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Abstract

In this paper, Part II of our study, we extend our previous analysis (J Crystal Growth 240 (2002) 267) of the linear

evolution of non-spherical growing crystals in three dimensions into the nonlinear regime characterized by large shape

perturbations. We focus on a solid crystal growing in an undercooled liquid with isotropic surface tension and interface

kinetics. We use a new, adaptive boundary integral method to simulate the morphological evolution of the growing

crystals. Our simulations reveal that when the far-field heat flux into the system is prescribed by appropriately varying

the undercooling in the far field, the Mullins–Sekerka instability that would arise under constant undercooling can be

suppressed. In particular, we demonstrate that there exist critical conditions of flux at which self-similar or nearly self-

similar nonlinear evolution occurs and the shape is dominated by a given mode leading to non-spherical, nearly shape

invariant growing crystals. This result was predicted by our previous analysis (see Ref. Cristini and Lowengrub) and

suggests that our theory is applicable to real physical systems. We provide a simulation of a physical experiment that

might be able to be carried out in a laboratory in which a desired shape of a crystal is achieved and maintained during

growth by appropriately prescribing the far-field heat flux.

r 2004 Published by Elsevier B.V.

PACS: 81.10; 64.70
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1. Introduction

The growth of a single crystal from an under-
cooled melt is a fundamental problem in materials
science. When the temperature of the melt is held
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constant in time (below the phase change tem-
perature), a growing spherical crystal undergoes
the Mullins–Sekerka instability and becomes un-
stable to perturbations with successively smaller
wavelengths [1,2]. This results in highly complex
shapes (e.g. snowflakes). Mullins and Sekerka [2]
first identified the possibility of growing crystals
with compact, stable shapes in situations where
there are a number of crystals present that act to
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reduce the effective undercooling of an individual
crystallite. Mullins and Sekerka did not quantify
this idea further, however.

In part I of our study, we reformulated the
linear theory developed by Mullins and Sekerka,
and later by Coriell and Parker [3,4] who included
the effect of interface kinetics. We quantified the
idea that Mullins–Sekerka instability can be
suppressed by controlling the far-field heat flux
into the system. In particular, there is a critical flux
Jl, which is a monotonically increasing function of
each perturbation wavenumber l, such that during
growth of a perturbed crystal under a prescribed
heat flux J, only those perturbations with wave-
numbers l such that JloJ grow unstable. In
contrast to the case in which the far-field
temperature is held constant, if J is constant only
a finite number of perturbations may be unstable
throughout growth. Thus, if the flux J is small
enough, the crystal will grow with a stable
compact shape. In addition, if J ¼ Jl and the
perturbation contains a single wavenumber l then
the perturbed crystal will evolve self-similarly (i.e.
shape invariant).

In part I, we exploited the relationship between
the far-field heat flux J and the undercooling in the
far field DTN; to give an explicit prescription of
how the far-field temperature should be varied in
time to maintain constant flux conditions without
requiring feedback from the local crystal environ-
ment. In particular, we obtained DTNB�
J2=3t�1=3 where J and DTN have been appro-
priately non-dimensionalized (we note this scaling
was previously obtained and explained in Ref. [5]).
It is intriguing that time scaling with exponent
�1=3 occurs naturally in many systems under-
going coarsening in adiabatic conditions (e.g. see
the review [6]). Moreover, experiments have shown
that during coarsening in pure materials under
heat diffusion and in two-phase alloy mushy zones
under solute diffusion control, the coarsening
crystals attain compact, stable shapes (e.g. see
Refs. [7–9]). Further work needs to be done to
understand whether these results provide indirect
experimental evidence for our theory.

In this paper, Part II of our study, we extend our
previous analysis of the linear evolution of
growing crystals in three dimensions into the
nonlinear regime. We focus on a solid crystal
growing in an undercooled liquid with isotropic
surface tension and interface kinetics. We use a
new, adaptive boundary integral method to
simulate the morphological evolution of the
growing crystals. This method differs in several
important ways from that we recently presented in
Ref. [10] in the context of diffusional evolution of
microstructure in two-phase, elastically inhomo-
geneous systems. Ref. [10] is, to the best of our
knowledge, the first work in which a boundary
integral method is used to simulate evolving
precipitate shapes in three dimensions. Previously,
boundary integral methods have been used to
determine equilibrium precipitate shapes in the
context of elastic media by minimizing the system
energy (e.g. see Refs. [11–13]). Simulations of
three-dimensional growing crystals have been
performed using primarily phase-field methods
(e.g. see the recent reviews [14,15]), sharp interface
adaptive finite element methods (e.g. see Ref. [16])
and more recently, level-set methods [17].

Here, we use a novel time and space rescaling of
the equations, together with a more efficient
numerical implementation of the boundary inte-
gral equations, that allow us to accurately simulate
crystal evolution for much longer times (and hence
larger crystal sizes) than has been possible
previously.

Our simulations in the nonlinear regime confirm
the existence of critical fluxes for suppression of
the Mullins–Sekerka instability and nearly self-
similar growth of crystals. The control of the shape
is robust to shape perturbations and nonlinearity
as unstable growth is highly impeded by nonlinear
diffusional interactions among wavenumbers. This
suggests that our theory is applicable to real
physical systems to effectively control the shape of
growing crystals. Accordingly, we provide a
simulation of a physical experiment that could be
carried out in the laboratory in which a desired
shape of a crystal is achieved and maintained
during growth by appropriately prescribing the
far-field heat flux.

The paper is organized as follows. In Section 2,
we review the physical scales and non-dimensio-
nalization and the linear analysis of perturbed
crystals. In Section 3, we present a new, boundary
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integral formulation and its implementation on an
adaptive computational mesh. In Section 4, we
present numerical results and comparisons to
theory. In Section 5, we give a discussion of the
work and future directions.
2. The theory

2.1. Physical scales, non-dimensional parameters

and formulation

Assuming that the crystal evolution is quasi-
steady (i.e. diffusion occurs very rapidly and is
governed by Laplace’s equation), the relevant time
scales for the growth of a solid crystal from a
liquid melt are [1]: The surface tension time tg; the
kinetic attachment time1 tm and the growth time
due to the driving force which is determined by
either an undercooling in the far-field resulting in
the time scale tN or by a far field heat flux
resulting in the time scale tJ : Let R0 denote the
initial equivalent radius of the crystal (i.e. radius of
a sphere with the same volume) and let J0 be the
initial value of the flux, then the time scales are
given by

tg ¼
R2

0

K2DTg
; tm ¼

R0

m DTg
; tN ¼

R2
0

K2 DTN

0

; tJ ¼
Rd

0

J0
;

ð1Þ

where K2 ¼ k2=L and k2 is the heat conductivity in
the liquid phase (herein 1 and 2 denote the solid
and liquid phases, respectively), L is the latent heat
per unit volume (the density is taken to be uniform
and equal in the two phases), DTg ¼ gTPH=ðLR0Þ is
the characteristic decrease in the phase change
temperature associated with a curved interface
(compared to a flat interface), g is the (isotropic)
surface tension and TPH is the phase change
temperature for a flat interface. Further, m is the
(linear) kinetic coefficient, DTN

0 ¼ TPH � T N

0 is
the initial undercooling and TN

0 is the initial
far-field temperature, d ¼ 2; 3 is the space
1We assume here a linear kinetic relation between the

deviation from the phase-change temperature at equilibrium

and the normal velocity of the interface. For simplicity, we

consider isotropic kinetics unless stated otherwise.
dimension and the initial heat flux J0 ¼

limR-N

1

4p

R
SR

K2rT�n dS; where SR is a sphere

of radius R containing the initial crystal.
When the undercooling is a constant indepen-

dent of the crystal size R0, the Mullins–Sekerka
instability occurs in which a growing sphere is
linearly unstable to successively shorter wave-
length perturbations [2]. This can be seen via the
ratio of the growth and surface tension relaxation
time scales: tN=tgpR�1

0 : Thus, when R0 is large,
the surface tension has less time to act to smooth
the shape than when R0 is small.

In contrast, when the heat flux is held constant,
the relevant ratio of relaxation and growth time
scales is: tJ=tgpRd�3

0 : Consequently, when the
dimension d ¼ 3; the relaxation and growth time
scales balance and the Mullins–Sekerka instability
can be suppressed.

When d=2, the growth and relaxation time
scales balance only if the flux J0pR�1

0 : Very
recently, we have performed nonlinear analysis
and simulations in 2D and found that varying
the far-field heat flux in this manner indeed
suppresses the Mullins–Sekerka instability and
makes self-similar evolution possible in the non-
linear regime [18].

Equating the growth time scales tJ and tN gives
the relation

J0 ¼ Rd�2
0 K2 DTN

0 ð2Þ

between the far-field heat flux and undercooling.
So, when J0 is constant and d ¼ 3; the relative
magnitude of the flux and undercooling scales with
the characteristic size of the system R0: This
relationship will be exploited later to vary the
undercooling in order to achieve a desired flux.

We next define three dimensionless parameters
[1] the (isotropic) kinetic coefficient e; the ratio of
conductivities k and the capillary number2 Ca that
rescales flux:

e ¼ tm=tg; k ¼ k1=k2; Ca ¼ tg=tJ ; ð3Þ
2We use the term capillary number because of the analogy

with multiphase flow where this number relates the ratio of the

viscous deformation force to the stabilizing surface tension

force.
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The physical variables are non-dimensionalized
by [1]

t0 ¼ t=tg; x0 ¼ x=R0; T 0 ¼
T � TPH

DTg
; ð4Þ

The nondimensional flux is given by

J 0 ¼ Ca
J

J0
: ð5Þ

Hereafter, we drop the primes denoting the
dimensionless variables. The non-dimensional
system of equations governing the evolution are
given by

r2Ti ¼ 0 in Oi; i ¼ 1; 2; ð6Þ

T1ð ÞS¼ T2ð ÞS¼ �k� eV ; ð7Þ

V ¼ n� krT1 �rT2ð Þ; ð8Þ

J ¼ 4pð Þ�1
R
S V dS; or;

limjxj-NT2ðx; tÞ ¼ TN

(
ð9Þ

where k is the total curvature (k ¼ 2 on the unit
sphere), n is the normal vector on the solid/liquid
interface S ¼ @O1 directed in the liquid phase O2;
and V is the normal velocity of S:

2.2. Review of linear theory: the relation between

flux and undercooling

Here, we focus primarily on constant flux
conditions. The linear theory, under these condi-
tions, was recently developed [1]. The results for
constant temperature can be found in Refs. [1–4].
We consider the linearized evolution of a sphere of
radius R perturbed by a spherical harmonic Yl, m:

rSðy;f; tÞ ¼ RðtÞ þ dl:mðtÞYl;mðy;fÞ; ð10Þ

where y is the polar angle (measured from z to r)
and f is the azimuthal angle (measured from x to
the projection of r in the x–y plane)3. The flux and
far-field temperature are related by

J ¼
�1

1þ e=R
TNR þ 2ð Þ; ð11Þ
3The vectors x, y, z denote the Cartesian coordinate

directions; the vectors r, h; / denote the spherical coordinate

directions.
to within an Oðd2l;m=RÞ error. When the far-field
flux J is constant, the far-field temperature
TNB� 1=R; for large R, as predicted by the
scaling argument in the previous section. In
constrast, when TN is constant, then JBR and
the flux grows unboundedly as the crystal evolves
thus leading to the Mullins–Sekerka instability.

The linear evolution of the perturbation dl;mðtÞ;
with respect to the underlying crystal size R(t), and
dl;mð0Þ ¼ d0 and Rð0Þ ¼ 1; under constant flux
conditions Ja0 is

dl;m=d0
R

¼ Rðl�2Þð1�Jl=JÞ

1þ ð1þ %klÞe=R

1þ ð1þ %klÞe

� �1þðl�1Þð1�Jl=JÞ

; ð12Þ

where the radius is given by

R ¼ 1þ 3J tð Þ1=3 ð13Þ

and the critical flux Jl is given by

Jl ¼
ðl þ 2Þðl � 1Þð1þ k lÞ

l � 2
: ð14Þ

Note that here (and in [Ref. 1]) a critical flux is
introduced instead of a critical radius as was used
in Refs. [2–4] Note that the evolution of dl;mðtÞ
does not depend on m. Further, if e ¼ 0 and J=Jl,
Eq. (12) demonstrates that the growing crystal

evolves self-similarly i:e:
dl;m=d0

R
¼ 1

� �
in the

linear regime. On the other hand, if e > 0 and
J=Jl , then

limt-N

dl;m=d0
R

¼ 1þ 1þ %kl
� �

e
� ��1

and the evolution tends to become self-similar as
the crystal grows. We note that if e > 0; there is a
non-constant critical flux Jl ¼ Jlðe=RÞ such that
the evolution is self-similar [1]. Moreover, from
Eq. (12), we see that if J > Jl ; the evolution is
unstable and the perturbation grows unbounded
although there is initial decay if e > 0: If JoJ; the
evolution is stable and the perturbation decays to
zero.

We also determine the harmonic with the fastest
growth rate. This further characterizes growth as
this harmonic should dominate the shape. There is
a flux J�l that makes the lth spherical harmonic
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possess the largest growth rate [1]. This flux is
given explicitly by

J�l ¼ 1þ 2l þ %k 3l2 þ 2l � 2
� �

ð15Þ

in the limit e=R-0: Note that J�l > Jl for l > 3:
Moreover, the dependence of J�l on e=R is rather
weak and so the limiting value approximates the
values at finite values of e=R quite well [1]. This
result has several important consequences. First,
only a finite number of harmonics ever have the
fastest growth rate even with kinetics. Second, as a
consequence, unstable growth is highly con-
strained in contrast to the case in which the far-
field temperature TN is constant. Third, by taking
the flux J ¼ J�l ; we expect that we can control the
shape during growth.

2.3. Example of an experimental system: self-

similar growth of succinonitrile crystals

Let us now explore the implications of the
theory for self-similar growth for a specific
experimental system consisting of the organic
liquid/solid succinonitrile (SCN). The material
properties of liquid and solid SCN have been
determined in Refs. [19] and are outlined in
Table 1. This material has negligible interface
kinetics and low surface tension anisotropy. The
thermal conductivities of the solid and liquid
phases very nearly match and there is a small
density difference between the phases [19] (i.e.
ðrs � rLÞ=rs ¼ 0:018).

Let us first determine relevant time scales given
in Eq. (1) and let the initial crystal size R0=r0 mm
Table 1

Materials properties of succinonitrile (from Ref. [19]).

Properties Value

Interfacial tension 8:95
 10�15 J/mm2

Surface energy anisotropy (4-fold) 0:005
Latent heat 4:627
 10�11 J/mm3

Diffusivity (solid) 1:14
 105 mm2/s

Diffusivity (liquid) 1:16
 105 mm2/s

Conductivity (solid) 2:24
 10�7 J/mmsK

Conductivity (liquid) 2:22
 10�7 J/mmsK

Phase change temperature 331:24K
where r0 is a non-dimensional number. We then
find that DTg ¼ 6:4
 10�2=r0 K and K2 ¼ 4:8

103 mm2=s K: Assuming that the flux is constant
in time, we find

tgE3:3
 10�3 r30 s; tJE3:3
 10�3 r30
J
s: ð16Þ

The dimensional undercooling DTNðtÞ at the
dimensional time t is obtained from Eq. (11). In
terms of the dimensionless flux J, this yields

�DTNðtÞ ¼ DTg J þ 2ð Þ 1þ 3
J

tg
t

� ��1=3

E
6:4
 10�2

r0
J þ 2ð Þ 1þ 103

J

r30
t

� ��1=3

ðKÞ

ð17Þ

Letting r0E10 (which is plausible experimen-
tally [20]) and JE102 (which is consistent with
mode l ¼ 4 evolving self-similarly), we obtain
tgE3:3 s; tJE3:3
10�2 s and �DTNðtÞE0:64 1þð
102 tÞ�1=3 K: The radius of the crystal is
RE10 ð1þ 102tÞ1=3 mm: Note that the time scale
for diffusion is tD ¼ R2

0=DE1
 10�3 s; where D

is the diffusion constant in the liquid phase.
Therefore, the quasi-steady assumption is still
reasonable and becomes a better approximation
as the crystal grows in size.

In Table 2, we present the time required,
together with the final value of undercooling, to
grow a crystal to a millimeter size under the
constant flux conditions described above (i.e.
shape-invariant conditions). Note that after a
rapid initial transient, the radius increases quite
slowly in time because of the t1=3 scaling. We
believe these results demonstrate that it is experi-
mentally feasible to grow millimeter-sized succi-
nonitrile crystals with controlled shapes.
Table 2

Results of theory for growth of compact, succinonitrile crystals

Desired radius of

crystal(mm)

Growth time

required

Final

undercooling(K)

0.1 10 s �0.29

1.0 2.8 h �0.14

10.0 115 days �0.064
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3. Numerical methodology

3.1. Boundary integral formulation

In the special case k ¼ 1 (i.e. matched thermal
diffusivities) considered herein, the temperature-
field T in both domains O1 and O2 can be
represented using a single-layer potential in which
the potential is the normal velocity V ¼ n�dx=dt

[21,22], i.e.

TðxÞ ¼
Z
S

V ðyÞGðx� yÞ dSðyÞ; ð18Þ

where GðxÞ ¼ 1=4pjxj is the Green’s function.
When the kinetic coefficient e > 0 (finite kinetics),
Eqs. (6)–(9) can then be recast into a 2nd kind
Fredholm integral equation4 at the interface SðtÞZ
S

V ðyÞGðx� yÞ dSðyÞ þ eV ðxÞ þ TN ¼ �kðxÞ;

ð19Þ

1

4p

Z
S

V ðyÞ dSðyÞ ¼ J ð20Þ

For a given interface S and flux J, these
equations determine uniquely the normal velocity
V and TN: We also further rescale space and time
in order to separate the bulk growth dynamics
from the shape evolution. This allows us to
compute the solutions to the governing equations
accurately for very long times by (i) evolving the
equations on a time scale such that the effective
crystal radius increases exponentially in the new
time variable, (ii) obtaining more accurate dis-
cretizations since the bulk growth is solved either
exactly (constant flux conditions) or very accu-
rately through an ordinary differential equation
(constant far-field temperature conditions) and
(iii) using an adaptive surface mesh to resolve only
the evolving crystal morphology and not the bulk
growth.

The temporal and spatial rescaling is as follows.
Let x and %t be the new space and time variables
4Note that if the interface kinetics e ¼ 0; then the equation

becomes a first-kind Fredholm integral equation. For this case,

we have developed an alternative approach using a dipole layer

representation (L. Pham, J. Lowengrub, Q. Nie, V. Cristini, J.

Comp. Phys., in preparation).
defined by

x ¼ %Rð%tÞ x; %t ¼
Z t

0

dt0

Rðt0Þ3
; ð21Þ

where %Rð%tÞ ¼ Rðtð%tÞÞ is chosen such that the crystal
volume in the new frame is constant in time. As we
see below, this choice of %R is consistent with the
result of linear theory given in Section 2B. The
normal velocity in the new frame %V ¼ n�d%x=dt

then satisfiesZ
%S

%VðyÞ d %SðyÞ ¼ 0: ð22Þ

With this change of variables, Eqs. (19)–(20) are
equivalent to the Fredholm integral equationZ

%S

%VðyÞGðx� yÞ d %SðyÞ þ
e
R

%VðxÞ þ %TN

¼ � %kðxÞ � %R�1 %R
� Z

%S
y�nðyÞ Gðx� yÞ d %SðyÞ

� e %R�2 %R
�

x�nðxÞ ð23Þ

where %TN ¼ R TN and %R
�

¼ d %R=d%t: Eqs. (22) and

(23) uniquely determine %V and either %TN; if the

flux J is prescribed, or %R
�

and J if the far-field

temperature TN is prescribed.
If J is given, then %R is the solution to the

following equation:

d

d%t
log %Rð%tÞ

� �
¼ %J; ð24Þ

where %J ¼ J=ð3=4pÞVol %O1

� �
: If J is constant, then

so is %J since the Vol %O1

� �
does not change in time.

Note the difference between J and %J is of second
order in the perturbation size. When J is constant,
the solution to Eq. (24), with %Rð0Þ ¼ 1; is

%Rð%tÞ ¼ exp %J %t
� �

ð25Þ

and the time scales t and %t are related by

t ¼
1

3 %J
expð3 %J %tÞ � 1
� �

: ð26Þ

Note that to leading order in the perturbation
size, Eqs. (25)–(26) reduce to the result of linear
theory given in Eq. (13).
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3.2. Numerical implementation

The boundary integral method used in this work
will be described only briefly here. Additional
implementation details may be found elsewhere
[10]. The interface %S is discretized using an
adaptive unstructured mesh of flat triangles [27],
with N marker points (triangle vertices). The
integrals in Eqs. (22) and (23) are discretized using
trapezoid-rule integration, with the caveat that for
triangles in Eq. (23), where the point of evaluation
x lies on the triangle over which the integration in
y is performed, another more accurate technique is
used. This is necessary because for these triangles,
the integrand is singular since Gðx� yÞ ¼
1=4pjx� yj: To remove the singularity, we use a
grid-mapping technique based on Duffy’s trans-
formation [10, 23]. The normal velocity %V is
obtained by solving the discretized version of
Eqs. (22) and (23) iteratively using the solver
GMRES [24]. The normal vector and curvature
are obtained using a local parabolic surface fitting
algorithm [25].

The marker point positions are evolved using an
explicit second order accurate Runge–Kutta time
stepping method. There is a time step restriction
DtBh3=2 for stability [10] where h is the smallest
edge length on the triangulated mesh.

At each time step of the simulation, the surface
triangulation of %S is restructured using the adaptive
algorithm developed in Refs. [26,27]. The algorithm
is based on local remeshing techniques that include
dynamic displacement of marker points on the
surface, marker-point reconnection, addition and
subtraction. The resulting discretization is fully
unstructured and minimizes a mesh energy func-
tion. The minimum occurs when the mesh resolves
the local length scales to a prescribed accuracy.
Here, the local length scale to be resolved is
determined by the radius of curvature so that
marker points are clustered in regions of high
curvature (in absolute value). Correspondingly, the
local edge-length of a triangle is hBN

�1=2
0 j %kmaxj

�1

where j %kmaxj is a measure of the local curvatures (see
Ref. [27] for details). The parameter N0 is the
number of marker points used to discretize a
spherical crystal and sets the accuracy of the
simulation (the error is proportional to N�1

0 ).
The adaptive remeshing algorithm makes the
simulations efficient because the total number of
marker points N used to discretize %S at a time %t is
minimized and is a function of the instantaneous
shape only (the volume change of the crystal has
been scaled out of the simulation). Dynamic
displacement and reconnection of marker points
result in nearly equilateral triangles that minimize
errors in the surface representation and numerical
integration techniques. As a result, long-time
simulations of complex three-dimensional crystal
morphologies are feasible and accurate.
4. Comparison between theory and numerical

simulations

4.1. Self-similar evolution

We compare the growth of a single spherical
harmonic perturbation of a sphere under the
conditions of constant undercooling TN and
constant flux J. In the latter case, when J ¼ Jl ;
where l is the polar perturbation wavenumber,
self-similar growth is predicted by the linear theory
in Section 2.2 and in Ref. [1]. To estimate the
perturbation size in the nonlinear simulation,
relative to an equivalent sphere5, we take

%d ¼ max %SjrS � 1j; ð27Þ

since the overall bulk growth is scaled out of the
evolution through R(t). Note that for the linear
solution, we take the perturbation

%d ¼ maxy;f
X
l;m

dl;mðtð%tÞÞ
%R

jYl;mðy;fÞj:

In Fig. 1 (upper), the evolution of %d is shown as
a function of %R for several values of the initial
perturbation amplitude dl;mð0Þ ¼ 0:1; 0:2 and 0:4
with l ¼ 4; m ¼ 0 and e ¼ 0:1 under constant flux
conditions for several values of flux. The simula-
tions are performed using N0 ¼ 362 which sets the
accuracy as described in Section 3.2. The actual
number of points used at time %t ¼ 0 in the
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Fig. 1. The effect of nonlinearity on the critical flux for asymptotic self-similar growth. The evolution of the perturbation is shown for

several initial amplitudes and fluxes. Solid: nonlinear simulations; dashed: linear theory with J ¼ J4: The crystal morphologies (surface

mesh) at the final radius %R ¼ 100 are shown for d4;0 ¼ 0:4on the lower left (viewed from the positive y-axis). Dashed: slice of the initial

condition; solid: slice of the limiting (self-similar) linear solution. On the lower right: the (unscaled) undercooling to maintain constant

flux conditions for self-similar growth.
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simulations is N ¼ 362 (d4;0ð0Þ ¼ 0:1), 503
(d4;0ð0Þ ¼ 0:2) and 836 (d4;0ð0Þ ¼ 0:4). At later
times, N slightly decreases since there is some
decay of the perturbations. We have determined
that at these resolutions, the nonlinear solutions
are highly accurate.

The dashed and solid lines, in Fig. 1 (upper and
lower right), correspond to the linear and non-
linear solutions, respectively. There is very good
agreement between the theory and simulation for
the smallest initial perturbation d4;0ð0Þ ¼ 0:1: For
the other perturbations, nonlinearity plays an
important role. For example, taking the (unscaled)
flux J ¼ J4 in the nonlinear simulations with
d4:0ð0Þ ¼ 0:2 and 0:4 results in the growth of the
perturbation. When the flux J{J4; perturbations
decay. Thus, assuming the results depend con-
tinuously upon J, we conclude that there exists a
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nonlinear critical flux Jl, NL for which non linear
self-similar growth is achieved. We note that in 2D
we have been able to demonstrate the existence of
a nonlinear critical flux by directly solving the
equations governing self-similar evolution [18]. An
extension of this 2D work to solve the self-similar
equations in 3D is currently underway. The results
of our 3D simulations in Fig. 1 (upper) suggest
that for d4:0ð0Þ ¼ 0:2 we have J4;NLE0:95 J4 while
for d4:0ð0Þ ¼ 0:4 we obtain J4;NLE0:86 J4: Note
that the deviation from linear theory is at the
second order in the perturbation size as expected.

In Fig. 1 (lower left), the morphologies of the
crystals corresponding to d4:0ð0Þ ¼ 0:4 and
JE0:86 J4 are shown; the view is from the positive
y-axis. The dashed and solid curves denote the
boundaries of the initial condition and linear
solution, in the %R-N limit, respectively. The
surface triangulation is the nonlinear crystal sur-
face at %R ¼ 100: Although the initial condition and
the limiting linear solution have regions of negative
curvature, the nonlinear self-similar shapes have
positive curvature. We note that in 2D, we have
calculated nonlinear, self-similar growing
morphologies with negative curvature [18].

In Fig. 1 (lower right), the (unscaled) far-field
temperature TN is shown as a function of effective
radius for the simulations shown in Fig. 1 (upper).
We also include a case in which e ¼ 1:06. The
dashed lines are the result of linear theory, given
explicitly in terms of (un-scaled) time t from
Eq. (11) as

TNðtÞ ¼ �
2þ J 1þ e=ð1þ 3JtÞ1=3

	 

ð1þ 3JtÞ1=3

ð28Þ

and the solid lines are the result of the nonlinear
simulations. There is very good agreement between
the theory and simulations. The undercooling is
insensitive to nonlinearity and is well approxi-
mated by formula (28) because temperature
perturbations arising from shape variation decay
rapidly with the distance from the crystal. This
suggests that it is possible to achieve constant flux
6We find that, in general, perturbations decay more rapidly

as the kinetics increases (consistent with linear theory) and

correspondingly, there is better agreement between linear

theory and nonlinear simulations.
conditions in an experiment by imposing Eq. (28)
which does not require feedback of the size of the
growing crystal. In order to simulate self-similar
conditions, the flux J ¼ Jl ; or for more accurate
results J=Jl,NL, should be used.

In Fig. 2(a), the crystal morphologies resulting
from an initial perturbation rSðy;f; 0Þ ¼
1þ 0:1 Y4;3ðy;fÞ are shown for constant flux J ¼
J4 and for constant undercooling TN such that the
initial flux is Jðt ¼ 0Þ ¼ J4: The kinetic parameter
is e ¼ 0:1: Under constant flux conditions (bot-
tom), the Mullins–Sekerka instability is suppressed
and the crystal evolves to an asymptotically self-
similar shape as predicted by linear theory in
Section 2.2 and in Ref. [1]. As predicted by linear
theory, the non-zero azimuthal wavenumber
(m ¼ 3) does not affect the result. Under constant
undercooling (middle), the instability and growth
of the perturbation is evident. In Fig. 2(b), further
details of the simulations are shown. In the upper
left graph, the nonlinear perturbations (solid) are
shown together with their linear counter-parts
(dashed). The growth of the equivalent radii is as
predicted by linear theory (upper right graph). The
asymptotic behaviors t1=2; for constant TN; and t1=3

for constant flux are shown (dashed curves). In the
lower graphs, the evolution of the flux and under-
cooling are shown for the two cases. In both, the
solid curves, which denote the result of nonlinear
simulations, and the dashed curves, which are the
result of the linear analysis, overlap. These figures
show that both the far-field temperature and flux are
well-approximated by formula (11).

Next, we examine the role of the axial wave-
number l on nonlinear self-similar evolution. In
Fig. 3(a) and (b), we show the evolution of a high-
mode initial perturbation rSðy;f; 0Þ ¼ 1þ
0:1 Y10;6ðy;fÞ: The kinetic parameter is e ¼ 0:25:
Since we find that the linear flux J10 is super-
critical due to nonlinearity, we present results
using a reduced flux J ¼ 0:85J10: This yields nearly
self-similar growth up to a radius of approximately
7. After this initial evolution, instability of the
lower modes becomes visible. The low modes are
produced through nonlinearity (numerical error
does not play a role as evidenced by the
grid refinement study) and eventually dominate
the shape as seen in Fig. 3(b). The flux
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Fig. 3. (a). Deviation from self-similar growth due to the nonlinear creation of unstable modes for a high-mode initial perturbation

rS ¼ 1þ 0:1 Y10;6ðy;fÞ: Solid: nonlinear perturbation %dunder labeled conditions. dashed: linear theory; dot–dashed: asymptotic growth

rate from linear theory assuming l ¼ 6 is the fastest growing mode. (b). The morphologies corresponding to the simulation in Fig. 3(a)

with J ¼ 0:85 J10 and N0 ¼ 2252: The actual number of points initially is N ¼ 6; 400 and is approximately N ¼ 5000 at the final radius

shown. In between, the number of points varies non-monotonically consistent with the perturbation evolution. View from the positive

z-axis (top), a three-dimensional view (bottom). Left column: initial condition; middle and right columns: before and after unstable

low-modes affect the shape.

Fig. 2. (a). Crystal morphologies corresponding to unstable growth under constant undercooling TN (middle) and to asymptotically

self-similar growth under the constant flux J ¼ J4 (bottom) from the initial condition rS ¼ 1þ 0:1 Y4;3ðy;fÞ (top). Left: view from the

positive z-axis (y ¼ 0); right: a three-dimensional view. The number of points is N0 ¼ 1002: In the case of constant flux, the actual

number of points is NEN0: In the case of constant temperature, N increases to approximately 18,600 by the end of the simulation. (b)

Comparison of linear theory (dashed) and nonlinear simulations (solid) for quantities from the two simulations in Fig. 2(a). Upper left:

evolution of the perturbation amplitude %d; Upper right: Evolution of the equivalent radius as a function of (unscaled) time (recall
%Rð%tÞ ¼ Rðtð%tÞÞ); the asymptotic slopes from linear theory are also shown. bottom left: evolution of flux; bottom right: evolution of

(unscaled) far-field temperature.

V. Cristini, J. Lowengrub / Journal of Crystal Growth 266 (2004) 552–567562
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J ¼ 0:85 J10EJ�6 is the flux that makes the l ¼ 6
mode to be the fastest growing spherical harmonic
according to linear theory. The corresponding
linear growth of an l ¼ 6 mode is shown as the
dot-dashed curve in Fig. 3(a). The final shape
( %R ¼ 72) in Fig. 3(b) seems to confirm the
dominance of the l ¼ 6 mode as a 6-fold morphol-
ogy is clearly distinguishable. This simulation
suggests that self-similar evolution is more difficult
to maintain for high mode perturbations because
lower modes are created by nonlinearity and
subsequently grow and affect the shape evolution.
Indeed, we observe a similar phenomenon with
polar modes l ¼ 6 and 5 where the l ¼ 4 and 3
respectively become dominant.

The simulation for l ¼ 10 in Fig. 3 also suggests
that it should be easier to control the shape of a
growing crystal by evolving the crystal using the
flux J ¼ J�l to make an l-mode spherical harmonic
dominate the shape rather than by evolving an
initial l-mode spherical harmonic self-similarly
using J ¼ Jl since the latter method works for a
limited range of crystal sizes if l is large. We
investigate this idea in the next section.

4.2. Controlling the crystal morphology using J=JI
�

We now consider evolution of a crystal from a
multi-mode initial perturbation rSðy;f; 0Þ ¼ 1þ
0:1 Y4;0ðy;fÞþY5;2ðy;fÞ þ Y6;2ðy;fÞþ

�
Y10;6ðy;fÞÞ

where we wish to make mode l ¼ 5 dominate the
evolving shape. Linear theory, as discussed in
Section 2.2, predicts that this can be achieved by
taking the constant flux J ¼ J�5 during growth (see
Eq. (15)). In fact with J ¼ J�5 ; all modes up to and
including l ¼ 7 also grow (as can be seen from
Eq. (14)). We find that there is a correction to this
flux due to nonlinearity. In Fig. 4(a), the nonlinear
evolution of the multimode initial condition is
shown with the slightly reduced flux J ¼ 0:9J�5 and
interface kinetics e ¼ 0:1: As predicted by the
theory, the crystal strikingly evolves to a 5-fold
shape although the evolution is quite different
from that predicted by linear theory as seen in Fig.
4 (b,left) where the perturbation amplitudes are
shown for the nonlinear simulation (solid) and
linear theory (dashed). At early times, nonlinearity
enhances the perturbation compared to that
determined by linear theory. At later times,
nonlinearity is strongly stabilizing; the mode l ¼
5 stabilizes at approximately %R ¼ 15: Further
growth and stabilization of the perturbation for
%R > 15 is associated to the development of the bulb
in the center of crystal that is clearly visible when
%R ¼ 118: Linear theory predicts a much more
rapid growth of the perturbation. In fact, accord-
ing to linear theory, the interface self-intersects at
a finite time. This does not occur for the nonlinear
solution. Very interestingly, the far-field tempera-
ture in the nonlinear simulation (solid) is well
predicted by the formula (11), shown as dashed, as
seen in Fig. 4 (b,right). This result strongly
suggests that it is possible to control the shape of
evolving crystals well into the nonlinear regime.

We note that had the polar mode l ¼ 5 not been
present in the initial perturbed shape, this mode
would have been generated by nonlinearity (as
seen in Fig. 3(a) for mode l ¼ 6) and would
eventually have dominated the shape because of
the imposed flux conditions.
5. Discussion and future directions

We extended our previous analysis of the linear
evolution of non-spherical growing crystals in
three dimensions into the nonlinear regime. We
focussed on a solid crystal growing in an under-
cooled liquid with isotropic surface tension and
interface kinetics. We used a new, adaptive
boundary integral method to simulate the mor-
phological evolution of the growing crystals. We
found that when the far-field heat flux into the
system is prescribed by appropriately varying the
undercooling in the far-field, the Mullins–Sekerka
instability that would arise under constant under-
cooling can be suppressed. In particular, we
demonstrated that there exist critical conditions
of flux at which self-similar or nearly self-similar
nonlinear evolution occurs and the shape is
dominated by a given mode leading to non-
spherical, nearly shape invariant growing crystals.
We provided a simulation of a physical experiment
that might be able to be carried out in a laboratory
in which a desired shape of a crystal is achieved
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Fig. 4. (a). Shape control using the reduced flux J ¼ 0:9J�5 : The appearance of mode l=5 is evident. The number of points N0 ¼ 1002

with N ¼ 1100 initially and 6158 at the final radius shown. (b). Left: growth of the perturbation in Fig. 4(a). Solid: nonlinear

simulation; dashed: linear theory. Right: evolution of the (unscaled) undercooling.

V. Cristini, J. Lowengrub / Journal of Crystal Growth 266 (2004) 552–567564
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Fig. 5. (a). The perturbation evolution with kinetic anisotropy. Inset: the nearly self-similar configuration for b ¼ 0:1 is shown

(N ¼ N0 ¼ 362). (b). The morphologies during unstable evolution with constant far-field temperature and kinetic anisotropy

corresponding to the case b ¼ 0:3 in (a). The number of points N ¼ N0 ¼ 362 initially and N increases to 23,261 at the final radius

shown.

V. Cristini, J. Lowengrub / Journal of Crystal Growth 266 (2004) 552–567 565



ARTICLE IN PRESS

V. Cristini, J. Lowengrub / Journal of Crystal Growth 266 (2004) 552–567566
and maintained during growth by appropriately
prescribing the far-field heat flux.

Several physical effects may be important and
were neglected in the present analysis. These
include the anisotropy of the crystal, crystal/
crystal interactions, solute and elastic effects and
flow. Studies of these effects are underway. For
example, crystal/crystal interactions are expected
to result in decreased instability by decreasing the
undercooling of the individual crystals. Our
preliminary results [28] indicate that anisotropy
may also reduce instability. In a subsequent
work, we demonstrate that self-similarly
evolving anisotropic crystals exist and the asso-
ciated critical fluxes are lower than those for the
isotropic case [18,28]. Because the critical flux is
lower, shape perturbations have more chance to
grow in the isotropic case than in the anisotropic
case and in this sense, the anisotropic evolution is
more stable. Of course, this also means that if
one applies the isotropic flux in the presence
of anisotropy, unstable evolution will typically
result. In Fig. 5 we present the evolution of a
crystal with 4-fold kinetic anisotropy

e ¼ e0 1� b 3� 4 n4
1 þ n4

2 þ n4
3

� �� �� �
where ni denotes the components of the normal and
b is the anisotropy coefficient. We take e0 ¼ 0:1 and
b ¼ 0:1 and 0.3. Under constant undercooling with
b ¼ 0:3; the perturbation grows (as seen in Fig.
5(a)) and the shape becomes complex and dendritic
as seen in Fig. 5(b). The adaptive mesh is shown in
the last frame. Under constant flux conditions J ¼
J4 with b ¼ 0:3; the perturbation grows (Fig. 5(a))
since the isotropic critical flux is larger than that for
the anisotropic case (the anisotropic critical flux is a
decreasing function of the kinetic anisotropy
parameter b [18,28]) . When b is reduced to 0.1
the critical fluxes for the isotropic and anisotropic
cases are nearly equal and so the perturbation
grows nearly self-similarly. The morphology for
b ¼ 0:1 is shown in the inset in Fig. 5(a).
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