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Abstract

In this paper, we consider the packing dimension of a family of measures
consisting of a probability measure, u, and the spectral measures of its
rank one perturbations, u). Past results have determined that the Hausdorff
dimension of spectral measures of almost every rank one perturbation can
be determined if the limit inferior of a ratio involving u is constant on a
Lebesgue typical set. This ratio is sometimes called the pointwise dimension
of 1 and is related to the upper derivative of u. Work has been done to make
a similar argument for the packing dimension, but with little success. Using
the theory of rank one perturbations and Borel transforms, also known as
Weyl functions, we introduce the concept of Lebesgue exact dimension for
1, which allows us to determine the packing dimension of spectral measures
of almost every rank one perturbation py. As an interesting corollary, we
find that this limit condition implies a stronger result: the Hausdorff and
packing dimensions are equal for spectral measures of almost every rank one
perturbation.

1. Introduction

In this paper we consider the packing dimension of a family of measures
consisting of a probability measure, u, and the spectral measures of its rank
one perturbations, uy. Previous results have established that the Hausdorff
dimension of  and py can be determined for almost every A by the limit

lim inf log ji(x — 0, +9)
5—0 log 6

(1.1)

on a Lebesgue typical set [2]. In [2], it was found that if this lim inf is equal
to a on a Lebesgue typical set, then the Hausdorff dimension of the spectral
measures of almost every rank one perturbation is 2 — a.
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It has also been established that the packing dimensions of i can be
determined by the limit

) log u(x — 9,z + 0)
lim sup

) 1.2
§—0 log 4 (1.2)

on a Lebesgue typical set, but there has been no result relating this limit
to the packing dimension of the spectral measures of the rank one pertur-
bations, ).

An obvious relation arising from the definitions is that if (1.1) and (1.2)
coincide, that is if the limit exists, on a p-typical set, then the Hausdorff and
packing dimensions for p are equal. When this happens, p is said to have
exact dimension equal to the limit. When the limit exists on a Lebesgue
typical set, we will say p has Lebesgue exact dimension equal to the limit.
We will make these two definitions precise in Section 3. It is known that
Borel transforms provide a way to relate spectral measures of rank one
perturbations back to the original measure. Using Borel transforms, we
prove that, if we replace limsup with lim in the above limit, and if the
limit exists and is equal to some 1 < a < 2 on a Lebesgue typical set,
then the packing dimension of spectral measures of almost every rank one
perturbation is given by 2 — a.

We use concepts from the study of rank one perturbations and Borel
transforms in our paper and thus our results can be applied to situations
where spectral measures are the starting point, rather than pure probability
measures. Indeed, Borel transforms were used to study spectra of operators
under rank one perturbations in [3]. The existence of mixed spectral types
was also studied in [4] with regards to the real parameter.

The theory of rank one perturbations and Borel transforms is outlined
in detail in [7]. For completeness, we list the definitions and results needed
for this paper.

Given a probability measure . we define the Borel transform as

Fu(z):/du(x)

r—z

for Imz > 0. We note that
F, :{z:Im(z) > 0} = {z : Im(z) > 0}

is an analytic function. In this paper, we usually call F' the Borel transform
of u.



Let u be a probability measure, A a positive self-adjoint operator on
L?*(R,du), and ¢ be a unit vector in L?(R,du). We define the rank one
perturbations of A, associated to the real parameter A, as

Ay = A+ Xe, ).

If duy, is the spectral measure for ¢ and the operator Ay, then we also define

FA(Z)Z/dM(x)

r—z

and denote F(z) for Fy(z). These objects are well studied and there are
some well-known properties that arise from the definitions:

) = T (1.9
ImFi(2) = m (1.4)

With this we can define a family of probability measures by looking at a
probability measure and the associated spectral measures, duy, of the rank
one perturbations. See Section 7 for an example.

The study of the fractal dimension of these measures and the spectral
measures of their rank one perturbations has many varied applications. The
Lebesgue Decomposition Theorem allows us to decompose any measure u
into three parts:

M= Hac + Hse + Hpp

where 4. is the absolutely continuous part of the measure, pg. is the sin-
gular continuous part of the measure, and jip, is the pure point part of the
measure. It is interesting to note that absolutely continuous measures have
Hausdorff and packing dimension 1, while pure point measures have Haus-
dorff dimension 0. The interesting case is the singular continuous measures;
these measures can have Hasudorff and packing dimension between 0 and 1.
See Section 7 for an example of such a measure. Physicists tend to study
the singular continuous spectrum, and so an important property of these
measures is their Hausdorff and packing dimensions. In this paper, we will
consider only singular continuous measures.

The relation between Borel transforms and the Hausdorff dimension of a
measure has been studied in [2]. Roughly speaking, the Hausdorff dimension
of measure is related to the Power law property of the imaginary part of
its Borel transform: p has Hausdorff dimension « if ImF(FE + i€) ~ €.



However, a similar argument cannot be generalized to a packing dimension
result!. Jitomirskaya, Liu and Tcheremchantsev show that a weaker result
still holds for packing dimension in [5]. The concept of spectral dimension
was introduced in [6] to establish a lower bound on the packing dimension.
We briefly discuss applications of our result to Spectral dimension in Section
6.

In this paper, we consider the Hilbert Space L?(R,du). The unit vector
¢ € L*(R,dp) and the positive self-adjoint operator A will be fixed for the
purposes of examining rank one perturbations. We prove
Theorem 1.1. If lim._ g W = «, for Lebesque a.e. = and some
1 < a < 2, and if we let py denote the spectral measure of the rank one
perturbation with parameter X\, then

log px (z—e,z+€)
loge
2. The packing dimension of the spectral measure of the rank one pertur-

bation, py, is 2 — a for Lebesgue a.e. .

1. lim._g =2 — « for Lebesgue a.e. A and py-a.e. x.

See Sections 2 and 3 for the relevant packing dimension definitions.
We can then use this theorem to prove a result relating packing dimen-
sion to Spectral dimension.

Theorem 1.2. Under the conditions of Theorem 1.1, we have

1. dimj (uy) = dim{ (uy) and
2. dim] (uy) = dimp(py)
for Lebesgue a.e. .

Spectral dimension was introduced in [6], and we review the relevant
definitions and results in Section 6.

In Section 4, we study what happens when this limit just holds on a
set F/, without any assumptions on the measure of E. The assumption that
FE has full Lebesgue measure is both reasonable, see Section 7, and useful,
see the start of Section 5. Regardless, by studying the set, FE, where this
limit holds, we can provide information about the packing dimension of the
spectral measure of a rank one perturbation, see the end of Section 4.

Our paper is organized in the following way. Section 2 defines the various
fractal dimensions that we consider in this paper. Section 3 gives the broad

Tt was pointed out in [6] that a lower bound on packing dimension can be recovered
from the limit behavior of the Borel transform.



definition for dimension of a measure and we then introduce well-known
results that simplify this definition for Hausdorff and packing dimension.
We include proofs to keep our paper self contained. In sections 4 and 5 we
prove that, if a measure obeys a simple limit statement, then the spectral
measure for almost every rank one perturbation has packing dimension equal
to two minus this limit. We then study spectral dimension under the same
assumptions in Section 6. Section 7 analyzes a particular family of measures
and we apply our theorem to this family. Much of the work done in finding
the limit value in section 7 was completed in [2].

2. Fractal Dimension of Sets

Given a Borel set E C [0, 1], we can define the dimension of F in many
different ways. We are, in particular, interested in two different but related
definitions.

First, we consider the Hausdorff dimension. Fix E C [0, 1] and « € [0, 1].
We define

o0 oo
Hos(E) =inf Y |By|*: By <& EC By,
i=1 j=1

where the inf is over all -covers by intervals B; of diameter at most J. We
see that as § decreases, H increases, so the limit

h*(E) = lim H,4(E)

6—0t

exists. We define h® to be the a-dimensional Hausdorff measure. This is a
non-sigma-finite measure on the Borel sets with some interesting properties
as we vary «. Notice that if 8 < a < 7, then

0*"THy5(E) < Has(E) < 8% Hg ().

Thus if h%(E) < oo, then h7(E) = 0, and if h*(E) > 0, then h?(E) = co. We
then see that for every E there is some ag such that, for every 5 < ag < 7y
we have h’(E) = oo and h?(E) = 0. In other words,

ap = inf{a : h*(E) = 0}

and
ag = sup{a : h*(F) = oo}.

We say that ag is the Hausdorff dimension of E.



Next, we consider the packing dimension. We begin by defining

o0 [e.o]
P, s(F) = sup Z\Bj]“ 1|Bj| < 6 E C U Bj ¢,
j=1 j=1

where the supremum is over all disjoint d-covers of F' by balls B; of radius
at most ¢ and centers in F.
We can see that P, 5(F) is decreasing with §, so the limit

lim POC,(;(F) = Py o(F)
6—0

exists and may be oo.

This is not quite a measure. Indeed, if we consider any countable dense
set @, then P, ¢(Q) = oo, yet given any point ¢ € Q) we have P, o({q}) = 0.
This indicates that P, is not countably additive, and thus not a measure.
In order to construct a measure from F, o, we decompose F' into a countable
collection of sets and define

p*(F) = inf {Z P.o(F): F C U F} .
i=1 i=1

We call p® the a-dimensional packing measure. Just as we did for Haus-
dorff dimension, we now define the packing dimension of F' as

P(F) =sup{a>0:p*(F) = oo}
or

P(F)=inf{a > 0:p“(F) = 0}.
3. Fractal Dimension of Measures

Given a probability measure p we are interested in defining the dimension
of u.

Definition 3.1. If i is a probability measure and if dim(F) gives the dimen-
sion of a set F, then the upper and lower dimensions of i are, respectively,

dim™ (p) = inf{dim(E) : u(E) = 1} (3.1)
dim™ (p) = inf{dim(E) : p(E) > 0}. (3.2)



While Definition 3.1 is concise and works for any definition of dimension
that we could consider, it is not the easiest to apply to problems, so we look
at a way to simplify the work necessary to do this calculation for Hausdorff
and packing dimensions.

Definition 3.2. Fix x € R. The upper and lower local dimensions are

log u(x — 9,z + 0)

Jr 1

d;(z) = lu;ljslp Tog 6 (3.3)
_ .. logu(x —d,x +0)

d,, (r) = liminf . (3.4)

5—0 log 6

Rogers—Taylor and others have done work to show that Definition 3.2
can be used to define the Hausdorff and packing dimension of a measure.

Theorem 3.1. The upper and lower Hausdorff Dimension of u is

dim7; (n) = p — esssup d, (x) (3.5)
dimp (u) = p —essinfd, ().

Theorem 3.2. The upper and lower packing dimension of u is

dim}(p) = p — esssup d; () (3.7)
dimp(p) = p — essinf d: ().

Proof of Theorem 3.1

Proof. For the first equality, suppose a = p — esssupd,, (z). Then p is
supported on a set of dimension a by [2] and so a > dim};(x). It follows that
a > dim}; (u).

Suppose a < p—esssupd,, () and let S be any set supporting u. Then for
some set B C S of positive measure, we know d, (z) > a for x € B. Consider
X B, the characteristic function of B, and the measure dup = xpdu. Clearly
dup is supported on B. Also notice that dup is continuous with respect to
h®, by [2]. Furthermore, this measure satisfies d,, (z) > d,,(z) > a for up-
a.e. . Now if E is a set of Hausdorff dimension less than a, then pup(E) =0
by the continuity of dup. That is, H(B) > a. Since B C S, we also have
H(S) > a. Since this holds for any supporting set S, we can conclude that
dim}; (1) > a. This establishes the first equality.

To establish the second equality, suppose b = p —essinfd, (z). First we
want to show b < dimy; (p). If b = 0, then it is trivially true that dimp,(p) >
b, so suppose b > 0. Let 0 < 8 < b. Then d,, (x) > 3 for p-a.e. z,s0 u(E) =0

7



for any set E of Hausdorff dimension < § by [2]. Since S < b was chosen
arbitrarily, this means dimj; (u) > b.

Now we want to show dimy;(u) < b+ 3e. Recall that, by the definition
of b, for every e > 0 there exists a set F, pu(F") > 0 such that

i i log u(z — 9,z +9)
6—0 log 1)

<b+e

for every x € F. Consider this set F. Either F' is bounded or it can be
expressed as a countable union of bounded sets of positive measure. We
want to show that H(F) < b+ 3¢, so it suffices to show that one of these
bounded subsets of positive measure has a Hausdorff dimension less than
b+ 3e. WLOG suppose F' is bounded. Then for every 6 > 0 we can find a
finite set of points x; € F such that B;(0) = (z; — J,z; + ) is a cover of F.
By the Besicovitch Covering Theorem, we can also assume that each point
of F' appears in at most two of the B; independent of §. That is,

S u(Bi(9)) < 2u(R) =2

Furthermore, if we denote by Ns the number of sets B;(4) in our cover of F,
then
Z ‘Bi’b+3€ — N§(2(5)b+36.

By our choice of F, we have
(i — 6,5 4+ 8) > 60T
for every d < dg, so
N36"H2¢ <) " u(Bi(6)) < 2.
In particular, we see
Z |B;(8)[P+3¢ = Nj(20)b+3¢ = Nygb+2eobtdese ¢

as & — 0. This implies A’+3¢(F) = 0, so H(F) < b+ 3¢ which in turn allows
us to conclude dimy; (u) < b+ 3e. This establishes the second equality. [

To prove the result for the packing dimension, the proof is similar to the
above arguments, with the only technical difficulty being in the proof that
dimp(p) < p— essinf df (x) + 3e. We provide a proof of this below.



Proof that dimp(u) < p — essinf df (x) + 3e
Proof. Let a = p—essinf d} (). By definition of y — essinf d,,(z), we know
that for every € > 0, there exists a set B of positive measure such that

d:[(x) < a + € for every x € E. In particular, this means that for every
x € B there exists § > 0 such that

w(x; — 0, +6) > §at2e,

Consider the sets
1
B, = {x € B: 6 =sup{d: pu(z -8,z +0) >0} < }
n

for n > 1. Denote by By all points x € B such that x ¢ B, for any n.
Observe that every x € By obeys the inequality

p(z — 0, x + 6) > 64+

for every 6 < 1. The B,, form a decomposition of B.

Recall that we chose B so that u(B) > 0, so there exists N such that
w(Byn) > 0. If N # 0 then consider any countable disjoint cover of By by
balls of radius less than 6 = ﬁ with centers in By, and denote the cover
{C}}. Let x,, be the center of each C),. We know that there exists a sequence
{6, } such that C), = (z, —0p, T +Jy,) or some variation where the endpoints
are included. Note that §,, < ﬁ Since x,, € By and §,, < ﬁ, we know

(ZTy — Opy Ty, + O) > 52"'26.

This inequality holds for every 4, < § = We now have

1
N+1°

Z ‘Cn’a+35 < Z(Qén)aJrBe

< Z 2a+3€5;,u($n - 5n’ Ty + 5n)

= gat3e Z Oy po(xp, — 0,y + 0)
< 20t3ese,

This last inequality follows by noting, first, that §, < § and secondly
that (z,, — 0p, Zn + 0n) and (2, — O, Ty + 0py) are disjoint for n # m, and
so Y u(xy — 0,2, +0) < 1.

Now we let 6 — 0 and see Y. |C,|*"3¢ — 0. This holds for any dis-
joint cover, {Cy,} of By, so p®3¢(By) = 0. Hence, P(By) < a + 3¢. Since
pw(By) > 0, it follows that dimp () < a + 3e.



If the set of positive measure is By, then we can repeat the above pro-
cedure and take our initial § to be less than 1. This completes our proof.
O

Now we introduce the two definitions of exact dimension briefly discussed
in Section 1.

Definition 3.3. A measure p has exact dimension « if

. logu(x —e,x+e)
lim =«
e—0 log €

for u-a.e. x.

The concept of exact dimension is important for many applications, but
the concept central to our main result is Lebesgue exact dimension.

Definition 3.4. A measure p has Lebesgue exact dimension « if

. logu(x —e,x+e€)
lim =«
e—0 log €

for Lebesgue a.e. x.

There is a final characterization of packing dimension that will be very
useful in Section 6.

Proposition 3.1. If
dimjg = dim, = dimp,
then

dimp(u) = sup {fy : lim inf ple=erte) < oo} .
e—0 e

Proof. Suppose liminf,_,q % = o« and fix § > 0. Then there exists

€* > 0 such that for every € < ¢* we have

wlx —e,x+€) > e,
In particular, this gives us

r—€x+E€ _
,u(a—_;&s)Zfé—)OO&Sé—)O.
€

Thus a > sup {’y :liminf._,q wz=erte) oo} .

€Y

10



Similarly, there exists a sequence of €, — 0 such that

w(x — €n,x + €)

6%_25

<e —0asd—0.

Thus a < sup {7 :liminf,_,q pa—ezte) < oo} . This establishes the desired

e

result. O

4. Packing Dimension Results

We would like to study the packing dimension of a measure u subject to
a certain limit condition. We know that if
log u(x — €,x + €)

ll—% log e - (4.1)

for p-a.e. x, then y has packing dimension equal to . We will use this as our
starting point to evaluate the packing dimension of the spectral measures
of rank one perturbations of u. First we consider what happens when (4.1)
holds for every x in some set A.

Lemma 4.1. Suppose § >0 and 1 < a < 2. If

lim log u(x — €,z + €) .
e—0 log e

for x € A C R, then for sufficiently small € dependent on x and 6, we have
the bounds €10 < p(x — e, +€) < 279,

Proof. Since
. logpu(z —e,x+¢€)
lim =«
e—0 log e

for x € A, we see that for every § > 0, there is € > 0 such that for every

€ < €, we have

log u(x — €,z + €)
loge

a—0< < a+d.

For € small, log e < 0, so after multiplying everything by log ¢ and exponen-
tiating, we have
e < p(r—ex+e) < e

11



In this section, from this point onwards, unless otherwise stated, we

assume

. logu(x —e,x+e)
lim =«
e—0 log €

for all z in some set A.

Knowing a pair of bounds for p, we can study bounds on objects that
are related to u, like the Borel transform F. We do this so that we may
translate a bound on p to a bound on F' and then to a bound for F) which
will in turn give us a bound for py.

Lemma 4.2. Suppose § > 0 and 1 < a < 2. Then for sufficiently small €
dependent on x and &, we have the bound

€a+5—1

DN |

ImF (x + ie) >
forxz e ACR.

Proof. First observe that the definition of F'(x + i€) gives us

ImF(z + ie) = Im/ M
Y — T+ 1€

d
_ 6/ P ’;g’i 5 (4.3)

Using the montonicity of the integral, and the fact that the integrand is
nonnegative, we have
- / e dply)
> € — .
T—e (y - I)Q + €2

We can now use our bound on u(z — €,z + €) to get a final bound.

(4.2)

> i€a+6 _ 16a+5—1

~ 2e 2 )
Observe that the second inequality only holds for € A and follows from
the established lower bound on p(z — €, + €), which is why our bound on

ImF only holds on A. O

It turns out that, for our applications, all we need is a lower bound on
ImF(z + ie). Now that we have such a bound for every = in a set A, we
want to study the conditions on A that allow us to talk about uy. We could
consider the case when A supports uy for some A, but that will only allow
us to talk about one particular A, so instead we consider a much stronger
case that is easier to apply.

12



5. Proof of Theorem 1.1

It is an interesting fact that there is a deep relationship between p) and
Lebesgue measure. Indeed, the next Theorem, given as Theorem 1.8 in [7],
will allow us to take our results from the previous section and use them to
find bounds on ImF)(x + i€) for py a.e. = and Lebesgue a.e. A.

Theorem 5.1. Let [%_ p\(E)d\ = n(E). Then n is equivalent to Lebesgue
measure.

A consequence of this equality is that any set of full Lebesgue measure
is also of full ) measure for Lebesgue a.e. A.
Observe: if

0=n(4) = [ ma(A)ax

then
pa(A) =0

for n-a.e.\. By Theorem 5.1, 7 is equivalent to Lebesgue measure, so py(A) =
0 for Lebesgue a.e. A. Hence, A¢ is full Lebesgue measure and full j1, measure
for Lebesgue a.e. .

We now proceed to bound ImF) using the assumption that A has full
Lebesgue measure. This is not a completely arbitrary assumption, as can
be seen from the lemma above, but it is not clear that many measures, if
any, possess this limit property for Lebesgue a.e. x. In Section 7, we discuss
a concrete example of a measure with this limit property.

Lemma 5.1. Suppose § > 0 and 1 < a < 2 and p has Lebesque exact
dimension «. Then for Lebesgue a.e. A, ur-a.e. x and sufficiently small €
dependent on x and 0, there exists C(\) > 0 such that

Im Fy\(x +i€) < Cet ™70,
Proof. Recall that p having Lebesgue exact dimension « is equivalent to

. logpu(z —e,x+¢€)
lim =«
e—0 log e

for every x in a set A of full Lebesgue measure. Let x € A. By Theorem
5.1, we know that A is a set of full uy measure for Lebesgue a.e. z. Recall,
from (1.4), that

, ImF(z + ie)
ImF _
mINE +i6) = S RGP

13



By bounding the denominator by |A\ImF (z + i€)|?, we have the bound

1

ImF e) < .
MA@ +i€) S e g

From Lemma 4.2,

2 1 l1-a—0

ImF)\(x + i€) < PeatiT = Wé

Setting C' = i /\1|2 yields the desired inequality.
O

Lemma 5.2. Supposed > 0,1 < o < 2, and i has Lebesgue exact dimension
«a. Then for Lebesque a.e. X\, px-a.e. x and sufficiently small € dependent
on x and 6, there exists C > 0 dependent on x,«,d, and A such that

ImFy\(z + i€) > Cel=atd,

Proof. Let A be the set of full Lebesgue measure where the Lebesgue exact
dimension condition holds and let = € A. Theorem 4.2 from [2] shows

|1+ AF(z +ie)| < Ce* !

for C' > 0 dependent on z, o, and 4, so (1.4) gives us

‘ ImF (z + ie)
>\
ImF)(x + ie) > Cre2a1)
Then Lemma 4.2 yields
6a+571
e2(a—1)
= Cel7oFo,

O
We can now use the definition of F to place bounds on the measure p).

Theorem 5.2. Suppose § > 0, 1 < o < 2, and p has Lebesque exact
dimension a. Then for Lebesgue a.e. A, ur-a.e. x and sufficiently small €
dependent on x and 6, there exists C > 0 dependent only on A such that

pa(z — e, 4 €) < Ce270,

14



Proof. Let A be the set of full Lebesgue measure where the Lebesgue exact
dimension condition holds and let x € A. By definition of F, we have

. ed,u/\
i 0= [ e

Since the integrand is nonnegative, we can use monotonicity to see

xr+e€ Cl
> € / LQA
r—e€ 2e

and evaluating this integral yields

L o)
= — Tr — €. T €).
26.“)\ 3

Since ImFy(z +i€) < Ce' =79 we have uy(z —e, 2 +¢€) < 2Ce> 270, [

Theorem 5.3. Suppose § > 0, 1 < o < 2, and p has Lebesque exact
dimension «. Then for Lebesgue a.e. A, ur-a.e. x and sufficiently small €
dependent on x and 0, there exists C > 0 dependent only on X such that
pr(z — €,z 4 €) > Ce>~ 0 for Lebesgue a.e. A and piy-a.e. .

Proof. Let A be the set of full Lebesgue measure where the Lebesgue exact
dimension condition holds and let x € A. From (4.3), we have ImF) (z+1i¢) =
ef dux(y) o

(y—2)2+€2?

, d
ImF)y(z + ie) < /R G x’;;(j{)ez)lﬂ.

Fix C1 > 0. By partitioning R into

(x — Cre,z + Che) and U {2"Cre < |z —y| < 2" C1e},
n=0

and setting E,, = {2"C1e < |z — y| < 2" C1€}, we have

TOne dpx(y)
Cie ((y - )2 + €2>1/2

d
S s

ImF)\(z + ie) < /

15



The first integral is bounded above by ﬁ/@\(:c — Ch6,x + Cie) and the

dpx
7z S0 we have

second integrand is bounded above by [CETeEaE
1

ImFy\(z + ie) < pr(x — Cre, x + Che)

\fe
djiy
+ E:O/n (22nC2e2 ¢+ 212

Observe that

dpix " "
/E (@ CTe 4 )it = 01 G’ =27 Gz +27Che),

hence,

o

dpix " "
Z/ (22n01262+62)1/2 0162 :2 x(x — 2" Cre, x + 2" Che).
n=0 n

Theorem 5.2 gives us py(z—2"T1Cre, £42"T1Cre) < Cy(27T1Ce)2 270,
Thus,

- dpix +1 2-a—3
2 "Cy (2" CY o=

Since 270y (2"1)2-2=0C1 =% is summable, by our assumptions on «
and 9, we have

- dpx 1—a—6
=C @,
g/fs @nCPe + )iz~ ¥

Therefore, we have

ImF)(z + i€) < ——=pr(z — Cre, x + Cre) + Cael 779,

E\f

This C3 can be made as small as we wish by taking C; sufficiently large.
Since ImF)(x + ie) > Cye' = we have

0462—a+6 _ 0362—04—(5 — 62—04+6(04 _ 036—26) < u,\(x _ 016, x + 016).

16



We can make Cy — Cse=20 > 0 for sufficiently large fixed C}, hence we have
px(z — Cre, z + Cre) > Cs5e219 with Cs > 0. This holds for all sufficiently
small €, so in particular it will hold for all ¢/Cy for sufficiently small e.
Setting C' = C5/ 012*0‘*5 will give us the desired inequality. O

With these bounds on p), we may now turn our full attention to Theorem
1.1.

Proof of Theorem 1.1

Proof. First, we prove part one of the theorem. Consider

. logux(z —€e,x +¢€)
lim .
e—0 log e

We know this is bounded by

(2 —a+d)loge+logCy log px(z — €,z +¢€)

lim > lim
e—0 log € e—0 log e (5.1)
> Jim (2—a—9) loge—l—logCg'
e—0 log e

The term on the left is equal to 2 — o+ § and the term on the right is equal
to 2 — a — J so by sending § — 0 we have the desired equality.
The second part follows immediately from (5.1) and Theorem 3.2. [

This theorem allows us to connect our packing dimension results to the
Hausdorff dimension results from [2].

Corollary (to Theorem 1.1). Under the conditions of Theorem 1.1, the
Hausdorff and packing dimensions for the spectral measure of almost every
rank one perturbation are equal to 2 — «.

Proof. The first part of Theorem 1.1 shows

].lm 1Og M)\(‘/L' — 6 + 6)

=2—-«
e—0 log e

on a uy-typical set for a.e. A. In particular, the liminf is equal to 2 — a.
Using Definition 3.1, we conclude dimp (py) = 2 — « for a.e. A. This is also
the packing dimension established in the second part of Theorem 1.1, so we
are done. O
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6. Applications to Spectral Dimension

The concept of spectral dimension was introduced in [6], and we can use
our results to illustrate a relation between the spectral dimension and the
packing dimension of measures under the limit condition from Theorem 1.1.

Fix v € (0,1). A measure p is said to be upper v-spectral continuous if

liminf €' 77| F(x + i€)| < 0o
e—0

for p-a.e. x. Replacing liminf with lim sup gives us the definition for lower
spectral continuous.

Definition 6.1. We say a measure p has lower spectral dimension « if
a =sup{y € (0,1) : u is lower ~y-spectral continuous}.
Similarly, we can define the upper spectral dimension

Definition 6.2. We say a measure p has upper spectral dimension « if
a =sup{y € (0,1) : u is upper y-spectral continuous}.

We will denote upper spectral dimension dim} (1) and lower spectral
dimension dimg (u).

In [2], it was shown that lower spectral dimension corresponds to Haus-
dorff dimension. It was commented in [6] that the upper spectral dimension
provides a lower bound for packing dimension.

Proposition 6.1. liminf._, % < 2liminf. o' ™Y |F(z + ie)|

Proof. Recall that

. edp
it si0 = [ e
Furthermore, |F(z + i€)| > ImF(z + ie). We can also see
T+e€ d
: u
ImF (z + i€)| = e/ —
| ( )‘ T—€ (l’ - y)2 + €2
>~ ple— ez +0)
—u(x —e,x +€).
= 26“ )
Thus, ! 77|F(x + i€)| > 1 Yu(z — €,z + €). Taking a liminf of both sides
proves our result. ]
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Proposition 6.2. dimp(u) > dim] (u).
Proof. We know

lim inf Gl ]

< Timi 1—r .
it = < llgélf e TF(x + e,

so in particular, we can see that

sup {fy : liminfw < oo} > sup {'y :liminf € 77| F (2 4 i€)| < oo} :
e—0 €7 e—0
Appealing to Proposition 3.1 establishes our result. 0

We can now turn our attention to Theorem 1.2.

Proof of Theorem 1.2

Proof. From Theorem 1.1, we know that Hausdorff and packing dimension
are equal for spectral measures of a.e. rank one perturbation. Furthermore,
we know dimp(py) = dimj (uy) and dim] (uy) < dimp(uy) for every M.
Hence, we have

dimp (py) = dimy (py) < dimy (ux) < dimp(py) = dimp (p)

for Lebesgue a.e. . That is, we have equality everywhere for a.e. A. O

7. A Family of Probability Measures

We would now like to use Theorem 1.1 to study a particular family of
measures. In particular, we wish to show that the assumption that

. logu(x—d,x+9)
lim
50 log 6

exists on a Lebesgue typical set is reasonable.

Consider the binary expansion of z € [0, 1] such that for z # 1, the
representation eventually ends in Os. We make this choice of representation
to resolve the non-uniqueness of the binary expansions of certain x € [0, 1].
Let f:[0,1] — {0,1}" be the function associated with this representation.

That is, if
G an(T)
=) o
n=1
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is the unique binary representation for x that we consider, then f(z) =
{an(x)}52 ;. We can see that this function is a bijection from [0, 1] to some
proper subset K C {0,1}.

Fix p € [0,1] and let P be the product measure on K with each factor
giving weight p to 0 and weight 1 — p to 1. More precisely, we denote P by

H (pddp + (1 — p)ddy) .
n=1

From P we can obtain a probability measure, f,, on [0, 1] using the relation

The measure p, is studied in detail with respect to Hausdorff dimension in
[2].

Now to build our family of measures we consider the measures 1, such
that pp, = pp and p,, is the spectral measure of the rank one perturbation
of 1.

From now on, unless otherwise specified, we denote p, as p and p,, as
Fox-

It was shown in [2] that

logpu(z —d,2+6)  qlogp+ (1—g)log(l —p)

li =
550 log 20 log 2

for a.e. = w.rt. pg. It is well known that py /5 is equivalent to Lebesgue
measure, so in particular, if we take ¢ = %, then we have
logp(z —d6,z+6)  logp(l—p)

li =
530 log 26 2log?2

Now Theorem 1.1 implies that dimp(uy) = 2 — « for Lebesgue a.e. A.
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