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Consider the linear Pfaff system
0z /ot; = A;(t)x, r € R", t = (t1,t2) € R, i=1,2, (1)

with continuously differentiable matrix functions A,(t) and A,(t) bounded in RZ; and satisfying
the complete integrability condition [1, pp. 14-24; 2, pp. 16-26]

DA (1) /0ty + Ay () As(t) = DAL (1) /0t + As(t)Ar(t),  te R,

Let p = p[z] be some lower characteristic vector [3] of a nontrivial solution z : R2, — R™\{0}
of system (1), and let P, = U p[z] be the lower characteristic set of x [3]. This set is deter-
mined [3] by a monotone decreasing concave function ¢ : [ay,3.] — [az,b.] by the formula
P, = {(p1,¢(p1)) € R?*: a, <p, <B,}. The notion of the (bounded) lower characteristic de-

gree d = d,(p) € R? of x associated with the lower characteristic vector p € P, was defined in [4]
by the conditions

. Inljz(t)]| = (p,t) — (d,Int)
] d) =1
In,(p,d) Lim o]

In_ (p,d+ee;) <0, e; = (2—1i,i—1) € R?, Ve > 0, i=1,2. (25)

=0, Int = (Inty,Inty) € R2, (2y)

Note that, unlike the lower characteristic set P,, the lower degree set D (p) = Ud,(p) of a
nontrivial solution of a completely integrable Pfaff system (1) with bounded continuously differ-
entiable coefficients can be empty. For example, the lower degree set of the nontrivial solution
z(t) = (e7 + e ) exp {In’¢; + In’¢, } of the Pfaff equation

ax/atl = a’i(t)x7 az(t) = xil(t)ax(t)/at’m t= (tlth) € RQZI? L= 17 27 (11)

corresponding to an arbitrary point of the lower characteristic set is empty.

The lower degree set D _(p) is referred to as an interior lower degree set if the point
p = (p1,¢(p1)) € Py, p1 € (s, B:), is an interior point of the lower characteristic set P, and as a left
(respectively, right) boundary lower degree set if p = p’ = (a,,b,) [respectively, p = p” = (0., a,)]
is a “left” (respectively, “right”) boundary point of the lower characteristic set.

An arbitrary nonempty interior lower degree set D, (p) of a nontrivial solution z(t) of system (1)
is completely described in [4]. It is a line of the form d; 4+ dy = ¢,(p) on the plane R?. One can

readily see that the left boundary lower degree set of the nontrivial solution
z(t) = (e +e ) p(t), P(t) =1’ tyepr (t2/t1:2,3), te Ry, (3)

of the Pfaff equation (1) with bounded infinitely differentiable coefficients, which is constructed
with the use of the infinitely differentiable function [5, p. 54 of the Russian translation]

0 for n € (—o0,n]
eor (1;m1,m2) = { exp {— (n—m) " exp [— (n— ?72)_2] } for m € (ni,m2)
1 fOI' n € [7727 +OO)7
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648 IZOBOV, KRUPCHIK

—00 < 1M < Mg < 400, is the line d; + dy = 0 on the two-dimensional plane. Therefore, we natu-
rally encounter the problem as to whether every nonempty boundary lower degree set of a nontrivial
solution of the Pfaff system (1) is a line of the form d; + dy = const on the two-dimensional plane.

Obviously, the left boundary lower degree set of the nontrivial solution
o(t)=e " 4 e (4)

of the completely integrable Pfaff equation (1;) with bounded infinitely differentiable coefficients
does not coincide with the line d; + dy = 0 on the two-dimensional plane but is only the half-line
{d = (d1,d3) : dy +dy =0, dy <0}

Moreover, Theorem 1 below shows that a boundary lower degree set does not necessarily coincide
with any line on the two-dimensional plane and even does not necessarily contain a segment of a line.

Theorem 1. There exists a completely integrable Pfaff equation (1,) with infinitely differentiable
bounded coefficients such that the left boundary lower degree set of any nontrivial solution x : Rél —

R\{0} of this equation is a monotone decreasing concave curve I' (which is not a straight line and
does not contain any straight-line segment) with the range {d; : (dy,dy) € I'} = (—00,+00) of the
first and {ds : (d1,ds) € I'} = (—00,0) of the second component.

To prove this theorem and the forthcoming assertions, we use the following lemma, establishing
some properties of sequences realizing boundary lower degree sets.

Lemma 1. Let the lower characteristic set P, of a nontrivial solution x(t) # 0 of the Pfaff
system (1) consist of more than one point, and let p' and p” be its left and right boundary points,
respectively. Then, for each vector N € R? there exist sequences {t'(k)} T oo and {t"(k)} T oo
realizing the limits ln , (p’, N) and In, (p”, N) and satisfying the following conditions :

(1) 0 < limy o In#y(k)/ Int' (k)| < 1/v/2 and 0 < limy_oo Int5(k)/ [[Int”(k)|| < 1/v/2;

(2) ti(k) — +o0 and t] (k) — +00 as k — +o0, i =1,2.

Proof. Let us prove the desired assertion for the left boundary point p’ € dP,. The right
boundary point p” € P, can be considered in a similar way. By [4, 6, 7], there exists a sequence

{t'(k)} 1 oo realizing the limit In  (p’, N) and such that t}(k)/ty(k) — ' € [0,+00) as k — +oo.
Since the norm ||¢'(k)|| of an element of this sequence tends to +oo as k — +o00, we have t (k) — +o0
as k — +o0o. Therefore, without loss of generality, we can assume that the sequence {t'(k)}
satisfies the inequalities 0 < limg_ ., In#,(k)/|Int'(k)|| < 1/v/2. But if the sequence {t;(k)} has
a subsequence {t] (k,)} tending to +o00, then {t' (k,)} is the desired sequence.

Now we suppose that the sequence {#|(k)} has no subsequence convergent to +oco. Then,
by the Bolzano-Weierstrass theorem, there exists a convergent subsequence {t}(k,)}. Obviously,
the subsequence {t'(k,)} satisfies conditions (1) and (2) of Lemma 1 for ¢ = 2. Without loss
of generality, we can assume that {¢'(k)} itself is a sequence such that (k) — o € R, a > 1,
as k — +o0.

On the basis of the sequence {t'(k)}, we construct the new sequence {7'(k)} with elements
(k) = (th(k) +Inlnty(k),t5(k)). Obviously, this sequence satisfies conditions (1) and (2) of
Lemma 1. Let us show that it realizes the lower limit In  (p’, N).

Since z(t) # 0 is a nontrivial solution of the Pfaff system (1) with bounded coefficients, we have
the inequalities [1, p. 91]

exp{—aift; — 1| — azlt» — 72|} < & (O)l/2(7)]| < exp{aalts — 71| + azlt — o[}, VE,T € RE.
Setting t = 7/(k) and 7 = t/(k) in these inequalities, we obtain the estimates
exp {—ar InInt;(k)} |l (¢'(K)) || < [lz (7'(k))|| < exp {ar InInty(k)} ||z (¢ (k)] - ()
Setting R, (p, N,t) = In|jz(¢)|| — (p,t) — (N,Int) and R:(p, N,t) = R.(p, N,t)/| Int| and using the
estimates (5), we arrive at the inequalities
[=(ph + @) Inlnty(k) — Ny In(1+ (Inlnty(k)) /¢, (k) + [ Int' (k)| R, (o, N ¥ (K))] /|| In 7 (K) |
< Ry (p',N,7'(k)) < [— (py — ar) mInty(k) — NyIn(1 + (InInty(k)) /£, (k) (6)
+ [ Int' (k)| R (p', N, ' (k)]/|| In 7' (k).
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NECESSARY PROPERTIES OF BOUNDARY DEGREE SETS OF SOLUTIONS 649

Let us show that
Jim ([l #"(R) || / {n 7" (k)] = 1. (7)

Since tj(k) — a € R as k — +o00, we have lim;_,., Int|(k)/Int,(k) = 0. Since {t|(k)} is a
convergent sequence, it follows that it is bounded by some constant «; and

0 <In(r(k))/Inty(k) <In(ay +Inlnty(k)) /Inty (k).

Since a sequence bounded above and below by two sequences with a common limit converges to
the same limit, it follows that limy_ . In (77 (k)) /Int,(k) = 0, which completes the proof of (7).
Since the limit In , (p/, N) is realized on the sequence {t'(k)}, we have

In, (p', N) = lim R, (p, N, (k).

Therefore, passing to the limit in (6), we obtain limy,_.., R (p’, N,7/(k)) = In, (p’, N), i.e., the lower
limit In, (p’, N) is realized by the sequence {7'(k)}, which satisfies the assumptions of Lemma 1.
The proof of the lemma is complete.

Proof of Theorem 1. In the closed quadrant R%, of the two-dimensional plane, we construct
the desired Pfaff equation (1;) with infinitely differentiable bounded coefficients a;(t) and a,(t)
satisfying the total integrability conditions da,(t)/dty = daq(t)/0t,, t € R2,, by constructing a
nontrivial solution of this equation. -

1. THE CONSTRUCTION OF A SOLUTION

We construct the desired solution z(t) in the form Inz(t) = Ing(t) + Ine(t), where ¢(t) is
the function given by the formula Inp(t) = In(e™" 4+ e *). The function In(t) (required for
the realization of the desired left boundary lower degree set) is constructed on the basis of the
function v(t) = —/Int; In (t3/t1). To paste various infinitely differentiable functions together with
the preservation of this property, we use the infinitely differentiable function [5, p. 54 of the Russian
translation] ey (17;11,72), —00 < M1 < M2 < 4+00. Let us construct the auxiliary function

v(t) if 3t <ty <t
Inu(t) =< v(t)[1 —eo (Inty/ (1 Inty);1,2)] if ¢y > )
’U(t)e(n (tg/th 2,3) lf t2 < 3t1,

defined for all t € R?,. We define the function ¢(¢) by the formula Inv(t) = Inu(t)eg; (t1;2, 3) for
t € R2, and Iny(t) =0 for ¢, = 1.

2. THE CONSTRUCTION OF THE EQUATION.
BOUNDEDNESS OF THE COEFFICIENTS

The above-constructed function x(t) > 0 is a solution of the Pfaff equation (1) with coefficients
ay(t) = z7'(t)0x(t) /0t = Olnxz(t)/Ot, and ay(t) = z~'(t)0x(t)/0t, = dlnx(t)/0ty, t € RL,,
satisfying the complete integrability condition, since Inz(t) is infinitely differentiable in R%,.

Let us show that these coefficients are bounded. First, we note that the partial derivatives of
the function v(t) for 3t; < t, <t} satisfy the estimates

du(t) ‘(1 ty 1 > ‘ 11 VInt,
=|{—=In—=— —Int 20(t))| < —ViIn(to/t) + ————
ot P T Mt /( )| = 20v/Int; t (F2/t2) 2t,/In (t2/t,)
S t1—1+ \/h’ltl Sl—k 1 :
2ty 2t:v/In3 ~ 2 2v/In3
)| | 1 1o ving _ 1
Ot 0(t)ts | 2/In(ta/ty) ~ 6vVIn3
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Using the inequality [4, p. 902]

on
ot |’

‘8601 (n(t17t2)§"717772) i1=1.2

ot;

< 4exp [3 (n2 — 771)_2}

valid on an arbitrary closed interval [n;,7,] of length 7y —n; < 1, we find that the derivatives of
the function In(t) are bounded if t}* < ¢, < 3"

‘mw ‘ (Vln (fa/t) , _ vInt >'1—601( Ity ;1,2>‘+463|v(t)|(1nt2) Lrht

oty 2t,v/Inty 26,/ In (t5/t1) t1Inty (tyInt,)?
\/2151-1 1 3 1+h’lt1 1
< + +8e32t, —1—— 1 < —|—24\/—e
2, 2vIn 3 ! t VRl \/

8ln¢(t)‘ 1 5 |v(t)] 1 3
< + 4e < +4V2€°.
‘ Oty ~ 6vIn3 t1Inty ~ 6v/1n3

In a similar way, we can obtain the estimates

ot; ~ VIn2

The boundedness of the remaining derivatives is obvious. This completes the proof of the bound-
edness of the coeflicients of the Pfaff equation thus constructed.

‘8lnw(t)‘ < 1 _'_1263\/1113’ ’L: ]_,2, 2t1 <t2 <3t1

3. EVALUATION OF THE LOWER CHARACTERISTIC SET

Note that the lower characteristic set of the solution x(t) of Eq. (1;) coincides with the lower
characteristic set P, = {p ER:: p+p= —1} of the function ¢(t). This follows from the
existence of the limit lim; . In(¢)/||t| = 0, which, in turn, is a consequence of the estimate

0>1Iny(t) >v(t) > —vInt; Inty > —In||t].

4. EVALUATION OF THE LEFT BOUNDARY LOWER DEGREE SET

We choose the left boundary point p’ = (—1,0) € 0P, of the lower characteristic set and show
that the left boundary lower degree set D, (p’) coincides with the set

= {dGRQ: d1:(2—a0)/(2\/a0—1), d2:—1/(2\/a0—1), g € (1,+oo)}.

First, we prove the inclusion D C D, (p’). We choose an arbitrary vector d € D, and as
a sequence realizing the lower limit In , (p’, d) we choose a sequence {t(k)} satisfying the assumptions

of Lemma 1. Therefore, without loss of generality, we can assume that the sequence {t(k)} satisfies
the inequality ¢;(k) > 1 for all £k € N. Then we obtain the lower bounds

R, (p,d, t(k)) > In (1 + " ®==W)) 4 y(t(k)) — 2\2/a__ Int, (k) + % Int, (k)
> Jalk) = Tint (k) — Q\Q/Tlntl(k) + %lntl(k)
= [2\/040———\/7+ *}1 t1(k)
B {\/ao— —\/a(k)—l} | N
= NS nt; (k) >0

for (k) = Inty(k)/Int, (k) > 1. This, together with the form of the function z(t), implies
the inequality In, (p’,d) > 0. Consider the direction t, = t7° for sufficiently large t; (t; > 3,
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3t; < t7° < t'). Then, in this direction, the function In(t) has the form In(t) = v(t) =
—+v/ag — 1lnt;. Consequently,

l%xn’l |:1H (1 + €t17t?0) —VQ&y — 111’1751 - (2 - Oéo) / (2\/ Qo — 1 ) h’ltl
ta=t]%—oo
+ ag/ (2\/a0 -1 ) lntl]/ (\/1 +a? lnt1> =0.

We have thereby derived the first determining property In (p’,d) = 0 of a lower characteristic
degree for the vector d € D. The second determining property (25) is also realized in the direction
to = t7° for sufficiently large ¢;. We have thereby proved the inclusion D C D, (p').

Let us prove the opposite inclusion D, (p') € D. We choose an arbitrary vector d € D, (p).
Then limy,—; 4, oo (In (1 4+ €'72) —dyInty) /Inty = —dy > 0, since otherwise we would arrive at a
contradiction with (2;).

Let us prove the strict inequality dy > 0. Suppose the contrary: dy = 0. Then relation (2;)
acquires the form
| In(1+e" ") +1Iney(t) —dyInty
lim

100 [ Int]]

—0. (8)

2
If d, is strictly less than zero, then in the direction ¢, = tflﬂ, where ¢, is large enough to ensure
that the function In(t) coincides with the function v(¢) in this direction, we have the estimates

I (14er1"" ) —diInt; —dy Int,
) —2d,
lim

= <0,
o=t o 1+ (&2 +1)*Int, L+ (df +1)°

which contradict (8). If the first component d; of the vector d is strictly less than zero, then, in a

2
similar way, in the direction 5 = t;ldlﬂ, where t; is sufficiently large, we obtain the inequalities

In <1 + 6t1—tid1+1> — \/4d% hltl — d1 hltl
lim

d
: — ! <0,
=t g 1+ (42 +1)°Int, 1+ (4d3 +1)°

which again contradict (8). Considering the direction ¢, = ¢? with a sufficiently large t;, we find
that d; also cannot vanish. Therefore, d, < 0.

Then, choosing the direction t, = t7°, ag = 1+1/(4d3) > 1 [with ¢, large enough to ensure that
In®(t) = v(t) in this direction]|, we obtain the estimates

In (1 + etl—ti’o) I/ AB) Ity — dy oty —dy (1 + 1/ (4d2)) Int,
lim
tzzt?oﬁoo \/1 +Oé(2) h’ltl
Y ) —dy —dy 1/ ()
V1+ad

since otherwise we would arrive at a contradiction with condition (2;). It follows from these
estimates that —d; > dy (1 — 1/ (4d3)). If this inequality were nonstrict, then there would exist an

h > 0 such that —d; = dy (1 — 1/ (4d2)) + h. Then for ey = h/2 > 0, we would have the inequalities

In(14+e" ) +Iny(t) +dy (1 —1/(4d3)) Int; —dyInty + (h/2)Int,

lim
P— [ Int]
> lim In(1+e"72) +Ine(t) +do (1 —1/(4d3)) Int; — dyInty lim (h/2)Int, >0,
oo || Int|| oo || Int|

DIFFERENTIAL EQUATIONS Vol. 37 No.5 2001



652 IZOBOV, KRUPCHIK

which contradict (2,), since the parametrization d; = (2 — ag) / (2v/og — 1), do = =1/ (2y/og — 1)
completely fills the curve —d; = d, (1 — 1/ (4d3)), dy < 0.

Therefore, any lower characteristic degree d = (di,ds) € D (p') lies on the curve —d; =
dy (1 —1/(4d3)), da < 0, and hence belongs to the set D.

Obviously, the vector d = (dy,dy) € D, (p') satisfies the inequalities —co < d; < +oo and
—00 < dy < 0; therefore, the above-constructed Pfaff equation satisfies the assumptions of Theo-
rem 1. The proof of the theorem is complete.

The following assertion gives necessary properties of the boundary lower degree set.

Theorem 2. Suppose that the lower characteristic set P, of a solution x(t) # 0 of system (1)
consists of more than one point. Then the nonempty left (respectively, right) boundary lower degree
set D (p) [respectively, D, (p")] of this solution is a closed concave monotone decreasing right-
and lower-unbounded (respectively, left- and upper-unbounded) curve on the two-dimensional plane
and has a negative slope > —1 (respectively, < —1).

Proof. The proof of this theorem is based on Lemmas 2—4 below.

Lemma 2. A nonempty boundary lower degree set of any nontrivial solution z(t) of a completely
integrable Pfaff system (1) with bounded continuously differentiable coefficients is a closed concave
monotone decreasing curve on the two-dimenstonal plane.

This lemma can be proved by analogy with [3, 8].

Lemma 3. A nonempty left (respectively, right) boundary lower degree set D, (p') [respectively,
D . (p")] of a nontrivial solution x(t) of the Pfaff system (1) whose lower characteristic set P, con-

sists of more than one point is an curve lying in the two-dimensional plane od;ds, right (respectively,
left) unbounded with respect to dy, and lower (respectively, upper) unbounded with respect to d,.

Proof. Let us prove the assertion of Lemma 3 for a left boundary lower degree set. The proof
for a right boundary lower degree set is similar.

Since the left boundary lower degree set D, (p) is nonempty, it follows that there exists a point
d’ = (d}, dy) € D, (p).

Once we prove the existence of a number dy € R such that (d;,ds) € D, (p') for every d; € R,
d) < dy, it will follow that the curve D (p’) is right unbounded with respect to d;. The lower
unboundedness of the curve D , (p’) with respect to dy follows from the consideration of all possible
forms of closed concave monotone decreasing curves with right-unbounded first component.

Since the boundary lower degree set is nonempty, we have a function In_ (p/,-) : R*> — R,
In, (p',d) € R. It follows from the definition of this function that it is continuous with respect to

d = (d,,dy) and, moreover, satisfies the Lipschitz condition with constant 1.

We choose an arbitrary number d; € R such that d? < d;. Then there exists an € > 0 such that
dl = d(l) + €.

Let us show that the function In, (p/, (d) + €,dy)), continuous with respect to dy on the closed

interval [dS — v,d3], v > &, takes values of opposite signs at the endpoints of this interval. Since
the lower characteristic set P, consists of more than one point and p’ is its left boundary point,
it follows from Lemma 1 that there exists a sequence {t(k)} T +oo realizing the lower limit
In, (p/, (dY 4+ &,d — )) and satisfying the inequalities 0 < limy_,. Int;(k)/ || Inty (k)| < 1.

By virtue of (2,), without loss of generality, we can assume that either

leIEO R. (p',d° t(k)) = +o0 or kli_g)lo R. (p/,d° t(k)) > 0.

If we suppose that the first case takes place, then we obtain In (p/, (d° +¢,dJ — 7)) = +o00. Hence
the lower limit In, (p’,d") is equal to +o00, which contradicts (2;). Therefore, for the value of
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the function In  (p/, (dV + €,d,)) at the left endpoint of the interval [d3 — v, d9], we have the lower
bound

l_ngc (plu (d(l) +¢, dg - ’Y))

= lim R (p/,d°,t(k)) + (—sklirgo Ity (k)/ Ints(k) + ’y)/\/( Jim Int, (k)/In tg(k))z +1>0.

k—o00

From inequality (2;), we find that the value of the function In, (p/, (d? +¢,d))) at the right end-
point of the closed interval [dJ — v, dJ] admits the estimate In_ (p/, (d} + &,d3)) < 0. By the the-
orem on intermediate values, there exists a point dy — 9 € [dJ —~,d5] at which the function
In, (p/, (d} 4 ¢,dy)) vanishes. Consequently, the point (d + &,ds — ) satisfies the first determin-
ing property In, (p', (dJ +,d3 — 7)) = 0 of the characteristic degree.

Let us prove the second determining property of the lower characteristic degree for this point.
Let the lower limit In (p/, (d} 4+ &,d3 — 7)) be realized on the sequence {7(k)} T +oco defined in
Lemma 1. Ifln7(k)/In5(k) — a,0 < a € R, then the inequalities In , (p’, (d) + & + £,d3 — 70)) < 0
and In_(p/, (d9 + &,dy — v + €)) < 0, € > 0, are valid on this sequence. We have thereby shown
that the point (9 +¢,d — ) € D, (p') belongs to the left boundary lower degree set.

If we suppose that In7y(k)/In7m(k) — 0 as kK — oo, then, without loss of generality, we obtain
the inequalities

0=1In, (¢, (di +&,d3 = %)) <ln, (¢, (d, dy — %)) < lim R, (p/, (dy, dy —70) , 7(K))
= khj& R} (p’, (d(l) +e,d) — ’yo) ,T(k)) 4+ ¢ lim

It follows from these inequalities that In_ (p/,(d},dJ — o)) is equal to 0 and the lower limit
In, (p/,(dY,d) — o)) is realized by the sequence {7(k)}. Therefore, without loss of generality,
we obtain the chain of contradictory inequalities

0=ln, (¢, (A, ) < Jim R (/. (¢} —70) . 7(k)) — 70 Jim Z2 — 5 <,

k=co || In7 (k)|
Consequently, the sequence {7(k)} satisfies the condition lim .., In7(k)/In75(k) =a >0, a € R.

Therefore, for each number d; = dY + ¢ > d?, there exists a number dy = dJ — 79, 70 > &,
such that the vector (dy,ds) € D, (p") belongs to the left boundary lower degree set. This means
that the left boundary lower degree set D, (p’) is right bounded with respect to d;. The proof of
Lemma 3 is complete.

Lemma 4. Suppose that the lower characteristic set P, of a nontrivial solution z(t) # 0 of
the Pfaff system (1) consists of more than one point. Then the slope of an arbitrary secant of the
nonempty left (respectively, right) boundary lower degree set D, (p') [respectively, D . (p")] of this
solution treated as a curve on the two-dimensional plane belongs to the interval [—1,0) (respectively,

(—o0, —1]).

Proof. Since the left boundary lower degree set D, (p’) is nonempty, it follows from Lemma 3
that this set consists of more than one point. Let d',d” € D (p') be arbitrary points of the left
boundary degree set; moreover, suppose that df > d}, d, > dJ, and the line dy = kd; + ¢ is the
secant passing through these points. Since the points d’ and d” lie on this line, we have the relations
dy = kd} + ¢ and dj = kd] + ¢, which imply that k= (dy—dy)/(d] —dy) <

On the other hand, since the points d’,d” € D, (p’) belong to the left boundary lower degree set
and we can choose the sequence {t(k)} T +00 reahzmg the lower limit In_ (p’,d”) to be the same
as in Lemma 1, without loss of generality, we have the chain of 1nequaht1es
In tl(k') hltg(k')

[ ¢ (k)| [ Int (k)|
(d// d/) lim In tQ(k) < (dlll dll) + (dIQ/ dl2)
koo | Int(k)|| V2
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These inequalities imply the desired estimate k = (dy — d}) / (dy — d}) > —1 for the slope of the
secant of the curve D, (p/).

In a similar way [with the only difference that one must consider a sequence {7(k)} T 400
realizing the lower limit In, (p”, d’)], we can show that the slope of the secant of the curve D (p”)
belongs to the interval (—oo, —1]. The proof of the lemma is complete.

Corollary. The slope of an arbitrary tangent of the left (respectively, right) boundary lower
degree set treated as a curve on the two-dimensional plane is negative and is not less than —1
(respectively, not greater than —1).

The proof of Theorem 2 is complete.
The following assertion refines necessary properties of the boundary lower degree set.

Theorem 2.1. Suppose that the lower characteristic set P, of a solution x(t) # 0 of system (1)
consists of more than one point. Then the nonempty left (respectively, right) boundary lower degree
set D (p') [respectively, D , (p")] of this solution is a closed concave monotone decreasing right and
lower unbounded (respectively, left and upper unbounded) curve on the two-dimensional plane with
negative slope > —1 (respectively, < —1) of an arbitrary tangent and has one of the following three
forms:

(1) unbounded on the left (respectively, below) and bounded above (respectively, on the right);

(2) unbounded on the left and above (respectively, on the right and below);

(3) bounded on the left and above (respectively, on the right and below).

Moreover, all three possibilities are realized for the left (respectively, right) boundary lower
degree set D, (p') [respectively, D, (p”)] [see Theorem 1 and formulas (3) and (4)]. In this con-
nection, the following assertion, establishing a criterion for the left (respectively, right) boundary
lower degree set to be unbounded above (respectively, on the right), is of interest.

Theorem 3. Let the set P, consist of more than one point. The nonempty left (respectively,
right) boundary lower degree set D (p') [respectively, D, (p”)] treated as a curve on the two-
dimensional plane is unbounded above (respectively, on the right) if and only if there exists an
infinite limit hmlmzﬁ?{ﬂw RL (p',0,t) = 400 [respectively, hmlmlﬁﬁiﬂo RL (p",0,t) = +o0].

Proof. Let us prove Theorem 3 for the left boundary lower degree set. The right boundary
lower degree set can be considered in a similar way.

Let us first prove the necessity of the assumptions of Theorem 3. We argue by contradiction.
Suppose that the left boundary lower degree set D, (p’) is unbounded above and the limit fails to
exist, i.e., im =  R.(p’,0,t) = +oo. Then there exists a sequence {t(k)} T +oc satisfying the

Intg/Inty] —oco

conditions limy_,, Inty(k)/Int, (k) = a(t(k)) = +oo and limy ., R. (p',0,t(k)) € R. We choose an
arbitrary point d = (dy,dz) € D, (p') of the left boundary lower degree set D _ (p’). By the definition
of the lower characteristic degree, for this point, we obtain the relation In , (p’, d) = 0. Therefore, the
sequence {t(k)} must satisfy the inequality limy .., R (¢, d, t(k)) = lim;_.., R. (p',0,¢(k))—dy > 0,
which is equivalent to the upper boundedness of the left boundary lower degree set with respect
to dy. We have thereby arrived at a contradiction.

Let us now prove the sufficiency of the assumptions of Theorem 3. By the definition of a limit,
for an arbitrary number [y > 0, there exists a number 33 > 0 such that

R} (p',0,t) > lo 9)
for all ¢t € R2, satisfying the conditions ||t|| > B, and a(t) > .

Since the left boundary lower degree set D, (p’) is nonempty, it follows that there exists a degree
d’ = (d},dy) € D, (p'). The upper unboundedness of the set D , (p') with respect to dy means that,
for every 5 > 0, there exists a d; € R such that (dy,d3 +¢9) € D, (p').

By the definition of a lower characteristic degree d° € D, (p'), we obtain the relation
In, (p',d°) = 0 and the inequality

In, (p/, (d},ds +&0)) <O. (10)
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Let us show that there exists a number —§ < min {0, d} such that
In, (p, (—6,d3 +)) > 0. (11)

Without loss of generality, let the limit In (p/, (—d,d + €y)) be realized by a sequence {t(k,d)}
such that a(t(k,0)) — a(d) as k — oo. Obviously, «(d) is finite for every §. If we suppose the
contrary, namely, a(d) = +oo, then we obtain the relation lim;_,, R. (p’,0,t(k,d)) = +00, whence
it follows that the limit In, (p, (—d,d3 + &¢)) is +00 and so In, (p’,d’) = +o00, which contradicts
the inclusion d° € D _ (p/).

Without loss of generality, we have the estimates

l_ngc (plv (_57 dg + 50)) = klggo Ri (p/a (_57 dg + <3—0) 7t(k7 6))

= lim R} (p/,0,t(k, 8)) + 6 lim 22200
#',0,(8,0)) + i, Hlnt(k Bl

>hmR1(p 0,t(k,8)) +6//1+ a2(8) — |dI + & -

Inty(k,9)
dO lim —2\"
= (dz + o) Jim T t(k,0)]

Without loss of generality, we assume that either §//1+ a?(6) — +oo as 6 — 400, or
0/y/14+a%(0) — v > 0as d — +oo. But if there is no limit of the function d/4/1+ a?(d) as

0 — 400, then, instead of d, we choose a sequence {4, }, d,, — +00 as n — oo, and perform all the
forthcoming considerations for this sequence.

In the first case, there exists a number §, such that 6/4/1+ a2(d) > |In, (p’,0)| + |dS + €o| for
all > 8y. Therefore, we have the estimate

In, (¢, (=0,d3 + ) > —|ln, (p',0)| +6//14+a2(6) — |dS + 0| >0 V> 6.

In the second case, we have a(§) — +oo as § — +oo. We choose an arbitrary number [
such that Iy > |dJ + &o|. For this number l,, we choose a By > 0 from (9), and for this 3y, there
exists a number &, such that «(d) > [, for all 6 > dy. Since a (t(k,dy)) — a(d) as k — o0,
it follows that there exists a kg = k(dy) such that a(t(k,dy)) > Bo for all k& > ko, and since
|t (k,d00)|| — +o0 as k — oo, we have ||t (k,d)| > B for all k > k(8,). We choose a number
k' = max{k (0y),k ()}, and from (9), we obtain the lower estimate R. (p',0,t(k,d0)) > Iy for
all k > k’. Then In_ (p/, (=80, dS +¢c0)) > lo +0/4/1 + a2(0) — |dS + 0| > 0. Since the function
In_ (p,(di,dJ +€p)) is continuous with respect to d; on the closed interval [—dy,d%], it follows

from (10) and (11) and the theorem on intermediate values that there exists a number d; € [y, d?]

such that
i, (¢, (didi+)) =0. (12)

Let us show that .
In, (p’, (d1 +&,dd+ 50)) <0 VE>O0. (13)

Let the lower limit In, (p, (di,d3 + &) be realized by a sequence {7(k)} 1 +00; by Lemma 1,
we can suppose that this sequence satisfies the inequalities

0< klim In7(k)/Inm(k) < 1.
If limy o In 71 (k) / In 75(k) > 0, then we obtain the estimate
In, (p', (dl v+ 50)) < lim R} (p', (dl v+ 50) ,T(/-c)) <0,

which implies (13). But if limy .o In71(k)/In 72(k) = 0, then limy .o R; (p',0,7(k)) = +00; there-
fore, In (p', (d1,dS + &)) = +o00, which contradicts (12).
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We have thereby proved the inclusion (cil, d3 —1—50) € D (p'), which means that the left boundary
lower degree set is unbounded above. The proof of Theorem 3 is complete.

Remark. If the lower degree set D (p) of a nontrivial solution z(t) of system (1) is nonempty,
then for the lower characteristic vector p € P,, there exists a finite limit In , (p, 0) = ¢, (p)/V2.

We have shown that a nonempty boundary lower degree set of a nontrivial solution of the Pfaff
system (1) can either coincide with some line d; + d» = c,(p) of the two-dimensional plane or
contain no segment of this line. Therefore, it is of interest to consider a criterion for a segment of
the line d; + dy = ¢, (p) to belong to a boundary lower degree set; such a criterion is given in the
following assertion.

Theorem 4. Let the lower characteristic set P, of a nontrivial solution x(t) of system (1) con-
sist of more than one point. The half-line D ={d € R*: dy+dy =c¢c,(p'), di > max{c, (p'),0}}
[respectively, the half-line D = {d€ R*: dy+dy=c,(p"), di <min{c, (p”),0}}] of the line
dy +dy = ¢, (p') [respectively, of the line di + dy = ¢, (p")] belongs to the left (respectively, right)
boundary lower degree set D (p') [respectively, D, (p")] of this solution if and only if there exists
a sequence {t(k)} T +o0 realizing the lower limit In  (p’,0) [respectively, In, (p”,0)] and satisfying

the condition limy_. Int (k)/|| Int(k)] = 1/v/2. B

Proof. Let us first prove the sufficiency of the assumptions of the theorem. To this end, we
choose an arbitrary point d € D of the half-line D and show that it lies in the left boundary lower
degree set D (p'). Let the lower limit In  (p’,d) be realized by the sequence {7(k)} T 400 defined
in Lemma 1. Then

0 < lim In7, (k) /|| In7(k)|| < 1/vV2,  1/V2< Jim In 7y (k) /|| ln (k)] < 1.
By virtue of the remark, without loss of generality, we can assume that either there exists a

finite limit limy_ o RL (p',0,7(k)) > ¢, (p") /v/2 or lim,_ RL (p',0,7(k)) = +o00. We obtain the
inequalities

. . In7(k) . Inmy(k)

') = Ly _ _n7ilk) R _n7lR)

In, (¢, d) = im R (¢,0,7(k)) = i im -2 4 (= e () Jlim o oo
> Co (pl) - d di — Cx (pl) =0, de D,

ToV2 V2 V2

in the first case and the relation In , (p’, d) = 400 in the second case. On the sequence {t(k)} T +o0,
we have limy_., RL (¢, d,t(k)) =c, (') /V2—di/V2+(dy — ¢, (p')) /V/2 = 0, which completes the
proof of the first determining property (2;) of the lower characteristic degree for a point d € D of
the half-line D. The second determining property (2,) of a lower characteristic degree can again
be proved with the use of the sequence {t(k)} again. This completes the proof of the fact that the
half-line D belongs to the left boundary lower degree set D . (p').

Let us now prove the necessity of the assumptions of the theorem. Let the half-line D lie in the
left boundary lower degree set D (p’). Then relation (2,) is valid for every point d € D of this
half-line.

Let us show that the lower limit In, (p’,0) is realized on every sequence {¢(k)} T +oo realizing
the lower limit In, (p’,d) = 0, d € D, and satisfying the assumptions of Lemma 1. Suppose the
contrary; namely, let there exist a sequence {t(k)} T 400 that realizes the lower limit In , (p,d) = 0,
d € D, satisfies assumptions of Lemma 1, and does not realize the lower limit In (p’,0). Since the
lower limit In , (p’, 0) is not realized on the sequence {t(k)}, without loss of generality, we can assume
that either there exists a finite limit lim_o, R (p',0,t(k)) > c, (p') /V/2 or limy_o, RL (p',0,t(k)) =
+00. We obtain the inequalities

/ ' ) . Inty (k) e Inta(k
0=In, (p',d) = lim R, (p',0,t(k)) — dy lim 7”11(1;(/4)” +(dy — ¢, (p)) lim 7\\ln§((k))H

V2 V2 V2
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in the first case and the relation In, (p’,d) = +oo in the second case; the latter relation also
contradicts condition (2;). We have thereby proved that every sequence that realizes the lower
limit In, (p',d) = 0, d € D, and satisfies the assumptions of Lemma 1 realizes the lower limit
In, (p',0) as well.

We choose an arbitrary point d® € D of the half-line D such that d > 0. Let the lower limit
In, (p/,d”) = 0 be realized by a sequence {t(k)} 1 +oo satisfying the assumptions of Lemma 1.

Then the sequence {t(k)} realizes the lower limit In, (p’,0). To prove the necessity, it remains to
justify the relation 6, = limy_o Int;(k)/||Int(k)| = 1/+/2. Since the lower limits In , (p’,d") = 0
and In, (p/,0) = ¢, (p') /V/2 are realized on the sequence {t(k)}, we have the relations

0=ln, (p',d°) =c, () /V2—dj lim Int,(k)/| Int(k)]|

(&~ e, ) Jim /1~ (et (k)| (k)] (14)
=, (1) V2= dY0, + (&) —c, () VI -0 = 0 (61).

Obviously, §; = 1/v/2 is a root of this equation. Let us show that Eq. (14) does not have other
roots. To this end, we compute the derivative of the function ¢ (6,):

¢ (01) = —di + (d} — ¢, (b)) (=261) /v/1 - 67 <0,

since the point d° lies on the half-line D and d > 0. Therefore, ¢ (6,) is a strictly monotone
decreasing function. Consequently, Eq. (14) has the unique root 6; = 1/4/2, which completes the
proof of Theorem 4 for the left boundary lower degree set. The right boundary lower degree set
can be considered in a similar way. The proof of Theorem 4 is complete.

Theorems 2'-4’ below are the counterparts of the preceding theorems in the case of upper
characteristic degrees [9)].

Theorem 2'. Let the characteristic set A, of a solution z(t) # 0 of system (1) consist of
more than one point. Then the nonempty left (respectively, right) boundary upper degree set

D, (\') [respectively, D, (\")] of this solution is a closed convex monotone decreasing curve on the
two-dimensional plane, is unbounded on the right and below (respectively, on the left and above),
and has a negative slope > —1 (respectively, < —1) of an arbitrary tangent.

Theorem 3'. Let the set A, consist of more than one point. The nonempty left (respectively,
right) boundary upper degree set Dy (X') [respectively, D, (\")] treated as a curve on the two-
dimensional plane is bounded on the left (respectively, below) if and only if there exists an infinite
limit im  —oc Ry (N, 0,t) = —o0 [respectively, lim - R (N",0,t) = —oc].

1ty /Intg— o0 ntg/lnty —oo

Theorem 4'. Let the characteristic set A, of a nontrivial solution x(t) of system (1) consist
of more than one point. The half-line {d € R* : dy +dy = & (N), dy > max{c, (N),0}}
[respectively, the half-line {d € R?: dy +dy = ¢, (N"),d; <min{é, (\"),0}}] of the line d;, + dy =
¢ (X)) [respectively, of the line dy + dy = ¢, (N')] belongs to the left (respectively, right) boundary
upper degree set D, (\') [respectively, D, (\")] of this solution if and only if there exists a sequence
{t(k)} 1 +oo realizing the upper limit In, (X', 0) [respectively, In, (\”,0)] and satisfying the condition
limy,_.oc Inty (k) /|| Int(k)| = 1//2.

The assertions of these theorems are an immediate consequence of the fact that the upper char-
acteristic degree d, () of a nontrivial solution z(t) of system (1) corresponding to the characteristic
vector A[z] is equal to the lower characteristic degree d, , (p) of the function 1/||z(t)[| correspond-
ing to the lower characteristic vector p[1/||z||] = —A[z] taken with the opposite sign, i.e., d,(\) =
—d |2 (), and of the validity of Theorems 2-4 for an arbitrary function = : RZ, — R™\{0}.
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