
8 FURTHER APPLICATIONS OF INTEGRATION

8.1 Arc Length

1.  = 2− 5 ⇒  =
 3

−1


1 + ()2  =

 3

−1


1 + (2)2  =

√
5 [3− (−1)] = 4

√
5.

The arc length can be calculated using the distance formula, since the curve is a line segment, so

 = [distance from (−1−7) to (3 1)] =


[3− (−1)]2 + [1− (−7)]2 =
√

80 = 4
√

5

2. Using the arc length formula with  =
√

2− 2 ⇒ 


= − √

2− 2
, we get

=

 1

0


1 +






2

 =

 1

0


1 +

2

2− 2
 =

 1

0

√
2 √

2− 2
=
√

2

 1

0

√
2
2 − 2

=
√

2


sin−1


√
2

1
0

=
√

2


sin−1


1√
2


− sin−1 0


=
√

2


4
− 0


=
√

2 
4

The curve is a one-eighth of a circle with radius
√

2, so the length of the arc is 1
8


2 ·√2


=
√

2 
4
, as above.

3.  = sin ⇒  = cos ⇒ 1 + ()2 = 1 + cos2. So  =
 
0

√
1 + cos2 ≈ 38202.

4.  = − ⇒  = (−−) + −(1) = −(1− ) ⇒ 1 + ()2 = 1 + [−(1− )]2.

So  =
 2

0


1 + −2(1− )2  ≈ 21024.

5.  = − ln ⇒  = 1− 1 ⇒ 1 + ()2 = 1 + (1− 1)2. So  =
 4

1


1 + (1− 1)2  ≈ 34467.

6.  = 2 − 2 ⇒  = 2 − 2 ⇒ 1 + ()2 = 1 + (2 − 2)2. So  =
 2

0


1 + (2 − 2)2  ≈ 29579.

7.  =
√
 −  ⇒  = 1


2
√

− 1 ⇒ 1 + ()2 = 1 +


1

2
√

− 1

2

.

So  =

 4

1


1 +


1

2
√

− 1

2

 ≈ 36095.

8. 2 = ln ⇔  = 
2 ⇒  = 2

2 ⇒ 1 + ()2 = 1 + 422
2

.

So  =
 1

−1


1 + 422

2
 ≈ 42552.

9.  = 1 + 632 ⇒  = 912 ⇒ 1 + ()2 = 1 + 81.

So  =

 1

0

√
1 + 81 =

 82

1


12


1
81

   = 1 + 81,

 = 81 


= 1

81
· 2

3




32
82
1

= 2
243


82
√

82− 1



10. 362 = (2 − 4)3,  ≥ 0 ⇒  = 1
6
(2 − 4)32 ⇒  = 1

6
· 3

2
(2 − 4)12(2) = 1

2
(2 − 4)12 ⇒

1 + ()2 = 1 + 1
4
2(2 − 4) = 1

4
4 − 2 + 1 = 1

4
(4 − 42 + 4) =


1
2
(2 − 2)

2
. So

 =
 3

2


1
2
(2 − 2)

2
 =

 3

2

1
2
(2 − 2)  = 1

2


1
3
3 − 2

3
2

= 1
2


(9− 6)−  8

3
− 4


= 1
2


13
3


= 13

6
.
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2 ¤ CHAPTER 8 FURTHER APPLICATIONS OF INTEGRATION

11.  =
3

3
+

1

4
⇒ 0 = 2 − 1

42
⇒

1 + (0)2 = 1 +


4 − 1

2
+

1

164


= 4 +

1

2
+

1

164
=


2 +

1

42

2

. So

=

 2

1


1 + (0)2  =

 2

1

2
+

1

42

  =

 2

1




2
+

1

42




=


1

3
3 − 1

4

2
1

=


8

3
− 1

8


−


1

3
− 1

4


=

7

3
+

1

8
=

59

24

12.  =
4

8
+

1

42
⇒ 


= 1

2
3 − 1

2
−3 ⇒

1 + ()2 = 1 + 1
4
6 − 1

2
+ 1

4
−6 = 1

4
6 + 1

2
+ 1

4
−6 =


1
2
3 + 1

2
−3

2
. So

=
 2

1


1
2
3 + 1

2
−3

2
 =

 2

1


1
2
3 + 1

2
−3


 =


1
8
4 − 1

4
−2

2
1

=

2− 1

16

−  1
8
− 1

4


= 2 + 1

16
= 33

16
.

13.  = 1
3

√
 ( − 3) = 1

3
32 − 12 ⇒  = 1

2
12 − 1

2
−12 ⇒

1 + ()
2

= 1 + 1
4
 − 1

2
+ 1

4
−1 = 1

4
 + 1

2
+ 1

4
−1 =


1
2
12 + 1

2
−12

2
. So

 =
 9

1


1
2
12 + 1

2
−12


 = 1

2


2
3
32 + 212

9
1

= 1
2


2
3
· 27 + 2 · 3−  2

3
· 1 + 2 · 1

= 1
2


24− 8

3


= 1

2


64
3


= 32

3
.

14.  = ln(cos) ⇒  = −tan ⇒ 1 + ()2 = 1 + tan2  = sec2 . So

 =
 3
0

√
sec2  =

 3
0

sec =

ln |sec + tan| 3

0
= ln


2 +

√
3
− ln(1 + 0) = ln


2 +

√
3

.

15.  = ln(sec) ⇒ 


=

sec tan

sec
= tan ⇒ 1 +






2

= 1 + tan2  = sec2 , so

 =
 4
0

√
sec2  =

 4
0

|sec|  =
 4
0

sec =

ln(sec + tan)

4
0

= ln
√

2 + 1
− ln(1 + 0) = ln

√
2 + 1


16.  = 3 + 1

2
cosh 2 ⇒ 0 = sinh 2 ⇒ 1 + ()2 = 1 + sinh2(2) = cosh2(2). So

 =
 1

0


cosh2(2)  =

 1

0
cosh 2 =


1
2

sinh 2
1
0

= 1
2

sinh 2− 0 = 1
2

sinh 2.

17.  =
1

4
2 − 1

2
ln ⇒ 0 =

1

2
− 1

2
⇒ 1 + (0)2 = 1 +


1

4
2 − 1

2
+

1

42


=

1

4
2 +

1

2
+

1

42
=


1

2
+

1

2

2

.

So

=

 2

1


1 + (0)2  =

 2

1

12+
1

2

  =

 2

1


1

2
 +

1

2




=


1

4
2 +

1

2
ln ||

2
1

=


1 +

1

2
ln 2


−


1

4
+ 0


=

3

4
+

1

2
ln 2
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SECTION 8.1 ARC LENGTH ¤ 3

18.  =
√
− 2 + sin−1

√


⇒ 


=

1− 2

2
√
− 2

+
1

2
√

√

1− 
=

2− 2

2
√

√

1− 
=


1− 


⇒

1 +






2

= 1 +
1− 


=

1


. The curve has endpoints (0 0) and


1 

2


,

so  =
 1

0


1  = lim

→0+

 1




1 = lim

→0+


2
√

1


= lim
→0+


2
√

1− 2
√



= 2− 0 = 2.

19.  = ln(1 − 2) ⇒ 0 =
1

1− 2
· (−2) ⇒

1 +






2

= 1 +
42

(1− 2)2
=

1− 22 + 4 + 42

(1− 2)2
=

1 + 22 + 4

(1− 2)2
=

(1 + 2)2

(1− 2)2
⇒


1 +






2

=


1 + 2

1− 2

2

=
1 + 2

1− 2
= −1 +

2

1− 2
[by division] = −1 +

1

1 + 
+

1

1− 
[partial fractions].

So  =

 12

0


−1 +

1

1 + 
+

1

1− 


 =

−+ ln |1 + |− ln |1− | 12
0

=
− 1

2
+ ln 3

2
− ln 1

2

− 0 = ln 3− 1
2
.

20.  = 1− − ⇒ 0 = −(−−) = − ⇒ 1 + ()2 = 1 + −2. So

=

 2

0


1 + −2  =

 −2

1


1 + 2


− 1





[ = −]

23
=


ln

1 +
√

1 + 2



−√1 + 2

−2
1

[or substitute  = tan ]

= ln

1 +
√

1 + −4

−2

−√1 + −4 − ln

1 +
√

2

1

+√2

= ln

1 +

√
1 + −4

− ln −2 −√1 + −4 − ln

1 +

√
2


+
√

2

= ln

1 +

√
1 + −4


+ 2−√1 + −4 − ln


1 +

√
2


+
√

2

21.  = 1
2
2 ⇒  =  ⇒ 1 + ()2 = 1 + 2. So

=
 1

−1

√
1 + 2  = 2

 1

0

√
1 + 2  [by symmetry]

21
= 2



2

√
1 + 2 + 1

2
ln

+

√
1 + 2

1
0


or substitute
 = tan 


= 2


1
2

√
2 + 1

2
ln

1 +

√
2
− 0 + 1

2
ln 1


=
√

2 + ln

1 +

√
2


22. 2 = ( − 4)3 ⇒  = ( − 4)32 [for   0] ⇒  = 3
2
( − 4)12 ⇒

1 + ()2 = 1 + 9
4
( − 4) = 9

4
 − 8. So

=

 8

5


9
4
 − 8  =

 10

134

√



4
9

 

 = 9
4
 − 8,

 = 9
4



= 4

9


2
3


32
10
134

= 8
27


1032 −  13

4

32 
or 1

27


80
√

10− 13
√

13


23. From the figure, the length of the curve is slightly larger than the hypotenuse

of the triangle formed by the points (1 2), (1 12), and (2 12). This length

is about
√

102 + 12 ≈ 10, so we might estimate the length to be 10.

 = 2 + 3 ⇒ 0 = 2+ 32 ⇒ 1 + (0)2 = 1 + (2+ 32)2.

So  =
 2

1


1 + (2 + 32)2  ≈ 100556.
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4 ¤ CHAPTER 8 FURTHER APPLICATIONS OF INTEGRATION

24. From the figure, the length of the curve is slightly larger than the hypotenuse

of the triangle formed by the points (1 1),


2
 1

, and



2
 

2


. This length

is about



2

2
+


2
− 1
2 ≈ 17, so we might estimate the length to

be 17.  = + cos ⇒ 0 = 1− sin ⇒
1 + (0)2 = 1 + (1− sin)2. So

 =
 2
0


1 + (1− sin)2  ≈ 17294.

25.  =  sin ⇒  =  cos + (sin)(1) ⇒ 1 + ()2 = 1 + ( cos + sin)2. Let

() =


1 + ()2 =


1 + ( cos + sin)2. Then  =
 2

0
() . Since  = 10,∆ = 2− 0

10
= 

5
. Now

 ≈ 10 =
5

3


(0) + 4



5


+ 2


2
5


+ 4


3
5


+ 2


4
5


+ 4


5
5


+ 2


6
5


+ 4


7
5


+ 2


8
5


+ 4


9
5


+ (2)


≈ 15498085

The value of the integral produced by a calculator is 15374568 (to six decimal places).

26.  = 3
√
 ⇒  = 1

3
−23 ⇒  =

 6

1
() , where () =


1 + 1

9
−43.

Since  = 10,∆ = 6− 1
10

= 1
2
. Now

 ≈ 10 =
12

3
[(1) + 4(15) + 2(2) + 4(25) + 2(3) + 4(35) + 2(4)

+ 4(45) + 2(5) + 4(55) + (6)]

≈ 5074212

The value of the integral produced by a calculator is 5074094 (to six decimal places).

27.  = ln(1 + 3) ⇒  =
1

1 + 3
· 32 ⇒  =

 5

0
() , where () =


1 + 94(1 + 3)2.

Since  = 10,∆ = 5− 0
10

= 1
2
. Now

 ≈ 10 =
12

3
[(0) + 4(05) + 2(1) + 4(15) + 2(2) + 4(25) + 2(3)

+ 4(35) + 2(4) + 4(45) + (5)]

≈ 7094570

The value of the integral produced by a calculator is 7118819 (to six decimal places).

28.  = −
2 ⇒  = −

2

(−2) ⇒  =
 2

0
() , where () =


1 + 42−22 .

Since  = 10,∆ = 2− 0
10

= 1
5
. Now

 ≈ 10 =
15

3
[(0) + 4(02) + 2(04) + 4(06) + 2(08) + 4(1) + 2(12)

+ 4(14) + 2(16) + 4(18) + (2)]

≈ 2280559

The value of the integral produced by a calculator is 2280526 (to six decimal places).
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SECTION 8.1 ARC LENGTH ¤ 5

29. (a) Let () =  =  3
√

4−  with 0 ≤  ≤ 4.

(b) The polygon with one side is just the line segment joining the

points (0 (0)) = (0 0) and (4 (4)) = (4 0), and its

length 1 = 4.

The polygon with two sides joins the points (0 0),

(2 (2)) =

2 2

3
√

2

and (4 0). Its length

2 =


(2− 0)2 +


2

3
√

2− 0
2

+


(4− 2)2 +


0− 2

3
√

2
2

= 2
√

4 + 283 ≈ 643

Similarly, the inscribed polygonwith four sides joins the points (0 0),

1

3
√

3

,

2 2

3
√

2

, (3 3), and (4 0),

so its length

4 =


1 +


3
√

3
2

+


1 +


2

3
√

2− 3
√

3
2

+


1 +


3− 2

3
√

2
2

+
√

1 + 9 ≈ 750

(c) Using the arc length formula with



= 


1
3
(4− )−23(−1)


+ 3
√

4−  =
12− 4

3(4− )23
, the length of the curve is

 =

 4

0


1 +






2

 =

 4

0


1 +


12− 4

3(4− )23

2
.

(d) According to a calculator, the length of the curve is  ≈ 77988. The actual value is larger than any of the approximations

in part (b). This is always true, since any approximating straight line between two points on the curve is shorter than the

length of the curve between the two points.

30. (a) Let () =  = + sin with 0 ≤  ≤ 2.

(b) The polygon with one side is just the line segment joining the points (0 (0)) = (0 0) and (2 (2)) = (2 2), and

its length is


(2 − 0)2 + (2 − 0)2 = 2
√

2 ≈ 89.

[continued]
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6 ¤ CHAPTER 8 FURTHER APPLICATIONS OF INTEGRATION

The polygon with two sides joins the points (0 0), ( ()) = ( ), and

(2 2). Its length is
( − 0)2 + ( − 0)2 +


(2 − )2 + (2 − )2 =

√
2 +

√
2

= 2
√

2 ≈ 89

Note from the diagram that the two approximations are the same because the sides

of the two-sided polygon are in fact on the same line, since () =  = 1
2
(2).

The four-sided polygon joins the points (0 0),


2
 

2
+ 1

, ( ),


3
2
 3

2
− 1

, and (2 2), so its length is


2

2
+


2

+ 1
2

+



2

2
+


2
− 1
2

+



2

2
+


2
− 1
2

+



2

2
+


2

+ 1
2 ≈ 94

(c) Using the arc length formula with  = 1 + cos, the length of the curve is

 =
 2

0


1 + (1 + cos)2  =

 2

0

√
2 + 2 cos+ cos2 

(d) The calculator approximates the integral as 95076. The actual length is larger than the approximations in part (b).

31.  =  ⇒  =  ⇒ 1 + ()2 ⇒ 1 + 2 ⇒

=

 2

0


1 + 2  =

 2

1


1 + 2


1




 
 = 

 =  


23
=

√
1 + 2 − ln

1 +
√

1 + 2



 
2

1

=

√
1 + 4 − ln

1 +
√

1 + 4

2


−
√

2− ln
1 +

√
2

1


=
√

1 + 4 − ln(1 +
√

1 + 4 ) + 2−√2 + ln(1 +
√

2) ≈ 6788651

An equivalent answer from a CAS is

−√2 + arctanh(
√

22) +
√
4 + 1− arctanh(1

√
4 + 1 ).

32.  = 43 ⇒  = 4
3
13 ⇒ 1 + ()2 = 1 + 16

9
23 ⇒

 =
 1

0


1 + 16

9
23  =

 43

0

√
1 + 2 81

64
2 


 = 4

3
13,  = 4

9
−23 ,

 = 9
4
23  = 9

4
· 9
16
2  = 81

64
2 


22
= 81

64


1
8
(1 + 22)

√
1 + 2 − 1

8
ln

+

√
1 + 2

43
0

= 81
64


1
6


1 + 32

9


25
9
− 1

8
ln


4
3

+


25
9


= 81

64


1
6
· 41

9
· 5

3
− 1

8
ln 3


= 205
128
− 81

512
ln 3 ≈ 14277586

33. 23 = 1− 23 ⇒  = (1− 23)32 ⇒



= 3

2
(1− 23)12


− 2

3
−13


= −−13(1− 23)12 ⇒





2

= −23(1− 23) = −23 − 1. Thus

 = 4
 1

0


1 + (−23 − 1)  = 4

 1

0
−13  = 4 lim

→0+


3
2
23

1


= 6.
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SECTION 8.1 ARC LENGTH ¤ 7

34. (a)

(b)  = 23 ⇒ 1 +






2

= 1 +


2
3
−13

2

= 1 + 4
9
−23. So  =

 1

0


1 + 4

9
−23  [an improper integral].

 = 32 ⇒ 1 +






2

= 1 +


3
2
12

2

= 1 + 9
4
. So  =

 1

0


1 + 9

4
 .

The second integral equals 4
9
· 2

3


1 + 9

4

321

0
= 8

27


13
√

13
8

− 1


= 13
√

13− 8
27

.

The first integral can be evaluated as follows: 1

0


1 + 4

9
−23 = lim

→0+

 1



√
923 + 4

313
 = lim

→0+

 9

923

√
+ 4

18



 = 923

 = 6−13 



=

 9

0

√
+ 4

18
 =

1

18
·

2

3
(+ 4)

32

9
0

=
1

27
(13

32 − 4
32

) =
13
√

13 − 8

27

(c)  = length of the arc of this curve from (−1 1) to (8 4)

=

 1

0


1 +

9

4
  +

 4

0


1 +

9

4
  =

13
√

13− 8

27
+

8

27


1 +

9

4


32
4

0

[from part (b)]

=
13
√

13− 8

27
+

8

27


10
√

10− 1


=
13
√

13 + 80
√

10− 16

27

35.  = 232 ⇒ 0 = 312 ⇒ 1 + (0)2 = 1 + 9. The arc length function with starting point 0(1 2) is

() =
 
1

√
1 + 9  =


2
27

(1 + 9)32

1

= 2
27


(1 + 9)32 − 10

√
10

.

36. (a)  = () = ln(sin) ⇒ 0 =
1

sin
· cos = cot ⇒ 1 + (0)2 = 1 + cot2  = csc2  ⇒

1 + (0)2 =
√

csc2  = |csc|. Therefore,

() =
 
2


1 + [ 0()]2  =

 
2

csc   =

ln |csc − cos |


2

= ln |csc− cot|− ln |1− 0| = ln(csc− cot)

(b) Note that  is increasing on (0 ) and that  = 0 and  =  are

vertical asymptotes for both  and .

37.  = sin−1  +
√

1− 2 ⇒ 0 =
1√

1− 2
− √

1− 2
=

1− √
1− 2

⇒

1 + (0)2 = 1 +
(1− )2

1− 2
=

1− 2 + 1− 2+ 2

1− 2
=

2− 2

1− 2
=

2(1− )

(1 + )(1− )
=

2

1 + 
⇒
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8 ¤ CHAPTER 8 FURTHER APPLICATIONS OF INTEGRATION


1 + (0)2 =


2

1 + 
. Thus, the arc length function with starting point (0 1) is given by

() =

 

0


1 + [ 0()]2  =

 

0


2

1 + 
 =

√
2

2
√

1 + 

0

= 2
√

2
√

1 + − 1

.

38. (a) () =
 



1 + [ 0()]2  and () =

 
0

√
3 + 5  ⇒ 1 + [ 0()]2 = 3 + 5 ⇒ [ 0()]2 = 3 + 4 ⇒

 0() =
√

3 + 4 [since  is increasing]. So () =

(3 + 4)12  = 2

3
· 1

3
(3 + 4)32 + and since  has

-intercept 2, (0) = 2
9
· 8 +  and (0) = 2 ⇒  = 2− 16

9
= 2

9
. Thus, () = 2

9
(3 + 4)32 + 2

9
.

(b) () =

 

0

√
3+ 5  =


2
9
(3 + 5)

32

0

= 2
9
(3+ 5)

32 − 2
9
(5)

32.

() = 3 ⇔ 2
9
(3 + 5)32 = 3 + 2

9
(5
√

5 ) ⇔ (3 + 5)32 = 27
2

+ 5
√

5 ⇔ 3+ 5 =


27
2

+ 5
√

5
23 ⇒

1 = 1
3


27
2

+ 5
√

5
23 − 5


. Thus, the point on the graph of  that is 3 units along the curve from the -intercept

is (1 (1)) ≈ (1159 4765).

39. () = 1
4
 + − ⇒  0() = 1

4
 − − ⇒

1 + [ 0()]2 = 1 +


1
4
 − −

2
= 1 + 1

16
2 − 1

2
+ −2 = 1

16
2 + 1

2
+ −2 =


1
4
 + −

2
= [()]2. The arc

length of the curve  = () on the interval [ ] is  =
 



1 + [ 0()]2  =

 



[()]2  =

 

() , which is

the area under the curve  = () on the interval [ ].

40.  = 150− 1
40

(− 50)2 ⇒ 0 = − 1
20

(− 50) ⇒ 1 + (0)2 = 1 + 1
202

(− 50)2, so the distance traveled by

the kite is

 =

 80

0


1 +

1

202
(− 50)2  =

 32

−52


1 + 2 (20 )


 = 1

20
(− 50),

 = 1
20




21
= 20


1
2

√

1 + 2 + 1
2

ln

+

√
1 + 2

32
−52

= 10


3
2


13
4

+ ln


3
2

+


13
4


+ 5

2


29
4
− ln


−5

2
+


29
4


= 15

2

√
13 + 25

2

√
29 + 10 ln


3 +

√
13

−5 +
√

29


≈ 1228 ft

41. The prey hits the ground when  = 0 ⇔ 180− 1
45
2 = 0 ⇔ 2 = 45 · 180 ⇒  =

√
8100 = 90,

since  must be positive. 0 = − 2
45
 ⇒ 1 + (0)2 = 1 + 4

452
2, so the distance traveled by the prey is

 =

 90

0


1 +

4

452
2  =

 4

0


1 + 2


45
2

 

 = 2
45
,

 = 2
45




21
= 45

2


1
2

√

1 + 2 + 1
2

ln

+

√
1 + 2

4
0
= 45

2


2
√

17 + 1
2

ln

4 +

√
17


= 45
√

17 + 45
4

ln

4 +

√
17
 ≈ 2091 m

42. Let  = −  cosh , where  = 21149,  = 2096, and  = 003291765. Then 0 = − sinh  ⇒

1 + (0)2 = 1 + 22 sinh2(). So  =
 912

−912


1 + 22 sinh2()  ≈ 451137 ≈ 451, to the nearest meter.
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SECTION 8.1 ARC LENGTH ¤ 9

43. The sine wave has amplitude 1 and period 14, since it goes through two periods in a distance of 28 in., so its equation is

 = 1 sin


2
14



= sin


7


. The width  of the flat metal sheet needed to make the panel is the arc length of the sine curve

from  = 0 to  = 28. We set up the integral to evaluate  using the arc length formula with 


= 

7
cos


7


:

 =
 28

0


1 +



7

cos


7

2

 = 2
 14

0


1 +



7

cos


7

2

. This integral would be very difficult to evaluate exactly,

so we use a CAS, and find that  ≈ 2936 inches.

44. (a)  =  +  cosh




 ⇒ 0 = sinh




 ⇒ 1 + (0)2 = 1 + sinh2





= cosh2






. So

 =
 
−


cosh2






 = 2

 
0

cosh





 = 2


 sinh






0

= 2 sinh





.

(b) At  = 0,  = + , so +  = 20. The poles are 50 ft apart, so  = 25, and

 = 51 ⇒ 51 = 2 sinh() [from part (a)]. From the figure, we see

that  = 51 intersects  = 2 sinh(25) at  ≈ 723843 for   0.

So  ≈ 723843 and the wire should be attached at a distance of

 = +  cosh(25) = 20− +  cosh(25) ≈ 2436 ft above the

ground.

45.  =
 
1

√
3 − 1  ⇒  =

√
3 − 1 [by FTC1] ⇒ 1 + ()2 = 1 +

√
3 − 1

2
= 3 ⇒

 =
 4

1

√
3  =

 4

1
32  = 2

5


52

4
1

= 2
5
(32− 1) = 62

5
= 124

46. By symmetry, the length of the curve in each quadrant is the same,

so we’ll find the length in the first quadrant and multiply by 4.

2 + 2 = 1 ⇒ 2 = 1− 2 ⇒  = (1− 2)1(2)

(in the first quadrant), so we use the arc length formula with




=

1

2
(1− 2)1(2)−1(−22−1) = −2−1(1− 2)1(2)−1

The total length is therefore

2 = 4

 1

0


1 + [−2−1(1− 2)1(2)−1]2  = 4

 1

0


1 + 2(2−1)(1− 2)1−2 

Now from the graph, we see that as  increases, the “corners” of these fat circles get closer to the points (±1±1) and

(±1∓1), and the “edges” of the fat circles approach the lines joining these four points. It seems plausible that as →∞, the

total length of the fat circle with  = 2 will approach the length of the perimeter of the square with sides of length 2. This is

supported by taking the limit as  →∞ of the equation of the fat circle in the first quadrant: lim
→∞

(1− 2)1(2) = 1

for 0 ≤   1. So we guess that lim
→∞

2 = 4 · 2 = 8.
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