ARITHMETIC VERSION OF ANDERSON LOCALIZATION
VIA REDUCIBILITY

LINGRUI GE AND JIANGONG YOU

ABSTRACT. The arithmetic version of Anderson localization (AL), i.e.,
AL with explicit arithmetic description on both the localization frequen-
cy and the localization phase, was first given by Jitomirskaya [27] for
the almost Mathieu operators (AMO). Later, the result was general-
ized by Bourgain and Jitomirskaya [14] to a class of one dimensional
quasi-periodic long-range operators. In this paper, we propose a novel
approach based on an arithmetic version of Aubry duality and quanti-
tative reducibility. Our method enables us to prove the same result for
the class of quasi-periodic long-range operators in all dimensions, which
includes [14, 27] as special cases.

1. INTRODUCTION

In this paper, we consider the quasi-periodic long-range operator on £2(Z%):

(1.1) (Lv,a,0u)n = Z Vieln—i + 2 cos 27(0 4+ (n,a))u,, né€ ze,
kezd

where V(z) = > 1cza V(k)e2 itkr) ¢ o7(T4 R) (r = 0,1,--- ,00,w), 8 € T
is called the phase and o € T is called the frequency.

Operator (1.1) has received a lot of attentions [0, 9, 13, 14, 17, 22, 28]
since the 1980s. On one hand, the spectral properties of operator (1.1) have
close relation to that of its Aubry dual

(1.2) (Hyagt)n = Unt1 + Un—1 + V(x + na)u,, neZ.

For partial references, one may consult [5—8, 14, 22, 23, 28, 36]. On the other
hand, operator (1.1) itself contains several popular quasi-periodic models.
If we take V(z) = Z?Zl 2A" ! cos 2mx;, (1.1) is reduced to quasi-periodic
Schrédinger operator on ¢2(Z%):

(1.3) Hy a0 =A+2Xcos2m(0 + (n, a))0p,

where A is the usual Laplacian on Z? lattice. If d = 1, operator (1.3) is the
famous almost Mathieu operator (AMO).

Anderson localization (pure point spectrum with exponentially decaying
eigenfunctions) for quasi-periodic operators has been widely studied over
the past sixty years. We give a brief review here. As one can see, both
the operators (1.1) and (1.2) are a family of operators parameterized by
two parameters, (a,6) in (1.1) and (o, ) in (1.2), when V is fixed. When
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d = 1, Frohlich-Spencer-Wittwer [21] and Sinai [37] proved that Hyy, . has
Anderson localization for a.e. x and large enough A if V' is cosine-like and « is
Diophantine *. Eliasson [20] proved that if V is a Gevrey function satisfying
non-degenerate conditions, for any fized Diophantine o, H)y,, has pure
point spectrum for a.e.  and large enough A. Bourgain and Goldstein [1 1]
proved that, in the positive Lyapunov exponent regime, for any fized x,
Hyw,q,» has AL for a.e. Diophantine « provided that V' is a non-constant

real analytic function. Bourgain and Jitomirskaya [13] generalized the result
in [11] to certain band models. Klein [33] generalized the results in [ 1] to
more general Gevrey potentials.

We would like to remark that [20, 21, 37] gave an arithmetic description on
the localization frequency «, but they didn’t have an arithmetic description
on the localization phase 6, in contrast, [11, 13, 33] proved localization for

fixed phase 6, but there is no arithmetic description on the localization fre-
quency a. Thus, for any fixed (a, ), it is not clear whether Hyyw o . has AL.
The breakthrough belongs to Jitomirskaya [27] who proved that for any fized
Diophantine frequency and any fized Diophantine phase?, the almost Math-
ieu operator has AL if |A\| > 1. Recently, such arithmetic description on the
frequency and the phase was explored even in a sharp way [29, 30]. Namely,
for Diophantine phase, there is a sharp spectral transition in frequency [29].
For Diophantine frequency, there is a sharp spectral transition in phase [30].
For more general quasi-periodic long-range operators (1.1), Bourgain and
Jitomirskaya [11] generalized the methods in [27] and proved that for any
fized Diophantine frequency and fired Diophantine phase, L)y ¢ has AL for
small A and real analytic V. For more such kinds of results, one may con-
sult [0] e.t.c. The localization results which have arithmetic descriptions on
both the frequency and the phase, are called arithmetic version of Anderson
localization.

We emphasize that all the above localization results are restricted to one
dimensional quasi-periodic operators. If the dimension d > 1, one meets
essential difficulties and AL results are quite few. When d = 2, Bourgain,
Goldstein and Schlag [12] proved that for any fized 6, H) o ¢ has AL for suffi-
ciently large A and a positive Lebesgue measure set of a. As a matter of fac-
t, we point out that Bourgain-Godstein-Schlag’s result [12] is for (1.3) with

Lo e T is called Diophantine, denoted by a € DCq4(k,7), if there exist k > 0 and

7 > d — 1 such that
(1.4) DCq(k,T) := {a eT?: i_I€1£|<n,a) —J > #, Vne Zd\{O}} )
J

Let DCq := U, DCa(x, 7).
29 ¢ T is called Diophantine, denoted by a € DCq(k, T), if there exist x > 0 and
7 > d — 1 such that

(1.5) DCu(k,T) = {96T:ir€1£|<n,a)—29—j|> VneZd}.
j

R
(In[+ D)7
Let © := U, .o DCa(x, 7).
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more general potentials V(n1,n2) = v(01 +niaq, 02 +n2as), where v is a real
analytic function on T? which is non-constant on any horizontal or vertical
line. Later, Bourgain [10] generalized the result [12] to the case when d > 3.
Recently, the results in [10] have been largely extended by Jitomirskaya-Liu-
Shi [31] to general analytic k-frequency quasi-periodic operators on Z? for
arbitrary k,d. Inspired by pioneer work of Frohlich-Spencer-Wittwer [21]
and Sinai [37], Chulaevsky-Dinaburg [17] proved essentially the same result
as that in [10] for higher dimensional quasi-periodic long-range operator

L)y = > Vitnoge + AW (0 + (n,0))un, n € Z7,
kezd

with cosine-like potentials W, i.e., for any fixed phase 6, the operator has AL
for positive measure « if the coupling constant A is sufficiently large. Finally,
Bourgain [9] obtained the same result for the operator L if V and W are
real analytic and A is sufficiently large. We emphasize that all the above
higher dimensional AL results are for fixed phase and a positive measure set
of frequency (depending on the phase). These results are weaker than those
in the one dimensional case where one can prove AL for fixed phase and a
full measure set of frequency (again, not uniform for all 6).

Recently, a new approach for proving Anderson localization based on
Aubry duality and reducibility was given by Avila,You and Zhou [7], Jito-
mirskaya and Kachkovskiy [28] which leads to stronger conclusions. Firstly,
this method doesn’t care about the dimension and the regularity of the
potential since reducibility holds for multi-frequency cocycles [18, 19, 22,

] and low regularity cocycles [15, 16]. Based on this, Jitomirskaya and
Kachkovskiy [28] proved that for any fized Diophantine « and real analytic
V', L)y, has pure point spectrum for small enough A and a.e. §. Recent-
ly, Ge-You-Zhou [22] established a general criterion and proved exponential
dynamical localization in expectation for Ly, ¢ under the same condition.
Secondly, in one dimensional case, one can even get non-perturbative lo-
calization in a sharp way by non-perturbative reducibility method. This
ultimately leads Avila-You-Zhou's [7] to the solution of the measure version
of Jitomirskaya’s conjecture [20].

However, if d > 1, localization is not known for any concrete (a,6). In
other words, there is no arithmetic version of Anderson localization. People
even do not know if one should expect such result since higher dimensional
case is more “random” than the one dimensional case. From a methodolog-

ical point of view, the method in [14, 27] seems non-trivial to be generalized
to the higher dimensional case due to obstacles in computing the Green func-
tion. While the methods developed by [7, 28] lose control of a zero Lebesgue

measure set of phase which leads to loss of an arithmetic description of the
localization phase.

In this paper, by introducing an auxiliary measure defined by reducibility,
we find a strategy to recover the phases lost in using the method in [7, 28].
We thus develop an arithmetic-theoretic Aubry duality which gives, for any
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fixed Diophantine frequency «, the one-to-one correspondence between the
localization phases of (1.1) and the reducibility energies (described by the
rotation number) of (1.2). Since reducibility theory can provide a clear
arithmetic description on the rotation number of the eigenvalue equation of
(1.2), one thus has a clear arithmetic description on the localization phase
of the dual model (1.1) and proves Anderson localization for operators (1.1)
for all Diophantine frequencies and all Diophantine phases.
Now we state our results. Assume V € C*(T¢,R), we denote by

SY(x) = <E_1V(f”) _01> E€R.

Recall that the cocycle (a, S%) is said to be C¥-almost reducible if there
exists a sequence B, € C¥(T¢, PSL(2,R)) such that B, ! (z+a)S¥ (z) B, ()

converges to a constant matrix. Let
AR = {E € S, v|(a, S}) is C*-almost reducible},
where ang is the spectral set of Hy o z.

Theorem 1.1. Assume a € DCy, V € C¥(T%R) and Soy = AR. Then
Ly.ae has Anderson localization for 6 € ©, where © is the set defined in
footnote 2.

We remark that Theorem 1.1 is a global result, namely, we don’t need to
assume that V' is small. However, by Theorem A in [19], AR = X, v always
holds if V' € C*(T¢,R) is sufficiently small. Thus we immediately have the
following corollary.

Corollary 1.1. Assume that « € DCy. Then there exists A\o(«, V,d), such
that Lyv,q,g has Anderson localization for 6 € © if X < Ag.

Remark 1.1. Corollary 1.1 is the first higher dimensional Anderson local-
ization result with explicit arithmetic description on both the frequency and
the phase. Anderson localization with arithmetic description on the frequen-
cy but not on the phase was proved in [22, 28].

Remark 1.2. If d = 1, Bourgain and Jitomirskaya [1.)] proved that, un-
der exactly the same assumption, Anderson localization holds for 6 € ©*.
Thus our result can be regarded as a generalization of their result to higher
dimensions.

If the dimension is one, by the global theory developed by Avila [2],

the spectrum set X, can be decomposed as three regimes, the subcriti-

cal regime ngf‘b/, the critical regime Eg”v and the supcritical regime X77,.

3See Section 2.3 for more details.

4The Anderson localization phase given in [14] is a little larger than ©, we mention
that we can prove Anderson localization for the same phase set with minor modifications
of the proof.
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Moreover, it was proved by Avila in [3, 1], E‘zf‘b, = AR. Thus we can re-state
Theorem 1.1 as the following corollary.

Corollary 1.2. Assume that o« € DCy, V € C¥(T,R) and X,y = Eglf‘b/.
Then Ly ¢ has Anderson localization for 6 € ©.

Remark 1.3. Corollary 1.2 is a generalization of Jitomirskaya’s localization
result in [27] for supercritical AMO.

A key part of our proof is Aubry duality, which has a long history starting
from [1]. As pointed out in [, 28], Aubry duality can be understood as
the correspondence between absolutely continuous (ac) and pure point (pp)
spectra of {Hyz}rere and {Lyap}oer and vice versa. However, such
correspondence may not hold, even for the almost Mathieu operator, one
can see [28, 31] for more details.

A more refined notion than absolutely continuous spectrum is the re-
ducibility of the corresponding Schridinger cocycle (o, SE), see [19]. On
the one hand, it is explored in [7, 28] that reducibility of {(a, S%)}rer
for a.e. E with respect to the integrated density of states A/° implies pure
point spectrum of {Ly 4 ¢}ger for a.e. . On the other hand, as proved in
[6, 36], pure point spectrum of {Ly. 4 ¢ }oer for a.e. § implies reducibility of
{(ar, SY)} per for a.e. E with respect to the integrated density of states. The
above correspondence can be viewed as a measure-theoretic level of Aubry
duality.

Generally speaking, Aubry duality has been explored at different level-
s, 1.e., the operator-theoretic level [23], the quantitative level [(] and the
measure-theoretic level [7, 28]. Each level of duality has its own important
applications. Based on the operator-theoretic duality developed in [23], Jito-
mirskaya [27] completely solved the measure version of Aubry-Andre conjec-
ture [1] by non-perturbative localization methods. Based on the quantitative
duality, Avila and Jitomirskaya [0] proved a non-perturbative Eliasson’s al-
most reducibility theory, gave a sharp Holder exponent of integrated density
of states and solved the “Dry Ten Martini Problem” for non-critical AMO
with Diophantine frequency. Based on the measure-theoretic duality, Avila,
You and Zhou [7] solved the measure version of Jitomirskaya’s conjecture
[26] on sharp phase transitions of AMO by non-perturbative reducibility
methods. These applications of different levels of duality imply the general
philosophy that Aubry duality is a bridge connecting operators and their
duals. Once one knows everything about the operators themselves at some
level, one knows everything about their duals at this level.

Thus, an interesting question is whether one can develop a new level of
Aubry duality, which gives the arithmetic version of Anderson localization?
This level of duality should completely transfer the arithmetic description
of reducibility energy of {(a, S§)}rer to the arithmetic description of the

59ee Section 2.2 for definition.
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localization phase of { Ly 4 ¢}ocT. More precisely, we hope to give a full mea-
sure set © with precise arithmetic description, such that {Ly, 4 ¢ }seT has AL
for 0 € © if all {(, S§)}per With the rotation number in © are reducible.
We call such kind of duality arithmetic-theoretic Aubry duality. Before fur-
ther explanations, we give another reason why arithmetic-theoretic Aubry
duality is important. Recently, Jitomirskaya and Liu [30] further developed
their method in [29], and proved sharp spectral transition in phase for Dio-
phantine AMO. More importantly, they uncover a new type of hierarchy for
quasi-periodic operators which is called reflective-hierarchy structure. As
pointed out in [30], this progress also uncovers some general phenomena for
quasi-periodic operators that spectral transition happens not only in fre-
quency, but also in phase. While the spectral transition in phase need a
complete arithmetic description on phase which is out of reach by measure-
theoretic Aubry duality. This makes an arithmetic version of Aubry duality
of particular importance.

We remark that measure-theoretic Aubry duality is much easier than
arithmetic-theoretic Aubry duality. The shortcoming is the measure-theoretic
Aubry duality gives AL for almost every phase, and loses control of a zero
measure subset in ©. To prove AL for all 8 € O, i.e., the arithmetic version
of AL, one only need to prove d,ugp is continuous in ©. However, this is a d-
ifficult job and we don’t know how to prove it since du}” sensitively depends
on 6. Our strategy is to define a new measure dvy via reducibility, we call
it R-measure, which is absolutely continuous with respect to duy”. The ad-
vantage of dvy is its stratified continuity in © can be proved by quantitative
reducibility of (o, S} ). In this way, we can approximate each lost phase in
© by localization phases, and prove dug’(R) = dvp(R) = 1 for all phases in
0.

Finally, we point out an interesting phenomenon based on Theorem 1.1
and the localization result in [14, 27]: The localization phase is not sensitive.
More precisely, the result in [14] and Theorem 1.1 imply that the localization
phase of (1.1) does not sensitively depend on V' € C*(T,R) in any dimen-
sion, This phenomenon can be viewed as the robustness of localization phase,
which leads us to define the robustness of Anderson localization,

Definition 1.1. For fized o, Hy o is said to have C" robust Anderson
localization if there is a C" neighborhood B(V) of V and a subset ©, such
that
ﬂ {z|Hy ., has AL} = o,
VeB(V)
moreover |0 = 1.

Remark 1.4. In the above definition, « is fized. Similarly, one can fix 0
and define another kind robustness by requiring

| () {alHy,, has AL} =1.
VeB(V)
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In our forthcoming paper, we will prove that Hy, , with even cosine-
like potential introduced in [21, 37] have C? robust Anderson localization.
We guess such robustness holds generally in analytic topology, however the
arithmetic description of the localization phase might be more complicated.
In one dimensional case, it might relate to the acceleration defined by Avila
in [2].

2. PRELIMINARIES

Recall that sl(2,R) is the set of 2 X 2 matrices of the form

x Y+ z
Yy—2z —x

where x,y, z € R. It is isomorphic to su(1,1), the group of matrices of the

form
v
v —it
with ¢ € R, v € C. The isomorphism between sl(2,R) and su(1,1) is given
by B — MBM~! where
=1 < Lo ) :
20\ 1 1

Direct calculation shows that

M< T y+z>M1:( iz. :U—zy)
Yy—z —x T+ -z

Recall that for a bounded analytic (possibly matrix valued) function F' de-
fined on {0[|S0] < ht}, let |F|, = supgg|<p [|[£/(0)]], and denote by C¥ (T4, *)
the set of all these s-valued functions (% will usually denote R, sl(2,R)
SL(2,R)). Denote C*(T%,R) by the union Up~oCy¢ (T4, R).

2.1. Quasi-periodic cocycles. Given A € C°(T¢,SL(2,C)) and rationally
independent o € R?, we define the quasi-periodic cocycle (o, A):
Td C2 Td (CQ
(0, A): X — X
(z,v) = (z+a,Az) v)
The iterates of (a, A) are of the form (o, A)™ = (na, A,,), where
A (1) = Alx+ (n—1)a)-- (:x—i-oz)A() n>0
) = ANz +na)A~ (x—i—(n—i—l)a) z—-a), n<0’

1
The Lyapunov exponent is defined by L(a, A) := lim / In || Ay, (z)||de.
n—oo N Td

The cocycle (o, A) is uniformly hyperbolic if, for every = € T?, there exists
a continuous splitting C? = E*(x) @ E%(z) such that for every n > 0,

An(a) o] < Ce=mlol, v e (),
|AL(z) o] < Cemu|, v € E%(z + na),
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for some constants C, ¢ > 0. This splitting is invariant by the dynamics, i.e.,
A(x)E*(z) = E*(x + ), *=%" or “u’, VzeT.

Assume that A € C°(T? SL(2,R)) is homotopic to the identity. (a, A)
induces the projective skew-product Fiu: T¢ x S! — T4 x S*

Alx) - w

Fa(z,w) == <x T |A(x)-w!> ’

which is also homotopic to the identity. Thus we can lift F4 to a map
Fp: T4 xR — T x R of the form Fa(z,y) = (z 4+ o,y + 12 (y)), where for
every x € T?, 1), is Z-periodic. The map ¢: T% x T — R is called a lift of
A. Let u be any probability measure on T¢ x R which is invariant by F "As
and whose projection on the first coordinate is given by Lebesgue measure.
The number

placA)i= [ wnly) dulz.y) mod 7

depends neither on the lift ¢ nor on the measure p, and is called the fibered
rotation number of (a, A) (see [24, 32] for more details).

Given 0 € T, let Ry := <Zf§ ;Z:g _C(S)lsr;f:f) If A: T? — PSL(2,R) is

homotopic to = +— R for some n € Z%, then we call n the degree of

A and denote it by degQA. The fibered rotation number is invariant under
real conjugacies which are homotopic to the identity. More generally, if
(a, Ap) is conjugated to (a, Ag), i.e., B(x + o) tA;(z)B(x) = As(x), for
some B: T — PSL(2,R) with deg B = n, then

(n, @)
2

A cocycle (a, A) is called L?-reducible (or C°-reducible) if there exists
a matrix function B € L%(T4, SL(2,R)) (or B € C°(T%, SL(2,R))) and a
constant matrix R such that

(2.1) pla, A1) = p(a, Az) +

(2.2) B Yz +a)A(z)B(z) =R, for ae. x¢eT<
A cocycle (a, A) is called L%-degree 0 reducible if (2.2) holds with
R = R (q,4)-

A typical example is the Schrodinger cocycles (a, S}E/), where

SV () = (E_lv(”“") _01>, EcR

The Schrédinger cocycles are equivalent to the eigenvalue equations Hy o zu =
FEu. Indeed, any formal solution v = (up)nez of Hy o u = Eu satisfies

<U"+1> = SY(x + na) <uu” ) , VnecZ.

Un n—1
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The spectral properties of Hy  , and the dynamics of («, Sg) are closely
related by the well-known fact: E € Yy, if and only if (o, S%) is not uni-
formly hyperbolic. Throughout the paper, we will denote L(E) = L(«, SE)
and p(F) = p(a, S},) for short.

2.2. The integrated density of states. It is well known that the spec-
trum of Hy, , denoting by X, v, is a compact subset of R, independent of
x if (1, o) is rationally independent. The integrated density of states (IDS)
Noyv : R —[0,1] of Hyq 4 is defined as

Na,V(E) i:/TMv,a,x(—OO’E]dUC,

where v, , is the spectral measure of Hy 4 .
It is well known that p(E) € [0, 3] relates to the integrated density of
states N' = N, v as follows:

(2.3) N(E) =1 2p(E).

2.3. Global theory of one-frequency Schrodinger operators. Let us
make a short review of Avila’s global theory of one frequency SL(2,R)-
cocycles [2]. Suppose that A € C¥(T, SL(2,R)) admits a holomorphic ex-
tension to {|Sz| < h}. Then for |¢| < h, we define A, € C¥(T, SL(2,C)) by
Ac(-) = A(- +ie€). The cocycles which are not uniformly hyperbolic are clas-
sified into three classes: subcritical, critical, and supcritical. In particular,
(a, A) is said to be subcritical if there exists h > 0 such that L(«a, Ac) =0
for |e| < h.

A cornerstone in Avila’s global theory is the “Almost Reducibility Con-
jecture” (ARC), which says that (o, A) is almost reducible if it is sub-
critical. Recall that the cocycle (a, A) is said to be almost reducible if
there exist h, > 0, and a sequence B, € Cy (T, PSL(2, R)) such that
B, Y(z + a)A(x)B(x) converges to constant uniformly in |Sz| < h.. The
complete solution of ARC was recently given by Avila.

Theorem 2.1 (Avila[3, 1]). Let a € R\Q and A € C*(T,SL(2,R)), (o, A)
s almost reducible if it is subcritical.

2.4. Aubry duality. Suppose that the quasi-periodic Schrodinger operator
(2.4) (Hx-1v,0,0Wn = Unt1 + Un—1 + AV (2 + na)z,,n € Z.

has an analytic quasi-periodic Bloch wave u, = eQ”inga(m + na) for some
) gC“(Td, C) and 6 € [0,1). It is easy to see that the Fourier coefficients
of 1(x) is an eigenfunction of the following long range operator:

(2.5)  (La-1v,0,0u)m = Z Viem—g + 2X cos 270(6 + (m, a) )y, m € Z°.
kezd

Ly-1y,4, 1s called the dual operator of Hy-1y, ;-
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3. R-MEASURE

In this section, we introduce a measure via reducibility, we call it R-
measure. We also give the relation between R-measure and the spectral
measure.

Before introducing the R-measure, let us first give a heuristic description
on how reducibility of (a, S}) can be used to study the pure point spectrum
problem of dual model Ly 9. As we introduced in Section 2.4, reducibility of
(v, S¥) can provide many Bloch waves of operator (1.2). By Aubry dual, it
thus provides many eigenfunctions for the dual operator (1.1). The difficulty
is to prove the completeness, i.e., those eigenfunctions form a complete basis
of £2(Z). Here we describe a way to prove such completeness. For a fixed 6,
we define an infinite dimensional matrix U whose rows are the normalized
eigenfunctions provided by reducibility. If we can prove that the ¢?-norm
of all columns of U are 1, then U defines a true unitary operator such that
UTLy U is a multiple operator, and thus (1.1) has pure point spectrum.
R-measure is introduced based on this idea.

Assume V € C°(T4,R). We denote by

R={E € Sav|(a, %) is COreducible and 2p(E) # (k,a) mod Z, Vk € Z4}.

~ For any E' € R, by the definition of CP-reducibility, there always exist
Bp € C%(T4,SL(2,R)) and Ap € SL(2,R) such that

(3.1) Bp'(z + @)SE (2)Bp(z) = Ap,
by (2.1), we have

(32) p(aaAE) = p(E) - <£E7 Oé>,
where (p = Lgf; B0,

Furthermore, for any E € R, by the definition, we have 2p(E) # (k, a) mod Z
for any k € Z%. By (3.2), there exists Ug € SL(2,C) such that

B e27rip(o¢,AE) 0
UElAEUE = < 0 6—27rip(a,AE)> ’

with 2p(a, Ag) # (k,a) modZ for any k € Z¢.
Let Bg(r) = Bgp(z)Ug = (b}ﬂl(:c) b}g@)) We define a vector-valued
by () bE (@)
function ug : R — (?(Z) as the following,

b (n+ ()
ue(m) = =

where bl (n + (p) = [pa bY (v)e2™nHem2) 4y,

up may not be unique since the conjugation Bg is not unique. Howev-
er, we will show that e~ 9(ue(0)y 5 is unique and doesn’t depend on the
conjugation. Here arg(z) = arctan £ if z = = + iy.

6We always have £z € Z? since Bp € C°(T%, SL(2,R)).
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Lemma 3.1. ¢ 9e0)yp is well defined for all E € R.

Proof. Assume that there exist Bg, Bp € C°(T9, SL(2,C)) with same de-
gree’ such that

~ ~ eZTrip(a7AE) 0

(33) BE1<x+a>s§<x>BE<m>=< 0 etrteds) |
B 627Tip(a,AE) 0

(3.4) BE1<x+a>s§<x>BE<w>=< . e_zmp<a,AE>)

It is obvious that p(a, Ap) = p(a, Ag) since deg Br = deg Bg.

(3.3) and (3.4) imply that

B e?mﬁp(a,AE) 0 B_l
e+ a) 0 o 2mip(enAp) r (7)
~ 627”’9(@7AE) 0 ~

- BE(x + a) ( 0 e—2mip(e,Ap) ) BEl(x)7

thus
627rip(o¢,AE) 0
(3.5) tete+a) (0 afens) )
e27rip(o¢,AE) 0
= ( 0 o—2rip(aAp) >TE(”C>’
t11 ) t2(g
where Tg(r) = Bg'Bp(z) = <t2lga¢§ t%g:cg)
It follows that

(3.6) e2mip( ARl (1 4 o) = e2mPldr) il (),
(3.7) 2Pl ARN 2L (1 4 o) = 2Tl AR) 2L (1),
(38) 6—27rz'p(oz,AE)1%7/‘2(:C + Oé) _ eQﬁip(a,AE)tg(x),
(3.9) e PmPOARNE (1 4 ) = e PTOARNR (1),

By (3.6), we have

Z tAll 27rz k) 27r7, k,z) Z tAll 27r7, kz

kezd keZd
thus ‘
(2™ — 1) (k) = 0.

If ¢p # I, let Dp(z) = Be(z)MR,; mt = (B @) AE@ 1 ious
£ 7t ot Do) = Be@Mig, oM =\t 0) a2(a))’

tNhat Br and Dg define the same ug. So, one only need to prove the lergma for Dg and
Bg. Thus, without loss of generality, we can assume that deg Bg = deg Bg
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Since « is rational independent, we have t4 (k) = 0 for k # 0, thus ti () =
t11(0).
By (3.7), we have
Z 627rip(a’AE)tA2El(k})e2ﬂ<k’a> eQm’(k,x)
kezd
_ Z 6—27rz’p(a,AE)£2E1(k)62wi<k,m)’
kezd
thus
627Ti(2p(avAE)+(kﬂa>)f2E1(k) —0.
Since 2p(, Ag) # (k,a) mod Z for any k € Z4. We have 2} (k) = 0 for all
k € Z which implies that 2} (z) = 0.
Similarly, by (3.8) and (3.9), we have t}3(x) = 0 and t22(x) = 22(0).
Thus

this implies that

211
A1 _(tg(0) 0
thus byl (z) = 5 (0)bk (), by the definition, we have e~"9(e(0))yy =
e~iarg(@e(0)) g . O

We next define £ : T — X as the following:
-1 1
P L 5
P (1-0) Be (L]

Since p is increasing in the spectrum, F(6) takes one value except the case
20 = (k, o) mod Z and the gap is open, and in this case E(0) takes two values

(E_(0), E,(6)).
For fixed 0, we also denote by

Ny = {m|E,,(0) := E(T™0) € R},
& = {Em(e)}m€N9~

By Lemma 3.1, for any E € &, e~ @9(wr0)y 5 is well defined. Thus, For
any fixed (6,n) € T x Z%, we can define the following measure,

Definition 3.1 (R-measure). vg5, : B — R is defined as:
vos,(B) = > |ug, o (n+m)*
meNéB

for all B in the Borel o-algebra B of R, where NP = {m|E,,(0) € €& N B}.
It is easy to see that vy s, is a measure, we call it R-measure.

The following lemma motivated by [28] gives the relationship between
vy.s, and ,ugp 5 (the pure point part of the spectral measures pys, ).
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Lemma 3.2. For anyn € Z% and B € B, we have
(1) vgs,(B) < ,ue 30 (RN B) for every 6,
(2) w5, (B) = iy, (RO B) = pig5, (RN B) = IN(R 1 B)| for ace. 0,

where | -| is the Lebesgue measure and pg s, is the spectral measure of Ly, ¢

defined by
(0n, xB(Lv,a,0)0n) Z/RXBdue,an-

Proof. We first prove (1). For any 0 € T and E € &, by the definition of &,
(o, S¥) is COreducible, i.e., there exists By € C°(T%, SL(2,C)) such that

_ e27rip(a7AE) 0
(3.10)  Byl(z+a)SY(x)Be(z) = ( e >
It follows that
(311) blEl(x) = eQﬂ-ip(avAE)bQE'l(x + a)7
(3.12) (E — V(2))bi () — b3 () = b (v + o)™ (A8

(3.2), (3.11) and (3.12) imply that
(E*V( )b (x)

( —a)e” 2mi(p(E)—(lp,a)) 4 b}gl(x + a)e%i(p(E)%fE,oc))_

We denote by 23 (z) = e 27{m:2)pll (1), then one has
(313) (B - V()eh (@) = 25 (o — a)e 20E) 4 2 (i 4 ) 2rin(®)

By the definition,

ug(n) = B LE) _ 2 ()
E = = )
BIPEE

Taking the Fourier expansion of (3.13), we have

(3.14) Z ug(n — k)Vi + 2Xcos2n(p(E) + (n,a))ug(n) = Eug,
kezd

i.e. {ugp(n),n € Z} is an normalized eigenfunction of the long-range oper-
ator LV,a,p(E)'

For any § € T and m € Z%, if m ¢ Np, let P,(6) = 0. If m € Np, let
P, () be the spectral projection of Ly, ¢ onto the eigenspace corresponding
to En(f). By the definition of £,,(f) and the above argument, ug, (g)(n)
is an normalized eigenfunction of the long-range operator Ly, 7mg, thus
T_mug,, ) (n)® is an normalized eigenfunction of the long-range operator

8T _,. is a translation defined by T_,u(n) := u(n + m).
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Ly 9. By the spectral theorem, we have

s (RNB) > > (Pu(6)6n, 6n)

mGNGB

> T mug,, o) (n)]?

mGNéB

= Y |ug,@n+m)?
mENf

= V9,§n (B)

Now, we prove (2). We first define a projection operator for any 6 € T
with 20 # (k, a)(mod Z) for any k € Z4,

P@O)= > Pun(9).
meNP

Note that 20 # (k,a) for any k € Z%, thus all these E’s in & are different
and all P, (0) are mutually orthogonal. It follows that P(6) is a projection.
Moreover, we have

/< 0)0,,, 6, d0—/ > (Pn(0)n, 6,)d6.

meNP

\Y]

By Fubini theorem, we have
/ > (Pn(0)5n,60)d0 = > / P, (0)6,,6,)d0,
E/\/B mezd ~™(£p(RNB))

it follows that

3 / Pu(0)6,0,)d0 = 3 /i oy (P T 52)0
p(RN

mezd /T~ (Fp(RNB)) mezd
Since To Ly, o 7-meT—m = Ly,q,9, We have
Ly o r-mgT-mup@) = T-mLv.aoupe) = E(0)T-nug@m)
= En(T™"0)T_mug ).

It follows that 7_,,ur(0) belongs to the range of P, (T~™#), and for each
6n € L2(Z%), we have

(Pn(T™™0)0n, 0n) > (T —mUE(6)> o >’2
This implies that
P (T7™0)0p, 6n)do >
5 [, T 100 5

meza mezd

/ \(T_muE() ) >‘2d9
+p(RNB)

_ / S [Tty 00} 2d8.
+p(RNB)

meZd
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I
=

Since up(g) is a normalized eigenfunction, ie., > [(Tmup(),dn)|*
mezZd
Hence we have

JREGIRSIZEY B SRS

+p(RNB) mezd
— 20p(RN B)| = IN(RN B).
Together with (1), we have

(3.15) IN(RNB)| < [ vos,(B)do

IN

(P(6)0n, 6n)db

IA

(AN
S—5S—5—5—

tg's, (R N B)do

Lo, (RN B)dO < |N(R N B)|.

Thus vy s, (B) = (P(0)0n,6n) = ugﬁ;n (RN B) = s, (RN B) for a.e. §.
Since pgs,(R N B) = pres, (R N B), by ergodicity, pps,(R N B) is a
constant for a.e. # € T. By (3.15), one has
vy5,(B) = pg's, (RN B) = pg,s,(RN B) = N (RN B)|
for a.e. . This finishes the proof. ([l

Lemma 3.2 quickly implies the following corollary.

Corollary 3.1. xr(Lva,e) has pure point spectrum for a.e. § € T. More-
over, if IN(R)| =1, then Ly ¢ has pure point spectrum for a.e. 6 € T.

Note that Corollary 3.1 gives a measure version of pure point spectrum.
In the following, we give a criterion for arithmetic version of pure point
spectrum. Similar to the criterion of Anderson localization given in [7] and
the criterion of exponential dynamical localization in expectation given in
[22], our criterion for arithmetic version of pure point spectrum is based on
good control of R-measure, thus based on good control of eigenfunctions.

We denote by

(3.16) TNy = {Em(0)}meny fmi<n

(3.17) RNEp = {Em(0) fmeny,m|>N-

The following proposition gives sufficient conditions for R-measure being
a constant on a given set.

Proposition 3.1. For any set A C T and any B € B,
vp5,(B) = IN(RN B),
holds for any 6 € A if the following three conditions hold,
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(1) (Uniformity Condition) For any € > 0, there exists N (e, A, B) such
that
V9.6, (RNgg N B) <e
holds for N > N (e, A, B) and any 0 € A.
(2) (Continuity Condition) For any N > 0 and any € > 0, there exists
0 =4d(e, N, A, B) such that
V.5, (TnEg N B) — vy 5, (TnEy N B)| < €
holds for any 0,6 € A with |0 —¢'| <.
(3) (Density Condition) There exists a dense subset G C A such that
ve,s,(B) = |N(RNB)
holds for any 0 € G.

Proof. We first prove that vy, (B) is continuous on A. For any € > 0, by
(1), there exists N (e, A, B) such that

(3.18) Vo5, (RNEy N B) <

holds for N > N(e¢, A, B) and any 60 € A.
Now we fix N and B, by (2) there exists d(¢, N, A, B) such that

(3.19) v9.5,(TnEg N B) — vy 5,(TnEgr N B)| < ;

holds for any 6,6 € A with |0 — 6’| <.
(3.18) and (3.19) imply that for any € > 0, there exists dg(¢, A, B) such
that if |§ — 6’| < &y, we have
v9.5,(B) — v 5,(B)]
< w96, (TnEg N B) — v 5,(TnEg N B))|
+ Vo5, (RNgQ N B) + vy 5, (RNEQI N B)

P

<fiic
>~ 5 + 5 X €.
This proves the continuity of v 5, (B). Together with (3), we have vy 5, (B) =
IN(R N B)| for all § € A. Thus we finish the proof.
O

We remark that if A has a nice topological structure, then condition (3)
in Proposition 3.1 is not necessary. Recall that a closed set S C R is called
homogeneous if there exist 4 > 0 and 0 < ¢ < diamS such that for any
0 <e<oandany F € S, we have

ISN(E —¢€,E+¢€)| > pe.

We immediately have the following corollary.

Corollary 3.2. For any homogeneous set A and any B € B,
ve,s,(B) = IN(RN B,

holds for all 6 € A if the following two conditions hold,
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(1) (Uniformity Condition) For any € > 0, there exists N (e, A, B) such
that
V9.6, (RnEgNB) <e¢
holds for N > N(e, A, B) and any 0 € A.
(2) (Continuity Condition) For any N > 0 and any € > 0, there exists
d(e, N, A, B) such that

V.5, (TnEg N B) — vy 5, (TnEy N B)| < €
holds for any 0,6 € A with |0 —¢'| <.

Proof. We only need to prove that (3) in Proposition 3.1 holds. By conclu-
sion (2) in Lemma 3.2, there exists a full measure F such that vy, (B) =
N(RNB) for § € F. We denote by G = F N .A. For any 6 € A, by the
definition of homogeneity, there exist ;> 0 and 0 < o < diam.A such that
for any 0 < € < g, we have

AN (0 —€,0+¢€)| > pe.

This means |(f — €,0 +€) NG| > 0, i.e. there exists & € G such that
|0 — ¢'| <e. Thus G is a dense subset of A and vy, (B) = N(R N B) for
0 € G. By Proposition 3.1,

1/975n(B) = |N(RQB)|, Vo € A.

4. ARITHMETIC VERSION OF ANDERSON LOCALIZATION

In this section, we prove Theorem 1.1 by Corollary 3.2. Denote by A, =
DC(v,1007 + d), we only need to prove the following theorem.

Theorem 4.1. Assume that a € DCy(k,7), V € C¥(T?) and AR = S,y .
Then for any 0 < v < min{l, 155} and any n € Z%, we have vy, (&) = 1
for 0 € A,. Moreover, all eigenfunctions decay exponentially.

Theorem 1.1 is a consequence of Theorem 4.1. In fact, by the assumptions
in Theorem 1.1, there exist kK > 0 and 7 > d — 1 such that a« € DC(k, 7).
Moreover, since V € C*(T?¢ R) and AR = Yo, v, by Theorem 4.1, for any
0 < v < min{l, %} and any n € Z% we have vys, (&) = 1. It follows
that g’ (R) =1 for 6 € A, from (1) in Lemma 3.2. On the other hand,
© C Uycry<r/i00Ay, hence, pg's (R) =1 for § € ©. This implies that Ly,q,
has pure point spectrum for § € ©. Together with the fact that all eigen-
functions decay exponentially, Ly, ¢ has Anderson localization for 6 € ©.

Now we prove Theorem 4.1. It is easy to see Theorem 4.1 follows from
the following four conditions.
(1) A, is homogeneous for 0 < v < min{1, 155}
(2) Uys0Ay C £p(R) and up g decay exponentially for 6 € U,~0.A,.
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(3) For any € > 0, there exists N (e, Ay) such that
Vg5, (RnEp) < €

holds for N > N (e, A,) and any 6 € A,.
(4) For any N > 0 and any € > 0, there exists (e, IV, A,) such that

V0.5, (TnEo) — vor s, (TnEr )| < €
holds for any 6,6 € A, with [§ — ¢'| <.
In fact, by (1), (3), (4) and Corollary 3.2, we have vy, (Eg) = |N(R)] for
0 € A, with v < min{1, 1f5}, by (2) and (2.3), we have [N (R)| = 1 and all
eigenfunctions ug gy decay exponentially for 6 € A,.

Now we arrive at the final stage, i.e., the verification of conditions (1)-(4).

4.1. Verification of condition (1). We only need to prove the following
Lemma.

Lemma 4.1. Assume that a € DCq(k,T) and v < min{l, 1f§5}. Then A,
is homogenous.

Proof. Let 7/ = 1007 + d and
1 141

DC; o(v,7):={0 € [Z,

) 120 — (K, a)[|r/z > —,Vk € Z},

T
(|kl +1)
then

3
DCy(v,7') = U DC; (v, 7).
i=0
We only need to prove the above result for DCy o (7, 7’) since it is obvious
that the union of two homogeneous sets is homogeneous.
Let ©p = {6 € [0,7) : 120 — (k,a)[|g/z < W}, then ©j contains

at most one interval. For any 6 € DCj4(v,7') and 0 < min{271007 ’f—; .

271007 2} Set
Al,0)={k:0,N (0 —0,0+0)#0}.
Choose ko = ko(0,0)" such that |ko| = kelill(in,a) |k|. Note that for any k €
A(0,0), there exist Oy, € O,, 0 € O such that
(4.1) 1260y, — 291@”]1{/2 <o,
using the fact v < 155, 7/ > 7 and a € DCqy(k, ), we have

120k, — 20|z > |[{ko + K, @) lr/z — 1120k — (Ko, @) |lR/z — 120K — (K, ) ||R/Z

. SR
2 T+ B (kD7 QR+ D7
K
4.2 >
(4.2) = ko[ +1)7

INote that ko maybe not unique.
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k]
-
3=
|
N
|
_

(4.1) and (4.2) imply that 40 > m, thus |ko| > G)ro 771

. e 2
Since o < min{271007, & . 271007} e have

Iko| > o 2.
Thus
Yo lekno-obh+o)l< DY |64
k‘EA(eo,O')\ko k‘EA(Qo,O')\kO

. 2
S ]d.i/
21 (45 +1)—7

j>a’ 27
<o.

The last inequality is due to the facts 7/ > d + 1007 and v < 1.
Since 0y € DCp (7, 7’), thus 0y ¢ Oy, and

|Ok, N (Bg — 0,600 + 0)| < 0,
which means

DCoa(y,7) N (60 — 0,00+ 0) >

1
20'.
O

4.2. Verification of condition (2). We first prove the following global
reducibility theorem.

Theorem 4.2. Assume that o € DCqy(k,7), V € C¥(T4,R), v > 0 and
Yo,y = AR. Then if p(E) € Ay, there exist Bg € Cy (T, PSL(2,R)) and
Ap € SL(2,R) such that

(4.3) Bp(x + a) 1SY(z)Bp(x) = Ag,

with estimate

(4.4) IBElln, < Cla,V.d,7),

where hy is a positive constant depending on o and V.
We need the following lemma,

Lemma 4.2 ([22]). Let « € DCy, V € C¥(T% R) and X,y = AR. There
exists h1 = hi(a,V) > 0 such that for any n > 0, E € X, v, there exists
dp € C¥(T? PSL(2,R)) with |®g|,, < T(V,a,n) such that

(4.5) (I)E(x + a)_lsg(-r)q)E(-ﬁ) = qu(E)efE(x),
with || felln, <n.

Proof. The proof is exactly the same as that of Lemma 5.1 in [22]. O
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Proof of Theorem 4.2: Since hji(a, V) in Lemma 4.2 is fixed, and inde-
pendent of n, thus one can always take n small enough such that

n < 6*(HaT7 7—/7 h17 h1/27 d)’

where €, (Ao, k, 7,7, h, h, d) is the constant defined in Proposition 5.1. Note
that by Remark 5.1, the constant ¢, given by Proposition 5.1 can be taken
uniformly with respect to Ry € SO(2,R). By Lemma 4.2, there exists
®p € Cy (T, PSL(2,R)) such that

5! (2 + a)SE (2)@p(x) = Rymye!).
By footnote 5 of [3], |deg®g| < C|Inl| := I'; for some constant C' =
C(V,a) > 0. Since p(E) € Ay = DCy(~, '), one has
plo @5 (- + @)SE() () € DCaly(1+T1) 77, 7).

By our selection, ||fg|ln, <1 < ex(k, 7,7, h1,h1/2,d). Then we can apply
Proposition 5.1, and obtain B € Cy’, /Q(Td, PSL(2,R)) and A € SL(2,R),
such that

B(x + a)_IRME)efE(m)B(a:) = Ag,
with estimate
IBElln 2 < Cla, Vid,y, 7', b)) < C(a,V,d,7).
Let Bp = ®5B and h, = %, then
By'(v + 0)S§(x) Ba(x) = A,
with estimate
(4.6) 1BE|ln, < Cla,V.d,»).

[l

We are now ready to verify condition (2). By Theorem 4.2, UysoA, C

+p(R), thus e_i”g(“E@)(o))uE(g) is well-defined for 6 € U,~0A,. By (4.6),

e_wrg(“E(Q)(O))uEw) (n) decay exponentially since uggy(n) is the Fourier co-
efficients of By Ugg) for 6 € UysoA,.

4.3. Verification of condition (3). For any ¥ > 0, £ € Z%, C > 0, 0 <
Clg < 1, a normalized eigenfunction'’ u(n) is said to be (7,4, C, Cyy)-good,
if

lu(n)| < C(e M 4 CpyeTIn+iy

for any n € Z¢.
Since a, d, n, V are fixed, condition (3) follows from the following theo-
rem.

10We say u(n) is normalized if 3" |u(n)|® = 1.
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Theorem 4.3. Assume a € DCy(k,7), V € C¥(TR) and X,y = AR,
then for any 6 € Ay and any € > 0, there exists No(o, V, d,~v,n,€) such that
for any N > Ny,

(4.7) Vo6, (RNEp) < €.

The proof of Theorem 4.3 is based on the following proposition proved by
Ge-You-Zhou in [22],

Proposition 4.1 ([22]). Let a« € DCy(k,7), V € C*(T4LR) and Xoy =
AR. Then for any € > 0, there exist hy = h1(V,«a), C1 = C1(V, a,€) with
the following properties: if p(E(0)) = 0 € A,, then associated with the
eigenvalue E(0), the long range operator Ly o ¢ has a

%),f, C1| ln7|47/7_ﬁ,min{1, Cilel” e_jlz(hl_%)
-good eigenfunction for some || < Cq|Invy|*.

Proof of Theorem 4.3: Since § € A, = DC,(~,7’), then we have
120 — (m, o) — (k, @) |[r/z

SR e L) e
(m+ K+ D7 = (ml+1)7

(27T(h1 —

this implies that
(4.8) 70 € DCL(v(Jk| +1)"7, 7).
By Proposition 4.1, for any € > 0, the long-range operator Ly, 7k has a
Cule]” eI 5)
,y/
-good eigenfunction for some |¢| < Cy|In+/|* where v/ = ~y(|k| +1)~7".
On the other hand, by (3.14), {ugrg(n),n € 7%} is an normalized

eigenfunction of Ly, prg. Let € = %. By the definition of (7,4, C1,Ca)-
good eigenfunction, we have

[up(rig) (n -+ k)| < C1 Iny/|*7'o/ =i 2O b =it

—7hi |k
< eIkl

(2w (hy — %), 0,C | ln'y'|47/'y/7ﬁ,min{l,

for |k| > Ni(a,V,d,v,n), since C1] lnfy’\”/’y’_ﬁezcl'ln“/|4“h1 grows sub-
exponential with respect to k.
Thus for N > N7, we have

Z |up(rrg) (n + K)[* < Z jle ™M,

|k|>N J>N

Let No > max{Ny, 0} By the definition of vg5, (Rn&s), for N > No,
we have

V9.6, (Rn&p) <e.
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4.4. Verification of condition (4). We only need to prove the following
theorem since «, d, n, V are fixed.

Theorem 4.4. Assume a € DCy(k,7) and V € C* (T4, R) and oy = AR,
for any N >0, € >0 and vy > 0, there exists 6(a, V,d,v,n,€e, N) such that

v0,5,(TnEg) — vor 5, (TnEer)| < €
for any 6,0" € A, with |6 — 0| <9.
Theorem 4.4 follows from the following two lemmas.

Lemma 4.3. For any ¢ > 0 and v > 0, there exists (5(a,‘_/,d,’y,_e) > 0,
such that if 0,0" € Ay and |6 — 0’| < 6, there exist h. > 0, Bg), By €

Cy. /Z(Td,PSL(ZR)) and Agp), Aoy € SL(2,R), such that

BE(IQ) (x + @) Sk (%) Bp) (x) = Ap(),

B}E(lef)(l‘ + O‘)S‘é(ef)(gﬁ)BE(e’)(fU) = Ag(@,
with estimates

IBe@)llh. 2 < Cla,V,d,7), Ve A,

By — Be@)llh. 2 <€

IAE@) — Ap@yll < e
Lemma 4.4. For any € > 0 and v > 0, there exists §(y,€) > 0, such
that if A,A" € SL(2,R), p(A),p(A") € A, and |[A — A'| < ¢, there exist
U U € SL(2,C), such that

2mip(A) 0
-1 . e
U AU = < 0 e—27rip(A)> ,
27rip(A/) 0
1—1 qr77r _ [ €
U AU = ( 0 e—27‘(‘ip(A/)> ,
with estimates
/ A A/
o, (o) < 27 AL IAT
7
U - U'|| <e.

We first prove Theorem 4.4 assuming Lemma 4.3 and Lemma 4.4 hold.
Then we give the proof of Lemma 4.3 and Lemma 4.4.

Proof of Theorem 4.4: For fixed N, since 0,0 € A,, similar to the
arguments as (4.8), we have

T"0,T%0' € DCo(y(1+ N)"",7), |k| < N.
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Let v = ’y(l—l—N)_T/ and €; > 0. By Lemma 4.3, there exists 61 (a.V,d,v1, €1)
> 0, such that the following holds: if 7%, T*¢' € A, and |T*0—-T*¢'| = |9—
0’| < 01, then there exist hy > 0, BE(TkQ),BE(TkQ/) € C,“;lﬂ(Td,PSL(Z,R))
and AE(T’“@)’AE(T’W’) € SL(2,R), such that

(4.9) BE(ITkg) (z + a)SE(Tke) (x)BE(TkG) (z) = AE(T’“G)a
(410) BE(ITkG’)(:U + O‘)Sg(TkG/)(x)BE(TkG’) (.%') = AE(T’“G’)?
with estimates

(4.11) I Bg ko)l /20 | Beerron ln, j2 < Cle, V,d, 1),

(4.12) IBecrrey — Beerselln 2 < €1,

(4.13) |Agrre) — Aprronll < €1

By (2.1), (4.9) and (4.10), we have
(deg B (rkg), @)

(4.14) pa, Aprrg)) = T40 — 5 ;
deg B ",

(4.15) pla, Apgegny) = T — (deg E;T’“‘” !,

by (4.11) and footnote 5 of [3], we have

(4.16) deg Bp(rrgy < Ni(o, V,d, N,7).

Then (4.14), (4.15) and (4.16) imply

(4.17) p(a, Agerrg)) € DCo(y(1+ N + Ny,

(4.18) pla, Ap(rrgn) € DCo(y(1+ N + Np)™™ 7).

For any e > 0 and 7o = v(1 + N + N1)™7, by (4.17), (4.18), we have
p(Agreg)), P(Ag(rrgy) € Ay,. By Lemma 4.4, there exists d2(72,€2) > 0,
such that if [|Agrrgy — Ag(rren |l < 02, then there exist Ugrrgy, Uprrery €
SL(2,C), such that

. e?ﬂip(a,AE(Tke)) 0
Ug(rro)AproUsaro = 0 20 A gy |
27rip(o¢,AE(Tk0,>) 0
-1 | €
UE(T’“Q’)AE(TW’)UE(TW’)_< 0 O Tl

with estimates

(4.19) Uk (ko) — Ug(rron || < €2,
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I As@ra) | + | ABrren

(4.20) 1Ugrko) I 1Ugrron | < 27 5
Hence if we first choose €3 = (m)4 - C~® and then choose ¢ =

c(C—4 11 1A g kel
52'(%)2'(27 +1w> 4, we have ”AE(T’CQ)_AE(TICG’)H <€ < 52.

Then by (4.11), (4.12), (4.19) and (4.20), we have

1Bairrey = Baereonlln

< ”BE(TkG)H%l 1Usrre) — Up(rron |l + 1|1 Bgreo) — BE(TW)H% Uk rxon l

/ A
<l Vd, N,y )es + 271, | el
v
eC—4

< AN

~ 500(2N + 1)
On the one hand,
20 ‘Hb;}(we)”m B ”b}El(T’“@’)HLQ‘ = HleE‘l(TkG) - leEl(Tkel)||L2

< [|Bgrrey — Brrron llco
eC™*

P

= 500(2N + 1)

On the other hand, by (4.12), we have £g(rrg) = Lg(rrery, thus
(4.22) |B}51(Tk9) (n + Lp(rrg)) — BlEl(TkQ’)(n + Lp(rrery)

< ‘/(b}gjl(Tkg) (x) — bjlgl(Tkgl)(x))e_zm(n'%E(Tk@))mdx‘
T

IA

”BE(Tke) - BE(Tke')th/2
eC—*

< ——

B 500(2N + 1)d

(4.21) and (4.22) imply for any n € Z<,

|UE(Tk9) (n) — UE(Tka/)(”)|

E}El(Tke) (n+Lgirrg))  bpiprgy(n+ o)

B ‘ Hbg(TkQ)HLQ Hbg(Tkgl)HLQ ‘

|l;]151(Tk9) (n + EE(T’QG)) Hblel(Tkgl) ”L2 - I;};l(Tkgl) (n + EE(T’VO/)) ”b}jl(Tkg) HL2 ’

Hbjlgl(Tkg)HLQHblEl(TkG/)HB
< eC™4 Hb%}l(Tkg) ”L2 +C
= B002N + 1) [[b 1 122 [0 g 122
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By (3.11), we have

b}fl(T’w) (z) = bi}(Tw) (x + a)eme’(“’AEwke)),

b}fl(Tkef)(fE) = b%El(TkQ/)(:n + a)e?m P Apiie)

By the fact that |det Bgrrg)| = 1, one has

(423) 2088 e = 65 gag e + 192ag 22 > [ Bisgres o
(4.24) 265 guglliz = s rugn iz + 162 gegn iz = 1 Brrea -

Then by (4.11), (4.23) and (4.24), we have

1
185 oy |2 [0 e liz = g3

Thus
| ( ) ( )| < EC_4 ”blEl(Tkg)HL2 +C
u k n)—u oy )| >
E(T 0) E(T %) 500(2N + 1)d HblEl(Tkg)HLzHblEl(Tkgl)HLQ
€
< ———,
= 100(2N + 1)
Let §(,V,d,v,€¢) = min{d1,d2} and |6 — 0’| < §. By definition 3.1 and
(3.16), one has
Vo,5,(TnEo) — v 5, (TN Eyr)| = | Z [up(rre)(n + k) — Z [uprken(n + k)|
|k|<N k| <N

€ d
<& _@ON+1)l<e
S soeN g a N ) se

O

The proof of Theorem 4.4 is finished. Now we give the proof of Lemma
4.3 and Lemma 4.4.

Proof of Lemma 4.3: We first consider the reducibility of cocycle (a, Sg(e))’

by Theorem 4.2, there exist B € Cy. (T4, PSL(2,R)) and Agg) € SL(2,R)
such that

(4.25) By (x + @)~ Sg (2) Bgo) () = Ago),
with estimate
”BE(Q) Hh* < C(Oé, V7 d7 fY)
We now consider the reducibility of cocycle (a, S]‘E/(O’))' Note that
By (@ + @) Sk () Bp ) (x)

= Ap(o) + Bpig) (v + o) <E(9’) - E(0) 8) By ().
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By the definition of E(¢), there exits §(¢’) > 0 such that if 6,6’ € A, and
|0 — 0] < 5(), then |E(0) — BE(0')| < € = C7109. 8 Thus

(4.26) B;E(lg) (z + Q)Sg(ef)(ﬂﬁ)BE(e) (w) = Age) + Fr@o) (v),
with

| P lln. < C*|E@©) — B(9)] < €C* < 2.
By (2.1) and (4.26), we have
pla, Aoy + Fro) () = pla, Spgn) — <degB§(9)7a>
(deg Bry), @)
2
By footnote 5 of [3], deg BE(@) < N(a,V,d,7), thus

=0 -

pla, Apge) + Fi) () € DCo(y(1+ N)™™ 7).
Hence there exists § such that if |6 — ¢'| < 6(¢") = §(a, V,d,~,¢€), then
|E(0) — E(0')] < ¢ = min{()2, 20N TPy /9y2Com'} where Co, Do

| Ag(g)lI2<0
are defined in Theorem 5.1, i.e.

Do(y(1+N)"")*

2 1 mi
he <C% < ()2 <
| A |0

(hy/2)C07"

1 Fe0)
By Theorem 5.1, there exists e £ € C}‘;’*/z(']l‘, SL(2,R)) close to the iden-
tity, such that

e B T (Ap ) + Fipggy(2))e B0 = Ap g,

with estimates [|Ygg/)|ln, /2 < g”i, 1Az @) — Apell < M
Let Bpgry = Bpgye #@). Then

(4.27) By (z + ) Sk (@) Beon (x) = Age,
()
(4.28) | By = Bulln. < |1Bpglln 't < Ce2 < i <,
4.29 Aoy — Aponl| < €T <3 <e.
EB0) — Ap@)

(4.25), (4.27), (4.28) and (4.29) complete the whole proof.

Proof of Lemma 4.4: Since p(A) € A,, we have
specA _ {627rip(A)’ e—27rip(A)}‘
By Lemma 5.1 in [25], there exists U € SL(2,C) such that

eQﬂ'ip(A) 0 >

-1 .
(4.30) U AU_< 0 2o
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with estimate

joj <o 141
Y

Since ||A — A’|| < 6, we can rewrite U~'A'U as

eZﬂ'ip(A) 0 )

—1 qt77 -1 /
U AU =U (A - A)U + ( 0 e2mip(A)

eZTrip(A) 0

with estimate ||Y|| < QQT/H%H(S.

If |JA - Al <6 < 100010007r(27’ﬁ,4||)10’ there exists A € sl(2,C) with

where a = 27 (x + iy),b,c € C and z,y € R. Such that
U AU = exp (a b ) ,
c —a
with estimates

(4.31) 2| + |y — p(A)| + |b] + |¢| < 1062,

(4.32) () = p(A)] < 6.

Since § < (:5)!9 and p(4’) € A,, we have |z| < 1052 < |p(A")|/2, by

>

(4.31) and (4.32), we have yp(A’) > 0, thus

. . 1
(4.33) [+ iy +ip(A)| = |y + p(A)| = |z] = Slp(A)].
1 - b
Let P = L_ . srletiietA0) ) | then
\/ Y s ran? \ 2n(@ iy tip(A))

p! (CcL _ba> P = <2m())(A/) —2772'()0(14’)) '

By (4.33), we have

be
Am?(z + iy +ip(A"))

[+ lef?

(434 | oy

<
2V ='r

Since § < m(%)flo and p(A’) € A,, by (4.31) we have
2 2
P+ e, _ 1

|7r2p(A’)2 = 100
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combining with the simple fact |\/11+—$ — 1| < 2|z| for x < &, we have
o 8Ubl A el) B+ _
P —id| < <01,
1P =l < = ocay + ey =
For any € > 0, let § < min{{g5om00= (21,)%,610} and U’ = UP, we have
2mip(A”) 0
—1 (&
(4.35) U™ AU = ( 0 e2m’p(A’)> ’

with estimate
1

(4.36) |0 = U|| < U[|P —id|| < 671567 < 5% <e.
(4.30), (4.35) and (4.36) complete the proof.

5. APPENDIX

We list some reducibility results for quasi-periodic SL(2,R)-cocyle, one
can consult [18, 19, 22] for details.

Theorem 5.1 ([18, 19, 22, 25]). Let o € DCy(k,T), h > h>0,7>d-1,
T>d—-1,k>0,v>0, Re SL(2,R). Let A € C¥(T¢ SL(2,R)) with
pla, A) € DCy(k,T). Then there exist numerical constant Cy, constant
Do = Do(k,7,d), € = e(7',7,k,7, b, h,d, R), such that if

D()’)/4 ~ 7

then there erxist B € C;":(Td, SL(2,R)) and A € SL(2,R) such that
B(z +a)A(0)B(z)™' = A,
1 -
with estimates ||B —id|;, < ||A(z) — R|; and |A — R|| < [|A(x) — R[5 .

Proposition 5.1 ([22]). For any 0 < h < h, & > 0,4 > 0, 7 > d — 1,
7' > d — 1. Suppose that o € DCy(k,T), p(a, Agel®) € DC(v,7"). Then
there exist B € C’i"(']l‘d,PSL(ZR)) and A € SL(2,R) satisfying

BNz + a)Age™@ B(z) = A,

provided that || folln < €x for some €, > 0 depending on Ao, K, T, 7 h, h,d.
In particular, | B|);, < C(o, V,d,~, 7' h,h).

Remark 5.1. If Ay varies in SO(2,R), then e, can be taken uniform with
respect to Ag.
ACKNOWLEDGEMENT

J. You was partially supported by NNSF of China (11871286) and Nankai
Zhide Foundation.



29

REFERENCES

[1] S. Aubry and G. André. Analyticity breaking and Anderson localization
in incommensurate lattices. Ann. Israeli Phys. Soc. 3 (1980), 133-164.

[2] A. Avila. Global theory of one-frequency Schrodinger operators. Acta
Math. 215 (2015), 1-54.

3] A. Avila. Almost reducibility and absolute continuity. preprint.
http://w3.impa.br/ avila/ (2704,2711).

[4] A. Avila. KAM, Lyapunov exponent and the spectral dichotomy for
one-frequency Schrodinger operators. preprint.

[5] A. Avila and S. Jitomirskaya. The Ten Martini Problem. Ann. of Math.
170 (2009), 303-342.

[6] A. Avila and S. Jitomirskaya. Almost localization and almost reducibil-
ity. J. Eur. Math. Soc. 12 (2010), 93-131.

[7] A. Avila, J. You and Q. Zhou. Sharp phase transitions for the almost
Mathieu operator. Duke Math. J. 166 (2017), 2697-2718.

[8] A. Avila, J. You and Q. Zhou. Dry Ten martini problem in the noncrit-
ical case. Preprint.

[9] J. Bourgain. Green’s function estimates for lattice Schrédinger opera-
tors and applications. Annals of Mathematics Studies. Princeton Uni-
versity Press, Princeton, NJ. 158 (2005).

[10] J. Bourgain. Anderson localization for quasi-periodic lattice
Schrodinger operators on Z%, d arbitrary. Geom. Funct. Anal. 17
(2007), 682-706.

[11] J. Bourgain and M. Goldstein. On nonperturbative localization with
quasi-periodic potential. Ann. of Math. 152 (2000), 835-879.

[12] J. Bourgain, M. Goldstein and W. Schlag. Anderson localization for
Schrédinger operators on Z? with quasi-periodic potential. Acta Math.
188 (2002), 41-86.

[13] J. Bourgain and S. Jitomirskaya. Anderson localization for the band
model. Geometric aspects of functional analysis. Lecture Notes in Math.
1745 (2000), 67-79.

[14] J. Bourgain and S. Jitomirskaya. Absolutely continuous spectrum for
1D quasi-periodic operators. Invent. Math. 148 (2002), 453-463.

[15] A. Cai and L. Ge. Reducibility of finitely differentiable quasi-periodic
cocycles and its spectral applications. arXiv:1712.09041.

[16] A. Cai, C. Chavaudret, J. You and Q. Zhou. Sharp Hélder continuity of
the Lyapunov ecponent of finitely differentiable quasi-periodic cocycles.
Math. Z. 291 (2019), 931-958.

[17] V. Chulaevsky and E. Dinaburg. Methods of KAM-Theory for Long-
Range Quasi-Periodic Operators on Z*. Pure Point Spectrum. Com-
mun. Math. Phys 153 (1993), 559-577.

[18] E. Dinaburg and Ya. Sinai. The one dimensional Schréodinger equation
with a quasi-periodic potential. Funct. Anal. Appl. 9 (1975), 279-289.



30 LINGRUI GE AND JIANGONG YOU

[19] L. Eliasson. Floquet solutions for the 1-dimensional quasi-periodic
Schrodinger equation. Commun. Math. Phys. 146 (1992), 447-482.

[20] L. Eliasson. Discrete one-dimensional quasi-periodic Schrodinger oper-
ators with pure point spectrum. Acta Math. 179 (1997), 153-196.

[21] J. Frohlich, T. Spencer and P. Wittwer. Localization for a class of one di-
mensional quasi-periodic Schrédinger operators. Commun. Math. Phys.
132 (1990), 5-25.

[22] L. Ge, J. You and Q. Zhou. Exponential dynamical localization: Crite-
rion and applications. arXiv:1901.04258.

[23] A. Gordon, S. Jitomirskaya, Y. Last and B. Simon. Duality and singular
continuous spectrum in the almost Mathieu equation. Acta Mathemat-
ica. 178 (1997), 169-183.

[24] M. Herman. Une méthode pour minorer les exposants de Lyapounov et
quelques exemples montrant le caractere local d’un théoréme d’Arnol’d
et de Moser sur le tore de dimension 2. Comment. Math. Helv. 58(3)
(1983), 453-502.

[25] X. Hou and J. You. Almost reducibility and non-perturbative reducibil-
ity of quasiperiodic linear systems. Invent. Math. 190 (2012), 209-260.

[26] S. Jitomirskaya. Almost everything about the almost Mathieu operator,
II in Proc. of XI Int. Congress of Math. Physics. Int. Press, Someruville,
Mass. (1995), 373-382.

[27] S. Jitomirskaya. Metal-Insulator Transition for the almost Mathieu op-
erator. Ann. of Math. 150 (1999), 1159-1175.

[28] S. Jitomirskaya and I. Kachkovskiy. L2-reducibility and localization for
quasi-periodic operators. Math. Res. Lett. 23 (2016), 431-444.

[29] S. Jitormiskya and W. Liu. Universal hierarchical structure of quasi-
periodic eigenfuctions. Ann. of Math. 187(3) (2018).

[30] S. Jitormiskya and W. Liu. Universal reflective-hierarchical structure
of quasiperiodic eigenfunctions and sharp spectral transition in phase.
arXiv:1802.00781.

[31] S. Jitormiskya, W. Liu and Y. Shi. Anderson localization for multi-
frequency quasiperiodic operators on Z¢. arXiv:1908.03805.

[32] R. Johnson and J. Moser. The rotation number for almost periodic
potentials. Commun. Math. Phys. 84 (1982), 403-438.

[33] S. Klein. Anderson localization for the discrete one-dimensional quasi-
periodic Schrédinger operator with potential defined by a Gevery-class
function. J. Funct. Anal. 218 (2005), 255-292.

[34] Y. Last. A relation between a.c. spectrum of ergodic Jacobi matrices
and the spectra of periodic approximants. Comm. Math. Phys. 151
(1993), 183-192.

[35] M. Leguil, J. You, Z. Zhao and Q. Zhou. Asymptotics of spectral gaps
of quasi-periodic Schrédinger operators. arXiv:1712.04700.

[36] J. Puig. A non-perturbative Eliasson’s reducibility theorem. Nonlinear-
ity 19(2) (2006), 355-376.



31

[37] Y. Sinai. Anderson localization for one-dimensional difference
Schrodinger operator with quasi-periodic potential. J. Stat. Phys. 46
(1987), 861-909.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORIA IRVINE, CA, 92697-
3875, USA
E-mail address: 1ingruige10@163.com

CHERN INSTITUTE OF MATHEMATICS AND LPMC, NANKAI UNIVERSITY, TIANJIN
300071, CHINA

E-mail address: jyou@nankai.edu.cn



	1. Introduction
	2. Preliminaries
	2.1. Quasi-periodic cocycles
	2.2. The integrated density of states
	2.3. Global theory of one-frequency Schrödinger operators
	2.4. Aubry duality

	3. R-measure
	4. Arithmetic version of Anderson localization
	4.1. Verification of condition (1)
	4.2. Verification of condition (2)
	4.3. Verification of condition (3)
	4.4. Verification of condition (4)

	5. Appendix
	Acknowledgement
	References

