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Abstract
On symplectic manifolds, we introduce a Morse-type complex with elements generated by
pairs of critical points of aMorse function. The differential of the complex consists of gradient
flows and an integration of the symplectic structure over spaces of gradient flow lines. Using
results from the Witten deformation method, we prove that the cohomology of this complex
is independent of both the Riemannian metric and the Morse function used to define the
complex and is in fact isomorphic to the cohomology of differential forms of Tsai, Tseng
and Yau (TTY). We also obtain Morse-type inequalities that bound the dimensions of the
TTY cohomologies by the number of Morse critical points and the interaction of symplectic
structure with the critical points.
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1 Introduction

TheMorse complex, also referred to as theMorse–Witten or Smale–Thom complex, captures
the information of the standard homology groups of a closed manifold M by means of a
Morse function f , i.e. a function whose Hessian at each critical point is non-degenerate, and
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a Riemannian metric g. The elements of the complex Ck(M, f ) are generated by the critical
pointsq ∈ Crit( f )of theMorse function f , andgrouped together by their index, k = ind(q),
the number of negative eigenvalues of the Hessian matrix of f at q . The differential of the
complex requires the use of the metric and is given by the gradient flow, −∇ f , from one
critical point to another. We will assume throughout the paper that the gradient flow satisfy
the Morse-Smale transversality condition, that is, the stable and unstable manifolds of any
two critical points intersect transversely. The homology of theMorse complex is well-known
to be isomorphic to the standard homology, and therefore, independent of the choice of the
Morse function f and themetric g. As a corollary of this isomorphism, theMorse inequalities
bound the Betti numbers of M in terms of the number of critical points of theMorse function.

We are interested here to consider Morse theory in the presence of a symplectic struc-
ture, that is, on a symplectic manifold (M2n, ω). On the cohomology side, besides the de
Rham cohomology, Tsai, Tseng and Yau (TTY) [11, 13, 14] found novel symplectic coho-
mologies of differential forms. These cohomologies, which we will call TTY cohomologies
and labelled by F pH(M, ω), with p = 0, 1, . . . , n − 1, have interesting properties. For
one, they can in general vary with the symplectic structure as seen in explicit examples of
a six-dimensional nilmanifold [14] and of a three-ball product with a three-torus, B3 × T 3

[12]. These cohomologies have also been used to distinguish inequivalent symplectic struc-
tures on open 4-manifolds [7]. Of particular relevance here, when the symplectic structure is
integral class [ω] ∈ H2(M,Z), Tanaka and Tseng pointed out that the TTY cohomologies
are isomorphic to the de Rham cohomologies of a higher dimensional sphere bundle over
the symplectic manifold [10]. Specifically, denote by Ep the odd-dimensional sphere bundle
S2p+1 → Ep → M with Euler class ωp+1, then F pH(M, ω) ∼= HdR(Ep) . Certainly, on
this sphere bundle, which is a smooth manifold, we can bound the dimensions of the de Rham
cohomology HdR(Ep) and hence, F pH(M, ω), by Morse or Morse–Bott inequalities.

To simplify the discussion, we will focus mostly in this paper on the p = 0 TTY coho-
mology, PH(M), called primitive cohomology, and introduced in [14]. (The case of p ≥ 1
can be straightforwardly generalized from the p = 0 case and will be described explicitly in
the concluding section of this paper.) By [10], when ω is an integral class, PH(M) are iso-
morphic to the de Rham cohomology of the prequantum circle bundle X , i.e. a circle bundle
with Euler class given by ω. A bound on the dimension PH(M) ∼= HdR(X) can be obtained
by taking a Morse function f on M and pulling it back to the circle bundle, which makes
π∗ f a Morse–Bott function. Denote by bω

k = dim PHk(M). The Morse–Bott inequalities
for a circle bundle states the existence of a polynomial Q(s) with positive coefficients such
that

(1 + s)
2n∑

k=0

mk s
k =

2n+1∑

k=0

bω
k sk + (1 + s)Q(s)

where mk denotes the number of critical points with index equal to k. Specifically, this gives
the strong inequalities

k∑

i=0

(−1)k−i bω
i ≤

k∑

i=0

(−1)k−i (mi + mi−1) = mk (1.1)

and the weak inequalities

bω
k ≤ mk + mk−1 . (1.2)

Though these Morse–Bott inequalities (1.1)–(1.2) assume ω is an integral class, they in fact
hold true for any symplectic structure. We recall the algebraic relation for the primitive
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cohomologies in [11].

PHk(M) ∼= coker
[
ω : Hk−2

dR (M) → Hk
dR(M)

]
⊕ ker

[
ω : Hk−1

dR (M) → Hk+1
dR (M)

]

(1.3)

which immediately gives the weak inequalities of (1.2) just by bounding the dimensions of
Hk
dR(M) and Hk−1

dR (M) by the number of Morse critical points, mk and mk−1, respectively.
The strong inequalities can be similarly attained by applying the rank-nullity theorem.Hence,
we find that the Morse–Bott inequalities only provide a rough estimate for bω

k . Moreover,
note that the bω

k ’s on the left-hand-side of (1.1)–(1.2) generally depend on ω, while the mk’s
on the right hand side do not. These observations make us ask two questions:

1. Can we find a Morse-type complex that incorporate the symplectic structure ω explicitly
and whose cohomology matches that of the TTY cohomology?

2. Can we bound bω
k = dim PHk(M, ω) by inequalities that in general vary with ω?

In this paper, we answer both questions in the affirmative. For the first, we introduce
a symplectic Morse complex on (M2n, ω) defined by a Morse-Smale pair ( f , g) on M
whose cohomology are isomorphic to the TTY primitive cohomology. Our symplecticMorse
complex is motivated by the result of Tanaka–Tseng [10] which relates the cochain complex
that underlies the TTY cohomologies with the cone complex of the wedge product map
ωp+1 : �•(M) → �•+2p+2(M) on the space of differential forms.Let us recall the definition
of a cone on the de Rham complex with respect to ωp+1. Again, for simplicity, we will focus
on the case of p = 0.

Definition 1.1 Let (M2n, ω) be a symplecticmanifold.Wedefine thedeRhamcone complex
of ω, Cone(ω) = (�•(M) ⊕ θ �•−1(M), dC ):

· · · �k(M) ⊕ θ �k−1(M) �k+1(M) ⊕ θ �k(M) · · ·dC dC dC

where θ is a formal parameter of degree one and the differential dC can be expressed in
matrix form as

dC =
(
d ω

0 −d

)
(1.4)

with d the standard exterior derivative and ω acting by wedge product.

Note that thed-closedness ofω togetherwith theLeibniz product rule ensures thatdC dC =
0. Also, if we formally define dθ = ω , then dC is just the exterior derivative acting on
�•(M) ⊕ θ �•−1(M). Of interest, Tanaka–Tseng [10] proved the isomorphism of this cone
cohomology with the TTY cohomology:

H(Cone(ω)) ∼= PH(M, ω) . (1.5)

Motivated by the relationship between de Rham complex and the Morse cochain complex
over R, we define in the following a coneMorse complex with respect to ω also over R.

Definition 1.2 Let (M2n, ω) be a symplectic manifold equipped with a Riemannian metric g
and a Morse function f satisfying the Morse–Smale transversality condition. Let Ck(M, f )
be the R-module with generators the critical points of f with index k. We define the cone
Morse cochain complex of ω, Cone(c(ω)) = (C•(M, f ) ⊕ C•−1(M, f ), ∂C ):

· · · Ck(M, f ) ⊕ Ck−1(M, f ) Ck+1(M, f ) ⊕ Ck(M, f ) · · ·∂C ∂C ∂C
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with

∂C =
(

∂ c(ω)

0 −∂

)
. (1.6)

Here, ∂ is the standard Morse cochain differential defined by gradient flow, and c(ω) :
Ck(M, f ) → Ck+2(M, f ) acting on a critical point of index k is defined to be

c(ω) qk =
∑

ind(r)=k+2

(∫

M(rk+2,qk )
ω

)
rk+2 (1.7)

where M(rk+2, qk) is the two-dimensional subspace of M consisting of all flow lines from
the index k + 2 critical point, rk+2 , to qk .

Notice that the elements of the Morse cone complex, Conek(c(ω)) = Ck(M, f ) ⊕
Ck−1(M, f ), can be generated by pairs of critical points of index k and k − 1. The dif-
ferential ∂C consists of the standard Morse differential ∂ from gradient flow coupled with
the c(ω) map which involves an integration of ω over the space of gradient flow lines. This
type of maps has appeared in Austin-Braam [1] and Viterbo [15] to define a cup product on
Morse cohomology. It satisfies the following commuting relation:

∂ (c(ω)) = c(ω)∂. (1.8)

(This relation follows from a more general Leibniz type formula. See [5, Appendix A].) With
(1.8) and ∂∂ = 0, they together imply ∂C ∂C = 0. The cone Morse complex hence gives the
following cohomology for k = 0, 1, . . . , 2n + 1,

Hk(Cone(c(ω))) = ker ∂C ∩ Conek(c(ω))

im ∂C ∩ Conek(c(ω))
.

To go further and also achieve stronger inequalities than (1.1)–(1.2), we proceed in Sect.
2 to combine the results from the Witten deformation of the de Rham complex [2, 3, 17],
together with relations from homological algebra to prove the following theorem which
answers our first question.

Theorem 1.3 Let (M2n, ω) be a closed symplectic manifold. The cohomology of symplectic
Morse complex is isomorphic to the TTY cohomology, i.e. H(Cone(c(ω))) ∼= PH(M).

Theorem 1.3 importantly shows that the cohomology of the cone Morse complex is inde-
pendent of the choice of both the Morse function and the Riemannian metric used to define
Cone(c(ω)). Moreover, the dependence on the symplectic structure is explicit in the differ-
ential ∂C which involves the integration of ω over flow lines between pairs of critical points
of the Morse function. For the second question, we use the isomorphism of Theorem 1.3 to
obtain Morse-type inequalities for H(Cone(ω)) ∼= PH(M). With mk denoting the number
of Morse critical points with index k, we are able to prove the following:

Theorem 1.4 Let (M, ω, f , g) be a closed, symplectic manifold with the Morse function f
and the Riemannianmetric g satisfying theMorse-Smale transversality condition. Then there
exists a polynomial Q(s) with non-negative integer coefficients such that

(1 + s)
2n∑

k=0

mk s
k − (s + s2)

2n−2∑

k=0

vk s
k =

2n+1∑

k=0

bω
k sk + (1 + s) Q(s), (1.9)

where bω
k = dim Hk(Cone(ω)) and vk = rank

(
c(ω) : Ck(M, f ) → Ck+2(M, f )

)
.
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Alternatively, we have the following Morse-type inequalities:
(A) Weak cone Morse inequalities

bω
k ≤ mk − vk−2 + mk−1 − vk−1 , k = 0, . . . , 2n + 1; (1.10)

(B) Strong cone Morse inequalities

k∑

i=0

(−1)k−i bω
i ≤ mk − vk−1, k = 0, . . . , 2n + 1. (1.11)

Furthermore, the above inequalities become equalities when the Morse function f is perfect,
i.e. the Betti numbers bk = dim Hk

dR(M) = mk for all k = 0, . . . , 2n .

As was our goal for the second question, our cone Morse inequalities (1.10)–(1.11) can
certainly vary with the symplectic structure ω. Specifically, the bω

k ’s on the left-hand side
and the vk’s on the right-hand side both are defined with dependence on ω . This is in contrast
to the mk’s which are fixed by the choice of the Morse function f on M .

To describe the rest of the paper, in Sect. 3,wewill demonstrate the coneMorse inequalities
in several examples.And the paper concludes in Sect. 4wherewewill describe how the results
proved for the p = 0 primitive case can be straightforwardly extended to the p > 0 case.

Finally, we mention two generalizations of the results presented in this work. First, the
de Rham cone complex and its corresponding Morse theory defined here with respect to the
symplectic structure ω can be studied in a more general context. In a follow-up paper [5],
we describe a general cone complex and its cone Morse theory on any oriented manifold
M , with respect to any degree � form ψ ∈ ��(M) that is d-closed. Second, it is possible to
apply the Witten deformation method directly to the de Rham cone complex of ω. Doing so
leads to interesting new phenomena, such as novel harmonic solutions localized at critical
points of the Morse function. We shall present such a study in a future work [6].

2 Relation between the cone complex and the coneMorse complex

In this section, we derive the sharp Morse inequality bounds described in Theorem 1.4 by
first proving the isomorphism of Hk(Cone(ω)) ∼= Hk(Cone(c(ω))) (Theorem 1.3).

2.1 Quasi-isomorphism between Cone(!) and Cone(c(!))

Let us begin by briefly reviewing the relationship between de Rham cohomology, Hk
dR(M),

and Morse cohomology, Hk
C( f )(M). Recall that there is a map P that links the de Rham

complex with the Morse complex [3].

Definition 2.1 Define the map P : �k(M) → Ck(M, f ) by

Pφ =
∑

pk∈Crit( f )

(∫

U pk

φ

)
pk

where φ ∈ �k(M) and Up is the unstable submanifold consisting of gradient flow lines
moving away from p.

Importantly, P is a chain map and induces an isomorphism on cohomology.

123



94 Page 6 of 16 D. Clausen et al.

Theorem 2.2 [3, Theorem 2.9] The map P : �k(M) → Ck(M, f ) is a chain map, i.e.

∂ P = P d , (2.1)

and moreover,

[P] : Hk
dR(M) → Hk

C( f )(M) is an isomorphism. (2.2)

The analytical Witten deformation proof of this theorem can be described by the following
diagram:

(�•(M), d) (�•(M), dt ) ((F [0,1]
t )•, dt )

(C•(M, f ), ∂)

P

et f

Pt

ι
[0,1]
t

Pt

∣∣
F[0,1]
t

(2.3)

where (�•(M), dt ) is the Witten-deformed de Rham complex with dt = e−t f ◦ d ◦ et f and
((F [0,1]

t )•, dt ) is the cochain complex consisting of eigenforms of �t = dtd∗
t + d∗

t dt in
�•(M) with eigenvalues in [0, 1] (see, for example, [17, Section 6.4]). In the diagram, ι[0,1]t
is the inclusion map, and also, the P map induces the map

Pt = P et f : (�k(M), dt ) → (Ck(M, f ), ∂) . (2.4)

Theproof ofTheorem2.2 involves showing that for t large enough,Pt
∣∣
F [0,1]
t

: ((F [0,1]
t )•, dt ) →

(C•(M, f ), ∂) is a cochain isomorphism [17, Theorem 6.9]. This implies that the vertical
map P gives an isomorphism on cohomology since the cohomologies of �(M) and F [0,1]

t
are always identical, regardless of the value of t .

In considering Cone(c(ω)), let us first recall the definition of themap c(ω) : Ck(M, f ) →
Ck+2(M, f ) when acting on a critical point p ∈ Crit( f ) with index n f (p) = k:

c(ω) p =
∑

q∈Crit( f )

(∫

M(q,p)
ω

)
q , (2.5)

where the sum is over critical points q with index n f (q) = n f (p) + 2 and M(q, p) is the
submanifold of flow lines from q to p. It was shown in [1, Section 3.5] and [15, Lemma 4]
that

[P][ω] = [c(ω)][P] , (2.6)

that is, they are cohomologous as maps from Hk
dR(M) to Hk+2

C( f )(M).

In the following, we assume that t is sufficiently large such that Pt = Pet f is an isomor-
phism between (F [0,1]

t )k and Ck(M, f ). By (2.6), we have that

[Pt ][ω] = [c(ω)][Pt ]
on cohomology. This motivates us to introduce an ω∧ type map on F [0,1]

t .

Definition 2.3 For t sufficiently large, we define the map ω̃t : (F [0,1]
t )k → (F [0,1]

t )k+2 by

ω̃t = P−1
t c(ω)Pt .

Since dt = e−t f d et f , we can extend P d = ∂ P of (2.1) to

Pt dt = ∂ Pt . (2.7)
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ApplyingP−1
t on both the left and the right of (2.7) gives dtP−1

t = P−1
t ∂ acting onC(M, f ).

Using the commutativity of c(ω) with ∂ , i.e. ∂c(ω) = c(ω)∂ in (1.8), it is straightforward to
check that ω̃ is a chain map:

ω̃t dt = P−1
t c(ω)Pt dt

= P−1
t c(ω)∂Pt

= P−1
t ∂c(ω)Pt

= dt P−1
t c(ω)Pt = dt ω̃t .

The induced map on the cohomology

[ω̃t ] = [P−1
t ][c(ω)][Pt ] = [P−1

t ][P][ω∧][P]−1[Pt ] , (2.8)

is thus conjugate to the wedge product mapω∧. With ω̃t , we can use it to define the following
cone complex:

Conek(ω̃t ) = (F [0,1]
t )k ⊕ (F [0,1]

t )k−1 , d̃C,t =
(
dt ω̃t

0 −dt

)
. (2.9)

The cohomology of this cone Morse complex (Cone•(ω̃t ), d̃t ) can be expressed in terms of
the cokernels and kernels of the ω̃t map in the following way:

Hk(Cone(ω̃t ))(M) ∼= coker
[
[ω̃t ] : Hk−2(F [0,1]

t ) → Hk(F [0,1]
t )

]

⊕ ker
[
[ω̃t ] : Hk−1(F [0,1]

t ) → Hk+1(F [0,1]
t )

]
. (2.10)

This relation follows from the fact that the cone complex with elements Conek(ω̃t ) sits in a
short exact sequence of chain complexes

0 ((F [0,1]
t )k, d̃t ) (Conek(ω̃t ), d̃C,t ) ((F [0,1]

t )k−1,−d̃t ) 0ι π

(2.11)
where ι is the inclusion map and π is the projection onto the second component. The short
exact sequence implies the following long exact sequence of cohomologies

. . . Hk−2(F [0,1]
t ) Hk(F [0,1]

t ) Hk(Cone(ω̃t ))

Hk−1(F [0,1]
t ) Hk+1(F [0,1]

t ) . . .

[ω̃t ] [ι]

[π ]

[ω̃t ]

(2.12)

which implies (2.10).
We now point out two important properties of Hk(Cone(ω̃t )) when t is sufficiently large

such that Pt is an isomorphism.

(i) Hk(Cone(ω̃t )) ∼= Hk(Cone(c(ω))). By construction, for t sufficiently large, the complex
(Cone•(ω̃t ), d̃C,t ) is isomorphic to the cone Morse complex (Cone•(c(ω)), ∂C ). Hence,
their cohomologies must be isomorphic.

(ii) Hk(Cone(ω̃t )) ∼= Hk(Cone(ω)). Being both cone cohomologies, both Hk(Cone(ω̃t ))

and Hk(Cone(ω)) can be expressed in terms of the cokernels and kernels, of the [ω̃t ]
map (1.3) and the [ω] map (2.10), respectively. Moreover, since Hk(F [0.1]

t ) ∼= Hk
dR(M)

and also [ω̃t ] and [ω] have equivalent action on the cohomology level by (2.8), the two
cohomologies are isomorphic.
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Together, they imply the desired isomorphism that Hk(Cone(c(ω))) ∼= Hk(Cone(ω)) ∼=
PHk(M, ω) for k = 0, 1, . . . , 2n + 1 . And this proves Theorem 1.3.

2.2 ConeMorse inequalities

Having proved H(Cone(ω)) ∼= H(Cone(c(ω))), we now proceed to derive Morse-type
bounds for bω

k = dim PHk(M, ω) = dim Hk(Cone(ω)).
To do so, we note that the cohomology of the cone Morse complex (Cone•(c(ω)), ∂C ),

like any cone cohomology, can be expressed in terms of cokernels and kernels of the c(ω)

map:

Hk(Cone(c(ω)))(M) ∼= coker
[
[c(ω)] : Hk−2

C( f )(M) → Hk
C( f )(M)

]

⊕ ker
[
[c(ω)] : Hk−1

C( f )(M) → Hk+1
C( f )(M)

]
(2.13)

where HC( f )(M) is the cohomology of the standard Morse cochain complex (C•(M, f ), ∂).
This relation can be derived similarly as that for Hk(Cone(ω̃t )) in (2.10) by means of short
exact sequence of chain complexes (2.11) resulting in a long exact sequence of cohomologies
(2.12).

Since the dimensions of the cohomology of the Morse complex are given by the Betti
numbers, i.e. bk = dim Hk

C( f )(M), it follows from the isomorphism Hk(Cone(ω)) ∼=
Hk(Cone(c(ω))) and (2.13) that

bω
k = dim Hk(Cone(ω)) = bk − rk−2 + bk−1 − rk−1 (2.14)

where

rk = rank
(
[c(ω)] : Hk

C( f )(M) → Hk+2
C( f )(M)

)
(2.15)

= rank
(
[ω] : Hk

dR(M) → Hk+2
dR (M)

)

is the rank of the c(ω) map on Hk
C( f )(M), or equivalently, by (2.2) and (2.6), the rank of the

ω map on Hk
dR(M) as expressed in the second line of (2.15).

We recall the standard Morse inequalities bound for the Betti numbers in terms of the
critical points of a Morse function f :

(weak Morse inequali ties) bk ≤ mk , k = 0, 1, . . . , 2n , (2.16)

(strong Morse inequali ties)
k∑

i=0

(−1)i bk ≤
k∑

i=0

(−1)imk , k = 0, 1, . . . , 2n ,

(2.17)

where mk is the number of index k critical points of f . But since the bω
k ’s can vary with the

symplectic structure, we should expect that any sharp inequality bound of bω
k should have

dependence on the symplectic structure as well. Hence, we introduce the rank of the map
c(ω) on Ck(M, f ).

vk = rank
(
c(ω) : Ck(M, f ) → Ck+2(M, f )

)
. (2.18)

Notice that vk differs from rk with rk being the rank of the c(ω) map acting on the coho-
mology, Hk

C( f )(M), and not on the cochain, Ck(M, f ). However, since both the cochain and
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cohomology are generated by critical points, it is evident that

rk ≤ vk , k = 0, 1, . . . , 2n − 2, (2.19)

rk = vk = 0 , k = 2n − 1, 2n . (2.20)

Below is another key property:

Proposition 2.4 Let (M2n, ω, f , g) be a closed symplectic manifold with the Morse function
and the Riemannian metric satisfying the Morse-Smale transversality condition. Then, we
have the following inequality:

bk − rk−1 ≤ mk − vk−1 , k = 0, 1, . . . , 2n + 1 . (2.21)

Proof For k = 2n + 1, each term in (2.21) vanishes and the inequality is trivial. For k = 2n,
with r2n−1 = v2n−1 = 0 as noted in (2.20), the inequality is just the weak Morse inequality
b2n ≤ m2n . In the remainder of the proof, we will only need to concern with the case
k = 0, . . . , 2n − 1.

Let us note that Ck(M, f ) is a cochain vector space over R and is finitely-generated by
the critical points of index k. Equipped with the differential ∂ , we can decompose Ck(M, f )
as follows:

Ck = ∂Ak−1 ⊕ Bk ⊕ Ak ,

where Ak = Ck

ker ∂∩Ck is the space of cochains modulo cocycles, ∂Ak−1 is the coboundary

space, and Bk is the space of cocycles modulo coboundaries (i.e. the cohomology). In this
notation, theBetti number,bk = dim Bk .And ifwe letak = dim Ak , thendim ∂Ak−1 = ak−1,
since ∂ is an injective map on Ak−1. Hence,

mk = dimCk = dim ∂Ak−1 + dim Bk + dim Ak = ak−1 + bk + ak . (2.22)

We consider themap c(ω) : Ck−1 → Ck+1. Expressing the action of c(ω) on each component
of Ck−1 = ∂Ak−2 ⊕ Bk−1 ⊕ Ak−1, we observe that

(i) c(ω) ∂Ak−2 ⊆ ∂Ak

(ii) c(ω) Bk−1 ⊆ ∂Ak ⊕ Bk+1

(iii) c(ω) Ak−1 ⊆ ∂Ak ⊕ Bk+1 ⊕ Ak+1 = Ck+1

having noted the property that c(ω) commutes with the differential ∂ as in (1.8), and hence,
c(ω) maps coboundaries to coboundaries (i), and also cocycles to cocycles (ii). This can be
expressed as a matrix operator

c(ω)

⎡

⎣
∂Ak−2

Bk−1

Ak−1

⎤

⎦ =
⎡

⎣
R11 R12 R13

O R22 R23

O O R33

⎤

⎦

⎡

⎣
∂Ak−2

Bk−1

Ak−1

⎤

⎦ ⊆
⎡

⎣
∂Ak

Bk+1

Ak+1

⎤

⎦

Consider now vk−1 which is the rank of the abovematrix. Note first that rk−1 = rank([c(ω)] :
Bk−1 → Bk+1), and therefore, rk−1 is the rank of R22. Now the upper left block submatrix

[
R11 R12

O R22

]

must have a rank that is greater than or equal to the rank of R22. So let

rank

([
R11 R12

O R22

])
= rk−1 + uk−1 , with uk−1 ≥ 0 .
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In particular, since there is a zero matrix in the lower left corner, only R11 and R12 can make
uk−1 greater than zero. However, both R11, R12 are in the first block-row, and thus can not
contribute a rank greater than the size of the block-row, which is the dimension of ∂Ak . Thus,
we have the bound 0 ≤ uk−1 ≤ ak . Now vk−1 is the rank of the whole matrix, which can not
be less than rk−1 + uk−1, so let

vk−1 = rank

⎛

⎝

⎡

⎣
R11 R12 R13

O R22 R23

O O R33

⎤

⎦

⎞

⎠ = rk−1 + uk−1 + tk−1 , with tk−1 ≥ 0 . (2.23)

Again, the zero matrices in the third row mean that only R13, R23 and R33 can make tk−1

greater than zero. However, since these are in the third block-column, they cannot contribute
a rank greater than the size of the block-column, which is the dimension of Ak−1, and we
obtain the bound 0 ≤ tk−1 ≤ ak−1. Finally, combining (2.22) and (2.23), we obtain

mk − vk−1 = (ak−1 + bk + ak) − (rk−1 + uk−1 + tk−1)

= (bk − rk−1) + (ak − uk−1) + (ak−1 − tk−1)

≥ bk − rk−1

since the last two terms of the second line are both nonnegative.

Proposition 2.4 above leads us to the desired cone Morse inequalities.

Theorem 2.5 Let (M, ω, f , g) be a closed, symplectic manifold with the Morse function f
and the Riemannian metric g satisfying the Morse-Smale transversality condition. Then, we
have the following inequalities for the dimensions bω

k = dim PHk(M, ω) = dim Hk(Cone):
(A) Weak cone Morse inequalities:

bω
k ≤ mk − vk−2 + mk−1 − vk−1 , k = 0, 1, . . . , 2n + 1 ; (2.24)

(B) Strong cone Morse inequalities:

k∑

i=0

(−1)k−i bω
i ≤ mk − vk−1 , k = 0, 1, . . . , 2n + 1 . (2.25)

Proof We first prove the strong inequality which follows directly from the isomorphism,
Hk(Cone(ω)) ∼= Hk(Cone(c(ω))), and Proposition 2.4. Specifically, the isomorphism
implies the expression in (2.14)

bω
i = bi − ri−2 + bi−1 − ri−1 .

This gives a telescoping sum

k∑

i=0

(−1)k−i bω
i =

k∑

i=0

(−1)k−i (bi − ri−2 + bi−1 − ri−1)

= bk − rk−1 ≤ mk − vk−1 (2.26)

having applied the inequality of (2.21)which results in the desired strong coneMorse inequal-
ity.

As for theweak inequality, it can be derived directly from the strong coneMorse equalities,
or equivalently, from (2.21) with (2.14). Let us write out the k-th and (k − 1)-th inequalities
of (2.21),

bk − rk−1 ≤ mk − vk−1 , and bk−1 − rk−2 ≤ mk−1 − vk−2 .
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Adding these two inequalities together and using (2.14) gives the desired weak cone Morse
inequality

bω
k = bk − rk−2 + bk−1 − rk−1 ≤ mk − vk−2 + mk−1 − vk−1 . (2.27)

Finally, let us consider the case when f is a perfect Morse function. By definition, a
perfect Morse function implies bk = mk for all values of k. This means that dim Hk

C( f ) =
dimCk(M, f ), and in particular, the Morse differential ∂ acts by zero on all generators of
C∗(M, f ). Clearly then, when f is perfect, we have both bk = mk and also rk = vk . We
can therefore conclude that the weak cone Morse inequalities as expressed in (2.27) and the
strong Morse inequalities as in (2.26) would both become equalities when f is a perfect
Morse function.

Altogether, the weak and strong cone Morse inequalities and that they become equalities
when f is perfect are the statements of Theorem 1.4. We have thus completed the proof of
Theorem 1.4.

3 Examples

In this section, we will consider on certain symplectic manifolds the cone Morse complex
and check the cone Morse inequalities derived in the previous section:

(weak) bω
k ≤ mk − vk−2 + mk−1 − vk−1 , (3.1)

(strong)
k∑

i=0

(−1)k−i bω
i ≤ mk − vk−1 , (3.2)

for k = 0, 1, . . . , 2n+1 . In the first examples thatwe shall consider, the symplecticmanifolds
are Kähler. Due to the hard Lefschetz property, the wedge product map [ω j ] : Hn− j

d R (M) →
Hn+ j
d R (M) for j = 1, 2, . . . , n, is an isomorphism. This implies in particular for rk =

rank [ω]|Hk
dR(M) , that rk = min(bk, bk+2). It thus follows from the relation [10, 11]

Hk(Cone(ω)) ∼= coker
[
ω : Hk−2

dR (M) → Hk
dR(M)

]
⊕ ker

[
ω : Hk−1

dR (M) → Hk+1
dR (M)

]

(3.3)

that

bω
k = dim Hk(Cone(ω)) =

{
bk − bk−2 0 ≤ k ≤ n ,

bk−1 − bk+1 n + 1 ≤ k ≤ 2n + 1 ,
(3.4)

which are determined solely by the Betti numbers and do not vary with the symplectic
structure. This is special to Kähler symplectic manifolds, as generally, the bω

k ’s can vary with
the class [ω] ∈ H2

dR(M) (for explicit examples, see [12, 14]).

Remark 3.1 In the special case where the Morse function f and Riemannian metric g are
chosen such that c(ω)k : Cn−k(M, f ) → Cn+k(M, f ) is bijective, mirroring the Lefschetz
property but on the level of the Morse cochains, then vk = rank c(ω) = min(mk,mk+2).
The weak cone Morse inequalities would then also be analogous to (3.4)

bω
k ≤

{
mk − mk−2 0 ≤ k ≤ n,

mk−1 − mk+1 n + 1 ≤ k ≤ 2n + 1.
(3.5)
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While this does not hold generally, it always occurs when using a perfect Morse function
manifolds on Kähler manifolds, which is the setting of our two Kähler examples below.

Example 3.2 Consider (CPn, ωFS = i
2∂∂ log |zi |2), the complex n-dimensional projective

space equipped with the Fubini-Studymetric as the Kähler structure. It is well-known to have
a perfect Morse function that can be expressed as

f ([z0, . . . , zn]) =
∑

λi |zi |2∑ |zi |2
such that λi �= λ j for i �= j . If we consider λ0 < λ1 < . . . < λn , then the critical points are
p2 j = [0 . . . : 1 : . . . 0]with 1 only in the j-th position and index n f (p2 j ) = 2 j . Because the
index of all the critical points are even, the Morse differential ∂ : Ck(M, f ) → Ck+1(M, f )
necessarily vanishes for all k = 0, . . . , 2n. Thus, f is no doubt a perfect Morse function and

mk = bk(CP
n) =

{
1 0 ≤ k ≤ 2n, k even,

0 otherwise.
(3.6)

Regarding the cone Morse differential ∂C =
(

∂ c(ωFS)

0 −∂

)
, it has a non-zero component

coming from the c(ωFS) map. We note that

M(p2 j , p2 j+2) = {[0 : . . . : z j : z j+1 : . . . : 0] : (z j , z j+1) ∈ C
2\{0}}

is isomorphic to CP
1. Therefore,

c(ωFS)p2 j =
(∫

CP
1
ωFS

)
p2 j+2 = π p2 j+2 ,

and thus,

v2 j = rank c(ωFS)|C2 j ( f ) = 1 , j = 0, . . . , n − 1, (3.7)

which is the same as r2 j = rank ω|H2 j (CPn). The cone Morse complex and cohomology can
then be easily computed and we find

bω
k =

{
1 k = 0, 2n + 1 ,

0 otherwise ,
(3.8)

which agrees exactly with the expectation from (3.4).
The cone Morse inequalities (3.1)–(3.2) can similarly be straightforwardly checked using

(3.6)–(3.7), and they are, in fact, equalities, aswould be expected for a perfectMorse function.

Example 3.3 Consider (T 4 = R
4/Z4, ω = dx1 ∧ dx2 + dx3 ∧ dx4), the four-torus described

using Euclidean coordinates, xi with identification xi ∼ xi + 1 for i = 1, 2, 3, 4. For
this example, we will compute the Cone(c(ω)) complex with respect to the flat metric,
g = ∑

dx2i , and the Morse function is taken to be

f = 2 − 1

2

4∑

i=1

cos(2πxi ) . (3.9)

This Morse function has several desirable properties that are straightforward to prove:

(i) the non-degenerate critical points are located at xi = [0] or xi = [ 12 ] and have Morse
index equal to the number of coordinates which are equal to [ 12 ];
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Table 1 Cohomology of Cone(ω) versus Cone(c(ω)) on (T 4, ω = dx1 ∧ dx2 + dx3 ∧ dx4)

k 0 1 2

Hk (Cone(ω))

(
1
0

) (
dx1
0

)
,

(
dx2
0

) (
dx13
0

)
,

(
dx14
0

)
,

(
dx23
0

)
,

(
dx3
0

)
,

(
dx4
0

) (
dx24
0

)
,

(
dx12 − dx34

0

)

Hk (Cone(c(ω)))

(
q0
0

) (
q1
0

)
,

(
q2
0

) (
q13
0

)
,

(
q14
0

)
,

(
q23
0

)
,

(
q3
0

)
,

(
q4
0

) (
q24
0

)
,

(
q12 − q34

0

)

k 3 4 5

Hk (Cone(ω))

(
dx123
0

)
,

(
dx124
0

)
,

(
dx234
0

)
,

(
0

dx123

)
,

(
0

dx124

) (
0

dx1234

)

(
dx234
0

)
,

(
0

dx12 − dx34

) (
0

dx134

)
,

(
0

dx234

)

Hk (Cone(c(ω)))

(
q123
0

)
,

(
q124
0

)
,

(
q234
0

)
,

(
0

q123

)
,

(
0

q124

) (
0

q1234

)

(
q234
0

)
,

(
0

q12 − q34

) (
0

q134

)
,

(
0

q234

)

(ii) the number of critical points of index k, mk = bk(T 4) for all k. Hence, f is perfect and
the Morse differential ∂ acts by zero;

(iii) the pair ( f , g) satisfies Smale transversality.

Because of (ii), the ∂C map reduces to the c(ω) map. Hence, we are interested in pairs of
critical points whose indices differ by two, e.g. qk+1 has two more [ 12 ] coordinates than qk−1.
Also, note that M(qk+1, qk−1) will be a two-dimensional face with two of the coordinates
fixed and two coordinates spanning the entire coordinate interval [0, 1] when we take the
closure.

In Table 1, we give the cohomologies of H(Cone(c(ω))) and H(Cone(ω)).
We use a multi-index notation of I = {i1 . . . i j } in increasing order such that dxI =

dxi1 ∧ · · · ∧ dxi j , q0 denotes the index 0 point, and qI denotes the point with 1
2 in entry

i1, . . . i j , i.e. q13 = q[
1
2 ,0, 12 ,0

]. The orientation of the submanifolds are chosen such that

PdxI = qI . (c.f. Definition 2.1.)
Notice that c(ω)qI only picks out critical points that have two coordinates of qI changed

from [0] to [ 12 ] in either the 1–2 or 3–4 directions. Thus, we find that

c(ω)q0 = q12 + q34 , c(ω)q12 = q1234 , c(ω)q34 = q1234 ,

c(ω)q1 = q134 , c(ω)q2 = q234 , c(ω)q3 = q123 , c(ω)q4 = q124 ,

with all other critical points mapped to zero when acted upon by c(ω).
It is straightforward to see from above that vk = rk and that cone Morse inequalities give

the equalities bω
k = mk − vk−2 − mk−1 − vk−1 for 0 ≤ k ≤ 5 . This is as expected with f

in (3.9) being a perfect Morse function.

Next, we consider a non-Kähler symplectic manifold where the hard Lefschetz property
does not hold.
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Example 3.4 Let (M, ω) be the six-dimensional, closed, symplectic manifold constructed by
Cho in [4] where the symplectic form ω is not hard Lefschetz type. Topologically, M can
be described as a two-sphere bundle over a projective K3 surface and also has the following
properties [4, Theorem 1.3]: (i) M is simply-connected; (ii) the odd degree cohomologies
vanish, i.e. H1

dR(M) = H3
dR(M) = H5

dR(M) = 0 .
Consider the cohomology PH(M, ω) ∼= H(Cone(ω)). From (3.3), we find

bω
0 = bω

7 = 1 ,

bω
1 = bω

6 = 0 ,

bω
2 = bω

5 = b2(X) − 1 ,

bω
3 = dim

[
ker

(
ω : H2(X) → H4(X)

)]
> 0 ,

bω
4 = dim

[
coker

(
ω : H2(X) → H4(X)

)]
> 0 .

Note that bω
3 = bω

4 > 0 since (M, ω) is not hard Lefschetz, which implies that the map,
ω : H2

dR(M) → H4
dR(M), can not be an isomorphism.

For the cone Morse complex and inequalities, we can again choose to work with a perfect
Morse function on M . That such exists is due to a a result of Smale [9, Theorem 6.3]
which states that any simply-connected manifold of dimension greater than five that has no
homology torsion has a perfect Morse function. (No homology torsion here can be seen from
applying the Gysin sequence to M as a two-sphere bundle over K3.) Since M has trivial
odd-degree cohomology, this implies that

m0 = m6 = 1 ,

m1 = m3 = m5 = 0 ,

m2 = m4 = b2(M) .

It is straightforward to check that the bounds (3.1)-(3.2) are satisfied. In particular, for the
weak cone Morse bound of (3.1), the k = 3, 4 case corresponds to

bω
3 ≤ m3 + m2 − v2 = m2 − v2 ,

bω
4 ≤ m4 + m3 − v2 = m4 − v2 .

The above demonstrates the necessity of having both the mk and the mk−1 term in the
symplectic cone Morse inequalities.

Remark 3.5 Wecomment that there is a preprint [8] that presents some symplecticMorse-type
inequalities which are different from those here and actually not valid generally. For instance,
the inequality in [8,Corollary 3] canbe expressed in our notation as dim F pHn+p+1(M, ω) ≤
mn−p , which is not satisfied in the above Cho’s non-Kähler six-dimensional example (M, ω)

for a perfect Morse function. Specifically, it gives for p = 0 case the inequality relation,
bω
4 ≤ m3 = 0, which is inconsistent with bω

4 > 0 with ω being of non-hard Lefschetz type.

4 Discussion

In this paper, we have for simplicity focused on the p = 0 case of the TTY cohomologies,
F pH(M, ω) = H(Cone(ωp+1)). Let us comment in this final section the p > 0 case and lay
out the results which generalize the p = 0 case. The coneMorse theory in the p > 0 case can
be considered similar to the computations in this paper. In general, the TTY cohomologies
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for p = 0, 1, . . . , n − 1 algebraically correspond to [10, 11]:

F pHk(M, ω) ∼= Hk(Cone(ωp+1)) ∼= coker
(
[ωp+1] : Hk−2p−2

dR (M) → Hk
dR(M)

)

⊕ ker
(
[ωp+1] : Hk−2p−1

dR (M) → Hk+1
dR (M)

)
(4.1)

with k = 0, 1, . . . , 2n + 2p + 1 . The relevant cone complex for the general p case would
have the elements and differential

Conek(ωp+1) = �k(M) ⊕ θ�k−2p−1(M) , dC =
(
d ωp+1

0 −d

)
, (4.2)

where θ is now a formal (2p + 1)-form such that dθ = ωp+1. And the corresponding cone
Morse cochain complex would be

Conek(c(ωp+1)) = Ck(M, f ) ⊕ Ck−2p−1(M, f ) , ∂C =
(

∂ c(ωp+1)

0 −∂

)
, (4.3)

with c(ωp+1) : Ck(M, f ) → Ck+2p+2(M, f ) given by

c(ωp+1) qk =
∑

rk+2p+2

(∫

M(rk+2p+2,qk )
ωp+1

)
rk+2p+2 , (4.4)

which integrates ωp+1 over the 2(p + 1)-dimensional submanifoldM(rk+2p+2, qk) of gra-
dient flow lines from the index k + 2p + 2 critical point, rk+2p+2 , to qk .

A generalization to the proof of Theorem 1.3 for the p = 0 case can be carried out
which results in the isomorphism of the cohomologies of the cone complex (4.2) with that
of the cone Morse complex (4.3). Hence, we can likewise obtain corresponding cone Morse
inequalities for the p > 0 case. Explicitly, using the notation

s pk = dim F pHk(M, ω) = dim Hk(Cone(ωp+1))

to denote the dimension of the TTY cohomology, we can write down the following weak and
strong cone Morse inequalities for all p = 0, 1, . . . , n − 1:

s pk ≤ mk − vk−2p−2 + mk−2p−1 − vk−2p−1 , (4.5)

k∑

i=0

(−1)k−i s pi ≤
⎛

⎝
k∑

i=k−2p

(−1)k−imi

⎞

⎠ − vk−2p−1 , (4.6)

where k = 0, 1, . . . , 2n + 2p + 1 and

vk = rank
(
c(ωp+1) : Ck(M, f ) → Ck+2p+2(M, f )

)
. (4.7)
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