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Abstract

On symplectic manifolds, we introduce a Morse-type complex with elements gen-
erated by pairs of critical points of a Morse function. The differential of the complex
consists of gradient flows and an integration of the symplectic structure over spaces of
gradient flow lines. Using the Witten deformation method, we prove that the coho-
mology of this complex is independent of both the Riemannian metric and the Morse
function used to define the complex and is in fact isomorphic to the cohomology of dif-
ferential forms of Tsai, Tseng and Yau (T'TY). We also obtain Morse-type inequalities
that bound the dimensions of the TTY cohomologies by the number of Morse critical
points and the interaction of symplectic structure with the critical points.
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1 Introduction

The Morse complex, also referred to as the Morse-Witten or Smale-Thom complex, captures
the information of the standard homology groups of a closed manifold M by means of a
Morse function f, i.e. a function whose Hessian at each critical point is non-degenerate,
and a Riemannian metric g. The elements of the complex C*(M, f) are generated by
the critical points ¢ € Crit(f) of the Morse function f, and grouped together by their
index, k = ind(q), the number of negative eigenvalues of the Hessian matrix of f at g.
The differential of the complex requires the use of the metric and is given by the gradient
flow, —V f, from one critical point to another. We will assume throughout the paper that
the gradient flow satisfy the Morse-Smale transversality condition, that is, the stable and
unstable manifolds of any two critical points intersect transversely. The homology of the
Morse complex is well-known to be isomorphic to the standard homology, and therefore,
independent of the choice of the Morse function f and the metric g. As a corollary of this
isomorphism, the Morse inequalities bound the Betti numbers of M in terms of the number
of critical points of the Morse function.

We are interested here to consider Morse theory in the presence of a symplectic struc-
ture, that is, on a symplectic manifold (M?",w). On the cohomology side, besides the de
Rham cohomology, Tsai, Tseng and Yau (TTY) [14, 16, 17] found novel symplectic coho-
mologies of differential forms. These cohomologies, which we will call TTY cohomologies
and labelled by FPH(M,w), with p =0,1,...,n — 1, have interesting properties. For one,
they can in general vary with the symplectic structure as seen in explicit examples of a six-
dimensional nilmanifold [17] and of a three-ball product with a three-torus, B® x T3 [15].
These cohomologies have also been used to distinguish inequivalent symplectic structures
on open 4-manifolds [6]. Of particular relevance here, when the symplectic structure is
integral class [w] € H?(M,Z), Tanaka and Tseng pointed out that the TTY cohomologies
are isomorphic to the de Rham cohomologies of a higher dimensional sphere bundle over
the symplectic manifold [12]. Specifically, denote by E,, the odd-dimensional sphere bundle
S2+l — B, — M with Euler class wP™!, then FPH(M,w) = Hyr(E,). Certainly, on this



sphere bundle, which is a smooth manifold, we can bound the dimensions of the de Rham
cohomology Hir(E,) and hence, FPH(M,w), by Morse or Morse-Bott inequalities.

To simplify the discussion, we will focus mostly in this paper on the p = 0 TTY
cohomology, PH (M), called primitive cohomology, and introduced in [17]. (The case of
p > 1 can be straightforwardly generalized from the p = 0 case and will be described
explicitly in the concluding section of this paper.) By [12], when w is an integral class,
PH (M) are isomorphic to the de Rham cohomology of the prequantum circle bundle X, i.e.
a circle bundle with Euler class given by w. A bound on the dimension PH (M) = Hyp(X)
can be obtained by taking a Morse function f on M and pulling it back to the circle
bundle, which makes 7*f a Morse-Bott function. Denote by by = dim PH*(M). The
Morse-Bott inequalities for a circle bundle states the existence of a polynomial Q(s) with

positive coefficients such that

2n 2n+1
(1 —l—s)kask = Z by 8" 4+ (1+5)Q(s)
k=0 k=0

where mj denotes the number of critical points with index equal to k. Specifically, this

gives the strong inequalities

k

k
D EDF <Y (=1 m 4+ mia) = my, (1.1)
i=0

=0

and the weak inequalities
by < my +mg_1 . (1.2)

Though these Morse-Bott inequalities (1.1)-(1.2) assume w is an integral class, they in fact
hold true for any symplectic structure. We recall the algebraic relation for the primitive

cohomologies in [14].
PH*(M) = coker [w : H¥-2(M) — H(’;R(M)} @ ker [w LY=L (M) > Hggl(M)} (1.3)

which immediately gives the weak inequalities of (1.2) just by bounding the dimensions of
HgR(M) and Hfgl(M) by the number of Morse critical points, my and my_1, respectively.
The strong inequalities can be similarly attained by applying the rank-nullity theorem.

Hence, we find that the Morse-Bott inequalities only provide a rough estimate for b%.



Moreover, note that the by’s on the left-hand-side of (1.1)-(1.2) generally depend on w,

while the my’s on the right hand side do not. These observations make us ask two questions:

(1) Can we find a Morse-type complex that incorporate the symplectic structure w ex-

plicitly and whose cohomology matches that of the TTY cohomology?

(2) Can we bound b = dim PH*(M,w) by inequalities that in general vary with w?

In this paper, we answer both questions in the affirmative. For the first, we introduce a
symplectic Morse complex on (M?",w) defined by a Morse-Smale pair (f, g) on M whose
cohomology are isomorphic to the TTY primitive cohomology. Our symplectic Morse
complex is motivated by the result of Tanaka-Tseng [12] which relates the cochain complex
that underlies the TTY cohomologies with the cone complex of the wedge product map
WP Q% (M) — Q*FT2PF2( M) on the space of differential forms. Let us recall the definition
of a cone on the de Rham complex with respect to wPt!. Again, for simplicity, we will

focus on the case of p = 0.

Definition 1.1. Let (M?",w) be a symplectic manifold. We define the de Rham cone
complex of w, Cone(w) = (Q*(M) © 0Q*~L(M), dc):

e QR (M) @ 01 (M) —2< L (M) @ 0 QR (M) —2 .

where 6 is a formal parameter of degree one and the differential do can be expressed in

d w
do = <0 —d) (1.4)

with d the standard exterior derivative and w acting by wedge product.

matrix form as

Note that the d-closedness of w together with the Leibniz product rule ensures that
dodo = 0. Also, if we formally define df = w, then d¢ is just the exterior derivative
acting on Q°*(M) @ 0 Q*~1(M). Of interest, Tanaka-Tseng [12] proved the isomorphism of
this cone cohomology with the TTY cohomology:

H(Cone(w)) = PH(M,w). (1.5)



Motivated by the relationship between de Rham complex and the Morse cochain com-
plex over R, we define in the following a cone Morse complex with respect to w also over
R.

Definition 1.2. Let (M?",w) be a symplectic manifold equipped with a Riemannian metric
g and a Morse function f satisfying the Morse-Smale transversality condition. Let C* (M, f)
be the R-module with generators the critical points of f with index k. We define the cone
Morse cochain complex of w, Cone(c(w)) = (C*(M, f) ® C*~1(M, f), O¢c):

29 CR(M, f) @ CRY(M, f) =25 ORI, f) @ CR(M, f) —25 ...

with

0 c(w)
Oc = . 1.6
c (0 ¢ a) (16)
Here, 0 is the standard Morse cochain differential defined by gradient flow, and c¢(w) :
C*(M, f) — C¥*2(M, f) acting on a critical point of index k is defined to be

cwWa= ( /M(rm’qk) W> Th+2 (1.7)

ind(r)=k+2

where M(7k12,qx) is the two-dimensional subspace of M consisting of all flow lines from

the index k + 2 critical point, rgys, to k.

Notice that the elements of the Morse cone complex, Cone*(c(w)) = CH(M, f) @
C*=1(M, f), can be generated by pairs of critical points of index k and k — 1. The dif-
ferential J¢ consists of the standard Morse differential 0 from gradient flow coupled with
the ¢(w) map which involves an integration of w over the space of gradient flow lines. This
type of maps has appeared in Austin-Braam [1] and Viterbo [18] to define a cup product

on Morse cohomology. It satisfies the following commuting relation:
0 (c(w)) = c(w)d. (1.8)

(This relation follows from a more general Leibniz type formula. See [5, Appendix A].)
With (1.8) and 90 = 0, they together imply dc dc = 0. The cone Morse complex hence



gives the following cohomology for £k =0,1,...,2n + 1,

_ kerd¢ N Cone®(c(w))

¥ (Cone(c(w '
H"(Cone(c(w))) im d¢c N Cone® (c(w))

For this cone Morse cohomology, we are able to prove the following theorem.

Theorem 1.3. Let (M?",w) be a closed symplectic manifold, The cohomology of symplectic
Morse complex is isomorphic to the TTY cohomology, i.e. H(Cone(c(w))) = PH(M).

Theorem 1.3 importantly shows that the cohomology of the cone Morse complex is
independent of the choice of both the Morse function and the Riemannian metric used to
define Cone(c(w)). Moreover, the dependence on the symplectic structure is explicit in the
differential Jdc which involves the integration of w over flow lines between pairs of critical
points of the Morse function.

We shall prove Theorem 1.3 by means of the analytic method of Witten deformation,
as developed in [2,3,20], to the Cone(w) complex. Analogous to the Witten deformation
of the de Rham complex [19], we deform the cone differential dc and its adjoint di, by the

Morse function f parameterized by a real parameter t > 0:
doy = e g etf , *C,t = etfd*c et

This deformation is just a conjugation by e/, and hence, the cohomologies of the deformed
cone complex (Cone(w), dc+) do not vary with ¢t. However, the deformation has a significant
effect on the harmonic forms, which provides an isomorphic description of the cohomologies.

Specifically, the deformed cone Laplacian operator depends on ¢
Acy =deydey +degdoy,

and in fact, its highest order ¢ dependence is given by ¢?||df||?. Hence, as t — 0o, the har-
monic forms must localize near df = 0, i.e. the critical points of f. This allows an identifi-
cation, as t — oo, of each harmonic form of A¢; with a critical point p € Crit(f). However,

for finite ¢ sufficiently large, some of the harmonic form in the limit of ¢ — oo becomes no

]

longer harmonic. It is thus useful to consider the cone subspace Fg) ;51

of eigenforms of Ac; with eigenvalue X € [0,1]. Note that (Féo ;1], dcy) is also a cochain

C Cone(w) consisting

complex since, [Acy, dcs] = 0. Of interest, for ¢ sufficiently large, the number of generators

of F([g %1] matches exactly that of Cone(c(w)). This leads us to establish an isomorphism

6



between the cohomologies H(Cone(c(w))) = H(Fg’tl]) = H(Cone(w)) = PH(M), proving
Theorem 1.3. This successfully addresses the first question.

For the second question, we use the established quasi-isomorphism to obtain Morse-type
inequalities for H(Cone(w)) = PH(M). With mj denoting the number of Morse critical

points with index k, we are able to prove the following:

Theorem 1.4. Let (M,w, f,g) be a closed, symplectic manifold with the Morse function
f and the Riemannian metric g satisfying the Morse-Smale transversality condition. Then

there exists a polynomial Q(s) with non-negative integer coefficients such that

2n 2n—2 2n+1
L+ mpst—(s+57) D ops® =D st + (14+5)Q(s), (1.9)
k=0 k=0 k=0

where by = dim H*(Cone(w)) and vy, = rank (c(w) : C*(M, f) — C*2(M, f)).
Alternatively, we have the following Morse-type inequalities:

(A) Weak cone Morse inequalities
by < mp —Vp_2+mp_1—Vp_1, k=0,....,2n+1; (1.10)

(B) Strong cone Morse inequalities

k
S (=D < my — v k=0,....2n+1. (1.11)
i=0
Furthermore, the above inequalities become equalities when the Morse function f is perfect,
i.e. the Betti numbers by, = dim HU’;R(M) =my forallk=0,...,2n.

As was our goal for the second question, our cone Morse inequalities (4.1)-(4.2) can
certainly vary with the symplectic structure w. Specifically, the b ’s on the left-hand side
and the v;’s on the right-hand side both are defined with dependence on w. This is in
contrast to the my’s which are fixed by the choice of the Morse function f on M.

Beyond addressing our two main questions, let us point out that our analytic study
of the symplectic cone Morse theory should be extendable to analyze symplectic mani-
folds with group actions. In particular, it would be interesting to study manifolds with
hamiltonian group action and work out its equivariant or more general invariant cone co-

homologies and also their corresponding cone Morse theory. We note of a recent work



[21] that used Witten deformation to study torus actions and their related invariant co-
homologies. Moreover, the Witten deformation method has been successfully applied (see,
for example [8,13]) to prove Guillemin-Sternberg’s conjecture [7] concerning the commu-
tativity of symplectic reduction and geometric quantization. It is interesting to ask how
symplectic reduction affect the TTY cohomologies FPH(M,w), or more directly its cone
equivalent H(Cone(wPT!)), and consider a different type of quantization of (M, w) making
use of the symplectic cone complex. This paper represents a first step in addressing these
other interesting questions.

Finally, we mention that the de Rham cone complex and its Morse theory defined here
with respect to the symplectic structure w has a generalization that can be studied in a
very general context. In a companion paper [5], we describe a general cone complex and
its cone Morse theory on any oriented manifold M, with respect to any degree ¢ form
Y € QY(M) that is d-closed. Tt is a challenge to carry out the analytic Witten deformation
method in this general setting, and hence, the discussion in [5] utilizes purely algebraic
methods.

Acknowledgements. We thank Hiro Lee Tanaka, Weiping Zhang, and Jiawei Zhou for
helpful discussions. The second author was supported in part by NSF Grants DMS-1800666
and DMS-1952551. The third author would like to acknowledge the support of the Simons
Collaboration Grant No. 636284.

2 Witten deformation method

We apply the Witten deformation method (see for example, Zhang’s book [20]) to analyze
the cone complex Cone(w). In this section, we will introduce the deformed cone Laplacian
and analyze its harmonic solutions and give a bound for the eigenvalues of non-harmonic

eigenforms. We shall begin first with some preliminaries and also introduce our notations.

2.1 Cone Laplacian and its deformation

Let (M?", w) be a closed symplectic manifold and let g be a compatible Riemannian metric.

For ny, n). € QF(M), we have the standard inner product,

(ks 1) = /M M A *T]); (2.1)



where * : QF(M) — Q?"~%(M) is the Hodge star operator. As introduced in the Introduc-

tion, we are interested in the cone forms with respect to the wA map:
Conet () (M) = QF(M) © 694 (M) = {me + 66 1| i € QM) &1 € D4 (D)},

with £k =0,1,2,...,2n+ 1, and 6 should be thought of as a formal one-form parameter,
with the following two properties: (1) df = w and (2) § A = 0. The cone forms are
essentially a pair of differential forms, and so the standard inner product (2.1) on M can

be used to define a natural inner product on Cone*(w)(M),

(e + 0,1, M), + 0, _1)c = (M, M) + (Er—1,E1—1) - (2.2)

This cone inner product can also be expressed in terms of a Hodge star-type operator. We
define *¢ : Cone®(w) — Cone®17%(w) by

0 (M + 0&,—1) = *#E—1 + 0 (—1)F % .. (2.3)
We can then write
/ ! 8 / !
(M + 08—1,mp, +05_1)c = /M 20 (k4 0&k—1) A *c (mp, + 0&,_1))
= / Nk A1+ Ep—1 A %€y
M

where the derivative (9/00) satisfies (9/00)(0nx) = m for any n € QF(M). (For ease of
notation, when it is clear that we are considering the inner product for cone forms, we will
simply write (, ) to denote the cone inner product of (2.2) and leave out the C' subscript.)

Turning to the differential operators acting on Cone* (w), the differential, d¢ : Cone®(w) —
Cone*™!(w) is defined to be

do(Mk + 08k—1) = dng +w A €1 — 0d—1

which corresponds simply to the exterior derivative acting on (1, +60&;_1) and using df = w.

Clearly, dodc = 0. And with respect to the cone inner product (2.2), the adjoint of d¢



has the form

de(k + 08k—1) = d*ng, + O(Any, — d*E—1)
= (=¥ x¢ de *o (e + 08—1) (2.4)

where A = w* denotes the adjoint of w with respect to the inner product (2.1) on M and
has the expression A = (—1)* ¥ w+ when acting on a k-form. For convenience, we will
Mk

k-1
dc and its adjoint dg, have the following matrix form

d w dac 0
do = , dn = .

As in Witten [19], we deform the above differential operators by a Morse function

often express the cone form as a two-vector, o} = ( ) € Conef(w). In this notation,

f parameterized by a non-negative real number ¢ € RT. First, the deformed exterior

derivative and its adjoint take the form
dy=eYdel =d+tdf, di =ed e =d* +tigy. (2.5)

As for the cone differentials (dc, dy,), their deformation can be expressed simply in terms
of (dy,dy) as follows,

di  w d: 0
dei — et dqetf — t ’ d5 . = etf g e tf — t . 2.6
Cit =€ Cc € 0 —d, ct=¢e’doe A —d (2.6)

Let us now turn our attention to the Laplacian operator associated to the de Rham

cone complex:

A+ wA —dA + Ad
Ac = dodf + dide = ) 2.7
¢ fcfe T iete (—wd*—l—d*w A+Aw> (27)
where A = dd* + d*d is the standard de Rham Laplacian. Under deformation by a Morse

function f, it becomes

(2.8)

. i Ay +wh  —dM
AC,t = dC,tth + dc,tdC,t = ( ! ¢ ) )

—dé\ At —|— Aw

10



where

Ay = dyd} + djdy = A+ H(Lyy + L) + ]| df[[3,
dd = d,A — Ady = dA — Ad + t(df A — Adf) = d + t(df A — Adf),

dé\* =wd; — djw = wd* — d*w —i—t(vaf — vaw) = dh —i—t(Wva — vaw).

In the above calculation, we used the notation d* := dA — Ad, and d** is its adjoint.
Furthermore, Ly is the Lie derivative with respect to the gradient of f, with LS 7 being
its adjoint, and ||df||2 = ¢¥/9;f0, f is the pointwise norm of df with respect to the Hodge
metric on forms. We will call A¢ the cone Laplacian and A¢; the deformed cone Laplacian.

It turns out to be useful to also consider deforming the differential operators with
respect to (—f), which is also a Morse function. We will denote operators deformed by

(—f) with a (—t) subscript. For instance,

d_ w d* 0
de = e 1D g 1) — t 7 A5 = ot g et =) — | Tt .
C,—t e ce 0 —d_, C,—t € c € A —dr,

and similarly, Ag _; := dCy—tdz‘ﬁt + d*C,—tdCrt' Noting from (2.3) that xcxc = Id and
from (2.4) that df = (—1)* x¢ do *¢ acting on oy € Cone®(w), we find the following

relations:

dC’,—t = (—1)k+1 *C d*C,t *o, d*C’,—t = (—1)k *C dC,t o, (2.9)
acting on oy, € Cone”*(w). These immediately imply the following:

Nk

Lemma 2.1. The cone form o = (
k—1

) € Cone*(w) is a harmonic solution of Ac

*Ek—1
(=1)F x
harmonic solution of Ac for the Morse function f. In particular, the harmonic conditions
dc—+0o =0 and da_t o =0 hold if and only if dc+(xc o) =0 and d*C,t(*C 0)=0.

for the Morse function (—f), if and only if xco = ( ) € Cone®t1F(w) is a

The relation also extends to all eigenforms of the deformed cone Laplacian.

Lemma 2.2. The cone form o € Conek(w) is an eigenform of Ac_; if and only if

(xc o) € Cone® 1=K (w) is an eigenform of Acy.

11



Proof. The statement follows from (2.9). Specifically, acting on o, € Cone®(w), we have

Act = doydi_, + di_ydo, s
= [(—1)]“ *C dz‘,t*C} [(—l)k *C dc,t*c} + [(—1)’“71 *C dc,t*c} [(—l)k+l *C d*C,t*C’:|

=xc Acy *¢

2.2 Local harmonic solutions of the deformed cone Laplacian

We are interested in studying the spectrum of the deformed cone Laplacian Ac; when ¢t is
large. Following Witten’s observation in [19], as ¢ — oo, the order ¢? term of Ac; in (2.8),
t2||df||? , dominates, and so eigenforms of A¢; must localize around the critical points of
the Morse function f. This localization greatly simplifies the study of the Ac; spectrum
and it turns out understanding the local eigenforms of Ac; in a local chart around a
critical point of f is sufficient for obtaining the Morse-type inequalities for H(Cone(w)).
In this subsection, we will write down the local harmonic solutions for Ac; for large ¢
around critical points of f. The local non-harmonic eigenforms will be taken up in the
next subsection.

For studying the eigenforms of Ac in a local neighborhood around p € Crit(f), it is
useful to work in a local coordinate chart where (w, g, f) all have standard canonical forms.
For this, Stratmann [11] showed that in the neighborhood of any p € Crit(f), the pullback

of f under a properly chosen symplectomorphism can be expressed in the following form,

ng(p) 2n
F=ro)+ > —2p/2+ > xj/2
(=1 l=ny(p)+1

where ny(p) denotes the index at the critical point p. (We shall often use the notation
n¢(p) instead of ind(p) to emphasize the dependence of the index on f.) In other words, it
is possible to modify the Morse function via a series of local symplectomorphisms if needed

so that around any p € Crit(f) we have what we shall call a compatible coordinate chart.

Definition 2.3. A local coordinate chart {x;};—1,. 2, around a critical point p € Crit(f)
is called a compatible coordinate chart if the following properties are satisfied simul-

taneously:

12



n
e Darboux coordinates, i.e. w = E dx; N dTiyn;
i=1

e Normal coordinates, i.e. g;j(z) = &;; + O(|z|*);

ny(p) 2n
e Morse coordinates, f = f(p) + Z —x2/2 + Z z7/2.
=1 t=n;(p)+1

In the following, when discussing localized eigenform solutions of Ac;, we will by

default work in such a compatible coordinate chart.

For local harmonic solutions o} = 577k ) € Cone®(w), the harmonic conditions
k—1
dcioy = di, o = 0, with (dcy,df,) given in (2.6), impose the following four condi-
tions:
dcior =0: (a) dime +w AN &1 =0, (b) di&r—1 = 0; (2.10)
deyor=0: (¢) dinr =0, (d) dj&g—1 — Anp = 0. (2.11)

Notice that if both w and A were set to zero, then the above four conditions become just
dinp = ding = 0, and diéi—1 = dj€x—1 = 0, which are just the usual deformed harmonic

conditions. Such solutions were described by Witten [19] which we recall here.

Lemma 2.4 (Witten [19]). Around a critical point p € Crit(f) with index n¢(p) = k

described by a local compatible coordinate chart {x;}i=1,. 2n , such that gij = 0;5 and

f@)=fp)+=(—27—... -2+ 254 +...73,)
there is a one-dimensional k-form solution gemerated by
Co = e 1 2day AL A day, (2.12)

that satisfies the deformed harmonic conditions, i.e. di(; = d;C, = 0.

Hence, in the case where w = 0, we would have two types of localized harmonic solutions
for o, € Cone®(w), generated by (¢, 0) at all p € Crit(f) with n¢(p) = k, and also,
(0,Ck—1) at all ¢ € Crit(f) with ng(q) = k—1. It turns out that the existence of two types

of harmonic generators for each cone degree k persists even when w # 0.

13



Proposition 2.5 (Local harmonic solutions of the deformed cone Laplacian). For Cone®(w),
there exist two types of local harmonic solutions of the deformed cone Laplacian Acy : lo-
calized about critical points p € Crit(f) with index ny(p) = k and localized about critical
points q € Crit(f) with index ng(q) = k — 1. Each index k or k — 1 critical point has one

generating harmonic solution.

Proof. The deformed cone harmonic solutions must satisfy the four conditions in (2.10)-
(2.11). We will describe the solutions first in the case for cone forms of degree k& < n and
then for the case of degree kK > n + 1.

Case (I): 0<k<n

When k < n, the harmonic solutions of A¢; localized around critical points p € Crit(f)
with index ny(p) = k are the standard type in (2.12). Expressed in compatible coordinates
they are generated by

]2/
<§Zk1> ) (%) ) <e : de:)/\.../\dxk> | (213)

Since d; (, = dj (i = 0, it remains only to check that A (y = 0. For this, we note that in a

compatible coordinate chart, A takes the simple form

n
A=> o, to,, - (2.14)
=1

Clearly then, we have A{y =0 as long as k < n.
We describe now the localized harmonic solutions of Ac; around critical points ¢ €
Crit(f) with index ny(p) = k — 1. In the compatible coordinate chart, the Morse function

takes the form
(—22—a2— .. —xi  +a2i4.. +2l), (2.15)

and we also introduce a local one form

k—1 n
1
T = E 1 —Tiyndr; + 5 E k(a:idxlurn — Tipndr;),
1= 1=

with the property dr = w. Then the following generates harmonic solutions around critical

14



points ¢ with index ns(q) =k — 1:

( M ) _ (_7— A <k;—1> _ %e*”x'z/Q Z (Tigndr; — xidxipn) Ndry A ... A dzg_q

gk—l Ck—l =k —t|$\2/2
e dri N ... Ndxp_q

(2.16)

Let us check conditions (a)-(d) in (2.10)-(2.11). For (a), it follows by direct computation
that

dinp = di(=7 AN Cp—1) = —dT N Ce1 + T AN diCie1 = —w A g1 -

Condition (b) is trivially satisfied since d¢(x—1 = 0. For (c), we use the expression df =

et/ d*e=tf from (2.5) and compute also making use of (2.15):
dymy = e d* (e )

1 n
= 5e’ffd* ((ztf(z“”’“"'Q/2 Z (Tigndr; — xidxipzn) Ndzy AL A dxk_1>
i=k
n

2n

1

= 5et(f—f(q))d* <exp ( —t Z l’%) ($i+ndaj‘i — xid$i+n) ANdxi N... N\ d.l‘k_l)
i=k

k
= et(f*f(q» exp ( —1 Z .’L’?) (t (wixi—&-n — x,+nx,)> dey N ... Ndxp—1 =0.

And for condition (d), since dj&x—1 = d;(x—1 = 0, we only need to check that An; = 0,

which follows from using the expression of A in (2.14).

Case (II): n+1<k<2n+1

Using Lemma 2.1, the generators of the harmonic solutions for £ > n 4+ 1 can be
straightforwardly obtained by applying *¢ to the generators found for £ < n in Case (I).
Specifically, let ¢, € Cone’ (w) with j < n be a harmonic solution of the deformed cone
Laplacian with respect to a Morse function (—f), i.e. dg—0; = da_t&j = 0. Then, by
Lemma 2.1, *c6; € Cone®(w) with degree k = 2n 41— j > n + 1 is a harmonic solution
with respect to f, i.e. dc(*c0;) = di(xcd;) = 0. Thus, if we take &; to be the two
types of local harmonic generators (2.13) and (2.16) found for cone forms of degree j < n

with respect to a Morse function which we label by — f, then applying *¢ to them would
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result in two types of harmonic generators for cone forms of degree k = 2n 4+ 1 — j. And
since j =0,1,...,n, thismeans k =n+1,...,2n + 1, as desired.

Let us comment about the minus sign difference in the Morse function for ¢;, which
is associated with (—f), versus o}, = *¢ ¢, , associated with f. Notice first that a critical
point p € Crit(—f) of index n_¢(p) would remain a critical point p € Crit(f) but with

index ny(p) = 2n — n_y(p). For in the compatible coordinate chart, we have

1
1
. - - -
= _f(p) + 5(_‘%% T :ng_f(p) +xi_f(p)+1 +.. +x%n)

where in the last line, we have applied a change of coordinates x; — £ Zop11-4 to return
to compatible coordinate chart. (We note that the constant f(p) is inconsequential in our
discussion here since the deformed harmonic differentials (dc, df ), given in (2.6), do not
depend on it.) In particular, the two types of harmonic generators localized around index
Jj critical points (2.13) and around index j — 1 critical points (2.16) of (—f) will still be
localized at the same critical points after applying x¢. But the index of the critical points
would become 2n — j = k— 1 and 2n — (j — 1) = k, respectively, defined with respect to f.

We will write down explicitly the harmonic generators obtained from applying the *¢
map. Applying *¢ first to the generator in (2.13), we obtain the local harmonic solutions

about any critical point ¢ of index ns(q) =k — 1:

Nk N 0 _ 0
<§k1> B <§k1> B (e‘“”|2/2dx1 /\.../\dxk1> : (2.17)

Applying x¢ to the generator given in (2.16), we obtain a second localized generator this

time around any critical point p of index ny¢(p) = k:

¢ e*t|‘”‘2/2d:c1 A ANdxy
Nk . k o r—1 r
<§k—1> N <L2Ck> N %eit|x|2/2h A\ Z (Izdl‘z + xn+id:cn+i) ANdxei1 N... Ndxy ’
=1
(2.18)

where » = k — n. In (2.18), we have noted that the second component can be expressed
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in terms of an interior product by a vector which we have denoted by Z. To define this

vector, note that by (2.3) and (2.16), the second component is given by

Eo1 = (—1D)F 5 (=7 A e PR dxg, AL A dxont1-1)

=1y (e_t‘z‘z/Qd:cl A A da:k_1>

where Z = —7'% is the musical isomorphism applied to the one form
2n—k 1 n
= Z Tp—idTon i — 7 Z Ton—idTp_j — Tp_idTon_;
=0 i=2n—k+1
2n—k n
0 1 0 0
S0 Z = —Tpim—— + = Top—im—— — Tp—im——
; " Oman—i 2 Z P g Oran
1= i=2n—k+1

where 7/ is 7 under the symplectomorphism that maps z2,4+1-; — £ 2; (to account for the
sign change from —f to f).

Finally, let us add that it can be checked directly that the above two harmonic gener-
ators for k > n + 1 (2.17)-(2.18) satisfy the four deformed harmonic conditions (a)-(d) in
(2.10)-(2.11) in a compatible coordinate chart. O

Proposition 2.5 thus tells us that for each cone degree k, there exist at least two types
of generators of local harmonic solutions of the deformed cone Laplacian. (In the next
subsection, we will show that any other local eigenforms will have a non-zero eigenvalue
and hence not harmonic.) Since the two types of harmonic generators are localized at
critical points of index k and k — 1, this implies each critical point p € Crit(f) of index
ns(p) support two harmonic generators of cone degree ns(p) and ny¢(p) + 1. Below, we

express this observation as a corollary.

Corollary 2.6. Let f : M — R be a Morse function on a symplectic manifold (M?",w).
Then in the compatible coordinate chart around p € Crit(f) with index n¢(p) = k, where

n
w:Zdaji/\da:Hn, gijzdij, f:f(p)—l—f(—x%—...—xz#—sz%—...x%n),

i=1
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we have the following two generators of harmonic solutions to the deformed cone Laplacian:

< k ) € Conef(w), <_T " Ck) € Coneft1(w), (2.19)
Lz Gk Ck

where ( = e_t|“”‘2/2d:n1 A...Ndxg, and

”f(p) n
1
= Z —Zirndr; + 7 Z TidTiyn — Tigndr;, 0<ng(p) <n—1 (2.20)
i=1 i=ny(p)+1
2n—ny(p) 1 n
D D 2 Y Taite,, ~ Ta-tlay, ., n+1<ngp) <2
i=0 i=2n—ny(p)+1

(2.21)

and defining T = 0 when ny(p) > n, and 1z =0 when ny(p) < n.

2.3 Bounding eigenvalues of local eigenforms of the deformed cone Lapla-
cian
Let ( 1Tk ) be any local eigenform of Ac; with eigenvalue A and not generated by the

k-1
harmonic generators of the previous subsection. We wish to show that A > ct for some

positive, non-zero constant c¢. Therefore, as ¢t goes to infinity, A grows to infinity at least
of the order ct.

Theorem 2.7. On a compatible local coordinate chart near a critical point p of a Morse
Nk

k—1
(2.19). Then the following inequality holds,

A Tk ’ Nk c
< o <§k—1> <§k—1>>2 !

where ¢ is a positive constant. In particular, the eigenvalue of any local non-harmonic

function f, suppose is orthogonal to the local harmonic solutions generated by

2

Mk
+ O(llmkll? llgk-11%) . (2.22)

§k—1

eigenform is greater than ¢t for some fized constant ¢ > 0.
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Proof. We start with the following computation,

Ae, [ ™ me \\ _ [/ (ActwA  —d Tk Tk
T \&-1) \& —dt Ayt Aw) \&o1) T G
_ Apiy + wAng — d* & Mk
—dPne 4 Agpo1 + Awép_1 ) T \ &
= (D, 1) A+ AT, i) — (™ Gt 0) A+ (A1, E—1) — (di i, E1) + (Aw1, & 1)
= (A i) — 2(di 0k, Ee—1) + (Ae&rmt, Ermr) + [ Anel|® + lwée—1|>. (2.23)
Note that A; is self-adjoint and has a basis of orthogonal eigenforms of the form
HHmj(\/%xj) e_t|$‘2/2dazlk where Hy,; is the mj-th Hermite polynomial. The corre-
J

sponding eigenvalues are 2t(¢+) - m;) = 2t(¢{+m) where / is the number of missing/different
coordinates in dxj, = dx;, A... \dz;, from harmonic form’s dzy A ... A d:cnf and ) m; =m
is the sum of the Hermite polynomial numbers. Imposing the L?-norm condition on 7
and &,_1, we can express them as linear combinations of these eigenforms. For instance,

we shall write
2
e = Zna = Z g, HHmj(ﬂxj)e tel /Qd:v[k , (2.24)
« a i
where the index « denotes a certain combination of {Ij, {m;}}, and similarly,

G =3 €% =3 bp [ Hony (Viwg)e 1 P, (2.25)
B B J

with the degree of the form adjusted accordingly. Furthermore, we will refer to all n“’s
and &7’s eigenforms as simple forms.
Below, we will prove the theorem assuming & < n. For k > n, we can use the observation

of Lemma 2.2 that Ac_; = *¢ Acy*c. Under f — —f, we have the relation ns(p) =

As Acy is self-adjoint, we have that if <£77k ) is orthogonal to both (%) and
k—1

2n —n_y(p) and so a similar proof would follow.
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<T<2_Cf_l> ’
() (D)= {ln) ()

where (i, (1 are solutions of A;. We notice that 7 cannot have a nonzero component in
the kernel of A;, as then it would not be orthogonal to % . Note that £,_1 may have a

component bg(x—_1 in the expansion of (2.25).
If ¢ has a component of £# = bsCr—1, then we must have

0— Mk —T A g1
1)’ Ch—1
= (M, =7 A 1) + bg (Com1s Com1) = (s =7 A 1) + bl Ce—1]|%.

Thus, there must be special components of 7 in the expansion (2.24), which we will label

together by n®', taking the following form

1 = (0t jdr; — angziden;) A G-t and bg||Goa]* = (0™, =7 A Gee1). (2.26)

J

Note that by normalization, we have

tlx "
G-I —/e T avol = -,

o aj 9 _ylz2 ) a;
—n*, =T A (k1) = —/ g ij?e el avol = — 4t§1]' (2.27)
Thus,
2.4
bg = — 47:]' (2.28)

Next we calculate d{\no‘/ = (dsA — Ady)n™. Note that a particular form

Xj = xn+je*t|x‘2/2da:j ANdzy A ... Ndxy,
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has no components containing the wedge pair dx, A dx,yy for any 1 <r < n, as ny < n.
Using the local form of A given in (2.14), we have Ax; = 0 and can compute d{‘xj =
(deA — Ady)x; as follows,

(deA — Ady)xj; = —Adi(tzyyjd;Cr_1)

= —A(d+ tdf \) (zpyjdxj A Cr—1)
( (@nyjda;) A Gt — Tnpjdag N dQe—y — nyjda;(tdf A Ck—l))
( d2j A dpyj A Coot — 2 dTns; A diCro 1)
(—

—A(—dxj Ndxpj A (o1 — xjdr, 5 NO).

Hence, we have di*x; = A(dz; A dzp4jCe—1). As (x_1 is primitive, this just gives diy; =
Ck—1- A similar result for x,4+; = —x;dx,+; A (x—1 also gives dt Xn+j = Ck—1- And adding
all these terms together and using (2.28) gives

= ZajCk—l - —4tbg<k_1 (229)

Plugging the above formula into (2.23), we get

770{/ 7]0/ o o o
Acy ) = AylIn® | - 2(dn® ,bsCr1) + |AnY || + [[wbaCe—1]|?
bgCr—1 bgCr—1

= Ay lIn® |1 = 2(=4tbsCe1,bpCh1) + ||[An™ ||? + |wbsCe_1|?
= Ay I 12 + 8tllbpC1 12 + AR~ |12 + [[wbsCr1 ||

Thus in this case, the inner product is bounded by ct with ¢ = 8. We thus have the
right estimate when (;_1 is harmonic and the specific no‘/ that belongs to the span of
2jdxpyj A Ce—1 and x4 jdx; A (p—1 for j =1,...,ny.

Before we continue, we need to make some simple observations on the deformed Lapla-
cian A} = dPdM 4 aMdb.
(i). It is useful to express dé\ = diA — Ad; = #4dsxs in terms of the symplectic star
operator *4, which is defined analogous to the Hodge star operator but with respect to the

symplectic structure instead of the Riemannian metric (for a reference, see [16, Sec. 2.1]).
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dA*

And similarly, = wd} — djw = *4d}*4. Therefore, using that 2 = I, we have

Aé\ — dAdA* + dA*dA
= sgdy *g ksl kg + %5 d} *g xgdpkg
= s (dpd] + dj dy)*s
— *sAt*s
Therefore, since *s = *; 1, A} = x, A+ ! has the eigenforms * H H,, \/:1: e _t|z|2/2d:c1k =

J
H H,, \fx] ) *s dxp, with eigenvalues 2t(€5 + Y m;), where /M is the number of forms in

* d:z: 1, missing/different from dz; A ... A dzx, e
(ii). Note that

|} 77kH2 tnkadt "7k>

(
<dA*di\77k, 77k> + (i e, k)
= (AN, M)

A similar argument shows ||d2*&,_1]|2 < (AM_1, Ep_1).

With these inequalities, we now proceed to show that

A Tk ’ Nk c
< o <§k—1> <§k—1>>2 !

Writing the forms in terms of linear combinations of eigenforms, ny = Z n® and &1 =

2

Mk
+ O (|l llgk-11%) -

§k—1

«

d.5 P as in (2.24)-(2.25), the expression for the inner product in (2.23) becomes
2\ (2
Ace | 2B
< B DI >
B g
=D e {n®n®) = 20din* &%) + Y A (€7,€%) + )OI, 1€°1%)
« a,f B

a’ﬁ

(2.30)
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where ||[An®||? and ||wé?||? are bounded by (constant multiple of) the norm of ||®||> and
[€4]12. To estimate the (dn®,&P) term, we start by applying the Cauchy-Schwarz in-
equality and arithmetic-geometric mean inequality to the pair (&||dfn®||?, C[|€?||?) for any

positive constant C'. Thus
(™, €%) < [(din®, &%) < din®| - 1€ < ( ldin®|* + ClIE7)1%). (2.31)

Next, note that n* = a, H H,, \/x )e *25|‘1”|2/2d:1:1,C and so we can compute d;n® using the

two standard properties of the Hermite polynomials:

9
ox,

Hm,«(\/il'r) = \/Z(2mr)Hmr—1(\/Exr)a
\[-rr mr(\[xr) = mr—l—l(\/»l"r) + my mr—l(\[xr)
Writing f = f(p) +3_; yj%, where v; = £1, and so df =}, vjz;dx;, we obtain

dm® = (d + tdf) aaHH (Vix,)e P2 A day,

=ag, d(H Hmr(\/imr)eft‘mwz) + Z vitxjdr; H Hmr(\/za;r)e*t"’“q‘z/2 Ndxr,
T J r

:%zn%mmxﬁmmwu%

L S r#s
~I—Z — 1)ta; H, ( e tel/2 HH \/w Vo) | Adar,
T#]
= Qq Z HHmT(\/meT) (2\/fmsHms_1(\/{:ps)e—tlxl?/Q) d,
s r#s

+ Z Vi(y; m]+1(\[$]) + mJHmj—l(\[xj)) H Hpy, (Viz,)dej | Adzy,.

T#j
The expression for d;n® above contains three distinct terms with H,, 7&SHmS_l associated
with the basic form dzs A dxy,, and Hm#] Hmj+1 and Hm#mej—l both associated with
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dzj A dxp,. These terms are summed over the 2n possible r, so we have at most 6n terms
in d;n® when n® is basic. Next, note that A = 19, 15, can have at most n terms when
applied to a basic n®. Thus, din® = diAn® — Adyn™ can have 6n? basic terms for d;A and
612 terms for Ad; so we get at most 12n? terms (some of these may cancel out). Thus,
for each of the basic 7%, the term (dn®, %) is nonzero for at most 12n? of the &°. Let us

label this set of at most 12n? terms by
Sy = {67+ (di'n", €) # 0} (2.32)
To bound our inequality, we look at a particular « in (2.30),

A (1% 0®) = D 2din,€%) + Y Aes (€7,€%) + O(In° 1%, 11€°)1%).
8 B

Ignoring the non ¢ term O(||n®||%, [|€°]|%), we need to examine the cross terms —2(dyn®, £°).
For a particular 7%, and all the ¢? that have a nonzero contribution (the at most 12n? we

found above). Thus, if we look at the sum of those terms and use our (2.31), we have

Apelln®IP= D0 20din® &%) 2 Aelln®IP = Y 2i(din*,€7)

§ﬁeSna £3eSna
> 26(0" +m") P = | D 5||A(;¢770‘||2+0||§ﬁ||2
£ﬁ65na
[e% « 2t @ « /
> 26(0" +m") [P = D ol +m’ n“lI? = Clle”|I?
Eaesna
—9ot | " — & 1— 1 n* a2 _ Cl1£°112
5&657,& ﬁaESna {rBESna

Now, recall that 7, is not harmonic, so either >_m"" > 1 or £7° > 1. Also, ET < 2n,
as we can have at most 2n terms different from dxq A ... A dx, ;o T hen we can bound the
terms above with a positive constant by setting 122n3 = C > 6n - (12n?), and showing the

following is positive

o o 1 o
t|enr — Z %-1- 1-— Z ol m™ | In®|?.

Sa GSna [ GSWOA
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We note that this is summed over Sy«, which we know has at most 12n? terms, and

changing &7 does not change this portion of the sum, so
7% VA Sl S PR o e Nl
C C
> 2t (W - 12”2571& + (1 - 12?) m”a) In*|1?
-2 (W - (f;fﬁ) +(1-125) m"“> el
= 2t (w“ — i}n + (1 — <61n>> mﬂ“) 7|2

To investigate the above term, we split into two cases.
Case 1: ¢ > 1. Thus

n™ e
o (e A (L () Yz o (e = (- () ) o) e
6n 6n - 6n 6n

2n
> 2t(1 — =) |[n®]12 > t||n®|%.
> 2t( 6n)ll?? 1 > tlln“]]

Case 2: Suppose ¢ >0 and m"" > 1. Then we have

o ie 1 o 2n 1
Ui A _ . n a2 > - — 4+ - — a2
2t (6 6n <1 <6n>) m ) ln™11" = 2¢ (0 6n (1 6> (1)> e

-1 5
> 2t( - + Dl =

Thus, we can conclude that ¢ is positively bounded in all cases. So we have

Ml =Y 2(din®, &%) = tlin”|* — 1220°1S,|l1€°)] = ¢l ))* — 12%n%(120%)|1€7)|
£ﬁ€Sna
(2.33)

where Sy« has at most 12n? elements. Now looking back at our original expression (2.30)

el 12 = 2(din®, €7) + Aes €711 + Ol 1, 1€°1)),
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if we replace 2(dn®, £%) < 2|(d*n®, €P)| and use our inequality above (which puts the cross

terms with a particular n®), we then obtain

e 12112 = 2(din®, €7) + Aes €711 + Ol 1, 1€°1)
> Mgl > = 20, €7)] + Aea €711 + O(lIn* I, 1€7])
> tln®* = 1220% |71 + Ags €7 + O(In*, 1€711)
> 0|17 + Ags €71 + Ol 11, 1€°11),

where we have used the property that 122n3||¢8||? is independent of ¢.
Next let n = 770/ + Zno‘ and & = &7 + Zfﬁ, where ¢ = bsCr—1, €8 are the non-
« B
harmonic components, and n® = Y (ajxnyjdrj—antjrjdr,, ;) AC,—1 is the component of

we know exists to be orthogonal to our two solutions by (2.26), and n® are the components
orthogonal to 770‘/. Note we showed that <d?17“/,§5> = 0 for the &% # 55/ as these are
orthogonal to din® = bs(_1. Using (2.29), (2.33), and (2.30) to both 7y and &,_; we

have

9 na’+zna na/+zna
real| ™ = (Acy F e F
"€k R W I TR S
B B

> Aot 117 = 2(din™ , €7) + 01712+ ) MpeIn®IP = D 2(din®, &%)+
@ a7675/

> AesllE? 1P + O™ 1 IEP I ™ I 167711
E

> 2 SEIET N2 + S Al 2 =2 3 [, %)+
[e% §BESna

> el + O™ I €PN 1 11 )
E
> tn™ 1P+ el + €717 = Y 12°nP(12n?) 1672+
o E

>t + odlm I 1P a1l 1€ 1)
E
2

= O™l I Il 1€, 16711

a

n
gﬂ

>t
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where we know each )¢, is bounded by 2¢. Thus each term in our (possibly infinite) sum
has a scale of ¢ while it is added /subtracted by elements of order O(||[n%|l, [|n® ||, [I€°]], 1€7"(|)
with no factor of t. So by driving ¢ large enough it will dominate this inequality (as has
no factor of t) and as eigenforms are non-zero \ > ct for sufficiently large ¢.

As another result of our inequality above, we now show that the kernel of Ac; is
generated by only our two harmonic solutions. For if it were a third independent solution,
we could project it to the orthogonal complement of our two solutions and get a nonzero
=T N C—1

Ch—1

inequality above would apply to our new solution, but choosing ¢ large enough would give

harmonic solution in the orthogonal complement of (%) , < >, but then our

a positive eigenvalue, contradicting that our projection was harmonic. Thus the kernel of

—T N Qk—
Acy is two dimensional and is generated by (%) , ( TC i 1). O
k—1

2.4 Local harmonic solutions approximating eigenforms of the deformed
cone Laplacian

In this subsection, we will show that the local harmonic solutions found in Section 2.2 can
approximate global eigenforms of Ac; when t is large. In particular, as we make clear
in Theorem 2.13, the local harmonic solutions represent all the low-lying eigenforms (i.e.
those with small eigenvalues) when t is sufficiently large. The discussion here will parallel
that for the Witten-deformed de Rham complex as described in [20, Section 5.6].

Without loss of generality, we assume that each V,, where p € Crit(f) is an open ball
of radius 4a, and assume ¢ > 0. Let 7, be a smooth bump function such that ~,(z) =1 for
|z| < a and 7,(2) =0 for |z| > 2a. Define

2 2

D,1(t) = / 22 G dVol,  ®,s(t) = / 52 A G dvol ,
v, LzCk||, Vp kool
. . Nk 772 o / /
where is the norm given by o, dVol = nyp N*ny, + Ep—1 N *&p_q,
k-1, Ek—1 &)/,
the pointwise form inner product induced by * . We further define

i) = 5 ) (i) om0 =5 (_Tc: Ck) ’ (239
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which are unit norm with compact support contained in V,. Note that pp1(t), pp2(t)
encompass both generators of local harmonic solutions around p € Crit(f) described in
Corollary 2.6.

Now let H'(Cone(w)) be the first Sobolev space with respect to a Sobolev norm on
Cone(w). Let E¢; denote the direct sum of the vector spaces generated by the py, 1(t), pp2(t),
and let EJC-,t be the orthogonal complement to E¢; in H!(Cone(w)), so that H'(Cone(w)) =
Ec: @E(Jj’t. Let pc+, pat denote the orthogonal projections from H!(Cone(w)) to Ec+ and
Eét, respectively, and decompose the operator D¢ = dco + d*at via

L L L 1
DC,t,l = pC’,tDC,t bcit, DC’,t,2 = PC,tDC,t Pcis DC,t,3 = pthC’,t bct, DC’,t,4 = pthC,t Pcy-
We have the following results:

Theorem 2.8. There exists a constant tg > 0 such that
(i) for anyt > ty, and 0 < u < 1, the operator
D¢ty = Dcyg + Dega+u(Deygo+ Detz) = Doy + (uw—1)(Deyg2 + Dot 3)
1s Fredholm;
(i1) the operator Dcta : Eé:}t N H'(Cone(w)) — Eé:}t is invertible.
To prove these, we need the following inequalities:

Lemma 2.9. There exists a constant t; > 0 such that for o € EéﬂtﬂHl(Cone(w)), o' € Ecy

and t > t1, we have

Cillo
|Dct2o|lo < IHt”O,

C o’ 0
1Degsollo < S0

for some positive constant C}.

Proof. Note that D¢ 3 is the adjoint of D¢y 2, so if we prove the first bound, we obtain
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the second. Since py, 1(t), pp2(t) are supported in V},, we have

1
Deyi2o = poitDoipcio = por Doro

- Z ,OW'(t)/ (ppi(t), Dc o), dVol

peCrit(f) Vo

_ YTp Ck
— Z pp1(t) /Vp <D(;¢ By (1) <L2Ck>, 0>x dVol

peCrit(f),ns(p)=k

Y —7 A (-1
+ Z Pg,2(t) /V : <DC,t q)q;(t) ( o ) a>de0l.

qeCrit(f),ng(q)=k—1

And note that v, is constant on |x| < a, [x| > 2a, so Dctpp1(t) = 0= Dc1pp2(t) (as these
are harmonic solutions multiplied by a constant) on |x| < a, |x| > 2a.

Now note that we chose

2 2
-7 A
®,1(t) = / V2 G avol ,  ®po(t) = / V2 TN G davol ,
Vo o ||ezC||, Vo G|,
o Ck Tp —T N (g .
so that pp1(t) = and ppa(t) = have unit norm. Thus
. Pp1(t) \ezCk : Ppa(t) Ck
note that, as (g, —7 Ak, tz(x are either e=t171*/2dz; or a:je_t|x|2/2dxj where dzj = 15, , ;dx;

or dr,yj Adry. Thus, in the region a < [x| < 2a, these are bounded above by [, (1 +
2a") e~ /2qVol = max(1, (2a)™) (ﬁ)%/2 , and bounded below by

™

™

) 2t 2n/?
max(1, 2a")e 1 2qvol = ¢, ( ) ;
Ba

and thus Cst™ < %_(t) < Cyt™. We will now look at the integrals
P,

Tp Ck o o Yp =T A (g o o
/Vp<DC7t (‘I’p,l(t) (LZCk>> ordvel, /Vp (Do (‘I)pﬂ(t) < Ck )) ordvol

Note that we can restrict these to a < |z| < 2a, where v,Ck, Ak, (o1, —w A (t—1 are
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bounded by Cse~t@" . Also note that

[d¢ + di](wp¥) =
= d7p AN+ 'Ypdtw +

(dvp) (d* 4 tow fypy
(dvp) (

= (dyp) N+ wpdith + (
(dp) (
(dp) (

Oivp¥r)taidrr + tuy pyptbrdey

dvp) A + Ypdit) +

Oivp)rta, drr + YpOihrigidar + Yty piordar
Oivp)¥rta,dx s + ypd™ 1 + typLw i
sz)wlba drr + 'Vpdt .

= (dvp) NV + ypdit) +
= (dvyp) Np + ypdit)p +

Therefore, for ¢ = (g, tzCk, —7 A (g, the terms we can get in Dcy are Ay, w A 1), which
are bounded by max(1,2a)e —ta®/2 and (dyp) N, Ypdith +ypdi ), (Oiyp)Wrts,dxr which are

bounded by Cgmax(1,2a)e —ta®/2 for some positive constant Cs. Therefore, we have

/ DC,t L (k , 0 dVol < HO’HO / ie—ta2/2dvol
Ve q>p’1’t LzCk z a<|x|<2a (I)p,l,t

C
< Cgt"e —ta? /2H llo < 9”‘7H0
and also
/ D¢y . T G , o) dVol < |lollo / 10 —ta2/24v/01
Vo q)p,2,t Ck x a<|z|<2a ‘I)p,Q,t
Cizlollo

< Cnt"e™ " Ploflo < =2

Therefore, for C; = max(Ci2, Cg) the norm of D¢y 20 satisfies

Cillallo
t

_ Cillallo
= 27,

|Deao]| < ]pp,xt)

and we thus have our first inequality, and thus using properties of adjoints we have proved

both inequalities. O

Next, note that this implies that D¢ ;2 and Dcgy 3 are compact operators, and thus
D¢t = Doy + (u—1)(Deyg2 + Dcoygs) is a Fredholm operator plus a compact opera-
tor, hence also Fredholm. To show that the operator D¢ 4 : Eé:,t N H!(Cone(w)) —

Eét is invertible , we shall follow Bismut and Zhang [3] to show that there exists a con-
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stant to > 0 such that for t > t5 and o € Eét,
D¢ ta0llo > Cravt|ollo - (2.35)
To show this, we consider the inequality first in two special cases:

Case 1: supp(o) C V,(4a) (the ball of radius 4a).

Let E), be a Euclidean space containing V),, and H’ (Ep) be the Sobolev space corresponding
to || - [lo, the 0-th Sobolev norm on E,. Define p;,;; = (%)n/2 e t7/2p,1 4 and Ppot =
(%)n/2 e*t|x|2pp,t72, and define p’c’t to be the projection onto the subspace of H (Ep) spanned
by the p;ﬂ-’t. Since o € Eé,t N H'(Cone(w)), we have that pc; projecting o to Ec is zero,
i.e. pcio = 0. Accordingly, we have that

/ /
Pct0 =Pct0 —PCtO

n/2
t —1|T
= Y e Al (L) R v,
(f)

(
peCrit Ep

As v, = 1 near p, and zero outside of the ball of radius 4a, a similar calculation of the

integral as was done for the proof of Lemma 2.9 shows

Cia
Ipeol? < —=llo]?. (2.36)

Vit

Next, note that Dy, ;= 0, so Doyp 0 = 0, and as 0 — pi,0 € (Ef )+ we can apply
inequalities 2.35 and 2.36 and get

|Dcollf = Do ~ eIl 2 Crstllo — ol > Custlloll§ — CraVillol5
Thus, ||Dcollo > C%\/EHUHO-

Case 2: supp(o) C M\ U Vp(2a) (and still o € Eé‘_,t N HY(M)).
peCrit(f)
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To prove the estimate in this case, recall from (2.8) that

At —I— WA —dA*
D%, =Ac; = '
e ( —dr A+ Aw)
_ (A ULyy + Lp)) + Pldf][7 + wA —d" + t(yjw — wiyy)
—dM 4 t(Adf — dfA) A+ t(Lys+ L) + C[ldf|[2 + Aw)

A A —dA* * .
_ +f;\u +t Evf—l-ﬁvf LYW — Wiy f —i—tszfH?:I.
—d A+ Aw Adf —dfA Lyy+ .C*Vf

L LE —
At [ BV TR O ey
Adf —dfA  Lys+ LY,

Since we are away from the zeroes of df, ||df||2 > Ci7. Since supp(c) is away from the

zeroes, we have that
(t2][df |20, o) = /M IR0 A 5y + €A E) > /M £2Cyr( A 511+ € A #E) = £2Crs |

Also, note that D% = dcdg+dfdc is a positive operator, hence (Do, o) > 0. Note further

that (Evf + E*Vf Ly fW — Wiy f

is a zeroth order operator with an operator norm Cig,
Adf —dfA  Lyy+ ‘C*Vf

SO

|Dcyo||? = (Deyo, Dogo) = (DE 0. 0)
~ {24+ Lyf+ Ly tvpw —wiyy 2R o0
Adf —dfA Lyy+ LY,
L L3 -
= (Ago,0) —|—t<< Vit Ry Vs wa) U,0> +t2(|df |0, 0)

Adf —df A Lyy+ L,
> (0 — Chot + 018t2)’|0||27

from which we can conclude || Do o|| > Coovt| o -

With the two cases at hand, we now derive the inequality (2.35). First, we define
the function v, € C°°(M) such that 7,(y) = v(|y|/2) in V) and V,|an\yv,(4a) = 0. For
o€ Eé’t N H'(M), one can see that 7,0 € Eé,t N H'(M). Also, |Dcyo|l > ||[Dogo —
SoDeael + 15Dl
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Therefore, with Case 1 and 2, we deduce that there is a Co; such that for ¢ > t; + o,

1Dc.iollo = 5 (I(1 =) Doollo + [ Deollo)

N =N =

> 5 ([Des(1 =)o + [Dee vplollo + 1 Deipo + [ Deglollo)

T 5 y
> 7(020H(1 —9p)llo + vV Cizl7pollo) — Caillallo

> VtCx|lollo — Carllollo

<

where Cay = min{+/C17/2,C2/2}. Thus, we have completed the proof of inequality (2.35)
from which we conclude that the operator D¢y 4 : Eét NHY (M) — Eét is invertible when

t is sufficiently large.

Lemma 2.10. There exists a constant Ca3 > 0 such that for o € H'(Cone(w)) and any
t > t3, we have

[Degaolo < ————

Proof. If we examine the integral, then using the py,;’s in (2.34) as our basis for Ec;, we
find

poio= S ppalt) /V (Ppi(), 0)adVol

peCrit(f) P

And note that if we take D¢y ppi(t), then this is zero in the region |z — p| < a and

|z — p| > 2a, and from a similar argument to Lemma 2.9, || D¢t ppi(t)|| < % Then using

33



that pp;(t) has unit norm, we obtain

lpct Dy peiollo = Z Pp,i(t)/ De i pp,i(t)(pp,i(t), o).dVol
peCrit(f) Vo 0
< | o) Gepputt / Dy pi(t)dVol
peCrit(f)
C
5 e
peCrit(f)
Cr2
< Z THP@()HOHUHO
peCrit(f)
§C23!0H0'

O]

Definition 2.11. For any b > 0, let Ec(b) denote the direct sum of eigenspaces of D¢ ¢
with eigenvalues in [—b,b]. Since D¢ is a self-adjoint linear operator, Ec(b) is a finite-

dimensional subspace of H’(Cone(w)) .
Let pc(b) denote the projection operator from H(Cone(w)) to Ec(b).
Lemma 2.12. There exists a Coq > 0 such that fort >ty and o € Ecy ,

Coy
Ipct(b)o —allo < 7HUH0

Proof. Let 6 = {\ € C: |A\| = C)} be the counterclockwise oriented circle at radius C. By
Lemma 2.9 and Lemma 2.10, we have that for any A € 6, > t; +t5, and ¢/ € H(Cone(w),

[(A=Dc,)a"[lo

1
> 5 (H)\pc,tal - Dt lpCtU, - Dt,Qpé,tUlHo + HAPJT'UI - Dt,3pC,t0/ - Dt,4pé_'7t0/”0)

1 C C C.
<<C,\ -2 23) lpc,to’(lo + <Cl7\[ Ch — ;3> ||pé,t0,||0> .

\ \/

2 t

By the above inequality, for ¢4 > t1 + to and Cs; > 0 such that for any ¢ > ¢4 and
o' € H'(Cone(w))
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Ir = De)ollo = Coslo o

Thus, for any A € §, A — D¢y : H'(Cone(w)) — H(Cone(w)) is invertible, so the resolvent
(N — Dqt)*l is well defined. By the basic spectral theory for operators, for o € Ec ¢, one
has

(A= Dgy) ' =X HodA.

poi(b)o —o =

271'\/7

Since with pc; the projection to Ec;, we have pé}ta = 0. Thus, using the inequality

above, we have

((A — Dc’t)il — )\71)0' = 71()\ — Dc’t)ilDCﬂgO'

A
A YA\ =Dcy) H(Deg10 + Doy so).

One deduces by Lemma 2.9 and above we have

(A= Dcy) Y (Deyio + Degso)lo < Ot Diao + Disollo

sa£<0”+0%>nm

and plugging this into the integral gives

(A=D LA "Dod
QWF Ct )‘7

— / IN"Y\ — Dey) "M (Do a0 + Doy 3o)|lod)

C%/W%g(amjcﬁ)uudx

Cou
< 7||0H0

mmww—amz‘
0

| N

O

Theorem 2.13. Let F[O Y be the space of all eigenforms of Acy with eigenvalues in [0,b].

Then for t large enough, (F, g)tb], dcy) is a chain complex with dim (Fg)’tb])k =my + Mmg_1-

Proof. By applying Lemma 2.12 to the p,;+’s when t is large enough, pc(b)ppi+ will be
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linearly independent. (If they are not linearly dependent, then o = p,;; and o’ = ap;,yi,yt

would have pc¢(b)o = pc+(b)o’, but then by Lemma 2.12, we would have

C
71\\0 —0'llo = Ipc(b)o = pe(b)o’ = (o = o")llo = [lo = o'l

which is a contradiction.) Thus for ¢t > t5, we have dim(E¢ (b)) > dim(E¢c ;). Now assume
for the purposes of contradiction that dim(Ec+(b)) > dim(Ec). Then there is a nonzero
o € Ecy(b) that is orthogonal to pc(b)Ecy, or (o, pC,th,i(t)>H0(cone(w) = 0 for any pp;.

Then from Lemma 2.9 and Case 1, we have that

pogo =Y (o ppilt))ppilt)

peCrit(f)

= > Aomi®)ppit) = D (0,00 ppi(t)po(d) ppa(t)
peCrit(f) peCTit(f)

= D {000 0)) (pit) = pi(0) ppi(D) + D (0, ppilt) = Pert ppi(8) 0t (B) ppi(t).
pGCrit(f) pECrit(f)

By Lemma 2.9, there exists a Cj2 > 0 so when t > t5 ||pc oo < %HJHO, and thus

lpg.ollo = (lollo = Ipceallo) = llollo = Casllollo-
Using this, (2.35), Lemma 2.12, and when ¢ > 0 is large enough, we have

Ca5C0 Voo < 020\/£Hpév,t0||0
< |Deepé oo
= ||Dcto — Dcape iollo
= ||Dco — Dcyi0 — Deg3ol|o

< |[|D¢ollo + | Detiollo + | Detzollo
Ch2 + Cas

< |Puollo + =2

lloflo,

from which one gets || D¢ iollo > CasCaov't||ollo — %HUHO which contradicts that o €
Ec+(b) is an eigenspace of D¢ for ¢ large enough. Thus, one has

dim(EC,t(b)) = dim EC’,t = Z mg +me_1 =2 Z my .
k k
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Moreover, Ec; is generated by pc(b) pp,i(t). O

Now to prove Theorem 2.13, for any integer k, such that 0 < k < 2n + 1, let Q; denote
the projection from H°(Cone(w)) onto the L? completion of Cone”(w). Since A¢; preserves
the Z grading of Q*(M), for any eigenvector o of D¢ associated with an eigenvalue
€ [=b,0]

A iQro = QrAc o = Qrp’o = Qo .

That is, Qo is an eigenform of Ac; with eigenvalue p%. We thus need to show that
dim Qi Ec(b) = my + my_1. To prove this, note that by Lemma 2.12,

Coy

Qns P B)opalt) = ppat)llo < 2.

Thus, for ¢ sufficiently large, the cone forms @, f(p)pqt(b) pp,i(t) are linearly independent.

Therefore, for each k, we have
dim Qg Ec(b) > my + mp_1 -

However, we also have (as every element in H’(Cone(w)) is a linear combination of 2n 4 1

form
) 2n+1 2n+1
> dimQuEoy(b) = Y dimEgy(b) =Y mp +mp_g =2 my.
k=0 k=0 k k

From this and dim Qi E¢ +(b) > my + my_1, we obtain
dim Qqut(b) =Mmg +mg_1.
3 Relation between the cone complex and the cone Morse

complex

For (Fg) ;1]) %, the space of all eigenforms of A, in Cone®(w) with eigenvalues in [0,1], we
point out that dc; : (Fg%l})k — (F([/?%l])kﬂ, since [Acy,dc] = 0. Hence, ((F([?f]).,dat) is
a cochain complex with cohomology, H k(Fg) ;1]) =~ [%(Cone(w)). By Theorem 2.13, when

t is sufficiently large, we have

dim (FS ) =my +my_r, k=0,1,....20+ 1. (3.1)
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which is precisely equal to the dimension of the cone Morse complex Cone®(c(w)) =
Ck(M, f) ® C*=1(M, f) defined in Definition 1.6. As an immediate corollary, we have
the bound

@ — dim H*(Cone(w)) < my + mp_1, E=0,1,....2n+1.

However, this inequality does not give a sharp bound. Below, we shall proceed to prove
the isomorphism of H*(Cone(w)) = H*(Cone(c(w))) Theorem 1.3, which will allow us to

derive the sharp Morse inequality bounds described in Theorem 1.4.

3.1 Quasi-isomorphism between Cone(w) and Cone(c(w))

In this subsection, we will prove Theorem 1.3 by showing H*(Cone(w)) =2 H*(Cone(c(w))).
To do so, let us first briefly review the relationship between de Rham cohomology, H, (]jR(M ),
and Morse cohomology, H, é( f)(M ). Recall that there is a map P that links the de Rham

complex with the Morse complex [3].

Definition 3.1. Define the map P : Q¥(M) — C*(M, f) by

Po = Z(f) (/L[pkd))pk

prLECTit

where ¢ € QF(M) and U, is the unstable submanifold consisting of gradient flow lines

moving away from p.
Importantly, P is a chain map and induces an isomorphism on cohomology.

Theorem 3.2. ([3, Theorem 2.9]) The map P : Q¥(M) — C*(M, f) is a chain map, i.e.
OP="Pd, (3.2)

and moreover,
[P]: Hip(M) — Hé(f)(M) is an isomorphism. (3.3)

The analytical Witten deformation proof of this theorem can be described by the fol-
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lowing diagram:

etf L,[fo‘l]

(Q (M), d) «“— (°(M),dy) <— (F")e,dy)

PJ // (34)
Pt)pgoﬂu

(C*(M, f),0)

where (Q°(M), d) is the Witten-deformed de Rham complex, and similar to ((Fg) ;1])., dcy),
((Ft[o’l] )e, dt) is the cochain complex consisting of eigenforms of A; in Q(M) with eigenvalues

[0,1]

in [0,1]. In the diagram, ¢ is the inclusion map, and also, the P map induces the map

Pe =Pl (Q8(M),di) = (CH(M, [),0). (3.5)
The proof of Theorem 3.2 involves showing that for ¢ large enough, P ‘ R0 ((Ft[o’l] )o, dt) —
t
(C*(M, f),0) is a cochain isomorphism [20]. This implies that the vertical map P gives
an isomorphism on cohomology since the cohomologies of Q°*(M) and Ft[o’l] are always
identical, regardless of the value of ¢.

In considering Cone(c(w)), let us first recall the definition of the map c(w) : C*(M, f) —
C*2(M, f) when acting on a critical point p € Crit(f) with index ny(p) = k:

c(w)p = w , 3.6
(@)p qe&%ﬁ ( /M(q’p) >q (3.6)

where the sum is over critical points ¢ with index ng(q) = ny(p) + 2 and M(q,p) is the
submanifold of flow lines from ¢ to p. It was shown in [1, Section 3.5] and [18, Lemma 4]
that

[Pllw] = ()P, (3.7)

that is, they are cohomologous as maps from H¥,(M) to H, éJ(er) (M).

In the following, we assume that ¢ is sufficiently large such that P, = Pe!/ is an
isomorphism between (Ft[o’l])/z€ and C*(M, f). By (3.7), we have that

[Pi[w] = [e(w)][P]
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on cohomology. This motivates us to introduce an wA type map on Ft[o’l}.
Definition 3.3. For ¢ sufficiently large, we define the map @; : (Ft[o’l])k — (Ft[o,l})k+2 by
Wy = P[lc(w)Pt.
Since d; = et detf, we can extend Pd = 9P of (3.2) to
Pody = 9P, . (3.8)

Applying P; ! on both the left and the right of (3.8) gives d;P; ' = P, 10 acting on C'(M, f).
Using the commutativity of ¢(w) with 0, i.e. dc(w) = c(w)0 in (1.8), it is straightforward

to check that @ is a chain map:

Ordy = Py e(w)Pedy
=P, e(w)OP;
= P, dc(w) Py
=dy P e(w)Py = dyiy.

The induced map on the cohomology
(@] = [P le()][Pd = [Py [PlwAlPI [P (3.9)

is thus conjugate to the wedge product map wA. With @&, we can use it to define the

following cone complex:

5 ~ di @
Conek(wt) — (Ft[O,l])k @ (Ft[o’l])kfl , dC,t — (Ot Ctl ) . (3.10)
— U

The cohomology of this cone Morse complex (Cone®(w;),d;) can be expressed in terms of

the cokernels and kernels of the w; map in the following way:

H*(Cone(w;))(M) = coker [[dt] L HR2(FOY) Ft[O,l])]

@ ker [[@] 3 a0 L N Hk+1(Ft[0’1])] . (311
This relation follows from the fact that the cone complex with elements Cone”(J;) sits in
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a short exact sequence of chain complexes

0 —— (F"),dy) —— (Cone*(y), dey) —— (FP)ier,—dr) —— 0 (3.12)

where ¢ is the inclusion map and 7 is the projection onto the second component. The short
exact sequence implies the following long exact sequence of cohomologies
sy gy B e Ely L g Cone(@)) )

7] (3.13)

L R (2 A I
which implies (3.11).
We now point out two important properties of H*(Cone(w;)) when ¢ is sufficiently large

such that P; is an isomorphism.

(i) H*(Cone(w;)) = H*(Cone(c(w))). By construction, for ¢ sufficiently large, the com-
plex (Cone®(w;), dc,) is isomorphic to the cone Morse complex (Cone®(c(w)),dc).

Hence, their cohomologies must be isomorphic.

(ii) H*(Cone(w;)) = H*(Cone(w)). Being both cone cohomologies, both H*(Cone(.;))
and H*(Cone(w)) can be expressed in terms of the cokernels and kernels, of the [J]
map (1.3) and the [w] map (3.11), respectively. Moreover, since Hk(Ft[O'l]) ~ Hk. (M)
and also [W;] and [w] have equivalent action on the cohomology level by (3.9), the two

cohomologies are isomorphic.

Together, they imply the desired isomorphism that H*(Cone(c(w))) = H*(Cone(w)) =
PH*(M,w) for k=0,1,...,2n 4+ 1. And this proves Theorem 1.3.

3.2 Cone Morse inequalities

~

Having proved H(Cone(w)) = H(Cone(c(w))), we now proceed to derive Morse-type
bounds for b = dim PH*(M,w) = dim H*(Cone(w)).
To do so, we note that the cohomology of the cone Morse complex (Cone®(c(w)),d¢),

like any cone cohomology, can be expressed in terms of cokernels and kernels of the ¢(w)
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map:

HH(Cone(c(w))) (M) 2 coker [[e(w)] - HEh (M) — HE (M)

& ker [[c(w)] CHES (M) Hg@l)(M)} (3.14)
where He(p)(M) is the cohomology of the standard Morse cochain complex (C*(M, f), 9).
This relation can be derived similarly as that for H*(Cone(3;)) in (3.11) by means of short
exact sequence of chain complexes (3.12) resulting in a long exact sequence of cohomologies
(3.13).

Since the dimensions of the cohomology of the Morse complex are given by the Betti

numbers, i.e. by = dimH’C‘i(f)(M), it follows from the isomorphism H*(Cone(w)) =
H*(Cone(c(w))) and (3.14) that

¢ = dim Hk(Cone(w)) =by —Th_o +bp_1 — Th_1 (3.15)
where
rp = rank ([c(w)] L HE (M) = HE? (M)) (3.16)

— rank ([w] L HE (M) — H;f;?(M))

is the rank of the ¢(w) map on Hé(f)(M), or equivalently, by (3.3) and (3.7), the rank of
the w map on H%,(M) as expressed in the second line of (3.16).
We recall the standard Morse inequalities bound for the Betti numbers in terms of the

critical points of a Morse function f:

(weak Morse inequalities) b < myg, k=0,1,...,2n, (3.17)
k k
(strong Morse inequalities) Z(fl)ibk < Z(fl)imk , k=0,1,...,2n, (3.18)
=0 =0

where my, is the number of index k critical points of f. But since the b}’s can vary with
the symplectic structure, we should expect that any sharp inequality bound of b} should

have dependence on the symplectic structure as well. Hence, we introduce the rank of the

42



map c(w) on C*¥(M, f).
v = rank (c(w) - CH(M, f) — C*2 (M, f)) : (3.19)

Notice that vy differs from r; with 7, being the rank of the c¢(w) map acting on the
cohomology, H, g( P (M), and not on the cochain, C¥(M, f). However, since both the cochain
and cohomology are generated by critical points, it is evident that

e < v, k=0,1,...,2n — 2, (3.20)

r.=v,=0, k=2n-—1,2n. (3.21)

Below is another key property:

Proposition 3.4. Let (M?",w, f,g) be a closed symplectic manifold with the Morse func-
tion and the Riemannian metric satisfying the Morse-Smale transversality condition. Then,

we have the following inequality:
b — 1 <myp —vp_1, k=0,1,....2n+1. (3.22)

Proof. For k = 2n + 1, each term in (3.22) vanishes and the inequality is trivial. For
k = 2n, with 79,1 = v9,—1 = 0 as noted in (3.21), the inequality is just the weak Morse
inequality b2, < ma,. In the remainder of the proof, we will only need to concern with the
case k=0,...,2n — 1.

Let us note that C*(M, f) is a cochain vector space over R and is finitely-generated by
the critical points of index k. Equipped with the differential 9, we can decompose C* (M, f)

as follows:
Ck:aAk_l@Bk@Ak,

where AF = % is the space of cochains modulo cocycles, 9A*~! is the coboundary
space, and B¥ is the space of cocycles modulo coboundaries (i.e. the cohomology). In this
notation, the Betti number, b, = dim B*. And if we let a; = dim A*, then dim9A*~! =

ag—1, since 0 is an injective map on AF=1_ Hence,

my, = dim C% = dim 9AF 1 + dim B + dim A* = a1 + b + a . (3.23)
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We consider the map c(w) : C*~1 — C**+1. Expressing the action of ¢(w) on each compo-
nent of C*~1 = 9A*2 @ B*1 @ A*~! we observe that

(i) c(w) 0AF=2 C pAF
(ii) ¢(w) BF=1 C 9AF @ B!
(111) C(W) Ak—l C aAk D Bk-‘rl @ Ak-‘rl — Ck-i-l

having noted the property that c¢(w) commutes with the differential 0 as in (1.8), and
hence, ¢(w) maps coboundaries to coboundaries (i), and also cocycles to cocycles (ii). This

can be expressed as a matrix operator

8A’“‘2 Ri1 Ri2 Ris 8Ak_2 (9Ak
c(w) B =1 0O Ros  Ros Bk-1 - BFt1
Ak—l O 9] R33 Ak—l Ak-i—l

Consider now vy_1 which is the rank of the above matrix. Note first that ;1 = rank([c(w)] :

BF=1 — B¥1) and therefore, 7,_; is the rank of Rgs. Now the upper left block submatrix

Ri1 Ry
O Ro

must have a rank that is greater than or equal to the rank of Rss. So let

rank (

In particular, since there is a zero matrix in the lower left corner, only Ry and Rq2 can

Ri1 Ria
O Ry

) =7p_1+uUp_1, withur_1>0.

make up_q greater than zero. However, both Ri1, Ri2 are in the first block-row, and thus
can not contribute a rank greater than the size of the block-row, which is the dimension of
OA*. Thus, we have the bound 0 < uj_; < ag. Now vj_; is the rank of the whole matrix,

which can not be less than ri_1 4+ ux_1, so let

Ri1 Ri2 R
Vg1 = rank O R Ros =7Tp_1+ Up_1 + tp_1, wWith tx_1 >0 (3.24)
O O Rss
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Again, the zero matrices in the third row mean that only Ri3, Rog and Rs3 can make
tr_1 greater than zero. However, since these are in the third block-column, they cannot
contribute a rank greater than the size of the block-column, which is the dimension of
AF=1 and we obtain the bound 0 < t;_; < ag_;. Finally, combining (3.23) and (3.24), we

obtain

my — Vk—1 = (ap—1 + b +ap) — (rp—1 + up—1 +tp—1)
= (b — r6—1) + (ar — ug—1) + (ag—1 — tx—1)

> by — -1

since the last two terms of the second line are both nonnegative. O
Proposition 3.4 above leads us to the desired cone Morse inequalities.

Theorem 3.5. Let (M,w, f,g) be a closed, symplectic manifold with the Morse func-
tion f and the Riemannian metric g satisfying the Morse-Smale transversality condi-
tion. Then, we have the following inequalities for the dimensions b¥ = dim PHF(M,w) =
dim H*(Cone):

(A) Weak cone Morse inequalities:

by < mp — Vg2 + Mp_1 — Vk—1, k=0,1,...,2n+1; (3.25)

(B) Strong cone Morse inequalities:
k .
DD < omp — v, k=0,1,...,2n+1. (3.26)

Proof. We first prove the strong inequality which follows directly from the isomorphism,
H*(Cone(w)) = H*(Cone(c(w))), and Proposition 3.4. Specifically, the isomorphism im-
plies the expression in (3.15)

w
by =m; —ri—g —mi—1 —ri-1.
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This gives a telescoping sum

k k
(DR = (=1 (b — rig + b1 — i)
=0 i=0
=by — 11 < Mp — V1 (3.27)

having applied the inequality of (3.22) which results in the desired strong cone Morse
inequality.

As for the weak inequality, it can be derived directly from the strong cone Morse
equalities, or equivalently, from (3.22) with (3.15). Let us write out the k-th and (k—1)-th
inequalities of (3.22),

by — Th—1 < My — Vg1, and b1 —Tk—2 < Mp_1 —Vp_2.

Adding these two inequalities together and using (3.15) gives the desired weak cone Morse

inequality
by = by — rk—2 + bp—1 — 1K1 < Mg — Vg—2 + Mp_1 — Vg1 - (3.28)

O]

Finally, let us consider the case when f is a perfect Morse function. By definition, a
perfect Morse function implies by = my, for all values of k. This means that dim H é( n=
dim C*(M, f), and in particular, the Morse differential @ acts by zero on all generators of
C*(M, f). Clearly then, when f is perfect, we have both by = my and also 1, = vi. We
can therefore conclude that the weak cone Morse inequalities as expressed in (3.28) and
the strong Morse inequalities as in (3.27) would both become equalities when f is a perfect
Morse function.

Altogether, the weak and strong cone Morse inequalities and that they become equal-
ities when f is perfect are the statements of Theorem 1.4. We have thus completed the

proof of Theorem 1.4.
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4 Examples

In this section, we will consider on certain symplectic manifolds the cone Morse complex

and check the cone Morse inequalities derived in the previous section:

(weak) by < my — vk—2 + Mpg—1 — Vk—1, (4.1)

k
(strong) SO 1F < g — v (4.2)

i=0
for k = 0,1,...,2n 4+ 1. In the first examples that we shall consider, the symplectic
manifolds are Kihler. Due to the hard Lefschetz property, the wedge product map [w/] :
Hggj(M) — Hggj (M) for j =1,2,...,n, is an isomorphism. This implies in particular
for r, = rank [w]|H§R(M) , that 7, = min (b, bgy2). It thus follows from the relation [12,14]

H*(Cone(w)) 2 coker [w  HY22 (M) — HCIICR(M)] @ ker [w  HY2H (M) — Hggl(M)]
(4.3)

that

) k br — br—2 0<k<n,
¢ = dim H"(Cone(w)) = (4.4)
bk—l_bk+1 n—l—l§k§2n+1,

which are determined solely by the Betti numbers and do not vary with the symplectic
structure. This is special to Kahler symplectic manifolds, as generally, the b%’s can vary
with the class [w] € H25(M) (for explicit examples, see [15,17]).

Remark 4.1. In the special case where the Morse function f and Riemannian metric g are
chosen such that c(w)* : C"=*(M, f) — C"*T*(M, f) is bijective, mirroring the Lefschetz
property but on the level of the Morse cochains, then vy = rank ¢(w) = min(my, mgy2).

The weak cone Morse inequalities would then also be analogous to (4.4)

ME — M 0<k<n,
b < k k—2 SRS (4.5)
Mmig—1—Mi+1 N+1<k<2n+1.

While this does not hold generally, it always occurs when using a perfect Morse function

manifolds on Kéhler manifolds, which is the setting of our two Kéahler examples below.
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Example 4.2. Consider (CP",wpg = %85 log |2i|?), the complex n-dimensional projective
space equipped with the Fubini-Study metric as the Kahler structure. It is well-known to

have a perfect Morse function that can be expressed as

f([ZO, ey Zn]) =

such that \; # A; for @ # j. If we consider \g < A\ < ... < A, then the critical points are
p2; = [0... : 1:...0] with 1 only in the j-th position and index ng(p2;) = 2j. Because the
index of all the critical points are even, the Morse differential 0 : C*(M, f) — C**1(M, f)
necessarily vanishes for all £ = 0,...,2n. Thus, f is no doubt a perfect Morse function

and

1 0<k<2n, keven,
my = b (CP") = (4.6)
0 otherwise.

0
Regarding the cone Morse differential d¢c = 0 c(w;@)) it has a non-zero component
coming from the c¢(wpg) map. We note that
M(p2j7p2j+2) = {[0 R -7 S IR 0] : (Zj,2j+1) S (CQ \ {0}}

is isomorphic to CP!. Therefore,

c(wrs)p2j = (/ wFS) P2jr2 = T P42,
CP!
and thus,
vgj = rank c(wrs)|c2i(p) = 1, j=0,...,n—1, (4.7)

which is the same as 79; = rank w|y2; (cpn)- The cone Morse complex and cohomology can

then be easily computed and we find

w 1 k=0,2n+1,
0 otherwise,
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which agrees exactly with the expectation from (4.4).
The cone Morse inequalities (4.1)-(4.2) can similarly be straightforwardly checked using
(4.6)-(4.7), and they are, in fact, equalities, as would be expected for a perfect Morse

function.

Example 4.3. Consider (T* = R*/Z*, w = dxy Ndxs+dxs Adzy), the four-torus described
using Euclidean coordinates, x; with identification x; ~ z; + 1 for ¢ = 1,2,3,4. For
this example, we will compute the Cone(c(w)) complex with respect to the flat metric,
g=>_ d:c?, and the Morse function is taken to be

4
f=2- % ; cos(2mx;) . (4.9)

This Morse function has several desirable properties that are straightforward to prove:

(i) the non-degenerate critical points are located at 2; = [0] or 2; = [3] and have Morse

index equal to the number of coordinates which are equal to [3];

(ii) the number of critical points of index k, my = b (T*) for all k. Hence, f is perfect
and the Morse differential 0 acts by zero;

(iii) the pair (f,g) satisfies Smale transversality.

Because of (ii), the Oc map reduces to the ¢(w) map. Hence, we are interested in pairs
of critical points whose indices differ by two, e.g. ¢x11 has two more [%] coordinates
than gr_1. Also, note that M(qgi1,qx—1) will be a two-dimensional face with two of
the coordinates fixed and two coordinates spanning the entire coordinate interval [0, 1]
when we take the closure. In Table 1, we give the cohomologies of H(Cone(c(w))) and
H(Cone(w)). We use a multi-index notation of I = {i;...i;} in increasing order such that
dry = dzi A ... N dxi;, qo denotes the index 0 point, and g; denotes the point with % in

entry iy,...i5, i.e. q3 = q[ 11 0]' The orientation of the submanifolds are chosen such
27 727
that Pdx; = qr. (c.f. Definition 3.1.)

Notice that ¢(w)qr only picks out critical points that have two coordinates of ¢; changed
from [0] to [%] in either the 1-2 or 3-4 directions. Thus, we find that

c(w)go = qi2 + ¢34, c(w)qiz2 = qi234, c(w)gss = qi234,

c(w)gr = qi3a c(w)qe = q234 c(w)gs = qi23 , c(w)qgs = q124 5
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k 0 1 2
e | (0505 |8 () C5)
d:Bg d.TU4 d.%'24 dJL’lQ — d£C34
H*(Cone(c(w 40 < (211> 7 <q§ > <6](1)3 ) , <(114 OQ23 >
TRE | e
a3 q4 q24 412 — g34
0/°\0 0)’ 0
k 3 4 5
Hk(cone(w)) dw(i::g; <dx0124> ’()(dng) ’ (dxzmg) ’ <dx§24> <d$?234>
( 0 ) ’ d:L’12 - da:34) <d$1(;),4> ’ <d§234> 5
Hk(Cone(C(W))) (QE)T:) ’)(QE]M) ’()(qz(?;) ’ qu(;g% ’ quomg <Q1234>
234
0 ) \qi2 — g3 q134) ’ \q234

Table 1: Cohomology of Cone(w) versus Cone(c(w)) on (T4, w = dxy A dxg + dx3 A dxy).

with all other critical points mapped to zero when acted upon by c(w).

It is straightforward to see from above that vy = r; and that cone Morse inequalities

give the equalities b} = my — vg_2 — mp_1 —vp—1 for 0 <k < 5. This is as expected with

f in (4.9) being a perfect Morse function.

Next, we consider a non-Kéahler symplectic manifold where the hard Lefschetz property

does not hold.

Example 4.4. Let (M,w) be the six-dimensional, closed, symplectic manifold constructed

by Cho in [4] where the symplectic form w is not hard Lefschetz type. Topologically, M can

be described as a two-sphere bundle over a projective K3 surface and also has the following

properties [4, Theorem 1.3]: (i) M is simply-connected; (ii) the odd degree cohomologies
vanish, i.e. Hip(M) = H3,(M) = H3,(M)=0.
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Consider the cohomology PH(M,w) = H(Cone(w)). From (4.3), we find

bg =b7 =1,

by =bg =0,

by = b5 =bo(X)—1,

by = dim [ker (w : H2(X) — H4(X))] >0,
by = dim [coker (w : H*(X) — H*(X))] > 0.

Note that b5 = b > 0 since (M,w) is not hard Lefschetz, which implies that the map,
w: H3a(M) — Hjp(M), can not be an isomorphism.

For the cone Morse complex and inequalities, we can again choose to work with a
perfect Morse function on M. That such exists is due to a a result of Smale [10, Theorem
6.3] which states that any simply-connected manifold of dimension greater than five that
has no homology torsion has a perfect Morse function. (No homology torsion here can be
seen from applying the Gysin sequence to M as a two-sphere bundle over K3.) Since M
has trivial odd-degree cohomology, this implies that

It is straightforward to check that the bounds (4.1)-(4.2) are satisfied. In particular, for

the weak cone Morse bound of (4.1), the k = 3,4 case corresponds to

b3 <mg+mg — vy =mg — Vg,

b < my+mg—vg=my — v,

The above demonstrates the necessity of having both the mj and the my_1 term in the

symplectic cone Morse inequalities.

Remark 4.5. We comment that there is a preprint [9] that presents some symplectic
Morse-type inequalities which are different from those here and actually not valid gener-
ally. For instance, the inequality in [9, Corollary 3] can be expressed in our notation as
dim FPH"PT1(M,w) < my_p, which is not satisfied in the above Cho’s non-Kéhler six-

dimensional example (M,w) for a perfect Morse function. Specifically, it gives for p = 0
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case the inequality relation, by < mg = 0, which is inconsistent with 0§ > 0 with w being

of non-hard Lefschetz type.

5 Discussion

Thus far, in this paper, we have for simplicity focused on the p = 0 case of the TTY
cohomologies, FPH(M,w) = H(Cone(wP™!)). Let us comment in this final section the
p > 0 case and lay out the results which generalize the p = 0 case. The cone Morse
theory in the p > 0 case can be considered analytically similar to the computations in this
paper though the calculations are more involved. In general, the TTY cohomologies for

p=0,1,...,n — 1 algebraically correspond to [12,14]:

FPH*(M,w) 2 H*(Cone(w?*)) 2 coker ([wp“] L HY 272 () H§R(M))

® ker ([wp“] CH2L ) Hggl(M)) (5.1)

with £ = 0,1,...,2n 4+ 2p 4+ 1. The relevant cone complex for the general p case would

have the elements and differential

k¢ pt1 k k—2p—1 d wht!
Cone”(wP™) = Q¥ (M) @ 62 (M), do = o —d ] (5.2)

where 0 is now a formal (2p + 1)-form such that df = wP™!. And the corresponding cone
Morse cochain complex would be
0 p+1
Cone® (c(wP*1)) = CR(M, f) @ C*=2-Y(M, f),  9c = (0 C(“’a )> . (53

with c(wPtl) : OF(M, f) — C*+2P+2(M, f) given by

WM g = > / WP rhpopra, (5.4)
M(Trq2p+2,4K)

Tk4-2p+2

which integrates w?*! over the 2(p+1)-dimensional submanifold M (742p12, g ) of gradient

flow lines from the index k 4 2p + 2 critical point, ri1o,12, to g.
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We can take the inner product on Cone®(wP™!); just as in (2.2), to be

<77k + 95k—2p—17 77;; + 05]272p71>c = <77k> 772) + <§k—2p—17 ‘5272p71> . (55)

This inner product defines the adjoint operator dj, that goes into the cone Laplacian
Ac = dedf + didc, which is a second-order elliptic operator on Conek(uﬂ’“). The
Witten deformation method can be applied to this cone Laplacian A¢ for p > 0 following
the steps described in Section 2 and 3. The calculations are similar to the p = 0 case.
At large t, there are again only two generators to the solutions of the deformed harmonic

Laplacian localized at each critical point p € Crit(f). For instance, for k < n + p, the

Ck T ANWP A Cp2p1
0/’ Ck—2p—1 7

which generalizes the generators in (2.13) and (2.16), respectively. Generalizations of

generators take the form

the estimates similar to those for the p = 0 case can be carried out which results in
the isomorphism of the cohomologies of the cone complex (5.2) with that of the cone
Morse complex (5.3). From these results, we can likewise obtain cone Morse inequalities.

Explicitly, using the notation
sk = dim FPH*(M,w) = dim H*(Cone(wP*1))

to denote the dimension of the TTY cohomology, we expect the following weak and strong

cone Morse inequalities for all p =0,1,...,n — 1:
st < mg — Vg—gp—2 + ME—2p—1 — Vg—2p—1, (5.6)
D (=DFE < (=D my | = vpeapot (5.7)
i=0 i=k—2p
where k =0,1,...,2n+2p+ 1 and
vk = rank <c(wp+l) L CF(M, f) — CR+2+2(), f)) . (5.8)
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