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THE SPECTRA OF SURFACE MARYLAND MODEL FOR ALL PHASES
WENCAI LIU

ABSTRACT. We study the discrete Schrédinger operators H)y o9 on £2(Z4+1) with surface
potential of the form V(n,z) = Ad(x) tanw(a - n + ), and Hia’g on ¢2(2% x Z) with the
boundary condition 9, _1y = Atanm(a - n + )i, ), where a € R? is rationally inde-
pendent. We show that the spectra of Hy , ¢ and H;\L’a’g are (—oo,00) for all parameters.

‘We can also determine the absolutely continuous spectra and Hausdorff dimension of the
spectral measures if d = 1.

1. INTRODUCTION

In this paper, we study the discrete Schrédinger operators with surface potential. Let d > 1
be given and Z; = {0,1,2,--- }. We denote the points in Z**! (or Z4t" = 24 x Z,) by (n, ),
where n € Z4,x € Z (or n € Z%, x € 7).

Given y = (y1,Y2, -+ ,yx) € Z* with k > 1, denote by ||y|[x = Z§=1 ly;].

Now we introduce two self-adjoint operators Hy ¢ and H;'a ¢- The operator H) o0 acts
on (2(Z4*+1) as
(1) (H)\,a,ew)(n,x) = Z 7vzj(n/,ac’) + Aé(x) tanﬂ(a “n+ a)w(n,x)v

[|[(n—n'z—2’)||g+1=1

where X # 0 is the coupling, a € R? is the frequency, and @ is the phase. In order to make the
potential well defined, we always assume 6 satisfies the following condition

1
(2) k~0¢+07§§ mod Z for any k € Z%.
The other operator H;' .0 O1 (?(Z% x 7.,) is given by the following equation,

Z —n!z—z' = w(n’z’)a 1f$>07
3 HE - [[(n—n’,z—2")||la1=1 g _
® e { V(1) + 2w —nfja=1 Yo ,0) + Atanm(a-n+ )P0, if 2 =0.
Whenever the meaning is clear within the context, we will drop the dependence on param-
eters A, a, 8 and d. Thus we write H or Hy for Hy o9, and ||n’ — n|| for ||n/ — nl|q.
Recall that the Maryland model is given by

(h,\,a,(ﬂ?)n = Z ¢n’ + Atanﬂ'(a ‘n+ 9)7%,

[[n’ —nl[=1

with n,n’ € Z?. It has been heavily studied in [4-6, 13]. In particular, for d = 1, Jitomirskaya-
Liu has obtained the complete description of the three spectral types of Maryland model [10].

Now we want to say more about the surface multidimensional operators. Let Hy be the
discrete Laplacian on ¢2(Z4*+1), and H; be the discrete Laplacian on ¢ (Z‘ﬁl) with Dirichlet
boundary condition. More precisely,

(Hot)y = Yy,

[y’ —yll=1
1
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where y,y € Z4+1. And
(H(Tw)(n,w) = Z w(n’,m’)

[l(n’ =2’ ,n—z)||=1

with 1, _1y = 0, where n € 7% and x € Z,.

Consider the operator H. The support of the potential is on the hyperplane Z¢ of the
space Z4t1. For the other one H™, it is the discrete Laplacian on ¢2 (Ziﬂ) with the boundary
condition ¢, 1) = Atanm(a - n + 0)(, 0). Thus it is natural to call both operators H and
H_ the surface Maryland model.

Denote by o(H) and o,.(H) the spectrum, and absolutely continuous spectrum of the self-
adjoint operator H. We recall that o(Hp) = [~2(d+1),2(d+1)] (¢(H{) = [-2(d+1),2(d+1)])
and the spectrum of Hy (H{) is purely absolutely continuous. Denote by ¢z = 2(d + 1).

We recall that @ = (a1, a9, ,aq) is rationally independent if for any choice of integers
(kla ko, - kd) 7é 0,

d
Z k‘jOtj ¢ Z.
7j=1

In the rest of the paper, we always assume A # 0, a = (g, g, - - - , ) is rationally independent
and 6 satisfies condition (2). We will often use “all A(«a, 8)”, meaning “all A(«, ) as above”.
Now we start to state some known results.

Theorem 1.1. [1, 7] Let Hy o0 and H)taﬁ be given by (1) and (3) respectively. Then for
all parameters (A, a, ), [—cq,cq] C Uac(H)\,a,e)»O-ac(H)to“g); and Hy a9, H;Ca’e has purely

absolutely continuous spectrum on the interval (—cq, cq).

We say o € R? satisfies a Diophantine condition if there exists x > 0 and 7 > 0, such that
(4) 1k @fle/z > xl|k[| 77 for any k € Z*\{0},

where ||z||g/z = min; |z — j|.
It is to be believed that H and H* have purely singular spectra outside the set [—cq, cq].
Khoruzenko and Pastur [11] have proved this for « satisfying Diophantine condition.

Theorem 1.2. [11] Assume frequency « satisfies Diophantine condition (4). Then o(Hy o0) =
(—00,00) and Hy o9 only has pure point on (—oo,00)\[—cq, cq]. On this set, the eigenvalues
are simple and the corresponding eigenfunctions decay exponentially. These properties also
apply to the operator H;a,a'

For the surface Maryland model, one of the basic ideas is to integrate the x—variable and to
reduce the d + 1—dimensional spectral problem to a d-dimensional problem. This technology
has been heavily developed by use of Green function in [7-9, 11]. This technology can also
be extended to the generalized surface Maryland model [1, 2]. In this paper, we also use this
basic technology to analyze the spectra of surface Maryland model. However, we bring a new
lighting on the subject.

Our first result is to obtain the explicit formula of the spectra of Hy o, and H;ta,e'

Theorem 1.3. Suppose « is rationally independent and X # 0, then o(Hx o,0) = O’(H;aﬂ) =
(—00,400) for all §.

Remark From Theorems 1.1 and 1.2, we directly know that Theorem 1.3 holds for Diophan-
tine a. Diophantine condition is necessary for Theorem 1.2 when we solve the cohomological
equation. Our aim is to prove the Theorem 1.3 for non-Diophantine «.
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Secondly we study the absolutely continuous spectrum. By Theorem 1.1, H (H™) has
purely absolutely continuous spectrum in the interval (—cg, c¢q), it was not known if H (H™)
has some absolutely continuous component in the remaining interval R\[—cg, ¢4]. It is believed
that H (H™) has no absolutely continuous component in R\[—cg, cq]. In this paper, we solve
the problem for d = 1. We construct an arithmetically defined measure zero set (actually
Hausdorff dimension zero) that supports spectral measures in the regime R\[—cg4, ¢4], which
directly implies the following Theorem.

Theorem 1.4. Let Hy o9 and H;\ra o be given by (1) and (3) respectively with d = 1. Suppose
a € R\Q, then o4c(Hxn,0) = aac(H;ra o) = [=4,4] and Hy o, H;fa o has purely absolutely
continuous spectra on (—4,4) for all 8. Furthermore, the spectral measures of both operators

are of Hausdorff dimension one restricted to (—4,4) and of Hausdorff dimension zero restricted
to R\[—4,4] for all 6.

Remark 1.5. The fact that the spectral measures restricted to (—4,4) are of Hausdorff
dimension one is trivial because Hy 9 and H;\"a ¢ have purely absolutely continuous spectra
on (—4,4).

We will prove Theorems 1.3,1.4 in two steps. Firstly, we will reduce the d + 1-dimensional
spectral problem to a d-dimensional problem in §2. Secondly, we will study the d-dimensional
problem using the ideas in paper [10] (§3 and §4), in which the authors deal with the Maryland
model.

2. GREEN FUNCTION AND DIMENSION REDUCTION

Because our arguments are almost the same for the operators H and HT, we concentrate
on H in the following discussion, and only point out the difference for H.

In this section, we carry out the dimension reduction for the surface Maryland model, and
lay the ground for our main results. We first consider the operator H. We should point out
that all the contents in this section are from [1, 7, 11]. For convenience, we rewrote it here.

Denote by G(X1; X2) and Go(X; — X2) the Green functions of the operators H and Hy
respectively, i.e., the infinite dimensional matrices (H — zI)~! and (Hg — 2I)~! with 3z # 0.
Then, using the resolvent identity, one has

(5) G(Xl; XQ) = GQ(X1 — Xg) — Z Go(m -1, $1)>\U(77)G(77, 0; XQ),
nezd

where X1 = (n1,2;) € ZY, Xy = (ng, z2) € Z9! and v(n) = tanw(a-n+0). For simpleness,
denote by v (v™!) be the multiplication operator by v(n) (1/v(n)) on ¢*(Z%).
Set z1 = 0 in (5), we find that the function g,,(n1;n2) = G(n1,0;ne, x2) satisfies

(6) Gz (1312) = Go,z (N1 = m2) = Y To(na = m)Ao(1)ga, (03 12),
nez?

where go ., (n) = Go(n, —x2) and To(n) = Go(n,0) with n € Z¢. Next we always regard I'o(n)
as a operator on Z%.

Fix x5, equation (6) becomes a problem in dimension d, and has a symbolic solution g¢,, =
(I +ToAv)~1go.z,. Combining with (5), we have

G(X1;X2) = G(ng,w15n92,72)
(7) = Go(X; — X3) — Z Go(n1 —n1,21)T(n1,m2)Go(n2 — n2, —x2),

1,2 €LY

where T'= \v(I + Tolv) ™t = (A" to~t +Tp) 7L
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Notice that the above derivation of equation (7) is only symbolic, because generally, the
operator (I + TgAv)~! is not well defined. However, the following theorem shows (7) is true
in fact.

Theorem 2.1. (p.116-p.118, [11]) Let U denote the multiplication by e>™*™ on (?(Z%) and
§ =€ If 3z -\ <0, then equation (7) holds, where T can be written as

(8) T =X1—-0U)(I —5CU)" Y (A\[y —il)™*,

where

C = (\Tg —il) Y (\Tg +iI).

Proof. Suppose we can prove A\I'g — iI is invertible and ||C|| < 1, then equation (8) is well
defined, and (7) holds by directly computed. Now we start to prove the facts by using Fourier
transformation. Given a vector f,, in £2(Z%) with b =d or b = d + 1, define a L?(T?) function

by the following equation,
_ Z f 6727”-“"7!
= - )

nezd
Recall that T = R/Z. We call f(y) be the momentum representation of vector f,,. Under the

Fourier transformation, Hy become a multiplication operator on L?(T%*!) and denote by Hy.

More precisely,
d+1

(Hof)(y Z 2 cos 27Ty] (y).
Thus in momentum representation, Green func‘mon Gy has the following simple form,

A 1 o
(Gof)(y) = (Zdﬂ 2 cos2ny; Z)f(y),

with y € T, And the operator I'y becomes

(Tof)(y) = To(y) f(y),

where

(9)

dyd+17

/ Z 2cos27ry] -z

with y € T, Notice that SA(y) < 0, then ATy — il is invertible(because of Sz - A < 0).
Furthermore, C' also becomes a multiplication operator in momentum representation,

o p _ Ao (y) +1i ;
€ = St

This yields ||C]| < 1. O

Now we turn to the operator H'. If a operator A generates from H, then denote by AT
be the corresponding operator generated from H*. For example GT = (HT — zI)~!. Using a
similar arguments like before, one has

(10) G+(X1;X2) G+ X17X2 Z G nlaxl , ) (n)G+(naOaX2)v
nez?
where X; = (n1,21) € ZT, Xo = (ng,20) € 24" and v(n) = Atanw(a -+ 0). We

should point out that G (ny,z1;n2,72) depends on ny — ng,zy, 9, this is different from
Go(n1,x1;n2,x2), which only depends on ny — ng, 1 — 2.
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Set z1 = 0 in (10), we find that the function g, (n1;n2) = G*(ny,0;n2, x2) satisfies

(11) g, (n1in2) = g, (n13n2) = Y T (m = n)e(n)gd, (n; na),
nezd
where 90+,m (n1;ne) = Gg(nl, 0; n2, xz2) and I‘(J{(?]) = Gar(n,O;O, 0) with n € Z9.
Fix 9, equation (11) becomes a problem in dimension d, and has a symbolic solution
94, = I +T§v)'gg,,. Combining with (10), we have

Gt (X1;X2) = GT(ny,x1;n2,22)
(12) = Gi(n,aing,ma) — Y G (na, 20301, 0)T (1, m2) G (n2, 052, 72),

n1,M2 €27
where TT = v(I +Tgv)™ = (v + )L
We should say more about the operator Fa' . In momentum representation, I‘S‘ has the
following form [7],
(T3 N = —r(y.2)f (),
where 7(y, 2) is the root of the quadratic equation

d
1
X+}+220052wyj =z
J

with |r(y, 2)| < 1.
By a similar proof above, we have the following theorem.

Theorem 2.2. Suppose Sz -\ < 0, then equation (12) holds and T+ can be written as
(13) T = X1 -0U)I —sCTU)*(AT¢ —il) 7t

where
Ct = (\I§ —il) Y (\D§ +il).

Remark 2.3. Notice that for z € C\[—c4, cq], the operators 'y and I'{ are well defined.

3. THE SPECTRA OF SURFACE MARYLAND MODEL

In this section, we will prove that for the surface Maryland model o(Hy q,0) = (—00,00)
and O'(H;:a’e) = (—00,00). From Theorem 1.2, one has that for DC a, 0(H) ,0) = (—0, 00),
U(H)ta’a) = (—00,00) for all A # 0 and . Our main work in this section is to show that the
spectrum o(Hy a,9) does not depend on 6.

Following the discussion of unbounded operators in section VIII [12], it suffices to show the
self-adjoint operators H} o, is continuous in norm resolvent sense with respect to §. Combining
with the specific formula of the Green function of surface Maryland model (Theorem 2.1 and
Theorem 2.2), we can obtain the results. In [10], the authors have already used this methods
to show that the spectrum of Maryland model does not depend on phase 6.

Definition 3.1. Let B,, n = 1,2,--- and B be self-adjoint operators, then B, is said to
converge to B in norm resolvent sense if G,(B,) — G,(B) in norm for all z with 3z # 0,
where G, (A) = (A — zI)7L.

Theorem 3.2. (Theorem VIII.24, [12]) Let B,,, n=1,2,--- and B be self-adjoint operators,
and B,, converge to B in norm resolvent sense. Then for any E € o(B), there exists E, €
o(By) such that E, — E.
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Theorem 3.3. The spectrum of surface Maryland model does not depend on phase 8. More
precisely, set o(Hx,q0) or O’(H;_a o) does not depend on phase 6.

Proof. For given two phases #; and 65, there exists some sequence jj € 7% such that
lim [|01 + ji - o — O2||r/z — 0,
k—oo

since « is rationally independent.

Let By = Hx a0, +ja (Bs = HY o9 45 o) and B = Hxap, (B = Hy ). We must
have Bj converge to B in norm resolvent sense. Indeed, if A - §z < 0, this is easy to see by
(7) and (8) ((12) and (13)); if A - Sz > 0, this is also true by the fact Hy a9 = H_x —a,—0
(H;_,a,e = Hi_k,—a,—@)'

Applying Theorem 3.2, for any E € o(Hx,a,0,) (U(H;:a792)), there exists Ej, € o(By) such
that E,, — E. Clearly, the spectrum of operator Bj does not depend on k, i.e., o(By) =
0(Hxa,0,) (0(Bg) = U(H/\fa’el)) because the shift operator is a unitary operator. Thus we
must have

o(Hxa.0.) € 0(Hxa,6,):
and
U(H;r,a,%) < U(Hia791).

This implies the theorem since 8, and 6, are arbitrary. |
The proof of Theorem 1.3

Proof. To avoid repetition, we only need to prove the theorem for operator H. Denote by E{-}
the average value over T. Since ||C|| < 1, one has

(I-6CU) =T+ (5CU)".
k=1
Notice that 6U = Ué and §C = C§, we have

o0
(I-o6CcU)™ =1+ ¥ CU)*
k=1
Putting (8) into (7) and integrating over T with respect to variable 6, one has that E{G} does
not depend on a.
Suppose Theorem 1.3 does not hold, then by Theorem 3.3 there exist some o; € R? and
an interval I such that I C (—00,00)\0(Hx,q,,9) for all §. Thus for any given vectors J,,
y € Z*1 the spectral measure 16,0, ,y determined by

(14) (Horo — 21)716,.8,) = W

satisfies
1o,a,,y(I) =0 for all 6.

Using the fact that E{G} does not depend on « and (14), one has

//J/G,oz,y(l)de :/,U/ﬂahy(l)de =0
T T

for any o € R? and y € Z4!. Combining with the fact that o(Hy 4,¢) does not depend on 6,
we have

I C (—00,00)\0(H,a,0)
for all @ € R?. This is contradicted to Theorems 1.1 and 1.2. a



4. THE SPECTRAL MEASURES FOR d = 1

We always assume F € (—00,00)\[—¢q, cq] below.
Let

Py = {{thy }yezs : [y < C(1+ ||y||€) for some constant C},

where b = d or b = d + 1. Usually, we call elements in P}, polynomially bounded vectors.

Theorem 4.1. If the equation

(15) v(n) on + Y Alo(n—n)g, =0
nezd

with n € Z¢ has a nonzero polynomially bounded solution o, then

(16) Gy = Y Goln—n,2)py
nezd

solves equation (1) and v, 5y is nonzero and polynomially bounded. If equation (1) has a
nonzero polynomially bounded solution, define

(17) on=Y_ T3 n =)o
nezd
Then @, solves equation (15) and ¢, is nonzero and polynomially bounded.
Notice that for E € (—o00,00)\[—cq, cq], the operator Ty is well defined and
L5t (n)], [To(n)| < et
for some ¢ > 0 (¢ depends on the distance between E and [—cq4, ¢g]). Similarly, for some ¢ > 0,
(Go(n, z)| < e=t(lInll+lz)

with n € Z%.

The proof of Theorem 4.1 can be found in [11]. For convenience, we give a short proof in
the Appendix.

Now we introduce the Cayley transformation for a self-adjoint operator.

Definition 4.2. Given a self-adjoint operator A on Hilbert space H, we call operator (I —
iA)(I +iA)~! the Cayley transformation for operator A.

Clearly, (I +iA)~! is well defined and (I —iA)(I +iA)~"! is a unitary operator.

Lemma 4.3. ([4, 13]) If a vector u € Py satisfies equation (15), and define ¢ = (1 +iAlo)ep,
then ¢ € Py and

(18) (140 (1 —dv ) e = (1 —iATo) (1 +iAy) te.
And the converse is true. More concretely, if ¢ € Py and satisfies (18), then the vector
o= (141iXlo)"'c € Py and satisfies equation (15).
It is easy to see that operator (1 +iv~1)(1 —iv~1)~! is multiplication by
_e—2m'(n-a+9)

We extend the Fourier Transform to a sequence f,, € Py in distributional sense. More con-
cretely, for given sequence f,, € Py, define the Fourier Transform by the following equation,

f(y) _ Z e—27rin~yfn.

nezd
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By Fourier transformation, the equation (18) becomes

(19) a(y)ely) = e 2 0e(y + a),

where ¢(y) = _% It is easy to see that g¢(y) is analytic on T¢, and |q(y)| = 1 for
y € R%. We can rewrite

(20) g(y) = e,

where ¢ is analytic on T¢. Notice that ¢ only depends on A and E.

Next we will study the ergodicity of the analytical function, the proof is similar to the proof
n [10].

Let % be the continued fraction approximants to o € R\Q. Then

(21) V1 < k < gny1,dist(ka, Z) > |gno — pal,
and
1 1
(22) < An = |Qna _pn| < .
2qn41 Gn+1

We define an index §(a) for a € R\Q,

Ing,
(23) B(a) = limsup Dinl
n—oo qn
Lemma 4.4. Let f : T =R/Z — R be a real analytical function on the strip {z : |Sz| < p}
and a € R\Q. Suppose f(a) = 0. Then for any integer sequence {j} such that
li j =
Jm llixallr/z = 0,
we have for x € {z:|Sz| < £} uniformly,

Jr—1

(24) fo—i-joz —jk/f )dx) = 0.

Proof. By the assumption, one has |fi| < Ce2™?I¥| where f; is the Fourier coefficients of

f(@).

Jre—1

1 _ e—27‘rijjka —omjr
foﬂ‘f'ma —J/c/f ije .
Jj#0
By the fact ||jka|\R/Z — 0, it suffices to show
727”]];?(1 )
(25) Zsup| — i fileP™i! < .

J#0
By (21),(22) and S(a) = 0, one has
lljallryz > ce™ 511,
Thus

1 — e—2mijjr bl .
Ceililg=2mpljl

IN

| 1 _ ¢—2nijo fil
%3214l

< Ce~
This implies (25). O
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Now we concern the case S(a) > 0, by the definition, there exists a sequence {g,, } such

that

(26) Qnp+1 > edPan,

Lemma 4.5. Let f: T=R/Z — R be a real analytical function on the strip {z : |Sz| < p}.
Given a € R\Q, suppose B(a) > 0 and let p = 1nf{p,ﬂ} Let

{tm}mzl = {ana2qn,k73QTLka e 7€kq7lk}k=17
where qn, given by (26) and €, = [eP™ |*. Then for z € {z: |Sz| < £} uniformly,

tm—1

(27) mlgnOOfo-i-ja ) —tm /f )dx) = 0.
Proof. First, we have
1 _ e—27‘rijtma Corin
J#O
By (22) and (26), one has
ltmallr/z < [P Jlgn, allr/z
S CeﬁQn,k 6—3ﬁ‘1nk
< Ce 2Py

This means ||t,,a||r/z — 0, then it suffices to show
—2m]tm
(28) Zsup| orija file™il < .
j#0 "
Fix some t,, = £gy,, with 0 < { < e,
Case 1: |j| = ¢y for some n.

If n < ny — 1, by (22) and (26), one has
1— e—27‘rijtma

|gn,. o lr/z
| 1—6727”50‘ f]| — ‘ ‘ ||an[||R/Z |f]|
<l g
an+
< C\]\e”q"k Eifl < e~ 273l
Any+
If n = ng, by (22) and (26), one has
1— 6727rijtma ) an -O‘H]R 7
T < opleldnallez
l—e |gn, llr/z
< Clilefl
< e 2mplil,
If n > ni + 1, by (22) again, one has
|1_6727Tijt7n(1 | tm”]aHR/Z‘f |
ez B S el 1
< e~ 273l

11£] denotes the smallest integer not exceeding £
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Case 2:q, < |j| < gn+1 for some n.
If 5| > %lnqnﬂ, by (21) and (22), we have

1— e—27rijtmoz

IN

CQn+1|fj|

< Cle—27plil

| 1 — e—27mija f-7|

If ¢ < |j] < gny1 and |j] < %lnqn_ﬂ, let |j| = €' qn+jo with |¢/] < lnqq#“ and 0 < |jo| < gn'-
Assume jg # 0, then by (21) and (22), one has

||ja”R/Z > Ap _K/An
1

> =

~ Can

Thus we have

1— e—27rijtmo¢
\ij\ < Caalfjl

< e~ 27Plil

Assume jo = 0, then |j| = ¢, with |[¢/| < 1“(1‘17“ Applying the same proof as in the Case
1, we also have
1— 6727rijtmo¢ —
il —2mpljl
| 1 — e—2mija fil<e :
The estimate (28) is easy to obtain from the above cases. ]
The proof of Theorem 1.4

Proof. By Theorem 1.1 and Remark 1.5, it suffices to show that in regime R\[—cg4, ¢q] (d = 1),
the spectral measures of surface Maryland model are supported on a Hausdorff dimension zero

set(we only prove the case for operator H). Let
(29)
B ={FE: FE € R\[—4,4] such that equation Hi¢ = E has a polynomial bounded solution }.

By Sch’nol Theorem [3], B is a support of spectral measures restriction on (—oo, c0)\[—4,4].
We will prove that B is a Hausdorff dimension zero set, which implies the Theorem directly.
Below is the details.

Let E € B, then there exists a polynomial bounded solution of ,, , of equation Hv = FE1.
By Theorem 4.1 and Lemma 4.3, we have (using (19))

(30) e 2 We(y) = e ¢y + a),

where é(y) is the Fourier transformation of a polynomially bounded vector ¢ € ¢?(Z).
Case 1: f(a) = 0.

For any sequence {j)} such that limy_, |[jrc||r/z = 0, iterate (30) j times, we have
e 2mi ik CWHidda(y) = e 2™ 08(y + jra).
Notice that é(y + jra) — é(y) and combine with (24), one has
Jim || (Co(E) = 0)llgyz = 0,
where (y = fR/Z ((y)dy. By the arbitrary of ji, we must have
G(E) €0+ aZ +Z.
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Notice that (p(E) (non-constance) is analytical for E € (—o0,00)\[—4,4], then set B only
contains countable set. Which means the Hausdorff dimension of B is zero.

Case 2: (a) > 0.

By the definition of ((y), ¢(y) is analytical on the strip {z : |Sz| < p(E)}, where p(E) > 0
is uniform with respect to |E| — 4. Let {¢,,} be given by Lemma 4.5 and iterate (30) t,, times,
we have

6727”,' Z?r:no*l C(y+]a)é(y) _ 6727ritm96(y + tmOl).

By (27) and the fact |[t,,a|r/z — 0, we get
Jim ([t (Co(E) = 0)]|r/z = 0.
This implies for large k,

[lgni (G0 (E) = O)llryz < e~ 8am.,

where p has a uniformly nonzero lower bound depending on |E| — 4 and S(«).

It is easy to check the set {z € R : [|g,, 7|[r/z < e~ %% for large k} is a Hausdorff measure
zero set. In addition (o(FE) is analytical for E € (—o0,00)\[—4,4], we know B is also a
Hausdorff measure zero set.

For operator HT, we only need to replace the operator Gg, I'g etc. with GS‘, FS‘ etc. To
avoid repetition, we omit the proof. O

APPENDIX A. THE PROOF OF THEOREM 4.1

The proof of Theorem 4.1

Proof. If ¢, is a nonzero polynomially bounded and solves equation (15), it is easy to compute
directly that v, , given by equation (16) is nonzero polynomially bounded and solves equation
(1).

To the converse, suppose ¥, 5 is nonzero polynomially bounded and solves equation (1),
this implies

Act Go = (Ho — EI)™! on equation (31), one has
(32) Yina) == Goln—1,2)M(n)n.o.
nezd

Thus 1,0 is a non-zero vector, and let z = 0 in (32), we obtain
Yoy = — Y Toln —n)Av(n)tn.o.
neLd

This yields that ¢, given by (17) solves equation (15) and is nonzero polynomially bounded.
We complete the proof of Theorem 4.1. O
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