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ABSTRACT
A simplified proof of the basic properties of the estimators in the Ex-
ponential Order Statistics (Jelinski-Moranda) Model is given. The method
of constructing confidence intervals from hypothesis tests is applied to find

conservative confidence intervals for the unknown parameters in the model.

1. INTRODUCTION

Testing of a software product has revealed 10 bugs. How many more

bugs are there in the software?

A team of explosives experts has removed 112 landmines from a known

minefield. How many landmines did the team fail to find?

These questions fit into the general framework of what is called the order
statistics problem. In product reliablity terms the problem is formulated
more precisely as follows. A product contains N defects, where N > 0 is
unknown. Associated with the ¢th defect is a time D, at which this defect
will be observed once the product is in operation. The product is placed
into operation at time 0 and the operation of the product will be observed

until some fixed time T > 0. Defects which are observed are assumed to
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be immediately reported. The number R of defects which are reported up
to time 1" as well as the times 177 < T3 < ... < Tg at which defects are
reported are observed. The random variables T7i,...,Tr are thus the first
R order statistics of the random variables Dy,...,Dy. In this study the
random variables D1, ..., Dy are assumed to be independent and identically
distributed random variables each having the exponential distribution with
rate parameter A > 0 which is unknown; under this assumption the problem
is known as the exponential order statistics problem. The objective is to

estimate N and A and find confidence intervals for each.

The exponential order statistics problem was first put forward as a model
for software reliablity questions by Jelinksi and Moranda (1972) and is often
referred to as the Jelinski-Moranda model. The contributions of this paper
are twofold. First, a simplified presentation of the derivation and proper-
ties of the maximum likelihood estimator of IV is given. This derivation is
based only on elementary techniques and does not depend the notion of total
positivity. Second, the method of constructing confidence intervals from hy-
pothesis tests is used to find conservative confidence intervals for both N and
A. The advantage of this over asymptotic techniques is that the confidence
level of the derived confidence intervals can be proved to exceed the nominal

level. No appeal to asymptotics is required.

2. MAXIMUM LIKELTHOOD ESTIMATION

This section and the next one are devoted to deriving some basic prop-
erties of the maximum likelihood estimators of N and A. The arguments
given here are straightforward and self-contained; the presentation does not
depend on the notion of total positivity, as for example, in Joe and Reid

(1985), who obtained similar results.

Theorem 1. In the notation above, denote S = Zle T;. On the event
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[R > 1,5 < T(R+ 1)/2] the maximum likelihood estimators of N and \
exist and are unique, except on a sub-event of probability 0. On the event

[S > T(R+ 1)/2] there is no maximum likelihood estimator of N or \.

The proof of the theorem also provides an effective method for comput-
ing the maximum likelihood estimators.
To begin, the joint density of the observations for N > 0 is given by

N _ . o,
fR,Th...,TR(?“,tl,...,tr):r!(r>)\r6 A((N )T+Zj=1tj)

forl1<r< Nand0<t; <...<t. <T. If N =0 the joint density is
degenerate. Denote by s = >°7_,t; and S = Zle T;. The Factorization
Theorem shows that R and S are jointly sufficient for N and .

The parameter space here is {(N,\) : N € {0,1,2,...}, A > 0}, which
is discrete in N and continuous in A. In order to find the joint maximum
likelihood estimates of N and A the location of the maximum of the joint
density over this parameter space must be found. As will be seen, in certain
situations there will be no maximum likelihood estimates, while in others
there will be multiple maximum likelihood estimates. This necessitates a
detailed discussion of several cases.

If » = 0 the unique maximum likelihood estimate of N is 0 and any
positive real number is a maximum likelihood estimate of A.

Suppose r > 1. Calculus shows that for each fixed value of N > 1 the
joint density is maximized as a function of A at the value r/((N — r)T + s).
After substitution of this value for A\ in the joint density, a function of the
single variable N is obtained. The values of N, if any, which maximize this
function are then the maximum likelihood estimates of N. The corresponding

values of r/((N—7)T +s) are the maximum likelihood estimates of A\. Denote
r—1
L(N,r,s) = log(N — j) — rlog(N = )T +s) — r + rlogr
§=0
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as the value of the log likelihood after this substitution. The objective is to
find the value(s) of N which maximize this function.

Viewing the discrete parameter N as a continuous variable which takes
values N > r provides some insight into the value of the maximum likelihood

estimator. Simple computation shows that B%L(N ,7,8) = 0 if and only if

r—1

Z 1 . rT
‘N —j (N—r)T+s

This equation will be referred to as the continuous likelihood equation.
The first claim is that there is at most one solution of the continuous
likelihood equation. To prove this claim denote by S(N,r) the unique real

number that satisfies

1 rT

N—-j (N—-r)T+S(N,r)

Implicit differentiation of this expression with respect to N shows that

= —rT(T + 2 S(N,7)

(N—=j)2 (N —=r)T+S(N,r)?*’

<
I
o

which, upon using the defining equation for S(N,r), becomes

! WY ?
2w\ mw g ) FHanSn)

Further algebraic simplification gives
1 1Nr—1 1 2
10 F Eico e — (P Xine v
T ON 1er-1 1 )2 .
(F 2 _i=0 N—_J)

The numerator of the right hand side is the variance of a discrete random

variable which takes the values 1/N, 1/(N — 1), ...,1/(N —r + 1) with

equal probability. Hence the right hand side is positive and aiNS (N,r) >0
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for N > r. Now suppose that s and r are fixed. If N; and Ny are two
solutions of the continuous likelihood equation then S(Ni,r) = S(Na,r).
Hence N; = N since S is strictly increasing. This proves the claim.

Denote by N(r,s) the value of N (if any) that solves the continuous
likelihood equation. Note that N(r, s) need not be an integer.

The function S(NV, r) introduced in proof of the first claim is very useful
in understanding the solution of the continuous likelihood equation. Since §
is increasing, S(00, r) = limy 00 S(IV, ) must exist. As will be seen, S(oo, r)
identifies the region in which there is no maximum likelihood estimate of N.

The second claim is that S(oco,r) = T'(r+1)/2. To prove this claim first

write the defining equation for S(N,r) as %Zg;(l) Nl—j = (N—r)—i—‘lS(N r/T"

Since an average is at least as large as the smallest term being averaged,

this equation yields the inequality % < =) Jﬁls( N /T This in turn shows

that S(N,r) < rT. To refine this bound, rewrite each of the terms in the

continuous likelihood equation as ﬁ = %1_1 7 = > e od®/NETL and
similarly F——smwy77 = >aeor(r — S(N,r)/T)* /NkT1. (The prelimi-
nary bound S(N,r) < rT together with the fact that r < N (eventually)

shows that these series expressions are convergent.) After substitution and

simplification this leads to the equation T(JJ\?;) + Z;;é S jF/NETL =
eSO/ 4 5% r(r — S(N,7)/T)k /N*+1. Multiply both sides by N2
and then let N — oo to conclude that

r(r—1)

5 =r(r —S(co,1)/T)

which upon simplification finishes the proof of the claim.
The third claim is that if s > S(oo,r) then there is no maximum like-

lihood estimate of N. Compute the derivative of the log likelihood with

respect to N to obtain aiNL(N Ty S) = Z;;é Nl_j — 1 N_’"r:')ﬂT —- This expres-

sion is an increasing function of s which is 0 when s = S(N,r). Thus when
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s > S(o00,r) > S(N,r), the derivative is positive for all N and the likelihood
does not attain its maximum value.

The fourth claim is that if s < S(r,r) then the unique maximum like-
lihood estimate of NV is r. To prove this claim notice that if s < S(N,r)
then the derivative of the log likelihood with respect to IV is negative. Since
S(N,r) is increasing in N, if s < §(r,r) then s < S(N,r) for all N. Thus
the derivative of the log likelihood is negative for all N > r. This means
that the log likelihood is maximized at N = r, proving the claim.

Notice that since an average of numbers is bounded above by the largest
of those numbers, S(r,r) > T'. Thus by claim 4 if s < T the unique maximum
likelihood estimate of IV is 7.

The remaining cases in which the maximum likelihood estimate of N
must be found are those in which S(r,r) < s < S(co,r). For s in this
interval N(r,s) exists and is unique because N(r,s) (as a function of s) is
the inverse of the function S(N,r) (as a function of the continuous variable
N). This observation shows that for s in this interval either [N(r,s)] or
[N(r,s)] + 1 or both are maximum likelihood estimates for N. Here [z] is
the greatest integer function.

The preceding discussion shows that the maximum likelihood estimator
can be computed using what might be called the ratio method. To describe
the method, return now to the situation in which the parameter N is discrete.
Denote by p(N,r, s) the ratio of the value of the likelihood at N + 1 to the
value of the likelihood at N. Simple algebra shows

N+1 (N=7r)T+s \"
N—-—r+1\(N—-r+1)T+s

p(N,r,s) =

The analysis above shows that, as a function of N, p(N,r,s) > 1 until the

ratio falls below 1 at either N = [N(r,s)] or N = [N(r,s)] + 1 and then

remains below 1 for all larger values of N. Hence if p([N(s,r)],r,s) = 1 then

both [N(s,r)] and [N(s,r)] + 1 are maximum likelihood estimators of N.
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If p([N(s,7)],r,5) > 1 then [N(s,r)] 4 1 is the unique maximum likelihood

estimator of N. Finally, if p([N(s,r)],7,s) < 1 then [N(s,r)] is the unique

maximum likelihood estimator of V.

3. UNIQUENESS OF THE MLE

The computation of the last section shows that the maximum likelihood
estimator of N need not be unique. In this section the non-uniqueness will
be shown to occur only on an event of probability 0.

Denote by B = {(r,s) : 7 > 1,0 < s < rT,p([N(r,s)],7,s) = 1}.
Because for each fixed r > 1 the conditional distribution of S given R = r is
absolutely continuous, the almost sure uniqueness of the maximum likelihood
estimator of N will be proved if the set B is shown to be countable. To this
end, define a mapping from B into the integers by (r,s) — 273N (r9)] The
claim is that this mapping is injective. Suppose (r,s) and (r’,s’) are in B
and that 273V(9)] = 9" 3IN("s)] Then r = ¢ and [N(r,s)] = [N(r’, )]
by unique factorization. Simple analysis of the formula for p shows that p
is strictly increasing in s for each fixed NV and r. Since by definition of B,

p([N(r,s)],r,s) =1 = p([N(r",s")],7",s") the conclusion that s = s’ follows.

Thus the mapping is injective and B is countable.

4. ASYMPTOTIC BEHAVIOR OF THE MLE
The behavior of the maximum likelihood estimators of N and A will now
be studied as the length of the observation period becomes infinite. In this
discussion the maximum likelihood estimator of N is defined to be infinity
in those cases in which S > T(R + 1)/2. The corresponding value of the
maximum likelihood estimator of A is taken to be 0. As was shown above,
the situation in which there are two maximum likelihood estimates can be

neglected.
Theorem 2. The maximum likelihood estimator of N converges almost
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surely to N as T' — oo. The maximum likelihood estimator of A converges

almost surely to N/ Zj\;l D asT — 0.

proof. As seen above, the maximum likelihood estimators are functions of
the statistics R = Ry and S = S7. In terms of the original unobservable

random variables D1, ..., Dy

N
Rr =Y lp,<r
j=1

and

N
ST — ZD]]_[DJST]

j=1
Since the random variables D1,..., Dy are each finite with probability 1
each of the indicators in these expressions converges upward to the constant
function 1 as T' — oo, with probability 1. Thus R, = limy_,., R = N and
Soo = limr_so0 ST = Zjvzl D; both exist almost surely.

In these terms the comment following the fourth claim above shows that
if S7 < T then the unique maximum likelihood estimate of N is Rp. Let (g
be the event of probability 1 one which R, and S, both exist. Given w €
there is a Tp = Tp(w) so that for any T > Ty, Rr = Ro and St = Se.
If T > max{Ty, S} then St < T and the unique maximum likelihood
estimator of NV is R = Ro, = N. This proves the strong consistency of the
maximum likelihood estimator of N.

The same argument shows that the maximum likelihood estimator of
A converges almost surely to Roo/Seo = N/ Zj\;l D;. Thus the maximum

likelihood estimator of A is not strongly consistent. [

5. CONFIDENCE INTERVALS FOR N-AN OUTLINE
Confidence intervals for N and X\ are found by controlling the p-values

of certain hypothesis tests. This method is described in Bickel and Doksum

8



(1977), as well as in Kendall and Stuart (1987). The method was successfully
applied in Finkelstein, Tucker, and Veeh (1998).

As motivation for the method, suppose the null hypothesis Hy : N = Ny
is to be tested against the alternative Hy : N > Ny at level of significance a.
Suppose the test statistic for conducting this test is an observable random
variable X and the null hypothesis is rejected if X is too large. Let x be
the (fixed) observed value of X. One concludes that X was too large if
SUPyso Prnoa[X > 2] < a.

This hypothesis testing technique suggests the following method of find-
ing a one sided confidence interval for N. Let Ny be the largest value of ¢
so that supy-q Pix[X > 2] < a. Then the interval [Ny, 00) is an intuitively
reasonable choice of a confidence interval for N. Note that Ny depends on
the observed value x of X and therefore is a random variable.

The presence of the nuisance parameter A makes direct application of
this method unwieldy. Instead a two stage procedure is used which embodies
some of the same ideas. Here R has a binomial distribution based on N
independent trials each having success probability 1—e~*”. If A were known,
the above technique could be applied easily to obtain a confidence interval
for N. Since A is unknown, a confidence interval will first be found for A
and the endpoints of this confidence interval will be used to set limits on
the success probability for R. The above technique will then be used to get
a confidence interval for N. This procedure is similar to Barnard’s (1984)

solution of the Behrens-Fisher problem.

6. CONFIDENCE INTERVALS FOR BINOMIAL N
For the first step in the two stage procedure outlined above, the method
of constructing confidence intervals from hypothesis tests will be applied to
find confidence intervals for the unknown number N of independent Bernoulli

trials when the success probability p, 0 < p < 1, on each trial is known. Here
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X will denote the observed number of successes observed in the NN trials.
Also P;[E] will denote the probability of the event £ computed when the
number of Bernoulli trials is assumed to be 3.

First, a one sided confidence interval for N will be found. To be precise,
a statistic N(X, p) will be defined with the property that Py[NE(X,p) <
N]>1—aforall N >0.

Define a function N with domain {0,1,2,...} by setting NL(0, p) = 0.
For j > 1let N'E(4,p) be the largest integer i satisfying P;[X > j] < a. This
inequality has a unique maximal solution since P;[X > j] is a non-decreasing
function of ¢ which has the value 0 at i = 0 (by convention) and limit 1 as
i — 0o. Notice that 0 = NL(0,p) < NL(1,p) < NE(2,p)---. Observe also

that N'L(j, p) is a decreasing function of p for each fixed j.

Theorem 3. In the notation above, Py[NY(X,p) < N| > 1 — « for each
N > 0.

proof. The theorem will be proved by showing that Py[N < NL(X,p)] < a
for each N > 0. The proof proceeds by considering various cases. First

suppose 0 = NL(0,p) < N < NL(1,p). For such N
[N < NE(X,p)] = [X >1].

Thus
Py[N < NE(X,p)] = PN[X > 1] < Py p[X 2 1] < o

where the next to last inequality follows from the fact that Py[X > 1] is an
increasing function of N with Pyrr(; ,)[X > 1] < a. Next consider the case
NL(1,p) < N <NE(2,p). For N in this interval [N < N (X, p)] = [X > 2],
so Py[N < NE(X,p)] = Py[X > 2] < a since Py[X > 2] is an increasing
function of N with Pyrr(5,)[X > 2] < . A similar argument holds whenever
NE@G —1,p) < N < NE(4,p) for some j. Observe that NE(j,p) > j — 1, so
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that lim;_,o, NX(j,p) = co. Thus each N will fall into some such interval.
This concludes the proof of the theorem. i

The problem of finding a two sided confidence interval will now be ex-
amined. Let N'' be defined as above. Define a function NV with domain
{0,1,2,...} as follows. Let NVU(j,p) be the smallest integer i satisfying
P;[X < j] < a. This inequality has a smallest solution since P;[X < j] is
a non-increasing function of ¢ which has the value 1 at ¢ = j and limit 0
as i — oo. Notice that NV (0,p) < NY(1,p) < NY(2,p)---. Note too that
NY(j,p) is a decreasing function of p for each fixed j. The following theorem

has a proof which is similar to the proof of Theorem 3.

Theorem 4. In the notation above, Py[N < NY(X,p)] > 1 — « for each
N > 0.

In order to obtain two sided confidence intervals it is important to es-
tablish an order relation between N1 (j,p) and NY(j,p). It is clear that
NZL0,p) =0 < NY(0,p). For j > 1 note that P,[X < j—1] =1—P[X > ]
X <i-1>1-a>a
for < 1/2. This shows that N2 (j,p) < NY(j — 1,p) and hence that
N, p) < NY(4,p).

for all i. Replacing i by NL(j,p) gives Py

Theorem 5. In the notation above, Py[NE(X,p) < N < NY(X,p)] >
1 — 2« for each N > 0.

proof. The theorem is proved by noting that 1 — Py[NY(X,p) < N <
NY(X,p)] = Py[N < NE(X,p)] + PNINY (X, p) < N] < a+ a = 2a by the
preceding two theorems. i

In the present setting suppose that a confidence interval AL(R,S) < A <
AY(R, S) has been found. The resulting confidence interval for N will then
be NL(R,1 — e 2" @BT) < N < NU(R,1 — e 2 (B:S)T) This procedure

will be shown to have the correct confidence level below. First though, a
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confidence interval for A must be found. A technical result concerning the

behavior of tail probabilities is needed first.

7. MONOTONICITY OF TAIL PROBABILITIES
Direct computation shows that Py A[S > s|R = r] depends on N only
through the requirement that » < N. The objective is to show that this

probability is strictly decreasing in A for each fixed r and s.

Theorem 6. If r < N, Py A[S > s|R = r] is strictly decreasing in A\ for

each fixed 0 < s < T.

The conditional distribution of S given R = r is as the sum of r indepen-
dent random variables each with density Ae=**/(1 — e=*T) on the interval

[0,T]. The following lemma can be easily proved.

Lemma. If X, and Y, are independent processes and if both X, and Y)
are stochastically decreasing in A then X + Y), is stochastically decreasing

in \.

Proof of Theorem 6. By virtue of the lemma, it suffices to show the
conditional distribution of S given R = 1 is stochastically decreasing in A.
Direct computation gives Py \[S < s|R = 1] = (1 — e *%)/(1 — e *T) for
0 < s < T. Write z = e=*T. The objective is to show that for each fixed a
with 0 < a < 1 the function H(z) = (1 — z%)/(1 — x) is decreasing in x on
the interval 0 < z < 1. Simple computation gives H'(z) = (1 — 2% —az® ' +
ar®)/(1—x)?2, so the objective is to show that g(z) = 1 — 2% —az® ! +az? is
non-positive on the interval 0 < z < 1. Note that g(1) = 0 and ¢g(0+) = —ooc.
Direct computation shows that ¢’(z) = 0 if and only if z = 1. Now if g were
ever non-negative on the interval 0 < x < 1 then by continuity there would
be a ¢ with g(¢) = 0. Since g(1) = 0 too, the Mean Value Theorem shows
that there is a d with ¢ < d < 1 and ¢’(d) = 0. But this is impossible. Thus

g is always negative and H is decreasing, as claimed. i

12



7. CONFIDENCE INTERVALS FOR )

In order to find a 100(1 — «)% one sided confidence interval for A of
the form (0, AY(R, S)] the previous method will again be used. If the null
hypothesis Hy : A\ = )¢ is tested against the alternative H; : A < A the
results of the previous section suggest that the null hypothesis should be
rejected if the observed value s of S is too large. The p-value of this test
would then be Py »,[S > s|R = r]. The desired value of AY(r,s) would be
the smallest value of Ay for which the p-value did not exceed a. With this

motivation in mind, define AY(0,s) = oo for all s > 0 and for r > 1 set
AY(r,s) =inf{\ >0: Py\[S>s|R=7r] <a,N >r}.

Theorem 7. For any N > 1 and any A > 0, Py [N < AY(R,S)] > 1—a.

proof. By the Theorem of Total Probability, the theorem will be proved if

the stronger assertion
Py A < AY(R,S)I[R=7]>1—«

is established for all > 0. By definition of AU this inequality holds in the
case 7 = 0. For r > 1 fixed, observe that AU (r, s) is a continuous decreasing
function of s which is 0 for large enough s and has limit co as s — 0.
Hence for each A > 0 there is a unique value of s, say s), with the property
AY(r,sx) = A. Moreover, AY(r,s) > X if and only if s < s5. Now for N > r
Pnald < AY(R,S9)|R =r] = PA\[S < sx|R =]

=1—P\[S > sr|R=T]

= 1= Ppu(rs)[S > sx|R=7]

=1—«
where the fact that, by continuity, Pyv(,[S > s|R = 7] = « has been

used. I
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In a similar way, if the null hypothesis Hy : A = Ag is tested against
the alternative H; : A > )\g the null hypothesis should be rejected if the
observed value s of S is too small. The p-value of this test would then be
Py 2 [S < s|R = r]. The desired value of AL(r, s) would be the largest value
of Ao for which the p-value did not exceed . Define AL(0,s) = 0 for all

s >0, and for r > 1 set
AF(r,s) =sup{fA > 0: Py A[S<s|R=7] < a,N >r}

with the convention that the supremum of the empty set is infinity. The

following theorem has a proof that is similar to that of Theorem 7.
Theorem 8. For any N > 1 and any A > 0, Py A\[A*(R,S) <) >1-a.

The following result is a simple consequence of the previous two theo-

rems.

Theorem 9. For any N > 1 and any A > 0, Py [AF(R,S) < X <
AY(R,S)] > 1 - 2.

8. CONFIDENCE INTERVALS FOR N

The preceding results can finally be combined in order to get confidence

intervals for V.

Theorem 10. If AY(R,S) and NV(R,p) denote the endpoints of the con-
servative 100(1 — ) % one sided confidence intervals for A and N found above
then for any N > 1 and any A > 0, Py \[NE(R,1 — e‘AU(R’S)T) < N] >
1-2a.

proof. The proof is obtained by looking at how the proposed confidence
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interval can fail.

PN < NE(R,1 — e A7 (ST
= PyaIN < NE(R,1— e A (RETY N 5 AU(R, S)]
+ Py AN < NE(R,1 — e A" BST) \ < AU(R, 9)]
< Pyva[A > AY(R, S)] + Py [N < NE(R,1 — 72T

< 2«

where the fact that N'Z(r,p) is decreasing in p for each fixed r has been
used. 1

The following two theorems can be obtained by similar methods.

Theorem 11. If AL(R,S) and NV (R,p) denote the endpoints of the con-
servative 100(1—a) % one sided confidence intervals for A and N found above,
then for any N > 1 and any A > 0, Py \[R < N < NY(R,1 —e‘AL(R’S)T)] >
1-2a.

Theorem 12. If AY(R,S), A¥(R,S), NY(R,p), and NY(R,p) denote the
endpoints of the conservative 100(1 — a) % one sided confidence intervals for
X and N respectively, then for any N > 1 and any A > 0, Py \[NT(R,1 —
e A BEITY < N < NU(R,1 — e M BOTY > 1 — 4q.

9. APPLICATIONS

The method given above was applied to the DACS software reliability
datasets (Musa (1980)). The conservative 95% confidence intervals obtained
by the methods here are compared with intervals obtained by Osborne and

Severini (1998) using asymptotic (in V) methods based on the integrated
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likelihood.

Data 0& S 0& S FTV FTV
Set r s MLE Left Right Left Right
1 136 36.9 141 137 150 136 161
14c 36 14.4 47 38 122 36 00
17 38 9.78 38 38 44 38 53
2 54 14.2 55 54 62 54 71
27 41 7.70 41 41 43 41 47
3 38 7.59 38 38 40 38 45
4 53 7.16 53 53 53 53 56
40 101 21.8 102 101 105 101 111
5 831 372 1758 1409 2451 1327 2929
6 73 25.8 85 76 114 73 148

ssla 112 51.4 265 156 961 140 00
sslb 375 183 2535 860 11189 814 00
sslc 277 114 414 349 552 329 676
ss2 192 97.5 00 441 13279 450 00
ss3 278 111 387 337 489 319 575
ss4 196 88.8 435 290 1065 264 26515

The comparison is quite favorable in those cases in which N is evidently
small. The extra width of the intervals obtained by our methods is compen-

sated for in these cases by the provable level of confidence of our intervals.

10. IMPLEMENTATION DETAILS
The computation of the confidence limits for A is numerically very chal-
lenging. The tail probability Py[S > s|R = r] depends on A in a complicated
way and the exact form of the tail probability is difficult to determine. Solv-
ing the necessary equations to find A” and AY exhibited numerical instability
in the solutions. The only practical method of computing this tail probability
is to use an Edgeworth approximation. The first 2 terms of the Edgeworth
series were found to provide an adequate approximation, in limited testing.
In finding confidence intervals for N the following simpler procedure was

used. Suppose M is proposed as the lower endpoint of a confidence interval
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for N. Find the smallest success probability p that would allow M to be a
lower endpoint, that is, find the smallest p so that M = NE(R, p). This p
satisfies P[b(M,p) > r| = a.. There is a unique p for each M > r, and as M
increases the corresponding p decreases. Moreover, this p can be easily and
accurately found numerically using the relationship between the binomial
distribution and the incomplete beta function. Having found p compute the
corresponding value A\ = —log(l — p)/T and then find P\[S > s|R = r|
for this particular value of A. If this tail probability is less than « then
A > AY(r,s) so M is an acceptable candidate for the lower endpoint for
N. As M is increased, the computed value of A\ decreases and hence the
computed tail probability increases. As M is increased the computed tail
probability will either eventually exceed « or always remain below a. In the
first case, the largest value of M for which the tail probability is still below
« is the lower endpoint of the confidence interval for N. The second case
occurs if Py—o[S > s|R = r| < «, in which case oo is the lower endpoint of

the confidence interval for V.

A similar procedure is used to find the upper endpoint of a confidence
interval for N. Suppose M is proposed as the upper endpoint of a confidence
interval for N. Find the largest success probability p that would allow M
to be an upper endpoint, that is, find the largest p so that M = N'L(R,p).
This p satisfies P[b(M,p) < r] = . There is a unique p for each M > r, and
as M increases the corresponding p decreases. Having found p compute the
corresponding value A = —log(1 — p)/T and then find P\[S < s|R = r| for
this particular value of . If this tail probability exceeds o then A > AL (7, s)
so M is an acceptable candidate for the upper endpoint for N. As M is
increased, the computed value of A\ decreases and hence the computed tail
probability decreases. As M is increased the computed tail probability will

either eventually fall below « or always exceed «. In the first case, the first
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value of M for which the tail probability falls below « is the upper endpoint
of the confidence interval for N. The second case occurs if Px—o[S < s|R =

r] > a, in which case oo is the upper endpoint of the confidence interval for

N.
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