8 [ FURTHER APPLICATIONS OF INTEGRATION

8.1 Arc Length

lLy=2x—-5 = sz V14 (dy/dx)? dm—f V14 (2)2 dm—\/_[?)—(— )] =4 4+/5.

The arc length can be calculated using the distance formula, since the curve is a line segment, so

= [distance from (—1,—7)to (3,1)] = /B - (D)2 + 1 — (-7)]2 =80 =45

dy T
2. Using the arc length formula withy = V2 — 22 = —= = ————, we get
& £ v VZoaz2 F

[ @) e e [ s e

1
=\/_[sm (i)] zﬁ{sinA(—)—sm 10]—\/53—0 =2z
VYR 72 50 3
The curve is a one-eighth of a circle with radius v/2, so the length of the arc is £(2m- \/i) =2 =, as above.
3.y=sinz = dy/dz=cosz = 1+ (dy/dr)’=1+cos’z.SoL = [ v/1+ cos?xdx ~ 3.8202.

bhy=ze® = dy/dr=z(—e")+e "= "1—-2) = 14 (dy/dx)®=1+[e""(1—x)]>

SoL=[2\/T+e2(1—x)%da ~ 2.1024.

5 y=x—Inz = dy/dr=1-1/z = 1+ (dy/dz)>=1+(1—1/z)%. SoL = fl V14 (1 —1/2)2de = 3.4467.

6.r=y’—2y = da/dy=2y—2 = 1+ (dz/dy)*=1+2y—2)>.SoL= fo‘/ 2y —2)2dy ~

TLox=y—y = de/dy=1/2y)—-1 = 1+(da:/dy)2=1+<+/_—1>

So L = / 1+ ——1 dy%3.6095.

8.y =lnz & z= eV = dz/dy = 2yey2 = 1+ (de/dy)* =1+ 4y’e 2v?,
So L= [1 \/1+4y2e?’ dy =~ 4.2552.
9. y=14+62%% = dy/de=92"? = 1+ (dy/dz)* =1+ 8lz.

1 82 _ 82
SoL:/0 \/1+81xdx:/1 u'? (g du) {U*HSM’} =& 2[v”?] = 25 (s2vB2-1).

du = 8l dx

10. 36y° = (22 —4)%, y >0 = y:é(m2—4)3/2 = dy/d:c:é-%(x2—4)l/2(2x): z(z? —4H)V? =

1
2

1+ (dy/dz)® =1+ 22°(a® —4) = J2* —2® +1 = (2" — 42° +4) = [1(2? —2)]2, So

-

L=[7/[3@? =] do = [F5(* - 2)de = 3[32° ~ 2], = 5[0 -6) - (3 -4)] = 3() = &
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2 [0 CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION

3

3 _z 1 r_2 1
1. y—3+4x = Yy =z 122 =
1 1 11 1\’
1 N2 _q 4 4 4T _ 2, _* ) g
+ ) +<m 5 " T601) =7 T2 Teut <$+4m2) 0
-3 3
2 ~ 2 5 1 2 5 1
L= ) 1+ (y) x:/l x—|—4x2 da?:/l (:L' —|—4x2)dx
Lo L]P_(8_1y_(L_1y_7, 1_ 59
- 137 T, 378 3 4) 378 24
4
y 1 dx _
12.ac_§-|-4_y2 = d_y_%yS_Ey =

13.x=%\/§(y—3)=%y3/2—y1/2 = dac/dyz%yl/z—%y_l/2 =

14. y = In(cosz) = dy/de = —tanxz = 1+ (dy/dz)> =1+ tan®x = sec®x. So

L= fow/g Vsec? x dx = fow/ssecmdm = [ln|secx+tanxug/3 =In(2++v3) —In(140) =In(2+v3).

2
15. y = In(secz) = @:w:tanw = 1+ dy =1+tan’z = sec? r, so
dx secx dx

/4
L = fow/4 Vsec2 zdx = foﬂ/4 |secz| dx = foﬁ/4 secx dx = [ln(sechrtanm)}O

=In(v2+1) —In(1+0) =In(v2+ 1)
16. y =3+ scosh2z = ¢ =sinh2z = 1+ (dy/dz)®> =1+ sinh*(2z) = cosh?(2z). So

-2

L= fol cosh®(2x) dz = fol cosh 2z dxr = [% sinh Qx}(l) = 1sinh2-0= %sinh 2.

1 1 1 1 1 1 1 1 1 1
7.y =221 "=l —— 1+ =1+(-2>-s+-— | = — =15
y=4% —5he = vy 5%~ 5 = 14+ (y) +(4x 5 +4x2 + - T+

27 " 2
So ) 9
L:/ \/1+(y’)2dx:/

1 1

1, 1 2 1 1 31
=|= ~1 =(1+-m2)—(- =S4 _-In2
{437 +2n\x|L (+2n) <4+0) 4+2n
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SECTION81 ARCLENGTH O

. dy 1—2x 1 2 — 2z 1—=x
18. y = V& — 22 + sin 1(\/5) = =< = + = = =
dr 2V —22 2vVazvi—-=z 2Vevi—=x z

dy\? 11—z 1 . ﬂ
1+ (a) =1+ —=— The curve has endpoints (0,0) and (1, F),

soL:fo1 1/xdx:tgrgl+ﬁl 1/xdx:tEm [2\/5]:: lim [2v1-2Vt]=2-0=2.

ot t—0+t
19. y = In(1 — 22 — 2
sy =In(1-2%) = y—m-(—x) =
14 dy 2_1+ 42 1-22 42" +42® 1+22° +2*  (1+2°)°
dr ) (1—2z2)2 (1 —22)2 o (1—-22)2  (1—22)2
2 2\ 2 2
1 1 2 1 1
\/1+(%) :\/<1sz> Iltizz—l-i-m [by division] I—l-l-l_’_x-l—m [partial fractions].

0 2

1/2
SOL:/ (71+L+L) de = [fx+ln\1+x|fln|1fx\]l/2:( t+In3 —In2)-0=mIn3- 3.
0

1+ 1—=x

20.y=1-e = y=—(—e)=e" = 1+ (dy/dz)>=1+e%". %S0

2 e ?
L:/ Vl—i—e*zzdm:/ V14 u? (—%du) [u=e""]
0 1

—2
/ 5 e

s {ln‘u 7\/1+u2:| [or substitute u = tan 0]
u 1
/ —

=In Hc% - 1+e—4fln’1+1\/§‘+\/§

:ln(l—i—\/l—i—e*‘*)—1n672—\/1+e*4—ln(1+\/§)+\/§
=ln(l+vVIited)+2-VIited-In(l+v2)++2
N.y=12" = dy/dv=2 = 14 (dy/dz)’>=1+2" So
L= " VIT2Zde=2[ VIt a2de [oysymmery] =2[2VTTa%+Lln(z+vVIT22)], {‘;S:b:;ft;}
—2[(3V2+ En (14 V) - (0+3In1)] = V3 + In(1 4 V2)

2.22=Yy-4>° = z=(y-4% [foox >0 = dr/dy=3(>y—4)"* =

14 (dz/dy)* =1+ 2(y—4) = 3y — 8. So

L= oy —say= [ va(taw [ZFS —é[zui”/?]w
=) VY Y= 9 du = 2 dy 9 13/4

13/4
= 5102 = ()*°] [or %(80VI0 - 13V13)]
23. 1f L From the figure, the length of the curve is slightly larger than the hypotenuse

of the triangle formed by the points (1, 2), (1,12), and (2, 12). This length
10 is about 1/10% + 12 = 10, so we might estimate the length to be 10.
y=2"+2° = y =20+32> = 1+ ()’ =1+(2z+32%)>

& J
"o g So L = [2\/T+ (2x + 32%)2 dw ~ 10.0556.
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4 [ CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION

24, From the figure, the length of the curve is slightly larger than the hypotenuse

of the triangle formed by the points (1, 1), (3,1), and (5, ). This length

Y is about (%)2 + (% - 1)2 ~ 1.7, so we might estimate the length to
w2 —1

bel7. y=z+coszx = y =1-—sinz =

1+ (y)? =1+ (1—sinz) So

= [ (1 —sinz)? de ~ 1.7294.

25. y=xsint = dy/dr==xcosx+ (sinz)(1) = 1+ (dy/dz)® =1+ (rcosx+sinxz)?. Let

(z) = \/1+ (dy/dz)? = \/1+ (zcosz +sinz)2. Then L = f x) dzx. Since n = 10, Az = 2 00 = Z. Now
L Sio="2[f(0) +4f(5) +2f (3) + 47 (3F) +2f (%) + 4/ (5F) + 2/ (%)
T

+4f(F) + 2/ (%) +47 (%) + /(2m)]
~ 15.498085

The value of the integral produced by a calculator is 15.374568 (to six decimal places).

%.y=3r = dy/de=1272% = L=[]f(z)dr, where f(z) = \/1+ Ja-4/3,

_ _6-1 _ 1
Since n = 10, Ar = 2= = 3. Now

L~ Sio=22[f(1) +4f(1.5) +2f(2) + 4f(2.5) + 2f(3) + 4£(3.5) + 2f(4)
+ 4f(4.5) +2f(5) +4f(5.5) + f(6)]
~ 5.074212

The value of the integral produced by a calculator is 5.074094 (to six decimal places).

27.y=In(1+2% = dy/de= Tlx?’ 327 = L= fo x) dx, where f(z) = /14 924/(1 + 23)2.

5-0 _ 1
Since n = 10, Az = 2>~ = 5. Now

L~ S1o = 2[f(0) + 4£(0.5) + 2f (1) + 4f(1.5) + 2f(2) + 4£(2.5) + 2 (3)
+4f(3.5) +2f(4) +4f(4.5)+ f(5)]
=~ 7.094570

The value of the integral produced by a calculator is 7.118819 (to six decimal places).

28. y = e = dy/dx = e’”Q(—2m) = L= f02 f(z) dz, where f(z) = /1 + 4x2e—227,

2-0 _ 1
Since n = 10, Ar = =5~ = z. Now

L~ S10 = 2L2[£(0) +4£(0.2) + 2£(0.4) + 4£(0.6) + 2f(0.8) + 4f(1) + 2f(1.2)
+ Af(1.4) + 2f(1.6) + 4f(1.8) + f(2)]
~ 2.280559

The value of the integral produced by a calculator is 2.280526 (to six decimal places).
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SECTION81 ARCLENGTH O 5

29 () Let f(z) =y=z 4 —zwith0 <z <4

(b) The polygon with one side is just the line segment joining the 3

points (0, f(0)) = (0,0) and (4, f(4)) = (4,0), and its

length L; = 4.

The polygon with two sides joins the points (0, 0),

(2, £(2)) = (2,2 V/2) and (4,0). Its length

0

L2:\/(2—0) (292-0) +\/(4—2 (0-2¥2) =24+ 2% ~ 6.43

Similarly, the inscribed polygon with four sides joins the points (0,0), (1, V/3), (2,2 ¥/2), (3,3), and (4,0),

so its length

L4_\/1+ +\/1 2\375—\3/3)24-\/1—&-(3—2\3/5)2—5-\/1—&-9%7.50

(c) Using the arc length formula w1th dy =z [%(4 —x)73(— 1)} + Y-z = _l2-dw the length of the curve is

3(4—x)2/3°
/ 12—4z |°
/ 1—|— da? dx—/ \/l—l— 2/3} dx.

(d) According to a calculator, the length of the curve is L = 7.7988. The actual value is larger than any of the approximations

in part (b). This is always true, since any approximating straight line between two points on the curve is shorter than the

length of the curve between the two points.

30. (a) Let f(z) =y =z +sinz with0 < z < 27.

0 - - v 2

(b) The polygon with one side is just the line segment joining the points (0, f(0)) = (0,0) and (27, f(27)) = (27, 27), and

its length is /(27 — 0)2 + (27 — 0)2 = 227 ~ 8.9.

[continued]
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6 L[ CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION

The polygon with two sides joins the points (0,0), (7, f(7)) = (m, 7), and

(27, 27r). Its length is

VIr =02+ (r—02+/2r—m)2+ 27 —7)2 =21 +27
=227 ~89

Note from the diagram that the two approximations are the same because the sides

of the two-sided polygon are in fact on the same line, since f(7) = 7 = 3 f(2m).

The four-sided polygon joins the points (0,0), (3,5 + 1), (m,7), (3F, 2F — 1), and (27, 27), so its length is

VE + G+ /6 +G -0+ 6 + (-1 +(5) + (5 +1) ~ 04
(c) Using the arc length formula with dy/dxz = 1 4 cos z, the length of the curve is

L= [T+ (I +cosz)2de = [ /2 +2cosz + cos? z da

(d) The calculator approximates the integral as 9.5076. The actual length is larger than the approximations in part (b).

MNy=e" = dy/ldr=e¢" = 1+ (dy/dz)® = 1+ =

2 e?
1 u=e”
— 2x — 2 _ ’
Lf/0 1+e dx7/1 V1+u (udu) [du:ezdz]
52

L = <\/1+—€4—1n1+67\/1+—64)_(\/§_1n1+1\/§>

=VI+er—In(1+vV1+e*)+2—+v/2+1In(1+v2) = 6.788651

2
Q{WMQ_IH‘L vi+u

An equivalent answer from a CAS is

—v/2 4 arctanh(v/2/2) + ve* + 1 — arctanh(1/v/e? +1).

2.y =z = dy/dac:%acl/3 = 1+(dy/dx)2=1+§x2/3 =

_4.1/3 _4_-2/3
1 16 4/3 81,2 u=3zx /" du= gz dz,
L= /1+%22/3dx = V1+u2 Eu?du
fO 9 fO 64 dm:%x2/3du:%~ 196u2du: ﬁuzdu

2 S [3u0+ 2T — (o VIT)]) = 5[50+ 9% - dm(4+ %)

=8 (:-4%-2-1In3) =22 — 2L In3~ 1.4277586

128 512

33. 312/?’:17962/3 = y:(173172/3)3/2 =

dy =3(1- r2/3)1/2 (_§x71/3) _ _9371/3(1 . r2/3)1/2 -

2
(%) =223 —2?/®) = 27%/ — 1. Thus
x

1
L=4ff I+ @ P - Dde=4fja P de =4 lim [32°°] =s.
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SECTION81 ARCLENGTH O

34. (a) Y

0‘ X

2 2
b)y= 22? = 14 (j—i) =1+ (%x_l/B) =1+ %:E_WB. So L = fol £/1+ %x*2/3 dx  [an improper integral].
3/2 da\? 3,1/2 9 1 9
T=y = 1+ ay —1+(y ) =14+ 3y.SoL= [;\/1+ Jydy.

1
The second integral equals 3 - %[(1 + %y)?’/z} =2 (BT@ - 1) = %73—8.
0

The first integral can be evaluated as follows:

L V/92273 9 vu+4 u = 9z2/3,
—2/3 Jp — = i
/ 1+ 3z dr = tlilgl+ BT dz tlilglJr /9t2/3 13 du {du _ 6I—1/3 dz}
\/u—l— 1 3/2 1 3/2 3/2 13\/13—8
4 = —(1 —4 =
=15 ( LA kit ) 27
(c) L = length of the arc of this curve from (—1,1) to (8,4)
4
/ / 13 \/ —38 9 \*/?
/ 1+4ydy+/ 1+ 4ydy— +2—7 (1+Zy> ) [from part (b)]

_13/13-8 | 8 1313+ 8010 — 16
- 27 +2—7(10\/E—1)— 27

35.y=22%2 = 3y =322 = 1+ (y)? =1+ 9z The arc length function with starting point Py(1,2) is

(@) = 7 VTFIde = [£0+90°2] | = £[(1+92)% ~10VT0].

1

1
3. () y = f(z) =In(sinz) = y'zsinm-cosxzcota: = 1+ ) =1+cot’z=csc’z =

V14 (¥)? = Viese2z = [csc z|. Therefore,

L+ [f/(O)]2dt = [, csctdt = [ln|csct - cost\r

/2

)
7N

=In|cscxz — cotz| —In|1 — 0] = In(cscz — cot z)

(b) Note that s is increasing on (0, ) and that x = 0 and = 7 are 2

vertical asymptotes for both f and s.

0

1 T l1-2z
. y=sinz+VI-22 = ¢ = - =
Y Y V1—22 J1—2a2 V1—22
a2 2 _ 2 _ _
1Jr(y,)QzlJr(l )" l-a"+1-2x+2" 2-2¢  2(l-2x) 2
1— 22 1— 22 1-22 (142)1-2z) 1+=z
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8 U CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION

V3I+H @)=,/ l—i-ix Thus, the arc length function with starting point (0, 1) is given by
x x 2 z
s(z) :/ V1t [f'(t)]2dt:/ 1/I—Hdt: V2[2VI+t], =2V2(Vitz-1).
0 0

38. (a) s(z) = [T /1+[f(t)Pdtand s(z) = [ V3E+5dt = 1+[f/(1)*=3t+5 = [f(O)*=3t+4 =
f'(t) =+/3t+4 [since f is increasing]. So f(t) = [(3t +4)"/?dt = 2.2(3t+ 4)3/2 4 C and since f has
y-intercept 2, f(0) = 2.8+ Cand f(0) =2 = C=2-28=2 Thus, f(t) = 2(3t +4)*? + 2.

(b) s(z) = /Ox V3t 5dt = [%(3t+5)3/2}: = 2(3z +5)%/% — 2(5)*/2.

s(r)=3 & 2Br+5*2=3+26V5) & (Be+5)*’=L4+5/5 o 3x+5=(L+5/5)"° =
T = % [(2—27 +5V5 )2/3 . 5} . Thus, the point on the graph of f that is 3 units along the curve from the y-intercept
is (z1, f(z1)) = (1.159,4.765).
3. f(z) =1e"+e* = flla)=31"—e " =
T+ [/ (@ =1+ (Le® —e @) =14 &e?® — 1 pe2 = L2 4 14 0720 — (Leo 4 072)? — [f()]2 Thearc

length of the curve y = f(x) on the interval [a,b] is L = [ \/T+ [f' ()2 da = [* \/[f(@)2dz = [’ f(x) dz, which is

the area under the curve y = f(z) on the interval [a, b].

4. y=150— 5(x—50)> = o =—3%(x—50) = 1+(y)* =1+ 55 (z—50)2 so the distance traveled by
the kite is
80 1 3/2 u:i(a:750)
L= 1+ —(z —50)2dx = V14 u?(20du) 20 '
0 202 —5/2 du = % dx

—5/2 1 1 Y

2 20[duvT+w + tin(u+vitw)]”? :10[% %+ln(g+ 13)+§ ﬁ—ln(—ng 29)}

_ 15 25 3+VI3 ) o,
= LVI3+ 2v20+ 102008 ) ~ 12281

41. The prey hits the ground wheny =0 < 180 — £2° =0 < 2°=45-180 = =z =+/8100 = 90,

since  must be positive. y' = —4—2555 = 1+ (y’)2 =1+ émQ, so the distance traveled by the prey is

90 4 4 uw= 2z
2 dpr — 2(45 45
/0 \/1—|—452x dx /0 \/1+u(2du) [du:%dw}

L8 VTT @+ in(u+VITa?)|y=2[2vVIT+ i n(4+VIT)] =45V17+ L In(4 + VIT) ~ 209.1 m

L

42, Lety = a — beosh cx, where a = 211.49, b = 20.96, and ¢ = 0.03291765. Then y' = —bcsinhcx =

1+ (y)? =1+ b*csinh?(cx). So L = fgéfz 1+ b2¢2 sinh?(cx) dx &~ 451.137 a2 451, to the nearest meter.
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44.

45.

46.

SECTION81 ARCLENGTH O 9

The sine wave has amplitude 1 and period 14, since it goes through two periods in a distance of 28 in., so its equation is

jus

y = 1sin(352) = sin(Zz). The width w of the flat metal sheet needed to make the panel is the arc length of the sine curve

from z = 0 to x = 28. We set up the integral to evaluate w using the arc length formula with % =7z

L= f028 \/1+4 [% cos(%x)] *doe =2 fOM \/1+ [% cos(%x)] ? dz. This integral would be very difficult to evaluate exactly,

so we use a CAS, and find that L = 29.36 inches.

cos(Zx):

(@y=c+acosh(£) = 3y =sinh(%) = 1+ W)Y =1+ sinh?(2) = cosh®(Z). So
L= f_bb \/cosh?(2) dz = Qfob cosh(%) dx = Q[asinh(f)}g = 2asinh(2).

(b) Atz =0,y = ¢+ a, so c + a = 20. The poles are 50 ft apart, so b = 25, and 100

L =51 = 51=2asinh(b/a) [from part (a)]. From the figure, we see ¥ =2xsinh(25/x)

that y = 51 intersects y = 2z sinh(25/x) at x & 72.3843 for x > 0. o

So a =~ 72.3843 and the wire should be attached at a distance of
y = c+acosh(25/a) = 20 — a + acosh(25/a) =~ 24.36 ft above the

ground. 0 100

y= [V —1dt = dy/dv=+23—1 [byFIClI] = 1+ (dy/dz)* =1+ ( x3—1)2:x3

4
L=[{Va¥de = [{a®/?dv=2[s72] =2(32-1)= L =124

By symmetry, the length of the curve in each quadrant is the same,

so we’ll find the length in the first quadrant and multiply by 4.

22k +y2k -1 = yzk — 1 g2k 2k)1/(2k)

= y=(1-=z

(in the first quadrant), so we use the arc length formula with L1

dy_ 1

_ 2kN\1/(2k)—1( o1, 2k—1
Ie = 3% ") (—2kx )

_ _x2k71(1 - x2k)1/(2k)71

The total length is therefore

1 1
L% :4/ \/1+ [—332’6*1(1 _wzk)l/(%)—lP d$=4/ \/1+x2(2k—1)(1_I2k)1/k—2 dx
0 0

Now from the graph, we see that as & increases, the “corners” of these fat circles get closer to the points (+£1, 1) and
(£1, F1), and the “edges” of the fat circles approach the lines joining these four points. It seems plausible that as & — oo, the

total length of the fat circle with n = 2k will approach the length of the perimeter of the square with sides of length 2. This is

supported by taking the limit as kK — oo of the equation of the fat circle in the first quadrant: klim 1- x%)l/ @k =1
— 00

for 0 < = < 1. So we guess that klim Loy =4-2=28.
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