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Prime numbers and Diophantine equations 
By Cynthia Northrup 

 
1. Warm-‐up	  
	  

 a. Given a 3 gallon jug and a 5 gallon jug (without any markings), is it 
possible to get exactly 1 gallon of water from a well?  If so, how?  If not, why not? 
 
 
 
 
 
 
 
 b. In how many ways can a debt of $69 be paid using only $5 and $2 
bills? 

	  
	  
	  
	  
	  
	  

2. Diophantine	  equations	  
	  
For each of the following exercises, find as many integer solutions as you can. 
 a.  3 +5△=1 
 
 
 
 
 
 
 
 b. 4☐+6△=10 
 
 
 



 
 c. 4☐+6△=7 
 
 
 
 
 
Observations: 
We notice that if a+b=c, with a and b even numbers, then c must be __________. 
 
 d. Are there any solutions to 5☐+10△=11? 
 
 
 
 
 
 
Observations: 
 
 e. If 6☐+12△=k, what can be said about the number k? 
 
 
 
 
 
 
 f. If 30☐+25△=m, what can be said about the number m? 
 
 
 
 
 
 
Make your own theorem: 
 
 If ? is ____________, then 30☐+?△=20 has no solutions. 
 
 
 
 
 
 
 
	  



3. Prime	  Numbers	  
 
Definition:  A natural number larger than 1 is called prime if its only divisors are 
1 and itself. 
 
Examples of prime numbers:  2, 3, 5, 7, ... 
 
a. Can you name the next 5 prime numbers? 
 
 
b. What is the largest prime number you know? 
 
 
c. How many prime numbers have been found? 
 
 
d. How many prime numbers are there? 
 
 
 
Try out the Sieve of Eratosthenes: 
 

	  



	  
Unique Factorization Theorem: 
Every positive integer other than 1 can be factored into prime factors in exactly 
one way (except possibly for the order of the factors). 
 
Example: 140 = 14·10 = 2·7·2·5 = 22·5·7 
 
 
 
4. Factor each of the following numbers into a product of their prime factors. 
 a. 60 
 
 
 
 
 b. 7280 
 
 
 
 
 c. 107 
 
 
 
 
 d. 48944 
 
 
 
 
 e. 7900200 
 
 
 
Theorem:  There are infinitely many prime numbers. 
 
Why? 
 
 
 
 
 
 
 



Types of Primes: 
 
A Mersenne prime is a prime number of the form 2n-1.  The Great Internet 
Mersenne Prime Search is a computer program that uses the computing power 
of thousands of volunteers to search for prime numbers.  The largest known 
prime number is 243,112,609-1.  It has 12,978,189 digits and was found in January 
of 2013. 
 
 How many Mersenne primes do you know?   
 
  
 
 
 
 
 Is every number of the form 2n-1 prime? 
 
 
 
 
 
 
 What if we require p to be prime, is 2p-1 always prime? 
 
 
 
 
 
 
 
 If n>2 is even, then 2n-1 is never prime.  Why? 
 
 
 
 
 
 
 
 What about 2n-1 for n a multiple of 3? 

	  


