let A = K[¢,7] and let M be some submodule of A¥. We choose a TOP module ordering in A* and
product ordering in A with 7 variables bigger than £. We will need the following fact [1, p. 156].

LEMMA 2.1. If G is a Grobner basis for M, then G N A¥ is a Grobner basis for M N Ak,

Hence TOP orderings can be used to eliminate variables. On the other hand POT orderings can be used to
eliminate components. Let M be a submodule of A* = A? & AF—%, We choose a POT module ordering for A%,
and any monomial ordering in A. Then we have [12, p. 177]

LEMMA 2.2. If G is a Grobner basis for M, then G N A¥—? is a Grbner basis for M N AF—%,

2.1.4. Field extensions
An extension of a field K is a field L. which contains K as a subfield. The extension L is called algebraic if
every element of I is algebraic over K, i. e. if every element of I. is a root of some non-zero polynomial with
coefficients in K.

Ifa € L\K is algebraic over K then there is a unique monic polynomial p of least degree such that p(a) = 0.
This p is called a minimal polynomial of a.

The field extension L is called finitely generated, if there are elements a4,...,a, € L \ K such that
L = Kloy,...,a,). If a field extension L. over K is generated by a single element a then « is called a
primitive element.

The splitting field of a polynomial p € K[z] is a field extension I of K over which p factorizes into linear
factors z — b; and such that the b; generate L over K. Hence, the splitting field is finitely generated and moreover
we have the primitive element theorem [5]:

THEOREM 2.1. Let K be a field of characteristic 0. Then every finitely generated extension of K has a primitive
element. In particular, the splitting field of any polynomial p € K[z] has a primitive element.

2.2. Complex Analysis
Let(y,..., ¢, € Cbesome points lying in the open upper half of the complex plane. Let us define following
polynomials:

Pr=0C-G)(C=¢)=) b

. =0 2.2)
=) b7 =1,

j=l

LEMMA 2.3 ([2]). Let -y, be asimple closed curve oriented counterclockwise in the upper half of the complex
plane surrounding all the roots of the polynomial p*. Then

L crpf(odcz{l, r=1-1,

% Y+ p+(C) 07 7—751_17
3

=0,...,v—1,
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Let 9t be the space of functions v : R — C™ which tend to zero as xz,, — +oco and let v be a vector
whose elements are in C[¢]. Then we set

RN ?{ v(Op; (Qec™n
2ri J,,  pT(¢)

The following Lemma is similar to some results in [14]. However, since we did not find anywhere the precise
result that we needed, we give the proof below.

wl(z,) = ¢, 1=1,...,v.

LEMMA 2.4. Let us suppose that v is not zero modulo p*. Thenw! € M, , 1 = 1,...,v, are linearly indepen-
dent.

Proof. First note that w! € M, since R(i¢) < 0. Let us now consider a linear combination
Clwl + -4 cyw” = 0 (23)

Since v is not divisible by p*, we have
v—1
’U:qp++v’ V:ZVTCTJ V#O’
7=0

where ¢, v and v are some vectors. Let 1, 0 < 19 < v, be such that

vie£0, v =0forall0 <7< 7. (2.4)
So we get
v—1 :
1 CTp—"—(C)eZCw"
l T l
w'(zn) = v — == d{, l=1,...,v.
(&n) TEZ:O 2mi [, pH(0)

Lemma 2.3 implies that
k, |l ik l—k—1
dwoz{zv , 1>k, 25)

ek, 0 1<k

Differentiating expression (2.3) v — g — 1 times, substituting z,, = 0 and using (2.5), we get

v
Z evlvtm = Q.

l=1/—To

Applying (2.4), we obtain ¢, = 0. Now differentiating expression (2.3) v — 79 — 2 times, substituting z,, = 0
and using (2.5) and the fact that ¢,, = 0, we get

v—1

> vttt =g

l:V—T()—l

But now (2.4) implies that ¢,,_; = 0. Continuing in this way we get ¢, = 0 for 7o < 7 < v. So (2.3) has now
the following form

cw' 4+ crw™ = 0. (2.6)
Now Lemma 2.3 implies also

+oo +oc i—k \Il+k—1
. Y, ,I<v—k,
d —0 = 2.7
/zn /zn ' (@n)denlz.—o {0 ,I>v—k. @7)
N—_—— —
k

Integrating (2.6) once, substituting z,, = 0 and using (2.7), we get

70
E clvl =0.
=1

Hence, ¢,, = 0. Continuing in this way we finally get¢; = 0 for 1 < i < 7o. O
4
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2.3. Geometry

Here we simply give the basic definitions and refer to [21] and [19] for more details. All maps and manifolds
will be assumed smooth, i.e. infinitely differentiable.

Letw : £ — Q be a bundle where £ is called the total space, €2 the base space and 7 the projection.
For each p € (, the set £, = 7 '(p) is called the fiber over p. All fibers are diffeomorphic to each other. A
vector bundle is bundle whose fibers are vector spaces. From now on we will assume that all bundles are vector
bundles. For example we will need the following vector bundles: the tangent bundle T2, the cotangent bundle
T*Q, and the bundle of symmetric ¢g-forms S?(T*Q2).

Giventwo bundles g : &g — Qoand 7 : & — Qi themap @ : & — &; is a bundle map or morphism
if there is a map ¢ such that the following diagram commutes®

Eo —2> &

0 —= 0

and the map & |, — &1/,(7) IS linear. In many cases of interest we have Qo = ©; and ¢ = id.

Let 77 : J,(£) — € be the bundle of g-jets of 7 : & — Q. If the coordinates of the base space are
denoted by (z1, ..., z,) and the coordinates of the fiber by (y*,...,y™), then the coordinates of .J, (&) (called
jet coordinates) are denoted by

1 m y2
(T1e s s Y e Y Yy )

where |u| < g. Then denoting by n, the number of distinct multi indices of length |u| = g, the dimension of
J¢(€) is n + md, where

-1
dq:1+n1+---+nq:(n+q) and nq:(n—i-q )
q q
Let us also introduce the standard projections

T Ty () = Jy(€)

and define the embedding &, by requiring that the following complex be exact:

q
Trq—l

00— SUT*Q) ® £ —> J,(£)

Jg—1() —=0
Recall that a complex C is a sequence of bundles &; and bundle maps ®; such that

[ (31 $o

C : 0 &o & &

and ®;,;®; = 0. Complex is exact, if im(®;) = ker(®P; 1) forall <.

Finally a section of the bundle = : £ — Qisamap f : Q — £ suchthat 7 o f = id. If f is a section of
& then its ¢’th prolongation, a section of J,(£), is denoted by j? f. The vector space of smooth sections of £ is
denoted by C'°°(&) and the Sobolev spaces of sections of £ by H, (£). However, it is essential to consider also
the case where different components of the sections are in different Sobolev spaces. Hence we consider « as a
vector:

y € Hy(€) <= ' €H,(&)

where we have the direct sum decomposition £ = @;&*. The corresponding norms are then defined by
lylla =" lly*
i

If we do not want to specify the space of sections or if this choice is irrelevant we will use the notation S(£).

(e 704

3Strictly speaking the pair (@, ¢) is the bundle map. However, ¢ is uniquely determined by & (if it exists).
5
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2.4. PDE
All relevant materials can be found in [9], [19] and [25].

DEFINITION 2.1. A (partial) differential system (or equation) of order ¢ on £ is a subbundle R, of J,(E).
Solutions of R, are its (local) sections.

We will only consider linear problems in the present article, so R, will be a vector bundle.
Above we defined what the differential equations are, but we have not yet introduced any equations. To this
end let us introduce two (vector) bundles &, and &£; and consider the following bundle map

A Jq(go) — 51

Note that 4 is a map between finite dimensional spaces. Then we can define a linear ¢’th order differential
operator by the formula A = A4 j9:

Now with A4 one can represent a differential equation as a zero set of a bundle map:

Ry =ker(4) : A(z,y,...)=0 (2.9)

DEFINITION 2.2. The differential operator j7A : S(£) — S(J.(€1)) is the rth prolongation of A. The
associated morphism is denoted by A,..

Then we can define the prolongations of R, by
Rg4r = ker(A4;)

Also we define

() _  gtr+s
Rq+r = Tgtr (R11+7'+5)

Note that R,(Ifﬁr C Rg+r, but in general these sets are not equal.

DEFINITION 2.3. Adifferential operator A is called sufficiently regular if R,(I?T isavector bundle forallr > 0
and s > 0.

If @ C R™ and the operator A has constant coefficients, then A is sufficiently regular.

DEFINITION 2.4. A differential operator A (of order ¢) is formally integrable if A is sufficiently regular and
Rfllﬁr =Ry, forallr > 0.

The formal integrability of an operator A of order ¢ means that for any » > 1, all the differential conse-
quences of order g + r of the relations Ay = 0 may be obtained by way of differentiations of order no more
than r and application of linear algebra.

Now it is well-known that some properties of PDEs depend only on the highest order derivative terms in the
system. The information of this highest order part is coded in the symbol of the system. In fact there are two
different kinds of symbols which are of interest here: the geometric symbol and the principal symbol.

DEFINITION 2.5. Let us consider a sufficiently regular differential equation R, C J,(€) given by R, =
ker(A).

¢ The (geometric) symbol M, of R, is a subbundle of S7(T*) which is defined by the commutative and
exact diagram (2.10).

e The principal symbol A of operator (2.8) is a map
A= .AEQ : Sq(T*Q) ® 50 - &
6
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0 0 (2.10)
0 M, Rq = Jy-1(&)
0 —> S9(T*Q) ® Eg — J,(E0) —> J, 1(E0) ——0
A A
£ ——2

In [19], [22] and [24] one can find more information about symbols.
We will now describe the symbol in a given coordinate system. Consider a linear ¢’th order PDE given by

Ry @ Ay= ) au(z)d'y=f (2.11)

lnl<q

where z € Q C R, Q is open, a, (z) € RF*™ and p € Ny. We will always suppose that k& > m. Now let M,
be the following matrix

M, = (aul,auz,...,aunq)

where p! > p? > -+ > p" and |p!| = ¢. In this way the (geometric) symbol M, is defined by the kernel
of M, and we may also call the matrix M, the symbol of R,. However, usually one considers A in a different
way. Fixing some one form & we get a bundle map A(§) : & — &1 which in coordinates is given by

Az, &) = Y a(z)e"

lul=q

REMARK 2.1. We can interprete £ in 4 different ways: (1) as a one form, i.e. a section of T*2; (2) the value
of this one form at a given point p: £ € T, (; (3) a vector in R”, i.e. a coordinate representation of (2); and
finally (4) indeterminates in some polynomial ring. We think that the intended interpretation will be clear from
the context.

In terms of matrices the connection between the two symbols is given by the formula
A=M,(E'®1I) (2.12)

where 27 = (6“1,5“2, ... ,f“"‘*). Hence algebraically we consider A as a module M, generated by its rows:
we may write this as Ma C A™. All computations with principal symbol are based on this interpretation.
Anyway, it turns out that the symbol contains information which helps us to recognize if the given system is
formally integrable. The relevant property is called the involutivity of the symbol. However, the actual definition
of involutivity is a bit complicated, and because we will not need it explicitly we just refer to [24], [19], [22]
and [8] for the actual definition.
The next result shows why the involutivity of the symbol is important.

THEOREM 2.2. Let us suppose that the symbol M, is involutive and that R, is sufficiently regular. If no new
integrability conditions are obtained by differentiating the system R, once, then it is formally integrable.

Now we say that the system R, is involutive if it is formally integrable and the symbol M, is involutive.
The above discussion suggests the following algorithm to compute the involutive form of a given system:

1. The system is prolonged until its symbol becomes involutive.
2. The system is prolonged and projected once to check if there are integrability conditions.

3. If there are no new equations in the previous step, the system is now involutive. Otherwise go back to
step one with the system obtained in step two.
7
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This is often called the Cartan—Kuranishi completion algorithm. One can show that under appropriate hypoth-
esis the above algorithm terminates, in other words

THEOREM 2.3. For a given sufficiently regular system R, there are numbers r and s such that R,(l‘fﬁr is invo-
lutive.

In practise to complete a system to the involutive form we have used the DETools package [6] in MuPAD
[11] (see also Appendix 8.6 for appropriate MuPad commands).

2.5.  Functional analysis

We have now defined differential equations and operators, but have not discussed any boundary conditions
yet. To consider boundary value problems we introduce bundles £ — Q where Q is now a manifold with
boundary; we denote the boundary by T'. Further let G; — T" be some bundles on the boundary. The bundle
Eilr — T isthe restriction of £; —  to the boundary. If f is a section of £; — Q, theny f is the corresponding
section of &;|r — T'; « is called the trace map.

DEFINITION 2.6. An operator of the form
® : S(&) x S(Go) = S(&1) xS(G1) , ®B(y,2) = (®'ly, 7@y + ?%2) (2.13)

where ®% are differential operators, is called a differential boundary operator (DB-operator). If G, = 0, we
will write

®(y) = (Ay, By) (2.14)

In this case @ is called a boundary value problem operator (BV-operator).

REMARK 2.2. Strictly speaking we should write vB instead of B. However, this is the standard way of writing
the BV-operator.

In terms of Sobolev spaces the most general DB—operator can be written as follows:
P : Ha(gO) X Hﬁ(g()) — Hg(gl) X Hn(gl) (215)

where «, 3, § and n are some appropriately chosen vectors.

3. Ellipticity of the symbol

Let us consider the system (2.11). In the geometric definition of differential equations it is natural to assume
that for each z € QU T C R™ the elements of the matrices a,, (x) are real. However, to formulate our problem
algebraically we need to assume that the elements of a,, are in some field. Since our computations are local in
nature it is best to think that we fix some x and then choose some convenient field. Obviously this field should
be the same for all 2. Now for purposes of symbolic computations we cannot take the field of real numbers;
instead we will work with the field K which is of characteristic zero and a subfield of real numbers. So from
now on we suppose that a,, € K¥*™ and k > m.

Note that although the field K will be the same for all z, various objects that we will define, like character-
istic polynomial, will a priori depend on z. However, for simplicity of notation this dependence on z will be
suppressed.

LetAq,...,A, beall m xm submatrices of A and let us denote the corresponding minors by p; = det(A;) €
K[¢]. Further let us define the (Fitting) ideal generated by these minors:

I = <p1;-"7p7'>

The complex projective variety Vep(Za) is called the characteristic variety of the operator A.

DerINITION 3.1. The differential operator A is called elliptic in ©, if A is injective for all real £ # 0 and for
allz € Q.

Geometrically this condition means that the real projective variety Vep(Za) = 0.
8
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DEFINITION 3.2. The characteristic polynomial pa of an elliptic operator A is the greatest common divisor of
its minors:

pa=gcd(p1,...,pr). (3.1)

The greatest common divisor can be computed using Grébner bases [1, p. 71]. It is immediate that Za C (pa)
and it is also easy to see that

LEmMMA 3.1. If n > 1, then the characteristic polynomial does not change when the symbol is prolonged.

Proof. If A is the symbol, then =" ® A is the r—times prolonged symbol. From this the claim follows. O

It is well known that Z, depends only on the module generated by the rows of A. The same property holds
also for the characteristic polynomial.

THEOREM 3.1. Characteristic polynomial pa depends only on the module generated by the rows of A.

Proof. Let us denote the rows of A by af, and let M = (a',...,a*) be the module generated by these rows.
Letc € M and A, be A with the added row c. Obviously pa, divides pa. We will show that also pa divides pa,_ .
Let us denote the minors of A, by g;, if they are also minors of A and by §; otherwise. We need to show that
pa divides all §;. Now ¢ = Zle pia’ where p; are some polynomials. Without loss of generality we can write
any g; as
k
G; = det (ijaj,cl,...,cm_l)

=1

where ¢t’s are some rows of A. But then
k ) k
g = ij det (a’,ct,...,c™ 1) = ijqj
j=1 j=1

Hence pa = pa..

Now suppose that we have another basis of the module: M = (b!,. .., b%), and let us denote the correspond-
ing matrix by B. But all b¢’s can be represented as b* = Zle pija’. But by the previous argument adding such
sums to the matrix does not change the characteristic polynomial. But then interchanging the roles of A and B
we see that pa = pg. O

3.1. Finite type
DEFINITION 3.3. Symbol M, is of finite type, if M 4, = 0 for some r.

Recall that if M, is involutive and of finite type, then M, = 0. We have the following characterisation.
THEOREM 3.2. The symbol is of finite type if and only if rad(Za) = (&1, ..., &)-

Geometrically the condition rad(Za) = (&,...,&,) means that the characteristic variety is empty (as a
projective variety).

Proof. First suppose that rad(Za) # (&1, ---,&n). Hence there are £ # 0 and v # 0 such that A(¢)v = 0. But
then by formula (2.12) M, (27 ® v) = 0. But then evidently M, (297" ® v) = 0 for all r, so M, is not of
finite type.

Then suppose that rad(Za) = (&1, .-, &x). Let us denote by e’ the canonical basis vectors of A™, and by
Mp C A™ the module generated by the rows of A. Now operating with adjoints of submatrices of A it is seen
that p;e? € Mj for all i and j. This implies that if f € Za, then fel € My for all j. Hence by hypothesis
there is s such that £/7°e/ € M, for all 4 and j. But then there must be some = such that £e7 € M, for all
|u| = g + rand j. Hence the symbol M, has a representation such that the symbol matrix A, contains
an identity matrix with n44,.m columns. Hence ker(M,4,) = 0. O

CoROLLARY 3.1. Ifn > 1 and M, is of finite type, then pa = 1.
9
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Proof. Since Za C (pa) we have Vep ({pa)) C Viep(Za). Butif pa # 1, then Vip ({pa)) is not empty. O
In general the converse of the above result is not true. For example if p; = &2 4+£24-€2 andpy = 267 4+-£2+€2,
then
ged(pr,p2) =1 but rad({p1,p2)) = (&1, + &)

However, we have the following partial converse.
LEMMA 3.2. Inthe 2 dimensional case pa = 1 implies that M, is of finite type.
Proof. Let f;(&) = pi(&1,1) and g;(&2) = pi(1,&). Now if pa = 1 we have also

ged(fi,...,fr) =1 and gcd(g1,...,9.) =1
But this implies that there are polynomials a; € K[¢; ] and b; € K[&;] such that

r r
Z aifz- =1 and z bigi =1
i=1 i=1

Homogenizing these equations show that these are numbers s; such that £/ € Za. Hence rad(Za) = (&, &2).
O

One may interprete the above results geometrically as follows. In a typical situation our problem is given
in some domain Q C R™, and the boundary I is a n — 1 dimensional submanifold of the closure of Q. Hence
the codimension of I is one. Now the fact that po = 1 implies that one cannot impose any conditions in a set
S C QUT of codimension one. However, it may be possible to give some conditions, if codim(S) > 1. But
if n = 2 and codim(S) > 1 then dim(S) = 0, i.e. the system is of finite type. On the other hand if n > 2 the
“intermediate” situations codim(S) > 1 and dim(S) > 0 can really occur. In [4] and [20] one can find some
results for these kind of problems.

3.2. \eights

To generalise the notion of ellipticity, Douglis and Nirenberg [7] introduced the concept of weights of the
system. In [15] it is shown that any system that is elliptic with respect to the generalised definition becomes
elliptic when completed to the involutive form. So the apparent generality of ellipticity is just the result of
restricting the attention to square systems. Hence this concept is interesting only in the square case, so when
discussing DN-elliptic systems (elliptic in the sense of Douglis—Nirenberg) we will always suppose that & = m.

The weights are two sets of integers: we denote by s; the weights for the equations, 1 < I < m, and ¢; the
weights for the unknowns, 1 < j < m. They must be chosen such that

sp+ 1t = qy,

where g;; is the maximal order of a derivative of the jth unknown function in the /th equation and if s; +¢; < 0
then there are no derivatives of the jth unknown function in the ith equation of the system.

DEFINITION 3.4. The weighted (principal) symbol of the differential operator A is
(Aw)l,j = Z (au(m))l,]{“
lul=s1+t;
Ais D N-elliptic, if A, is injective for all real ¢ # 0 and for all z € Q.
In particular, ordinary ellipticity is a special case of DN—ellipticity with weights
$1=++=8,=0 and t1=---=t, =gq.

Note that without loss of generality one may suppose, if convenient, that s; < s2 < -+ < s, = 0 and
2t 2 2tm 21
It is not difficult to see that DN—ellipticity is not invariant with respect to changing the dependent variables.
The following is a natural analog of Definition 3.2.

4Note that in all cases we mean the submatrix of A except the notation A, which we use for the weighted principal symbol

10
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DEFINITION 3.5. The characteristic polynomial of a DN-elliptic operator A is
PA = det(Aw).

This is a homogeneous polynomial in K[¢] of degree >~; , (s; + t;).

Now whether the characteristic polynomial is defined by Definition 3.2 or by 3.5 we will need the following
property. Let us set & = (&', ) so when we fix some &' we may view pa as a polynomial of single variable
¢. Since ¢ € R*™1, pa € R[(] in this interpretation, and pa will be different for each different £’. However,
we will still use the symbol pa and hope that the intended meaning will be clear from the context. Similar
convention will be used later on with other objects.

DEFINITION 3.6. The operator A is properly elliptic (resp. properly DN-elliptic), if it is elliptic (resp. DN-
elliptic) and at all boundary points and for all £’ # 0 its characteristic polynomial pa € R[¢] has equally many
roots in the upper and lower half of the complex plane.

Hence, for properly (DN-)elliptic operator A, the degree of characteristic polynomial pa must be even. From
now on we will always suppose that pa # 1 and denote the degree of charactristic polynomial by 2v > 0.

Note that for n > 2, proper (DN-)ellipticity follows from (DN-)ellipticity. If the coefficients of the charac-
teristic polynomial are real functions, then proper ellipticity follows from ellipticity also in case n = 2. In this
paper we will only consider systems with real coefficients so for our purposes ellipticity and proper ellipticity
are equivalent. Hence we will drop the word “proper” from now on.

Consider now a boundary operator

By=g, =ze€T, (3.2)
where B is of size 7 x m. For the purposes of this paper we may suppose that I" is smooth. To define the
weighted principal symbol of the boundary operator we introduce a third set of integers r4, ..., 7, such that

T+t 2 Qija

where qf’j is the maximal order of a derivative of the jth unknown function in the /th boundary condition and if
r; +t; < 0 then there are no derivatives of the jth unknown function in the /th boundary condition.
Then the weighted (principal) symbol of the boundary operator B is

(Bw)l,j = Z (bu(m))l,jfu

|l=ri+t;

We will suppose that for any fixed 2 the elements of b,, are in the same field K as the elements of a,. Note that
when we pass to the involutive form we do not need any weights for the operator itself. However, we still need
weights for the boundary operator.

REMARK 3.1. Usually in the definition of (weighted) symbols one replaces the derivative 8* in the original
operator by il#l¢#. However, for simplicity of notation we delete the imaginary factor because it turns out that

(i) itis not needed in the definition of ellipticity because the characteristic polynomial is homogeneous.

(ii) it is not necessary in the criteria for the Shapiro-Lopatinskij condition either. We will explain this in an
appropriate place.

4. Square DN-elliptic boundary problems

In this section we will treat the square DN—elliptic case and consider the overdetermined case later. We
will assume that the boundary operator has v rows where 2v is the degree of the characteristic polynomial.
The reason for choosing v conditions is that if there were less boundary conditions the problem would be
underdetermined and if there were more conditions the boundary conditions should satisfy some compatibility
conditions. The latter case is a special case of the more general case considered in section 6.

The relevant condition which guarantees the well-posedness of the boundary problem is called the Shapiro-
Lopatinskij condition or the complementing condition; from now on we will abbreviate this as the SL—condition.

Let © be a smooth manifold with boundary and let T be its boundary. Let us fix some p € T'. Then there is
some neighborhood U of p and local coordinates on U such that U N Q is given in these coordinates by the half

11
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space z,, > 0 and U N T is given by x,, = 0. From now on we will always work with these local coordinates
and write z = (¢, z,,) where ' = (z1,...,Zp_1).

Now fixing some boundary point (z',0) € T and some ¢’ # 0 we consider the following ordinary differential
operators with constant coefficients:

Ay(2',0,&, Dy)u(z,) =0, 2, >0,
Buw(2",0,&", Dn)u(2n)|e.=0 = d,

where d € C”, D,, = 8~ /i and i is the imaginary unit. Hence A and B are some linear operators and after
fixing some z' and &' we may interprete them as

w: CPRxC™) = C®(RxC™)
By : C*(RxC") - C
LEMMA 4.1 ([3]). Suppose that A is DN-elliptic. Then
dim (ker(A, (¢, Dy)) N My ) = v.

DEFINITION 4.1. The boundary operator (3.2) satisfies the SL—condition, if the initial value problem (4.1) has
unique solution in 9%t for all d and for all &' # 0.

(4.1)

Consider a boundary problem

{Ay =f zeq, “2)

By=g, zel.
DEFINITION 4.2. The square boundary problem (4.2) is DN-elliptic, if

(i) the operator A is DN-elliptic;
(ii) the operator B satisfies the SL—condition.

Now it turns out that these conditions guarantee that the boundary problem is well-posed in the following
sense. Let us consider a BV-problem & = (A, B) with weight vectors s, ¢ and r. Let us also choose some a
such that

a > —mint;, @ >maxs;, a>maxr;+1/2. (4.3)
Then one can show that @ is a bounded operator if we choose the following Sobolev spaces [4]:

= (A,B) : Hott(&0) = Ha—s(E1) X Hyp—1/2(G1) (4.4)
Moreover one has the following result.

THEOREM 4.1 ([4]). Let conditions (4.3) be satisfied. The following statements are equivalent:
(i) the boundary problem (4.2) is DN-elliptic;
(ii) the operator @ in (4.4) is Fredholm and the following a priori estimate holds

9lla+e < C(1flla—s + lglla—r—1/2 + [lyllo)-
If the solution is unique, the last term on the right can be omitted.

Recall that an operator is Fredholm, if it has a finite dimensional kernel and cokernel, and its image is closed.

4.1. Algebraic formulation of the Shapiro-Lopatinskij condition

It is evident that in general it is very hard to check the SL—condition using directly the definition. Agmon,
Douglis and Nirenberg [2], [3] proposed a criterion to simplify the verification of the SL—condition, see also
[4] for a discussion.

Consider a DN-elliptic square operator A. At the fixed boundary point (z’,0) € T we write for simplicity
A, and B,, instead of A, (z',0,&',¢) and B, (z', 0, &', ¢) when the meaning is clear from the context.

Let us fix some &' # 0 and let 3, . .., ¢, be all the roots of the characteristic polynomial pa € R[¢] lying in
the upper half of the complex plane. We set

PE=0-C)(C(-¢)= Zw
12



Shapiro-Lopatinskij condition

and introduce the polynomials p;, I = 1,...,v, as in (2.2).
The traditional formulation of a criterion which implies the SL—condition is as follows.

THEOREM 4.2 ([3], [4]). The SL—condition is satisfied at a fixed boundary point if and only if for all £ # 0
the rows of the matrix

By adj (Ay)
are linearly independent modulo the polynomial pf .

REMARK 4.1. This criterion was originally formulated using symbol matrices with imaginary units, but that
formulation is equivalent to our formulation. To see this let us first note that the polynomial p{ does not depend
on this choice. Then dividing all elements of B,, ad] (Aw) by pi{ it is seen that the rank of matrix of remainders
does not depend on this choice either.

Now we would like to improve this criterion. To this end we need to formulate some preliminary results.
LEMMA 4.2. There is an element (adj(A,,));,; of adj(A,,) which is not divisible by the polynomial p} .

Proof. Suppose that adj(A,,) = p/f C. On the other hand, by the property of adjoint matrix we get det(adj(A,,)) =
pa =" Thus, (pf)™ det(C) = pi*~". But this contradicts the definition of p} .
o

Let us denote by v some column of the matrix adj(A,,) which is nonzero modulo p/ . We set

wl(z,) = 1 ?{ de, I=1,...,v.
Y+

2mi PR (0)
where v, is a simple closed curve oriented counterclockwise in the upper half of the complex plane surrounding
all the roots of the polynomial pj( and let w be a matrix with columns w!.

LEMMA 4.3. The columns of w are a basis of the space ker(A,,(D,)) N M.

Proof. First note that by the property of adjoint matrix all elements of the vector A, v are divisible by the
polynomial p;. Thus by the Cauchy integral theorem we get A, (D, )w!(z,,) = 0. Since R(i¢) < 0, we have
that the columns of w belong to ker(A,,(D,,)) N9,.. Lemma 2.4 implies that the vectors w!(z,,), 1 = 1,...,v,
are linearly independent. From Lemma 4.1 we have that dim (ker(A,,(D,))N9,) = v. As we have v linearly
independent vectors, then they are the basis of ker(A,,(D,)) N 9. O

Let us now consider the vector h = B,,v. Dividing each element of & by the polynomial p} we get

v—1
h=gp{+h where h=> h7¢" (4.5)
7=0
Let us introduce the matrix #
H=(h"...,hv71). (4.6)

LEMMA 4.4, The following equality holds
Bw(Dn)w(xn)lznzo =H

Proof. Using Lemma 2.3 we have

Buw(Dyp)w (@n)]e,—0 = —j[ +—<
7+

— , 1 CTP?_(O -1
;)h 2—m_£+ 0 dC=h"% 1=1,...,0

Finally, we get the following improvement of the algebraic criterion for checking the SL-condition.
13
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THEOREM 4.3. Following statements are equivalent
(SL) the SL—condition is satisfied at a fixed boundary point.

(SL1) for any & # 0, there is a column v of adj(A,,) that is nonzero modulo the polynomial p{ such that the
elements of the vector h = B,,v are linearly independent modulo p .

(SL2) for any ¢ # 0, there is a column v of adj(A,,) that is nonzero modulo the polynomial p;{ such that the
following condition is fulfilled: there are no numbers ¢; with at least one of them nonzero such that

cthi+---+¢,h, =0

where h;, ¢ = 1,...,v, are the elements of h defined in (4.5).

(SL3) for any & # 0, there is a column v of adj(A,,) that is nonzero modulo the polynomial p; such that
rank(H) = v where H is defined by (4.6).

Proof. The conditions (SL1), (SL2) and (SL3) are easily seen to be equivalent.

(SL3) implies (SL). Let us suppose that the condition (SL3) is fulfilled and fix some &' # 0. Let v be a
nonzero modulo pi column of adj(A,,) such that rank(#) = v. Since we have v boundary conditions, we
get rank(H) = rank(#H,d) = v for any d. Thus, the system Hc¢ = d has a solution. Using this vector ¢
we construct the following function u(z,) = w(z,)c. Lemma 4.3 implies that u € ker(A,(Dy)) N PVi. By
Lemma 4.4 we get

Buw(Drn)u(zn)|s,—0 = He = d.

So the solution of the problem (4.1) exists.

Let us now prove the uniqueness of solution of (4.1). Suppose that there is a nonzero solution u € ker(A,, (D,))N
M, which satisfies By, (Dy)u(2r)|z,=0 = 0. Since the columns of w are the basis of ker(A,,(D,)) N M
there is a ¢ # 0 such that u(z,,) = w(x,)c. Then By, (Dy)u(zn)|z,—0 = He = 0. But this contradicts (SL3).

(SL) implies (SL3). Suppose now that the SL-condition is fulfilled. The SL-condition is equivalent to the
following condition: for all £’ # 0

ker(B,) = {0}, im(By)=C",

where B,, : ker(A, (D,)) N M, — C¥ is a linear operator. Fix some ¢’ # 0 and let v be a nonzero modulo p}
column of adj(A,,). Then according to Lemma 4.3 the columns of w(z,,) are a basis of space ker(A,, (D)) N
9. Since By, is a linear operator, ker(B,,) = {0} and dim (im(B,,)) = v, we get that the columns of
B (Dn)w(zn)|e,—o0 = H are a basis of the space im(B,,). Hence, rank(H) = v.

o

REMARK 4.2. Note that if there is one column v of adj(A,,) that is nonzero modulo the polynomial p/; such
that rank(7£) = v then this property is true for any column of adj(A,,) that is nonzero modulo p\ .

REMARK 4.3. The difference between our formulation and the result of Agmon, Douglis and Nirenberg [3] is
that they considered the whole adjoint in the criterion while it is only necessary to take one column which is
nonzero modulo p} .

4.2. Computational test for checking the SL-condition in two variable case

The idea of the formulations of the criterion for the SL-condition is to consider £’ as a “parameter” (to fix it)
and not as a “variable”. Hence in principle we should use the test for each £’ separately. However, we would like
to have a test which is valid for all £'. Unfortunately we have found such a test only in case of 2 independent
variables. Note that this case is already very important in PDE theory.

The main difficulty is to compute p; . In 2 variable case we can use the fact that pa is homogeneous to factor
it, but this idea does not work in case of more variables. For example if pa = £2 + (2 then we can easily factor
this using the factors of ¢2 + 1, so the problem reduces to the factorisation of the polynomial of one variable.
However, if pa = &2 + £2 + (2 then we cannot proceed in the same way, even though formally we can factor
this as pa = (¢ — /& + &)(C +iVE + &).

Consider the system (2.11) in two variables. Then the characteristic polynomial pa is a homogeneous poly-
nomial in two variables £ = (&1, ¢) of degree 2v. Dehomogenising pa, i.€. setting £&; = 1, we get a polynomial
Pa. Inthe same way we denote the dehomogenised symbol matrices of A, and B, by Aw and I§w. Itis easy to
see that det(A,) = Pa.

14
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Let K(a) be a splitting field for pa with minimal polynomial p,,;, of degree £. Hence K(a) is a K-vector
space of dimension £ with basis {1, a,a?,...,a*"1}. Leta € C be a root of the polynomial p,,y. It is easily
seen that the map

{—1 -1
L ( Z ciai) = Z c;al, 4.7
i=0 i=0

is an injective homomorphism and it induces the ring homomorphism

K(a)[¢] = C[¢] szcz Za (b:)¢'- (4.8)
i=0

Also 7 is injective and it preserves the degree of a polynomial. The notation +(C) (resp. i(C)) where C'is a
matrix means that we apply the map « (resp. 7) to each element of C.
Let p1,...,p, € K(a) be the roots of pa such that ¢(p;),...,t(p,) are in the upper half of the complex
plane and let
Pa = (C—=p1)--- (¢ = pv) € K@)[C]. (4.9)
Further let
pr = (C—tlpr)ér) - (¢ — lpn)&r), Pr = (€ —ulp1)&r)--- (¢ — vlpn)ér) (4.10)

Then evidently pa = 1§ and for a fixed &' # 0,

p+ _ ﬁi_ s if 51 >0
A pa L ifE <O
We will show that it is in fact sufficient to work with ﬁ;{. To this end we will need the following fact. For
divisions in C[¢;, ¢] we use lexicographic ordering with ¢ > &;.

LEMMA 4.5. There is an element d of adj(A,,) such that
1. dis not divisible by p};
2. dis not divisible by i(p});
3. the corresponding element d of adj(A,,) is not divisible by i} ;
4. for any fixed & # 0 the corresponding element d of adj(A,,) is not divisible by pj(.

Proof. Lemma 4.2 immediately implies the first statement. Hence there are polynomials ¢, r € K(a)[(] such
that d = gp +r, v # 0 and degr < v, and consequnetly d = i(d) = i(q)i(p}) + i(r). Since 7 is injective
and it preserves the degree of a polynomial, i(r) is a nonzero remainder which proves the second statement.

Then let us divide d by 51 which yields d = gp{ + r. But this is simply a homogenised version of d=
i(q)i(pf) + i(r). Hence r cannot be zero which proves the third statement.

Since d is not divisible by 1, there are polynomials ¢, r € C[¢;, (] such that d = gp{ + r where r # 0 and
none of the monomials of r is divisible by ¢¥. Since r is homogeneous, it will remain nonzero, if we substitute
some nonzero real number for &;. Hence the fourth statement is valid for & > 0 because in that case p{ = 51 .
Thenif & < 0, it is easy to see that d = gp{ + 7. Hence in this case also the remainder 7 is nonzero. O

Suppose that d is in the j"th column of adj(A,,). We denote by o (resp. v) the jth column of adj(Aw) (resp.
adj(Ay,)). o ) )
Then dividing all elements of i = B,,& by p} gives h = ¢pi + h where deg h; < v. Setting

v—1
h=> h7¢" (4.12)
7=0
we introduce the matrix
H=(h%...,hA""") (4.12)

whose elements are in K(a). In the same way we can divide & by (p1) and construct the analog of the matrix
H. Itis clear that the result will be «(H).
15
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Set h = B,,v. The i’th component of / is a homogeneous polynomial in & = (¢',¢) of degree r; + 2v — s;
(v is the j’th column of adj(A,,)). Using the division algorithm we get & = anf + h. Since the components
of § and k are homogeneous polynomials, the i’th component of h is also a homogeneous polynomial of the
degree r; + 2v — s;. Setting now

v—1
ﬁzzﬁw and A= (R,

ri+2v—s8;—T

we readily see that hT = +(h7)¢] and that

det(H) = g/ v os - D/AFmddr qo ((R)). (4.13)

Finally we compute h = B,,v with some fixed &; # 0. Dividing h by p and constructing the corresponding
matrix H as above we get for any fixed &; # 0,

H o ,if& >0

T L (4.14)
H o, ifé <.

Now we can formulate a computational test for checking the SL-condition.

THEOREM 4.4. An operator (A, B) satisfies the SL—condition if and only if det(#) # 0 where # is a matrix
defined in (4.12).

Proof. The condition (SL3) of Theorem 4.3 is equivalent to det(#) # 0 for all & # 0. By (4.14) this is
equivalent to det(#) # 0 for all & # 0. Using (4 13) we get the condition det (.(H )) # 0. But since ¢ is

injective homomorphism this is equivalent to det(7{) # 0. O

Note that this formulation of the SL—condition can effectively be tested using Grébner basis techniques,
for example with the program Singular [13]. (See Appendices 8.1, 8.2, 8.3 for the appropriate commands in
Singular).

EXAMPLE 4.1. Let us consider the following system
Y30 + Yo + ¥3o =0,
Ay =< 2yl + 93 =0, in R} ={z€R 25 >0} (4.15)
Yo +yg1 =0
Taking weights t; =t = t3 = 2 and s1 = 0, so = s3 = —1, we get the weighted principal symbol of (4.15)
¢+&g 0 g
Ay =1 2& ¢ 0.
0 & ¢

Since pa = det(A,) = ¢* 4 (2&} + 2¢}, the system (4.15) is DN -elliptic. We set pa = ¢* + ¢ + 2.
Computing with Singular as discussed above, we get the following:

o the splitting field of pa is Q(a) with @ minimal polynomial
Pmin = a® +10a° + 5a* — 10002 + 2116;

o the roots of the polynomial pa are
7 7 265 5 3485 3 6883

prL=—p2=- 105432“ - 527160‘ ~ 105432 % T 11572 %
_ 7 265 3485 3 _ 1903
P3=—ps= 527160‘ + 26358 % °+ 52716 ¢ 3786

Now we find with Singular numerically the roots of the polynomial p,,:,, in C:
o1 =—a3 =—az=ag ~ —0.676+1i2.935,
s = —ag =07 = —ag ~ —2.028 +70.978 .
Substituting «; in the roots of polynomial pa we get

P1 (al) = —pg(al) = —p3(a1) = p4((11) ~ 0.676 — 7 0.978 .
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So, for the primitive element a; the roots p, and p4 are in the upper half of the complex plane. Hence, we get
Pa = (= p2)(C = pa) € QO)[C]-
Let us compute the adjoint matrix of A,. We get
R ¢ 1 —<
adj(Ay) = | =2¢  ¢*+¢ 2
2 (-1 (P4¢

Let ¢ be the first column of adj(Aw); it is nonzero modulo p1. We will carry out the SL—test symbolically in the
polynomial ring Q(a)[¢]. Since degpa = 4, we need to impose 2 boundary conditions on the system (4.15).
First consider the following boundary conditions

1 3 —
y +y°=0 2
Bly:{y2:0 on OR;.
So the principal symbol of B; is

(1 0 1 s o [C+2
Bl_<0 1 0) and hence Blv_(_%).

Reducing this vector with respect to p we get

£ (B¢ + B v (B B
- (532). 5= (3 2)

where

4 123 2 579
— 764 T 353

_ 7 7 265 5 _ 3485 3 , 10689 _ 1 .6, 15
Pr = — o553 ~ For1e 5133 T @ Po = 3@ + @

~

Since det(H) = —208y # 0, By satisfies the SL-condition.
Let us now impose the following boundary conditions on the system (4.15).

1
Bzy = {y2

Computing (B:).,% and reducing with respect to pL we have

r B1¢ + bo 5 bo Bi
h=(nc ) A= (5 )

where by = si3a8 + 250 — 12202 — 185 Now det(#) = 0 and hence B, does not satisfy the SL-condition.

5. Overdetermined elliptic boundary problems (general theory)

5.1. Differential boundary operators

Suppose that the system (2.11) is overdetermined (X > m). Since any linear overdetermined DN-elliptic
system becomes elliptic during its completion to involutive form [15], without loss of generality we can assume
that the system (2.11) is elliptic with the principal symbol A. Hence we consider now a boundary problem

Ay = Q
y=1/,, z€Q, (5.)
By=g, wze€T,
where A is a ¢’th order elliptic differential operator and B is of size 7 x m; we write thisas B = (Bl, ey B,;) ,

and denote the order of the operator B; by r;. We will always suppose that 7 > v because otherwise the problem
would not be Fredholm: the kernel of the BV-operator ®, = (A, B) would be infinite dimensional.

Note that now we still need a nontrivial weight vector for B, but for s and ¢ we can take t; = 0 and s; = g.
Consequently it is natural to consider @ as operating in the following Sobolev spaces:

®o = (A, B) : Ho(Eo) = Ho—q(E1) X Hyr1/2(G1) (5.2)
17
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where a is some appropriately chosen number and » = (r1,...,75). To study the well-posedness of this
boundary problem we need to construct a compatibility operator for ®,. It turns out that this can be done by
using a certain equivalent first order system.

DerINITION 5.1. A differential operator A : S(£) — S(&:1) is called normalised if
(i) Aisafirst order operator;
(ii) A s involutive;
(iii) the principal symbol A : T*Q ® & — & is surjective.
Condition (iz) means that there are no (explicit or implicit) algebraic (i.e., non-differential) relations be-
tween dependent variables in the system. If such relations exist, then we may use them to reduce the number

of dependent variables. Note also that the condition (zi7) is equivalent to the surjectivity of the symbol matrix
Mj. This follows from the formula (2.12) and diagram (2.10).

DEFINITION 5.2. A DB-operator & (resp. BV-operator (A, B)) is normalised if ®! (resp. A) is normalised
and y®2! (resp. B) contains only differentiation in directions tangent to the boundary.

So the idea is to replace the original BV—operator by an equivalent normalised operator, compute its com-
patibility operator, and then use this to construct the compatibility operator for the original operator. To this end
we must recall some facts about compatibility operators and make more precise what is meant by equivalence.
Now intuitively one thinks that equivalent systems should have same solution spaces. However, this would be
rather difficult to define precisely in a useful way. Instead, the concept of equivalence is defined with help of
certain maps between bundles. We will next describe how this is done.

5.2.  Compatibility
Of course we are mostly interested in differential operators, but the notion of compatibility operator can be
defined for any bundle map.

DEFINITION 5.3. Let &g : Fo — F; be a bundle map. The bundle map &, : F; — F» is a compatibility
map for & if
1. (1)14)0 =0
2. for any bundle map &; : F; — F; such that &; &, = 0, there is a bundle map T : F» — F» such that
¢, =T9,.
This idea leads naturally to

DEFINITION 5.4. A complex

c : 0 Fo o F1 1 Fa s

is called a compatibility complex for @ if every map ®; for ¢ > 1 is a compatibility map for ®; .

It is rather straightforward to show that a compatibility operator exists for operators with constant coeffi-
cients. Let Q C R™ be open and let 4 : S(&) — S(&1) be a differential operator with constant coefficients
where & = Q x Rko and & = Q x RF1,

Let us consider the matrix Ag, the full symbol of Ay:

AO = Z apf“

N
Note that for our purposes we do not need to add the factor i/#!. Denoting by a', ..., a** the rows of Ay we
may construct a free resolution of the module My = (a', ..., a*) asin (2.1):
Ay Ay AT Ay
0 —— Abr ——— AFr—1 R Ak Ak Ako Ako /MO —0

Let us denote by A; the differential operator corresponding to the syzygy matrix A;. Now we say that a complex
C consisting of trivial bundles & = Q x R*: and operators A; is a Hilbert complex, if the operators A; are
associated to the syzygy matrices of the free resolution of A-module M.
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THEOREM 5.1. [25, p. 31] Let C be a complex of differential operators with constant coefficients. C is a
compatibility complex for Aq if and only if C is a Hilbert complex associated with the A-module M,.

Note that the compatibility complex which exists by above Theorem can be constructively computed using
Grobner basis techniques, see Appendix 8.4. In the general case we have

THEOREM 5.2. Every sufficiently regular differential operator has a compatibility operator.

See [8], [19] and [25] for more details. Note that in above Theorems there is no need to pass to the normalised
operator. However, in case of BV-operators the construction of the compatibility operator is more involved.
Here we suppose at the outset that the operator is normalised, and then discuss later how this leads to the
compatibility operator in the general case.

So let us consider a normalised BV-operator ® = (A, B) : S(&) — S(€1) x S(Gy). We will suppose that
A is sufficiently regular and denote the compatibility operator of A by A;. Then we will need to define the
tangent part of A, denoted by A™ [8]. The embedding of the boundary I" in Q induces in the sections of the jet
bundles a map eo : J*(&o)|r — J*(&o|r) such that

eo((j'y)la) = ' ()(z), z €T,y € S(E).
We define the bundle &7 — T by
ET = &1|r/ (A ker(ey)).

Let pr™ : & — &7 be the projection. So we may define uniquely a map 4™ by requiring that the following
diagram commutes

T &) — 22— &

eo'yl lpr’

T (Eolr) — 22— &7

DEFINITION 5.5. The differential operator A™ : S(&|r) — S(E7) defined by A™ = A7 j1|r is called the
tangent part of A.

It can be shown that if A is normalised, then so is A™ [8]. Let us denote the compatibility operator of A™ by
AT. Then we define a differential operator
&7 : S7(&lr) = ST(E]) xS(G1) , @7(y) = (ATy,By). (5.3)

Let @7 be a compatibility operator for 7. Note that ®7 exists by Theorem 5.2, if &7 is sufficiently regular. If
this is the case we say that BV-operator @ is regular.

Note that in general 7 may always be written in the form ®7(f’,g) = (AT f’, Y7(f',g)) where Y™ does
not contain relations only between the components of f'. Let us then finally define

1:S(€1) xS(G1) = S(&2) xS(G2) » @1(f9) = (ALf, X7 (pr" £, 9)) (5.4)
We will need the following important result [8, p. 40].

THEOREM 5.3. If & = (A, B) is a regular elliptic normalised BV-operator then the DB-operator ®; defined
by (5.4) is a compatibility operator for ®.

This gives a construction of the compatibility operator for the normalised BV-operator. Next we will indicate
how this can be used to construct the compatibility operator in the general case.

5.3. Equivalence of operators
We start by defining rigorously what is meant by equivalence of operators and complexes [25].

DErINITION 5.6. Two complexes C and C' are equivalent if the following conditions are satisfied:
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1. there are maps M; and N; such that the following diagram commutes for all 4

®;

Fi Fitr
Mil TM’ MH—ll TNZ'-H
P
F e Tl

2. there are maps ¥; and ¥} such that for all ¢

U,¢,+&;,_ 19, 1 =id— N; M;
e, 4+ &, T, =id— M;N;

The equivalence defined above is sometimes called homotopical or cochain equivalence.
DEFINITION 5.7. Bundle maps ® : Fo — F; and ' : F| — F| are equivalent if the complexes
0—=Fo—2>F,

0—=Fy 2> 7

are equivalent.
The concept of equivalence is important for our purposes because of the following Theorems.

THEOREM 5.4. Every sufficiently regular operator A may be transformed in a finite number of steps into an
equivalent normalised operator. Every DB-operator @ (resp. BV-operator (A4, B)) whose component &1 (resp.
A) is sufficiently regular is equivalent to a normalised DB-operator (resp. BV-operator).

Then if we know a compatibility operator for some operator, we can construct a compatibility operator for
an equivalent operator as follows.

THEOREM 5.5. Let &, and & be equivalent bundle maps. If there is a compatibility complex for &, then
there is also a compatibility complex for &,. Moreover their compatibility complexes are equivalent.

Proof. Here we just give the formula for constructing the first compatibility map since we will need it in the
sequel. For the details of the proof we refer to [25]. We fix some maps M;, N; (i = 0,1),%¢ and ¥y, as in
Definition 5.6. We set F» = Fj @ JF;. Then if we know the compatibility map @/, the compatibility map &, is
given by the formula

®, = (M) @ (id — N; My — B Ty). (5.5)
m

Hence to construct a compatibility operator for the BV-operator ® = (A4, B) we have to perform the fol-
lowing steps.

(1) Construct the involutive form of A.

(2) Prolong the system (if necessary) until the order of the system is higher than the the order of normal
derivatives in the boundary operator.

(3) Construct an equivalent first order system.

(4) Eliminate (if necessary) the extra variables using the algebraic relations in the system.
(5) Construct the compatibility operator for the normalised system with the formula (5.4).
(6) Construct the compatibility operator for the BV-operator using (5.5).

Next we will discuss how to implement these steps in practice.
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5.4. Constructions

The first step is Cartan—Kuranishi algorithm and the second step is merely a simple differentiation. Since
these steps are extensively discussed elsewhere, for example in [22], we will simply observe that they can
effectively be performed for example with DETools package in MuPAD.

Step (3). Equivalent first order operator. This construction can be found in [19]. Let Aq be a differential
operator of order ¢ such that the first two steps of the above construction are already performed and let A;, be
an equivalent first order operator. We want to write Ag as Ao = A j9~! where A is a first order operator. We
introduce new dependent variables for all derivatives of order less than or equal to ¢ — 1 and denote them by
Z9#, with |u| < g — 1. The operator A is obtained from A by performing the following substitutions:®

D i —
yil—>{z o el < a=1, (5.6)
OH2z0k1 if |u| = qwhere |p| =g —1and py + p2 = .
The desired first order operator is Ajz = (Az, D7~ *z) where D7~ is the compatibility operator for j7~1. In
coordinates it can be written as D?~! = D?™' @ I,,, where D¥~" is given by

8 2 H = {zj,u-i_li 0< |:u|<q_1a Igigsn,
2 =

, 5.7
Opzhh=1etli |yl =g—1,i>clsu, k=clspy. &1

It is straightforward to verify that A, and Ay, are indeed equivalent by considering the following diagram.

0 &o Ao &
el
AI
0 & ° &

Since &} is essentially J,_1 (&), pr, is simply the canonical projection, and ¢, (resp. pr,) is the obvious injec-
tion (resp. projection).

Step(4). Normalization. We have now constructed Aj, which is a first order operator, equivalent to Aq. Also
the corresponding By contains differentiations only in the directions tangent to the boundary. Now to eliminate
algebraic relations in Aj, can be done simply by performing Gaussian elimination followed by appropriate back
substitutions. We denote by A{ the resulting operator. Then we have the following diagram

0 G0 g Mg rglag (5.8)
I
0y — N g M g
e
Y S S S

Here the definitions of pry, ¢, and ¢} are obvious, but a which describes the result of a Gaussian elimination
does not have any easy explicit expression.
However, we are really interested in BV-operators. This leads to the diagram:

A,B )
0 So—— B e G 2 %G (5.9)
T
A'B' ‘}'1
0 g P g v

(AII ,B”) 1"

@
0 &l Elx G gl x Gl

SObviously there are many ways to perform such a substitution, as there are many ways to split the multi index g into two parts. However,
for our purposes any choice is fine.
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Let us describe shortly various maps involved.
e The maps in the first column are the same as in the diagram (5.8).
e iy = (11,id) where 4y is as in (5.8). In particular G, = Gj.
e pr; = (pry,id) where pry isasin (5.8).
e 71 = (u},i1) where ¢} isasin (5.8) and i; is induced by ¢{).
e The map § is a DB operator, induced by the Gaussian elimination. We will write it as
B(f'.9") = (alf),v8* (f") + 67(g")
where « is as in (5.8).

Step (5). Compatibility operator for the normalised BV-operator. Let & = (A{, B{) be a normalised
BV-operator. We need to perform the following tasks.

5a Compute the tangent part of Ay .
Let M be the module generated by the rows of Aj. We choose a monomial product ordering such that
&, is bigger than all other &;. Then we define a TOP module ordering using this monomial ordering and
compute the Grobner basis of A/. Now by Lemma 2.1 AST is defined by the elements of the Grobner
basis that do not contain &,,. See Appendix 8.5 for the appropriate computations with Singular.

5b Set ®,7 = (4,7, BY).

5c Compute &, ", the compatibility operator of &,".
We choose a POT module ordering and compute &, ™. Then Lemma 2.2 implies that we can now extract
T 7 by simple inspection.

5d The compatibility operator ®{ can now defined by the formula
B (1"9") = (L1493 + 87" = (ALY (or ")
Step (6). Compatibility operator for the original involutive BV—operator. Using diagram (5.9) we may
rewrite the formula (5.5) for the compatibility operator ®; of the operator ®; = (A, B) as

®, = (®/B0) ® (id—pr iy Bin — (A, B)Ty). (5.10)
where ¥ is determined by the equation
U (A4, B) = id — proepproi?™.

If the system Ay = 0 does not contain algebraic relations between the dependent variables then we may
choose ¥y = 0. If this is not the case then we could as well apply Gaussian elimination to the original system
and remove algebraic dependencies. Hence without loss of generality and for simplicity of notation we suppose
in the sequel that ¥y = 0. In this case we have

&' = Ay = (Afan) @ (id — prytian),
where A; is the compatibility operator of A. The other parts of the compatibility operator are given by:
71+ 81°g = (8, aun(f) + B, (48 u(f) + 8(9))) @ (9 — in(v8* u(f) + 67(9)))-
We will see below that for the purposes of this paper we are particularly interested in ®%2. This is given by
3P = (8, 24%) @ (id — i15%2). (5.11)
Let us now consider an example of computation of the compatibility operator A, of the operator A using
the compatibility operator AY of the equivalent normalised operator A and construction (5.5).
EXAMPLE 5.1. Consider the following familiar stationary Stokes problem in 2 dimensions:

—Au+ Vp =0, .
A:{V-u:O in R} ={z€R:zy >0}, (5.12)
where u = (u', u?) is the velocity field and p is the pressure.
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Completing it to the involutive form we get the following overdetermined system.

—Au+ Vp =0,
—Ap =0,
Ag V-u=0, in R}. (5.13)

1 2 _
uyg +uy; =0,
1 2 _
uyy +ugy =0

Let us go over to an equivalent normalised boundary value operator. Introducing 9 new variables

2100 — 1 52,00 _ 2 800 _
1,00 _ ,1 .20 _ .2 _3,10 _
2707 = Uy, BT = Up, R = P10
1,01 _ .1 .20l _ 2 .30l _
277 =ug, 27 =ugy, 27 = Pot,

as in (5.6) and substituting them in (5.13), and also adding the compatibility equations (5.7), we get the first
order operator, denoted by Ay . The corresponding system is not normalised since there is an algebraic relation
2110 4 2201 — 0 between the dependent variables. Now using this relation we can exclude the variable 220!
from the system and obtain the normalised operator Aj.

(
_ziolo 1 01 + Z3 10 __ 0
2,10 2 01 3,01 _
-2 — %31 +277 =0, (_ 110 310 _ 101 _
3,10 _ 301 _ =2 tT27 =251 =0,
_310 -2y = 1,10 z 10 42300 =0
L,10 | 2,01 — o1
) 3,10 3 0 _ g
1,10 2,01 _ —Z10 — %01
Z10 T 210 ) 1,00 _ 1,10 _
1,10 2,01 _ 215 —Z% )
Zo1 Tt 21 ) 1,00 _ 1,01 _
1,00 1,10 _ 201 )
219 — % ) 4200 _ 210 _
- )
A6 S zéloo 2101 =, Aé’ SR 2000
2,00 2,10 =0 201 +2z - 07
ZlO ) 3,00 3,10 =0
2,00 _ 2,01 _ 210 =Y
201 ) 3,00 3,01 _
3,00 3,10 _ 0 zOl -z )
21 — % =4, 1,10 Lol _
4300 _ 301 _ 21 —%90 =0,
201 ) 1,10 2,10 _ )
110 _ 101 _ 219 t21 =0,
21 —zp =0, 3,10 3,01 _
2,10 2,01 _ (%1 —210 =0
201 T 210 )
3,10 3,01
(201 —#10 =0

In this example we have the following fiber dimension of the bundles:
dim(&) =6, dim(€) =15, dim(&) =12.

To construct the compatibility operator A for the normalised operator Ay we compute with Singular the
syzygy module generated by the rows of the full symbol matrix of the operator Aj and get

Alll(f”)z(_f014+f105_f Vo fel + fig = F 1,
— for + fig — f 12af10 +f01 +f A 10"‘ 1011)-

To construct the compatibility operator A, for the operator Aq let us construct maps from the diagram (5.8).
Themap a : £ — &' is given by

Ot(fl) — (f'l’f'2 + f’6’f'3,f'7,f'8,f'9’f'10 + f’4’f'11’f'12’f'13,f'14 +f'5,f'15).
Combining this with the inclusion map «1 (f) = (f, 0) gives
au(f) = (', 12+ 1°,£%,0,0,0, f*,0,0,0, f°,0),
Alaun (f) = (0, fio — f°,0, flo + & + for + 2 + fio)-
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The inclusion map ¢} : £ — &7 is given by

G = (P72 72,0,0,0, £, £71).

So we have

vau(f) = (f4 2+ £5, £%,0,0,0,0,0,0, f4,0,0,0, f°,0).
The map pr, : £ — & is defined by

pro(f) = (F* = fif = St + £ 7 = b — fol + 12,

PP B = % A+ FT 01+ R+ A £+ fol + for)-
Hence, we get

(id — Pr1LI104L1)(f) = (07 f31 - fGaO;O; f5 - ffo:fe - fgl)-
Thus, (5.5) gives the following compatibility operator A; of A

A(f)=for =[S flo= P flo+ for + PP+ Fio + 1)

Note that we can also compute the compatibility operator A, of the operator Ag by computing with Singular
the syzygy module of the module generated by the rows of the full symbol matrix of A,. However, the above
computations are needed when we consider the Stokes problem with boundary conditions in the next example.
In particular we show how to compute the part %2 of the compatibility operator &, for &, = (4, B), since it
is necessary for checking the SL-condition for overdetermined boundary problems.

EXAMPLE 5.2. Let us consider the operator A¢ given by (5.13). Then the tangent part of the equivalent nor-
malised operator operator Aj is

" 2,10 1,01 3,01 3,10 3,00 2,10 2,00 1,10 1,00
AOTz:(zu’) =210 =&, =Ry =R Ry 2 2 )

Let us define the following boundary operator

Ul + U%l — P1o = 0,
—-p— QU%O + p10 =0,
B: uly—u}, =0, on T =0R} (5.14)
—ufy +pio =0,
V-u=0,
for the operator Ay. Then we get
2100 4 2,01 _ 3,10 0,
— 2300 _9,2,10  ,3,10 —
b
B - L1,10 _ 22,10 _ B" -
: , :
—x210 4 53,10 —
b
2110 4 2,01 _
7

2100 _ 51,10 _ ;3,10 — )

2300 _ 9,210 4 ;3,10 _ )
2110 _ 52,10 _

—z210 4 ;3,10 _

In this example we have the following fiber dimension of the bundles:
dim(Gy) =5, dim(G)) =5, dim(G/)=4, dim( ) =4.

Let us compute the compatibility operator &) ™ for the operator "7z = (A, 7z, B"z) defined on I". Computing
with Singular the syzygy module for the module generated by the rows of the full symbol matrix of the operator
3" we have

(0, =26 +1,0,—& — 1,6 + &, —26 + &, 6 — 1,367 — 26+ 1).
In this example we have that the compatibility operator <I>'1'T isinfact Y™ and we have
®7(f7,9") = =205 + T = g - T+
920 + 910 — 2050 + 010 + 925 — 9 ° +3920 — 2016 +9 -
24



Shapiro-Lopatinskij condition

The projection pr™ : £' — £, is given by
prT(f”) = (f 10|F - f 2|F7f 8|Faf 6|Faf 4|F)‘
Thus, the compatibility operator ®1 for the normalised operator (Ag, B") is
®(f",9") = (AT 1", =2fi5le + £ ®l0 = fig'l = f e+

920 + 910 — 2926 + 916 + 926 — 9 ° + 3920 — 2910 +9 ')

which implies that
©,%2(9") = 920 + 910 = 2920 + 916 + 920 — 9 ° +3920 — 2010 +9 -

Themap B : €] x G1 — &' x G is defined by

/B(flagl) = (a(fl)ag t- f 4|Fag 239379 4)'
Hence we obtain

82 =(9"9%9%9").
So the formula (5.11) yields
@19 = (920 + 910 — 2930 + 910 + 930 — 9° + 3920 — 2910 + 9", 0,0,0,0,4°). (5.15)

6. Overdetermined elliptic boundary problems (the SL-condition)

6.1. Well-posed problems for overdermined elliptic PDEs
¢From now on let B,, be the weighted principal symbol of B = (B, ..., By) with weights ¢; = 0 for the
dependent variables and r; for the equations where r; is the order of the operator B;, i = 1,...,0. Let ®; bea
compatibility operator for (4, B). We denote by ($%2),, the weighted principal symbol of ®22 with the weights
—r; for dependent variables and the weights &; for equations. We denote by 7 the number of rows of ®%2.
Setr = (r1,...,75) and & = (81,...,0,), and let G; = @_, G¢ and Go = @]_, G4 be the direct sum
decompositions of the bundles G; and Gs.

DEFINITION 6.1. An operator (A, B) satisfies the SL—condition if for any z € T and £’ # 0 the complex

(®3%)w (2,€")

g1|z g2|z ’ (61)

Bu (,¢',Dn)

0—— ker(A(a:, 517 Dn)) n Sﬁ+
is exact.
Here the operator B, (z, &', D,,) is interpreted as B, (z, &', Dp)u(zn) |z, =o-

REMARK 6.1. Perhaps it would be more appropriate to use the term the generalized SL—condition in the above
definition. However, for simplicity of language we prefer to use the SL—condition even in this case.

The basic theorem on the solvability of the boundary problem (5.1) is

THEOREM 6.1 ([9]). Let (4,B) : C>®(&) — C*°(&1) x C*°(G1) be a regular boundary value prob-
lem operator, and suppose that A is involutive and elliptic, (A, B) satisfies the SL-condition and the number
dim (ker(A(z, &', D,,))) does not depend on (z, £'). In this case, if all the mappings in the complex
(A,B) @,
0—— Hs(€0) —_— Hs—q(gl) X Hsfr71/2(gl) e sfq71(52) X Hsfn(g2)
where 7 is some appropriate vector, are bounded, then there is a number s such that its cohomologies are
finite-dimensional and their dimensions remain invariant when s is replaced by s’ > s.

We would like to propose a computational test for checking the SL-condition. But first we need to consider
some preliminary results.
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6.2. Reduction of an overdetermined system to an equivalent square upper triangular one
Fixing some boundary point (z’,0) € T" and some vector £’ # 0 we consider an overdetermined ordinary
differential system with constant coefficients

A(¢', Dn)u(zn) = 0. (6.2)

We will first reduce this system to the upper triangular system

U Da)ul@n) = T s =0 63

where U;; = 0if¢ > jand j < m. Writing now ¢ for D,, we may interpret the elements of A and U as
elements of the ring R[(].

kxk

THEOREM 6.2. There isamatrix T € (R[¢])" " such that TA = U with U as in (6.3) and det(T") = 1.

Proof. Let a and b be two rows of A and C be a 2 x m matrix whose first row is a and second row is b. Now
we want to construct a matrix P such that PC' has zero in position (2, 1) and det(P) = 1.
First note that if b; = 0 then we take P = I and if a; = 0 then

= 9)

Now let us suppose that a; # 0 and b; # 0. Let h = gcd(ay,b;) be the greatest common divisor of a; and
by. Then we have a; = —hpss and by = hpyy for some polynomials p2; and pss such that gcd(pay, p22) = 1.
Denote by (pa1, p22) the ideal generated by the polynomials po1 and pas. Since

(P21, p22) = (9cd(pai, p22)) = (1) = R[(],
there are polynomials p;; and pq5 such that det(P;) = 1 where

P= (p“ p“) (6.4)
D21 P22

PCZ(O * ... *)

Then by construction we have

where * denotes some element.
Now consider the following matrix:

(6.5)

0 pa 0 p2
0 0 0 0 I

where I; is identity 4 x ¢ matrix and k& = s1 + s2 + s3 + 2 (if s; = 0 then we delete the corresponding row and
column). Now if we construct polynomials p;; like above then det(P) = 1 and multiplying A by P; produces
a zero in the row sy + s + 2.

Then choosing appropriate matrices of this form we can form a product T = ]3, ... Py which has the
properties stated in the theorem. O

Let us define m x m matrix U by U;; = U;; except that U,nrn = 9¢d(Umms - - -, Ugm)-
Substituting now D,, for ¢, we consider the upper triangular square system of ordinary differential equations

U, Dp)u(z,) =0, =z, >0. (6.6)
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LEMMA 6.1. For any fixed & # 0, the solution spaces of the systems (6.2) and (6.3) are equal. In particular,
for any fixed £’ # 0

dim (ker(A(z,¢', D)) N M) = dim (ker(U(z, &', Dy)) NOy) = v.

Proof. The statement of this lemma follows from equivalence of systems (6.6) and (6.2), and Lemma 4.1. O

6.3. Algebraic criterion for checking the SL-condition
First we fix some &' # 0. Let (3, ..., (, be the roots of the polynomial pa € R[¢] lying in the upper half of
the complex plane. We set

PA= (=) (=) =D b,
j=0

and introduce the ponnomiaISpl*, l=1,...,v,as5in (2.2).

LEMMA 6.2. Let A, be some m x m submatrix of the matrix A. Then the columns of the matrix

_ 1 adj(As ())p; (¢)e ™ _
I/Vl(az:n)—z—m.]i+ Pi((é) ¢, 1=1,...,u,

belong to the space ker(A(D,,)) N <M.

Proof. Note that

A(Q) adi(A, ()i ()€
PA(0)

Hence, if we show that all elements of the matrix A = A adj(A,) are divisible by the polynomial p1, then by
the Cauchy integral theorem we get A(D,,)W;(z,) = 0. Since R(i¢) < 0, we have that the columns of W,
belong to ker(A(D,,)) N9,

Let us now show that elements of A are divisible by pj{. Let us denote by (a1, - - -, aim) the ith row of the
matrix A. Then by the definition of the adjoint matrix for the ith row of A, we get

Aij = det(A,), Aij =0, j #j,

, 1=1,...,v.

e

A(Dn)Wl(mn) = ZL%

if the ith row of the matrix A belongs to A,, or
Ai = (ail, ey aim) adj(AS),

otherwise. In case of the first possibility by the definition of the polynomial p;{ every AU is divisible by pj{.
Let us now consider the second case. By the definition of the adjoint matrix, the elements of adj(A;) are
(adj(A;)),; = (=1)"*7Bj; where By; is the (i, j) minor of the matrix A,. Hence,

Aij = a;, (—1)1+ij1 +---+a;, (—1)m+ijm.

But then Aij is & the determinant of the m x m submatrix of A which consists of the row (a1, . - ., a:n) and
all rows of A, except the jth row. So again by the definition of the polynomial p/f every A;; is divisible by p} .
O

LEMMA 6.3. There is am x m submatrix of A such that some element of its adjoint is not divisible by p} .

Proof. Suppose the contrary, i.e. all elements of all submatrices adj(A;) are divisible by p}: adj(A;) = pf C;
forall s = 1,...,r. Setting ¢; = det(A,) and by the property of adjoint matrix we get det(adj(A;)) = ¢ 1.
So we have (p{)™det(Cs) = ¢ 1. Since pa = gcd(gi,...,q-), We get gs = pig, forall s = 1,...,7.
Thus, pf det(Cs) = (gs)™ *. Hence, g, s = 1,...,r, are divisible by p\ and so pa is divisible by (p})?. But
this contradicts the definition of py .

O
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Let A; be as in Lemma 6.3 and denote by v some column of the matrix adj(A;) which is nonzero modulo
pj(. And as in the square case we set

wl(xn) =

RS ]{ (O (e
2mi PR ()

and let w be a matrix with columns w'.
LEMMA 6.4. The columns of w are a basis of the space ker(A(D,,)) N M.

Proof. Due to Lemma 6.2 and Lemma 6.3, the proof is the same as in square case (see Lemma 4.3). O

Let us now consider the vector h = B,,v. Dividing each element of & by the polynomial p,f we get
v—1
h=qpf+h where h=> h7¢

Let us introduce the 7 x v matrix H
H=(h...,h"1). (6.7)
Now we formulate the algebraic criterion for checking the coerciveness condition.

THEOREM 6.3. Following statements are equivalent
(i) an operator (A, B) satisfies the SL-condition;

(i) forany z € T and &' # 0, there is a column v of some matrix adj(A;) that is not divisible by p such
that rank(#,d) = v for all d € ker(($#32),,) and dim ( ker(($%2),,)) = v where H is defined as in (6.7)
using v.

Proof. (ii) implies (i). First we fix some z € T and &' # 0. We take a column v of some matrix adj(A;)
that is not divisible by pi such that rank(#,d) = v for all d € ker((93?),). Since (®$2),, is a linear
operator, we get 0 € ker(($32),,). This implies that rank(#) = v. So for all d € ker(($%%),,) we have
rank(H) = rank(#, d) and therefore the system ¢ = d has a solution. Using this vector ¢ we construct the
following function u(z,) = w(z,)c. Lemma 6.4 implies that u € ker(A(D,,)) N M. By Lemma 4.4 we get
Bw(Dn)u(zy)|z,—0 = He = d. So we have ker(($%2),,) C im(B,,). The definition of compatibility operator
implies that im(B,,) C ker(($3?),,). Hence, ker(($3?),,) = im(B,,). So dim (im(B,,)) = v. By Lemma 6.1
we have that dim (ker(A(D,)) N M) = v. Since By, is a linear operator, we get dim (ker(B,)) = 0. So
ker(B,,) = {0} and hence, the complex (6.1) is exact.

(i) implies (ii). Suppose now that the complex (6.1) is exact. Take some 2z € T and &' # 0. This together
with linearity of the operator B,, imply that dim (im(B,,)) = dim (ker((#3?),,)) = v. Take some column v
of some adj(A;) that is not divisible by p,; and construct the matrix w using v. According to Lemma 6.4 the
columns of the matrix w are a basis of space ker(A(D,,)) N9M... Since B,, is a linear operator, ker(B,,) = {0}
and dim (im(B,,)) = v, we get that the columns of B,,w(zy,)|s,—0 = H are a basis of the space im(B,,). We
have also that ker((®32?),,) = im(B,,) and hence, rank(#, d) = v for all d € ker(($?2),,).

o

REMARK 6.2. If condition (ii) of Theorem 6.3 holds, then for any column of any matrix adj(A,), ..., adj(A;)
that is not divisible by p/f, rank(#, d) = v for all d € ker((®3?),,) where A is defined using this column.

6.4. Computational test for checking the SL-condition in case of two independent variables

Let pa € K[¢], where K is as before, be the dehomogenised characteristic polynomial and let us denote by
A, B,, (#22),, the dehomogenised symbol matrices. Also we denote the splitting field of p by K(c). It is
evident that pa = ged(det(A,), . .., det(A,)) and we have homomorphisms ¢ and 7 as in (4.7) and (4.8).

We define polynomials pf, 51 and p as in (4.9) and (4.10). As in square case we will work with polynomial
Pi in our computational test. The following result is similar to Lemma 4.5.

LEMMA 6.5. There is an element d of some adj(A,) such that
1. dis not divisible by p;
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2. dis not divisible by 7(p});
3. the corresponding element d of adj(A,) is not divisible by 5} ;
4. for any fixed & # 0 the corresponding element d of adj(A;) is not divisible by pi .

Suppose that d is in the 4’th column of adj(As). We denote by © (resp. v) the j’th column of adj(As) (resp.
adj(A,)).

Now for any fixed £, # 0, we construct the matrix # as in (6.7) using the j’th column of adj(A;) and
polynomial pt. Then working with polynomials in two variables in the same way we construct a matrix H
using the same j’th column of adj(A;) and polynomial 5} . It is immediate that for any fixed & # 0

{71 ,if & >0,

ﬁ , 1If& <0. ©8)

Let us now consider dehomogenised symbols and construct a matrix # using the j’th column of adj(As) and
polynomial ﬁj{. Is is easily seen that the matrix constructed using the j’th column of adj(A;) and polynomial
i(pY) is L(#). Moreover one can check that

Ay =gt mDery gy r=0,...,v—1, i=1,...,0 (6.9)

Now we are ready to formulate the computational test for the SL-condition
THEOREM 6.4. An operator (A4, B) satisfies the SL-condition if and only if
(i) rank(($1)u) = 7 — v;
(i) rank(#H) = rank(#, k') = v, 1 =1,...,v, where k',..., k" is a basis of the vector space ker(($22),,).
Note that elements of ($22),, are in K because ®22 is an operator on the boundary only. Hence ker(($22),,)
is really a vector space and not just a module.
Proof. ¢From Theorem 6.3, we deduce that the SL-condition is equivalent to the following: for all £&; # 0
(1) dim(ker(($%2),,)) = v and
(2) rank(H,d) = v forall d € ker((®3?),,).
First note that condition (1) is equivalent to: for all £; # 0, rank((®22),,) = # — v. Then for a fixed £; # 0,
the matrix ($22),, is obtained from the matrix (®22),, by multiplication of each j’th column by &;7 and each
i’th row by £7%. Since the rank does not change under multiplication of columns and rows by nonzero elements,

condition (1) is also equivalent to condition (i).
Then fixing some &; # 0 we see that d € ker(($3?),,) has the following form:

d= (&, ... dseltr) (6.10)

where d = (di,...,d;) € ker(($2?),,) and 7 € Z. Conversely, if d € ker(($?2),,), then d € ker(($22),,)
forany m and & # 0.

Now (6.8), (6.10) and (6.9) imply that the condition (2) is equivalent to the following statements:
(2) forall & # 0, rank(H, d) = v forany d € ker(($%2),,)
(2)" rank(u(H),d) = v forany d € ker(($32),,).
Equalities d = 1(d), det(:(C)) = «(det(C)) for any matrix C, and injectivity of ¢ yield that the condition
(2)" is equivalent to rank(7L,d) = v for any d € ker((®22),,). But by elementary algebra this condition is
equivalent to rank(#) = rank(H, k') = v,1 =1,...,v, where k!, ..., k" is a basis of ker(($22),,). O

A~

COROLLARY 6.1. Letv = . An operator (A, B) satisfies the SL-condition if and only if rank(#) = v.

ExAMPLE 6.1. Consider the transformation of the two-dimensional Laplace equation usg + ug2 = 0 to the
first order elliptic system

Yio+ ¥ =0,

yl _yZ =0

A: or e in R ={zeR 2 >0}, (6.11)
Yi0—Y _Oa
ygl—yzz(],
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with the following boundary conditions
1
. y =0, 2
B: {y3 o0, on ORY. (6.12)
Note that these boundary conditions are the Dirichlet condition (y® = 0 on 6Ri) for the Laplace equation and
a differential consequence of the relations y* = 0 and y$, — y* = 0 on OR2 (the tangent part of the operator
A). We will prove that these boundary conditions satisfy the SL-condition.

Now we will construct the component ®22 of a compatibility operator ®; for the boundary value problem
operator (A, B). Note that the operator (A, B) is normalised and the tangent part of the operator A is A7y =
y3o — y*. Let us define a differential operator

87y = (A7y, By) = (yio — 9", 9", y°) -
To construct a compatibility operator ®7 for the operator &7 we compute the syzygy module for the module

generated by the rows of the matrix
-1 0
1 0 .
0 0
0g?

Using Singular we get (—1, —1, &) and hence,
Y (f7,9%9") == —g' + 7

6.’1}1 )

So the component ®22 of the compatibility operator ®; and its weighted principal symbol with weights r; =
ro =0and §, =1 are

—_ oI

. 0g* . - o
33(g', 9%) = —g' + 8—531, @2), = (0 &), (#2),=(0 1).
Let us consider the principal symbol of the operator A
& ¢ 0
_|¢ =& 0
A=lo 0 &
0 0 ¢

So the characteristic polynomial of the operator A is
pa=ged(— ¢ =&, -6 - &) =C+&, pa=C+1, pr=(—i

Thus rank(($22),,) = 7 — v = 1. Hence condition (i) of Theorem 6.4 holds. Let us then consider the following

submatrix
X 1 ¢ 0
Apz=1|¢ -1 0
0 0 1

of the dehomogenised principal symbol A Computing with Singular the adjoint of A123 We get

) 1 ¢ 0
adj(Aizz) = [ ¢ 1 0
0 0 —2-1

Let ¢ be the first column of adj(Am). The vector ¢ is nonzero modulo pj{, since the reduction of ¢ with respect
to pf is (-1, —4,0). Note that

- 1 00

B = (0 0 1) )

Sowe get h = B = (—1,0). Reducing the elements of / with respect to 5 we get h = (—1,0). Since v = 1,
we have H = h. So rank(H) = rank(#, k) = 1 where k = (1,0) is a basis of the vector space ker((®3?),,).
Hence condition (ii) of Theorem 6.4 holds and so the boundary conditions (6.12) satisfy the SL-condition.
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EXAMPLE 6.2. Let us consider the boundary value problem (Ag, B) defined by (5.13) and (5.14) where Ay is
the involutive form of the Stokes system.
The dehomogenised principal symbol of Ay is

—(2-1 0 0
0 —(2-1 0

. 0 0 —¢*-1
Ao = 0 0 0
1 ¢ 0
¢ ¢ 0

Hence pa = (¢ + 1)% and v = 2. The part 22 of the compatibility operator for (A4¢, B) was computed in
(5.15). The dehomogenised weighted symbol of $22 is

—2

~

(¢%2)w =

SO O OO
(vl en B e B en B @)
S o oo
SO O OO W
_— oo oo

So rank(($22),,) = 2 # # — v = 3. Hence condition (i) of Theorem 6.4 does not hold and (A, B) does not
satisfy the SL-condition.

7. Conclusions and perspectives

We have shown above how to check constructively the validity of the SL—condition in the 2 variable case.
This case is already important in PDE computations; however, it would evidently be desirable to extend our
results to the case of arbitrary number of variables.

When there are “too many” boundary conditions we need the compatibility operator to perform the test. One
may wonder why should one try to impose more boundary conditions than strictly necessary. On the other hand
one could ask the same question about PDE systems; yet it is clear that analysing just square systems is not
enough. Perhaps the same will happen with boundary conditions: when the systems get more complicated there
may arise situations where it is “natural” or important to consider “too many” boundary conditions. However,
as far as we know there has been no work in this direction in the numerical analysis of PDEs, so it is at present
not clear how important this will be in the future.

In formulating our results we have supposed that the system is given in a specific (local) coordinate system.
Obviously in practice we do not want to make explicit coordinate transformations, so a natural goal would be to
formulate the test in original coordinate system. On a more technical level it is not clear if it is really necessary
to factor the characteristic polynomial. Explicit factorisation of even quite simple polynomials can be very time
consuming. Moreover, if we can avoid factoring in the 2 variable case, perhaps this alternative approach could
be generalised to many variable case. Finally a natural way to extend our work is to apply this approach also to
overdetermined parabolic and hyperbolic systems. We hope to address all these issues in future papers.

8. Appendix
Useful commands in computer algebra systems Singular and MuPad

As we have seen, symbols of differential operators are naturally viewed as modules generated by the rows
of the symbol matrix. However, in Singular (and in commutative algebra textbooks in general) modules are
generated by the columns of matrices. Hence in the following commands we will often need to transpose
matrices. To use some of the commands in Singular one needs to load some appropriate libraries. To access all
libraries one can use the command:

> LIB "all.lib”;

8.1. Finding the splitting field of the characteristic polynomial and its roots
> ring r = 0, vy, dp;
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>polyp=9yS+y*+9y° + 15
> defrl = Roots(p);

> setring r1;

> roots;

a3, —a%,a,—a,—a?,a?

> minpoly;

a* +1

8.2. Determine the admissible combinations of the roots of the characteristic polynomial
> ring r2 = complez, a, dp;
> poly pmin = a* + 1;
> list | = solve(pmin);
> poly rootl = a3;
> substitute(rootl, a, I[1]);
—0.70710678 + ¢ 0.70710678

8.3. Computations in the SL—test
> ring r = (0,a), z,dp; minpoly = a% + 1;
> polyp =z — a;
> matrix ma[3][3] = 1,2,0,2,-1,0,0,0,1;
> matrix mb[2][3] = 1,0,0,0,0, 1;

// Finding of a vector v

> matrix maadj = adjoint(ma);

> ideal id = p; ideal idstd = std(id);
> intm = ncols(maadj);

int 4; inty;

forj=1j<=m;j=5+1)

{

for(i=1;i <=m;i =i+1)

{

maadj[i, j] = reduce(maadjli, j], idstd);

}

}

// After the reduction we notice that the first column is nonzero.
> matrix v[3][1] = —1, —2,0;

// Definition of a vector h and construction of a vector h
> matrix mh = mb x v;

> intm = ncols(mh);

int n = nrows(mh);

int4; int j;
forGj=1j<=m;j=7+1)
{

for(i=1;i <=mn;i=1i+1)

mhl[i, j] = reduce(mhli, j], idstd);
}
}

// Construction of a matrix
> matrix mco = coeffs(mh, z);
int d = nrows(mco) /n;
int4; int j; int41; int k; int el; int e2;
matrix mcol[n][d * m];
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fori=1i<=mn;i=1i+1)

{

k= 0;

el=(i—1)xd+1;

e2 =1ixd;

for (i1 = el; il <= e2; i1 = il + 1)
{
for(j=1;j<=m;j=75+1)
{

k=k+1;

meolli, k] = mcolil, j];

}

}

}

8.4. Computation of the compatibility operator when there is no boundary operator
>ringr =0, (z,z),dp;
> matrix m[3][3] = —1,0,2,1,0,0,0,0, 1;
> matrix s = transpose(syz(transpose(m)));

8.5. Computation of the tangent part of the operator A
>ringr =0, (z,z),(p,c);
// Here we define TOP ordering with z > z.
> module m =[0,0,0,—z,0,1,—2,0],[0,0,0, 2,—2,0,0,1],
[0,0,0,0,0,-2,0,—2],[z,0,0,-1,0,0,0,0],[2,0,0,0,0,0,—1,0],
[0,2,0,0,-1,0,0,0],[0, #,0,1,0,0,0,0],[0,0,2,0,0,-1,0, 0],
[0,0,2,0,0,0,0,-1],10,0,0,2,0,0,—z,0],[0,0,0,, 2,0,0,0],
[0,0,0,0,0, 2,0, —z];
> module ms = transpose(std(m));
> print(ms);
0,0,0,0,z,0, —z, —1,
0,0,2,0,0,-1,0,0,
0,2,0,0,-1,0,0,0,
z,0,0,—1,0,0,0,0,
0,0,0,0,0,z,0, 2,
0,0,0,2,0,-1,%,0,
0,0,0,0,0, 2,0, —z,
0,0,0,2,%,0,0,0,
0,0,0,2,0,0,—2,0,
0,0,2,0,0,0,0, -1,
0,2,0,1,0,0,0,0,
2,0,0,0,0,0,—-1,0

8.6. Completion of a system to involutive form with MuPad
> LDF := Dom::LinearDifferentialFunction(Vars = [[z1, 22, 23], [y]], Rest = [Types = ”Indep”]) :
> sys := map([y([z3, z3]) — 22 * y([z1, 1)), y([2, 22])], LDF) :
> detools :: complete(sys, Output = 3);
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