DRY TEN MARTINI PROBLEM FOR THE NON-SELF-DUAL EXTENDED
HARPER’S MODEL

RUI HAN

ABSTRACT. In this paper we prove the dry version of the Ten Martini problem: Cantor spectrum
with all gaps open, for the extended Harper’s model in the non self-dual region for Diophantine
frequencies.

1. INTRODUCTION

The study of independent electrons on a two-dimensional lattice exposed to a perpendicular
magnetic field and periodic potentials can be reduced via an appropriate choice of gauge field to the
study of discrete one-dimensional quasiperiodic Jacobi matrices. The most extensively studied case
is the almost Mathieu operator (AMO) acting on [?(Z) defined by

(Hx,0,6W)n = Unt1 + Un—1 + 2A cos 27(0 + na)uy,.

This is a one-dimensional tight-binding model with anisotropic nearest neighbor couplings in general.
A more general model, called the extended Harper’s model (EHM), is the operator acting on [*(Z)
defined by:

(Hx a.0u)n = c(0 + na)upt1 + (0 + (n — 1)) up—1 + 2 cos 2m(0 + na)uy,.

where ¢() = Ae 2™ 0+3) 4 Ny 4 A3e?™0F3) and ¢(0) = A\ e?™0F3) 4 Ny 4 Age 2M0+3) ) Tt
is obtained when both the nearest neighbor coupling (expressed through A;) and the next-nearest
couplings (expressed through A; and A3) are included. This model includes AMO as a special case
(when Ay = A3 = 0).

For the AMO, it was proved in [5] that the spectrum is a Cantor set for any o € R\ Q and A # 0.
This is the Ten Martini Problem dubbed by Barry Simon, after an offer of Mark Kac. A much
more difficult problem, known as the dry version of the Ten Martini Problem, is to prove that the
spectrum is not only a Cantor set, but that all gaps predicted by the Gap-Labelling theorem [10],
[15] are open. The first result was obtained for Liouvillean « [12], and later it was proved for a set
of (A, @) of positive Lebesgue measure [I6]. The most recent result is [6], in which they were able to
deal with all Diophantine frequencies and A # 1. A solution for all irrational frequencies and \ # 1
was also recently announced in [9].

Recently, there have been several important advances on the spectral theory of the EHM: purely
point spectrum for Diophantine « and a.e.f in the positive Lyapunov exponent region [I3]; the exact
formula for Lyapunov exponent for all coupling constants [14]; the spectral decomposition for a.e.«x
[7]. However the results that study the spectrum as a set have not been obtained for the EHM.

For EHM, depending on the values of the parameters A1, Az, A3, we could divide the parameter
space into three regions as shown in the picture below:
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region I : 0 < max (A1 + A3, A2) < 1,
region IT:0 < max (A + Az,1) < Ag,
region ITI : 0 < max (1, A2) < A1 + As.

According to the action of the duality transformation o : A = (A1, A2, A\3) — A= (i—;, %2, i—;), region

I and region IT are dual to each other and region III is a self-dual region. Region I is the positive
Lyapunov exponent region, which is a natural extension of the segment {\; + A3 = 0,0 < Ag < 1}
corresponding to the case A > 1 in the AMO. Region II is the subcritical region, which is an extension
of the segment {1 + A3 = 0,1 < A2} corresponding to the case A < 1 in the AMO.

In this paper we prove the dry version of the Ten Martini Problem in region I and region IT under
the Diophantine condition.

Let p, /g, be the continued fraction appoximants of a € R\ Q. Let

1
B(a) = lim sup S+t
n—oo q'n
If B(«) = 0, we say « satisfies the Diophantine condition, denoted by a € DC. It is easily seen that
such a form a full measure subset of T.
It is known that when F is in the closure of a spectral gap, the integrated density of states (IDS)

N(E) € aZ +Z (refer to (2.5) for the definition of IDS) [I0], [I5]. Here we prove the inverse is true.
Theorem 1.1. If a € DC and X belongs to region I or region II, all possible spectral gaps are open.

Remark 1.1. We note the Dry Ten Martini problem has not yet been solved for the self-dual AMO.
In the self-dual region III, Cantor spectrum is known in the isotropic case (when A\; = A3), see
Fact 2.1 in [7]. In fact one could prove the operator has zero Lebesgue measure spectrum for all
frequencies.

Remark 1.2. In region I and II, for Liouvillean o (where 8(«) is large), it is not clear whether even
the Cantor spectrum holds. The proof may require a non-trivial adjustment of the proof for AMO
in [12].
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We first establish almost localization (see section 3.1) in region I, then a quantitative version of
Aubry duality to obtain almost reducibility (see section 3.2) in region IT which enables us to deal
with all energies whose rotation numbers are a-rational.

Thus the strategy follows that of [6], but we need to extend the almost localization and quanti-
tative duality, as well as the final argument to our Jacobi setting, which is non-trivial on a technical
level. At the same time unlike [6], we only deal with a short-range dual operator, leading to a
significant streamlining of some arguments of [6].

We organize the paper as follows: in section 2 we present some preliminaries, in section 3 we state
our main results about almost localization and almost reducibility, relying on which we provide a
proof of Theorem In section 4 and 5 we prove the main results that we present in section 3.

2. PRELIMINARIES

2.1. Cocycles. Let « € R\ Q and A € C%(T, M3(C)) measurable with log ||A(z)|| € L*(T). The
quasi-periodic cocycle (a, A) is the dynamical system on T x C? defined by (a, A)(x,v) = (o +
a, A(x)v). The Lyapunov exponent is defined by
1 1
L(a,A) = lim — [ log||An dz =inf — [ log||A4, dx.
(0. 4) = Jim [ 1og 14, @)lde = inf - [ 10g] A, 2] do
where

An(z) = Az + (n—1a)--- A(z) for n >0,
An(z) =AYz +na)--- A" (z — ) forn <0.

Lemma 2.1. (e.g.[6]) Let (o, A) be a continous cocycle, then for any 6 > 0 there exists Cs > 0 such
that for any n € N and 6 € T we have

|An(8)]] < CselElenA)tom

We say that (o, A) is uniformly hyperbolic if there exists continuous splitting C? = E*(x) @ E%(z),
x € T such that for some constant C,n > 0 and all n > 0, ||A,(z)v| < Ce ™| |v| for v € E*(z) and
lA_y (z)v]|| < Ce ™| v| for v € E¥(z).

Given two complex cocycles (a, A1) and (a, A®)), we say they are complex conjugate to each
other if there is M € C°(T, SL(2,C)) such that

MYz + o)A ()M (x) = AP (z).

We assume now that A is a real cocycle, A € CY(T,SL(2,R)). The notation of real conjugacy
(between real cocycles) is the same as before, except that we look for M € C°(T, PSL(2,R)). A
reason why we look for M € C%(T,PSL(2,R)) instead of M € C°(T,SL(2,R)) is given by the
following well-known result.

Theorem 2.2. Let (a, A) be uniformly hyperbolic, assume o € DC and A analytic, then there exists
M e C¥(T, PSL(2,R)) E| such that M~ (x + ) A(z) M (x) is constant.

We say («, A) is (analytically) reducible if it is real conjugate to a constant cocycle by an analytic
conjugacy.
Let

Ry — cos 276 — sin 270
9= \ sin 270 cos2mh )

Any A € C%T, PSL(2,R)) is homotopic to z — Ry, for some k € Z called the degree of A, denoted
by deg A = k.

"n general one cannot take M € C* (T, SL(2,R)).
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Assume now that A € C°(T,SL(2,R)) is homotopic to identity. Then there exists ¢ : R/Z x
R/Z — R and v : R/Z x R/Z — R* such that

ate) (S = vt (Samia S0

The function ¢ is called a lift of A. Let p be any probability on R/Z x R/Z which is invariant under
the continuous map 7' : (x,y) — (z + a,y + ¢(z,y)), projecting over Lebesgue measure on the first
coordinate. Then the number

pla, A) = /¢ dpmodZ

is independent of the choices of ¢ and u, and is called the fibered rotation number of (c, A).
It can be proved directly by the definition that
(2.1) |p(a, A) = 0] < C[|A = Rgllo.

If (o, AM) and (a, A®)) are real conjugate, M~ (z + a)A® ()M (z) = AN (z), and M : R/Z —
PSL(2,R) has degree k then

(2.2) pla, AV) = p(a, A®) — ka2,
For uniformly hyperbolic cocycles there is the following well-known result.
Theorem 2.3. Let (o, A) be a uniformly hyperbolic cocycle, with o« € R\Q. Then 2p(a, A) € aZ+Z.

2.2. Extended Harper’s model. We consider the extended Harper’s model {H) g }oet. The for-
mal solution to H)y pu = Eu can be reconstructed via the following equation

Un+1\ _ Un,
( w, ) = AA,E(Q—i—na) (Un—1> .

E —2cos2m8  —¢&(0 — a)

where Ay 5(0) = 4 Notice that since Ay g(0) ¢ SL(2,R), we

c(0) c(6) 0
introduce the following matrix (see Lemma [A.2)
~ 1 E —2cos 276 —c|(0—a)> 1
Ay g(9) = = 0+ o)A\ (0 0),
wa0) = e (P 0 o) = @+ )00 @)

where |c|(f) = \/c(0)&(6) (which is not the same as |c(d)| = \/c(f)c(h) when 6 ¢ T) and Qx(6) is
analytic on [Imf| < $L.

The spectrum of H) ¢ denoted by X, does not depend on @ [§], and it is the set of E such that
(ar, Ay g) is not uniformly hyperbolic.

The Lyapunov exponent is defined by Ly(E) = L(a, Ay g) = L(a, A/ME)-

For a matrix-valued function M (), let M.(0) = M (6 + ie) be the phase-complexified matrix.

In [4], Avila divides all the energies in the spectrum into three catagories: super-critical, namely
the energy with positive Lyapunov exponent; subcritical, namely the energy whose Lyapunov ex-
ponent of the phase-complexified cocycle is identically equal to zero in a neighborhood of ¢ = 0;
critical, otherwise.

The following theorem is shown in [14] (see also the appendix):

Theorem 2.4. FExtended Harper’s model is super-critical in region I and sub-critical in region II.

Indeed
e when X\ belongs to region II, Ly(E) = L(a, Ay g.c) = Lo, Ay gc) =0 on |¢| < e (M),
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e when \ belongs to region II, we have \ = (%7 )%2, i—;) belongs to region I and
(2.3) Ly(E) = e1(V),
where

> 0.

(2.4) a(\) = In Ao+ VA — ks

max ()\1 + A3, 1) + \/max ()\1 + Az, 1)2 — 4\ )3

Fix a 0 and f € I2(Z). Let u{ ¢ be the spectral measure of H)y g corresponding to f,

(o =27 1.0) = [ Gzl o()

for z in the resolvent set C\ 2.
The integrated density of states (IDS) is the function Ny : R — [0, 1] defined by

(2.5) NAE) = [ 1 o(=o0. ELGS,

where f € 12(Z) is such that || f||;2(z) = 1. It is a continuous non-decreasing surjective funtion.
Notice that Ay () € SL(2,R) is homotopic to identity in CO(T, SL(2,R)), in fact just consider

- 1 HE—v(0) —|c[(0 —ta)
BB = e ( €l®) ’ ) |

which establishes a homotopy of fl)\, g(0) to R 1 and hence to the identity. Therefore we can define
the rotation number p(a, Ay z). Let pa(E) = p(a, Ay ). Notice that py(FE) is associated to the
operator

(Hy o) = |c|(0 + na)un 1 + |¢[(0 4 (n — Da)u, 1 + 2cos 27m(0 + na)u,.

It is easily seen that for each 6, H A0 and H) ¢ differ by a unitary operator, thus they share the same
spectrum and integrated density of states, Nx(E) = Nx(F). The relation between the integrated
density of states and rotation number of H) ¢ yields the following

(2.6) NA(E) = NA(E) = 1 = 2pA(E),
2.3. The dual model. It turns out the spectrum ¥ of H) g is related to the spectrum %5 of Hj\,g
in the following way
Y= A2Xy
by Aubry duality. This map o : A — \ establishes the duality between region I and region II.

The IDS Ny (E) of Hy g coincide with the IDS N;(E/Az) of Hj 4. Since ¥\ = AoXj5, we have the
following

Theorem 2.5. [I1, [I7] For any A, 6, there exists a dense set of E € ¥y such that there exists a
non-zero solution of Hj ,u = )\%u with |ug| <1+ |k|.

2.4. Bounded eigenfunction for every energy. The next result from [6] allows us to pass from
a statement of every 6 to every E.

Theorem 2.6. [6] If E € X then there exists 0(E) € T and a bounded solution of Hy ., ju = )\%u
with ug = 1 and |ug| < 1.
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2.5. Localization and reducibility.

Theorem 2.7. Given « irrational, § € R and X in region II, fit E € Xy, and suppose H; yu = )\%u

has a non-zero exponentially decaying eigenfunction u = {ur} oy, |ur| < e=“I%l for k large enough.
Then the following hold:

o (A) If 20 ¢ oZ + Z, then there exists M : R/Z — SL(2,R) analytic, such that
MYz + a)Ay p(x)M(x) = Rig.

In this case p(a, Ay ) = +60 + Fa modZ, where m = deg M (here since M € SL(2,R), we
have that m is an even number) and 2p(a, Ay g) ¢ oZ + Z.

o (B)If20 € aZ +7Z and o € DC, then there exists M : R/Z — PSL(2,R) analytic, such
that

M~z + a)Ax p(x)M(z) = (i()1 ial)

with a # 0. In this case p(a, Ay g) = Fa modZ, where m = deg M, i.e. 20(e, Ay ) €
ol + Z.

216
Proof. Let u(z) =Y, ., tpe*™**, U(z) = (eu(f u(;s))) Then

Ay p(2)U(z) = ™U(x + ),

Ay p(z)U(z) = 627”’90(:5 + a).
Notice U(z) = Qx(z)U () is analytic in [Imz| < 5=, where ¢ = min (1, ¢), €1 as inand Q@) asin
Define U(z) to be the complex conjugate of U( ) on T and its analytic extension to [Imz| < .
Let M (z) be the matrix with columns U (z) and U(zx). Then,

- 6271'19 0
Ay p(z)M(z) = M(x + ) < 0 6_2,”-9> on T.
Then since det M (z + o) = det M (x), we know det M (z) is a constant on T.
Case 1. If det M (z) # 0, then let M (z) = M (z) C _12>

- (x—i—a)A oz VNI (z )= Ry = (c0327r0 sin2770>.

sin 276 cos 270

Case 2. If det M(z) = 0, then if we denote U(z) = (Zlgi;), then det M (z) = 0 means there
2

exists n(z) such that uy (z) = n(x)ui(z) and us(z) = n(x)usz(x). This implies that n(x) € C¥(T, C),
and |17(:c)| = 1 on T. Therefore there exists ¢(z) € C¥(R/2Z,C) such that ¢*(z) = n(z) and

=1 Itis easy to see ¢(x)ui(z) = ¢p(x)ui(z) and ¢(x)uz(xz) = ¢(x)uz(z). Then we define
<¢ ), it is a real vector on R/2Z with W (z +1) = £W (), and U(z) = ¢(x)W ().
Now let us deﬁne M( ) to be the matrix with columns W (z) and HW( T R1W (z), then det M(z) =
1 and M(z) € PSL(2,R). Since
5 276
Az p()W(x) = MW@ + ).

¢(x)
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We have

Ay p(2)M(z) = M(z + ) (d(ox) dTg_l)

where d(x) = %, |d(x)] = 1 and d(z) being real number, therefore d(x) = £1. Also 7(z) €
C¥(R/2Z,C). But in fact M~ (z 4 a)Ax g(2) M (z) is well-defined on T. Therefore 7(z) € C¥(T,C).
Now since we assumed o € DC, we can further reduce 7(x) to the constant 7 = [, 7(z)dz. In fact
there exists ¢ (z) € C¥(T,C) such that —i(z + o) + ¥(z) + 7(x) = [, 7(z)dz. This implies

((1) _w(“"”l“‘)) MYz + a) Ay p(2) M (x) (é Wf”) - (jgl L) .

In fact if det M(x) = 0, then “—22*) = £1 which implies that 20 € aZ + Z. Therefore if
20 ¢ oZ + Z, we must be in case (A). If on the other hand, 20 € aZ + Z, 20 = ka + n, suppose
M~z + a)Ay g(z)M(x) = Ry, then R_g(“_a)M’l(x + a)AAﬁE(x)M(x)Rgr = Rz = +I leading

to a contradiction. Therefore if 20 € oZ + Z, we must be in case (B). O

2.6. Continued fractions. Let {g,} be the denominators of the continued fraction approximants
of a. We recall the following properties:

o = inf ko
||Qn ||R/Z 1<|k|1<qn+1 1|| ||R/Z»
< lgna <
2Qn+1 H " HR/Z dn+1

Recall that the Diophantine condition of « is f(a) = limsup,,_, ., lr”é% = 0. Thus for any £ > 0,
there exists C¢ > 0 such that

(2.7) kallr/z > Cee ¥l for any k # 0.

Lemma 2.8. [5] Let a € R\Q, # € R and 0 < Iy < ¢, — 1 be such that |sinm(z + lpa)| =
info<i<q, -1 |sinm(z + la)|, then for some absolute constant Cq > 0,

—Cilng, < Z In|sinm(z +la)| + (¢ —1)In2 < Cy lng,
0<I<qn 1,110

Lemma 2.9. [6] Let 1 < 7 < [gnt1/qn]. If p(x) has essential degree at most k = rqg, — 1 and
xo € R/Z, then for some absolute constant Ca,

Ip(2)llo < Caag2'y sup |p(wo + ja).
0<j<k

3. MAIN ESTIMATES AND PROOF OF THEOREM [L1]

3.1. Almost localization for every 6.

Definition 3.1. Let a € R\ Q, 6 € R, ¢y > 0. We say that k is an ep—resonance of 0 if |20 — k| <
e~“*l and [|20 — ko = miny < |26 — le].

Definition 3.2. Let 0 = |ng| < |n1| < ... be the eg—resonances of . If this sequence is infinite, we
say 0 is eg—resonant, otherwise we say it is ¢g—non-resonant.
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Definition 3.3. We say the extended Harper’s model { H) o ¢}¢ exhibits almost localization if there
exists Co, Cs, €9, € > 0, such that for every solution ¢ to Hy 409 = E¢ satistying ¢(0) = 1 and
|p(m)| < 1+ |m|, and for every Co(1 + |n;|) < |k| < Cy'|nji1], we have |¢(k)| < Cze%/*| (where
n; are the eg—resonances of ).

Theorem 3.1. If X belongs to region II, {H; , ,}o is almost localized for every o € DC.

Remark 3.1. It is clear from Theorem that almost localization implies localization for non-
resonant 6.

We will actually prove the following explicit lemma:

Lemma 3.2. Let A be in region II. Let Cy be the absolute constant in Lemma[L.3] e1 = €1(\) be
as in , then for any 0 < ¢ < 10%7104, there exists constant Cs > 0, which depends on A\, «a
and €g, so that for every solution u of Hj , ,u = Eu satisfying u(0) = 1 and |ug| < 1+ |K|, if

3(Inj| +1) < k| < $njqa|, then |ug| < Cse~ 31 where {n;} are the ey-resonances of 6.
The proof of Lemma (and thus of Theorem is given in Section 4.

3.2. Almost reducibility.
Let A be in region II. For every E € X, let (E) € T be given in Theorem Let 0 < ¢y < 10004

and {n;} be the set of eg— resonances of §(F). Then for some positive constants Ny, C' and c,
independent of E and 6, we have the following theorem:

Theorem 3.3. For any fized j, with No < n = |nj| +1 < oo, let N = |nj1|, L7t = |20 — nja].
Then there exists W : T — SL(2,R) analytic such that |degW| < Cn, [[W{|o < CL® and |W~ (z+
a)Ax g(x)W(x) — Regl| < CeN.

Remark 3.2. Notice that this theorem requires n > Ny, which is not always ensured when 6(F) is

non-resonant, however in that case we have localization for Hjy , , instead of almost localization.
We will prove Theorem [3.3]in Section 5.

3.3. Spectral consequences of Almost reducibility.
Let €; = €1(\) and Cy be as in Lemma[3.2]

Theorem 3.4. Assume a € DC. For X in region II, fix E € . Assume 0(E) € T is such that
Hy , ou = /\—Ezu has solution satisfying uo = 1 and |ug| < 1. Let C be the constant in Theorem .
Then 0(E) and p(a, Ax g) have the following relation:
o (A) If 0 is ep-non-resonant for some To0c; > €0 > 0, then 20 € Za + Z if and only if
2p(a,A)\7E) € Za+ 7. ~
e (B) If 6 is eo-resonant for some 1555 > €0 > 0, then p(a, Ay g) is %5 -resonant.
Proof.

(A): When 6 is eg-non-resonant for some 10%16 > €9 > 0, Theorem implies Hj , , has expo-
nentially decaying eigenfunction. Then applying Theorem [2.7] - we get 2 € Za + Z 1f and only if
20(e, Ay p) € Za + Z.

(B): Assume 0 is ¢p-resonant for some

1OOC > €9 > 0. Fix any § < 5545, then there exists C¢ > 0

such that for any k # 0 we have |ka|| > Cee ¢*l. Now take an ep-resonance n; of 6 such that
n = |n;| > max(%,No). Then there exists |m| < Cn such that 2p(a, Ay ) — ma = —26.
Then

12p(c, Ay g) — (m —nj)all = |20 — njaf < e™®" < o ey Im—ny|
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Take any |I| < |m —nj|, | # m —n;. Then
11— (m = ny))all = Cee™26m=n51 > 2e=0m > 22p(a, Ag) — (m — lo)a.

Thus [|2p(c, Ag) — laf| > ||2p(e, Ag) — (m — nj)al| for any |I] < |m —n;|, | # m — n;. This by
definition means p(a, Ay g) is o -resonant. O

Now based on Theorem we can complete the proof of the dry version of Ten Martini Problem
for extended Harper’s model in regions I and II.

Proof of Theorem [L.1]

It is enough to consider X in region II. Let F € X be such that Ny(F) € Za + Z. We are going
to show FE belongs to the boundary of a component of R\ ¥,. Now by we have 2p(a, fb\,E) €
aZ + 7Z, thus by Theorem 20(E) € oZ + Z. By Theorem this means there exist M(z) €

C¥(T, PSL(2,R)) such that M~ (z 4+ o)Ay g(z)M(z) = <:|81 :I(:11> . Without loss of generality,
we assume M~ (z 4+ o)A p(x)M(z) = o . Let M(z) = M@ then
' 0 1 Vlel(z—a)

[~z + | \E)(:;;) |CI‘(\I( )) Y 1
ci(x ci(x =
M~ (z+ @) ! M(z) = (0 1> .

My (z)  Mia(x)

Now let M(m) = <M21(a:) Mo ()

aMi(z — ) amd

> . Then My (z) = My1(x — «) and Mas(x) = Mia(z — «) —

R E+e—v(x) _ lel(z=—c) ~
Mz + ) ( |c|](-:v) Ita\(w) ) M (z)
_ (1 ) e (Mu(x)Mu(z) —aMy(r) M) - aMll(x)M”(x)>
0 1 —M?, () — My () Mz (2) '

é]\40 —|— 6M1 (.23)
Now we look for Z,(z) of the form ¥ (*) such that

Z7 & + a)(My + eMy (x)) Z(x) = Mo + e[ M;] + O(€?).

€

We then just need to solve the equation:
(I —eY(x+a)+ O(*) (Mo + eM(z))(I + €Y (z) + O(e?)) = My + e[M;] + O(?).
It is sufficient to solve the coholomogical equation:
Y (2 +a)Mo — MoY (z) = M (z) — [M],
which is guaranteed by the Diophantine condition on «. Thus
(M(z + 0) Ze(w + )~ Ay p(2) (M (2) Ze())

1+ e[My1 Mya] — ae[M?]  a+ e[M3)] — ae[My1 Ms]
- ( 116[]\24121] 1 —126[M11M121] N ) +0(€)

EM, + O(e?).

Notice that Ay g is uniformly hyperbolic iff Trace(M,.) > 2 which is fulfilled when —ae[M%] > 0.
Thus for € small, satisfying —ae[M3?] > 0, E + ¢ ¢ ¥, which means this spectral gap is open. [
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4. ALMOST LOCALIZATION IN REGION I

In this section we will prove Lemma For fixed A in region II and E, let D5 () =
5 (0)Az 5(0), where ¢5(0) = %6_2“(9"‘%) + %2 + %62”(9"‘%). Regarding the Lyapunov exponent,
we recall the following result in [14],

L(a,A;\E):L(a,D;\E)—/1n|c;\(0)\d9é[~/—/ln|c;\| >0,
’ ’ T

,\Jm/ —4X1 A A1+As,1 A1+A3,1)2—4X1 A
2 ~=2 and [ In ¢4 = |p maxQatAs )+\/I‘2‘i’2‘( 1+23,1) 128

where L = e
Proof of of Lemma
Suppose u is a solution satisfying the condition of Lemma For an interval I = [z, x9], let T’y

be the coupling operator between I and Z \ I:

6(9+(x1—1)a), (i7j)_(x17x1_1)
C(e + (331 - 1)0[), (Zv.]) = (131 - laxl)
I'r(i,5) = ¢(0 + z20), (i,7) = (w2 + 1, 22)
c(0 + z20v), (1,7) = (z2, 22 + 1)
0 otherwise.

Let H; = RrH; 4R} be the restricted operator of Hy , to I. Then for x € I, we have (Hy +T' —
E)u(z) = 0. Thus u(z) = G;Tu(x), where G; = (E — H;)~!. By matrix multiplication:

u(z)= Y Grla,y)lr(y, 2)u(2)

yel,(y,z)els
=¢(0+ (r1 — Da)Gr(z, z1)u(xy — 1) + (0 + 20)Gr(x, v2)u(xe + 1).
Let us denote Py (¢) = det (£ — Hyp x—1)(¢)). Then the k—step matrix Dy , ,(¢) satisfies:

_ Py(0) —¢(0 — a)Pr—1(0 + )
D5 pa(0) = (c(@ + (k fkl)a)Pk,l(H) —c(0 — a)e(0 + (k f 1)) Pr_2(0 + a))

This relation between Py(f) and Dj ., (0) gives a general upper bound of P;(f) in terms of L.
Indeed by Lemma [2.1] for any € > 0 there exists C(€) > 0 so that

1P, (6)] < C(e)e L™ for any n € N.

By Cramer’s rule:

y—1
_ et (B - sz] _ Pay o0+ (g + 1)a)
Grtal = T 0+ 50| =3 ) - Hl O+ 3= @ ¥ ara) "

- T2 . det(E*H[xl,y_l](ﬂ)) B T2 .y Py—z, (0 + 210)
Crlaz)l = 11 10+ 5355y | = 11 10+ iP5 or

Notice that Py(6) is an even function about 6 + £51a;, it can be written as a polynomial of degree

k in cos2m(0 + £52a). Let Py(0) = Qr(cos2m(6 + g 1a)). Let My, = {0 € T, |Qr(cos2n8)| <
e(k«kl)r}.

Definition 4.1. Fix m > 0. A point y € Z is called (k, m)—regular if there exists an interval [z1, 23]
containing y, where xo = 1 + k£ — 1 such that

1
|Gy, z:)] < e ™=l and dist(y, z;) > gk fori=1,2,
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otherwise y is called (k, m)—singular.

Lemma 4.1. Suppose y € Z is (k, L — [ In|cs| — p)—singular. Then for any € > 0 and any x € Z
satisfying y — %k <z<y-— %k, we have 0 + (x + %(k —1))a belongs to Mk,i—%p-{—e for k> k(A e, p).

Proof. Suppose there exists € > 0 and 21: y— (1—8)k < x1 < y— 6k, such that 0+ (z1+ 3 (k—1))a
that is \Pk(G + xla)| > e(k+1)(i—p5+e),

does not belong to Mk’fr%pﬁ,
y—1 _ _
G121, y)| < H NG + ja) ekl —uD(Lte) o= (kt1)(L=5p+e)
Jj=z1

< 6*(i*f1n\cx\*9)‘y*””1‘ for k > k(A €, p).

Similarly
G (22, y)| < e~ (L=[Infes|=p)ly—wa|
T 2+ i(k—1a
k---=-=-=-=---=---- A k----=-=-=-=------ A T
y—(1-9)k y — ok y— (3 -0k Y y+ (1 -0k
O
Definition 4.2. We say that the set {61, ...,0k41} is y—uniform if
s |z — cos 2w, ey

max  ma I |
ee[-1,1]i=1,...k+1 _+L |cos2nl; — cos2ml;|
J=Lj#i

Lemma 4.2. Let v < v. If bh,...0c41 € My ;. then {01,...,0k41} is not yi—uniform for
k> k(%%)

Proof.  Otherwise, using Lagrange interpolation form we can get |Qx(x)| < ekl for all z €

[-1,1]. This implies |Py(z)| < e*L for all z. But by Herman’s subharmonic function argument,
fR/Z In | Py (x)|dx > kL. This is impossible. O
Now take £ and €y such that 0 < 1000§ < €y. Then for |n;41| > N(§) we have
2e4Iil < Cee Nl <[ (njgr — my)al| = [Injrra =20 4 20 — njal| < 2(20 - njal < 2670l
which yields that
€0
(4.1) 1] > Zg‘nj‘ > 250[n].

Without loss of generality, assume 3(|n;| + 1) < y < % and y > N(§). Select n such that
qn < % < gn+1 and let s be the largest positive integer satisfying sq, < %. Set Iy, 15 C 7Z as follows
I =[1 —25¢,,0] and I, = [y — 2sq, + 1,y + 25¢,), if n; <0
I, =[0,2sq, — 1] and Ir = [y — 2sqn, + 1,y + 25¢,], if n; >0

Lemma 4.3. Let 0; = 0+ ja, then set {6,},cr,ur, is Caeg+Caé—uniform for some absolute constant
C4 and Yy > y(aa 6075)'
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Proof. Without loss of generality, we assume n; > 0. Take x = cos 2ma. Now it suffices to estimate
Z (In | cos 2mra — cos 276;| — In | cos 270; — cos 270;|) £ Z - Z .
JENLUI,, j#i 1 2

Lemma reduces this problem to estimating the minimal terms.
First we estimate ) ;:

Z = Z In|cos2ma — cos 2m0;|
1 jenUlz,j#i
= Z In|sinm(a+0;)| + Z In|sinm(a —6;)| + (6s¢, —1)In2

JeL Ul j#i JELUI2,j#i

2 Z+Z—|—(65qn —1)In2.
L+ 1-—

We cut >, , or >,  into 6s sums and then apply Lemma we get that for some absolute
constant Cy:

Z < —6s8g, In2 + Cyslng,.
1

Next, we estimate ) ,.

Z = Z In | cos 2m6; — cos 2wl

2 JEL Ul jF#i
= Z In|sinm(20 4+ (i + j)a)| + Z In|sinm(i — j)a| + (65¢, —1)In2
JEL Ul j#i JjeLUIz,j#1

S Z —|—Z +(6sgn, — 1) In2.
2+ 2-—

We need to carefully estimate the minimal terms. For ), +» we use the property of resonant set;
and for 22,7, we use the Diophantine condition on a.
For any 0 < |j| < gn+41 , we have |jall > ||gnal > Cee™8%. Therefore

max(ln|sinz|,In|sin(z + 7ja)|) > —2¢q, for y > y(a, &).
This means in any interval of length sq,,, there can be at most one term which is less than —2&q,,.
Then there can be at most 6 such terms in total.

For the part >, _, since (i — j)af| > Cee= 8117l > ¢7208san  these 6 smallest terms must be
bounded by —20sg, from below. Hence >, = > —6sg, In2 — C&sq, — Cslng, for y > y(§) and
some absolute constant C'.

For the part }_, ,, notice [i + j| < 2y + 4sg, < 3y < |nj41] and i +j > 0 > —n;. Suppose
120 + koar|| = minjer, oz, 120 + (i + j)af| < e7100¢0san < e=<olkol " Then for any |k| < |ko| < 40sq,
(including |n,|),

120 — k|| > ||(k + ko)c|| — 1120 + kocr|| > 1|20 + kocr|| for y > y(«, €0, §).
This means —ko must be a ey—resonance, therefore |ky| < |n;_1|. Then
126 = njall > [|(ns + ko)l — 126 + hoa| = Cee~ 12650 — ¢=100005an 5, (=100050: > |19 4 fia

leads to a contradiction. Thus the smallest terms must be greater than —100¢ysg,,. We can bound
ZZJF by —6s¢, In2 — 600eysq, — 12€sg, — Cslng, from below. Therefore ) , > —6sg,In2 —
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Ceosgn — C&sqn — Cslng,. Thus the set {6,},er,ur, is Caeg + Ca€—uniform for y > y(a, €, §) and
some absolute constant Cy. O

Now let Cy be the absolute constant in Lemma Choose 0 < 1000¢ < € < 10%—104. Combining
Lemma and Lemma we know that when y > y(a, €,£), {0;}jer,ur, can not be inside the
set Mg, 1 7 20,e, @b the same time. Therefore 0 and y can not be (6sg, —1, L — JIn|es] —9C4€)
at the same time. However 0 is (6sq, — 1, L — JIn|es| — 9C4e0)—singular given n large enough.
Therefore

{ej }jéh c Mqun—l,E—2C4eo'

Thus y must be (6sg, — 1, L- J In|es| — 9C4€0)—regular. This implies
[uy)| < e ESImles=9Cc il < =Sl for [y] > y(X, 0, €0, ).

Thus there exists C3 = Cxa.co.¢ such that |u(y)| < Cze™ 71 for any 3|n;| < |y| < $nj11| and
jeN.

5. ALMOST REDUCIBILITY IN REGION II

Proof of Theorem [3.3]

For any E € X, take 0(F) and {uy} as in Theorem [2.6] Let €; be as in (2.4), Cy be the absolute
constant from Lemma[d.3] and C; be the absolute constant from Lemma[2.9] Fix max (32C2¢, 1000¢) <
€0 < min (535, 1060104)_ By Lemma there exists C' depending on A and « such that for any

Ikl

3|n;| < |k| < 3|nj41], we have |ug| < Ce™
For any n, 9|n;| < n < §|nj41|, of the form

(5.1) n=7rg¢m—1< qm+1.E|
Let u(z) = ul(z) = Yo une®™ ™ with I = [—[%],[2]] = [#1,22]. Define
2) = 627ri9u($)
Ulw) = (u(x—a)) ’

Let A() = Ay g(0). By direct computation:
A@@)U(z) = 20U (x + ) + (9 %@) 2 20U (2 + a) + G(x).

The Fourier coefficients of g(x) are possibly nonzero only at four points z1, z2, 1 — 1 and a9 + 1.
Since |ug| < Cre™ 3 ¥l when 3|n;| < |k| < $nj11|, we know that ||G(z)|| e < Cre~ =™,

Combining Lemma and we have exponential control of the growth of the transfer matrix,
for any § > 0 there exists Cs5 > 0 such that

||/~1k(x)||% < C5e0*l for any k.
With some effort we are able to get the following significantly improved upper bound:
Theorem 5.1. For some C' > 0 depending on A and «,
|Ak(@)llr < O+ k).

2The existence of such n comes from |j
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Proof.
Let U(z) = Q(z)U(z), G(z) = Q(z + o)G(x), where Q = Q, is given in . Since
max (|Q(2)]| so . [Q~ (@)l] z1) < €,
we have
A(z)U(x) = ™0 (x4 a) + G(z),
where [|G(z)|| oL < Cem 3™

Lemma 5.2. Let Cs be the constant from Lemma then for any 6, 2C2€ < § < 1%, we have
inf _[[U(2)] = e,

[Tm ()| < 55

forn > n(a,d).

Proof. We will prove the statement by contradiction. Suppose for some o € {|Im(z)| < 55-} we

have ||U(z0)|| < e~ 2%". Notice that for any [ € N,

!
0T (2 + la) = Ay(20)U(o) — Y €™MV A_, (29 + ma)G(ao + (m — 1)av).
m=1
This implies for n > n(d) large enough and for any 0 <1 < n, ||[U(z¢ + la)|| < e~", thus |Ju(zo +
la)|| < Cse=°™. By Lemma l|u(z +ilm(zo))||r < CoCseC2Eme=9m < ¢=37 This contradicts with
Jp ulx 4+ idm(z))de = uo = 1. O

Lemma 5.3. [3] Let V : T — C? be analytic in [Im(z)| < n. Assume that 6; < |V (z)| < 65" holds
on |Im(x)| <n. Then there exists M : T — SL(2,C) analytic on |Im(x)| < n with first column V
and | M ||, < C37265 (1 — In(6,02)).

Applying Lemma let M (z) be the matrix with first column U(z). Then e=20" < ||U(z)||s <
e®™ and hence || M (x)||s < Ce5™. Therefore

M~z + a)A(x)M (z) = (eQ(T)rw e‘gﬂe> N (g;gg ﬁbzx(éf))>

where [|81(2)|| 5, [185(2) 5, [|Ba(2)]|s < Cem @, and [|b(x)]2 < Ce'®™. Let

31
eteo ™ 0
d(z) = M(z) ( 0 e‘féo") .

Then we would have:
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for n > n(A, a) satisfying (5.1). For s large, there always exists 9|n;| < n < §|n;1| satisfying (5.1)
such that ecn < % In s < n with some absolute constant c. Thus there exists C depending on A\ and

o such that || Ag(z)|r < C(1 + |k|)C. O
Now we come back to the proof of Theorem Fix some n = |n;|, and N = |n;41|. Let
2736
u(z) = u'2(x) with I = [—[], [§]] and U(z) = i(w it(oaj))> Then

A(2)U(z) = *™U(z + a) + G(z) with ||G(x)

_f1
o <Ce 90N.
207

Define Uy(z) = e™*U(z). Notice that if n; is even, then Up(x) is well-defined on T, otherwise
Up(z+ 1) = =Up(z).

A(z)Uy(z) = egméﬁo(x +a)+ H(x),

where 0 = 6 — Yo, Us(z) = Q(z)Up(x) and ||H ()

a < Ce~ 100N, Consider the matrix W (z)

with Up(x) and Up(z) being its two columns. Then

Aa)W(2) = Wz + ) (62:9 E_Sﬂé> +H@).

Theorem 5.4. Let L™' = ||20 — nja|. Then for n > No(\, o) we have
|det W (z)| > L4 for any z € T,

where C' is the constant appeared in Theorem [5.1]

Proof. First, we fix & < 1545 so that [|kal| > Cg,e<!#l for any k # 0. We have the following

estimate about L:
Lemma 5.5. e" < [ < e¥1 N,

e 2N < |(nj1 —ny)all < 2|nja— 20| = 2L < 27" for n > N(&;).

Now we prove by contradiction. Suppose there exists & and ¢ € T such that |Up(z¢)— kU (20)|| <
L=4¢ . Then

||ﬁ0(l’o + la)ez‘ﬂ'ilé _ ijef%rilé”
-1 o
< Z Ap (20 +ma)H(zo + ma) — k Z A (w0 + ma)H (zo + ma)|| + || Ay (zo) | L€

m=0 m=0
<CL* e~ 4 0L < 7€
for 0 < [I| < L?. If we take j = £, then
(5.2) U0 (0 + goz) + kU (z0 + ga)H <Lt
Next since ||Up(z)|]1 < n, we have |Uy(z)||r < Cn. Thus

|Uo(z0 + la) — kU (z0 + la)|| < L™5 for 0 < |I| < L3.
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For any analytic function f(z) = 3., fre?™*, define fi_,, m(z) = > kl<m fre2™*z - For any

1 tor V(z) (”(1)(m)) let Vi (z) ”[(Pm m)(@) Now let us define " (z)
column vector T) = , le _m.ml(@) = ’ . Now let us define x) =
v (2) ] U[(E)m m)(7) 0

Q(x)eﬂinsz[—Qn,Qn] (‘T) Then
1T (z) = Ty () |r < Ce™ B,

Consider [e*”inﬂﬁégn] (2)][—18n,18) (z)e™™5. This function differs from a polynomial with essential
degree 36n only by a multiple of e™*. Notice that Q(z) is analytic in {z : [Im(z)| < £}, thus
|Q(K)| < Ce=7*|. Then

=z U k) < N QUK — m)U(m)| < Cne™FH=9) for k| > 18n.

|m|<9n
Thus
le=mmse Oy @) = [ O ™ - 1smasn (@) 12 < 740,
||U()(;E) - [e—winjxﬁégn]][_18n718n] (x)eﬂ'ind”T < e—dan
Hence

||[efmnjzﬁ(ggn]][ﬂsn,wn] (w0 + lay)e?mim (wotle) _ ’f[e_ﬂnﬂﬁ([)gn]][flsn,wn] (xo + la) |1
<2L75 4 e dan,

for |I| < L2. Notice that

e~ ") (—18n,18n) (2)€7T"T — Kle-mins= 5] [—18n,18n] ()

is a polynomial whose essential degree is at most 37n. Thus by Lemma we would have

—min;z rrlon TN T —min;zTO" TN ; T -3 —2e1n
[[[e= ™" U(E ]][71871,1871](73)6 N Ué ]][718n,18n](x)e it||p < LT3 4 e 2™,

Hence ||Uy(z) — kU (x)||r < L™ % +2e~24". But combining with (9.1) we would get 10020+ 2a)| <
2L7% + 2¢724" but this contradicts with infyer ||Up(z)|| > e 20" since 6§ < . O

Now for n > Ny(\, a), take S(x) = ReUpy(z) and T'(z) = ImUp(z). Let Wi (z) be the matrix with
columns S(z) and T'(z). Notice that det Wy (z) is well-defined on T and det Wy (z) # 0 on T, hence
without loss of generality we could assume det Wi (z) > 0 on T, otherwise we simply take Wi (x) to
be the matrix with columns S(z) and —T'(x). Then

|A(z)W:(z) — Wi(z +a)R_gllr < Ce™ BN,
By taking determinant, we get
det Wi (z) = det Wi(z + a) + O(e"5Y) on T.

Since det Wi (z) is analytic on [Imxz| < 55—, by considering the Fourier coefficients we could get

det Wi (z) = wo + O(e_l%N) on T,
where wg > L™°¢. Thus det Wi () is almost a positive constant.
1
Define Wy(z) = det Wi (x) 2 Wi (z). Then Wy (z) € C¥(T) and det Wa(z) = 1. We have

Wi (o + @) A(z)Wa () = SNEF D 5 oY) onT,
det Wy (2)2
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Wy Mz 4 a)A(x)Wa(z) = R_5+ O(e"75N) on T.
Now let’s prove degWy(z) < 36n. degWs(z) is the same as the degree of its columns. For
M :R/27Z — R?, we say deg M = k if M is homotopic to (COS kmc).

sin kmx
For some constant ¢ > 0, we obviously have

L@l dz+ [r@)] de> [ 5@+ @) do= [ @) do>c.
T T T T
Without loss of generality we could assume [ [|S(z)| dz > £. Also

A(x)S(z) = S(z + ) cos 2m0 — T(x + ) sin 276 + O(e~ %) on T.

Then since H29~H =L
~ 1

A(x)S(z) =S(x+a)+O(L72) onT.

First we prove inf,cr||S(z)|] > e 24", Suppose otherwise. Then there exists zp € T, so that
[S(20)|| < e~2™. Then ||ReU(xo + lo)|| < e~ F" for |I| < ei&™, where C is the constant that
appeared in Theorem [5.1] We have already shown that

1To(2) — [e ™% T _ 15 18n)€™ 5% |1 < €41

Thus

”Re[e_ﬂnjwﬁ(ggn]][—18n,18n] (o + la)|| < em "

for |I| < e3&™. However Re[e_”"ﬂf]égn]][,1871’18”] is a polynomial with essential degree at most
36n. Using Lemma we are able to get ||Re[ef’”m”0(g9"]][_18%18”]@””1'7”HT < e 3", and thus
|[Rels(z)|jr < e~ 8™ which is a contradiction to Jr [Relo(z)|| dz > §. At the meantime, we also
get ||S(z) — Re[e‘”"ﬂf](ggn]][_18%18”] (z)e™mi||p £ ||S(x) — h(z)||r < e~*™. The first column of
Wa(z) is det Wl(a:)féS(:c). We have

” S(x) B h(z) ”
det Wl(x)% wo?
1 det W1 (x 3

<L 8@~ b + (1 - S )

|det Wy ()2 wo 2
§L2C(6_4€1n + Lsce—%N)
<e dan S(w) —|| on T.

det Wy (x)2

Thus by Rouché’s theorem |deg Wa(x)| = | deg h(z)| < 19n. Notice that
\p(a, Wy LAWS) 4 6] < Ce 7N,
Then, by [2.2] for some |m| < 19n:

lp(a, A) — %a +0] < Cem a0l
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APPENDIX A.

A2/ A3—4X1 s S
>\1+>\3+\/(>\1+)\3)2 4123
and nonzero on |Im(z)| < §2. Furthermore, the winding number of c(- + i€) is equal to zero when

le| < 5%

€1. Then c(x) is analytic

When A belongs to region II, let e = In

Lemma A.1. When X\ belongs to region II, we can find an analytic function f(x) on |[Im(z)| < 5=
such that c(x) = |c|(z)ef @+ =1@) and &(x) = |c|(x)eF @t T (@),

Proof. Since the winding numbers of ¢(x) and é(z) are 0 on [Im(z)| < £, there exist analytic

functions g; (x) and g2(x) on [Im(z)| < $-, such that c(x) = e91(®) and é&(z) = e92(*). Notice that

/Tln|c(x)| dz = /Tln|é(ac)| dz

/Targ c(x) de = /Targé(m) dz,

so there exists an analytic function f(z) such that 2f(x + «) — 2f(z) = ¢1(z) — g2(x). Then
c(x) = |c|(z)ef (xHe)=f(z), O

Lemma A.2. When X\ belongs to region II, there exists an analytic matriz Qx(z) defined on
[Im(z)| < 5 such that

Q;l(a; + oz)/~l>\7E(x)Q,\(a:) = Ay g(z).

Proof.

1
1 0 1 0
—el@+a) /Tel() 2 | A@) e’ @V/]e|(z — ) Fa—a)
0 C(QC) 0 c(.%—(l)

=Qx(z + a)Ax g(2)Q

> |
—
—~~

8
~—

Lemma A.3. If a is irrational, A belongs to region II, E € X(X), then L(o, Ax (- + i€)) =
L(a, A\ (- +i€)) = 0 for [e| < 5L

Proof. L(A(-+ie€)) = L(D(- +ie)) — [In|c(z + ie)|dz

D(z + i€) = E — e2mi(ztie) _ o—2mi(z+ie) _\perile—gie) )\, \ze—2milz—§+ic)
T +1€) = )\16—27ri(a:+%+ie) + Ay +)\362ﬂi(w+ﬁ+ie) 0

_ 2w —e2™ 4 o(1) —dze 2= =3) 4 o(1)
= )\16727ri(z+%) 4 0(1) 0 .
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Thus the asymptotic behaviour of L(D(- + i¢)) is:

14++v1—=4MAs
2

1 1-4
LD(- +ie)) = In | LT VL =43 V2A1A3

Then it suffices to calculate [In|c(z + i€)|dz in region II. We have
/ln le(z + ie)|dz
=1In A3 — 2me + /ln|62”m — Y1,e| + /ln|62”‘"” — Yae|-

_ —A2—4/AZ—4X1 A3 62“

L(D(- +i€)) =In| | + 2me when € — oo,

| — 2me when € — —oc.

7)\24*\/)\274)\1)\3
where y; = *e%“ and yp = w
1 )\2+\/)\§—4A1>\3
2me + In A\q e>§lnT,
. 2_ _ 2_ 2_
1n|c(x + 26)|dx — 1n >\2+\/>\2 4X1 A3 1 ln Ao \//\2 4X1 A3 <e< 1 11’1 /\2+\//\2 4X1 A3
2 27 2)\1 - — 27 2)\1 )
1 1. da—y/AZ—4X A3
_27T€+].n>\3 €<ﬂlnT
. Aot/ AZ—4A1 A
Thus L(A(- + ie)) = 0 when || < 5= In 2TV o T A108 =g
T max (1,A1+A3)+4/max (1,01 +A3)2—4A1 A3 ™
Since Ay p(z +i€) = Qx(z + o + ie) Ay g(z + i€)Qy ' (x + i€), the statement about Ay g is also
true. 0
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