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1 Introduction

When analysing general systems of partial differential equations (PDEs) it is important
to check if the system is involutive, and if not then transform it to the involutive form.
For example, in [6] we proved that some systems may not be elliptic initially (even in
the general sense), but their involutive forms are elliptic. The technical definition of the
involutive form is quite complicated (see [10], [13] and [12] and for the actual defini-
tion). However, essentially the involutivity means that one has to find all integrability
conditions (or differential consequences) of the given system up to some order.

Now the involutive form is in general overdetermined. To study overdetermined sys-
tems one needs to find all solvability conditions, or more generally, to construct a
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compatibility complex for the corresponding overdetermined operator. We show that
for linear partial differential operators with constant coefficients one can compute the
compatibility complex by simply computing the free resolution of the module gener-
ated by the rows of operators. Incidentally this shows that the length of the compati-
bility complex is at most the number of independent variables.

However, to study boundary value problems one needs to compute the compatibility
operators involving the boundary operators. To perform this task it is convenient to
further transform the involutive system to a normalised system. Roughly speaking, an
operator is normalised if it is a first order involutive operator and there are no (explicit
or implicit) algebraic (i.e., non-differential) relations between dependent variables. A
boundary value problem operator is normalised if the system is normalised and the
boundary conditions contain only differentiation in directions tangent to the boundary.
Computing the compatibility complex for a normalised boundary problem operator is
not as straightforward as the simple free resolution, but anyway we show that the prob-
lem can be formulated again with modules, and choosing suitable module orderings we
can compute the necessary information by Grobner basis techniques. We explain how
to construct the compatibility complex for a general boundary problem operator using
the compatibility complex for a corresponding normalised boundary problem operator.

The construction of compatibility complexes is useful and even necessary when inves-
tigating the well-posedness of overdetermined boundary value problems. In [8] and
[7] we have used compatibility complexes to study well-posedness of elliptic problems
and moreover, in [9] compatibility complexes are even used in the numerical solution
of PDEs. Note that constructions given in this paper are also essential in the theory of
overdetermined parabolic and hyperbolic systems of PDEs.

2  Preliminaries

2.1 Formal Theory of PDEs

Let us consider a smooth! manifold X. Let 7 : V — X be a vector bundle over X and
let 77 : J, (V) — X be the bundle of ¢ -jets of the bundle V. Let us also introduce the
canonical projections

.

7 dg(V) = Jr(V),

for r < q. Let y be a section of the bundle V. Then its ¢th prolongation, a section
of J,(V), is denoted by j%y. We write C°° (V') for the space of smooth sections of the
bundle V.

Definition 2.1 A (partial) differential equation of order ¢ on V' is a subbundle R, of
Jq(V'). Solutions of R, are its (local) sections.

'In this paper smooth means infinitely differentiable.
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We will only consider linear problems, so R, will be a vector bundle. Suppose V°
and V! are two (vector) bundles. A linear qth order differential operator A can be
thought of as a linear map C>°(V?) — C°°(V'!). Then we can associate to A a bundle
map ¢4 : J,(V?) — V1 by the formula A = ¢ 457 Now with ¢4 one can represent a
differential equation as a zero set of a bundle map, R, = ker w4, or p4(z, j9%y(z)) = 0.

Definition 2.2 The differential operator j”A : C*°(V?) — C°°(J,.(V1)) is said to be
the r th prolongation of A. The associated bundle map is denoted by p,-(¢4)-

Then we can define the rth prolongation of R, by R4+, = kerp,(p.4). We also define

Rg‘fgr = wgi:+s(72q+r+s) for all s > 0. Note that Ré‘?r C Rg+r, but in general these
sets are not equal.

Definition 2.3 A differential operator A is sufficiently regular if Rgsﬁr is a vector bun-

dle forall» > 0 and s > 0.

If X ¢ R™ and the operator A has constant coefficients, then A is sufficiently regular.

Definition 2.4 A differential operator A of order ¢ is formally integrable if A is suffi-
ciently regular and Réﬁz, = Rg4r forall r > 0.

The formal integrability of an operator A of order ¢ means that for any r > 1, all the
differential consequences of order ¢ + r of the relations Ay = 0 may be obtained by
means of differentiations of order no greater than r, and application of linear algebra.
The formal integrability cannot in general be checked in practice because there is an
infinite number of conditions. Hence we need a stronger property, the involutivity of
the system, which implies formal integrability, and can be checked in a finite number
of steps. For the actual definition of involutivity we refer to [12], [10], [11]. There is
the following important result.

Theorem 2.5 For a given sufficiently regular system R, there are numbers r and s

such that R((;zr is involutive,

In practice to complete a system to the involutive form one may use DETOOLS package
[2] in the computer algebra system MUPAD [4].

In the context of the formal theory the principal symbol of the system is defined as
follows. Let us first define the embedding ¢, by requiring that the following complex
be exact

q
ﬂ—q—l

0 —= SUT"X) @V — = Jy(V) —= Jy 1 (V) —= 0.

Here 57 is the bundle of symmetric tensors of order q. Recall that in a complex a
composition of two consecutive maps is zero, and the exactness means that image of
each map is the kernel of the following map.
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Definition 2.6 Let R, C J, (V") be a sufficiently regular differential equation given
by R, = ker 4. The principal symbol 0 A of A is the map S9(T*X) @ V° — V!
defined by 0 A = pa¢,.

To see that this actually coincides with the classical definition we need to introduce
a coordinate system on X'. Then a linear ¢ th order partial differential equation R, is
given by
Ay = Z aq(z)D% = f,
lol<q
where © € U C R™ and a, () are of size k x m. Fixing any one form £ we get a bundle
map o A(z, &) : VO], — V1|, which in coordinates is given by

oA@,&) = Y aq(x)§”.
la|=¢

A differential operator A is said to be elliptic if 0 A(x, §) is injective for all z € X" and

& e R\ {0}.

2.2 Compatibility Complexes

A linear partial differential operator A : C>°(V%) — C>(V'!) is overdetermined if
there is a non-zero differential operator A' such that A'A = 0. Hence A'f = 0 is a
necessary condition for the solvability of the system Ay = f.

A classical example of an overdetermined operator in X C R3 is the gradient which
maps a scalar function y to Vy = (9y/dz1, dy/dx2, Oy/Ox3). A necessary solvability
condition for the system Vy = f is

aft  af2 aft  afd a2 aft

The operator V x is itself overdetermined because V - Vx = 0, where

1 2 3
gy Ont on ot
8x1 axg 81’3

Hence setting V? = X x Rand V! = X x R? we get a complex

\v4 v Ava
0 —> C®(VY) — > O®(V) —> (V1) — = C%(V0) —>

The main problem in studying overdetermined systems consists in finding all solv-
ability conditions for a given system Ay = f. The following definition explains the
meaning of the words “all solvability conditions”.

Definition 2.7 Let A° : C°° (V%) — C°°(V'!) be a differential operator. A differential
operator A : C(V1) — C>°(V?) is a compatibility operator for A if
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(i) A'A° =0and
(ii) for any differential operator A* : C>(V!) — C*°(V?) such that A'4A° = 0,
there is a differential operator T : C>°(V?) — C>°(V?) such that A* = T A*.

This idea leads naturally to
Definition 2.8 A complex

A Al A?
C : 00— C®VY) — C®(V!) —= C®(V?) — ---

is a compatibility complex for A° if every differential operator A® for i > 1 is a com-
patibility operator for A*~!,

The following theorem gives the main result about the existence of compatibility com-
plexes (see [3], [10] and [13] for more details).

Theorem 2.9 Every sufficiently regular differential operator has a compatibility com-
plex.

2.3 Cochain Equivalence

We want to construct the compatibility complex for a given operator. However, it turns
out that to do this we must first complete the system into involutive form, and then
reduce it to a certain first order system. These other systems should be equivalent to
the original one in order that this construction makes sense. The following definition
gives the appropriate meaning of equivalence.

Definition 2.10 Two complexes

i

cC s — C®(V) ————— C®(VH) —— ...

~ - ot
C : e ———> COO(VZ)

Coo(ViJrl) —_ ...

are cochain equivalent if the following conditions are satisfied:

1. there are differential operators M* and N°* such that the following diagram com-
mutes for all ¢
@i

(V) C (Vi)
M l T N Mt l T Nt
Co (V) (Vi)
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2. there are differential operators ¥? and ¥’ such that for all i
Vol + o =id — NM?
TPl 4 o1 = id — MIN?

Definition 2.11 Operators ® : C®(V9) — C®(V1)and & : C=(V°) — C>°(V}!)
are cochain equivalent if the complexes

®
0 ——= C®(VY) ——= C>=(V}!)
- o .
0 ——= C®(VY) —— C>=(V?!)
are cochain equivalent.

If we know a compatibility complex for some operator, we can construct a compatibil-
ity complex for a cochain equivalent operator as follows.

Theorem 2.12 Let ° and &° be cochain equivalent differential operators. If there
is a compatibility complex for ®°, then there is also a compatibility complex for ®°.
Moreover their compatibility complexes are cochain equivalent.

Proof. Suppose that we know a compatibility complex for ®° and that a compatibil-
ity operator ®°, operators M**t!, N“*! and ¥’ have already been constructed as in
Definition 2.10. Then we can construct @1 by the following formula.
(I)i—i-l . Coo(vz+1) _ Coo(vz+2) — Coo(f/i+2 ® Vi—i—l) (2 1)
Pitl — ((i)i-i-lMi—H) ® (id _ Nl (Pilpi). ’

For the details of the proof we refer to [13, p. 28]. a

3 Compatibility Complexes for Operators
with Constant Coefficients in a Domain without
Boundary

Consider a differential operator A° : C°°(V?) — C°°(V'!) with constant coefficients
on an open set X C R™ where V? = X x R¥ and V! = X x R*,
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Let us introduce the full symbol of A°:

CTF(AO) = Z aafa.

lal<q

Let A = K[¢y,...,&,] be a polynomial ring in n variables where K is some field of
characteristic zero that contains the coefficients of the differential operator A°. Denot-
ingby a',...,a* the rows of oF(A4) we may construct a free resolution of the module
M = A*o /My where My = (a?, ..., a"):

AT AT or (AT

r

0 Akr - Akl Ako M 0 .

Let A’ be the differential operator with the full symbol matrix og(A%) = A;. In this
case we say that the differential operator A° is associated to the syzygy matrix A7
Now a complex C consisting of trivial bundles V! = X x R*: and operators A? is said
to be a Hilbert complex, if the operators A° are associated to the syzygy matrices of the
free resolution of A-module M.

Theorem 3.1 [13, p. 31] Let C be a complex of differential operators with constant
coefficients. C is a compatibility complex for A° if and only if C is a Hilbert complex
associated with the A-module M.

Hence the compatibility complex for a differential operator with constant coefficients
on an open set in R™ can be constructively computed using Grobner basis techniques.

Example 3.2 Consider the following system Ay = (V x y,V - y). Let b',...,b* be
the rows of the full symbol! of A

0 & &
| & 0 -& 1 4
O'F(A)— 752 é_l 0 s M()—<b ,...7b >
& & &

Computing the syzygy of module M, we get

S = (517§2a§350)7 M1 = <S> .

Computing the syzygy of M;, we get My = 0. Hence we have the following free
resolution for A3 /My:

ST AT )
0 Al At A3 A3 /My — 0 .

Thus, the compatibility complex for A is

. A (V,O)
0 — > C®(X xR3) —= C®(X x RY) — > C®°(X xR) —> 0 .

'In fact in this case op(A) = c A.
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4 Compatibility Complexes for Boundary
Problem Operators

From now on we suppose that A" is a manifold with boundary ). To consider boundary
value problems let us introduce two bundles W° and W' whose base manifold is the
boundary ). The bundle Vi |y — Y is the restriction of Vi — X to the boundary. If y
is a section of V' — X, then ~yy is the corresponding section of V| — ). The map
~ is called the trace map.

Definition 4.1 An operator A : C*®(V?) x C°(W°) — C>(V1) x C>(W?1) of the
form
A, 0 Y
Aow) = ( 70 (0.

’YA2,1 -/42,2 w

where A; ; are differential operators, is called a boundary problem operator.

If WO = 0, we obtain in this way an operator A(y) = (Ay,yBy) which defines a
classical boundary problem on X

It turns out that one can construct the compatibility complex for a boundary problem
operator A = (A, yB) using a certain equivalent first order system.

Definition 4.2 A differential operator A : C°(V?) — C°°(V'!) is normalised if

(i) Ais afirst order operator;
(i) A is involutive;
(iii) the principal symbol cA : T*X ® VO — V! is surjective.

Condition (iii) means that there are no (explicit or implicit) algebraic (i.e., non-differential)
relations between dependent variables in the system. If such relations exist, then we
may use them to reduce the number of dependent variables.

Theorem 4.3 Every sufficiently regular operator A can be transformed in a finite num-
ber of steps into an equivalent normalised operator.

Definition 4.4 A boundary problem operator A is normalised if .4, ; is normalised and
~vAs, 1 contains only differentiation in directions tangent to the boundary.

Theorem 4.5 Every boundary problem operator A whose component A, ; is suffi-
ciently regular is cochain equivalent to a normalised boundary problem operator.
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For the proofs of the above theorems we refer to [13].

To construct compatibility operators, we introduce the tangent part of a first order
differential operator A : C=(V?) — C*°(V1). Let us choose a coordinate system
x = (x1,...,2,) such that the boundary is given by the equation x,, = 0. Then in
these coordinates there is a part of A which contains differentiations only with respect
to x1,...,2,_1. This part is denoted by A7 : C>®(VO|y,) — C>(V'") where V1" is
a certain bundle over ), and it is called the tangent part of A. It can be shown that if
A is normalised, then so is A™ [3].

If we have a system Ay = f, then for the tangent part we get a system A"y = f7. This
defines a projection

prm s VIV T (f) = £

Now we can rewrite any normalised boundary problem operator in the form

A OV x C®(WY) — C=(V) x C=(W1)

7 Al,l 0 y “.1)
A(y,w) B («42,17 A2,2> (w)

where Aj ; is a differential operator on the boundary ). Then on ) we define a differ-
ential operator A™ : C°(VO|y) x C®(W?) — C®(V1") x C®°(W1),

i1 0 Yy’
T(y" = ’ 4.2
Ay ) <,4 A) (w> @2)

Definition 4.6 A normalised boundary problem operator A is regular if the differential
operator A" is sufficiently regular.

Definition 4.7 A boundary problem operator A is regular if the differential operators
A1 and A7 are sufficiently regular where A7 . corresponds to an equivalent nor-
malised operator.

We start the construction of a compatibility operator. It suffices to consider regular
normalised boundary problem operators. Then, we can use Theorems 4.5 and 2.12,
which enable us to construct a compatibility operator for an arbitrary regular boundary
problem operator.

Let A be a regular normalised boundary problem operator given by (4.1), A7 ; be the
tangent part of .4 ; and A7 the operator defined by (4.2). As A7 is sufficiently regular,
by Theorem 2.9 it has a compatibility operator .A7* which can always be written in the

form
A‘rlf‘r
A9 = : 4.3
(f7,9) (TT(J”,Q)> (4.3)
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Here A{}l is a compatibility operator for A7 ; and Y™ does not contain any relations
involving only the components of f7. Let us then finally define

Al 2 C(VH) x C (W) — C= (V) x C™®(W?),

Al (44)
Afg) = (0 ),
T7(pr" f.9)
where A})l is a compatibility operator for A; ;. We will need the following important
result [3, p. 40].

Theorem 4.8 Let A be a regular normalised boundary operator whose component
Au 1 is elliptic. Then A* defined by (4.4) is a compatibility operator for A.

The operator A! is itself regular and normalised. This together with ellipticity of A; 1
enables us to construct the whole compatibility complex for A

A At
0 ——= C®VY) x C®*(W°% ——= C®(V1) x C®*(W!) —— -

If A is regular but not normalised, then it needs to be replaced by an equivalent nor-
malised operator for which the compatibility complex is constructed. But then by The-
orem 2.12 we can construct the compatibility complex for A using the compatibility
complex of the corresponding normalised operator.

5 Computations

Here we show that on each step of the construction of a compatibility operator for a
normalised boundary problem operator one may effectively use Grobner basis compu-
tations.

« Computation of the tangent part A” of a differential operator A.

Let M C A™ be the module generated by the rows of the full symbol of A. We
choose a product ordering such that £, is bigger than all other &;. Then we define
a TOP module ordering using this ordering and compute the Grébner basis of M.
Now AT is defined by the elements of the Grobner basis that do not contain &,,. This
follows from the fact [1, p. 156] that if G is a Grobner basis for M, then G N A™ is
a Grobner basis for M N A™ where A = K[¢1,..., &, _1].

« Computation of a compatibility operator A™' for A™ defined in (4.2).
Since A7 is a differential operator on the manifold ) without boundary, one can

compute its compatibility operator by computing the syzygy module of the module
generated by the rows of the full symbol of A", see Theorem 3.1.
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« Computation of operator Y in (4.3)

In the previous step we computed .A7*; now we would like to eliminate rows which
contain only f7. To do this we choose a POT module ordering (and any convenient
monomial ordering) and compute the Grobner basis G of the module generated by
the rows of of (.ATl). The elements of G correspond to differential operators which
operate on (f7,g). The full symbol of Y7 is now obtained by discarding those
elements whose corresponding differential operators operate on f” only.

The correctness of this construction follows from the following fact. Let M be a
submodule of A™ = A* @ A™*. We choose a POT module ordering for A"™, and
any monomial ordering in A. Then if G is a Grobner basis for M, then G N A™ ¢
is a Grobner basis for M N A™ [5, p. 177].

6 Example

Let us construct a compatibility complex for the stationary Stokes problem in two
dimensions. Consider the boundary problem in R% = {z € R? : 5 > 0}

—u3y + po1 =0,

—-A =0
A;{ u+Vp=0, P on) = 0R%,
11 —

inX¥=R%, B:
V-u=0

where u = (u',u?) is the velocity field and p is the pressure. Here we have used for

the derivatives the notation
8k+€ ui

ui, =
kt = 5 kgl
Ox{0x5

By completing the above system to the involutive form we arrive at an overdetermined
system

—Au+Vp =

Ap =

A() : V-u =

uyo +ufy =

1 2 _
Uy tUsy =

6.1)

= N I = =]

Introducing nine new variables (unknown functions)

1,00 _ 1 1,10 _ 1 1,00 _ 1
v = v = Ujp v = Upys

N

200 — 2 2,10 201 —

2
= Upi,
3,01 __

v = Po1

2
U7p,

3,00 __ 3,10 __
(% = = P10,
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and substituting them into (6.1), and also adding the compatibility equations we get the
first order system

1,10 1,01 3,10
-1y — Uy +v 0,
2,10 2,01 3,01 _
vy — vy +v = 0,
3,10 3,00
V1ot Upi = 0,
P10 4201 —
/. 1,10 2,01
0 - Ulo + Ulo = 0,
1,10 2,01
vor tuver = 0,
i,00 i
viy” — 010 =0,
j,00 i
vy — o0 =,
7,10 7,01
Vo1 — Y10 =0
for j = 1,2,3. This system is not normalised since there is an algebraic relation

v110 4 9201 — ( between the dependent variables. Using this relation we can now
eliminate the unknown function v?°! from the system and obtain the following nor-
malised system

1,10 1,01

—viy . — vy +v310 0,

Ué’llo — vf’olo + 030 = 0,

vyt ot =0,

v{boo —pil0 = 0,

Aj vféoo —0%10 =,
v‘é’loo — il = 0,

20 40 = g

-~ o

vy gl = 0

for j = 1, 3. Finally, substituting the new unknown functions in the boundary condi-
tions, we obtain

2,10 3,01  __
B - —V10 +v - 07
: 1,01 0
V10 = .

Hence it follows that the classical boundary problem operator A" = (A{, B") is nor-
malised. Using Grobner basis computations, we find the tangent part of A{

2,10 1,01 3,01
Vo —V0 TV 0,
3,00 3,10 __
AT Vip —V - 07
0 - 2,00 2.10
vy —v© = 0,
1,00
vy — 10 = 0.

Let us compute a compatibility operator for the operator A”" = (A", B") defined on
the boundary ). Computing the syzygy module for the module generated by the rows
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of the full symbol matrix of the operator A”", we get
AT ) = 1T 40+ g

where f7 = (f'7,...,f*) and g = (g',9?). Now let us compute a compatibility
operator for A{j. Computing the syzygy module of the module generated by the rows
of the full symbol of Ay, we have

g
fot = fi +f 1
fof = fig + 712

—fid = fo + 2+ foi® — fig2

A3 (") =

where f” = (f'1,..., f '2). Note that the projection pr™ : V"' — V"7 is given by

pr (") = (f "y = £ 2, f P lys £ Oy, £ 4 ).

Using (4.4) we find a compatibility operator for the normalised boundary problem
operator A",

fot = fig + £
for — i+ f1
A (S g) = fof = F16 + f12
—fid = for + 3 + for® — f1g?
T = 2y + gt + g2

Now we compute that the tangent part of A" },1 is the zero operator. Then (4.2) implies
that
0

A”lT(fHT7g) - 10T 19T .
f 10 _f 2 +gl +92

It is clear that the compatibility operator for A" " is the zero operator. Since the
compatibility operator for A" }71 is equal to zero, the compatibility operator for A" is
the zero operator as well. Hence, we arrive at the following compatibility complex for
the normalised boundary problem operator .A”,

1"

A
0 R Coo(v/lO) R Coo(v/ll) XCOO(WI)

\L A//l

Ooo(vl/Q) % C«oo(w//?) > ()

Now we will construct a compatibility complex for the original boundary problem
operator A = (A, B). First simple computations show that boundary problem operators
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A" and A are cochain equivalent with the following operators in Definition 2.11,

0 — > C=(V) —2 s o) x o (W)

elle el

0 S Coo(v//O) S Coo(v//l) X Coo(wl)

07,1 2 _ 1 2 1 2 1
M (u , U 7p) - (U , U apau107u10ap107u01ap01)7
]\70(1}1,007 ,02,00, 1}3’00, ’111’107 1}2,10, 1}3’10, ’1)1’017 Ud,Ol)

MY(f 12 12,90 %) =

(fY 12+ 30 flo + £ + AF%,0,0,0,0,0, 2,0,0, £y, g*, 6%),
Nl(f”l,“.’f”m’gl,gZ) _

P =fd—for + o= h = fod + £+ 1004 0%,
VO 125,98 9%) =0,
GO 2N ) = (0,0,0,—f 4 —f0 = =TT ).

Then using formula (2.1), we define compatibility operator for .4 by

(v1,00’ 200 03,00)7

Al . C«oo(vl) % Coo(Wl) N Coo(V//Q o Vl) % Ooo(W//2 o Wl),
At =AM @ (id — N'MY).
Computing A', we get
Al(f17f27f35917g2): (0 0 00 —fQ‘y—fgﬂy—i-gl—&-gQ 0 0 0 0 0)

Hence, we arrive at the following compatibility complex for the original boundary
problem operator A,

0 — C=(VY)

O (V1) x 0 (W)

|«

Co(VM oV x CoW"?aW!l) —— 0.
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