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In the present paper, we complete the proof of Theorem 1 stated in the first part [1] and below.
We continue the numbering of formulas in [1].

Theorem 1. Let the following objects be given :
an arbitrary positive integer n;

arbitrary closed concave monotone decreasing curves DM and D® on the two-dimensional plane
unbounded on the right and below and on the left and above, respectively, and having slopes not less
(respectively, greater) than —1 at each interior point;

arbitrary closed convex monotone decreasing curves DB and D™ on the two-dimensional plane

unbounded on the right and below and on the left and above, respectively, and having slopes not
greater (respectively, less) than —1 at each interior point.

Then there exists a completely integrable Pfaff system (1,,) with infinitely differentiable bounded
coefficients such that its arbitrary nontrivial solution x : R2, — R™\{0} has the left and right
boundary lower exponent sets D, (p') = DY and D, (p") = D® respectively, and the left and
right boundary upper exponent sets D, (N') = D® and D, (\") = D@, respectively.

Proof of Theorem 1 (continued).

4. CONSTRUCTION OF THE BOUNDARY EXPONENT SETS

In this section, we construct the left and right boundary lower and upper exponent sets of the
nontrivial solution of the Pfaff equation (1;) constructed in Section 2 of [1].

4.1. Proof of the Coincidence of the Left and Right Boundary Lower Exponent Sets
D, (p') and D, (p") with the Curves DV and D® | Respectively

We take an arbitrary point d = (d;,d,) of the everywhere dense partition D)) of the curve D
and show that it belongs to the left boundary lower exponent set D, (p’).

Following [2], we introduce the notation

. Injz()| +t; — (d,Int)
W (d) = lim ’
Fd) o0 [ Int|

for the lower limit occurring in definition (5), where p’ = (—1,0) is the left boundary point of the
lower characteristic set P,.

Let us prove the inequality S (d) < 0. By the definition of the partition D)), there exists an
index I(d) € N such that d € D" for all I > I(d) and d & D" for all | < I(d). Suppose that d
is the i,,th point of the (I(d) + m)th partition, m € N. In each strip IV (i,,,1(d) +m), m € N,
in which the function In(t) is defined on the basis of the point d = A® (4,,,1(d) + m), we take a
point 7(m) on the curve Int,/Int; = 1/ [k (d)| > 1 if the slope k™) (d) of the curve DM at the
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point d is not equal to —1 and on the line t,/t; = 2e otherwise. We thereby obtain a sequence
{r(m)} T +o0 such that

Inip(r(m)) = (d,In7(m)),  Inp(r(m)) =InE(r(m)),
lim Inz(7(m)) + 7. (m) — (d,In7(m))
2, T

=0,

which implies the desired inequality 3% (d) < 0. Note that, in the case of the curve DWW of the
form (3;), the validity of the relation Inv(7(m)) = (d,In7(m)) is provided by (13,).

Let the lower limit 3(Y(d) be realized along a sequence {t(m)} T 4+oc such that ¢;(m) — +oc as
m — +00, j = 1,2. The existence of such a sequence follows from Lemma 1 in [3]. Without loss of
generality, we can assume that

|(d, Int(m))] < [[t(m)]*", m e N, (241)
t1(m) > max {(o, 128}, m € N, (245)

and also, in the case of the curve D) of the form (3,),

(A“J«LO)—CL<1,@€355)) >0, meAN. (245)

Without loss of generality, we can assume that all elements ¢(m) of this sequence belong to strips
of the quadrant R2>1 with distinct indices L,,,, 1 <, < l,,+1 — +00 as m — +o00, and

de DY (1,,), m € N. (25)

Let us now prove the inequality 3 (d) > 0. If the sequence {¢(m)} contains an infinite subse-
quence {t (m;)} such that each point ¢t (m;) satisfies the estimate In (t (m;)) — (d,Int (m;)) > 0,
then, by virtue of the inequality In ¢(¢(m)) +t1(m) > 0, we have 5(d) > 0. Therefore, without loss
of generality, just as in [2], we can assume that

Iny(t(m)) — (d,Int(m)) <0 Vm € N. (26)

We take some m € N and suppose that t(m) lies in the strip IV (I,,,) used for the realization
of the left boundary lower exponent set D, (p') = DW. Note that the solution x(¢) has been
constructed so as to preserve the idea of proof of the inequality 3% (d) > 0 in [2] in the realization
of the left boundary lower exponent set D, (p') = D in the strips I (,,), which are the main
strips of the set D, (p). Since in the case of the slope equal to —1 of the curve D™ at some point
AW, 1) € DV, the function w;ll) (t) is defined in another way than in [2], we still give a concise
proof of the inequality 3 (d) > 0 in the strips II") (7,,,). This proof substantially uses the fact that
the validity of the estimate (12;) is achieved in the strips corresponding to the points A (i, 1) at
which the slope of D™ is equal to —1.

Let the curve D have the form (1) or (2;). If ¢(m) belongs to the “main” strip Y (i,,, ,,),
then it follows from (26), (18,), and (17) that ln¢§i,),z,n (t(m)) — (d,Int(m)) < 0, which, together
with (14;) and (25), implies that t(m) € STIM (4,,,1,,). Since D™ is concave, we find that the

point d € DM does not lie above the tangent to the curve D™ at the point AW (i,,,1,,,) € D),
i.e.,

m

A (imsbn) = dy + O (AL (i) = d2) 2 0. (27)
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A JOINT DESCRIPTION OF THE BOUNDARY EXPONENT SETS 487

Let us estimate R,((—1,0),d,t(m)) from below. The inclusion t(m) € STIWY (4,,,1,,), together
with relations (8 1) and (8 2) and inequalities (12;) and (27), implies the estimates

Rx((_lv 0)7 d? t(m))
= E(t(m)) + t:(m) + g, (t(m) — (dnt(m) > (A (i, 1) — d,Int(m))

(A0 b))+, (AL (i 1) — o) }

Int
+ (AL (i L) - d2>< nia(m) _ @5},}}1,”)] Int, (m)

Int;(m)

Inty(m)
Int;(m)

> = |AL (i ) — o) —el,

mybm

Int,(m) > 27" Int(m)]|.

Let the point t(m) lie in the “transition” strip PM (i, + 1,1,,), im € I} . If the relation

W), (Hm)) = 0y (H(m)

is valid at ¢(m), then from (26), (18,), and (17), we obtain In9", (t(m)) — (d,Int(m)) < 0. Just

as for the case in which t(m) lies in the “main” strip IIY (4,,,1,,), from this inequality, one can

obtain the estimate
R, ((—1,0),d,t(m)) > =27" || Int(m)]|. (28)

But if ¢, (t(m)) < ¢, (t(m)) at t(m), then ), (t(m)) — (d,Int(m)) < 0. By per-
forming considerations similar to the case of the inclusion t(m) € I (i,,,1,,) and by writing out

the equation of the tangent to the curve D at the point A® (4,, + 1,1,,,) rather than A® (4,,,1,,,),
we obtain (28).

Now let the curve D have the form (3;), and let ¢(m) € IIW (1,,,). If either

Inty(m) < /t1(m)Int (m
or
Inty(m) > ¢/ti(m)Int;(m) and Inu(t(m)) < (AM(0,0),Int(m)),
then, by virtue of the relatlon 1/)( (m)) >u ( (m)), we obtain the estimate (28). But if Inty(m) >
¢/ti(m)Int;(m) and In ul > (AM(0,0),In¢(m)), then it follows from (243) that

R.((=1,0),d,t(m)) > (A™(0,0) — d,Int(m))
(A<l>(o, 0) — d, (1, /t1(m) )) Int,(m) > 0.

Y

We have thereby proved inequality (28) for R, ((—1,0),d,t(m)) for the case in which ¢(m) belongs
to IV (1,,).

Now we suppose that #(m) belongs to the strip II® (I,,,) used for the realization of the right
boundary lower exponent set D, (p”) = D®. Let D® have the form (1,) or (2,). If
t(m) € I® (4,,,1,,), then, by definitions (18;) and (17) of the function (t), inequality (26) in
this strip acquires the form In @bii)?lm (t(m)) — (d,Int(m)) < 0. Since d € D(I), it follows from (14;)
that t(m) € SO (i,,,1,,). This inclusion, together with (115), implies that t,(m) < t,(m)/e.
Then, by (23), (24;), and (245), we have the estimates

Re((=1,0),d, #(m)) > In E(t(m)) + t2(m) + In b (t(m)) — (ds I t(om)
> —tam) + ts(m) = 2t(m) [ = £ m) (°(m) 292 ) 2z 0. Y
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If t(m) € PO (i, + 1,1,,), i € I}, and 97, (t(m)) > ¢{”, (t(m)), then it follows from (18;),
(17), and (26) that In ¢§2)l (t(m)) — (d,Int(m)) < 0. In this case, we obtain the estimate (29)
just as for the case in which ¢(m) belongs to the strip II® (i,,,l,,). But if #(m) lies in the strip
P® (i, +1,1,) and 97, (t(m)) < \”, (t(m)), then it follows from (26) and (14,) that t(m)
belongs to SU? (i,, + 1,1,,), which, together with (11,), implies that t5(m) < t,(m)/e. Then the
estimate (29) is also satisfied. If D® is a curve of the form (3;) and Int,(m) < /to(m)Inty(m),

then the estimate (29) can be proved by virtue of the relation ¥ (t(m)) = ul(i)(t(m)) Now let

Int1(m) > {/t2(m) Inty(m). Then, by (135), t1(m) > to(m) V=" > 2et,(m), which allows one to
obtain the estimate (29) in a similar way.

This completes the proof of the estimate (29) for R,((—1,0),d,t(m)) for the case in which
t(m) € TI® (1,,,).

Now let t(m) lie in the strips II([,,) used in the realization of upper boundary exponent sets.
By estimating R, ((—1,0),d, t(m)) from below, from (23), (24;), and (24,), we obtain the inequalities

R,((=1,0),d,t(m)) > In E(t(m)) + Int(t(m)) + t1(m) — (d,Int(m))

> 203(m) + )~ 2~ 2t(m) 7 > 1) 2+ )| — 2t 20

If t(m) belongs to the strip P® (1,1,,) lying between the strips IV (1,,) and I (1,,,), then,
by (183), either 1 (t(m)) > wl(,i)XQIm,lm (t(m)) or ¢(t(m)) > wﬁ) (t(m)). If the first inequality is
valid, then, by using considerations similar to those in the case of the inclusion t(m) € I (1,,),
one can prove the estimate (28). In the case of the second inequality, by using the relation
@(t(m)) = E(t(m)) and by following the line of argument for the case in which t(m) € II® (1,,),
one can obtain the estimate (29).

Consider the case in which ¢(m) belongs to the strip P® (1,1,,) lying between the strips II (I,,,)
and T (L,). First, let ¢(m) € P (1,1,,). Then, by (18,) and (163), (t(m)) = w0, , (t(m)),
and either p(t(m)) > E(t(m)) or Inp(t(m)) > ((t(m))/2. If the first inequality is valid, then, just
as in the case of the inclusion t(m) € II® (I,,,), we obtain the estimate (29). In the case of the
second inequality, by using (24;), (242), and (23), we obtain the estimates

C(t(m))/2 + i (m) + In(t(m)) — (d. Int(m))
(312 (m) + ta(m))/2 — 20t (m) [ > [[s(m)]|/2 — 20t (m) > > 0.

Rx((_lv 0)7 da t(m))

>
> (31)

If t(m) lies in the strip P\” (1,1,,), then In@(t(m)) = ((t(m))/2; consequently, the estimate (31)
is valid. But if ¢(m) € P{” (1,1,,), then ¢(t(m)) = w?) (t(m)) and either In p(t(m)) > ((t(m))/2
or (t(m)) > E(t(m)). In the case of the first inequality, we arrive at the estimate (31). In the
case of the second inequality, by an argument similar to that used for the inclusion t(m) € I (l,,),
one can prove the estimate (30).

Finally, we consider the case in which ¢(m) belongs to the strip P (1,1,, + 1) lying between
the strips I (I,,) and II (1, +1). If t(m) € P (1,1, + 1), then from (18;), we obtain the rela-
tion (t(m)) = wl(i)x%n,lm (t(m)), and relation (164) implies that at least one of the inequalities
o(t(m)) > E(t(m)) and Inp(t(m)) > ((t(m))/2 is valid. Then the estimate (30) or (31), re-
spectively, holds. If t(m) € PV (1,1,, + 1), then Inp(t(m)) = C(t(m))/2; consequently, the esti-
mate (31) is valid. If ¢(m) lies in the strip P\V(1,1,, 4 1), then ¢ (t(m)) = will)mﬂ(t(m)), and either
Inp(t(m)) > ¢(t(m))/2 or ¢(t(m)) > E(t(m)). We obtain the estimate (31) in the first case and
the estimate (28) in the other.

We have thereby proved the estimate (28) and the necessary property 3 (d) > 0 for all m € N,
1 <1, — +o00 as m — oo. The second condition in definition (5) of the lower characteristic
exponent of the vector d is realized on the above-constructed sequence 7(m). We have thereby
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proved the inclusion D)) C D_(p’), which implies that the set D{}) is everywhere dense on the
curve DU the curves DM and D, (p') are continuous, and D) is contained in the set D, (p').
In the case of a curve D™ of the form (1,) or (2,), the last fact implies that D, (p') = D).

Now let us show that, in the case of a curve DU of the form (3;), the left boundary lower
exponent set D_ (p') is not larger than this curve. We take an arbitrary exponent d € D, (p).

Then we obtain the inequality AS”(0,0) —dy > 0 along some sequence {t(m)} T +oco of the
form t(m) = (tl(m),tl(m)3 Via(m) ), t(m) € TIM (1,,,). Since D, (p’) is a closed strictly monotone

decreasing curve, we have the coincidence D, (p') = D" in this case as well.
By the above-represented method, one can also prove the coincidence of the right boundary
lower exponent set D, (p”) with the given curve D®.

4.2. The Proof of the Coincidence of the Left and Right Boundary Upper Ezponent Sets
D, (X) and D, (X") with the Curves D® and D™, Respectively

For example, let us show that D, (\') = D®. The relation D, (\") = D™ can be proved in a
similar way. We take an arbitrary point d of the partition D& of the curve D® and show that it
belongs to the set D, (\).

We set

59 (d) = Tm In|z(t)| — t; — 2ty — (d,Int)

t—o0 ”hltH

for the upper limit occurring in definition (4) of the left upper characteristic exponent and show
that 3®)(d) = 0.

It follows from the definition of the partition D{?) that there exists an index I(d) € N such that
de D® forall I > I(d) and d ¢ D for all | < I(d). Let d be the i,,th point of the (I(d) + m)th
partition, m € N. In each strip II®® (i,,,l(d) +m) in which the function Int)(¢) is defined on the
basis of the point d = A® (i,,,1(d) + m), we take a point 7(m) defined as follows. If the slope
k@) (d) of the curve D® at the point d is not equal to —1, then 7(m) is chosen on the curve
Inty/Int; = 1/ !k(3)(d)| < 1; otherwise, we choose it on the line t5/t; = 1/(2e). We obtain a
sequence {7(m)} T +oo such that, by (135), In(7(m)) = (d,In7(m)), Ino(7(m)) = E(r(m)), and

lim Inz(t(m)) — 11 (m) — 275(m) — (d,In7(m))
m—00 [ In7(m)||

=0.

We have thereby proved the inequality 3 (d) > 0.

Let us now prove the opposite inequality 3® (d) < 0. By using constructions similar to those in
Lemma 1 in [3], one can show that there exists a sequence {t(m)} T +oo realizing the upper limit

B3 (d) and satisfying the condition ¢;(m) — +00 as m — +o00, j = 1,2. Therefore, without loss of
generality, we can assume that

[(d, Int(m))| < [[t(m)][*, m e N, (321)
ta(m) > max {(o, 128}, m € N, (325)

and, in the case of the curve D® of the form (3;3),

(A<3>(0,0) _d, (\/M 1)) <0, meAN. (325)

Again without loss of generality, we assume that the ¢(m) belong to strips of the quadrant R2; with
distinet indices ,,, 1 < l,, < lypy1 — +00 as m — +oo, and d € D® (1,,,), m € N. If the sequence
{t(m)} has an infinite subsequence {t (m;)} such that Int (¢t (m;)) — (d,Int (m;)) < 0, then the
desired inequality 5 (d) < 0 is obvious in view of the estimate In p(t(m)) — t;(m) — 2ty(m) < 0.
Therefore, we assume that

Iny(t(m)) — (d,Int(m)) >0 Vm € N. (33)
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We take some m € N and suppose that t(m) belongs to the strip II®¥ (1,,) used in the re-
alization of the left boundary upper exponent set D, (\) = D®. Suppose that the curve D®
has the form (13) or (23). If t(m) lies in the “main” strip II® (i,,,1,,), then from (33), we have
ln¢(3) _(t(m)) — (d,Int(m)) > 0, which, together with (14,), implies that t(m) € SI® (i,,,1,,).
Now it follows from (12,) that |lnte(m)/Int,(m) — @53)1‘ < Ay(l). Since the curve D® is convex,
it follows that the point d € D® does not lie below the tangent to the curve D®) at the point
A® (i, 1,,) € D®. Therefore, A (i, 1) —dy + 01, (Ag3> (iy L) — dz) <0 and

R,((1,2),d,t(m)) = In E(t(m)) — t:(m) — 2ta(m) + In >, (¢(m)) — (d,Int(m))
—In (e”M=00m 4 1) 4+ (AP (4,,,1,,) — d,Int(m))

(A G ) = ) + 0, (A (1) = o) }

1
+(A§3>(im,zm)—d2)( ntalm) _go ]mt
(

IN

In tl (m

Inty(m)

(3
In tl( ) @

< (A (i 1) - ds |t (m) < 27 [ nt(m))].

If t(m) belongs to the transition strip P® (i, + 1,1,,), i, € I} , and wii)HJm (t(m)) < wfi)ln (t(m)),

then from the inequality ¢ (t(m)) < ¢§i,),lm (t(m)), one can obtain the estimate
R.((1,2),d,t(m)) < 27" |[Int(m)]| (34)

just as for the case in which t(m) € U® (i,,,1,,). But if wéi)Jrum (t(m)) > ¢§3)l (t(m)), then it fol-

lows from (33), (18,), and (17) that In ¢f3)+1 ., (t(m))—=(d,Int(m)) > 0. By using the same argument

as for the case in which t(m) € II® (i,,,1,,) and by writing out the equation of the tangent to the

curve D® at the point A® (4,, + 1,1,,,), we obtain the estimate (34). Now we suppose that the curve
D® has the form (33) and t( ) belongs to the strip I1® (1,,,). If either Int,(m) < ¢/ty(m) Inty(m

or the inequalities Int,(m) > {/ta(m)Ints(m) and (A®(0,0),Int(m)) < In Uz(m) (t(m)) are Vahd7

then it follows from (18;) that ¥(t(m)) < ul(i) (t(m)), which implies (34). But if Int;(m) >

{/ta(m) Inty(m) and (A®(0,0),In¢(m)) > In ul(i) (t(m)), then from (323), we have
R.((1,2),d,t(m)) < (A®)(0,0) — d,Int(m))
< (A(B)(O,O) —d, ( v/ ta(m), 1)) Inty(m) < 0.

We have thereby proved the estimate (34) for R,((1,2),d,t(m)) with t(m) € TI® (1,,,).

Now let #(m) belong to the strip ™ (1,,) used in the realization of the right boundary upper
exponent set D, (\”) = D®. Suppose that the curve D™ has the form (1,) or (2,). If t(m) lies in
the strip II¥) (4,,,1,,,), then it follows from (33), (18;), and (17) that

Iy, (t(m)) - (d,Int(m)) > 0

consequently, t(m) € STIW (i,,,1,,). From (11,), we have the inequality t,(m) > et,(m), which,
together with (23), (32), and (32;), implies that

R ((1,2),d,t(m)) < In E(t(m)) — t1(m) — 2ta(m) + mp(t(m)) + (d, In t(m))
~In (e 1) 2t (m)|[* < 82/ (m) (5 (m) + 492 ) 2 < 0.
(35)

IN
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If ¢(m) lies in the strip PW (i, + 1,1,,), i € I} , then it follows from (18,), (17), (33), and (14,)
that either t(m) € SU® (i,,,l,,) or t(m) € SU® (i,,, + 1,1,,), and each of these inclusions, together
with (11;), implies that t3(m) > et;(m). Then, just as for the case in which ¢(m) belongs to the
strip 1T (i,,,1,,), one can prove the estimate (35). But if the curve D™ has the form (3,) and
Inty(m) < {/ti(m)lInt;(m), then, by using the relation ¥ (t(m)) = ul(4)(t(m)), we obtain (35). If
Inty(m) > &/t (m) Int;(m), then it follows from (13;) that to(m) > t;(m) V4™ > 2et, (m), which
1mphes (35)

We have thereby proved the estimate (35) for the case in which ¢(m) belongs to the strip II® (i,,).

Now consider the case in which ¢(m) belongs to the strips II (/,,) used for the realization of

lower boundary exponent sets. By estimating the quantity R,((1,2),d,t(m)) from above and by
using (23), (32;), and (32;), we obtain

R.((1,2),d,t(m)) <InE(t(m)) + Iny(t(m)) — t1(m) — 2ty(m) — (d,Int(m))
2/3 2/3 (36)
<In2 —ty(m) — 2ty(m) + 2|t (m)]|*? < In2 — ty(m) — ||t(m)]| + 2||t(m)]|*? < 0.
If t(m) belongs to the strip P® (1,1,,) lying between the strips II® (1,,,) and II™® (1,,,), then it
follows from (183) that at least one of the inequalities 1 (t(m)) < wl(?’)xz,m 1, (t(m)) and ¥(t(m)) <
wﬁ) (t(m)) is valid. If the first inequality holds, then, just as for the case in which ¢(m) belongs
to the strip II® (1,,), one can prove the estimate (34). In the case of the second inequality, by
using the relation p(t(m)) = E(t(m)) and by following the argument for the case in which t(m)
belongs to the strip II® (1,,,), one obtains the estimate (35).
Now let t(m) belong to the strip P® (1,1,,) lying between the strips I (I,,) and II(l,,). If
t(m) € P’ (1,1,,), then it follows from (18,) that ¥(t(m)) = w” ..., (t(m)), and relation (16;)

I X 2Em 1y
implies that one of the inequalities p(t(m)) < E(t(m)) and In (¢ ( )) < ((t(m))/2 is valid. In the

)
case of the first inequality, arguing as in the case of the inclusion ¢(m) € II(l,,), we prove (36).
But if the second inequality is valid, then, by using (23), (32;), and (322), we obtain

Ra((1,2),d, t(m)) < ¢(t(m))/2 — t:(m) — 2ta(m) + I 4b(t(m)) — (d,In t(m)) o
< —(ta(m) + Bta(m)) /2 + 2t (m) [** < —[e(m)]/2 + 2] (m)[[*"* < 0.

Let t(m) € P (1,1,,). Then In(t(m)) = ¢(t(m))/2, and consequently, inequality (37) is valid.

But if ¢(m) belongs to the strip P\” (1,1,,), then (t(m)) = wﬁ) (t(m)), and at least one of
the inequalities Inp(t(m)) < ((t(m))/2 and @(t(m)) < E(t(m)) is valid. In the case of the first
inequality, we again obtain the estimate (37), and in the other case, arguing as in the case of the
inclusion t(m) € TI®® (I,,), we prove the estimate (34).

Now let t(m) belong to the strip P (1,1, + 1) lying between the strips II (I,,,) and I (,, + 1).
If t(m) € P\ (1,1,, + 1), then it follows from (185) and (164) that ¥(t(m)) = w) .., (t(m)) and
at least one of the inequalities p(t(m)) < E(t(m)) and Inp(t(m)) < ((t(m))/2 is valid. If the first

inequality holds, then we obtain the estimate (35) just as for the case in which ¢(m) € II™ (1,,).
In the case of the second inequality, we have the estimate (37). If ¢(m) belongs to the strip

PV (1,1, + 1), then Inp(t(m)) = ¢(t(m))/2, which implies (37). But if t(m) € P{" (1,1, + 1),
then ¥ (t(m)) = w!} , (t(m)) and at least one of the inequalities Inp(t(m)) < ((t(m))/2 and
e(t(m)) < E(t(m)) is valid. In the first case, we have (37), and in the second case, we obtain (36)
just as for the case in which ¢(m) belongs to the strip I (,,).

We have thereby proved the inequality 5 (d) < 0 and the first condition in definition (4) of

the upper characteristic exponent for a vector d. The second condition in this definition is realized
along the above-constructed sequence 7(m). We have thereby proved that the left boundary upper

exponent set D, (\') coincides with the given curve D® on the everywhere dense set D). This,
together with the continuity of the curves D, (\) and D® implies that D® C D, (X). In the

DIFFERENTIAL EQUATIONS Vol. 39 No.4 2003



492 IZOBOV, KRUPCHIK

case of the curve D® of the form (13) or (23), we have D, (\) = D®. Let us show that, in
the case of the curve D® of the form (33), the left boundary upper exponent set D, (\') cannot
be larger than this curve as well. We take an arbitrary exponent d € D, (\'). Then from the first
condition in definition (4) of the upper characteristic exponent, we have A (0,0) — d; < 0 along
some sequence {t(m)} T +oo of the form t(m) = (tg(m)3m,t2(m)>, t(m) € I (1,,,). Since

D, (\) is a closed curve and is strictly monotone decreasing, we have D, (\) = D®) in this case
as well.

5. CONSTRUCTION OF THE EQUATION.
BOUNDEDNESS OF THE COEFFICIENTS

The function z(¢) > 0 constructed in the preceding is a solution of Eq. (1;) with coefficients

1 0x(t)  Olnx(t) ) B
ak(t) = gj(t) atk = 8tk s te R>1, k= 1,2,

satisfying the total integrability condition in view of the infinite differentiability of Inz(t) in R2 .
Let us prove the boundedness of the coefficients.

0
We first show that the derivatives . Inp(t), k = 1,2, are bounded. Obviously, we have the
k

estimates
‘a—tklnE - f:ke ~l <1, te R%,, (38,)
‘8_tk InE(t)| = ‘1 + _tle:“e_h <2, te R, (382)
8% <$> =5 teR, (385)
From inequality (L;) in the lemma, we obtain the estimates
) e n(0:60,60)| < 2
In B(0)35-cor (nG(0:61,60)| < T < 2

_ 0
lnE(t)a—tke(n (11’1C(t)7£1,§2) §4+21H2, t€R2>17

on each interval [£1,&] of length & — & > 2. These estimates, together with (16,)—(165) and

inequalities (38;)—(383), imply that the derivatives % Inp(t), k = 1,2, are bounded.
k

0
Now let us show that the derivatives . Ine(t), k = 1,2, are also bounded. We first estimate the
k

d
partial derivatives ot In ¢(Q)( t),q=1,2,3,4, k = 1,2, in the strip IIL9(i,1), i € I;, | € N. Taking

account of (81,1)—(82), we note that the inner product (A (i,1),Int) occurs in the definition of

the function In w(q)( t) only in the sector S (i,1) defined as follows. If the slope k(9 (i,1) is not
equal to —1, then we set

& . lnt2 1

S (i1) = {teRilz e~ O STF’HZ}, g=14,

. Int Ol

S@W(,ly={te R |—2-09 <74 =2,3.
(4,1) { € 1is, Int, il | S + 1 ([ q=2
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If k(@ (i,1) = —1, then we set S (i,l) = {t € R2,: e —2 < ty/t; < 4e} for ¢ = 1,4 and S (i,1) =
{te R%,: 1/(4e) <to/ty <1/e+1/2} for ¢ = 2,3. Since C(t) > ' exp(exp(2)) in the strip
L9 (,1),i€I,l € N, q=1,2,3,4, we have the estimates

tk 2 Vl(Q)u k= 1727 (39)

in the intersection S (i,1) NTIL@ (i,1), i € I;, | € N, ¢ = 1,2,3,4. It was proved in [2] that the
partial derivatives of the function In w(Q)( t), ¢ = 1,4, given by (8;;) and (9;) are bounded in
the strip IIL@W(i,1),i € I;, | € N, ¢ =1,2,3,4.

Let us now estimate the partial derivatives of the function In 1/)1(3)( t), g = 2,3, given by (821)

and (9;). From the partition of the quadrant R?,, inequalities (39), and the relation Vl > 1 for
t € S, 1) NIILYD(i,1),i € I;, ] € N, ¢ =1,2,3,4, we obtain the estimates

(@)
B ‘Ak (%l)‘ As(D)
— (AD(3,1),Int)| = <=7 < k=1,2. 4
‘Z%k( (i, ),n)‘ <o =b , (40)
We also have the obvious estimates
8 211'1tk
—||Int|]* = <2 k=12 41
it = =2 <2 , (a)

By using the first inequality in the lemma, inequality (39), and the relations QZ(Q) /4 <lInty/Int; <2
and 717 < Q% /2, we obtain the estimates

0 Int SZ(Q)
(@) (; 2. @ (9) (q) (9)
(A9(i,1),Int) o <1 €o (l P ;0,7 +17,0,7 + 17 + I >>'

[ @) > (421)
exp 8(Tl ) ]
=21 Int
< 2||A@ (i, )| (nt, + Int,) exp [32 (24”) ] t Il;t < 12A,(1) - <1,
1 1 v
) o Int 0
(A(Q) (’L,l),h’l t) 8_152 <1 — €p1 (ln tj,@g?l) =+ Tl(Q), @53) + Tl(Q) + #)) '
2 (422)
exp [32 (Ql(q)> ]
<2A:(D) (Int; +Int <1
<2A:(1)(Int; +1nt,) oIt < 1
d Int Q(q
'(A(Q)(i,l),lnt) 5 €0 (ln;;egqg = S 1 ‘q>> <1, k=12 (423)
k nit; ’
Int =21 Int
|| In ¢ ‘6—601 ( —2.91 0 4+ <q>)' < 2exp {2( (”) }ni;(lrftl—i-ln%z)
¢ Int, t:In% ¢, (42
4
-2
< 20exp [2 (T;q)) } h;tl <1,
1
-2
Ity @ o@ , @ 2exp [2 (Tl@) }
Int|*|=—e ;0,7,0;] —|—Tq>'< In*t;, +1In’t
o] ‘6152 o1 <1 ng, bbb = tyInt, (™, 2) (425)
< 40 exp [2 (Tl@) } ?—f? <1,
Q9
2| 0 Inty @ 0 g
” lntH % 1-— In t 611 7®i,l S 1, k= 1,2, (426)
k

in the intersection S (i,1) NIIL® (i,1), i€ I,,l € N, ¢ = 2,3.
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The estimates (40), (4 ) and (42;)—(426) and relations (6) and (7) imply that the partial deriva-
tives of the function In %,z (t), ¢ = 2,3, given by (8,1) and (9;) are bounded in the strip IIL (i,1),
iel,leN,qg=2,3.

Let us now show that the partial derivatives of the function In w(q)( t), ¢ = 1,4, given by (812)

are bounded in the strip IIL(9(i,1), i € I;, | € N, ¢ = 1,4. By using the second inequality in the
lemma, we obtain the estimates

(h’l tl + In tg) t2

'(A(Q)(i,l),ln t) % <1 — €01 (%;36,46))' < A4A (1) P
1 1
16e Aq( 21nt1+1n4e§1’
F ¢—
lnt1+lnt2 [)2Int; +Inde

‘(A(@(i,l),ln t) a% <1 —en (%;36,46»' <4A(1) ) \/> N <1,

0 t
(@(; 2.,
‘(A (i,1), lnt) 0 €o1 (tl,e 2,e>

§17 k:1)27

in the intersection S@(i,1) UTIL (,1), which, together with the obvious estimates

t
| Int]? ‘(% €101 <i;€,26,3€>

imply that the partial derivatives of the function In 1/);3) (t), g = 1,4, given by (8;2) are bounded in
the strip L@ (i,1),i € I;, | € N, ¢ = 1,4.

In a similar way, by using the first inequality in the lemma, one can show that the partial
derivatives of the function In w(Q)( t), ¢ = 2,3, given by (82) are bounded in the strip IIL@ (i, 1),
1€, leN,q=2,3.

In view of (17), we have thereby shown that the partial derivatives of the function Inu!” (),
q=1,2,3,4, are bounded in each “main” strip [I'9(i,1), i € I;, | € N, ¢ = 1,2,3,4. Again in view

of (17), to prove the boundedness of these partial derivatives in the “transition” strip P (i +1,1),
iel}, 1€ N,qg=1,2,3,4, it suffices to justify the boundedness of the products

te SO36N)NIILYD(4,1), k=1,2,

?
[0 {2, (6) — mwl? (1) Fi0 (nc@imal  mpL,), k=12

Since n LY, , —Inal?, , =IneS =6 > 2 and ((t) > v|? > ¢ for all t € PW (i + 1,1), it follows from
the second inequality in the lemma that

0
h”/)]l (t ) ot €o1 (th( ); 1110‘5?1,1:11151‘(?1,1)

<o 2000t ) Ko (01 i

where X 3w ;) (t) is the characteristic function of the set St ( ,1) and j = 4,7+ 1. These estimates,

0
together with the boundedness of the partial derivatives — ln w(Q)( t) and ot In 1#1(_‘?1 ,(t) in the

0 .
“transition” strip P@ (i +1,1), imply that the partial derivatives I In ul(q) (t) are also bounded in
k
this strip.
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We have thereby proved that, by definition (18;) of the function (¢), the partial derivatives
d
e Inw(t), k = 1,2, are bounded in the strip IV (1), I € N, ¢ = 1,2, 3,4, in the case of the curve
k
D@ of the form (1,) or (2,).

3}
Let us now prove the boundedness of the derivatives o Inty(t), k = 1,2, in the strip 1@ (1),
k

l €N, q=1,2,3,4, for the case in which the curve D@ has the form (3,). In each strip II'? (4, 1),
1€1;,l € N, q=1,4, we have the estimates

8X(q)(t) h’ltg

AD(0,0),Int <4|AD0,0)]|| (Int, + Inty) ———o— (Int; + 3

(A0,0).Int) Z5=| <4[AD(0.0)] (nta +Int) 2z i (it +3)
h’ltl + 3+ 3\3/ tl h’ltl + 9\3/ tl

< 4]|Aa“(0,0)|| < ||A“®(0,0)]| b,

ty

oD (t) Int; +1Ints 1 3
(a) (a) (@) =
(A9(0,0),Int) o | < 4[|A(0,0)]| Tihint, < 4]|A@(0,0)|| ( e t2>

< [|a@ (0,0,

Ox\D(t Int
In{) <t>7) <A (A1 (1) (s + o) X0 () + [ I0t]*) g (Inty +3)
1 3t1 In tl
N
< 4¥X§@(i,l) (t) (Inty + 3+ 3Vt Int, + 9%, )
1
4 (0%t + 3ty +9 (V8) W%t + 27 (V8) " Int, )
+

t
< X5 (i,0) (t) +0,
Ox @ (t)' < 4 (A1(1) (Inty + Inty) X5 @ () + |l Int|?)
Oty |~ ity Int,

1 3 Int;  3lnt,
<4 (Al(l)xgww,l)(t) (ﬁ * E) * vt T )
< X5 (4, (t)+0

with some constant b > 0. Similar estimates can be proved for ¢ = 2,3. These estimates, together

0
with the boundedness of the derivatives I In ul(q) (t) in the strip 119 (1), 1 € N, ¢ = 1,2, 3,4, imply
k

that the derivatives of the function In(t) are bounded in this strip for the case in which the curve
D has the form (3,).

Taking account of the definition of the “transition” strips P@(1,1), l € N, ¢ = 1,2,3,4, and
using the same considerations as for the strips P@ (i +1,1),i € I}, 1 € N, ¢ = 1,2,3,4, one can

Iny{?(t)

0
show that the derivatives e Ine(t), k = 1,2, are also bounded in these strips.
k

We have thereby proved that the coefficients a;(t), i« = 1,2, are bounded in the entire quad-
rant R?,. The proof of Theorem 1 is complete.

Theorem 1 implies that the boundary exponent sets of a solution can have an arbitrary relative
position, unlike characteristics sets, whose arrangement is subjected to the condition [4]

sup{p; :p € P} <inf{\;: A€ A,}, i=1,2.

The following assertion provides a complete joint description of boundary exponent sets.

Theorem 2. Given sets D9, q =1,2,3,4, are the left and right boundary lower exponent sets
D, (p') and D, (p") and the left and right boundary upper exponent sets D, (N') and D, (\"), re-
spectively, of some nontrivial solution x(t), whose lower characteristic set P, and characteristic set
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A, are assumed to consist of more than one point, of some completely integrable Pfaff system (1)
with bounded continuously differentiable coefficients if and only if the sets DV and D® (respec-

tively, the sets D® and D®W) either are empty or can be represented in the form of closed upper
(respectively, lower) convexr monotone decreasing curves on a two-dimensional plane which are un-

bounded on the right and below (respectively, on the left and above) and whose slope at each interior
point is negative and is not less (for DV and D™) or not greater (for D@ and D®) than —1.

Remark. The set I; = {0,1,...,1 x 2'} used in [2] should have the form I, = {1,...,1 x 2'}.
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