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We consider the linear Pfaff system

∂x/∂ti = Ai(t)x, x ∈ Rn, t = (t1, t2) ∈ R2
>1, i = 1, 2, n ∈ N, (1n)

with bounded continuously differentiable matrices Ai(t) satisfying the complete integrability con-
dition [1, pp. 14–24; 2, pp. 16–26]

∂A1(t)/∂t2 +A1(t)A2(t) = ∂A2(t)/∂t1 +A2(t)A1(t), t ∈ R2
>1.

Let λ = λ[x] ∈ R2 and p = p[x] ∈ R2 be the characteristic vector [3] and the lower characteristic
vector [4], respectively, of a nontrivial solution x : R2

>1 → Rn\{0} of system (1n). They are
determined by the conditions

l̄x(λ) ≡ lim
t→∞

ln ‖x(t)‖ − (λ, t)
‖t‖ = 0, l̄x (λ− εei) > 0, ∀ε > 0, i = 1, 2, (2)

l x(p) ≡ lim
t→∞

ln ‖x(t)‖ − (p, t)
‖t‖ = 0, lx (p+ εei) < 0, ∀ε > 0, i = 1, 2, (3)

where ei = (2 − i, i − 1); Λx =
⋃
{λ[x]} and Px =

⋃
{p[x]} are the characteristic set [3] and the

lower characteristic set [4] of this solution. By λ′, λ′′ ∈ Λx (λ′1 ≤ λ1 ≤ λ′′1 , ∀λ ∈ Λx) [respectively,
p′, p′′ ∈ Px (p′1 ≤ p1 ≤ p′′1 , ∀p ∈ Px)] we denote the left and right boundary points, respectively, of
the characteristic set Λx (respectively, the lower characteristic set Px) of the solution x(t).

On the basis of Demidovich’s definition of the characteristic exponent [5] of a solution of an ordi-
nary differential system, for a characteristic vector λ ∈ Λx and a lower characteristic vector p ∈ Px,
one introduces the upper characteristic exponent [6] d̄ = d̄x(λ) ∈ R2 and the lower characteristic
exponent [7] d = dx(p) ∈ R2 of the solution x by the conditions

lnx
(
λ, d̄
)
≡ lim

t→∞

ln ‖x(t)‖ − (λ, t)−
(
d̄, ln t

)
‖ ln t‖ = 0, lnx

(
λ, d̄− εei

)
> 0, ∀ε > 0, i = 1, 2, (4)

lnx (p, d) ≡ lim
t→∞

ln ‖x(t)‖ − (p, t)− (d, ln t)
‖ ln t‖ = 0, lnx (p, d+ εei) < 0, ∀ε > 0, i = 1, 2, (5)

where ln t ≡ (ln t1, ln t2) ∈ R2
+; then one defines the upper exponent set D̄x(λ) =

⋃{
d̄x(λ)

}
and

the lower exponent set Dx(p) =
⋃
{dx(p)}. The sets D̄x (λ′) and D̄x (λ′′) [respectively, Dx (p′)

and Dx (p′′)] are referred [8] to as the left and right boundary upper (respectively, lower) exponent
sets of the solution x(t).

Necessary properties of the characteristic set Λx of a solution x(t) 6= 0 of system (1n) were
obtained in [3], and their sufficiency was proved in [9]; the characteristic set of any nontrivial solution
of system (1n) was thereby completely described. Necessary properties of the lower characteristic set
Px of a solution x(t) 6= 0 and necessary conditions on the mutual arrangement of the characteristic
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and lower characteristic sets were given in [4]; the problem of simultaneous realization of two
arbitrary given sets satisfying necessary conditions by the characteristic and lower characteristic
sets of a nontrivial solution x : R2

>1 → R\{0} of some Pfaff equation

∂x/∂ti = ai(t)x, x ∈ R, t ∈ R2
>1, i = 1, 2, (11)

was solved in [10].
Krupchik [7] completely described arbitrary nonempty interior lower and upper exponent sets

Dx(p), p 6= p′, p′′, and D̄x(λ), λ 6= λ′, λ′′, of a nontrivial solution x(t) of system (1n). These sets are
the lines d1 + d2 = cx(p) and d1 + d2 = c̄x(λ), respectively. Nonempty boundary exponent sets
have a much more complicated structure. The following necessary properties [11] of boundary
exponent sets are known for the nontrivial cases in which the lower characteristic set Px and
the characteristic set Λx consist of more than a single point: (1) the nonempty left and right
boundary lower exponent sets Dx (p′) and Dx (p′′) of a solution x(t) 6= 0 of system (1n) are closed
concave monotone decreasing curves on the two-dimensional plane; they are unbounded on the
right and below (respectively, on the left and above), and their slope at each interior point is not
less (respectively, greater) than −1; (2) the nonempty left and right boundary upper exponent sets
D̄x (λ′) and D̄x (λ′′) are closed convex monotone decreasing curves on the two-dimensional plane;
they are unbounded on the right and below (respectively, on the left and above), and their slope
at each interior point is not greater (respectively, less) than −1. Moreover, for each curve on the
two-dimensional plane satisfying the necessary properties of left boundary lower exponent sets,
an integrable Pfaff equation (11) with infinitely differentiable bounded coefficients such that the
left boundary lower exponent set of its arbitrary nontrivial solution coincides with this curve was
constructed in [8]. In this connection, by analogy with the case of characteristic sets, we encounter
the problem of simultaneous realization of four arbitrarily given sets satisfying only the necessary
conditions as the exponent sets of a single nontrivial solution of some system (1n). This problem
is solved in the following assertion.

Theorem 1. Let the following objects be given :
an arbitrary positive integer n;
arbitrary closed concave monotone decreasing curves D(1) and D(2) on the two-dimensional plane

unbounded on the right and below and on the left and above, respectively, and D(2) on a two-
dimensional plane with the angular coefficient of any tangent and having slopes not less (respectively,
greater) than −1 at each interior point ;

arbitrary closed convex monotone decreasing curves D(3) and D(4) on the two-dimensional plane
unbounded on the right and below and on the left and above, respectively, and D(4) on a two-
dimensional plane with the angular coefficient of any tangent and having slopes not greater (respec-
tively, less) than −1 at each interior point.

Then there exists a completely integrable Pfaff system (1n) with infinitely differentiable bounded
coefficients such that its arbitrary nontrivial solution x : R2

>1 → Rn\{0} has the left and right
boundary lower exponent sets Dx (p′) = D(1) and Dx (p′′) = D(2), respectively, and the left and
right boundary upper exponent sets D̄x (λ′) = D(3) and D̄x (λ′′) = D(4), respectively.

Proof of Theorem 1. First, we note that it suffices to consider the case n = 1. Indeed,
after the construction of a one-dimensional completely integrable Pfaff equation (11) with infinitely
bounded differentiable coefficients ai(t), i = 1, 2, and with the desired boundary exponent sets of
a nontrivial solution x1 : R2

>1 → R\{0}, as the desired n-dimensional system (1n) one can choose
the diagonal system with coefficient matrix Ai(t) = diag [ai(t), . . . , ai(t)], i = 1, 2, of order n. Then
the matrix X(t) = x1(t)En, where En is the identity matrix of order n, is the principal solution
matrix of system (1n), and an arbitrary nontrivial solution x : R2

>1 → Rn\{0} of the latter can be
represented in the form x(t) = X(t)c = x1(t)c with some c ∈ Rn\{0}. Therefore, the characteristic
and lower characteristic vectors and the upper and lower characteristic exponents of this solution
are the same as for the solution x1(t) of Eq. (11): λ[x] = λ [x1], p[x] = p [x1], d̄x(λ[x]) = d̄x1 (λ [x1]),
and dx(p[x]) = dx1

(p [x1]); consequently, the corresponding characteristic and exponent sets also
coincide.

We construct the desired equation (11) by constructing a nontrivial solution.
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1. PARTITIONS OF THE CURVES D(q), q = 1, 2, 3, 4

It follows from the properties of the curves D(q), q = 1, 2, 3, 4, that each of them necessarily has
one of the following three forms. The curve D(1) can be

(11) unbounded on the left and bounded above;
(21) unbounded on the left and above;
(31) bounded on the left and above.

The curve D(2) can be
(12) unbounded below and bounded on the right;
(22) unbounded below and on the right;
(32) bounded below and on the right.

The curve D(3) can be
(13) unbounded above and bounded on the left;
(23) unbounded above and on the left;
(33) bounded above and on the left.

The curve D(4) can be
(14) unbounded on the right and bounded below;
(24) unbounded on the right and below;
(34) bounded on the right and below.
To construct a solution x(t) simultaneously realizing the left and right boundary lower exponent

sets Dx (p′) = D(1) and Dx (p′′) = D(2) as well as the left and right boundary upper expo-
nent sets D̄x (λ′) = D(3) and D̄x (λ′′) = D(4), we perform the following partition of the curves D(q),
q = 1, 2, 3, 4. We take a number γ > 0.

1.1. Partitions of the Curves D(q), q = 1, 4

Following [8], in cases (1q) and (2q) of the curve D(q), q = 1, 4, unbounded on the left and on the
right, we construct its lth partition D(q)

l =
⋃l×2l

i=1

{
∆(q)(i, l)

}
⊂ D(q) using the points ∆(q)(i, l) ∈ D(q)

with first components ∆(q)
1 (i, l) =

(
i× 21−l − l

)
γ, i ∈

{
1, . . . , l × 2l

}
≡ Il, l ∈ N ; and in case (3q)

of the curve D(q) with the left boundary point (for q = 1) or the right boundary point (for q = 4)1

∆(q)(0, 0) ∈ D(q), we construct the partition D
(q)
l of this curve using the points ∆(q)(i, l) ∈ D(q)

with first components ∆(q)
1 (i, l) = ∆(q)

1 (0, 0)− (−1)qiγ × 2−l, i ∈ Il, l ∈ N . By infinitely continuing
the partition of the curve D(q), we obtain the countable set D(q)

∞ =
⋃+∞
l=1

⋃l×2l

i=1

{
∆(q)(i, l)

}
⊂ D(q),

which is everywhere dense on the curve D(q).

1.2. Partitions of the Curves D(q), q = 2, 3

In cases (1q) and (2q) of the curve D(q), q = 2, 3, unbounded below and above, its lth par-
tition D

(q)
l , l ∈ N , consists of the points ∆(q)(i, l) ∈ D(q) with second components ∆(q)

2 (i, l) =(
i× 21−l − l

)
γ, i ∈ Il, and in case (3q) of the curve D(q) with the right boundary point (for q = 2)

or the left boundary point (for q = 3) ∆(q)(0, 0) ∈ D(q), it consists of the points ∆(q)(i, l) ∈ D(q)

with the second components ∆(q)
2 (i, l) = ∆(q)

2 (0, 0) + (−1)qiγ × 2−l, i ∈ Il. As a result, we obtain a
countable set D(q)

∞ , which is everywhere dense on the curve D(q).
By D(q)(l), q = 1, 2, 3, 4, we denote the part of the curve D(q) lying between the points ∆(q)(1, l)

from D
(q)
l and ∆(q)

(
l × 2l, l

)
from D

(q)
l , including these points.

2. CONSTRUCTION OF THE SOLUTION

We define the desired solution x(t) by the relation x(t) = ϕ(t)ψ(t). We construct the func-
tion ϕ(t) so as to ensure that its characteristic set Λϕ and the lower characteristic set Pϕ are

1 In the sense of the above-given definition.
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nontrivial, i.e., other than singletons. We define the function ψ(t) so as to ensure that the charac-
teristic and lower characteristic sets of the resulting solution x(t) coincide with the corresponding
sets of the function ϕ(t) and the solution x(t) has the left and right boundary lower exponent
sets Dx (p′) = D(1) and Dx (p′′) = D(2) and the left and right boundary upper exponent sets
D̄x (λ′) = D(3) and D̄x (λ′′) = D(4).

To glue together various infinitely differentiable functions with preservation of smoothness, we
also use the infinitely differentiable functions

e101 (τ ;α1, α2, α3) = e01 (τ ;α2, α3) + [1− e01 (τ ;α1, α2)] , (6)
e0110 (τ ;α1, α2, α3, α4) = e01 (τ ;α1, α2) (1− e01 (τ ;α3, α4)) , (7)

α1 < α2 < α3 < α4, τ ∈ R,
defined on the basis of the function [12, p. 54 of the Russian translation]

e01 (τ ; τ1, τ2) =

{
exp

{
− (τ − τ1)−2 exp

[
− (τ2 − τ)−2

]}
for τ ∈ (τ1, τ2)

[1 + sgn (τ − 2−1 (τ1 + τ2))] /2 for τ 6∈ (τ1, τ2),

where −∞ < τ1 < τ2 < +∞. To prove the boundedness of the coefficients of Eq. (11) to be
constructed, we need the following assertion.

Lemma. The derivative of the function e01 (τ ; τ1, τ2) satisfies the estimate

0 ≤ de01 (τ ; τ1, τ2)
dτ

≤
{

2 exp
[
2 (τ2 − τ1)−2

]
if τ2 − τ1 ≤ 1/2

4 if τ2 − τ1 ≥ 2
(L1)

on the interval [τ1, τ2].

Proof of the lemma. We write m(Θ) ≡ exp (−Θ−2), Θ > 0; then for the derivative in question,
we have the representation

de01 (τ ; τ1, τ2)/dτ = 2m (τ2 − τ)
[
(τ − τ1)−3

e01 (τ ; τ1, τ2)
]

+ 2
[
(τ2 − τ)−3

m (τ2 − τ)
][

(τ − τ1)−2
e01 (τ ; τ1, τ2)

]
≡ 2m (τ2 − τ) s1(τ) + 2s2(τ)s3(τ), τ ∈ (τ1, τ2) .

(L2)

Let us first consider the second case, in which τ2 − τ1 ≥ 2. We compute the maximum value of
the function

gk(τ ; γ) ≡ (τ − τ1)−k exp
[
−γ (τ − τ1)−2

]
, k ∈ {2, 3},

with some parameter γ ∈ (0, 1) on the interval (τ1,+∞). This positive function increases on the

interval (τ1, ηk], ηk = τ1+
√

2γ/k ∈ (τ1, τ1 + 1), up to its maximum value gk (ηk; γ) =
(√

k/(2eγ)
)k

and decays on the interval (ηk,+∞). Let us estimate the derivative (L2) on the interval (τ1, τ1 + 1].
We have the inequalities

m (τ2 − τ) ≤ m(η), s1(τ) ≤ g3 (η3;m(η − 1)) =
(√

3/(2e)
)3

exp
[
3(η − 1)−2/2

]
,

s2(τ) ≤ s2 (τ1 + 1) ≤ m(η − 1), s3(τ) ≤ g2 (η2;m(η − 1)) = [em(η − 1)]−1
,

η ≡ τ2 − τ1, τ ∈ (τ1, τ1 + 1] .

By taking account of the representation (L2) with regard to these inequalities, the obvious in-
equality

√
e > 3/2, and the growth of the function f(η) ≡ 2−1 (η2 + 4η − 2) (η2 − η)−2 on the

interval [2,+∞), we obtain the estimates

de01 (τ ; τ1, τ2)/dτ ≤
(√

2
)−1

(3/e)3/2 exp(f(η)) + 2e−1

≤ 3
√

3/
(
2
√
e
)

+ 2e−1 < 3 + 1 = 4, τ ∈ (τ1, τ1 + 1] .
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On the interval [τ1 + 1, τ2 − 1], the functions e01 (τ ; τ1, τ2) and s2(τ) are increasing, and the
functions m (τ2 − τ) and (τ − τ1)−k, k ∈ {2, 3}, are decreasing. Therefore, on this interval, we have
the inequalities

m (τ2 − τ) ≤ m(η − 1), (τ − τ1)−k ≤ 1, k ∈ {2, 3},
e01 (τ ; τ1, τ2) ≤ e01 (τ2 − 1; τ1, τ2) = m

(√
e(η − 1)

)
, s2(τ) ≤ s2 (τ2 − 1) = e−1,

si(τ) ≤ e01 (τ ; τ1, τ2) ≤ m
(√
e(η − 1)

)
, i = 1, 3, τ ∈ [τ1 + 1, τ2 − 1] ,

which imply the estimates

de01 (τ ; τ1, τ2)/dτ ≤ 2m
(√
e(η − 1)

) [
m(η − 1) + e−1

]
≤ 4, τ ∈ [τ1 + 1, τ2 − 1] .

Finally, let us consider the remaining interval (τ2 − 1, τ2). Since the functions m (τ2 − τ) and
(τ − τ1)−k, k ∈ {2, 3}, are decreasing on this interval, we have the inequalities

m (τ2 − τ) ≤ m(1) = e−1, e01 (τ ; τ1, τ2) ≤ 1, (τ − τ1)−k ≤ (η − 1)−k ≤ 1,

s2(τ) ≤ s2

(
τ2 −

√
2/3

)
=
(√

3/(2e)
)3

, τ ∈ (τ2 − 1, τ2) ,

and hence the estimates

de01 (τ ; τ1, τ2)/dτ ≤
(

2 + 3
√

3/(2e)
)
e−1 < 2, τ ∈ (τ2 − 1, τ2) .

To prove the estimate (L1) for τ2 − τ1 ≤ 1/2, we use the inequalities

(τ − τ1)−m e01 (τ ; τ1, τ2) ≤
[√

m/(2e) exp (τ2 − τ1)−2
]m
, τ ∈ (τ1, τ2) , m ∈ N,

(τ2 − τ)−m exp
[
− (τ2 − τ)−2

]
≤
(√

m/(2e)
)m
, τ ∈ (τ1, τ2) , m ∈ N,

obtained in a lemma in [13]. Then we have the estimates

de01 (τ ; τ1, τ2)/dτ

≤ 2
([√

3/(2e) exp (τ2 − τ1)−2
]3

exp
(
− (τ2 − τ1)−2

)
+
[√

1/e exp (τ2 − τ1)−2
]2 (√

3/(2e)
)3
)

= 2
(

exp
[
2 (τ2 − τ1)−2

])(√
3/(2e)

)3

(1 + 1/e) ≤ 2 exp
[
2 (τ2 − τ1)−2

]
.

The proof of the lemma is complete.

Proof of Theorem 1 (continuation). Let d2 −∆(q)
2 (i, l) = k(q)(i, l)

(
d1 −∆(q)

1 (i, l)
)

, d ∈ R2,

where k(q)(i, l) ∈ [−1, 0), for q = 1, 4 and k(q)(i, l) ∈ (−∞,−1] for q = 2, 3, be the equation of the
tangent to the curve D(q), q = 1, 2, 3, 4, at the point ∆(q)(i, l) ∈ D(q)

l ⊂ D(q), i ∈ Il, l ∈ N , lying
not below (for q = 1, 2) and not above (for q = 3, 4) the curve D(q). The existence of such tangents
follows from the convexity or concavity of the corresponding curves and from the fact that the
partition D

(q)
l does not contain the boundary point ∆(q)(0, 0) at which the slope of the curve D(q)

can vanish for q = 1, 4 and can be equal to −∞ for q = 2, 3. Moreover, if a point has been used in
the partition, then for all subsequent partitions, we draw the same tangent at this point. We also
set

Θ(q)
i,l = 1/

∣∣k(q)(i, l)
∣∣ , i ∈ Il, l ∈ N, q = 1, 2, 3, 4,

Θ(q)
l = max

{
Θ(q)
i,l : Θ(q)

i,l 6= 1, i ∈ Il
}
,

Ω(q)
l = min

{
Θ(q)
i,l : Θ(q)

i,l 6= 1, i ∈ Il
}
, q = 1, 2, 3, 4, l ∈ N,

∆1(l) = max
{∥∥∆(q)(i, l)

∥∥ : i ∈ Il, q = 1, 2, 3, 4
}
,

∆2(l) = min
{

2−l
∥∥∆(q)

(
l × 2l, l

)
−∆(q)(1, l)

∥∥−1
: q = 1, 2, 3, 4

}
, l ∈ N.
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For each l ∈ N and i ∈ Il, we introduce functions ψ(q)
i,l (t), q = 1, 2, 3, 4, to be used in the

realization of the left and right boundary lower exponent sets Dx (p′) = D(1) and Dx (p′′) = D(2)

and the left and right boundary upper exponent sets D̄x (λ′) = D(3) and D̄x (λ′′) = D(4). We also
introduce sectors S(q)(i, l), q = 1, 2, 3, 4, of the quadrant R2

>1. If q = 1, 4 and the slope k(q)(i, l)
of the curve D(q) at the point ∆(q)(i, l) ∈ D

(q)
l ⊂ D(q) is different from −1, then, following [8],

we define the function ψ
(q)
i,l (t) by the relation

lnψ(q)
i,l (t) ≡

(
∆(q)(i, l), ln t

)
e0110

(
ln t2
ln t1

; Θ(q)
i,l − τ

(q)
l −

1
4
,Θ(q)

i,l − τ
(q)
l ,Θ(q)

i,l + τ
(q)
l ,Θ(q)

i,l + τ
(q)
l +

1
4

)
− (−1)q‖ ln t‖2e101

(
ln t2
ln t1

; Θ(q)
i,l − τ

(q)
l ,Θ(q)

i,l ,Θ
(q)
i,l + τ (q)

l

)
, t ∈ R2

>1, q = 1, 4,
(81,1)

Θ(q)
i,l ∈ (1,+∞), τ

(q)
l ≡ min

{
1/2; ∆2(l);

(
Ω(q)
l − 1

)
/2
}
, (91)

and the sector S(q)(i, l) corresponding to the point ∆(q)(i, l) ∈ D(q) by the formula

S(q)(i, l) ≡
{
t ∈ R2

>1 :
∣∣∣ln t2/ ln t1 −Θ(q)

i,l

∣∣∣ < τ
(q)
l

}
;

otherwise, we set

lnψ(q)
i,l (t) ≡

(
∆(q)(i, l), ln t

)
e0110 (t2/t1; e− 2, e, 3e, 4e)

− (−1)q‖ ln t‖2e101 (t2/t1; e, 2e, 3e) , t ∈ R2
>1,

(81,2)

S(q)(i, l) ≡ {t ∈ R2
>1 : e < t2/t1 < 3e}, q = 1, 4. If q = 2, 3, and the slope k(q)(i, l) at the point

∆(q)(i, l) ∈ D(q)
l ∈ D(q) is different from −1, then we define the function ψ

(q)
i,l (t) by the formula

lnψ(q)
i,l (t) ≡

(
∆(q)(i, l), ln t

)
× e0110

(
ln t2
ln t1

; Θ(q)
i,l − τ

(q)
l −

Ω(q)
l

4
,Θ(q)

i,l − τ
(q)
l ,Θ(q)

i,l + τ
(q)
l ,Θ(q)

i,l + τ
(q)
l +

Ω(q)
l

4

)
(82,1)

+ (−1)q‖ ln t‖2e101

(
ln t2
ln t1

; Θ(q)
i,l − τ

(q)
l ,Θ(q)

i,l ,Θ
(q)
i,l + τ (q)

l

)
, t ∈ R2

>1, q = 2, 3,

Θ(q)
i,l ∈ (0, 1), τ

(q)
l ≡ min

{
Ω(q)
l /2; ∆2(l);

(
1−Θ(q)

l

)
/2
}
, (92)

and set S(q)(i, l) ≡
{
t ∈ R2

>1 :
∣∣∣ln t2/ ln t1 −Θ(q)

i,l

∣∣∣ < τ
(q)
l

}
. If k(q)(i, l) = −1, then we define the

function ψ(q)
i,l (t) by the formula

lnψ(q)
i,l (t) ≡

(
∆(q)(i, l), ln t

)
e0110 (t2/t1; 1/(4e), 1/(3e), 1/e, 1/e + 1/2)

+ (−1)q‖ ln t‖2e101 (t2/t1; 1/(3e), 1/(2e), 1/e) , t ∈ R2
>1,

(82,2)

and set S(q)(i, l) ≡ {t ∈ R2
>1 : 1/(3e) < t2/t1 < 1/e}.

We take an arbitrary number l ∈ N . Since the sets D(q)(l), q = 1, 2, 3, 4, are bounded, it
follows that there exists a number c(l) > 0 such that ‖d‖ ≤ c(l) for all d ∈

⋃4

q=1 D
(q)(l) ≡ D(l).

By using these inequalities, for the functions ψ(q)
i,l (t), i ∈ Il, q = 1, 2, 3, 4, and d ∈ D(l), we obtain

the estimates lnψ(q)
i,l (t) − (d, ln t) ≥ ‖ ln t‖2 −

(∥∥∆(q)(i, l)
∥∥ + ‖d‖

)
‖ ln t‖ ≥ ‖ ln t‖2 − 2c(l)‖ ln t‖,

t ∈ R2
>1\S(q)(i, l), q = 1, 2, and

lnψ(q)
i,l (t)− (d, ln t) ≤ −‖ ln t‖2 +

(∥∥∆(q)(i, l)
∥∥ + ‖d‖

)
‖ ln t‖ ≤ −‖ ln t‖2 + 2c(l)‖ ln t‖,
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t ∈ R2
>1\S(q)(i, l), q = 3, 4. These estimates imply that there exists a number Tl ≥ 1 such that

lnψ(q)
i,l (t)− (d, ln t) ≥ 0, t ∈ R2

>1\S(q)(i, l), ‖t‖ ≥ Tl, ∀d ∈ D(l), i ∈ Il, q = 1, 2, (101)

lnψ(q)
i,l (t)− (d, ln t) ≤ 0, t ∈ R2

>1\S(q)(i, l), ‖t‖ ≥ Tl, ∀d ∈ D(l), i ∈ Il, q = 3, 4. (102)

By the definition of the sector S(q)(i, l), i ∈ Il, l ∈ N , q = 1, 2, 3, 4, for the case in which
k(q)(i, l) = −1, we obtain the estimates t2 > et1, t ∈ S(q)(i, l), q = 1, 4, and t2 < t1/e, t ∈ S(q)(i, l),
q = 2, 3. If k(q)(i, l) 6= −1, then from the inequalities

ln t2/ ln t1 ≥ Θ(q)
i,l − τ

(q)
l ≥ Ω(q)

l −
(
Ω(q)
l − 1

)
/2 =

(
Ω(q)
l + 1

)
/2 > 1, t ∈ S(q)(i, l), q = 1, 4,

ln t2/ ln t1 ≤ Θ(q)
i,l + τ

(q)
l ≤ Θ(q)

l +
(
1−Θ(q)

l

)
/2 =

(
Θ(q)
l + 1

)
/2 < 1, t ∈ S(q)(i, l), q = 2, 3,

we find that there exists a sufficiently large number bl > 0 such that

t2 ≥ et1, t ∈ S(q)(i, l), t1 + t2 ≡ ζ(t) ≥ bl, q = 1, 4, (111)
t2 ≤ t1/e, t ∈ S(q)(i, l), ζ(t) ≥ bl, q = 2, 3. (112)

It follows from the definition of the sector S(q)(i, l), q = 1, 4, i ∈ Il, l ∈ N , and from (91)
that if k(q)(i, l) 6= −1, then

∣∣∣ln t2/ ln t1 −Θ(q)
i,l

∣∣∣ < ∆2(l) for all t ∈ S(q)(i, l). Let us show that

if k(q)(i, l) = −1, then the similar estimate |ln t2/ ln t1 − 1| ≤ ∆2(l) is valid for all t ∈ S(q)(i, l)
satisfying the condition ζ(t) ≥ exp

(
3∆−1

2 (l) + 3
)
≡ hl. Since, in this case, the inequality t2 ≥ et1

is valid for all t ∈ S(q)(i, l), we have ln t2/ ln t1 − 1 > 0. On the other hand, the estimates

ln t2/ ln t1 − 1 ≤ 3/ ln t1 ≤ ∆2(l)

are valid in the sector S(q)(i, l). Therefore, the inequalities∣∣∣ln t2/ ln t1 −Θ(q)
i,l

∣∣∣ ≤ ∆2(l), t ∈ S(q)(i, l), ζ(t) ≥ hl, q = 1, 4, (121)

are valid for all i ∈ Il and l ∈ N . In a similar way, one can obtain the estimates∣∣∣ln t2/ ln t1 −Θ(q)
i,l

∣∣∣ ≤ ∆2(l), t ∈ S(q)(i, l), ζ(t) ≥ hl, q = 2, 3, (122)

for all i ∈ Il and l ∈ N .
For any l ∈ N , there exists a number %l > 0 such that if ζ(t) ≥ %l, then all directions in which

the points ∆(q)(i, l) ∈ D(q)
l , i ∈ Il, are realized by the corresponding boundary exponent sets lie

below the curve t2 = t
3√t1
1 for q = 1, 4 and above the curve t1 = t

3√t2
2 for q = 2, 3; more precisely,

t
3√t1

1 ≥ max
{

2et1, t
Θ

(q)
i,l

1

}
, ζ(t) ≥ %l, i ∈ Il, q = 1, 4, (131)

t
3√t2

2 ≥ max
{

2et2, t
1/Θ

(q)
i,l

2

}
, ζ(t) ≥ %l, i ∈ Il, q = 2, 3. (132)

We split the entire quadrant R2
>1, that is, the domain of the solution x(t) to be constructed,

by lines of the form ζ(t) = const into disjoint strips. By setting Rl = Tl+hl+ bl+%l, l ∈ N , and by
using some values η(1)

1 ≥ R1, c ≥ exp(100), for l ∈ N , we introduce the numbers

ν
(q)
l = c

(
Θ(q)
l

)6
(

∆2
1(l) + exp

(
4
(
τ

(q)
l

)−2
))

, µ
(q)
l =

(
ν

(q)
l

)4Θ
(q)
l

, q = 1, 4,

ν
(q)
l = c

(
∆2

1(l) + 1
)(

exp
(
c
(
τ

(q)
l

)−2
))/(

Ω(q)
l

)2

, µ
(q)
l =

(
ν

(q)
l

)4/Ω
(q)
l

, q = 2, 3,
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if there exists a number i ∈ Il such that k(q)(i, l) 6= −1, or

ν
(q)
l = c

(
∆2

1(l) + 1
)
, µ

(q)
l = ν

(q)
l , q = 1, 2, 3, 4,

otherwise. We also introduce the numbers

α
(q)
i,l =

(
η

(q)
l + µ

(q)
l

)
exp(exp(2i)), β

(q)
i,l = e6α

(q)
i,l , q = 1, 2, 3, 4, i ∈ Il, l ∈ N,

η
(q)
l = β

(q−1)

l×2l,l + 2l, q = 2, 3, 4, η
(1)
l+1 = β

(4)

l×2l,l +Rl+1 + 2l+1, l ∈ N,
γ

(3)
1,l = e2α

(3)
1,l , δ

(3)
1,l = e4α

(3)
1,l , γ

(1)
1,l+1 = e2α

(1)
1,l+1, δ

(1)
1,l+1 = e4α

(1)
1,l+1, l ∈ N.

Note that the numbers µ(q)
l , l ∈ N , q = 1, 2, 3, 4, have been chosen so as to provide the boundedness

(proved in the second part of the present paper) of the coefficients of the Pfaff equation (11) to
be constructed, and the numbers Rl, l ∈ N , have been chosen so as to provide the validity of the
inequalities (101)–(132).

We introduce the “main” strips

Π(q)(i, l) =
{
t ∈ R2

>1 : β
(q)
i,l ≤ ζ(t) ≤ α(q)

i+1,l

}
,

i ∈
{

1, . . . , l × 2l − 1
}
≡ I1

l , l ∈ N, q = 1, 2, 3, 4,

Π(q)
(
l × 2l, l

)
=
{
t ∈ R2

>1 : β
(q)

l×2l,l ≤ ζ(t) ≤ α(q+1)
1,l

}
, q = 1, 2, 3, l ∈ N,

Π(4)
(
l × 2l, l

)
=
{
t ∈ R2

>1 : β
(4)

l×2l,l ≤ ζ(t) ≤ α(1)
1,l+1

}
, l ∈ N,

the “transition” strips

P (q)(i, l) =
{
t ∈ R2

>1 : α
(q)
i,l < ζ(t) < β

(q)
i,l

}
, i ∈ Il, l ∈ N, q = 1, 2, 3, 4,

and the triangle T =
{
t ∈ R2

>1 : ζ(t) ≤ α(1)
1,1

}
.

Each of the strips P (3)(1, l) and P (1)(1, l + 1), l ∈ N , in which the transition is to be performed
for the functions ϕ(t) and ψ(t) simultaneously, splits into the three substrips

P (3)
1 (1, l) =

{
t ∈ R2

>1 : α(3)
1,l < ζ(t) < γ(3)

1,l

}
,

P
(3)
2 (1, l) =

{
t ∈ R2

>1 : γ
(3)
1,l ≤ ζ(t) ≤ δ(3)

1,l

}
,

P
(3)
3 (1, l) =

{
t ∈ R2

>1 : δ
(3)
1,l < ζ(t) < β

(3)
1,l

}
and

P (1)
1 (1, l + 1) =

{
t ∈ R2

>1 : α(1)
1,l+1 < ζ(t) < γ(1)

1,l+1

}
,

P
(1)
2 (1, l + 1) =

{
t ∈ R2

>1 : γ
(1)
1,l+1 ≤ ζ(t) ≤ δ(1)

1,l+1

}
,

P
(1)
3 (1, l + 1) =

{
t ∈ R2

>1 : δ
(1)
1,l+1 < ζ(t) < β

(1)
1,l+1

}
,

respectively.
We also introduce the strips ΠL(q)(i, l) ≡ P (q)(i, l) ∪ Π(q)(i, l) ∪ P (q)(i + 1, l), i ∈ I1

l , l ∈ N ,
q = 1, 2, 3, 4, ΠL(q)

(
l × 2l, l

)
≡ P (q)

(
l × 2l, l

)
∪Π(q)

(
l × 2l, l

)
∪P (q+1)(1, l), l ∈ N , q = 1, 2, 3, and

ΠL(4)
(
l × 2l, l

)
≡ P (4)

(
l × 2l, l

)
∪Π(4)

(
l × 2l, l

)
∪P (1)(1, l+ 1), l ∈ N , and the sectors SΠ(q)(i, l) =

S(q)(i, l) ∩ΠL(q)(i, l), i ∈ Il, l ∈ N , q = 1, 2, 3, 4.
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From (101) and (102), we obtain the estimates

lnψ(q)
i,l (t)− (d, ln t) ≥ 0, t ∈ ΠL(q)(i, l)\SΠ(q)(i, l), ∀d ∈ D(l), i ∈ Il, l ∈ N, q = 1, 2, (141)

lnψ(q)
i,l (t)− (d, ln t) ≤ 0, t ∈ ΠL(q)(i, l)\SΠ(q)(i, l), ∀d ∈ D(l), i ∈ Il, l ∈ N, q = 3, 4, (142)

respectively, by virtue of the inequalities ‖t‖ ≥ (t1 + t2) /
√

2 ≥ Tl valid in each strip ΠL(q)(i, l).
In each strip ΠL(q)(i, l), i ∈ Il, l ∈ N , q = 1, 2, 3, 4, we also have the inequalities√

‖t‖ ≥
√

(t1 + t2)/2 ≥ ∆1(l), t ∈ ΠL(q)(i, l), i ∈ Il, l ∈ N, q = 1, 2, 3, 4. (15)

We introduce the notation Π(q)(l) = Π(q)(1, l) ∪
(⋃l×2l

i=2

(
P (q)(i, l) ∪Π(q)(i, l)

))
, q = 1, 2, 3, 4, for

the strips used in the realization of the left and right boundary lower exponent sets Dx (p′) = D(1)

and Dx (p′′) = D(2) and the left and right boundary upper exponent sets D̄x (λ′) = D(3) and
D̄x (λ′′) = D(4) as well as Π(l) = Π(1)(l) ∪ P (2)(1, l) ∪ Π(2)(l) for the strips used in the realization
of the lower characteristic set Px and Π̄(l) = Π(3)(l) ∪ P (4)(1, l) ∪ Π(4)(l) for the strips used in the
realization of the characteristic set Λx.

Let us now proceed to the construction of the function ϕ(t) used in the realization of the
characteristic set Λx and the lower characteristic set Px of the solution x(t) to be constructed.
We construct the function ϕ(t) so as to ensure that its lower characteristic set Pϕ coincides with the
lower characteristic set P ≡

{
p ∈ R2

− : p1 + p2 = −1
}

of the function E(t) ≡ (e−t1 + e−t2) and its
characteristic set Λϕ coincides with the characteristic set Λ ≡

{
λ ∈ R2

+ : λ1 + λ2 = 3, 1 ≤ λ1 ≤ 2
}

of the function Ē(t) ≡ eζ(t)E−1(t). In each strip Π(l), we define the function ϕ(t) by the relation

ϕ(t) = E(t), t ∈ Π(l), l ∈ N, (161)

and in each strip Π̄(t), this function is given by the formula

ϕ(t) = Ē(t), t ∈ Π̄(l), l ∈ N. (162)

In the strip P (3)(1, l) lying between the strips Π(l) and Π̄(l), the function ϕ(t) is given by the
relations

lnϕ(t) = lnE(t) + (ζ(t)/2− lnE(t)) e01

(
ln ζ(t); lnα(3)

1,l , ln γ
(3)
1,l

)
, t ∈ P (3)

1 (1, l),

lnϕ(t) = ζ(t)/2 +
(
ln Ē(t)− ζ(t)/2

)
e01

(
ln ζ(t); ln δ(3)

1,l , ln β
(3)
1,l

)
, t ∈ P (3)

2 (1, l) ∪ P (3)
3 (1, l).

(163)
In the strip P (1)(1, l + 1) lying between the strips Π̄(l) and Π(l + 1), we set

lnϕ(t) = ln Ē(t) +
(
ζ(t)/2− ln Ē(t)

)
e01

(
ln ζ(t); lnα(1)

1,l+1, ln γ
(1)
1,l+1

)
,

t ∈ P (1)
1 (1, l + 1),

lnϕ(t) = ζ(t)/2 + (lnE(t)− ζ(t)/2) e01

(
ln ζ(t); ln δ(1)

1,l+1, lnβ
(1)
1,l+1

)
,

t ∈ P (1)
2 (1, l + 1) ∪ P (1)

3 (1, l + 1).

(164)

Finally, in the triangle T and in the strip P (1)(1, 1), the function ϕ(t) is defined as follows:

lnϕ(t) = e01

(
ln ζ(t); lnα(1)

1,1, lnβ
(1)
1,1

)
lnE(t), t ∈ T ∪ P (1)(1, 1). (165)

The function ϕ(t) is thereby defined by formulas (161)–(165) in the entire quadrant R2
>1.

Let us proceed to the construction of the function ψ(t) used in the realization of the desired
boundary exponent sets of the solution x(t). First, in the triangle T , we set ψ(t) = 1. Now we
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define the function ψ(t) in the strips Π(q)(l), l ∈ N , q = 1, 2, 3, 4. To this end, we introduce auxiliary
functions u(q)

l (t) in the strips Π(q)(l), l ∈ N , q = 1, 2, 3, 4, by the relation

lnu(q)
l (t) = lnψ(q)

i,l (t) +
[
lnψ(q)

i+1,l(t)− lnψ(q)
i,l (t)

]
e01

(
ln ζ(t); lnα(q)

i+1,l, ln β
(q)
i+1,l

)
,

t ∈ Π(q)(i, l) ∪ P (q)(i+ 1, l) ∪Π(q)(i+ 1, l), i ∈ I1
l , l ∈ N, q = 1, 2, 3, 4.

(17)

In the case of the curve D(q) of the form (1q) or (2q), we define the desired function ψ(t) in the
strips Π(q)(l), l ∈ N , q = 1, 2, 3, 4, by the formula

ψ(t) = u
(q)
l (t), t ∈ Π(q)(l), l ∈ N, q = 1, 2, 3, 4, (181)

and in the case of the curve D(q) of the form (3q), we set

lnψ(t) = lnu(q)
l (t) +

[(
∆(q)(0, 0), ln t

)
− lnu(q)

l (t)
]
χ(q)(t),

t ∈ Π(q)(l), l ∈ N, q = 1, 2, 3, 4,
(182)

with the function
χ(q)(t) = e01

(
(ln t2)/

(
3
√
t1 ln t1

)
; 1, 3

)
, q = 1, 4,

χ(q)(t) = e01

(
(ln t1)/

(
3
√
t2 ln t2

)
; 1, 3

)
, q = 2, 3.

To define the function ψ(t) in the “transition” strips P (q)(1, l), l ∈ N , q = 1, 2, 3, 4, we first
continue its values from the left and right sides of the strips P (q)(1, l) into these strips; more
precisely, in the case of the curve D(q) of the form (3q), we set

lnω(q)
j,l (t) = lnψ(q)

j,l (t) +
[(

∆(q)(0, 0), ln t
)
− lnψ(q)

j,l (t)
]
χ(q)(t),

j = 1, t ∈ P (q)(1, l), q = 1, 2, 3, 4,

j = l × 2l, t ∈ P (q+1)(1, l), q = 1, 2, 3,

t ∈ P (1)(1, l + 1), q = 4, l ∈ N,

(191)

and in the case of the curve D(q) of the form (1q) or (2q), we set

ω
(q)
j,l (t) = ψ

(q)
j,l (t), j = 1, t ∈ P (q)(1, l), q = 1, 2, 3, 4,

j = l × 2l, t ∈ P (q+1)(1, l), q = 1, 2, 3,

t ∈ P (1)(1, l + 1), q = 4, l ∈ N.
(192)

In the strips P (q)(1, l), l ∈ N , q = 2, 4, that are not transition strips for the function ϕ(t),
we define the function ψ(t) by the relation

lnψ(t) = lnω(q−1)

l×2l,l(t) +
[
lnω(q)

1,l (t)− lnω(q−1)

l×2l,l(t)
]
e01

(
ln ζ(t); lnα(q)

1,1, lnβ
(q)
1,1

)
,

t ∈ P (q)(1, l), q = 2, 4.
(183)

In the strip P (3)(1, l), l ∈ N , lying between the strips Π(2)(l) and Π(3)(l), we set

lnψ(t) = lnω(2)

l×2l,l(t) +
[
lnω(3)

1,l (t)− lnω(2)

l×2l,l(t)
]
e01

(
ln ζ(t); ln γ(3)

1,l , ln δ
(3)
1,l

)
, t ∈ P (3)(1, l).

(184)
In the strips P (1)(1, l + 1), l ∈ N , lying between the strips Π(4)(l) and Π(1)(l+ 1), we define the

function ψ(t) by the formula

lnψ(t) = lnω(4)

l×2l,l(t) +
[
lnω(1)

1,l+1(t)− lnω(4)

l×2l,l(t)
]
e01

(
ln ζ(t); ln γ(1)

1,l+1, ln δ
(1)
1,l+1

)
,

t ∈ P (1)(1, l + 1).
(185)
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Finally, in the strip P (1)(1, 1), we set

lnψ(t) = e01

(
ln ζ(t); lnα(1)

1,1, lnβ
(1)
1,1

)
lnω(1)

1,1(t), t ∈ P (1)(1, 1). (186)

The function ψ(t) is thereby defined by formulas (181)–(186) in the entire quadrant R2
>1.

3. THE CONSTRUCTION OF THE CHARACTERISTIC AND LOWER
CHARACTERISTIC SETS OF THE SOLUTION x(t)

3.1. The Construction of the Lower Characteristic Set of the Function ϕ(t)

Let us show that the lower characteristic set Pϕ of the function ϕ(t) coincides with P . We choose
an arbitrary vector p ∈ P and set Rϕ(p, d, t) ≡ lnϕ(t) − (p, t) − (d, ln t). Let us prove the relation
lϕ(p) = limt→∞Rϕ ((p1,−1− p1) , 0, t)/‖t‖ = 0, which implies the first condition in definition (3) of
the lower characteristic vector. Let the lower limit lϕ(p) be realized along a sequence {t(m)} ↑ +∞,
and let m ∈ N be given. Without loss of generality, one can restrict considerations to the following
four cases:

(1) t(m) ∈ Π (lm);
(2) t(m) ∈ Π̄ (lm);
(3) t(m) ∈ P (3) (1, lm);
(4) t(m) ∈ P (1) (1, lm + 1).

If the first case takes place, then from (161) with t1(m) ≥ t2(m), we obtain the estimates

Rϕ ((p1,−1− p1) , 0, t(m)) = ln
(
e−t1(m) + e−t2(m)

)
− p1t1(m) + (1 + p1) t2(m)

≥ −t2(m)− p1t1(m) + (1 + p1) t2(m) = p1 (t2(m)− t1(m)) ≥ 0,

and, for t1(m) < t2(m), we obtain the estimates

Rϕ ((p1,−1− p1) , 0, t(m)) ≥ −t1(m)− p1t1(m) + (1 + p1) t2(m)
= (1 + p1)(t2(m)− t1(m)) ≥ 0.

In the second case, relation (162) implies that

Rϕ ((p1,−1− p1) , 0, t(m))

= t1(m) + t2(m)− ln
(
e−t1(m) + e−t2(m)

)
− p1t1(m) + (1 + p1) t2(m) ≥ 0.

In cases (3) and (4), in a similar way, by using relations (163) and (164), one can obtain the estimates
Rϕ ((p1,−1− p1) , 0, t(m)) ≥ 0. This completes the proof of the necessary inequality lϕ(p) ≥ 0.
The relation lϕ(p) = 0 and the second condition in definition (3) of the lower characteristic vector
are realized along a sequence {t(l)}l∈N such that t(l) ∈ Π(l), t1(l) = t2(l), l ∈ N . We have thereby
proved the inclusion P ⊂ Pϕ. It remains to prove the opposite inclusion Pϕ ⊂ P . We choose an
arbitrary lower characteristic vector p ∈ Pϕ. Then, from the first condition in definition (3), along
the above-constructed sequence {t(l)}l∈N , we obtain the inequality p1 + p2 ≤ −1. Likewise, from
the first condition in definition (3), along the sequences {t′(l)}l∈N , t′(l) ∈ Π(l), t′2(l) = e, t′1(l) ↑ +∞
as l →∞, and {t′′(l)}l∈N , t′′(l) ∈ Π(l), t′′1(l) = e, t′′2(l) ↑ +∞ as l →∞, we obtain the inequalities
p1 ≤ 0 and p2 ≤ 0, respectively. Since the lower characteristic set Pϕ can be represented [4] by a
strictly monotone decreasing curve, we find that it coincides with P .

3.2. The Construction of the Characteristic Set of the Function ϕ(t)

Let us show that the characteristic set Λϕ of the function ϕ(t) coincides with Λ. We first
prove that an arbitrary vector λ ∈ Λ is the characteristic vector of the function ϕ(t). By the
construction (165) of the function ϕ(t), in the triangle T , we have the obvious estimate

Rϕ ((λ1, 3− λ1) , 0, t) ≤ 0.
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The inequalities Rϕ ((λ1, 3− λ1) , 0, t) ≤ 0 are valid in the strip P (1)(1, 1) as well as in the strips Π(l),
l ∈ N , by virtue of (165) and (161). The representation (162) of the function ϕ(t) in the strips Π̄(l),
l ∈ N , implies the estimates

Rϕ ((λ1, 3− λ1) , 0, t) = t1 + t2 − ln
(
e−t1 + e−t2

)
− λ1t1 + (λ1 − 3) t2

≤ (2− λ1) t1 + (λ1 − 2) t2 = (2− λ1)(t1 − t2) ≤ 0, t1 ≤ t2,
Rϕ ((λ1, 3− λ1) , 0, t) ≤ (1− λ1) t1 + (λ1 − 1) t2 = (λ1 − 1)(t2 − t1) ≤ 0, t1 > t2.

Finally, from the representations (163) and (164), we obtain the last needed estimate

Rϕ ((λ1, 3− λ1) , 0, t) ≤ 0, t ∈ P (3)(1, l) ∪ P (1)(1, l + 1), l ∈ N.

We have thereby proved the inequality l̄ϕ(λ) ≤ 0. Moreover, the relation l̄ϕ(λ) = 0 and, obviously,
the second inequality in definition (2) of the characteristic vector are valid in the direction t ∈ Π̄(l),
t2 = t1, l ∈ N . Consequently, Λ ⊂ Λϕ. Let us now prove the opposite inclusion Λϕ ⊂ Λ. Let
λ ∈ Λϕ. Then, from the first condition in definition (2) of the characteristic vector, we obtain the
inequality 3 − λ1 − λ2 ≤ 0 in the direction t ∈ Π̄(l), t1 = t2, l ∈ N , and the inequalities λ1 ≥ 1
and λ2 ≥ 1 in the directions t2 = e, t1 → ∞, t ∈ Π̄(l), l ∈ N , and t1 = e, t2 → ∞, t ∈ Π̄(l),
l ∈ N , respectively. Since the set Λϕ can be represented [3] by a strictly monotone decreasing
curve, we find that it necessarily coincides with Λ.

3.3. Proof of the Coincidence of the Lower Characteristic Set and the Characteristic Set
of the Solution x(t) with the Sets P and Λ, Respectively

Let us show that the function ψ(t) does not affect the characteristic set and the lower charac-
teristic set of the solution x(t); more precisely, Px = Pϕ and Λx = Λϕ. To this end, we prove the
existence of the limit

lim
t→∞

(
‖t‖−1 lnψ(t)

)
= 0. (20)

We take an arbitrary q = 1, 2, 3, 4. Then, by (17), (81,1)–(82,2), and (15), we have the estimates∣∣∣lnu(q)
l (t)

∣∣∣ =
∣∣∣lnψ(q)

i,l (t)
∣∣∣ ≤ ∥∥∆(q)(i, l)

∥∥‖ ln t‖+ ‖ ln t‖2

≤
√
‖t‖ ‖ ln t‖+ ‖ ln t‖2, t ∈ Π(q)(i, l),

(211)

in the “main” strips Π(q)(i, l), i ∈ Il, l ∈ N . Likewise, in the “transition” strips P (q)(i+1, l), i ∈ I1
l ,

l ∈ N , from (17) and (15), we obtain∣∣∣lnu(q)
l (t)

∣∣∣ ≤ 2
∣∣∣lnψ(q)

i,l (t)
∣∣∣+
∣∣∣lnψ(q)

i+1,l(t)
∣∣∣ ≤ 3

(√
‖t‖ ‖ ln t‖+ ‖ ln t‖2

)
, t ∈ P (q)(i+ 1, l). (212)

Therefore, in the strips Π(q)(l) from (181), (211), and (212) in the case of the curve D(q) of the
form (1q) or (2q), we have the estimates

| lnψ(t)| ≤ 3
(√
‖t‖ ‖ ln t‖+ ‖ ln t‖2

)
, t ∈ Π(q)(l), l ∈ N, q = 1, 2, 3, 4. (221)

But if the curve D(q) has the form (3q), then, by virtue of the inequality
∥∥∆(q)(0, 0)

∥∥ ≤ √‖t‖ for
sufficiently large values of the norm ‖t‖ ≥ ζ1, and (182), we have the estimates

| lnψ(t)| ≤ 6
(√
‖t‖ ‖ ln t‖+ ‖ ln t‖2

)
+
∥∥∆(q)(0, 0)

∥∥‖ ln t‖

≤ 7
(√
‖t‖ ‖ ln t‖+ ‖ ln t‖2

)
, t ∈ Π(q)(l), ‖t‖ ≥ ζ1, q = 1, 2, 3, 4.

(222)

Finally, in the “transition” strips P (q)(1, l), l ∈ N , q = 1, 2, 3, 4, on the basis of relations
(183)–(186), (191), and (192), we obtain the estimate

| lnψ(t)| ≤ 9
(√
‖t‖ ‖ ln t‖+ ‖ ln t‖2

)
, t ∈ P (q)(1, l), ‖t‖ ≥ ζ1, q = 1, 2, 3, 4. (223)
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Inequalities (221)–(223) imply the estimate

| lnψ(t)| ≤ 9
(√
‖t‖ ‖ ln t‖+ ‖ ln t‖2

)
≤ ‖t‖2/3, t ∈ R2

>1, ‖t‖ ≥ ζ0 ≥ ζ1, (23)

which implies (20). We have thereby shown that the lower characteristic set Px and the character-
istic set Λx of the solution x(t) of Eq. (11) coincide with P and Λ, respectively.
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