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ABSTRACT. We study the multi-dimensional operator (Hyw)n = >2|,,_p =1 um + f(T"(2))un,

where T is the shift of the torus T¢. When d = 2, we show the spectrum of H is almost surely
purely continuous for a.e. a and generic continuous potentials. When d > 3, the same result holds
for frequencies under an explicit arithmetic criterion. We also show that general multi-dimensional
operators with measurable potentials do not have eigenvalue for generic a.

1. INTRODUCTION

In this note, we are interested in quasiperiodic Schrédinger operators acting on 12(Z4) as follows

[m—n|=1

where f : T¢ - R, T"z = (z1+n1a1, ..., Ta+ngq), |m| = Z?=1 |m;|. We refer to f as the potential,
a € (']T\Q)d as the frequency and € T¢ as the phase. It is known that the spectral types of H, are
almost surely independent of x. By the well known RAGE theorem, different spectral types lead to
different long-time behaviour of the solutions to time-dependent Schrodinger equations. Thus one
is naturally interested in finding the way to identify the spectral types of a given operator. In this
note we will show that for multi-dimensional operators, purely continuous spectrum is a genericﬂ
phenomenon.

In the one-dimensional case, d = 1, a very useful criterion to exclude point spectrum, due to Gor-
don [3], states that if the potential can be approximated in a reasonably fast sense by periodic ones,
then the operator does not have point spectrum. Following this idea, Boshernitzan and Damanik
showed that given any «, for a generic continuous potential, H, has empty point spectrum for a.e.
2 [1]. In the first part of this note, we generalize this result to multi-dimensional case. When d = 2,
we show this result holds for an explicit full measure set of «, when d > 3, we show this result is
true under an explicit arithmetic criterion for a.. It is interesting whether this result holds for a.e.
« in the d > 3 case.

In the second part of this note, we explore the generic phenomenon in the frequency space.
According to Simon’s Wonderland Theorem [6], dense continuous spectrum for a large class of
metric spaces of operators implies generic continuous spectrum. Fixing a continuous potential,
since convergence in frequency implies operator convergence in the strong resolvent sense. Thus, by
Wonderland Theorem, generic continuous spectrum follows from continuous spectrum for rational
frequencies. However discontinuous potentials do not fall into the criterion of Wonderland’ Theorem.
It was recently observed by Gordon [4] that when d = 1E|, one can prove continuous spectrum for
generic frequency even for measurable potentials. In this note we generalize this result to multi-
dimensional operators.

IIn this note, generic means dense Gj.
2The author actually dealt with one-dimensional operator but with multi-dimensional frequency.
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A key ingredient that enables us to deal with multi-dimensional operators is a criterion recently
discovered by Gordon and Nemirovski [5].
Our results for generic continuous potentials are as follows

Theorem 1.1. When d = 2, if (a1, a2) are not both of bounded type, then for generic continuous
potentials f, H, has no point spectrum for a.e. x € T?.

The proof of Theorem [I.T]relies on the following result about general multi-dimensional operators.
Let ||z||r = dist (z, Z).

Theorem 1.2. Suppose there exists an infinite sequence Q = {7(") = (71("), e ,Tén))} such that

(n) .. _(m)
(1.2) lim L Td
n—o00 Tz(n)

HTi(n)aiHT =0 for any i=1,...,d.

Then for generic continuous potentials f, H, has no point spectrum for a.e. x € T%.

Remark 1.1. For d = 2, (1.2)) holds if and only if (a1, a3) are not both of bounded type (see definition
, see Lemma in section |4l However for d > 3, (|1.2]) only holds for Lebesgue measure zero set
of frequencies due to a simple argument by Borel-Cantelli lemma, see section [6]

Our result for measurable potentials is as follows.

Theorem 1.3. Let the potential f be a measurable function. For generic a € T, H, has empty
point spectrum for a.e. x.

Remark 1.2. This theorem could be easily generalized to the case of arbitrary (not necessarily equal
to d) number of frequencies.

We organize this note as follows: section 2 serves as a preparation for our proofs of Theorems
1.2l I3 in sections 3 and 5. The proof of Theorem [I.I] will be discussed in section 4. In section 6
we show the simple argument by Borel-Cantelli lemma that we mentioned in Remark [T.1}

2. PRELIMINARIES

For a Borel set U C R, we let |U| be its Lebesgue measure. For x € R, let ||z|p« = dist (x, Z%).
For a measurable function f, let || f|loc = {inf M > 0: |f(x)] < M for a.e.x} be the Ly, norm.

2.1. Some facts from measure theory. Let f be a measurable function on T¢. It is known that
f(- +y) converges to f(-) in measure as T¢ 3> y — 0. We set

(2.1) Fly,e) = {z € T: |f(x + ) — f(z)| > €.
Then we have the following fact
Proposition 2.1. For any € > 0 and any n > 0, there is k(e,n) > 0 such that if
(2:2) lyllza < K(e,m)
then we have |F(y,€)| < 7.
We will also set
(2.3) B(M) = {z € T |f(z)| > M}
Clearly, |[E(M)| — 0 as M — oo.
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2.2. Continued fraction approximants. Let {2} be continued fraction approximants of o. The
following properties of continued fractions will be used later. First,

Pnt+1 = AnPn + Pn—1
2.4
(24) {Qn+1 = angn + gn-1
Secondly, for any 1 < k < ¢, — 1, we have
(2.5) lgnallr < [kl

Thirdly, we have

(2.6)
Definition 2.1. « is said to be of bounded type if there exists C' > 0 such that a,, < C for any
n € N.

Remark 2.1. Tt is well known that bounded type « form a Lebesgue measure zero set.

If « is of bounded type, by (2.4), (2.5) and (2.6]), we have for some C' > 0,

1
(2.7 [ka|lr > r for any k> 1.

2.3. A key ingredient from [5]. We have combined Theorems 3.1 and 5.1 from [5] into the
following form, which is more convenient for us to use in this note.

Theorem 2.2. Let V be a complez-valued function on Z2. Suppose there exists v > § > 0 and an
infinite set P C N satisfying

limpsr ooy =00, 1 =1,-++ ,d,
such that there is a (11, -+ ,7q)-periodic function V,(-) satisfying the property that for some Ao > 0,
pr < (2d — 14 M, + Xg)~ a7 7a,
where
O o B, O VIR M B O

Then the equation Hu = Au with any |\| < Ao does not have non-trivial 1?(Z%) solutions.

3. PROOF OF THEOREM
For any 1 > 6 > 0, let I',, = (2d+5)Hd ™. Take v > 1. For z,y € R% let x vy =

Jj=1"y
(xlylv "'7xdyd)-
Proof. For any k € N, take nj such that
Loy _(n) 1 ,
(3.1) Tn:)HTZ Mot < W for i=1,...,d.

i
By Rokhlin-Halmos Lemma (see Theorem 1 on p.242 in [2]), there exists a set O,, such that
{On, +j* a}yj.<kr,, are disjoint and
1 -2 k1
(2L, +1)%
We further partition O,,, into sets Sy, ;, 1 <[ <s,, such that
1

(3.2) diam (S, ;) < T

On, | >
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Choose compact set Ky, ; C Sy, such that

Sny

1—27Fk
3.3 K, e

For 0 < m; < Ti("") —1,i=1,...,d, we define

Uny tym = U Kpi+mxa+ix7™) «a.

i | <KD, /70

Then by (3.1]) and (3.2)), we have

W+ 1
(3.4) diam (U, 1.m) < 2Vd+1

3 for any [, m above.

Set
F,, ={f €C(T%: fis constant on each Uy, m},

and let F,,, be the o~ 23 D neighborhood of F,, in C(T¢). Note that by 1) and the fact that
continuous function on T? is uniformly continuous, we have for each t € N,

U 7
k>t
is open and dense subset of C(T%). Thus
F=NUFu
t>1k>t
is a dense G4 subset of C(T?).
If f € F, then f € F5, for a subsequence {7} of {ny}. For k > 4d — 1 + 2| f||o, let

T, = U (Kﬁk,l—i—j*a).
1<i<sqy,llillec <(B=1)Tq,
Then by (3.3),
2k —2)';, +1

(3.5) Toil = (555 . W1 -2 >1-27% as k — oo,
Mg
and for any = € T, , we have
(3.6) max 1f(z+ 57 ) xa) — f(z)| < k™25 T < (4d — 1+ 2||fllo) ™ 2 Dk

. . (i)
JEZA,|§i|<Tqy /7, F

By Borel-Cantelli lemma, a.e. = € T¢ belongs to infinitely many T, , thus Theorem implies that
for any |A| < 2d+ || f]lo, the equation H,u = Au has no (?(Z) non-trivial solution. Absence of point
spectrum then follows from the fact the norm of H, is < 2d + || f|lo- O

4. PROOF OF THEOREM [[.T]
Theorem follows from a quick combination of Theorem and the following Lemma.
Lemma 4.1. When d = 2, holds if and only if (a1, aa) are not both of bounded type.

Proof.



The “if”’ direction. Let {pm} be continued fraction approximants of «;, i = 1,2. By (2 , it
an

suffices to prove the following lemma.

Lemma 4.2. For any € > 0, there exists m,n € N such that
(2) (1)

(4.1) max(ql, qL) <e.
@
n+1 qm+1
¢@ g
We will argue by contradiction. Assume that for some €y > 0, we have max (22—, 2—) > ¢, for

n+1 m41
any (m,n) € N2. Fix any n € N, choose m such that

Then by our assumption, we have % q<1> > €g, thus
n+1

dn
60(]7(1421 (2) < —

This immediately implies qﬁ}_?_l < éq&l) for any n € N, which means «; is of bounded type. Similarly,
0

we could show «y is also of bounded type, which is a contradiction. O

The “only if” direction. We will again argue by contradiction. Assume (aq, @) are both of
bounded type and that there exists Q = {7(™ = (r{™ 7{™)} such that

(42) 77l = 0,
™ aglr — 0.

However, by (2.7]), we have for some C > 0,
(n)

c
n)||71(n)0¢1H1r > %,
(")

||7'2 042HT> (n) )

which obviously can not converge to 0 at the same time, contradicting (4.2]). O

5. PROOF OF THEOREM [L.3]

We need to divide into two different cases: Case 1. ||f|loc = 00 or Case 2. ||f]loo < 00. Here we
provide a detailed proof of Case I and discuss briefly about Case 2 at the end of this section.
Case 1. Let {61}1 | be the standard basis for R, For a number M > 0, let E(M) be defined as

in {- For 7 = (71,...74) € N¢ let M, = inf{M : E(M) < (11 ---74)" d} Let x be defined as in
(2.2). The following lemma ylelds Theorem directly.

Lemma 5.1. Suppose there exists an infinite sequence Q with limgs, o0 7; — 00 for i =1,..,d.
Then if the frequencies satisfy

(5.1) (rr, ..., Tgag) ||pa < w(M7RHNTETa (2 oop )72

for some v > 0 and any T € Q, the operator H, has no point spectrum for a.e. x € T<.
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Proof. Forany 7 € Q. Let XT = F(jx7*a, (|ji|+-- |jd|)MT_(2d+7)”'””) and j) = e; x j. One
could check directly by trigonometric inequality that

d
[flotjxrxa) = f@I <D 1@+ G0+ 4D xrwa) = flat+ (D + 45T xrxa)],
i=1

where we set j() 4 ... + j(=1 = 0 when i = 1. Thus

(5.2) XT CF(jW w7 xa, |ji| My @m0 g 0Dy s rwa
Since |le; *Txal|pa < ||7xallpa < w(M7 P (4 70)72), again by trigonometric inequality,
we have
(5.3) PG %7k g MG T < | ()
Hence, putting (5.2)) and (5.3)) together, we have
373

Let Y ={x e T?: |f(z+jx7*a)| > M,} = E(M;) — j 7 % a , obviously,
(5.5) Y7 = |E(M:)].

For any % > 6 > 0, let I = {j € Z% : |j;| < (2d + 0)71 -+~ 7a/7; for i = 1,2,--- ,d}. We denote

Z7 = (Ur, X]) U (U, Yy). Combining (5.4), (5.5), we get

|j1| + \jd\ |IT|
5.6 ZT<E + —0as @357 — o0.
(5.6) | |_j61 (11 ---74)2 (Tl"‘Td)d

By Borel-Cantelli lemma, for a.e. x € T%, there is an infinite sequence {7},ep, such that x ¢ Z7 for
any 7 € P,. Define a 7-periodic potential by setting f-(z + n* a) = f(z + m * «), where n; = m;
(mod 7;) with 0 < mj; < 7; — 1. Then since x ¢ Z7, we have

5.7 max (x4 n*xa)— flz+n*xa)|l < M*(2d+w)n--~rd’
57 ||n\|oog(2d+5)ﬁ.,.Td|f ( ) — f( )| -

where M, > max | <(2d+6)7 -.-rq |f (z+nxa)|. Note that since || |l = 00, we have limp, 57 00 My =
oo. Together with (5.7) this implies that for any Ag > 0, for 7 € P, large, we have

5.8 max (z+nxa)— fle+nxa)l < (2d—1+ M.+ A —(2d+3)717a
(5.8) \Inl\m§(2d+5)ﬁ'~7’d|f ( ) = J( )< ( 0)
By Theorem [2.2] H, has no point spectrum. (I

Case 2. Note that when || f]|s < 00, one could choose M = || f||o so that E(M) = 0. Then one
can prove Lemma with (5.1)) replaced by

(5.9) (1o, ooy Tatq) e < K((4d — 14 2M)~CdHNTTa (7 p )72,



6. ARITHMETIC CONDITION FOR d > 2
Lemma 6.1. For any € > 0, let
(6.1) A, ={aeT?: _maxd(

mi,...
Lo i=1,...

mi---Mgq
P inyalls) < e}

) (2

€ _ 15 €
Then A® = limsup A7, ... has Lebesque measure zero.

This Lemma clearly implies that when d > 3, a’s such that (1.2]) holds form a Lebesgue measure
zero set.

Proof. Clearly, |A5, ~,..1= % Thus
1
€ _ d d
(6.2) S UIAL, =4 —1)! < oo for d>3.
m; EN meN
By Borel-Cantelli lemma, |A¢| = 0. O
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