Differential Equations, Vol. 38, No. 10, 2002, pp. 1393—1405. Translated from Differentsial’nye Uravneniya, Vol. 38, No. 10, 2002, pp. 1310-1321.
Original Russian Text Copyright (© 2002 by Izobov, Krupchik.

ORDINARY
DIFFERENTIAL EQUATIONS

The Construction of a Pfaff Linear System
Whose Solutions Have an Arbitrary Given
Boundary Lower Exponent Set

N. A. Izobov and E. N. Krupchik

Institute for Mathematics, National Academy of Sciences, Minsk, Belarus
Belarus State University, Minsk, Belarus

Received November 1, 2001
Consider the Pfaff linear system
Oz /0t; = A;i(t)z, r € R", t=(t1,ts) € B2, i=1,2, (1)

with continuously differentiable bounded matrix functions A;(¢) in R2, satisfying the complete
integrability condition [1, pp. 14-24; 2, pp. 16-26]

DA, (1) /0ty + AL (1) As(t) = OAL(t) /0t + Ay(t) Ay (1), teR,.

Let P, be the lower characteristic set [3] of a nontrivial solution x : R2; — R™\{0} of system (1),
and let p’ be a left boundary point of P,. The corresponding lower characteristic exponent [4]
d=d, (p') € R? of the solution is determined by the conditions

_Inlz()| — (#)t) — (d,Int)
In_(p,d) = lim . -
In, (p',d) o0 || In¢||
In, (p,d+ee) <0, ei=(2—ii-1)eR, Ve>0, i=1,2 (2,)

=0, Int = (Inty,Int,) € RY, (2y)

Necessary properties of the left boundary lower exponent set D (p') = J{d. (p’)} of a solution
x(t) of system (1) were obtained in [5] for the nontrivial case in which the set P, consists of more
than one point; more precisely, it was shown that a nonempty left boundary lower exponent set is
a closed concave monotone decreasing right- and lower-unbounded curve on the two-dimensional
plane with negative slope > —1.

In the present paper, we prove the sufficiency of these properties for the complete description
of a left boundary exponent set. In particular, for any curve D in the two-dimensional plane with
the above-mentioned properties, we construct a Pfaff equation

Ox/0t; = a(t)z, Oz /0ty = b(t)z, xr € R, te R, (1)

with continuously differentiable bounded functions a(t) and b(t) satisfying the complete integrability
condition

da(t) /Oty = b(t) /0t te R%,, (3)

such that the left boundary lower exponent set D , (p’) of any nontrivial solution x(t) of the equation
coincides with D.

Theorem 1. For each bounded concave monotone decreasing right- and lower-unbounded curve
D on the two-dimensional plane with negative slope > —1, there exists an equation (1) with
infinitely differentiable bounded coefficients a : R:, — R and b : R%, — R satisfying condi-
tion (3) such that each nontrivial solution x : R2, — R\{0} has the left boundary lower exponent
set D (p')=D.
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1394 1Z0BOV, KRUPCHIK

Remark. If D is bounded on the left by a finite point A(0,0), then the tangent to D at the
endpoint A(0,0) is defined as the line with slope k(0,0) equal to the right limit value [at the point
A(0,0) € D] of the slopes of D at points d € D.

Proof of Theorem 1. We construct the desired Pfaff equation (1,) by constructing its non-
trivial solution.

It follows from properties of the curve D that the curve can be of one of the following three
forms:

(a) unbounded on the left and bounded above;
(b) unbounded on the left and above;
(c) bounded on the left and above.

1. A PARTITION OF THE CURVE D

To construct a solution z(t) with left boundary lower exponent set D (p’) = D, we construct the
following partition of the curve D. We take a number v > 0. In cases (a) and (b), in which the curve
D is unbounded on the left and right, the first partition D; consists of points A(i,1) € D,i =0, 1,2,

of this curve with the first coordinates A;(i,1) = (i — 1)y, i = 0,1, 2, respectively. The second

partition Dy = Ufjgz{A(i,Q)} C D consists of points A(i,2) € D with the first components

Ay(i,2) = (i—4)7/2,i=0,1,...,2x 2. Finally, the lth partition D, = |J>* {A(i,1)} C D consists
of points A(4,1) € D with the first components Ay (i,1) = (i x 2'7' = 1) v,i € {0,1,...,I x 2'} = I,
Therefore, for each subsequent partition of the domain of D, the partition interval is increased by
on both sides, and each new partition includes all points of the previous partition as well as the

midpoints of the intervals formed by neighboring points of the previous partition. By continuing
the partition of the curve D unboundedly, we obtain a countable set

+oo Ix2!

D. =J Ufaun} c b,

=1 =0

which is everywhere dense on D.

In case (c), in which the curve D is bounded on the left by a finite point A(0,0) € D, the partition
D, of this curve consists of points A(i,l) € D with the first components

Ay(i, 1) = A,(0,0) + iy x 278 Qe L.

Finally, just as in cases (a) and (b), in a similar way, we obtain a countable set D, everywhere
dense on the curve D: D, = D.

We also introduce the set D(I) that is the part of D lying between the points A(0,1) € D; and
A (I x 2,1) € Dy, including the points themselves.

2. THE CONSTRUCTION OF A SOLUTION

We define the desired solution z(t) by the relation z(t) = p(t)y(t), where p(t) = e " + e .
The function 1 (t) is constructed in such a way that the left boundary lower exponent set of z(t)
coincides with D and its left characteristic set P, satisfies the relation P, = P,.

At the ith point A(i,1) € D, i € I;, of the Ith partition, [ € N, we draw some tangent
dy — Ns(i,1) = k(i,1)(dy — AL (3,1)) k(i 1) € [-1,0), (dy,dy) € R?,
to D, which does not lie below the curve. The existence of such a tangent follows from the concavity
of D. Moreover, if a point A € D belongs to the partition, then we draw the same tangent at that
point for all subsequent partitions. This will ensure the existence of a sequence providing the lower

limit at the point A in condition (2;) for the lower characteristic exponent.
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To match different infinitely differentiable functions with the preservation of this property,
we shall use the infinitely differentiable functions

€101 (T; Qq, Qg, 043) = €01 (T; 042,043) + [1 — €n1 (7'; 041,042)] s (4)
€o110 (7'5 «y, 0, O3, 064) = €01 (T§ 061,042)(1 — €01 (T§ a3, 064)) s (5)
) < g < a3 < Oy, TGR,

defined on the basis of the function [6]

o (1371, 73) = {exp {-e-new |- -n7]} for remn)
[1+sgn(r—2"1 (1 +7m))]/2 for 7€ (—o0, ] U [m,+00),

—00 < Tp < Ty < H4o00.
For each [ € N and ¢ € I;, we introduce the function

Int 1 1
lIl’l]Z)i’l(t) = (A(’L,l),h’l t)@ouo ( b @i,l — T — — Gi,l — T, Gi,l + T, Gi,l + Tl + _)

Int,’ 4 1
Int (6)
+ ||Int||*e101 <—2; 0,1 —71,6,,0;; + Tz) ) te R,
lnt1

0., = 1/|k(i,1)|, 7 =min {1/2;2—l |A (1 x 24,1) - A(O,l)H_l} : (7)

Int
which takes the value equal to the inner product (A(i,l),Int) in the direction ln 2 = ©,, and

N7y

Int 1 Int 1
is equal to [[Int||* for all ¢ € R%, such that 1t >0, +7+ - or o < ©,;, — 7 — —. Note
Int; ’ 4 Int; ’ 4

that from the definition of the function In,;(¢) in neighborhoods of the coordinate axes ¢; and t,,
we eliminate the inner product (A(i,1),Int) so as to make the coefficients of Eq. (1;) bounded.
By virtue of the definition of the set D(I) and the monotone decay of the curve D, the inequalities

Al(O,l) < d1 < Al (l X 2l,l) s AQ (l X 2l,l) < dg < AQ(O,Z) (8)

are valid for any given [ € N and for any d € D(l). By using (8), for the function In;,(t), i € I,
we obtain the estimates

I (t) — (d,Int) > |[Int||* = (|AG, )|, Int) — Ay (I x 24,1) Int; — Ay(0,1) Int,
> [Int)* = (er(1) + Ar (1 x 2,0)) Inty — (co(1) + A2(0,1)) Inty = fi(t),
ce(l) = max {|AR(0,0)], |Ay (I x 2, 1)| }, k=12, t € R2\S(i,1),
Vd € D(1), 1€ 1, leN,

In t2
In tl

where S(i,1) = {t €R?,:

O,

<7 } Since

lim

t) = +oo
t_>oo,tER2>1\S(’i7l) fl( ) )

it follows that there exists a number 7; > 1 such that

Inv; () — (d,Int) >0, t € R2,\S(i,1), It >1T,  Vvde D(), i€ 1, leN.

By using some values 1; > 2 and ¢ > exp(100), we introduce the numbers
v = cOp (A*(l) +exp (47, %)), o =20+ Vf@‘) ,
O =max {0}, A =max{|AG DI},
i€l el
a0 = (m+ o) x 2% Big =20y,  My1 = Bixag + 2t iel, Il€EN, (10;)
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1396 1Z0OBOV, KRUPCHIK
as well as the “basic” strips

H(Zvl) = {teRil: ﬁi,l §t1+t2 Sai—i-l,l}v iZO,l,...,lXQl—l,
H(l x QZJ) = {t ER,: Bixay <ti+1ty < Oéo,l+1}, l €N,

and the “transition” strips
N(i,0) ={te R, : ay; <t +t, < B}, iel, leN,

and the closed triangle T'= {t € R2, : t; + t» < ap,}. Therefore, the whole quadrant R2, [the do-
main of the desired solution x(t)] splits into the strips R2, = T U (U;c y U, (110, 1) U I1(s, 0)).
By setting

IL(i,1) = 11(i,1) UTI(3,1) UTI(i + 1,1), i=0,1,...,01x2 —1, 1€ N,

NL(I1x2,0) =0 (I x2,)Ul(Ix2,1)UI(0,l+1), €N,
SI(i,1) = S(i,1)NIL(i,l), i€l, l€N,

from (9), we obtain the estimate
In;,(t) — (d,Int) >0, Vt € TIL(4,1)\STI(3, 1), Vd € D(1), i€, le N, (11)
since ||t]] > (t1 + t2) /2 > T} in each strip I[IL(4,1), i € I}, l € N.

Note also that in each strip IIL(3,1), i € I}, | € N, from relations (10,) and (10,) and from the
definition of the strip, we obtain

VI >Vt + 1) /2> A1),  tellL(i,l), iel, leN. (12)

Let us now proceed to the construction of the auxiliary function i(t) First, in the closed
triangle T, we define this function as

Iny(t) =0, teT. (13,)
In each “basic” strip I1(i,1), i € I;, | € N, we set the function 1;(75) equal to the function ; (), i.e.,
Ine(t) = Ine, (t),  tell(i,l), iel, 1€N. (13,)

Therefore, in all “basic” strips II(4,1), the function In(t) is defined on the basis of the ith point
A(i,1) of the Ith partition of the curve D. In each “transition” strip I1(i+1,1), 7 =0,1,...,Ix2'—1,
l € N, we define the function In(t) by the relation

In &(t) =In; () + Int1,(t) —Ine; i (t)] en (111 VL +toyIn /o, Iny/Bigy ) ;

_ (133)
t € (i + 1,1), i=0,1,...,1x2 —1, €N,

and in the “global transition” strips ﬁ(O,l +1),l€ N, we set
In<(t) = In Yot 1(t) + I o1 () — Ity i (t)] €or (111 Vit + tasIn /a1, In /B ) " (13,)
- 4

t € I1(0,1 + 1), leN.
Finally, in the strip ﬁ(O, 1), we set

mww:mwmw%4m¢m+gmh@am“wm), t € T1(0,1). (135)
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In cases (a) and (b), in which the curve D is unbounded on the left and right, we define the
function 1 (t) by the formula ¥(t) = ¥ (t), t € R%,.

But in case (c), in which the curve D is bounded on the left by a finite point A(0,0) € D,
to provide that the curve D belongs to the left boundary exponent set D, (p’) and that the curve
D, (p') is not larger than the given curve D, near the ty-axis, we define the function Int)(t) as the
inner product (A(0,0),In¢); more precisely, we set

~ ~ Int, 3 3 1 5

In(t) = Inp(t) + | (A(0,0),Int) lni/)(t)} eor <1nt1, wo.on wool 2> . teR:,
(14)
Since the curve D is monotone decreasing and concave, it follows that in case (c), the slopes
at the point A(0,0) € D and at an arbitrary point d of the curve D satisfy the inequality
0 > k(A(0,0)) > k(d) and hence the equivalent inequality 1/|k(A(0,0))| > 1/]|k(d)|. Therefore,

In tQ 1
Int;  |k(d)]
tion In i(t), more precisely, with the inner product (d,Int). This is necessary for the existence of a
direction in which the lower limit in condition (2;) of the lower characteristic exponent is realized.

for each point d € D, in the direction , the function In1)(t) coincides with the func-

3. THE CONSTRUCTION OF THE LOWER CHARACTERISTIC SET

Let us show that the lower characteristic set of the solution z(t) of Eq. (1;) constructed above
coincides with the lower characteristic set P, = {p € R? : p; + ps = —1} of the function ¢(t). To
this end, we prove the existence of the limit

lim (It~ Iny(t)) = 0. (15)
By (13,), (6), and (12), the estimates

mB@)| /el = a1/ < AG D WD)/ 4] + [t

16
< ANt/ + Nt/ < e/l + it/ (161)
t € 11(i, 1), 1€ 1, leN,

are valid in each “basic” strip I1(i,1), i € I;, | € N. In a similar way, in each “transition” strip

Mi+1,1),i=0,1,...,1x 2 =1, € N, from (133), (6), and (12), we obtain the estimates
[mde)| /Nl < 21 ()11 + Mo s (8)] /1

<3 (Hlntll/\/HtH + HlntHQ/HtH) : (165)
te (i +1,1), i=0,1,...01x2 —1, leN.

In the “transition” strips T1(0,1 + 1), I € N, from (13,), we obtain
md)| /1l <3 (Imtl/ VI + Imel2/0) . tef©i+1),  1eN.  (16)

Likewise, from (135) in the strip I1(0,1), we obtain the inequality

)| /1l < el /T + el el ¢ € T, ). (16)
Therefore, it follows from (16;)—(16,) and (13;) that
[ma)| /el <3 (el VI + el /el), te R, (17)

which implies (15) in cases (a) and (b) of a curve D unbounded on the left and right.
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But in case (c), in which the curve D is bounded on the left by a finite point A(0,0) € D,
from (14) and (17), we obtain the estimates

@)/l < 2[mde)] /11l + 120, 0) 1 ¢/t
< 6 (Il mtl/ VI + 12/ ) + IAQ 0l m el /el ¢ e B2,

which imply that relation (15) is valid in this case as well.
We have thereby shown that the lower characteristic set P, of the solution z(t) of Eq. (1;)
coincides with the set {p € R : p; + p, = —1}.

4. PROOF OF THE COINCIDENCE
OF THE LEFT BOUNDARY LOWER DEGREE SET
WITH A GIVEN CURVE D

We choose an arbitrary point d= (dl, dz) € D of the curve D. Since the partition D, is dense
everywhere on D, it follows that for this point, there exists a sequence {d(n)},en, d(n) € Dy, of
partition points converging to the point d, i.e., d(n) — d. Now if we prove that the partition

n—oo

points d(n) belong to the left boundary lower exponent set D, (p’), then it will follow from its
closedness [5] that the limit point d also belongs to it, i.e., d € D, (p'). This will imply the
inclusion D C D, (p).

Let us now show that, indeed, each point d = (d;,d;) € D, of the partition belongs to the left
boundary lower exponent set.

We introduce the notation

B(d) = lim In|z(t)| +t1 — (d,Int)

100 [ ]

for the lower limit in condition (2;), where p’ = (—1,0) is the left boundary point of the lower
characteristic set of the constructed solution z(¢). Let us show that 3(d) = 0.

First, we show that the limit (3(d) is nonpositive. Since the point d belongs to the countable
partition D, of the curve D and each new finite partition D;,; contains all points of the previous
finite partition D, it follows that there exists an index I(d) € N such that d € D, for all I > [(d)
and d ¢ D, for all | < [(d). If the point d coincides with the point A(0,0) [in case (c)], then
we set [(d) = 0. Suppose that the point d is the i;th point of the (I(d) + 1)st partition, the
ioth point of the (I(d) + 2)nd partition, and, finally, the 4,,th point of the (I(d) + m)th partition.
By definition, for each partition at the point d, we draw the same tangent with some slope k(d),
i.e., @ihl(d)Jrl = @izyl(d)J’,Q = = 1/|k(d)| In each strip H(’Lm,l(d) + m), m € N, where h’l¢(t) is
a function defined on the basis of the point d = A (i,,,1(d) + m), we choose one point 7(m) in each

1 1
closed interval 1n iQ = 5@ > 1. We thereby obtain a sequence {7(m)} 1 +oo such that
Nty

Iy (r(m)) = (d,ln7(m)),  lim [Inx(r(m)) + 7 (m) = (d,In7(m))] /[[InT(m)| = 0,
which implies that 5(d) < 0.

By {t(m)} T oo we denote the sequence on which the lower limit 5(d) is attained. Without loss of
generality, one can assume that all elements t(m) of this sequence belong to strips of the quadrant
R2>1 with the different indices l,,, l,, > 1, and l,,,1 > [,, — +00 as m — +4o00. The sequence
{t(m)} 1T oo is assumed to satisfy the inclusion

de D(l,), m € N. (18)

Let us prove the inequality 5(d) > 0. If the sequence {t(m)} contains an infinite subsequence
{t (m;)} such that each of its points ¢ (m;) satisfies the estimate In® (¢t (m;)) — (d,Int (m;)) > 0,
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then, obviously, the inequality 8(d) > 0 is necessarily valid. Therefore, without loss of generality,
one can assume that

R(m,d) =Iny(t(m)) — (d,Int(m)) <0, Vm € N. (19)

Let us consider cases (a) and (b), in which the curve D is unbounded on the right and left, and
take an arbitrary m € N. If t(m) belongs to the “basic” strip II (4,,, (), then from (19) and (13,),
we obtain the inequality In; , (t(m)) — (d,Int(m)) < 0, which, together with (11) and (18),
implies that ¢(m) € SII (i,,,1,,). Then from the definition of the sector STI (i,,,!,,) and from (7),
we obtain the estimates

Inty(m)
Int;(m) ol

-1

(20)

<7, <270 ||A (1 x 2 1) — A(0,1,)|

Let us now write out an equation of the tangent of the curve D at the point A (i,,,1,,):
62_A2 (Zmulm) :k(lmulm)(Csl _Al (Zmulm))u 56 R2

Since the curve D is concave, it follows that the point d € D does not lie above this tangent;
therefore, do — Ay (imy ) < k (imy ) (dy — Ay (4, Ln)), and consequently,

Ay (s L) — dy + 5, 1 (s (s L) — da) > 0. (21)

Let us now estimate the quantity R(m,d) below. It follows from the inclusion t(m) € SII (i,,, ),
(6), (21), and (20) that

R(m,d) =1Inv;, 4, (t(m)) — (d,Int(m)) > (A (im, ) — d,Int(m))
= (A1 (b, ln) — dy) Inty(m) + (Ag (i, ) — d2) Inta(m)

{(Al(imv lm) - dl) + @im,lm (A2(ima lm) - d2)}

(A (s 1) — d )(1“ ta(m) @im?lm)] Int, (m)

Int,(m)
|Bg (i 1) — d] Eiiﬁm; — 0|ty (m)
=27 (1A (i L) — da/|| A (L x 2 1) — A (0,1, ||) Inty (m)

—27 (| Ay (i, 1 ) do| /| A (s ) — dll)lnt1<)
—27" Inty(m) > =27 || Int(m)]].

A\YARAAN Y

Let t(m) lie in the “transition” strip II (i, 4 1,1 ), im < Ly x 2'™. First, we suppose that

s, 11, (E(m)) = In;, 4, (H(m))

at the point t(m). Then it follows from (19) and (13;) that In;,  ,, (t(m)) — (d,Int(m)) < 0,
so that, just as in the case in which ¢(m) belongs to the “basic” strip Il (i,,,1,,), one can obtain
the estimate R(m,d) > —27'|[lnt(m)|. But if Ine; 1, (((m)) < Int,, 4, (t(m)) at the point
t(m), then it follows from (19) and (13;) that Inv; 41, (t(m)) — (d,Int(m)) < 0. This, together
with (11) and (18), implies that ¢(m) € SII (4,, + 1,1,,). From this inclusion, from the definition of
the sector SII (4,, + 1,1,,), and from (7), we obtain the estimates

Inty(m)
Int;(m)
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Below we perform the same considerations as in the case of the inclusion t(m) € II (i, 1,,) with

the only difference that we write out an equation of the tangent of the curve D not at the point
A (i, L) but at the point A (i,, + 1,1,,). The desired equation has the form

(52 - AQ (’Lm + 1, lm) - k‘ (Zm + 17lm,)(51 - Al(’tm + 17lm)) 3 (5 S RQ.

Since the curve D is concave, it follows that the point d € D does not lie above this tangent, i.e.,
dy — Ag(ipy + 1,0) < k(i + 1,0)(dy — Ay (4, + 1,1,,)). By dividing both sides of this inequality
by (—=k (im + 1,1,,)), we obtain

Ay (G +1,1,) —di + 05, 414, (Do (i + 1,1,) —d2) > 0. (23)

Let us now estimate R(m,d) below with the use of (133), the inclusion ¢(m) € SII (i,, + 1,1,,),
formula (6), and inequalities (22) and (23):

R(m,d) > Int;, 114, (t(m)) — (d,Int(m)) > (A(im + 1,1,) — d,Int(m))

= {(A1(im + 1,0) —d1) + O, 414, (Da(im +1,1) —d2)}

. Ints(m
(Bl + L) = ) () @)] It (m)
> Ay (i 1,0 — o] |2 Int, (m)
el 2 \m ybm 2 In tl(m) im+1,lm 1

> =27 (| Ag (i + 1, 1) — do| /|| A (L x 2, 1) — A(0,1,,)]]) Inty (m)
> —27 |[Int(m))].

Now let t(m) belong to the “global transition” strip II (0,1, +1). If
In o, +1(6(m)) = Iy, waim,, (E(m))
at the point ¢(m), then it follows from (19) and (13,) that
Invy, wotm 1, (((m)) — (d,Int(m)) < 0.

Just as in the case of the inclusion t(m) € II (4,,, ,,), we write out the equation of the tangent of
the curve D at the point A (I, x 2'=,1,,) and obtain the estimate R(m,d) > —27'=||Int(m)|. If

hl Q;Z)O,lerl (t(m)) < h’l Qﬁlm x2lm, L, (t(m)),

then it follows from (19) and (134) that Inyg,,, +1(t(m)) — (d,Int(m)) < 0, which, together with
the equation of the tangent at the point A (0,[,, + 1), implies the estimate

R(m,d) > =27~ |Int(m)].

Therefore, in cases (a) and (b), in which the curve D is unbounded on the left and right,
we obtain the estimate

R(m,d) > =27 |[Int(m)], Ym € N, Ly, > 1, lyy — 400, m — 00,
which implies the desired property

B(d) = lim [In(1+ e 20™H0) L ny(t(m)) — (d,Int(m))]/||Int(m)||

m— 00

> lim (—27") =0.

m—0o0
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The second condition (25) in the definition of the lower characteristic exponent for a given vector
d can be proved with the use of the above-constructed sequence 7(m). We have thereby proved

the inclusion D C D, (p') in cases (a) and (b), and since the curve D is unbounded on the left and
right, it follows that the left boundary lower exponent set D . (p') = D coincides with D.

Let us now consider case (c¢), in which D is bounded on the left by a finite point A(0,0) € D.

) Inty(m) 3 Inty(m) 3 ~

If eith d Iney(t < (A(0,0),Int fi

either s (m) = Tk(0,0) or nt,(m) = k(0,0) and Invy(t(m)) < (A(0,0),Int(m)) i)r some

m € N, then, just as in cases (a) and (b), by virtue of the relation Inw(¢(m)) > Iny(t(m)),
Inty(m) 3

Inty(m) — [k(0,0)]

we have the estimate R(m,d) > —27'|[lnt(m)| for this m. But if , and

In ) (t(m)) > (A(0,0),Int(m)), then we obtain the estimate

R(m,d) > (A(0,0) — d, Int(m)) = [(Al(o, 0) —dy) + E ﬁm (As(0,0) — dQ)} Int, (m)
= (Inty(m)) f (Eii%) .

Obviously, if the point d coincides with the point A(0,0), then R(m,d) > 0. Therefore,
we suppose that the points d and A(0,0) are distinct. Since A(0,0) € D is the left bound-
ary point of the curve D and the curve D is monotone decreasing, we have A;(0,0) —d; < 0

|
and A,(0,0) — dy, > 0. Hence we find that the function f ( nty(m)

In tl(m)
Inty(m) . . . 5 Inty(m)
Int, (m) is minimum, i.e., i ()~ TR0.0)]
the equation of the tangent o — A5(0,0) = £(0,0)(6; — A1(0,0)) of the curve D at the point
A(0,0). Since the curve D is concave, it follows that the point d € D is not above this tan-
gent, and consequently, (dy —A3(0,0)) < k(0,0)(d; — A1(0,0)), and the equivalent inequality
A1(0,0) — dy + (A5(0,0) — d5)/|k(0,0)| > 0 is valid. This implies the estimates

R(m,d) > [A1(0,0) — dy + 3 (Ag(0,0) — dy)/|k(0,0)[] Int, (m) > 0.

We have thereby proved the estimate R(m,d) > —27'|Int(m)|, m € N, l,, > 1, l,, — +oco as
m — 00, in case (c). Therefore, just as in cases (a) and (b), we have D C D_ (p').

Let us now show that the left boundary exponent set D, (p’) of a nontrivial solution z(t) does not
lie above the curve D. We choose an arbitrary point d of the left boundary exponent set D, (p’).
Since the relation Ine (t') = (A(0,0),Int’) is valid in the direction t' = (¢},t,), where t| = e,
Inty, > 3/|k(0,0)| +1/2, t), — +o0, and the limit

) attains its minimum

value if its argument Let us now write out

lim [m (1 + ef’rf’z) Y lny () — (d, mt')] /Hlnt’H — A5(0,0) — dy

t—o0,t=t'

is nonnegative [otherwise we would arrive at a contradiction with condition (2;) for the lower
characteristic exponent d], we have the inequality do < A5(0,0). And since the point A(0,0)
belongs to the left boundary lower exponent set D, (p’) and the curve D, (p’) is strictly monotone
decreasing, we have D (p') = D.

5. THE CONSTRUCTION OF AN EQUATION.
BOUNDEDNESS OF THE COEFFICIENTS

The constructed function z(¢) > 0 is a solution of Eq. (1,) with the coefficients
a(t) =z (t)0x(t)/0t, = dlnx(t)/0t,
b(t) =2~ (t)0x(t)/0t, = Onx(t)/Ots, te R,
satisfying the complete integrability condition (3) in view of the infinite differentiability of Inxz(t)

P2
in R,
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By using the inequality

d601 (7'7 T1, 7'2)

dr

< 2exp [2 (1o — 7'1)_2] , T € |11, 7, (24)

which is a simple consequence of the lemma in [7] and is valid on any closed interval [y, 75| of
length 7 — 73 < 1/2, we prove that these coefficients are bounded.

We first prove that the partial derivatives dln;;(t)/0tx, kK = 1,2, are bounded in the strip
IIL(: 1), i € I;, | € N. By taking account of (6), we note that the inner product (A(i,l),Int)
occurs in the definition of the function In; ;(¢) only in the sector

5y 1 In tQ 1
S(i,l) = {t € Ri1 O —T— 1 < e <O +7+ 1}7
therefore, it suffices to prove the boundedness of the partial derivatives
0 . Int 1 1
ot (A(i,1), Int)eorro <ﬁa Oip — 7 — Zpei,l = 7,051+ 7,0 + 7+ Z)} ) k=12,

in the intersection S(i,1) N TIL(4,1). Since t; + t, > 2u;°" in the strip I1L(i,1), i € I;, | € N, and
7; < 1/2, we have the estimates

bk 2 1, 1/t < 1/w, k=12, (25)

in the intersection S(i,1) NIIL(i,1), i € I;, |l € N.
Note also that, obviously, 1/0;; < 1, exp (27, %) > 1, and 1/1; < 1. It follows from (25) that

A Dl AW _

— f— )

k 14/

i(A(z’,l),lnt)' < k=12, (264)

Oty

for t € S(i,1) NTIL(i,1), i € I;, and | € N. By using (24) and (25), in the intersection

S(i,1) NIIL(,1), i€ 1, l €N,

we obtain the estimates

4 0 Int 1
‘(A(Z’Z)’lnt)ﬁ_tl <1 — €01 (ﬁ;Gi,l + 7,0+ 7+ Z))'

< [|AG D] (Inty + Inty) x 2¢*2(Int,)/ (¢ In” t,) (271)

< 2632(A(l)/t1)<(ln t2)/Int; + ((In tg)/lnt1)2> < 252(A(1)/m) (20, + 402) < 1,
Int,y

. 0
‘(A(l,l),hlt)a—752 (]. — €p1 <E,

< |JAG D] (Inty + Inty) x 2632/ (tInty) < 2e*(A(1) /t2)(1 + ((Ints) /Inty))
< 2e*(A(D)/v)(1+26)) <1,

) 0 Int 1
‘(A(%l)alnt)a—tlem (ﬁ, Gi,l i Zpei,l - Tz)'

< [|AGD||(Inty +Inty) x 2¢%2(Inty)/ (¢, In*t,) (28:)

1
O, +7,0,,+7+ Z))'

< 2632(A(l)/t1)((lntg)/lntl + ((1nt2)/1nt1)2) < 262(A(l) /) (20, + 402) < 1,

1 1
‘(A(z,l),lnt) 0 ( nts 61'71 — T — —,@N - Tl)

-~ 2. < 9¢3? <.
8t2 €01 1nt1, 4 S 2e (A(l)/tg)(l + (h’ltg)/lntl) S 1 (282)
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By taking account of (6), we estimate the partial derivatives

8 h’ltg
— —=:0;;, —1,0,,,0; Int||?|, k=1,2.
o1, [6101 (lntf 1= T1,91,9; +Tl) [Int|| ]

In t2

—;@il _Tl7@il7@il +7, k = 1,2, vanish outside
Int;” ’ ’

0
Note that the partial derivatives 876101 <
k

the sector S(i,1). This, together with (25)
implies the following estimates in the strip 11L(i,1), i € I;, l € N :

0 Int
'(815 01<n2 6117611"1'77))
1

1
il — T Z 57 t e S(’Lvl)a

In tQ

tll'ltl

2l < 2(exp(271_2)) (ln2 t, + In? tg)

< (2(exp (2772t /1) (1+ () /) (29,)
< (4(exp (2772)) ©u(Inty) /t1) (1 + 467) < (8(exp(27;,2)) ©:(In /¢y ) /t1) (1 + 407)
< (8(exp (27%) ©1/vn ) (14 467) <1

0 In Int, 2 2exp (27'172)
‘(8152 o1 { Ty, et O +Tl>> | ST Lt
2(exp(27,72))(Inty) /tg)( + ((Inty) /lnt1)2> < (4(exp(2772))(Inty) /t.)(1 + 402)
8( p(27,%)) (In V2 ) /t2) (14 467) < (8(exp(27,7)) /v ) (1 +467) <

S
lnt2 ;0,0 — 1,0, 2(exp(27_2))ﬂ(ln ti+In*t,) <1, (30)
8t1 1 1y Mil 1 tlln tl 1 2) =>4 1

lntg
(A

Furthermore, obviously,

(ln2 t, + In® tg)

(292)

(In®t; +1In’t;) < 1. (30,)

2l < 2(exp(27'172)) Lot

Int
<2M <92, k=12 (31)
Int, ty

Int
€101 <—2; Gi,l — 71, @i,z, Gi,l + Tl) 9

It follows from definitions (6), (4), and (5) of the function In;;(t), ¢ € I;, | € N, and from the
inequalities (26;)—(31;), k& = 1,2, in the strip IIL(3,1), i € I;, | € N, that the partial derivatives
Oln;,(t)/0t,, k = 1,2, are bounded; more precisely,

[01n ey, (t)/0tk| <5, k=12
Therefore, by (13;), we have proved the boundedness of the partial derivatives Jln i(t) /Oty,

k =1,2, in the “basic” strips I1(i,l), i € I;, [ € N.

By taking account of the definition (133) of the function Int(t) in the “transition” strip II(i+1,1),
i=0,1,...,0lx 2" —1,1 € N, we prove the boundedness of the products

), (t) — In, , ()](0/0tk) eor (ln Vi +toyIn\Jo g, In/ Bigay ) ; k=12

Let us prove the boundedness of some of these products, say,

In; ,(t)(0/0ty) eor (1H Vit tosIn /o, In /By ) ) k=1,2;
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the boundedness of the other product can be proved in a similar way. From (6), (24), and (10,),
we obtain the estimates

0
Inep;,(t )—601 (1D Vit In /o, Iny/Bigy )'

-2
. 5z+1l 1
< (J(AG,1),Int)| + (In®t; +1In*t,)) x 2 2(In,/
< (I(AG D, W) + (0™t + 1 t2)) P < Qg1 2 (t1 +ta)

< exp {2 (m\/i)_z] (IAG, D[ (Int, + Inty) + (In®¢; + In*t,))

<1, k=12

t1 + 1o

Since the derivatives d1In1;,(t)/0t, and O1ln,yq,(t)/0t, are bounded in the “transition” strip
G+ 1,0), i = 0,1,...,1 x 2 — 1,1 € N, it follows from definition (133) of the function In(t)
that the partial derivatives 0ln(t)/0t;, k = 1,2, are bounded in the “transition” strip II(i 4 1,1),
i=0,1,...,Ix2—1,1 € N, as well. The boundedness of the derivatives dlnp(t)/oty, k =1,2,
in the “global transition” strips I1(0,1 + 1), I € N, and in the strip I1(0,1) can be proved in a
similar way.

We have thereby completely proved the boundedness of the partial derivatives dIn @Z;(t) /Oty,
k = 1,2, in cases (a) and (b), in which the curve D is unbounded on the left and right, and the
boundedness of the partial derivatives dIn(t)/dty, k = 1,2, in the entire quadrant R?,, where
equation (1;) constructed above is defined.

Let us now proceed to the proof of the boundedness of the partial derivatives 01np(t)/0ts,
k = 1,2, in the quadrant R2, in case (c¢), in which the curve D is bounded on the left by a finite
point. Obv10us1y, the estunates

8 lIth 3 3 1
A(0,0),1 ' 2
( (070) nt)atl o (hltl’ |k(070)|’ |'I€(0’O)| i 2)‘

In tg (321)
tl ln2 tl

< 2e%[[A(0,0)[1(3/1%(0,0)] + 1/2 + (3/]k(0,0)] +1/2)%) ,

0 lntg 3 3 1
A Int ; 2
‘( (0,0), In#) 5~eon <1nt1’ k(0,00 Te(0,0)] © 2>

< 2e*||A(0,0)||(Inty + Inty)/(t2Inty)
< 2¢%(|A(0,0)[/(3/1k(0,0)] + 3/2)

are valid in the quadrant R?,. In view of definition (14) of the function In(¢), to prove the
boundedness of the partial derivatives d1ln(t)/dt,, k = 1,2, in the quadrant R%,, we need to

justify the boundedness of the products Inv(t)(8/dt:) eo (Inty/Inty;3/|k(0,0)],3/|k(0,0)| +1/2)
in this quadrant. From (6), in each strip IIL(4,1), i € I;, | € N, we obtain the estimate

nvii(t) 5, 0 GEE |k(3 )|’|k:((io)l+%>‘

Int .
2 1AG,D||(Int, +Int,)
tl In tl

< 2¢%||A(0,0)||(Int; + Inty)

(325)

< 2¢8

Int 1 1
X €p110 <ﬁa O, — 7 — 1 ©i—7,0,, +7,0;; +7+ 1) +1n¢; + In? t2>
1

< 268<(A(l)/yl) ((m t2)/Int, + ((In t2)/lnt1)2> + ((Ints) /1) (1 +((In tg)/lnt1)2>)
< 2¢%(3/|k(0,0)] + 1/2 + (3/[K(0,0)| +1/2)* + (3/[k(0,0)[ + 1/2) (1 + (3/|k(0,0)| +1/2)*)) ,
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8 h’ltg 3 3 1
In 4y () 5 ' 2
n )8t2601(lnt1’ %0,0)]" k(0,00 2>‘
2e8
<
- tQ lntl

(IIA(@ Dll(Inty + Inty)

Int 1 1
X €110 (ﬁ;@i,z -7 — Zpei,l — 71,0, + 7,0, +7 + Z) +1n’t, +1ﬂ2t2>
1

<26 ((AQ/m)(1 + () /nt) + () /) (14 (I t) /I )° )
< 2¢%(3/2 4 3/|k(0,0)| + [k(0,0)[ (1 + (3/[k(0,0) +1/2)*)/3) ,
which, together with definitions (13;)-(13;) of the function In(t), implies that the products
In 4 (t)(d/dty) eor (Inty/Inty; 3/]k(0,0)],3/]k(0,0)] +1/2)

are bounded in the quadrant R?,. Since these products and the partial derivatives 91Inv(t)/0ty,
k = 1,2, are bounded, it follows from the estimates (32 ), (322), and (14) that the partial derivatives
dln(t)/0ty, k = 1,2, of the function In(t) are bounded in the quadrant R?, in case (c) as well.
We have thereby proved that the coefficients of equation (1;) are bounded in the quadrant R2
and the assertion of the theorem is valid.
The following assertion gives a complete description of the left boundary lower exponent set.

Theorem 2. A set D is the left boundary lower exponent set D, (p') of some nontrivial solu-
tion x(t), whose lower characteristic set P, consists of more than one point, of some completely
integrable Pfaff system (1) with bounded continuously differentiable coefficients if and only if it is
empty or can be represented in the form of a closed concave monotone decreasing right- and lower-
unbounded curve on the two-dimensional plane such that the slope of any tangent is negative and
is not less than —1.
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