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ABSTRACT. We study SYZ mirror symmetry in the context of non-Kahler
Calabi-Yau manifolds. In particular, we study the six-dimensional Type II
supersymmetric SU(3) systems with Ramond-Ramond fluxes, and generalized
them to higher dimensions. We show that Fourier-Mukai transform provides
the mirror map between these Type ITA and Type IIB supersymmetric systems
in the semi-flat setting. This is concretely exhibited by nilmanifolds.

1. INTRODUCTION

The Strominger-Yau-Zaslow (SYZ) approach [SYZ96] to mirror symmetry has
brought many fruitful results in the past two decades. For a mirror pair of Calabi-
Yau manifolds (X, X ), it asserts that there exist special Lagrangian fibrations p :
X — Band i : X — B such that x~'({b}) and ~*({b}) are dual tori. As
a consequence, Lagrangian sections of u should correspond to holomorphic line
bundles on X, which explains the interchange between symplectic geometry of X
and complex geometry of X. Gross [Gro01] gave a verification of the above picture
in the topological level. The Gross-Siebert program [GS11] gave a sophisticated
algebraic formulation of the SYZ construction. Moreover, the SYZ program was
successfully carried out in various situations for Kéahler manifolds [LYZ00, [Leu05,
Aur(7, [CO06, [CLI10, FOOO10, [CLL12, [AAK].

This paper explores the SYZ approach for non-Kéhler Calabi-Yau manifolds. We
shall consider two classes of non-Kéahler Calabi-Yau geometries which we will call
Type IIA and Type IIB supersymmetric systems. In six dimensions, the systems
arise directly from the imposition of supersymmetry in Type ITA/IIB string the-
ory [GMPTO05, [Tom08, [TY]. The six-dimensional Type ITA system is a symplectic
manifold (X,w) with an almost complex structure induced from a complex decom-
posible three-form Q with d ReQ2 = 0 (instead of dQ2 = 0). Type IIB system is a
complex threefold X with a holomorphic volume form 2 and a balanced Hermitian
metric, whose associated (1, 1) form @ satisfies d (0?) = 0 (instead of d& = 0). We
also define and study their higher dimensional analogs. Here, we preserve on the
IIB side the balanced metric condition which has a number of desirable properties
[Mic82, [AB93| [AB95] [AB04]. The mirror dual condition on the symplectic IIA side
will be shown to require the introduction of a special real polarization.

Though there is now a fairly decent understanding of mirror symmetry in the
Kéhler situation, the mirror phenomenon for non-Kéhler Calabi-Yau geometries has
not been studied as much and is not well-understood. This motivates us to study
mirror symmetry in the presence of the so-called Ramond-Ramond (RR) flux using
SYZ transformation. The aim is to construct a duality between Type ITA and Type
IIB supersymmetric systems (and their higher dimensional analogs) by using SYZ
and Fourier-Mukai transform.
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Construction of non-Kéihler Calabi-Yau manifolds has been studied in several
recent works [Cal58, [STY02, [GP04, [GGP0S, Wu06l [FP10, [FLY12, [FP13]. The
survey by Fu [Ful(] gave an excellent introduction to this topic. In this paper
we focus on the semi-flat setting [LYZ00, [Leu05], namely we consider Lagrangian
fibrations away from singular fibers. We will see that interesting correspondences
between the Type ITA and IIB systems and their RR fluxes already appear in such
a simple setting. Iwasawa manifold and its higher-dimensional analogs serves as
important examples. The main theorem is:

Theorem 1.1 (See Theorem [5.1)). Under SYZ and Fourier-Mukai transform, a
semi-flat supersymmetric Type IIA SU(n) structure is transformed to a semi-flat
supersymmetric Type IIB SU(n) structure, and their fluxes also correspond to each
other by Fourier-Mukai transform.

The study of non-Kéahler Calabi-Yau geometries was largely motivated by string
theory (see, for example [Str86, BBDGO3, BBD™04]). In physical terms, the pres-
ence of fluxes in supersymmetric systems results in geometries that are generically
non-Kéhler. In Type ITA and IIB string theory, there are mainly two types of fluxes,
namely Ramond-Ramond (RR) flux and H-flux (which is also called NS-NS flux).
The settings of Type ITA and IIB supersymmetric systems in this paper follows the
form expressed in Tseng-Yau [TY], in which an RR flux is present. These are special
cases of the more general systems as given in Grana-Minasian-Petrini-Tomasiello
[GMPT05] and Tomasiello [Tom08] which include the H-flux and are expressed in
terms of generalized complex geometry [Hit03l [Guall] In this paper, we place our
focus on mirrors of balanced metrics and generalize the definition of Type ITA sys-
tems to higher dimensions, which does not involve the use of generalized geometry.

T-duality and SYZ in the setting of generalized Calabi-Yau manifolds were stud-
ied in [BEMO04, BHMO04, [EMTO05L [GSNO7, [CG10] where H-flux played the key role,
and also from the bispinor perspective which includes RR fluxes in [GMPTQT,
GMPWO09]. The emphasis of this paper is different: we study SYZ in the presence
of RR-flux and in particular focusing in on the balanced Hermitian metric condi-
tion on non-Kéhler manifolds, which also appears as part of the Strominger system
[Str86].
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2. THE SUPERSYMMETRIC SYSTEMS AND THEIR HIGHER-DIMENSIONAL ANALOGS
In this section we introduce Type ITA and IIB supersymmetric SU(n) systems,
which are the main objects of study in this paper.

Definition 2.1. Let X be a real manifold of dimension 2n. An SU(n) structure
on X is a pair (w, Q) of differential forms satisfying the following conditions:
(1) Q is a nowhere-vanishing decomposible complex-valued n-form on X such
that by defining
TOVX .= {v e TX ®C:1,Q =0}
and T X to be the complex conjugate of TV X | one has a splitting
TX®C=T19x TV x
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which induces an almost complex structure J on X. Then Q is an (n,0)
form with respect to this almost complex structure J. (Note that we do not
require d ) = 0 here.)

(2) w is a non-degenerate reaa (1,1)-form with respect to this complex structure
J such that w(-, J-) defines a Hermitian metric on X. (Note that we do not
require dw = 0 here.)

Since both (QAQ)/i™ and w™ are real nowhere-vanishing top-forms, we have

wTL

QAQ=i"F. . —
n!

for some nowhere-vanishing function F on X. F is called to be the conformal factor
of the SU(n) structure.

In other words an SU(n) structure is a pointwise Calabi-Yau structure without
imposing any integrability condition. Supersymmetry imposes integrability condi-
tions on SU(n) structures. In string theory one mostly focuses on n = 3.
Definition 2.2. An SU(3) structure (X,w, Q) is said to be supersymmetric of type
1IB if Q defines an honest complex structure and w defines a balanced metric, that
is, dQ2 =0 and d (w?) = 0.

Let F' be the conformal factor of the SU(3) structure. Define

pp = 2i00 (F*1 . w)
which is an ezact (2,2) form.

In conclusion, we have the following system of equations for a supersymmetric
SU(3) structure of type IIB:

(2.1) dQ =0,

(2.2) d(w?) =0,

(2.3) QAQ:—iF-%g,
(2.4) 2100 (F~'-w) = pp.

When w is symplectic (that is dw = 0) and F is constant, (X,w, ) is Calabi-Yau,
and the flux pp is zero. In such case the corresponding metric has SU(3) holonomy.

Definition 2.3. An SU(3) structure (X,w, ) is said to be supersymmetric of Type
1A if dw =0 and dRe Q2 = 0.
Let F be the conformal factor of the SU(3) structure. We define

pa=dd*(F-TmQ)
which is an exact three-form. Here
d* =dA - Ad
is the symplectic adjoint operator, where A is the adjoint of the Lefschetz operator

L=wA().

IMore generally we should include B-field here, and w can be complex-valued. Such a com-
plexification is necessary for making the mirror map to be an isomorphism. This paper focuses
on RR flux and we omit it for simplicity.
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Thus the Type ITA supersymmetric SU(3) structure satisfies the following system
of equations:

(2.5) dw =0,
(2.6) d(ReQ) =0,

3
(2.7) Q/\Q:—iF-%,
(2.8) dd™(F-TmQ) = pa.

When d2 = 0 and F' is constant, €2 defines an honest complex structure and X is
Calabi-Yau; the flux py4 is zero.

Type IIB supersymmetric structures have a natural generalization to all dimen-
sions:

Definition 2.4. An SU(n) structure (X, w, ) is said to be supersymmetric of type
1IB if Q) defines an honest complex structure and w defines a balanced metric, that
is, dQ =0 and d (w"1) = 0.

Nilmanifolds introduced in Section [7] serve as examples of such systems.

However, generalizing Type ITA supersymmetric SU(n) structure to all dimen-
sions is not as obvious as it appears. The naive definition, which is to require
dRe2 = 0 as in dimension three, does not match with SYZ transformation. It
turns out that choosing a special real polarization is important in the definition of
Type ITA supersymmetric structure in higher dimensions.

A complex structure automatically comes with a complex polarization, which is
the splitting

TX®C=T"0x o TOVX.

This gives rise to the notion of (p, ¢) forms. On the other hand, given a symplectic
structure, it does not automatically come with a real polarization, and we have to
fix one in order to define Type ITA supersymmetric structure in higher dimensions.

Definition 2.5. Let X be a real 2n-fold and w a non-degenerate two-form. A real
polarization with respect to w is an integrable Lagrangian distribution {A, C T, X :
x € U} over an open dense subset U C X. (Lagrangian means that w|a, = 0 for
alzelU.)

Let (X,w,Q) be an SU(n) structure. A real polarization (U,A) is said to be
special with respect to Q of phase 0 € R/277Z if Q|a, € Rsg-e'? for allxz € U.

Note that the symbol A appearing in d* refers to the adjoint of the Lefzchetz
operator. We will also use A to denote a real polarization. It should be clear from
the context which meaning we refer to.

Given a real polarization on (X, w), the metric on X induces a splitting TU =

A @ At. We have K
o= o
ptg=n
where forms in Qg)’Q)A are defined over U and consist of p A-directions and ¢ A*-

A
direct{i\ons7 and the corresponding projection operators 74¢ : Q7 — Qg’q) . Let
QP9" be the space of differential forms on X whose restriction to U belongs to
Q(m)A

vl
Then define a generalization of Definition [2.3] as follows:
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Definition 2.6. Let (X,w, Q) be an SU(n) structure with a special real polarization
(U,N). (X,w,Q) is said to be supersymmetric of Type IIA if

(1) dw=0.

(2) d (@} Q) = 0.

(3) d(my" " Qly) =0.
Definition 2.7. Let F' be the conformal factor of an SU(n) structure (X,w,Q). If
(X,w,Q) is supersymmetric of Type IIA (with respect to a special real polarization
(U,A)), define

pa=—idd*(F - (73" Qly + 70" - Qly)).
If (X, w, Q) is supersymmetric of Type IIB, define
pp = 2i00 (F_l ~w) .
Definition B26] reduces to Definition B3] when n = 3:

Proposition 2.8. Let (X,w,Q) be an SU(3) structure with a special real polariza-
tion (U,A) of phase zero or m. Then d (ReQ2) = 0 if and only if d(wi’o Q) =
d(my* - Q) = 0.

Proof. Since U is an open dense subset of X, d (Re2) = 0if and only if d (Re Q|y) =
0. For xg € U, let (01,02, 605,71,72,73) be local coordinates around x such that each
leaf of A is given by (r1,7r2,73) = (c1,c2,c3) for some constants ¢;’s. Then {2 can
be written as

Q= f(0,r) (db1 +iv1) A(dOz +i1p2) A(dbs + i)

where 1¢; = J - d#8; are one-forms and f(0,r) is complex-valued. Since (U, A) is
special of phase zero or 7, Q|a, = f(0,r)-d ;1 Ad bz Ad b5 is real-valued, and hence
f(8,r) is real-valued. Then

ReQ:f(H,r)-(dﬁl /\d92/\d03—del/\’(/JQ/\’@/J;g—’(ﬁl/\deg/\’(ﬁg—il)l/\wg/\de;g)
- 0oty 0

It follows that d (Re2) = 0 if and only if d (ﬂi’o ‘Qy)=d (77/1\’2 -Qly) =0. O

Note also when n = 3, ImQ = —i (wi’l -+ Tr?\’3 - Q). Therefore, to conclude, a
Type ITA supersymmetric SU(n) system satisfies
(2.9) dw =0,
(2.10) AP’ @m™ - Q) =0,
(2.11) Q/\Q:fi"F~%7;,
(2.12) —iddMF- (7 Q4™ Q)) = pa.
A Type IIB supersymmetric SU(n) system satisfies
(2.13) dQ =0,
(2.14) dw" 1) =0,
(2.15) Q/\Q:fiF~°:l—T,
(2.16) 2100 (F~'-w) = pp.
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3. SYZ TRANSFORMATION

The SYZ transform we use in this paper follows from [LYZ00, Leu05]. In this
section we briefly review the setting and definitions which will be used in the rest
of the paper.

Let (X,w) be a symplectic manifold and 7 : X — B a Lagrangian torus bundle.
By Arnold-Liouville’s action-angle coordinates [Arn91l Section 50], for each p € B
there exists open subset U C B containing p, action coordinates r1,...,r, of U and
symplectomorphism (771(U),w) = (T*U/A*,wean), where A* is a lattice bundle
generated by dry,...,dr,. The corresponding fiber coordinates of T*U are denoted
as 6;’s, and sow =Y 1", d6; Adr;.

The dual torus bundle is defined as the set of all fiberwise flat U(1)-connections:

X :={(r,V):r € B,V isaflat U(1) connection over F,}

where F, denotes the fiber of 7 at r. The torus bundle map 7 : X — B is given by
forgetting the fiberwise flat U(1) connections V.

X is endowed with a canonical complex structure. Locally for each p € B, there
exists open subset U C B containing p and a biholomorphism 7~ 1(U) = TU/A,
where A C TU is the lattice bundle generated by 6%1’ ceey %, and r;’s are the
action coordinates mentioned before. The corresponding fiber coordinates of TU
are denoted as 6,’s, and so complex coordinates of X can be taken to be ¢ :=
exp(éz- +ir;) or z; := 0, +ir; fori=1,...,n.

The transition between any two local action-coordinate systems of B belongs to
GL(n,Z)xR"™, and so B is endowed with a tropical affine structure. We assume that
the action coordinate systems can be chosen such that all the transitions belong to
SL(n,Z) x R™. In such a situation X has a holomorphic volume form Q, which is
locally written as

Q=dzn A...Adz, = (d0; +idr))A...A(db, +idr,).

(X,w) and (X, Q) are said to form a semi-flat mirror pair. The semi-flat A-branes
on X are mirror to semi-flat B-branes on X under Fourier-Mukai transform. The
readers are referred to [LYZ00] for details.

In this paper, we mostly focus on Fourier-Mukai transform of differential forms,
which will be discussed in the next section. We will consider a semi-flat real (1,1)
form & on X, which is given by

]
where >, - p1;5(r)dr;dr; defines a Riemannian metric on B (that is, ;5 is symmet-
ric on 4, j and positive definite). We will impose the balanced condition d &"~1 = 0
instead of the Kéhler condition dw = 0, and consider its mirror structure by ap-
plying the Fourier-Mukai transform.

4. FOURIER-MUKAI TRANSFORM OF DIFFERENTIAL FORMS

Let (X,w) and (X, Q) be a semi-flat mirror pair of real dimension 2n as in Section
Bl In this section we introduce Fourier-Mukai transform for differential forms on
X and X. We will restrict the construction to T-invariant differential forms, while
keeping in mind that Fourier-Mukai transform can also be done for general differ-
ential forms, which is an important tool for quantum corrections [CLI0, [CLLI12]|.
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Fourier-Mukai transform of differential forms was used to study SYZ mirror symme-
try without flux in [Leu05l [CL10} [CLL12, [CLM11]. There is an important subtlety
in the treatment here, namely we take a switch from the complex to the real po-
larization (Definition along with the transform. A new result in this section is
a direct relation between the Doubealt operators (0,9) on X and the differentials
(d,d”*) on X.

Let Q%(X ,C) denote the space of complex-valued k-forms on X which depend
only on base, that is, ¢ € Q%(X,C) is locally written as

¢ = Z au(r)d&l/\.../\d@p/\drﬁ/\.../\drjq
I=(i1,...,ip)
J:(jlv"'7jq)
ptg=k
where (11,...,7n,01,...,60,) is an action-angle coordinate system of X, and ay;(r)’s

are complex-valued functions on B. Such a ¢ is also said to be T-invariant, where
T denotes a torus fiber of X — B.

Definition 4.1. A semi-flat (supersymmetric) SU(n) structure is a (supersymmet-
ric) SU(n) structure (X, w, Q) such that X has a Lagrangian torus bundle structure
X — B and w,Q € Q5(X,C).

Similar}y, let Q%’j](X ) denote the space of (p, ¢)-forms on X which depend only
on base. ¢ € Q%7(X) is locally of the form

(;B: Z a[J(T)dZil/\.../\dZip/\del/\.../\deq.

I=(%1,...,ip)
J=(J1,--s ]q)

The above expression of ¢ is written in terms of complex polarization. We can
switch to real polarization by the following definition:

Definition 4.2 (Polarization switch operator). The polarization switch operator P
on Q5 (X) is defined by sending

b= Z arg(r)dz, A...ANdz, Adzy Ao Adz,
I:(ih...,ip)
J:(jli“~7jq)

to

P-d= > ar(r)dly, A...AdO, Adrj, A Adry,
I=(i1,..\ip)
J:(jlv“-?jq)

Now we define Fourier-Mukai transform of differential forms on X and X, which
gives an isomorphism

k

ab(x,0) = @ (" (X))

p=0
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Consider the following commutative diagram:

XXBX

where 7 : X — B and 7 : X — B are dual torus bundle maps given in the semi-flat
setting, and the fiber product X xp X is defined using these bundle maps. We
have the universal connection on X xp X, which is d + iéid 0, —i0;d éi in terms
of semi-flat local coordinates. The curvature of the universal connection is

F:2iidéi/\d9i.

i=1

Definition 4.3 (Fourier-Mukai transform). Let & be a T-invariant differential form
on X. The Fourier transform of ¢ is defined as

v F
FT- ¢ :=m, ((ﬁ*(P - @) Aexp 21)
where the push-forward m, induced by w : X — B is defined by integration along
torus fibers.

Similarly for a T-invariant differential form ¢ on X, its Fourier transform is
defined as

FT-¢:=P ' (7?* ((77*¢) A exp _21F>> .

By carefully keeping track of the sign in the transform, we see that applying
Fourier-Mukai transform two times is simply identity up to a sign only dependent
on the dimension.

Proposition 4.4.

n(n—1)
2

FToFT = (1)

where n = dim B.

Proof. Tt suffices to consider the basic elements dz; Adz; = dz; A... Adz, A
dzj, A...Adzj,. Switching to real polarization gives do; Adry = déil AN
déip Adrj A...Adrj,. Multiplication by

n

exp(Zdéi/\dGi>Z(1)p(p2_l) Y dfxndéx

p=0 K={i1,...,ip}

gives

(=1

(n—p)(n—p—1) (n—p)(n—p—1)
2 2

dfreAdOrendGiAd Ty = (1) (=1)P =P d G Ad O, Ad O Ad Ty
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where I¢:={1,...,n} — I and p = |I|. Then integrating along the fiber directions
0;’s gives

(=1)

Thus we have

(n=p)(n—p—1) (n—p)(n—p—1
2 2

(=1)PPlsign(1¢, I)d e Ad ry = (—1) )Sign(l,lc)d OreNdry.

(n—p)(n—p—1
2

(4.1) FT-(dzr Adzy) = (—1) *sign(I,1°)d 0pe Adry.

Now we take Fourier transform again. Multiplying d 8;cAd 7 by exp (— > d 0; Nd 9,»)
gives gives

p(p

(—1)P(=1) "= d,AdO;Ad O Ad Ty = (—1)P(—1)

p(p—1)
2

(—1)npd O;Nd OreNd é[/\d rJ.

Integrating along the fiber directions 6;’s gives

(~17(-1)

Switching the real polarization back to complex polarization, we have

p(p—1)
2

(—1)"Psign(I, 1¢)d 0y Adry.

p(p—1)
2

FT(dOrc Adry) = (=1)P(-1) (=1)"Psign(I,I¢)d zr AdZ5.

Hence FT o FT(d z; Adzy) equals to

(=1 (=D7(=1)

n(n—1)

(=1 -dzp Adzy=(=1)" = dzrAdzy.

(n—p)(n—p—1) p(p—1)
2 2

O

In the theorem below we see that d on Q% (X, C) is transformed to d on Q% (X, C),
and d® on Q%(X,C) is transformed to @ on Q%5 (X,C). We recall that d* :=
d o A — A od which decreases the degree by one, where A is the dual Lefschetz
operator. To our knowledge the theorem has not appeared in previous literature.

Theorem 4.5. Fourier-Mukai transform gives an isomorphism

(Q*B(X, C), (_12)” d, (_;)ni dA> ~ (Q5(X,C),0,9)

as double complexes.

Proof. Let ¢ = ¢ ydzr Adz; where I and J are multi-indices. By assuming ¢y ;
is skew-symmetric on I and J, the expression is independent of the orderings of I
and J. We need to prove that

FTod- ¢ = (_;)ni

-doFT-¢
and
FTod ¢ = % -d2oFT - ¢.
Consider the first equation. By Equation , Fourier transform of ¢ is

(n—p)(n—p—1)
2

(4.2) FT ¢ = (—1) *sign(I, 19)¢; sd 07 Adr;

where I¢ = {1,...,n} — I. Note that the above expression is independent of the
orderings of I¢ and J.
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Let p := |I|. We have
FTod- ¢=FT- (12(8i¢],1)dzi/\d21 /\dZJ)
i (n=p)(n=p=1)
= — —1 - 2
S(-1)
i (n=p)(n=p=1)
= — —1 - 2
S(-1)

Comparing with Equation we see that FT 0 - ¢ = (71)”% -d oFT - ¢.
To prove the second equation, let’s recall that d* =d o A — A od, where

sign([, IC)(ai(ﬁ[,J)(—l)pde]c Adr; Adry

sign([, IC)(c’)iqu,J)(—l)"dri A d@[c A d’I“J.

A= tr10,¢

i=1

for w=7%",d6; Adr;. We remark that more generally for w =", j wijdx; Aday,

1 C1nij
A¢:5;(” N bty 6.

Writing K = I° — {i}, we have

—i —
FTod ¢ =FT- (226i¢1,‘;dzi/\dz[/\dzj>
iele
—i
= —(-1

2( )

EEERE N (i, 1K) (0idr,) A0k Ad .
IS
On the other hand, let’s compute d c Ao FT-¢ and Aod o FT - ¢.

(n—p)(n—p—

doFT-¢=(—1)" 5" sign(I,19 > (9ipr.s) dri Adbre Adry.
igJ
Again the above expression is independent of orderings of I¢ and J. Since A =
> trsbe;, taking 1€ = (4, K) and J = (j, L), we have

(n—p)(n—p—1) | c
> sign(1,1°9) > (9ipr.) (—d bk Adry)
j=igJ
jere
sign(1,1°) Y (9igr.g)dry A((—=1)" P Ok Adry).
igJ
J#
jernJg
To compute d o Ao FT - ¢ (again taking I° = (5, K) and J = (j, L)), we have

sign(1,19) > ¢r(—1)" P Ok Adry,
jerenJ

Aod oFT ¢ =(-1)

(n—p)(n—p—1)
2

+(=1)

(n—p)(n—p—1)
2

AoFT-¢=(-1)

and hence

(n—p—2)(n—p—1)

doAoFT-¢=(-1)" 2 = sign(I,I) Y  djérsdr;AdbxAdry
i=jelenJ

sign(I,IC) Z 8¢¢I7Jdri/\(—1)"_p_1d9K/\er.
igJ

i#£]
jereng

(n—p)(n—p—1)
2

+(-1)
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We see that the second terms of Aod oFT - ¢ and d o Ao FT - ¢ are equal. Thus
dAoFT - 10} :(—1) (7L7P72)2(n7p71)sign(l, Ic) Z aj(ﬁ]’J d?"j ANdOg Adrg

jelenJ
— (1) sign(1,19) Y (Gid.g) (—d bk Adry)
igJ
jerc
=(—1)" TN sign(1,I%)(0ir,s) d6x Adry

iele

(n—p—2)(n—p—1)
2

=(=1)""1(=1) > " sign(i, I, K)(9;¢1,5) dOx Adry

iele

i

—(=1)" (2) T (99).

5. SYZ BETWEEN TYPE-A AND TYPE-B SUPERSYMMETRIC SYSTEMS

Let (X,w) and (X, ) be a semi-flat mirror pair as described in Section (X,w)
has the required real polarization A given by the given Lagrangian torus bundle
(where A, is the tangent space of the torus fiber at € X). The purpose of this
section is to prove Theorem namely Fourier-Mukai transform introduced in
Section {4 gives a symmetry between Type-A and Type-B supersymmetric SU(n)
structures.

Theorem 5.1 (Detailed version of Theorem . Let w be a torus-invariant real
(1,1)-form on X and Q the Fourier-Mukai transform of €.

(1) (X,w,Q) forms an SU(n) structure if and only if (X,w, Q) forms an SU(n)
structure. For such a pair the conformal factor F of (X,w, Q) is related to
the conformal factor F of (X,w,Q) by F = 22"F~1,

(2) (X,w,Q) is supersymmetric of Type-A if and only if (X,o,Q) is supersym-
metric of Type-B.

(3) Let pa be the Type-A RR flux of (X,w, ). Then its Fourier-Mukai trans-
form equals to the Type-B RR fluz pp of (X, &, Q) up to a constant multiple.

Proof. Let (61,...,0n,71,...,7) be local semi-flat coordinates. The (1,1) form @
can be written as

. —
W= §Zjuij(r)dzi/\d2j

= Z,U,”(T)dé1 /\d?"j + 15 Z(M” - N]z)(dél /\dé] +d7’2 /\d’f’j)
.7 1<j

Since w is real, p;; = t;; are real-valued. Defining the one-forms
i 1= Z ,u”d ’I”j
J
on B, @ can also be written as

@:Zdéi/\ui.
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Changing to real polarization,
P - exp(20) = exp Z i (r r)d 6; A dr;

Then
(5.1)

Q=FT exp(20) = 7, - exp (—Zdéi /\d9i> A exp Z,u” d0 Adr;

= T, - exp <—Zdéi/\(d9i—|—iui)>

n(n 1) .
Q) defines a complex structure J on X by

J-db; = —pi, J - pi =do;

if and only if the one-forms p; for ¢ = 1,...,n are linearly independent, which is
equivalent to the condition that w is non-degenerate.
Moreover

w—ZdG Adr = Z"’“” ”ﬂ('* quﬂmAm
1

has no (2,0) and (0,2) components because u;i is symmetric in ¢, j, where p~" is

the inverse matrix of y;; and n; := d6; + ip,; are (1,0)-forms with respect to €.
Thus w is a real (1,1) form with respect to J.
Finally

(w,J) is Hermitian < p;; is positive definite
& (1), is positive definite < (@, J) is Hermitian.

This proves (X,®, ) forms an SU(n) structure if and only if (X,w, Q) forms an
SU(n) structure.
Recall that the conformal factor F for (X,w, ) is defined by
QAQ=im.F.- 2
n!
and similarly for the conformal factor F' of (X,®, ). By direct computations, we
have »
22n 2n(_1)7n("2 )
F det(pij)
Now we consider the supersymmetry conditions. dw = 0 and d (WX’O “Qly)=0
are automatic. It suffices to prove that d (7™~ -Q|y) = 0 if and only if d&w™ ! = 0.
The k-th summand of

F=

"L (2P - @)k
> EEE
k=0

has k torus-fiber directions (df) and k base directions (dr). After Fourier-Mukai
transform it has n — k torus-fiber directions (d @) and k base directions (dr). Thus

P -exp2w =
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wx_k’k -Q is the Fourier-Mukai transform of (20)* /(k)! (up to a constant multiple).
By Theorem d is transformed to & (up to a constant multiple). Thus d (7" "
Q) = 0 if and only if (0"~ !) = 0. Since @ is real, I(w" 1) = d(w"~!). Thus
d(my™ "' - Q) =0 if and only if dw™~! = 0.
Now consider the fluxes of the supersymmetric systems, which are defined by
pa=—idd F - (ry M- Q4" Q)
pp=2100 (F'- ).

From above wZﬁLl - is the Fourier-Mukai transform of 20, and F = 22" F~1,
The component 77’" -§2 is the transform of W™, which contributes zero to pg. More-
over by Theorem , % -d is transformed to 9 and % -d* is transformed
to 0. It follows that the Fourier transform of p4 is 22"+2pp. O

6. DEFORMATION THEORY

Since Type ITA and IIB supersymmetric SU(n) systems correspond to each other
under the SYZ mirror transform, their deformations should also correspond to each
other. The following cohomologies are keys to study their deformations:

Definition 6.1 ([BC65, [Aep65]). Let X be a complexr manifold. The Bott-Chern
cohomology of X is defined as
_ Ker(d) nQre(X)
T Im(9d) N Qra(X)
Definition 6.2 ([TY12al [TY12Dh]). Let X be a symplectic manifold. The Tseng-
Yau symplectic cohomology of X is defined as
Ker(d +d*) N QF(X)
Im(dd4) N QF(X)

Hy% (X)

Hg-;—dA(X) =

Indeed we have a more refined version for a given real polarization (U, A) on X.

Definition 6.3. Let X be a symplectic manifold with a real polarization (U, A).
Define
) Ker(d 4+ d*) nQ®9*(X)
(X) = A

Im(dd4) N Q@ (X)
where we recall that Q(”"J)A(X) consists of forms whose restrictions to U consist of
p A-directions and ¢ A*-directions.

(p,q
Hd +d A

In the semi-flat setting given in Section [d] we also have the torus-invariant coun-
terparts

. Ker(d)nQ3Y(X)

6.1 HEY o (X) = — -
(6.1) 5p-c.(X) Im(09) N Q5(X)
and
A
A Ker(d +d%) n %9 (x
(6.2) HPD (X) = )09~ (X))

Im(ddA) NP9 (x)

For a Type IIB supersymmetric SU(3) system (X,w, ), suppose that w, for
t € (—¢,€) is a deformation of the balanced metric w (meaning w;—¢ = w) such that
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(X, wy, Q) is still a Type IIB supersymmetric SU(3) system, with a fixed conformal
factor F' and fixed type-B flux pp. As argued in [TY] Section 2.1], the first order
deformation §(w?) = 2|,—ow? belongs to Hy¢, (X) N L - PH(X), where P11(X)
denotes the space of primitive (1, 1) classes and £ denotes the Lefschetz action wA-.
It easily generalizes to all dimensions:

Proposition 6.4. Let (X,w;, Q) fort € (—e,€) be a one-parameter family of Type
IIB supersymmetric SU(n) systems with a fixed conformal factor. Then the infini-
tesimal deformation %’tzo (w1t represent a class in

ch%n 1( ) AL 2 /Pll( )B.C.-

Proof. The balanced condition d (w]"~*) = 0 implies that d gt ‘t o wf_l) =0, and

hence %|t:0 (wp™t) represents a class in Hp "' (X). Taking 8t|

~n
nF'wt
n!

KDH

QA
where F' is the conformal factor, we have w™ 1 A < A |t oWt = 0, and hence % |t:0 We
is a primitive (1,1) form. Thus ﬁ‘t:o (it = (n — 1w 2A %‘t:() (w¢) belongs
to L"2. Pl’l(X)B‘C‘. O

Remark 6.5. Indeed as in [TY] we can say more: if we also fix the Type-B flux of
(X,wy, Q), then the infinitesimal deformation %‘t:o (w1 is actually harmonic
with respect to the Bott-Chern cohomology.

Now consider a Type ITA supersymmetric SU(n) system (X,w, Q). Its defor-
mation theory is more tricky than the n = 3 case because it depends on a real
polarization.

Proposition 6.6. Let (X,w, ;) be a one-parameter family of Type IIA supersym-
metric SU(n) systems with a fized special real polarization (U, A) on X and a fized

conformal factor. Then w}\’”71 . (%’t:o Q) {U represents a class in

D N 0) N [y et )

where Q=11 denotes the space of (n — 1,1) forms (with respect to the almost
complez structure induced from Q = Qg ).

Proof. & |t o2 only has (n,0) and (n — 1,1) components. Taking z; |t _o on
WA, =in P - where F is the conformal factor, we have (% ’t:O Qt)/\Q =0, and
hence z; |t oS has no (n, 0) component, and hence belongs to Q"1 (X). By the

condition d (7 L=l “Q¢|y) = 0, we have d ( Ln—1 (%’tzo Qt)) = 0. Moreover ),
is a primitive form as wA{2; = 0, and hence 7;

A 0 _ 1n—1 9
s - E}t:o Q= 0. Thus 7y ot |t:0

| +—o % 1s also primitive. In particular
O|u defines a class in H(gl!; Al) v). O

From Section [5] we see that SYZ and Fourier-Mukai transform gives the mirror
map from the Type ITA moduli space to the Type IIB moduli space of the mirror.
Indeed the above cohomologies are also mirror to each other by Fourier-Mukai
transform:
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Theorem 6.7. Let (X,w) — B be a Lagrangian torus bundle and (X,Q) be its
mirror. Fourier-Mukai transform gives an isomorphism

n—p, A ~Y 5 v
HI(B,dig)f‘ (X’ C) = Hg?B.c.(X)

where A is the real polarization on X induced from the bundle structure.

Proof. Fourier-Mukai transform maps a T-invariant (p, ¢) form on X to a T-invariant
form on X with (n — p) fiber directions and ¢ base directions. By Theorem [4.5

9 and @ on X correspond to d and d® on X respectively under Fourier-Mukai
transform. Hence d, 00 on X correspond to d +d? and dd? on X respectively.
By Equation and , statement follows. ([

7. NILMANIFOLDS

We describe an important example of a mirror pair of non-Kéhler supersymmet-
ric Type-A and Type-B systems constructed from nilmanifolds. We first describe
the three-dimensional case, and extend the discussion to all dimensions.

7.1. Three dimensional case. The three-dimensional real Iwasawa manifold B
is given by the quotient of the Heisenberg group, which consists of matrices of the
form

1 T1 T3
0 1 ry |,ri,re,m3€R,
0 0 1

by the discrete subgroup I' consisting of matrices of the same form with ry, 79,73
being integers.
Explicitly T' acts on the Heisenberg group by affine transformations: for

1 a c
=01 b | el
0 01
we have
1 1 0 0 1 a
~ r9 = 0 1 0 T9 + b
r3 0 a 1 T3 c

Thus B is an affine manifold.

Now consider X = T*B/A* and X = TB/A. X has a canonical complex
structure, and its complex coordinates are given by (; = 0; +ir;,i=1,2,3. It has
a holomorphic volume form

Q=dGAdGAdG.

X has a canonical symplectic form w = Zle do; ANdr;.
Take the Hermitian two-form

=5 (AGAAG+dGAAG +(dG—r1dG) A G —1d ()
= (d6h Adry+dbzs Adry+ (A3 —ridb2) A (drs — ridrs))
on X. Notice that d@ # 0 while d@? = 0 by direct computation. Moreover,
0 =d0; Adri AdbBy Adra Adbs Adrs
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which is a constant multiple of O A Q. Thus (X , W0, Q) forms a type IIB supersym-
metric system with a constant conformal factor.
The type-B flux is

pp = 21000 ~dry Adf; Adra Adbs

up to some constant multiple. pp is the Poincaré dual of the complex manifold
defined by 1 = ry = 61 = 0, = 0, which can also be written as TC/(CNA) for
C:{T‘1:7‘2=0}CB.

Now take the Fourier-Mukai transform of e?*. Write

W= 15 (A AdG +dGA (A —rdls+rid) +d A (dG —md(G)).
Switching polarization (Equation (£.2)) gives
PO = 15 (dél Adry+dls A(dry — ridrs 4+ r2dry) 4+ dfs A (drs —ridry)).
Then
e20eX=1 dOind s —exp(dfy A (dBy +idr) 4+ dby A (dby +i(dry — ridrs + r2dry))
+df3 A (db3 +i(drs —ridra))).
Thus the Fourier-Mukai transform is
Q= (d0; +idr) A(dOy +i(dry —ridrs +ridry)) A (dfs +i(drs — ridry))
= (df; +idri) A((dbs 4+ r1db3) +idre) A(dbs +i(drs —ridrs))
on X. It is easy to verify that d (ReQ) = 0 and Q A Q equals to w® up to a
constant multiple. Thus (X,w, Q) is a Type ITA supersymmetric SU(n) system

with a constant conformal factor.
The type-A flux is

pa=ddM(ImQ) ~dry Adry Adbs

up to a constant multiple. p4 is the Poincaré dual of the Lagrangian submanifold
defined by r1 = ro = 63 = 0, which can also be written as the conormal bundle
N*C/(C N A*), where C = {r; =, = 0} C B is as defined above. Note that the
type-A flux p4 of X and type-B flux pp of the mirror X correspond to each other
by Fourier-Mukai transform.

7.2. General dimension. We may extend the above example to general dimen-
sions to construct type II-A and type II-B supersymmetric SU(n) systems which
are mirror to each other. Consider the vector space V of upper unitriangular ma-
trices (rij)szl, that is, 7;; =0 for ¢ > jand r;; = 1 forall i =1,..., K. Then we
consider the lattice I' of upper unitriangular matrices (aij)fszl with integer entries,
aj; =0fori>janda;; =1foralli=1,..., K. I' acts on V by left multiplication,
and the real Iwasawa manifold B is the quotient V/I". Explicitly a = (a;j)i<; € T
acts on 7 = (ri;)i<; € V by a-r =1, where
k—1
Tik = Tik + Z Qi5T ik + ik

j=i+1
for all i < k. In particular when k = i + 1, 7{,;,; = i1 + @i 41 for all i =
1,...,K—-1.
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B is an affine manifold. We have the following global one-forms which will be
useful to construct the non-Kéahler geometries:

Proposition 7.1. Define inductively over k —i € N the following one forms on V:

k—1
Cik — dTik — Z Tij€jk
j=i+1
and e; ;41 :=dri;41 foralli=1,..., K —1. These one forms are invariant under
the action of T' and hence descend to be global one-forms on B =V/T.

Proof. We prove by induction over k —i € N. For k —i =1, since a = (a;;)i<; €T

acts by mapping Tii41 8O 7401 + Q4 441, it follows that €iitl = dri,i+1 is invariant

under I'. Now consider
k—1

€ = drg — E Tij€jk
j=it1

which is sent to

(drix + aiit1drigie + ..o+ i p—1drg—1x)

k-1
= Y (g Gigariong o agoarion + aig)e
j=it1
k1
=ik + | @iiprdripie+ . Faiko1dreoie — Y (@iiparipng oo oo+ ai)es
j=itl

under the action, because by inductive assumption ej; is invariant for all j =

i+1,...,k—1. Consider the second term in the last expression:
k—1
aiit1dripie + .+ app—1drE—1 8 — E (@ijit1Tiv1,j + oo+ @igo1Tj—1,5 + aij)ejk
j=i+1
k—1 Jj—1
= ajjdrjg — | aij + g ayryy | €k
j=i+1 =141
k—1 k—1 j—1
=Y ay > raew—{ Y aary | e
j=i+1 I=j+1 I=i+1
k=1 k-1 k-1 j—1
= E E QijTj1elk — E E a31T15€5k
j=i+1i=j+1 j=itli=it+1
=0

where we have used the equality

k—1

drjr —ejr = E i€k
I=j+1

by definition of e;;. Thus e;, is invariant under the action. O
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Now consider X = TB/A, which is automatically a complex manifold. Suppose
0;; are the fiber coordinates of T'B corresponding to the coordinates 7;; on B for
i < j. Then 6;; transforms in the similar way under the action of a = (a;;)i<; € I":

k—1
Gék = Gik + Z aiﬂjk.
j=i+1
The global one-forms on B in Proposition pulls back to be global one-forms on

X. We also have the following global one-forms on X:

k—1
fir = d Oy — Z Tij fik

j=it1

defined inductively on k — i € N as in the definition of e;;’s.
The holomorphic volume form on X is defined as

0= /\ dzij
i<j

where z;; = 6;; +1ir;;. It automatically satisfies Equation (2.13). (We fix an order,
say dictionary order for {(¢,7) : ¢ < j}, to define the wedge product in the above

expression.) Take
w = Z €ij N\ fij
i<j

Proposition 7.2. w is a Hermitian (1,1)-form on X. Moreover, 2 A Q) equals to
w" up to some constant multiple, that is, the conformal factor is a constant.

Proof. Since

/\ eij = /\dT‘ij

1<j i<j

and
N\ Fi = [\ 48,
1<j 1<j

it easily follows that QAQ equals to w™ up to some constant multiple. In particular,
w is non-degenerate.

To see that w is a (1,1)-form, it suffices to prove that e;; A fur + ex A fij is
a (1,1)-form, and we will prove it using induction on (j — 4, — k). This is true
when j —4¢ =1 —k = 1 since in such a case e;; = dry; and fi; = dfy, and
dri; ANd Oy +dri +d6;; is a (1,1)-form. Now consider

eij A fri +en A fij

j—1 -1
= d?“ij— E Tip€pj | N dby — E ’I“kqfql
p=i+1 a=k+1
-1 Jj—1

+ [ dry — Z Tkpepl | N deij— Z Tiqqu

p=k+1 q=i+1
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We already know that dr;j A d6g + dry Ad6;; is a (1,1)-form. Moreover,

-1 -1
dry; A g Trqfqr | + E Trpepl | Adb;;
q=k+1 p=k+1
and
j—1 j—1
drg A E Tl'qqu + E Tip€pj | N d O
q=1i+1 p=i+1

are (1, 1)-forms, because they are linear combinations of d 7., Ad 0.g+drcg Ad Ogp’s.
Finally by inductive assumption, ep; A fq + €q A fp;’s are also (1,1)-forms for
j—p<j—il—qg<l—k.

To prove that w is a Hermitian form, it suffices to see that w( 321’ 86ij) > 0 for

all i < j. Consider

d—1 d—1
ecd N fed = (d Ted — Z rcpepd) A <d Ocqa — Z chfqd) .

p=c+1 q=c+1

Note that (eij/\fij)(ai 9_) = 1, and all other terms of the form (ecd/\fcd)(ai 9_)

rij? 00ij ri; 0 0055
contribute by squares of a function in r4;’s which are non-negative. Thus w is a
Hermitian form. O

Thus Equation ([2.11)) is satisfied with the conformal factor f being a constant.
We will need the following lemma for the behavior of e;; and f;; upon differen-
tiation:

Lemma 7.3.

7j—1
deij = — E €ik N\ €k;

k=it1
and
j—1
dfij = — Z eik N frj
k=i+1
foralli < j.

Proof. We prove by induction on j —¢ € N. When j —i =1, de;; = d f;; = 0.
Recall that

j—1
eij = dT‘ij — E melj.
l=i+1
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Upon differentiation,

Jj—1 j—1
deij = — E dry A ey — E Tipd €pj

I=i+1 p=i+1
Jj—1 Jj—1 Jj—1

= — E dry Aey + E Tip E epl N ey
l=it+1 p=it+1 I=p+1
j—1 j—1 1-1

= — E dry A ey + E E Tipepl N\ €15
l=i+1 l=it+1p=itl
7j—1

=- E e N ey
l=i+1

where the second line follows from inductive assumption applied on d e,; for j —p <
j — 4. Similarly,

j—1
fig = A0 = > rafi.
l=i+1
Upon differentiation,
j—1 j—1
dfiy ==Y draAfii— Y ripdfy
l=i+1 p=i+1
Jj—1 j—1 j—1
= — Z dril/\flj+ Z Tip Z 6pl/\flj
I=i+1 p=i+1 I=p+1
j—1 j—1 1-1
= — Z dry /\flj + Z Z Tipepl N\ flj
l=i+1 l=i+1p=i+1
j—1
=- Z e N\ fiz
l=i+1
This proves the required formulas. ([l
We have
Proposition 7.4.
dw" =0
but
dWw"™) #0

wheren = K(K —1)/2 is the (complex) dimension of X. Thus w defines a balanced
metric on X.

Proof.
dw= deij VAN fij — €45 /\dfij

j—1 j—1
=— Z eik Newj N fij — Z eij Neg N fij.

k=i+1 l=i+1
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All terms in the above expression are linearly independent. Since each term of w™ 2
contains all but two pairs of (€., fix), w2 A (eix Aej A fij) must be zero since the
index sets {i, k}, {k, j}, {i,j} are pairwise distinct. Similarly w™ ?A(e;; AeqAfi;) =
0. Thus
dw"™H=m-1Dw"2Adw=0.

On the other hand, each term of w™~3 contains all but three pairs of (€., fix)-
Thus for each e;;, A egj A fij, there exists a unique term in w™ 3 such that their
product is non-zero. This also holds for e;; A ey A fi;. Thus

dw"?)=mn-2)w" 3 Adw #£0.
(]

Thus we see that Equation (2.14)) is satisfied. The flux source pp is 2i 90w, which
is a closed four-form. Then we obtain a Type-B supersymmetric SU(n) structure
(up to a constant multiple in the first equation):

QAQ=w",
dw" 1 =0,

2i 00w = pp,
dQ=0.

The mirror of this system is a Type-A supersymmetric SU(n) structure defined
on the dual torus bundle X = T*B/A*. Let 61,....0, be the fiber coordinates on
T*B corresponding to the coordinates r1,...,7, on B. Then r1,...,7n,01,...,0,
descends to be local coordinates on X. X is equipped with a canonical symplectic
form

w=d0; Adry +...+db, Adr,.
We have the global one-forms e;; for 7 < j on B defined inductively by Equation
(71)), which are pulled back to be global one-forms on X. Also recall the global one-

forms f;; defined on X for ¢ < j. The dual basis { fij ;1 < j} gives global one-forms
on X. The explicit expressions of ﬁjs are given by the following proposition:

Proposition 7.5. Define f]—k inductively on 7 € N by

j—1
(7.1) fir =0 +> i far
i=1
and fix = dbyy, for all k = 1,...,K. Then we have (fij ) fab) = 04051, that is,
{fij i< j} is a dual basis to {fi; :i < j}.
Proof. We prove by induction on j € N. For j =1, flk = d#;). Thus

b—1

(fis fav) = (d01x, dbap) — Z Tac (A01k s feb)

c=a-+1
= 0140k

since fe is a linear combinations of d @, for p > ¢ > 1.
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In general

j—1
(Firs fab) = (A0jk, far) + ZTij (fik s fav)

i=1
5 b—1 . 7j—1 5
= (db;x, dba) — Z Tac (A sk, fob) + Zh‘j (fik» fab) -
c=a+1 =1

When (j,k) = (a,b), the first term is 1; the second term is zero because fg
contains no d f;; term; the third term is zero since i < j = a. Thus (fjk , fjk) =1.

Now consider the case (j,k) # (a,b). The first term is always zero. If b # k,
the second term is zero automatically because f., only consists of terms d 6, and
the third term is also zero by induction hypothesis on fir, i < j. When b = k, we
further divides into two cases: j < a and j > a. When j < a, the second and third
terms are zero because only dfp, with p > a > j appear in fo, and fu,. When
j > a, the second term equals to —7,; and by induction hypothesis on fir for i < j
the third term equals to r4;, and hence they cancel each other. This finishes the
proof by induction. ([l

Using these global one-forms, the complex volume form on X is defined as
Q= A (fix+ieu)
i<k
where again we fix the dictionary order on {(j,k) : j < k} to define the above
product. It is then a direct verification that (X, o, ) satisfies the following system
(up to a constant multiple in the first equation)

QAQ =",
n,0 1,n—1 3\
d((my” @my™ ) - Q) =0,
—idd® - (- QA" Q) = pa,
dw =0.
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