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Mapping cone and Morse theory

DaviD CLAUSEN, XIANG TANG, AND LI-SHENG TSENG

On a smooth manifold, we associate to any closed differential form
a mapping cone complex. The cohomology of this mapping cone
complex can vary with the de Rham cohomology class of the closed
form. We present a novel Morse theoretical description for the map-
ping cone cohomology. Specifically, we introduce a Morse complex
for the mapping cone complex which is generated by pairs of crit-
ical points with the differential defined by gradient flows and an
integration of the closed form over spaces of gradient flow lines. We
prove that the cohomology of our cone Morse complex is isomor-
phic to the mapping cone cohomology and hence independent of
both the Riemannian metric and the Morse function used to define
the complex. We also obtain sharp inequalities that bound the di-
mension of the mapping cone cohomology in terms of the number
of Morse critical points and the properties of the specified closed
form. Our results are widely applicable, especially for any manifold
equipped with a geometric structure described by a closed differ-
ential form. We also obtain a bound on the difference between the
number of Morse critical points and the Betti numbers.

1 Introduction

1.1 Mapping cone complex and cohomology of differen-
tial form

1.2 Morse complex for the mapping cone
2 Cone Morse complex: Cone(c(v)))
2.1 Preliminaries: Morse complex and ¢(¢)
2.2 Chain map between Cone(¢) and Cone(c()))
2.3 Isomorphism of cohomologies via Five Lemma
3 Cone Morse inequalities

4 Example of the two-sphere

117

118

118
121
127
127
128
130
132
137


https://intlpress.com/cjm

118 David Clausen et al.

A Morse theory conventions and Leibniz rule 143
B Cochain complexes of a chain map and their relations 148
C Differential graded algebra for mapping cones of differen-

tial forms 151
References 153

1. Introduction

Manifolds equipped with a geometric structure described by a closed differ-
ential form are widely studied. For example, a large class are the symplectic
manifolds which by definition contain a non-degenerate, closed two-form. An-
other large class are special holonomy manifolds. These include Calabi-Yau
threefolds and G5 manifolds which carry a closed invariant three-form. And
even for complex manifolds that are non-Kéhler, there often is a distinguished
closed form. For instance, on a complex hermitian threefold that satisfies the
balanced condition, the square of the hermitian form is by definition a closed
four-form.

For a manifold (M, 1)), where ¢ € Qf(M) is a d-closed ¢-form that rep-
resents a geometric structure, we seek invariants that are dependent on .
Certainly, without ¢ being present, there is the well-known de Rham differ-
ential graded algebra (2*,d, A) that results in basic invariants, i.e. de Rham
cohomology ring and Massey products, for any smooth manifold M. So we
are led to a simple question: Is there a natural extension of the de Rham
algebra that can incorporate the additional geometric structure 7 In this
paper, we begin by first pointing out that there is a mapping cone complex
of differential forms that provides invariants that generally depends on .
Though the notion of a mapping cone complex is widely used in homological
algebra (see, for example, [Wei94]), its use in the context of differential forms
on general smooth manifolds, has not been much studied.

1.1. Mapping cone complex and cohomology of differential form

We will motivate the construction of a mapping cone complex (or just called,
the “cone” complex) of differential forms as follows. For differential forms,
the exterior (or wedge) product is a natural operation. Given a distinguished
d-closed (-form 1), we can think of ¥ not just as an element of Q(M), but
additionally, as an operator or a “map” on the space of differential forms via
the wedge product, WA : QF(M) — QFFE(M).
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Certainly, considering 1 as an operator can be helpful. For combining A
with the exterior differential d give what is commonly called the “twisted”
differential, d4+A. But there are two notable drawbacks if we were to consider
d + A as the differential of a complex: (1) d + A generally does not square
to zero unless ¢ is odd; (2) d 4 A also does not preserve grading as it maps
QF(M) to the mixed degree sum Q¥1(M) @ QFH(M).

We can however give a simple solution to address these two issues. For we
can consider mapping both d and ¥A at the same time into Q**1(A7). This
would require changing the domain to be the direct sum Q¥ (M) @ QF1(M)
and mapping into Q¥+1(A1) as follows:

QF(M) —4— QFF1L(M)

Qkf€+1 (M) )

This is suggestive of defining what we shall call the space of cone forms,
Cone®(¢0) = Q*(M)@Q*~1(M), which consists of pairs of differential forms.
And with it, we introduce the cone differential:

(1)
do - Conek(q/)) — Conek+1(1/))

QF d YA QF dQF o A QL
QF—t+1 — 0 (=1)1q) \ e = (—1)f-lg Qi1 )

It is straightforward to check that dcde = 0. And this immediately results
in the following cone cohomology defined with respect to any d-closed form,
€ QY M):

_ kerdc N Cone®(y)
~ imde N Cone®(v)

(2) H"(Cone(t)))

Let us emphasize that this cone cohomology is not a topological invariant
and generally depends on . In fact, the cohomology essentially contains
the product structure information of the de Rham cohomology in relation to
(] € HS5(M). To see this, let us express Cone®(¢)) = QF(M) @ QF (M)

in terms of an exact sequence

0 —— QF(M) -5 Conef(y) —s QF-H1(M) —— 0,
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where t4g is the inclusion map and 7yg is the projection onto the second com-
ponent. This short exact sequence standardly leads to a long exact sequence
of cohomologies

3) ..o HE L gk L gk Cone(y)) Teml, prhoeet B gl

which implies that

(4)
H*(Cone(v))) = coker([¢)]: Hizt — Hbp) @ ker([v]: Hiz" — HEFLY) .

Hence, we see that H¥(Cone(¢)) encodes the product structure of the de
Rham cohomology under the linear map [¢] : H3, — HC;EZ. And in general,
the kernel and cokernel of such a map can vary as [¢)] varies in de Rham
cohomology.

Let us make here two observations. First, the cone cohomology has ap-
peared previously in the special case of a symplectic manifold (M?",w) where
1 was specified to be ¢ = wP*!, for p = 0,...,n — 1. In this special set-
ting, Tanaka-Tseng [TT18] showed that H(Cone(wP*!)) is isomorphic to the
symplectic cohomologies of differential forms called p-filtered cohomologies,
FPH(M,w), introduced by Tsai-Tseng-Yau [TTY16] and the underlying alge-
bras of these two cohomologies are quasi-isomorphic as A, algebras. Of inter-
est, the dimensions of FPH (M, w) have been shown to vary with the de Rham
class of the symplectic structure in various examples: a six-dimensional sym-
plectic nilmanifold [TY12b], a three-torus product with a three-ball, T3 x B3
[TW22], and for classes of open symplectic 4-manifolds that are homeomor-
phic but not diffeomorphic [GTV22]. By the isomorphism of FPH(M,w) =
H(Cone(wP™)), we know that H(Cone(wP'!)) would also vary with [w] in
these examples.

Our second observation is especially worthy to emphasize. It is that the
cone cohomology defined above only requires ¢ to be d-closed and noth-
ing more. Geometric structures such as a symplectic two-form or an asso-
ciative three-form on (G5 manifolds often have an additional property like
non-degeneracy besides d-closedness. Certainly, when ¢ has more properties
besides being closed, the cone complex may have additional structures as well.
For instance, if 1 is an even-degree form and additionally an element of the
integral cohomology H*(M,Z), then the cone cohomology interestingly can
be interpreted geometrically as the de Rham cohomology of an S*~! sphere
bundle over M with Euler class given by ¢ [TT18]. Though we may have been
initially motivated to seek invariants with respect to a geometric structure,
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with the cone complex at hand, it is useful to study the cone cohomology
without imposing any additional condition on . Below we shall turn our
focus to developing a Morse theory for the cone cohomology H(Cone(1)))
defined in (2) with respect to any d-closed form, .

1.2. Morse complex for the mapping cone

On a Riemannian manifold, the de Rham cohomology can be described al-
ternatively as the cohomology of a Morse complex (or also referred to as the
Morse-Witten or Smale-Thom complex). Besides the Riemannian metric g,
to define a Morse complex requires the introduction of a special function f
on M, called a Morse function, which is defined by the property that the
Hessian at each critical point is non-degenerate. The elements of the Morse
complex C*(M, f) are then generated by the critical points of f, ¢ € Crit(f),
and grouped together by their index, k& = ind(q), the number of negative
eigenvalues of the Hessian matrix at ¢. The differential of the complex, 9, is
defined by the gradient flow, —V f, from one critical point to another. Explic-
itly, in local coordinates {z'}, the gradient flow is #(t) = —¢¥df /07 which
involves the Riemannian metric g. (We shall assume throughout this paper
that the metric g satisfies the usual Smale transversality condition, that is,
the submanifolds that flow into or from the critical points are transverse.)
The resulting cohomology of the Morse cohomology is famously known to be
isomorphic to the standard cohomology, and therefore, the Morse cohomology
generally does not depend on the choice of the Morse function f and metric
g that are used to define it. As a corollary of this isomorphism, there are the
renown Morse inequalities which bound the Betti numbers of M in terms of
the number of critical points of the Morse function.

Now, for a smooth manifold equipped with a geometric structure de-
scribed by a closed ¢-form (M, 1)), we have discussed the cone cohomology
H(Cone(v)) which provides basic geometrical invariants that are dependent
on [¢)] € Hip(M). Given the connection between the mapping cone complex
and the de Rham complex, it is natural to ask whether there is also a Morse
theory-type description for the mapping cone cohomology? Such a Morse de-
scription would necessarily require the involvement of v in some intrinsic way.
And if a Morse theory for (M, ) exists, can we bound the dimensions of the
cone cohomology by means of the critical points of a Morse function and their
gradient flows?

In this paper, we answer both questions in the affirmative.

Motivated by the relationship between de Rham complex and the Morse
cochain complex over R (see Table 1), we define in the following a cone Morse
complex also over R.
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Table 1: The relations between the de Rham and Morse cochain complexes
and Cone and Cone-Morse complexes

Complex | Cochains | Differential | Cohomology
de Rham Q*(M) d H3r(M)
Morse C*(M, f) 0 Hep(M)
Cone | aane o o= (5 l,) | e Conew)on
Cone Morse | C*(, )& 001, 1) | 0 = (3§, ) | (Conetetun)an)

Definition 1.1. Let (M, g) be an oriented, Riemannian manifold and f
a Morse function satisfying the Morse-Smale transversality condition. Let
C*(M, f) be the R-module with generators the critical points of f with index
k. Given a d-closed form ¢ € QY(M), we define the cone Morse cochain
complex of ¢, Cone(c(¢)) = (C*(M, f) & C*~L(M, f), dc):

% OM(M., f) & O (M, f) 2 O (M, f) @ CH P2 (ML f) 2 .

with

) = (o (5a)-

Here, 0 is the standard Morse cochain differential defined by gradient flow,
and c(¢)) : CF(M, f) — C*TY(M, f) acting on a critical point of index k is
defined to be

(6) Wa= Y ( /|

7/)> Thit

ind(r)=k+/¢ (Thkte,qx)

where M(7k4s, i) is the ¢(-dimensional submanifold of M consisting of all
flow lines from the index k + ¢ critical point, g, to g.

Notice that the elements of the Morse cone complex, Cone®(c(1)) =
CH(M, f) @ Ck=1(M, f), can be generated by pairs of critical points, of
index k and k — [ + 1. The differential 0c consists of the standard Morse
differential 0 from gradient flow coupled with the ¢(¢)) map which involves an
integration of ¢ over the space of gradient flow lines. This ¢(¢) map has ap-
peared in Austin-Braam [AB95] and Viterbo [Vit95] to define a cup product
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Table 2: The relations between the de Rham and Morse cochain complexes
and Morse inequalities, where by, = dim H%,(M) and my, = dim C*(M, f)

de Rham Morse
Cochains O (M) C*(M, f)
Differential d 0 (gradient flow)
Cohomology HE.(M) = HE (f)( )
Morse b < mk
J
Inequalities Z Y=k, < Z
k=0

Table 3: The relations between the cone complex and the cone Morse com-
plex and inequalities in the presence of a closed ¢-form ), where b}f =
dim H*(Cone(w))(M) and vj, = rank[c(p) : C*(M, f) — C*T4(M, f)]

Cone Cone Morse

Cochains Q*(M) @ Q*~ (M) C*(M, f)o C*~*1(M, f)

. . _(d P (0 c(y)
Differential | d¢ = 0 (—1)-1d Oc = 0 (=1)19
Cohomology H’“(Cone(l/)))(M) H*(Cone(c(v)))(M)
Cone-Morse b < mk — Vk—p + Mp—py1 — Vk—r41

J
Inequalities Z ] kbw < Z mk — Vp—g + Mp—pr1 — Vk—p+1)
k=0

on Morse cohomology. It satisfies the following Leibniz rule

(7) Oc(ih) + (=) e(v)d = —c(dp) .

A check of the + signs of this equation together with a description of the
orientation of M(rgies1,qx) is given in Appendix A. With (7) and 990 = 0,
they together imply dc dc = 0.

We will prove in Section 2 that the cohomology of our cone Morse complex
Cone(c(v)) is isomorphic to the cohomology of the cone complex Cone(?)) of
differential forms.

Theorem 1.2. Let M be a closed, oriented Riemannian manifold and ¢ €
QM) a d-closed form. There exists a chain map Pc : (Cone®(¥),dc) —
(Cone®(c(v)), dc) that is a quasi-isomorphism, and therefore, for any k € Z,

H*(Cone(y)) = H*(Cone(c(1))) .
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Theorem 1.2 importantly shows that the cohomology of the cone Morse
complex is independent of the choice of both the Morse function f and the
Riemannian metric g used to define Cone(c(v))). It is also worthwhile to em-
phasize that the above theorem is a general one, applicable for any closed
smooth manifold, odd or even dimensional, with respect to any closed differ-
ential form on the manifold.

Having obtained a cone Morse theory, we would like to write down the
Morse-type inequalities that bounds the dimension of the cone cohomology
which we will denote by b;f = dim H*(Cone(¢)). Specifically, we would like
to bound the b;f’s by the properties of the Morse functions. Recall that the
standard Morse inequalities (for a reference, see e.g. [Mil63]) bounds the k-th
Betti number by = dim HZ;R(M) by my, the number of index k critical points
of a Morse function. The usual Morse inequalities can be stated concisely as
the existence of a polynomial Q(¢) with non-negative integer coefficients such
that

(8) S omett =D bt + (141 Q().
k=0 k=0

This is equivalent to what is called the strong Morse inequalities

k
(9) ST < S (=10 my, k=0, dim M
1=0

i=0
which imply the weak Morse inequalities
(10) b, < my,

also for k =0,...,dim M.
We can derive the analogous Morse-type inequalities results for the cone
cohomology. We obtain the following:

Theorem 1.3. Let (M,1), f,g) be a closed, oriented Riemannian manifold
with Morse function f, Riemannian metric g, and ¢ € QM) a d-closed
form. Then there exists a polynomial Q(t) with non-negative integer coeffi-
cients such that

L+ mpt = () ot =D bt + (141 Q1)
k=0 k=0

k=0
where b}f = dim H*(Cone(v))) and

(11) v, = rank (c(¢) : CF(M, f) — CF(M, f)) .
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Equivalently, we have the following inequalities:

(A) Weak cone Morse inequalities

(12)
b;f < My — Vg—g + Mg—gy1 — Vk—t+1 , k=0,...,dimM+/¢—1;

(B) Strong cone Morse inequalities

(_1)j7k(mk — Vg—¢ + ME—p41 — vk—£+1) )

(13) Y (—1) 7Ry <

J J
k=0 k=0

forg=0,...,dmM+£¢—1.

For the cone Morse inequalities (12)-(13), it is worth pointing out that
the dimension b}f on the left-hand-side is dependent only on the class [¢] €
HSR(M) as evident from (4). However, the right-hand-side, in particular the
v’s, has dependence on v, as a differential form, and not just on the de
Rham class [¢]. (A simple example of the cone Morse bound varying when
1 is varied within a fixed cohomology class is give in Example 4.3.) Hence,
it is worthwhile in the context of cone Morse inequalities to consider ¢ as a
d-exact form. In the special case where ¢ is a d-exact two-form, the strong
cone Morse inequalities of (13) turn out to imply an interesting bound for
the difference between the number of critical points of a Morse function and
the Betti numbers.

Corollary 1.4. Fori € Q*(M) a d-ezact form, we have the following bounds
fork=1,... dim M,

(14) b < My — U1 .

This corollary gives an estimate for the difference between mj and by
in terms of vg_1, which involves integrating ¢ over gradient flow spaces. It
represents an improvement to the classical Morse inequality (10) and can be
used to quickly determine whether a Morse function is perfect or not. (Recall
a perfect Morse function is one where my, = by for all k.) In considering the
inequality (14), note that it applies for any exact two-form ¢ = da where
a € QYM). Then vg_; can only be non-zero if at least one moduli space
of flow lines M(7k41, qx—1), which is the domain of integration in (6), has a
boundary. For if one OM # 0, then we can choose to work with a one-form «
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that takes value only along a small localized region along the boundary, such
that the boundary integral of « is non-zero and thus generates vi_1 > 0.

Of course, not all manifolds have perfect Morse functions. For instance,
Morse functions on manifolds that has torsion in its homology class must
satisfy the inequalities [Pit58]

b + ke + pe—1 < my

where py is the minimum number of generators of the torsion components of
Hy(M,Z). Hence, our results imply that a manifold with torsion must have
a moduli space of flow lines M(rg41,qr—1) that has a non-trivial boundary.

The outline of this paper is as follows. In Section 2, we define our cone
Morse complex in detail and proof the isomorphism between the cone and
cone Morse cohomology of Theorem 1.2. In Section 3, we study the implica-
tion of the isomorphism and derive the cone Morse inequalities of Theorem
1.3, and also Corollary 1.4. In addition, we show that when f is a perfect
Morse function, the cone Morse inequalities (12)-(13) become equalities. In
Section 4, we demonstrate the various properties of the cone Morse cohomol-
ogy and inequalities in the simple, yet rich example of the two-sphere S2.
In Appendix A, we gather our conventions for defining Morse theory and
carefully prove the Leibniz rule relation given in (7). In Appendix B, we re-
view the various complexes that can arise when there exists a chain map
between cochain complexes. And in Appendix C, we briefly visit the question
of giving a differential graded algebra (DGA) structure for the cone complex.
We describe a natural DGA for the cone complex in the case when 1 is an
even degree form and introduce a modified DGA when 1 is an odd form.
Lastly, we mention that in a separate companion paper to this work [CTT],
we study some analytic aspects of the cone complex in the special case where
1 is a symplectic structure. We present there an analysis of the symplectic
cone Laplacian operator and used the analytic Witten deformation method
to study the symplectic cone Morse theory.
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2. Cone Morse complex: Cone(c(v)))
2.1. Preliminaries: Morse complex and c(v))

To begin, let f be a Morse function and g a Riemannian metric on M. We
will assume throughout this paper that (f,g) satisfy the standard Morse-
Smale transversality condition. The elements of the Morse cochain complex
C*(M, f) are R-modules with generators critical points of f, graded by the
index of the critical points, with boundary operator 0 determined by the
counting of gradient lines, i.e

oq, = Z n(Tk+17Qk)7"k+1

ind(r)=k+1

where n(rgs1,qr) = #ﬂ(rk+1, qx) is a count of the moduli space of gradient
flow lines with orientation modulo reparametrization.

Note that Morse theory is typically presented as a homology theory, and
hence, flowing from index k to index k — 1 critical points. To match up with
the cochain complex of differential forms, we here work with the dual Morse
cochain complex. Hence, our 0 is the adjoint of the usual Morse boundary
map under the inner product (gx,, ;) = di;-

Following Austin-Braam [AB95] and Viterbo [Vit95], we define

cW)ge =Y. </ﬁ¢) Tkt
Tk+0,9k

ind(r)=k+¢

where 1 € QYM) is an (-form and M (7. ¢, qx) is the submanifold of all
points that flow from 7, to qx, oriented as in [AB95]. From Appendix A
equation (51), we have the Leibniz-type product relation

de(w)) + (=1)* W (1)) = —c(dy)
specifying a sign convention that is ambiguous in Austin-Braam [AB95] and

Viterbo [Vit95]. Thus, for instance, for 1 € Qf(M) a d-closed form, we have
the relation

(15) dc(yp) = (—1)‘c(y)d.
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2.2. Chain map between Cone(v) and Cone(c(v)))

As explained by Bismut, Zhang and Laudenbach [BZ92, Zha0l], there is a
chain map P : Q¥(M) — C*¥(M, f) between the de Rham complex and the
Morse cochain complex given by

Po = ( _¢) qk
%Gg;t(f) /qu

where ¢ € QF(M) and U, is the set of all points on a gradient flow away from
q. Being a chain map,

(16) P =Pd.

Bismut, Zhang and Laudenbach, in [BZ92, Theorem 2.9] (see also [Zha0l,
Theorem 6.4]), also proved the following:

(17) P HE (M) — Hg(f)(M) is an isomorphism.

Furthermore, Austin-Braam [AB95, Section 3.5] showed that P(¢) A7) and
¢(1)) P~y are cohomologous:

(18) [PIl) = [e(IP]-

Motivated by these results, we wish to find an analogous chain map relat-
ing Cone(y) = (Q*(M) & Q*~!(M), dc) with Cone(c()) = (C*(M, f) &
C*= (M, f), Oc), where as given in (1) and Definition 1.1,

dC : Qk(M) D QkuJrl (M) N Qk+1 (M) ® Qk7€+2<M)

O CH(M. f) @ CF (M, f) = CMH(M, f) @ CF 72 (M, f)

with

de = <g (—11)/1’—1d> o <(g (—i()lf‘)lf?) |

Such a chain map linking the two cone complexes, which we will label by P,
must satisty dc Po = P de. In fact, such a map exists and can be expressed
in an upper-triangular matrix form.
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Definition 2.1. Let P : Cone®(y)) — Cone®(c()) be the upper-triangular

matrix map
P K
7= (0 7)

where K : Q¥1(M) — C*¥(M, f), and acting on ¢ € QF (M), K is
defined by

(19)  K&=(=1)"(PY = c(v)P)d*GE + 9} (PY — c()P) HE)

expressed in terms of the Hodge decomposition with respect to the de Rham
Laplacian A = dd* + d*d:

(20) ¢ = (H+ AG)E = HE + dd*GE + d*dGeE

with HE denoting the harmonic component of €, and G, the Green’s operator.

Let us explain the notation 8,;1 in the second term of the definition
for K in (19). Let v be a closed (k: — ¢ + 1)-form. Then from (18), we
know that P(y A ) and c(¢))Py are cohomologous, and therefore, P(¢» A
7) — c(1)Py = Ob for some b € C*(M, f). Note that C*¥(M, f) is an in-
ner product space under (gx,, qx;) = d;;, so we have an orthogonal splitting,
C*(M, f) = ker 9}, @ (ker 9y)*, and that 0y gives an isomorphism between
(CH(M, f)/ker 0),) = (kerd)* and im0y, C C*(M, f). Thus, it follows
from the finite-dimensional assumption on C*(M, f) and C*+1(M, f) that
we can define a right inverse 8k_j_ D imdy — (kerdy)t C CF(M, f), and
O L (P( A7) = c()P7) € CH(M, ).

With Pe defined, we now show that it is a chain map.

Theorem 2.2. Py : Cone®(v)) — Cone®(c(v))) is a chain map. In particular,
(21) 0c Pc = Pedce .

Proof. The right and the left hand side of (21) acting on 7 @ ¢ € QF(M) @

QF=+1(M) = Cone® (¢)) give
pog._ (P KN (d v Pd Py + (—1)1Kd
cde=Lo p)lo o) "o coea )

n-(§ C - 55E)
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Since P is a chain map (16), i.e. dP = P 9, the only entry we need to check
comes from the off-diagonal one,

Py + (—1)'Kd = 0K + c(¢))P,
or equivalently, we need to show that
(22) Py — c(¥)P = 0K + (—1)'Kd,

or K is a graded chain homotopy. To compute Kd§, note first that Hdé =0,
V¢ € QFHHL(M). Therefore, we find that

Kd¢ = (=1)" (Py — ¢(¢)P) d*Gd = (=1)" (P — ¢(¢b)P) d*dG¢
having used the fact that Gd = dG. Now, for the K¢ term, we have

OKE = (~1)0 (P — c()P) d'GE] + 0 [0} (Pv — ()P HE )|

(=1 [(-1)" (P — c(4)P) dd*GE] + (P — () P) HeE
= (P — c(¢)P) (dd*GE¢ + HE)

where in the second line, we have applied the graded commutative properties:
OP = Pd and dc(y)) = (—1)c())0 for 1) a d-closed (-form. Altogether, we
find for the right-hand side of (22)
OKE + (—1)'Kdé = (Py — c(¢)P) (dd*GE + d*dGE + HE)
= (PY—c(¥)P)§

having used the Hodge decomposition formula of (20). Thus, we have proved
that K is a graded chain homotopy, and therefore, Po de = d¢ Pe. O

2.3. Isomorphism of cohomologies via Five Lemma

A mapping cone cochain complex can be described by a short exact sequence
of chain maps. For the differential forms case, we have

(23) 0 — (QF(M),d) “&5 (Cone® (¥), de) T8 (QF—HY (M), (=1)1d) = 0

where t4p is the inclusion into the first component ¢qr(n) = <g> and myp is

Z_) = £. It is easy to check that

the projection of the second component myr (
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these maps are chain maps:

d
Ltgrdn = ( 0”) = dctdrn

and

— <2’> - <C(lij)}ffd§) — (—1) e = (=) {TrdR <g) } .

The short exact sequence (23) implies the following long exact sequence for
the cohomology of Cone(v))
(24)

- [v]
o= HEH(M) =

]

Wl ko (M) 5 B (Cone(w)) T8 HE=C (M) — .

Analogously, for Cone(c(v))), we also have the short exact sequence of chain
maps

(25)

0= (CH(M, f),0) <L (Cone*(c(v)), ) =2 (CH1(M, 1), (=1)'7'0) =0

and the long exact sequence of cohomology
(26)

= B ) SR B ) (M) “E% B (Come(e(9)) 2 B () ..

The two short exact sequences, (23) and (25), fit into a commutative
diagram.
(27)

0 —— (Q¥(M),d) —*= (Cone® (1)), dc) — (Q" (M), (-1)""'d) ——0

?| Pe »|

0—— (C*(M, f),8) <=L (Cone®(c(v)), de) —=Ls (CH=1(M, f), (~1)*19) —— 0

The commutativity of the above diagram can be checked as follows:

to(n(Pn) = (?) (75 g) ( ) = Po(tar(n))

wein (7o (1)) = (7€) == (s (1))
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The short exact commutative diagram (27) gives a long commutative diagram
of cohomologies:

(28)
Hi ' (M) —" Hj(M) =42 H*(Cone(y)) ~ Hjz " (M) — HiE (M)
[Pll [P]l [Pcll [Pll [Pll

_ [e(¥)] o] ron)] Lk le(y)]
HE (M) —= HE g (M) —= H"(Cone(c(¢))) —— HE ;1 (M) —— HEH, (M)

We can check that each square commutes. The outer squares commute since
P A E) and c(1p)PE are cohomologous when both ¢ and ¢ are d-closed,
by (18), as was shown by Austin-Braam in [AB95, Section 3.5]. The middle
two squares commute following from the commutativity of the chain maps
in (27). Furthermore, the vertical map [P] is an isomorphism (17) as shown
by Bismut-Zhang and Laudenbach [BZ92, Theorem 2.9] (see also [ZhaOl,
Theorem 6.4]).

We can now apply the Five Lemma to (28) which implies that the middle
vertical map [Pc¢] is also an isomorphism on cohomology, and thus we have
proved Theorem 1.2.

Theorem 2.3. Pc : (Cone®(¢),dc) — (Cone®(c(v)),0c) is a Z graded

quasi-isomorphism.
3. Cone Morse inequalities

Having established the quasi-isomorphism between the complexes, Cone(1))
and Cone(c(1))), we will proceed now to prove Theorem 1.3, which gives the
Morse-type inequalities for the Cone(¢) complex analogous to those (9)-(10)
for the de Rham complex.

For a closed, oriented manifold M and a d-closed form v € Qf(M), let us
denote by b¥ = dim H*(Cone(¢)). From (4), we know that

(29)
Hk(Cone(w)) & coker ([1/1]: HZ;}EE — HZ?R) @ ker (W]i HS}E[H - Hfgl)

which implies

bg = dim [coker (W] : H,’;EE - HgR)] + dim [ker (W] : H(I;EEH - HCIICIJ%FI)]
(30)
= bk — Tk—t + bk—r41 — Th—r+1

where by = dim Hk, (M) and

(31) ri = rank ([¢] : Hyp(M) — HEFE(M))
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We would like to bound b}f by means of the Morse function and properties
of the cone Morse complex Cone(c(t))). That H(Cone(v))) as expressed above
is related to the cokernel and kernel of the ¥ map is suggestive that we should
look for an analogous relationship between H(Cone(c(1)))) with the cokernel
and kernel of the ¢(¢) map. Indeed, such a relationship exists for any cone
complex. (See [Wei%4] or Appendix B for a review.) For the Morse complex
(C*(M, f),0), we will make use of two subcomplexes, the kernel and cokernel
complex, associated to the map c(v)):

o The kernel complex of ¢(v), (ker ¢(¢),d), is the complex consisting of
ket/c(yp) = {b € CI(M, f) | c()b = 0}, with differential 0.

o The cokernel complex of ¢(¢), (cokerc(y),0™), is the complex
coker’c(v)) = {[a] € C7/imc(¢y)} with differential 07[a] = [da] €
C/imc(v).

The cohomologies of these two subcomplexes together with H(Cone(c(1))))
forms a long exact sequence (68)

(32)
L Hk7£+1(ker c(v)) —>h]'§;“1 H” (Cone(c(v))) —)hlé“"e H* (coker c(v))) —)ls“k” ...

The precise definitions of the maps in the long exact sequence will not be
needed in our discussion here. From (32), we can immediately obtain the
following weak cone Morse inequality.

Theorem 3.1 (Weak Cone Morse Inequalities). On a closed manifold M
with ¢ € QYM) a d-closed form, let b}f = dim H*(Cone(v))) and my the
number of index k critical points of a Morse function on M. Then, we have

fork=0,1,...,(dimM +¢—1),

(33) DY < Mg — Vg + M1 — V41
where
(34) v = rank (c(¥) : C*(M, f) — CFH(M, f)) .

Proof. From (32), we have

b}f < dim H*(coker (1)) + dim H* =+ (ker ¢(¢))
< dim(coker®e(1)) + dim(ker* = e(1))

=Mk — Vg—g + Mk—p+1 — Vk—t+1 -
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In general, the number vy = rankc(y)|crary) 15 not equal to 1, =
rank [¢]| e (ar) as defined in (31). However, we have the following relations.

Lemma 3.2. Let ry, = rank [{]|ge ) and vp = rank c(¢)|cr(arp) as defined
in (31) and (34), respectively. Then for k =0,1,...,(dim M + ¢ — 1),

(a) 1 = rank ([c(w)} CHE ) (M) = HE( M)),.

(b) i < vg;

(¢) b — Vk—t + bp—rp1 — Vk—ep1 < bY < Mg — Thog + Mp—p41 — Thtr1;
(d) (Vg — Th—t) + (Vk—r41 — Th—t41) < (Mg — bi) + (Mi—py1 — bp—e41) -

Proof. Property (a) follows from (17)-(18) which implies that rank [¢] =

rank [c(¢)]. For (b), if {[c(v)a4],...[c(¥)ar,]} gives a basis for im [c(1))] C

HgJ(r]f)(M), then {c(¢)ay, ..., c(¢)ar, } must constitute a linearly independent

set of elements in im c(y)) C C*(M, f), and therefore,
r, < dim (im () N CHH (M, f) =uk.

Applying property (b) to (30) and (33) results in property (c). Lastly, property
(d) follows from combining (30) and (33). O

From the standard Morse inequality, by, < my, and Lemma 3.2(b), r <
v, we see that the relation in Lemma 3.2(d)

(35)  (vh—t —7h—t) + (Vh—tg1 — Thr41) < (Mg — br) + (Mp_py1 — br—e11)

consist of sums of two non-negative terms on both sides. In particular, if the
Morse function f is perfect, i.e. my = by, then (35) implies the following
result.

Corollary 3.3. If f is a perfect Morse function, then vy = r and
(36) by = (M — Vk—¢ + Mp—r41 — Vg—rs1)

fork=0,1,... dim M + ¢ — 1.

Hence, for a perfect Morse function, the weak cone Morse inequality be-
comes an equality. And this is as expected since a perfect Morse function
implies for the Morse complex that dim Hé(f) (M) = dim C*¥(M, f), and there-
fore, [c(¥)]|me,, and c(¥)|orar,y) are the same map. Clearly, Equation (35)
constrains the deviations of the v;’s from the ri’s by the deviations of the
my’s from the by’s.

We now proceed to prove the strong cone Morse inequalities.
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Theorem 3.4 (Strong Cone Morse Inequalities). On a closed manifold M
with ¥ € QYM) a d-closed form, let b}f = dim H*(Cone(v))), my, be the
number of index k critical points of a Morse function on M, and vy =
rank c(¢)|crar,5)- Then, we have for j =0,1,..., (dim M + £ —1),

(_1)j_k(mk — Vk—t + Mp—p1 — Vk—r41)-

(37) D (=1 7Ry <

J J
k=0 k=0

Proof. The j = 0 case is just the weak inequality of (33). So we can assume
j > 1. We note first that (32) implies

(38) 0 — im Ayt — H*(Cone(c(v))) — im hgype — 0
(39) 0 — imhl,,. — H"(coker ¢(¢))) — imhF . — 0
(40) 0—imA" 1 — H* = (kerc(y)) — im byt — 0

By Theorem 1.2, b = dim H*(Cone(c()))). Thus, we can use (38) to write

= ZJ:(—l)j—k [dim(im h’éone) + dim(im hk—€+1)]

ker

j
= dim(im hl,,,.) — > _(—1) 7" [dim(im hf;,,) — dim(im )]

ker

(41) <) (=1)* [dim H"(coker c¢(¢)) 4 dim H**1 (ker c(v))]

J
k=0
where in the fifth line, we used (39)-(40), and in the sixth line (39) again.

Now, because M is assumed to be a closed manifold, both the kerc¢(¢) and
the cokerc(y)) complex are finitely generated. In general, for any finitely-

generated cochain complex 0 — C° %ot %2 o , the dimensions
of the associated cohomologies and that of the cochains satisfy the following
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inequality:
‘ j
Z(—l)ﬂ_k dim H*(C Z 177 % dim C* .

J
k=0 k=0

Applying this relation to (41) results in

J J
D (=17 kb <Y (=1)7F [dim(coker®e(y)) + dim(ker" ™ e(1h))]
k=0 k=0
j .
=) (=1 *(mp, — vk_g + Mp_ps1 — Vh_ey1) -
k=0

Thus, we obtain the strong cone Morse inequality for the cone complex. [

In the case where f is a perfect Morse function, Corollary 3.3 immediately
implies the following.

Corollary 3.5. If f is a perfect Morse function, then the strong cone Morse
inequalities become equalities:

J J
(42) S (=1 7Fp = (=17 R (g — v + kg1 — Vh—es1) -
k=0 k=0

More generally, when the Morse function is not perfect, Theorem 3.4
implies an analogous strong-version of the inequalities in Lemma 3.2(d).

Corollary 3.6. For j =0,...,dimM + ¢ —1,

j
Z ((Vk—t = Th—t)+(Vk—t41 — Th—t41))
k=0
j
< Z ((mg — br) + (Mi—rg1 — be—rg1))-
—0

Proof. By (30) and Theorem 3.4, we have

J
§ (g — rh—otbr—e41 — Th—e41)
=0
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M- 1

(=17

IA

(_1)j_k(mk — Vg + Mp—p41 — Uk_g_H) .

i
[en)

The relation of the Corollary is then obtained by moving the by’s to the
right-hand-side and the v;’s to the left-hand-side. O

In the special case where 1) is a closed two-form, i.e. £ = 2, Theorem 3.5
results in an interesting relation.

Corollary 3.7. For a closed two-form 1, we have the bounds for k =0,...,
dimM —1,

0<wvp—7rr <Mpg1 — bpyr -
Proof. When ¢ = 2, equation (30) implies for j > 1
J

(=17 *0y = (=1 (b + o = by = 1) = by — 7y,
0 k=0

M-

(43)

e
Il

and similarly, Theorem 3.4 implies for j > 1

J J
(44) Z(—l)rkb;ﬁ < Z(—l)]_k(mk — U2 +Mp_1 — Vp1) = mj — Vj—1.
k=0 k=0
Combining (43)-(44) gives the relation vj_; — ;1 < m; — b;. O

Corollary 3.7 interestingly shows that when ¢ = 2, the rank of the c(1))
map on C¥(M, f) is constrained, not just by mz, the number of critical points
of index k, as would be expected, but also by my.1, relative to bgy1. Corollary
3.7 also gives a bound for the difference between mj and bi. The bound
becomes especially simple in the case when v is an exact form. For an exact
v implies 1, = 0 and we thus obtain the relation in Corollary 1.4

(45) b < my — vgp_1, k=1,...,dim M.
4. Example of the two-sphere

To illustrate the properties described in the previous section, we here con-
sider the cone Morse cohomology and its Morse-type inequalities in the con-
text of the two-sphere. We will show explicitly that the cone cohomology
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H(Cone(v)) =2 H(Cone(c(e)))) can vary with [¢], and also present examples
where the cone Morse bounds vary under change of the closed-form ), the
metric g, and the Morse function f.

Let M = 5? = {(z,y,2) € R¥|2? + y? 4+ 22 = 1} be the unit sphere in
R3. In our discussion, we will interchangeably use both spherical coordinates
(¢,0) and Euclidean coordinates (z,y,z) = (sin¢ cos6,sin ¢sinf, cos ) to
describe functions and forms on S?. We will denote by wy := sin¢do A db
the standard volume form with volume | g2 wo = 4m . Throughout, we will let
Y € Q2(S?). Note that in two dimensions, all two forms are trivially d-closed.

The dimension of the cone cohomology, bf = dim H*(Cone())), can be
quickly calculated using (30). We find

1 k=0,3
(46) by =
1—7"0 k=1,2

where 7 = rank[¢)][fo . Let us note that ro = 1 whenever [¢] € H2,(S?%) is
a non-trivial class, or equivalently, [¢, 1 # 0.

Example 4.1. [Change in b}f = dim H*(Cone(¢)) as [¢)] varies.] Consider
the one-parameter family

(47) Us = (y+s)wo, se[-1,1].

Note that ¢, is not a symplectic form as it vanishes along y = —s. In fact,
the cohomology class [1)s] = s[wp], and therefore, ro = 1 for s # 0 and 79 = 0
for s = 0. It follows from (46) that at the special value of s = 0, b}fs increases
by one for k =1, 2.

We now turn to the cone Morse inequalities. To do so, we need to introduce
a Morse function on S2. The generic Morse function is not perfect. An example
of a non-perfect Morse function which we will use for the remainder of this
section is

(48) f=a2+2y% +32°

restricted to S2. This Morse function has six critical points which can be
easily seen by expressing f in terms of only two variables applying the unit
circle constraint (see Figure 1):

f=14+y*+222 (P +22<1) index 0 critical points: poi = (£1,0,0);
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Figure 1: Two sphere in R? with six critical points of the Morse function
f =22+ 2y* + 322

f=2—a+22 (@*+22<1) index 1 critical points: pi = (0,41,0);
f=3-222—¢* (2*+4°<1) index 2 critical points: pi = (0,0, £1).

Clearly, my, # bi(S?). Below, we will write a generic element of C*(S2, f) for
k = 0,1,2, each generated by two critical points, by the linear combination
a,:rp; + a,, p, with the coefficients ag, a, €R.

As for the Riemannian metric, we will use as default go = d¢? +sin? ¢ df?,
the standard sphere metric induced from the standard Euclidean metric on
R3. The pair (f, go) determines the moduli space of gradient flow lines which
goes into the calculation of (i) : C*(S?%, f) — C*2(S2, f). Only for k = 0
is the ¢(¢)) map non-trivial and this corresponds to integrating ¢ over the
moduli space M(in, poi ) which are the four quarter spheres determined by
(x<0orz>0)and (2 <0orz>0).

The weak cone Morse inequality in (33) gives for (52, f, go) the bound

4—vy k=1,2

where vy = rank ¢(¢)|co(s2 7). In the following three examples below, we will
demonstrate the dependence of the above cone Morse bound, and specifically
the dependence of vy, on ¥, the metric, and the Morse function.

Example 4.2. [Change in the cone Morse bound as [¢)| varies.] We
take 1 to be again the one-parameter family 1, in (47) of Example 4.1. Let
us calculate vy = rank c¢(¢s)|co(s2 ). The operator ¢(v5) acting on afpj +
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agpy € CY(S?, f) generated by the two index zero critical points (pg,py )
can be found by integrating s over the quarter spheres, and has the following

matrix form:
+ + +
as \ ag \ _ s s ag
<a2 ) =cl9s) <a0> - <s s> (%) |

mapping into aj py + ayp;, € C*(S?, f). For the rank, we find that vy = 1
for s # 0, and vy = 0 for s = 0. Hence, by (49), the weak cone Morse bound
for b}f‘s for k = 1,2 increases by one at s = 0. This coincides with the increase
in b}fs at s = 0 as calculated in Example 4.1.

Example 4.3. [Change in the cone Morse bound as 1) varies within a
fixed de Rham class.| The weak cone Morse bound can also vary within the
same de Rham cohomology class [¢]. Consider the following one-parameter
family of :

1 1
(50) Yy = (1 +tx +t2) wo, —5 <t<j.

Note that [1;] = [wo] € H25(S?) for all t € (—3,1), and so0 b} does not vary.

However, for the weak cone Morse bound, the ¢(¢;) map takes the form

(1) =0 () = (120 ()

and has rank vy = 2 for t # 0, and vy = 1 for ¢ = 0. This gives the bound for

k=12
3 t=0

by <
2 140

even though bft remains constant. This example demonstrates that the vy’s

generally depend on 1 as a closed form, in contrast with the b}f’s, which only
vary with the cohomology class [¢].

Remark 4.4. Notice that the one-parameter family of closed two-forms
in (50) are all non-degenerate, and hence, symplectic. Being in the same
cohomology class, Moser’s theorem implies the existence of a one-parameter
family of symplectomorphism ¢; : S? — S? such that pjw, = wg. We can
use this symplectomorphism to pull back (52, wy, f, go) to (S2,wo, ©F f, i g0).
As symplectomorphisms leave unchanged my’s and vy’s, we can reinterpret
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Py

Figure 2: Two sphere with modified metric deforming the flow line from p;
to pg .

the above example as varying the Morse-Smale pair (¢} f, ¢} go) while keeping
fixed the closed-form 1) = wg on S2. It thus also represents an example where
the cone Morse bound b}f changes when the Morse-Smale pair (f, g) is varied.

Example 4.5. [Change in the cone Morse bound as the Riemannian
metric g varies.] We demonstrate here that the bound for b}f can jump just
by varying the metric. Let ¢ = wy the standard area form on S2. For the
standard round metric, gg, the moduli space M(in, p(j)t) of flow lines are just
the four quarters of the sphere. Suppose we modify this round metric within
a small neighborhood of a point that is on the flow line between p; and par
(the small circle on S? in Figure 2). In doing so, we can change the gradient
flow lines, so the new boundary is the red line above. As such that we remove
an area of € that is between the red flow line and the original black line. Thus
we subtract e from M(p5,pd) and add it to M(p;, pg)
(1) = () =G ) (@)
a, ag 1+e 1) \ag
In this case, the rank of c(wo)|co(s2,f) jumps to vg = 2 when € # 0. By (49),

this correspondingly decreases the bound on b;° for k = 1,2, by one, and
hence, gives an explicit example where the bound varies with the metric.

Remark 4.6. The cone cohomology dimension b}f depends only on the co-
homology class [¢)]. We have seen above how the cone Morse inequalities, can
explicitly depend on the Morse function f, the metric g and even the repre-
sentative form v in [1)]. We can improve the bound by varying ¢ and ¢ within
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the class [¢] to maximize vy = rank c(¢))|cx(ar,5). Changing the Morse func-
tion f could possibly change my, as well. In the above examples, the variations
considered improved the bounds but did not reach the actual value of b}f as
given in (46). If we have chosen to work with a perfect Morse function on 52,
then by Corollary 3.3, we would have obtained the expected b;f exactly.

Finally, we show on S? using the same non-perfect Morse function f =
22+ 2y% + 32? how we can bound the Betti number as in (45) (Corollary 1.4)
by considering different exact differential two-forms for .

Example 4.7. [Change in the bound of the Betti number from vary-
ing the exact two-form 1.] Let ¢ = da be an exact two-form on the sphere.

We evaluate
c()q = z; </M(T7q) da> r= z,; </8A/Wa> T.

We will use the notation where a gradient flow curve from p;" to p; is labelled

by ’y;;- ~ (and ’yi;Jr represents the flow curve from p;” to p;L) Explicitly, we have

IM(p3,p5) =731 +Y0 — Va1 — o
OIM(py,p5) =721+ =Y — Yo
OIM(P3,pg) =Y +70 — M1 — Yo
OM(py . py) =721 +70 — 21 — Mo -

Let us further denote by c3;” = fﬁf « and similarly for other line integral

over a. The c(da) map acting on af p + agpy € C°(S?, f) then takes the
following form.

+ N | +
<a2 > _ <021+ + C}ro+ —Cy — C10+ €1 tCp — C21+ - 01+0 ) <%>
) Cop tCg —Cy —C  Cy TCp —Cy —Cpp a
This ¢(do) matrix has the following determinant:

(car" — e +ear — ey ey — e +ep — el )
Note that the first factor is the line integral of o over a meridian and the
second factor the line integral of o over the equator. Thus, if we work with an
one-form « such that both factors are non-zero (such one-forms are abundant,
for instance, take a to be a positive one-form localized along 74,7 and +{;"),
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then vy = 2. From (45), we thus find b; < my —vg = 0, showing that the first
Betti number of the two-sphere must be zero.

Appendix A. Morse theory conventions and Leibniz rule

We describe here the conventions used to define the differential map 9 in the
Morse cochain complex and also the orientations of the submanifolds which
are integrated over in the ¢(¢)) map of (6). The main aim of this appendix is
to prove the following:

Lemma A.1 (Leibniz Rule on forms in Morse cohomology). Let 1) € Qf(M)
then

(51) de(¥) + (1) Fe(yh) 0 = —c(dip) .

This formula appeared in Austin-Braam [AB95] and Viterbo [Vit95]
though with ambiguous signs. To set our conventions and prove the Lemma,
we start with a brief background.

Let ¢; be the flow of the vector field —V f. For a critical point r € Crit(f),
the stable S, and unstable U, submanifolds are defined to be

ST:{xGM:tlLTO@(x):T}’ UT:{xEM:tEEIloo(bt(x):T}’

and the moduli spaces of gradient lines between two critical points, ¢,r €

Crit(f),

B — B Sy NU,
M(r,q) = SN U, , M(r,q) = {z ~y:¢(x) =y for some t € R}’

We define the orientation of the moduli spaces similar to that in Austin-
Braam [AB95, Section 2.2]. For an oriented manifold M, we first specify an
orientation for either the stable submanifolds, or equivalently, the unstable
ones. The orientation of one type determines the other by the relation

(52) [Se)[Ur] = [M].

The orientation of the moduli space is then just the orientation of the transver-
sal intersection which can be expressed as

(53) (M(r,q)] = [U][M][S] = [U:][U,] 7"
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We will also take as convention

(54) (M(r,q)] = [M(r,@)][V[].

In the special case when ind(r) = ind(q) + 1, M(r,q) is an oriented one-
dimensional submanifold of gradient flow lines and ./K/lv(r, q) is an oriented
collection of points. Also, recall that the Morse differential is defined by dq =
> n(r,q)r where

T

(55) n(r,q) = #M(r,q).

It follows from (54) that n(r, ¢) is equal to the number of gradient lines flowing
in the direction of V f minus the number flowing in the direction of —V f.

As an example of why (51) has the correct signs, we first prove the zero-
form case with ¢ = h, a function.

Corollary A.2. If h € C*(M), then —c(dh) = dc(h) — ¢(h)0.

Proof. Evaluating c¢(dh) by integrating over the gradient curves with orienta-
tion, we have

c(dh) g, = (/ dh) Tk+1
7;“ M(Tit1,qx)
= (n(rirr, ae) (hlrien) = Blar))) i
Tk+1
= h(rep)n(rrn, @) — > (kg ) (@) e
Tk+1 Tk+1

= c(h)0qr — Oc(h)qr = (c(h)0 — Oc(h))qx

where c(h)q, = (fm h)qx = h(qr)qr. Thus, having taken into account
our orientation convention, we find that —c(dh) = dc(h) — ¢(h)0. O

To prove (51) in general, we re-express the right-hand side by Stokes’
theorem

c(d)gr =Y (/ d¢> Thion = Y </ 1/)> Thitt1 -
Tlete41 M(Tr4e41,98) Pt t41 OM(Tre41,9x)

The relevant components of OM (7k4¢41, qx) for integrating ¢ consists of

{ U M(prese, ar) x M(Tkuﬂ,pku)} U { U Mrerers, presr) x Mv(karl:lIk)} :

Ph+L Pk+1
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This implies up to signs
(56)

c(dy)q

Tk+/+1 prre ? MPrtes Q) XM (Tt 04 1:Ph40) Prt1 /M(Tk+£+1vpk+1)><M(Pk+1,Qk)

= Z :tZ (/ ) (Th+e+1, Prote) :l:Zn(pk+1,qk)(/w> Thatil
M(Prte-ar) JM(rqo41:Pe41)

Thtt+1] Phk+e Ph+1

= +0c(y)qr £ ()

To fix the signs, we will proceed in two steps. First, we make a choice of
the orientation of the stable and unstable manifolds at the critical points
{Qs Pl+1, Ptis Tk+141 }- By (53), this determines the orientation of the various
moduli spaces that arise in the Stokes’ theorem calculation above. Then in
step two, we compare the orientation of the relevant boundary components,
M(pk%%) X M(riesri, Pest) and M (e, pree) X M(pria, gr), with the
orientation needed to satisfy Stokes’ theorem. The relative difference in the
orientations will determine the signs in (56).

£y / by w] Pese

Step 1: Computing the orientation of the moduli spaces.

By (53), the orientation of a moduli space M(r, q) can be determined by
the orientation of the unstable submanifolds U, and U,. Hence, we will write
below our choice for the orientation for the relevant unstable submanifolds
explicitly. (The orientation of the stable submanifolds of a critical point are
then fixed by (52).) Similar to [AB95, Section 2.2], we will express the orien-
tations in terms of orthonormal frame vectors grouped together by Clifford
multiplication.

Let e1,..., e, be an orthonormal set of frame vectors that are shared by
both Uy, and Urgroir- Let exi1, ... epprpr be the additional frame vectors in
Urpioin deﬁned such that they point in the direction away from g towards
Tk+i+1, i-€. in the direction of V f. Then, for py11, there is a vector Cinye s that
points along the gradient curve M(pg1,qx) from g to prs1, and for pgie,
there is a vector Cin s that points along the gradient curve M (74141, Pk+1)
from pgi¢ to Tp1e11. Note both €ipy and €i,, ., are defined to point in the
direction of V f. See Figure 3 below.

Our choice for the orientation of the relevant unstable submanifolds are

[qu]:ek...el, {Upkﬂ]:ek+g+1...€1/'p;;...ek...€17

[Upk+1] = eipk+1 CL...€1, {UTkJrul] = €Ck4f+1---€k-..€1.
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VaulrM(rk+l+1:pf+1)

Py
Pi+1 k+f+1

vf

vf 'T T vf
TeiPkH

€
Pk+1

x o 1/ Pic+¢

Vout» M (Pic+6» qic)

Figure 3: M(rg1e+1,qr) with orientations.

Then by (53), [M(r,q)] = [U.][U,]7!, we find the orientations of the
moduli spaces:

(57) [M (Tk+g+1, qk)] = (6k+g+1 e C . 61)(61 ce ek) = Ck44+1 - - - €k+1,

[(M(Drse, ar)] = (ks - €y, ook e1)(er . ex)

—

= Ck4l+1 - - eil’k+e v €yl

[(M(Thses1,Pr41)] = (et e en)(er- . exes,, )

—

% —k—1
= (—1) Ph+1 Chte+1 - Cipy o ChAL -

And by (54), we also have

(Mot prre)] = IM(Prrern pere) [V S

—

Chiti1---Ck...ce1)(€1... €. .. Cipyrp - - .ek+g+1)(eipk+[)

(
— (_1)k+£+1—ipk+[ ’
[

[(M(prs1, ar)] = [M(prs1, )] [V ]

= (Cin 8- er)(er - er) (e, ) = 1.
Hence, we find

(58)
[(M(prre, @) X M(Trrerr, Prre)] = (‘UHZH_Z“” Chkte+1 - - 67;7,:[ <o Crtl,
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(59)
[M(Tkte41, Prt1) X M(prs1, qr)] = (—1)1"’““_16_1 Ck+0+1 - - - 61'/19\ <o Gkl
k+1

Step 2: Orientation of the boundary components, M (pgte,qr) X

M(Tkse+15 Pre) and M(Tgsev1, Pr1) X M(pria, gx), as specified by Stokes’
theorem.

For a manifold V with boundary N, Stokes’ theorem holds only if the
orientation of the boundary 0N is chosen such that

(60) [Vout|[ON] = [N]

where v,y is the outward pointing normal on tl"f/boundary.
For the boundary component M (pg1¢, gx) X M(Tk++41, Pk+e), the outward
pointing normal at for instance pyi¢ can be expressed as (see Figure 3)

Yout M(prye,qe) — — Cippyy + E : AjCltj -
k+j7éipk+[

Therefore, the specified orientation from Stokes’ theorem (denoted with a
subscript ‘S”) is

IM(Prte: @) X M(Prtts1s Pite)]s = Lout Mipronge)] M (Trres1, @)

= (—ei,,k+z)(€k+z+1 cee €k:+1)

= (—:l)k—"_g_'—ip]“rZ Ch+t+1 - - - eTp_k: c e Chy1
(61) = —[M(Prre, i) X M(Tryer1, Prre)]

having used (57) in the first line and (58) in the last line.

Similarly, for the boundary component M (74 ¢11, Pri1) X M(pk+1, qx),
the outward pointing normal at for instance pyxy1 can be expressed as (see
Figure 3)

Vout, M(riqe1,pk41) — Cippy + § A5+t -
ki iy
This gives for the specified orientation from Stokes’ theorem

[M(rhser1,Pre1) X MPeit, )]s = Wout M(reserrpesn)] M (Trsest, i)

= (ez’,,k+l)(€k+£+1 e Cht1)

—

k4+0+1—1i
= (—1) Phtl €pyptq ... Cippyy + v Cht1
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(62) = (=1 M (rhyer1, por1) X M(prsr, ai)]

having used (57) in the first line and (59) in the last line.

Finally, with (61)-(62) and matching up with the corresponding terms in
(56), we have

c(d)gr = ) [— > </M(pk+hqk) ¢> N (Tte+1, Ph+e)

Tk+0+1 Pk+e

+ Z(—l)gn(pkﬂqu) (/ lﬁ) Tht0+1
M(Tkte41,Pk+1)

Pr+1

= —dc(¥)qr + (—1) e(¥))Oa

or equivalently, —c(dy)) = de() + (—1)F1e(1)0.

Appendix B. Cochain complexes of a chain map and their
relations

We here review some relations between cochain complexes that arise from a
chain map. For a reference, see [Wei94].

Let ¢ : (B,dg) — (A,da) be a degree ¢ chain map between two cochain
complexes,

da da da

d
) A An— 1 AP An+1

©) e Te e

d d d d
] B anéfl B anf B Bn7€+1 B o

that is, the map ¢ : B" — A" satisfy the chain map condition
(64) pdg=dap.

Associated to such a map are the following cochain complexes.

(1) The kernel complex (ker ¢, dg). This is a subcomplex of (B, dp) where
ker"p = kerop N B™. To see that dp : ker"p — ker" ™y, consider
an element b, € ker"g, ie. ¢b, = 0. By (64), we have ¢(dpb,) =

da(pbn) = 0; hence, dgb,, € ker" .
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(2) The image complex (im ¢, d4). This is a subcomplex of (A, d4) where
im"p = imp N A" Specifically, if a,, € im"¢p, then there exists an
bn_¢ € B¢ such that a, = @b, . Again, it follows directly from (64)

n+1
®.

3) The cokernel complex (coker ¢, d%). This is also a subcomplex of (A, da
A

that d4 : im™p — im

where coker"¢p = A" /im ¢ and d) = 7dy is the composition of d4 with
the quotient map 7 : A™ — coker . To denote elements of the cokernel
complex, we shall use a bracket, i.e. [a,]:= {an+pbn_¢|by_¢ € B} €
cokerp. Note that d7[a,] = [daay], and therefore, d7 d7 = 0.

(4) The (mapping) cone complex (Cone(y), d¢), the main focus of this pa-
per, involves both (B,dp) and (A, d4). Here,

Cone™(p) = A" @ B" 1, de = da ¢ .
0 —dg
with do : Cone™(¢) — Cone™ (). Note that the chain map relation
(64) ensures that dede = 0.

Each of the above cochain complexes results in a cohomology, denoted by
H"(ker @), H™(im ), H™(coker ), and H"(Cone(yp)), respectively. We are
interested in the relations amongst these cohomologies and also their relations
with H"(A) and H"(B). A first basic relation used throughout the paper
follows from the following short exact sequence of cochain complexes

0 —— (A", dy) LN (Cone™(p),d¢) SELEN (B —dp) —— 0

where the chain map ¢4 is the inclusion into the first component of Cone(yp)
and 7p is the projection of the second component. The short exact sequence
gives the long exact sequence
(65)

- H"Y(B) & H"(A) % H"(Cone(p)) =& H"Y(B) & H"(A) ---

which implies the following:

Lemma B.1. Given a degree ¢ chain map ¢ : (B,dg) — (A, da) between two
cochain complezes, the resulting cone cohomology has the following relation:

H"(Cone(yp)) = coker(p: H" Y(B) — HY(A))®ker(p: H*“*Y(B) — H"1(A)).
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To relate the other cohomologies, it is useful to introduce another cone
complex defined by the inclusion map ¢ : im™yp — A", which is a degree £ = 0
map. We shall denote this cone complex with a tilde:

n d L
__ AN s on+l o A
Cone (1) = A" & im" ¢, dc_<0 —dA>'

Of note, the cohomology of this complex, Hn<681_;3(b)) can be shown to be
isomorphic to H"(coker ¢).
Lemma B.2. The map m : C/o\/nen(L) — coker"y given by m <2> = Ta,

where w : A" — coker™y, induces an isomorphism on cohomology:

—_—~—

H"(Cone(t)) = H"(coker ) .

Proof. That the m; map is a chain map follows straightforwardly from the
definition. To prove the isomorphism, we will show that =1 : H "((/ngie(b)) —
H™(coker ¢) is bijective.

Let [a] € coker™p. To show surjectivity, assume [a] € H™(coker ¢), that is,
[a] is closed under d% = 7 d4, or equivalently, that the representative a € A"
satisfies

(66) daa+pb=0

for some b € B" ! Now let @ = @b. Then since dada = 0, (66) im-

plies daad = 0. Therefore, the pair (Z) is ds-closed, i.e. it is an element of

H ”(C/c;/ne(L)), and moreover, 7y : (g) — [a] as desired.

To show that 7 is also injective, let now [a] = md4[a’] representing the
trivial class in H"(coker ¢). This implies that a = daa’ + @b for some O €
B™*. But this also means,

a' dad + ol
o {d5 <¢b/>} -m ( idA sOﬁ/ ) = m(dad + @V') = [a].

Hence, m; maps trivial class to trivial class. O

Now applying Lemma B.1 to H ”(C/(;I;e(b)) and using Lemma B.2, we find
the following:



Mapping cone and Morse theory 151

Lemma B.3. For the cohomology of the cokernel complex, we have
H™(coker @)= coker(v: H™(im @) — H™(A))® ker(¢: H" ™ (im o) — H"1(A)),

where ¢ 1 im"p — A™ is the inclusion map.

Finally, we give a relation that links H(Cone(y)) with H(ker¢) and
H(coker ¢). At the cochain level, we can write down the following short exact
sequence of cochain complexes:

—~—"n

(67) 0 — (ket" T dg) 25 (Cone™(p),dc) 22 (Cone (¢),dz) =0
where the maps ¢t and @9 are defined by

1y : ker" "ty — Cone™(p). @9 : Cone™(p) — égn/en(L)

b — 0 “ — “
b b wb
The short exact sequence (67) implies the following long exact sequence of
cohomology:

LS H™ " (ker ) 22 H™(Cone(p)) 225 H"(é—o\;e(b)) 2 H" 2 (ker ) 25 ...

where the connecting homomorphism § can be obtained by standard diagram
chasing. Now using Lemma B.2 to replace H"(Cone(:)) by H"™(coker ¢), we
have derived the below long exact sequence.
Lemma B.4. Let ¢ : (B,dg) — (A,da) be a degree { chain map between
cochain complexes. Then there exists a connecting homomorphism &' such that
(68)

L8 H™ " (ker ) 22 H™(Cone(p)) =222 H™ (coker ¢) oy gt (ker p) 25 ...

is a long exact sequence.

Appendix C. Differential graded algebra for mapping cones
of differential forms

We can give a differential graded algebra structure for the mapping cone of
the map YA where ¢ € QY(M) is a d-closed form. Our description will differ
slightly depending on whether ¢ is even or odd.

Consider first the case when /¢ is even. A simple way to motivate the
algebra structure on Cone®(¢)) = Q*(M) ® Q*~“! is to introduce a formal
object, 6, that acts like a differential (¢ —1)-form with two defining properties:



152 David Clausen et al.

(i) d§ = +; (ii) 6 A @ = 0. Making use of 6, we can express Cone® () =
QF (M) @O AQF—1(M) which now has the same total degree grading on both
components. Moreover, the cone differential do can be interpreted simply as
an exterior derivative:

(69)
d(QF @ 0 A QP = (dOQF + o A Q) @ O A (—dQFTHT) = de Cone(v) .

We can thus treat Cone® (1)) formally as a differential form space and define
the product operation on cone forms by means of the standard wedge product:

Cone’ (1) x Cone* (1) : = (¥ & 0 A ) A (QF @0 A QF)
(70) = (VA DOA [ijfl/\ OF 4+ (—1)TQI A Qk—eﬂ] .

Clearly, this product satisfies the Leibniz rule, and hence, (Cone® (1)), d¢, X)
is a differential graded algebra that is dependent on .

Now, we consider the case when ¢ is odd. The above product formula (70)
does not generalize directly as 6 is now formally an even degree form. Requir-
ing 6 A 8 = 0 together with df = ¢ would imply an additional consistency
constraint of 2d( A 6) = 6 A ) = 0, which is unnatural if imposed on the
second component 6 A Q¥~¢F1 Instead, we can build in this additional con-
straint by considering a modified cone space. Of note, since v is a form of odd
degree, we have the property ¥ A = 0. It is therefore natural to consider the
quotient 7 : QF — QF/imky = coker® 1) and its associated chain complex
(coker® ¢, d™) where d™ = 7 d (see Appendix B) as it gives a more refined map
YA : coker® ) — QFH(M). This map results in the following cone complex:

=k ok k—0+1 (4 YA
(71) Cone (¢) = Q" & coker v, de = <O g )

Importantly, we can write &)\nek(@b) = QF @ O A (P51 where 0 is again
the formal (¢ — 1)-degree form with properties df = ¢ and 6 A § = 0. With
the presence of the quotient operator m on the right side of 6, the formerly
concerning condition 6 A ¢ A © = 0 becomes now 6 A (1) A Q) = 0 which
holds trivially. Moreover, the modified cone differential ds continues to act
as an exterior derivative,

(72)  d(QF @0 AT(Q ) = (dOF + 9 A Q) B 6 A m(dFEY)
——k
=dga Cone ().
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—k
Thus, Cone (¢) can still be treated as a single differential form space and we

define the product operation on (%;e.(w) similar to (70):

(73)
L k

Cone’ (1) x Cone (1):= (¥ AQF) @O AT (VT AQF 4 A QP01
Altogether, (C/o\ne.(ql)), dg, x) is a differential graded algebra for ¢, an odd
degree, d-closed form.
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