CHAPTER 4

RIEMANN’S EXISTENCE THEOREM

This chapter introduces the foundation of the book: The construction of all
compact Riemann surfaces through Riemann’s classification of the branched covers
of the sphere (Thm. 2.6). Still, one cover at a time, won’t give us much useful
information. We need to know the nature of families of related covers. The Exis-
tence Theorem serves well, though it takes additional ideas to find a useful naming
scheme for the families. This chapter’s nontraditional treatment of modular curves
motivates many general ideas in Chap. 5.

1. Presentations of fundamental groups of Riemann surfaces

Our command of Riemann’s Existence Theorem requires combinatorial ability
to list finite quotients of the fundamental group of U,. Thm. 1.8 tells us m1(Uy)
is a free group on r — 1 generators (with » = |z|) and more. It is the basis for
describing families of covers (Chap. 5) of PL. Our main computational tools for
this are Hurwitz monodromy actions. These are on explicit sets running from
types of Nielsen classes (§3.2) to special fundamental group generators of Riemann
surfaces defined by Nielsen classes (§9.2).

1.1. Presentations and free products. Most fundamental groups appear
as quotients of free groups. Further, we define the kernel of that quotient by listing
specific relation elements in the kernel. We recognize the smallest normal subgroup
containing these relations as the kernel. A presentation, however, doesn’t list all
relations from this normal subgroup condition. Presenting groups as quotients of
free groups this way is convenient for forming their quotients. To see whether a
group G is a quotient of some fundamental group, we need only check if specific
generators of G satisfy a tiny list of relations. This suits how we form compact
Riemann surfaces from unramified covers of U,. Still, this often leaves a tough
problem. How to check if an expression from the free group is in that kernel.

For S a set, we first define the group F(S) that S freely generates. The following
construction is of a free group with relations. Generalizing this to groups generated
freely by subgroups is a categorical rather than quotient construction.

For s € S and n € Z, use the symbol s” to denote the pair (s,n). If t € S and
m € Z then s" =t if and only if s =t,n = m.

Elements of F'(S) are (finite) sequences s™ = (s7*,--- ,s,.*) satisfying

keN;sy, -+ ,8, €85 ny, - ,n, €Z\{0}; and s; # s;41, 1 =1,--- ,k— 1.

Regard the sequence () with no elements as an element of F(S). Denote
(1, ") € F(S) by t™. Define the product of s® and t™ by cancellation
to be the elimination of any consecutive terms of the form ¢t~'. Formally, Find
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152 4. RIEMANN’S EXISTENCE THEOREM

the smallest integer u with this property: ;™ # s* “"'; but ;™ = s
i=1,--- ,u—1. Then

m __ n NE— Moy+1 m
s = (5117"'agk7uuaaatu-i:1 a"'?té Z)
k—u+41 My
(1.1) _ (Sk:—u-‘,-l sty)  for ty # sk—ut1
where Q= Nk —ut1+My
u for t, = Sk—ut1-

With this multiplication F(S) is a group with () the identity. For example, an
induction on the length of the sequence of the middle term, in a product of 3 terms,
suffices to establish the associative law. The inverse of 8™ is (s, "*,---,s7"").

For a group G and a subset S of G, denote by (S) the subgroup of G that S
generates. The elements s™ € F(S) for which s ---s;* is the identity in G form

a subset R(S) called the relations satisfied by S. It is a normal subgroup of F(S).

DEFINITION 1.1. Let S be a set of generators of a group G. A sequence
{ri,ra,...} of F(S) is a presentation of G if R(S) is the smallest normal sub-
group of F(S) containing {ri,ra,...}. We say {ri,r2,...} generates R(S). A
presentation is finite if both S and {rq,rs,...} are finite sets.

It is standard to denote (s7*,...s.*) = s™ € F(S) by s{*---s.* when this
symbol could not be confused with the product in another group.
EXAMPLE 1.2. Let G = Z?, the additive group of integer pairs. Let s; = (1,0)

and s = (0,1). Take for S the set {s1,s2}. Then {s15057  s5 '} is a presentation
of G. Indeed, R(S) = [F(S), F(5)], the commutator subgroup of F(S). [11.7¢]

ExXAMPLE 1.3. Take for S the set {s1,s2,...,8.}. From now on we denote
F(S) by F,.. There is a natural map from F,. to F._; that maps s; to itself,
i=1,...,r—1,and s, to s, ';s % ---s7 . A nonidentity element of R(S) becomes

1 when you make the above substitution for s,.. Therefore such an element involves
Sr, and {s1---s,} gives a presentation of F,._q.

The following treatment on free products of groups, from [Wae48]|, appears
also in [Ma67, p. 97-100]. Let G4,...,G; be groups. We define their free product
G by its properties. There are homomorphisms «; : G; — G, i =1,...,t, satisfying
this condition: For any group H and homomorphisms 5; : G; — H,i = 1,--- t,
there exists a unique homomorphism 3 : G — H with

(1.2) Boa;=0;, i=1,...,t.

Modern terminology might suggest the term free sum or pushout; it generalizes
for arbitrary groups the direct sum of abelian groups[11.10a]. We now show a free
product exists. From the definition it is unique up to isomorphism.

Define T(G) = T(Gy,--- ,Gy) as those (finite) sequences (x1,--- ,x,) where
each zj is a nonidentity element of one of the groups G;, and where consecutive
terms of the sequence are in different groups. Each g € G; acts faithfully on the
right of T(G) as a permutation «;(g) given by the following formula. For g € G;
and (z1,...,2z,) € T(G), a;(g) maps (z1,...,z,) to this element:

Z1,...,Zn9) if ¢, € G; and z,9 # 1g,;
T1y.esTpo1) if 2, € G; and x, = g~
X1y ) if 2, ¢ Gy and g = 1g;;
Z1y..,Tn,9) if 2, ¢ G; and g ¢ 1¢,; and
g) if (wla"'axn) = @

P,
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Let Per(T(G)) be the group of (right action) permutations of T(G). Then G
is the subgroup of Per(T'(G)) that the images of the G; under the homomorphisms
a;, 1 =1,...,1, generate.

LEMMA 1.4. The group G just defined is a free product of G1,...,G;.

ProoF. Express a given nonidentity element v of G (in reduced form) as

@iy (giy) - i, (9i,)

where g;, is a nonidentity element of G;, and iy # ixy1, ¢ = 1,...,n — 1. This
expression is unique. Apply v to 0 (as in (1.3e)) to get (giy,---, i, )-
Suppose §; : G; — H,i=1,...,t,is any collection of homomorphisms. Define

8 : G — H as follows: [(ay, (i)~ i, (g:,)) is equal to G;, (g:,) - - i, (gi,). In-
duction on the lengths of the reduced forms of two elements of G shows that [ is
a homomorphism. Clearly g is the unique homomorphism satisfying (1.2). (I

1.2. Fundamental groups of unions of spaces. Let X be a connected
union of finitely many differentiable manifolds. Suppose U and V' are open subsets
of X with UUV = X, and U, V and U NV nonempty and connected. For
topological spaces Y and Z with Y a subspace of Z and yy € Y, denote the induced
homomorphism 71 (Y, yo) — 71(Z, yo) by i(Y, Z)..

THEOREM 1.5 (Seifert-van Kampen). Let g € UNV. For H a group, let
BU) : m(U,z9) — H and B(V) : m1(V,z9) — H be two homomorphisms for which

(1.4) BU)ot(UNV,U) =6(V)oi(UNV,V),.
Then, there is a unique homomorphism 3(X) : m (X, zo) — H with
(1.5) BU)=p(X)oi(U,X)s and B(V) = B(X) 0 i(V, X)x.

In using Thm. 1.5, don’t forget UNV must be connected. Neglecting this would
lead to concluding the torus has trivial fundamental group (Fig. 1).
REMARK 1.6. Commutativity of this diagram characterizes m1 (X, xo):

FIGURE 1. Two cylinders try to share the fundamental group of a
torus, but they connect poorly.

Left cylinder — { *}y « Right cylinder
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1.3. Proof of Seifert-van Kampen, Thm. 1.5. This is a special case of
[Ma67, p.114-22]. We give the proof in four subsections.

1.3.1. w1 (U, z) and m1(V, zo) generate m (X, x0). Let v : [a,b] — X represent
an element of m(X,xzp). Find tp = a < t; < -+- < t, = b so either U or V
entirely contains the image of MNitsotran)? i=1,...,n. Let U; be either U or V, so U;
contains the image of Mitstira)” As 7(t;) lies in both U;_; and U; there is a path ~;
in U;—1 NU; joining zo to ¥(¢;) , i = 1,...,n— 1. Then each of the following closed
paths is in U; for the corresponding value of i:

—-1 . B
W= VNegen¥ > =0, W=V Mo Vir E=1..,n =2,

irti41

and v,y = Yn-17,,

—1:tn]’

The product 7f - - - y/,_; is equivalent to . Write [y] as

(1.6) i(Uo, X)+([vo))i(U1, X)u([71]) -+ i(Un—1, X)u([7-1))

a product of paths, each from 71 (U, zo) or 71 (V, x0).
1.3.2. Condition for existence of 3. It is natural to define 5([7]) from (1.6):

(1.7) BU)([oDBWN([MD) -+ BU-1)([Y-1])-

We show, if (1.6) is the identity, then so is (1.7); G is well-defined.
Let F : [a,b] x [0,1] — X be a homotopy between  and the constant path:

F(ta S) = VS(t)v 70(15) = ’Y(t)a and Vl(t) = Zo-

Refine the subdivision tp = a <t; < ---<t, =btofind sg=0<--- < s, =150
Ui j, one of U or V, contains the image under I of each rectangle

Rij={(ts)|s; <s<sj1, ti <t <tip1}.

Let V; ; be the intersection of U;_1 j,U;—1,j—1 and U, ;. This refinement doesn’t
change the value of (1.7). Choose a path €; ; : [a,b] — V; ; with initial point z¢ and
end point vy, (t;) = F(t;, ;). When F(t;,s;) = xo, choose ¢; ; to be the constant
path, and choose €; ¢ to be y; (asin §1.3.1),i=1,...,n — L

FiGURE 2. Keeping book along the paths of a grid

(tit1,8541)

Ri1; | Rij

(tit1,55)
(tivsj)
Ri_1,-1

Ui =V
Ui—l,j =V
Ui—1j-1=U
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1.3.3. Grid following paths. Denote the path ¢t € [t;,t;11] — F(t,s;) (resp.,
s € [sj,8j41) — F(t;,s)) by F|[t,i.ti+1]m,- (resp., F|tix[s3-,sj-+1])' Let v, ; be the path
ei,j(F\[ti,tiH]ij)(qﬂ’j)_l. Let 0; ; be the path ei*j(FltiX[sj,sj+1])<6i:j+1)_1' Define
¢i; to be the image under (U ;) of the homotopy class of ~; ; in w1 (U , zo),
i=0,...,n—1; j=0,...,m—1. Note: (1.4) implies g, ; is also the image under
B(U; j—1) of the class of v; ; in m1(U; j—1,20), 4 =10,...,n—1; j=1,...,m. So,
we consistently define g; ,,, to be 8(Ujm—1), the image of 7; n, in 7 (U; m—1, o),
i=0,...,n— 1. Similarly, §; ; gives h; j € H,i=0,...,n; j=0,...,m— 1.

Since the boundary of R; ; (traversed clockwise) is homotopic to a constant
path in R; ;, its image under F' is homotopic to a constant path in U; ;. Therefore

(F‘tix[sj*strl] )(ﬂ["i’ti+l]xsj+l ) is hOmOtOpiC to (ﬂ[tiltiﬁ»l]XSj )(ﬂti+1 X[SjijJrl])

in U; ;. Conclude:
(1.8) '7i7j6i+1,j is hOIIlOtOpiC to 5i,j'7i7j+1 in Ui)j.
Denote the identity in H by 1x. An application of 5(U; ;) gives

(1.9&) gi,jhi+1,j = hi,jgi,j-i-ly 1= O, e, — 1; ] = 0, N (I 1.
(1.9b) As a consequence of F'(t,1) = F(a,s) = F(b,s) = zo:

gi,m:1H7 1=0,...,n—1; ho,j:hn,j:eH, 7=0,...,m—1.
Finally, (1.7) is the same as

(1~10) 90,091,0 ** * gn—1,0-

1.3.4. (1.9&) and (19b) z'mply (1.10) 8 1H- From (1.9b), 90,0"'9n—170hn,0
equals (1.10). From (1.9a), this is go0---hn—1,09n—1,1. Repeat using (1.9a) and
(19b) to see (110) is 90,191,1 * " " gn—1,1- Inductively: (110) is 90,591,5 " 9n—1,5 for
each j. With j = m, (1.9b) shows this is 1.

Since m (X, zo) is a pushout of the homomorphisms w1 (U NV, z¢) — 71 (U, o)
and 71 (U NV, x9) — m1(V,z0), this uniquely defines m (X, o) [11.10b] and con-
cludes the proof.

1.4. Classical generators on an r-punctured sphere. Let Y be a sub-
space of a space X. Then Y is a retract of X if there is a continuous map f : X — Y
such that f(y) =y for y € Y. The sequence of maps

yX v oy

induces the sequence of homomorphisms of groups
(Y, X). .
(Y, 90) - (X, o) L (Y, 90)
where f, 0 i(Y, X), is the identity. This splitting of the sequence of groups means
m1(X, yo) is the direct product of 7 (Y, y) and the kernel of f,.

DEFINITION 1.7. A retract Y of X is a deformation retract of X if there exists
a continuous map F : X x [0,1] — X for which F(z,0) = z and F(z,1) = f(z) for
z€X,and F(y,s)=yforyeY, sel0,1].

For each s € [0,1] the map F, restricted to X X s, induces a continuous map
m1(X,y0) — m1(X,y0). (Regard these fundamental groups as topological spaces
with the discrete topology.) Such a map is clearly independent of s. For s = 0 this
map is the identity, and for s = 1 the image of this map identifies with 71 (Y, yo)-
So, f. identifies the fundamental groups 71 (X, zo) and 71 (Y, yo).
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1.4.1. Defining classical generators. Chap. 2 §1.1 introduced the r-punctured
sphere: P\ {z} def U,, r distinct points 21, ..., 2. removed from PL.

Ficure 3. Example classical generators based at zg

Let zg be a point on U,. Let D; be a disc with center z;, i = 1,...,r. Assume
these discs are disjoint and each excludes zy. Let b; be a point on the boundary of
D;. Regard this boundary, oriented clockwise, as a path 4; with initial and end point
b;. Finally, let 0; be a simple simplicial (Chap. 2 Def. 2.1) path with initial point
zo and end point b;. Assume, also, that §; meets none of ¥1, ..., %i—1, Yit1,---sVr
and it meets 7; only at its endpoint.

With Dy a disc with center zy and disjoint from each of the discs Dy, ..., D,,
consider the first point of intersection of §; and the boundary 7 of Dy. Call this
point a;. Suppose 61, ..., d, satisfy two further conditions:

(1.11a) they are pairwise nonintersecting, excluding their initial point zp; and
(1.11b) ay,...,a, appear in order clockwise around 7.

Since the paths are simplicial this last condition is independent of the choice of Dy,
at least for Dy sufficiently small.

With these conditions, the ordered collection of closed paths 9,70, = v,
i =1,...,r, in Fig. 3 are classical generators (for z) based at z;. We say =; is a
classical loop around z;. In our case this has a precise meaning.

1.4.2. Main Theorem for classical generators of w1 (Us, zp). Chap. 5 deforms
classical generators compatible with deformations of the set {2z} = {z1,...,2.}.
Such deformations produce very complicated sets of classical generators. Thus the
generality of our next result.

-1
%

THEOREM 1.8. Let (v1,...,7:) by any collection of classical generators for
z = (21,...,2) based at zo on the r-punctured sphere PL\ {z}. Then the homo-
topy classes [y1] = s1,..., [v] = s, generate w1 (PL\ {2}, 20) with the one relation

s1--8p: The Product-One condition. So, w1 (PL\ {2}, 20) is isomorphic to F,_;
through the presentation {s1---s,} (Ez. 1.3).

If 1] = sh,...,[v.] = sl is another collection of classical generators, then
/

there is a m € S, so that s; is conjugate to S, i =1,...,7.
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1.5. Proof of classical generators Thm. 1.8. For the statement on the
presentation of 71 (Uy, 20), induct on 7. For r = 0, write P! as the union of

P!\ {00} = U; and P* \ {0} = Uy
as in Chap. 3 Ex. 3.2.1. Apply Thm. 1.5 (just §1.3.1). For r > 1 we show 7(Uy, 2¢):

(1.12a) 7y - -7y, is homotopic (on Uy) to the identity.
(1.12b) [%],...,[yr—1] are free generators of the fundamental group.

These suffice to show the statement gives a correct presentation of m(Uy, zg) if
we show any relation among s1,...,S, is in the group generated by products of
conjugates of the product-one condition. Hints: Do an induction starting with a
nontrivial relation containing no subproduct conjugate to the product one relation,
and having a minimal number of appearances of s,.. No appearances of s, is im-
possible from (1.12b); by conjugating shift the any one appearance of s, to the far
right. We divide the proof of (1.12) into 4 parts to separate the conceptual proof
from a technical preliminary.

1.5.1. Polygonal paths. We show the set of paths 71, ..., 7, is (simultaneously)
homotopic to a set of simple polygonal paths based at zg, intersecting only at zp;
and that v - - -7, is homotopic to a simple polygonal path based at z.

Choose Dy so a; is the only intersection of §; and 4g, ¢ = 1,...,r. This is
possible because 41,...,d, are simplicial. For an integer n > 2, let 7} be the
regular n-gon inscribed in 4; as a clockwise path from the vertex b;. Chap. 2
Lem. 4.3 allows replacing each ; by a polygonal path homotopic to ¢; (with its
endpoints fixed), so as to assume our classical generators are polygonal paths.

We explain the formation of the shaded region around the polygonal path ¢; in
Fig. 4. The points b and b} are the vertices of ¥ next to b;. Draw the lines through
b; and b} parallel to the last segment of J;, and let d = d,, be the maximum of the
distances between these lines and the last segment. Now continue drawing the lines
at a distance d parallel to each segment of §;. For large n: the lines parallel to the
last segment meet o at points a} and af; the paths 6} and §;* traced by these lines
on either side of §; are simple and have segments corresponding one-one with the
segments of ¢;. The shaded region (bounded by ¢, §;*, the two sides of ¥} next to
b;, and the line segments a; to a} and a; to a;) meets none of the corresponding
shaded regions around §; for j # i. In addition, the path going from a; to aj, then
along 67, and then from b to b; is homotopic (with a; and b; fixed) to ¢; through a
homotopy of simple polygonal paths that stay within the shaded region and, until
the end, do not meet ¢;.

Indeed, with a few choices of lines separating the elbows and ends of the shaded
region from the intermediate stretches — this may require a larger value of n — we
can make the homotopy canonical. To illustrate, consider the elbow of the last
two segments of d;. The lines ¢ and ¢” (perpendicular, respectively, to the last and
second last segments of §;) that meet at P outline this elbow in Fig. 4. In this region
the homotopy takes points along the projection from P. In general, the homotopy
carries points of §; along the perpendicular to the corresponding segment of §;.

Let Af (resp., Af*) be a path tracing the ray from zg to a} (resp., zo to a}).
Finally, let v} be the part of 4 with initial point b}, and end point b;. Then,

= A )T N T =1

are simple, polygonal, pairwise nonintersecting (except at zp) paths that are re-
spectively homotopic to ¥, ..., on U,.
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Let a; be the midpoint of the arc from a; to aj,,, i = 1,...,7 — 1. Denote
the path along the two straight line segments from a! to a;, and then from a; to
aj,; by €. Then the following simple polygonal path, 4/, is homotopic on U, to
Y- v, and thus to 4y -« - v,

(1.13) AT (67) T 10373 (857) Thes et g i (67) TH) T

This homotopy shows the interior of a polygonal sector of the disc (marked off
clockwise) from a] to a!/, together with the shaded regions of Fig. 4 and the interiors
of ¥%,...,7%F to be part of one connected component of P!\ +/.

1.5.2. Homotopy of 1 -7 to 1. It suffices to show 4" is homotopic to the
identity. The Jordan curve theorem says the complement of the simple closed
path 7/ on P! consists of two components. For a polygonal path, however, this
is fairly easy ([He62, p. 146] or [11.3a]). The Schwartz-Christoffel transformation
([He66, p.351-3] or §6.6) gives a one-one continuous map ¢’ from the closed upper
hemisphere on P! to P!, analytic on the open hemisphere, that maps the equator
onto 7/. With no loss we assume ¢’ maps onto the component excluding z,. From
the last line of §1.5.1, none of z1,...,z. are in the image of /. Since the closed
upper hemisphere is simply connected, so is the image of the one-one map ¢’ on
U,. Thus, +' is homotopic to the identity (see §6.6).

1.5.3. Retraction of U, onto v;U---U~v._;. To simplify our discussion, identity
a simple path with its collection of image points. Notice this further use of the
Jordan curve theorem (for polygonal paths). The path A**, divides the interior
W of 4 into two parts. The collection of points {z1,...,2.-1} is accessible from
one side of A\x*;, and z, from the other. So, {z1,...2—1} and {2} lie in distinct

components of W\ A¥*; [11.3b]. In the above replace v with following path:

(1.14) Y= N (1) e e a0y (07T) T L) T
§1.5.2 shows there is a continuous one-one map ¢” from the upper hemisphere

mapping the equator onto the path 4”; and mapping onto the component of P*\ »”
that includes z,., but excludes {z1,..., 2.1}

FIGURE 4. A polygonal thickening of §;
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The upper hemisphere minus (") ~1(z,.) clearly retracts to the equator. There-
fore the closure of the component of P!\ 4" containing z,., with z, removed, retracts
to v”. Denote the closure of the other component by X”. Similarly, denote the
closure of the component of P! \ 7/ containing 2; by X;,i=1,...,7 — 1. Let Y; be
the quadrilateral with vertices ay, @;, aj, and zp, i = 1,...,7 — 2. Retract ¥; onto
the union of the two sides defined by {a}, 20} and {a/, z0}. Since

X”:X1U‘”UXT71UY1U"'UYT72,

this retracts X’ onto X;U- - -UX,._1. Apply the Schwartz-Christoffel transformation
to retract X; \ {z;} onto +}, i =1,...,7 — 1. This retracts U, onto v U---U~,_;.

1.5.4. [v1],. .., [y—1] generate w1 (P! \ {2}, 20) freely. The retraction of §1.5.3
reduces this to showing [v{], ..., [v._1] generate my (ANf U---U~/_q, 20) freely.

Let ¢; be a vertex of +; different from b or b (Fig. 4),i=1,...,r — 1. Take
UtobeyiU---U~._;\{cr—1} and Vtobeyf U---U~._1\{c1,...,¢—2}. Then
Y U~ U~l_y is a deformation retract of U; v._; is a deformation retract of V;
and {zp} is a deformation retract of U N V. From Thm. 1.5, my(y{ U---U~,_4, 20)
is a free product of w1 (U, zo) and 71(V, o).

To complete the proof of the theorem, consider another r-tuple of classical
generators: [y{] = s1,...,[7.] = s... Identify the point around which s} loops as the
unique point z’ € z for which s; — 1 in the natural map 71 (U, z9) — m1(Uy, 20)
where 2’'U{z'} = 2. So, there is a 7 € S, for which s} loops around z(;),. An easy
homotopy of both 7(;)» and ~; has these properties.

e It moves only points on these paths within the outermost of ;) and 7;.
e The homotopies end so the respective bounding path to the discs about
2(iyr are the same.

At time ¢ in the homotopy of 7(;)» denote the resulting path by y(;)r . In Fig. 5: ~;
remains constant in the homotopy; 4(;)~,1 is ¥;; and only the end portion of &)
varies in the homotopy. With v(;)r 1 replacing v()» = Y(i)r,0 (and the other r — 1
paths fixed), the equivalence classes in m(Uy, 2zg) give the same elements s1, ..., ;.
With no loss, as in Fig. 5, assume 7(;)» and ~; are respectively 5(i)ﬂ'_y(i)ﬂ(5(i),,)’1
and 0;7/(67)~'. The homotopy class of 6(;)x1(6/)~! conjugates the former to the
latter. That completes the proof of the theorem.

REMARK 1.9. Massey notes [Ma67, p. 125]:

To actually apply the Seifert-van Kampen Theorem, it is usually
necessary to use the properties of deformation retracts.

2. Ramified covers from the Existence Theorem

Return to the notation of §2.1. Let ¢ : Y — X be a nonconstant analytic map
between two connected compact Riemann surfaces. The first part of the Existence
Theorem is a combinatorial formula for contructing such ramified covers .

2.1. Nonconstant maps of Riemann surfaces. Let ¢ : ¥ — X be a
nonconstant analytic map of compact connected Riemann surfaces. For any subset
V of X denote ¥~1(V) by Yy,. If V is a point x € X, simplify Yy to be Y,, the
fiber over x. Recall the definition of unramified cover from Chap. 3 Def. 7.12.
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FIGURE 5. Comparing two loops around z(;)~

2.1.1. The divisor of ramification. We first attach a multiplicity to a point in
a fiber. The outcome is that all fibers of ¥ will have the same degree.

LEMMA 2.1. The map v is open and so is surjective. Two analytic functions
Y 1Y — PL i = 1,2, with evactly the same zeros and poles (with multiplicity) on
X differ by multiplication by a constant.

For some integer n, Y| = n for all but finitely many x € X. For z € X,
|Yz| < n. Let D(v) be those x with |Yz| < n. Then Yx\py) — X \ D(3) is an
unramified cover.

Representing restriction of ¥ around any point yo by an analytic function in a

disk allows assigning a multiplicity e, to yo in Yy(y,). This gives a degree of the

fiber Y, by deg(Yy) def > yey, ey and all fibers of 1 have degree n.

If X = PL, then the divisor (1) of the meromorphic function i) has degree 0.
Any meromorphic function on'Y comes from an analytic map where X = PL.

PROOF. If ¥ maps open sets to open sets, then the range of v is open. Since
X is compact, the range of v is also closed. As X is connected, that means the
range is the only possible nontrivial open and closed set, X. The statement that
is open is local: We have only to show it maps small open sets to small open sets.
[Ahl79, p. 131] (as it is used below) shows v is locally an open map. Apply this
by considering two analytic functions ; : Y — PL i = 1,2, with the same divisor
of zeros and poles on Y. Then, the ratio 1 /12 has no zeros, and no poles. It gives
an analytic map to P! missing oo for example. So, it must be constant.

Let f be a nonconstant analytic function on an open connected subset U on C,
and let zy € U. There is a neighborhood V' of zy on which f is one-one if and only if
Z—J;(zo) # 0 [Ahl79, p. 131]. Suppose g—’;(zo) # 0. Then there is a neighborhood U,
of zy for which % is not 0 and f restricted to U,, is one-one. Let {(UY, oY) }aer
(resp., {(U5, @3 )} pe) be an atlas for the manifold Y (resp. X).

Consider the set R of y € Y with

d

(2.1) @(@? o1 o ()" (pa (y)) =0
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for some o € I, f € J with y € UY Ny~ (U5). The condition is independent, of
the choice of « and 3 (as in Chap. 3 Lem. 5.2). If R is infinite, then R has a limit
point yg. We show this leads to a contradiction.

There exists a € I and 3 € I with yo € UY and (y) € Ué(. The zeros of
d%((pff oo (py)~") have limit point @Y (y0). So ¢ oo (pk)~" is constant in
a neighborhood of @Y (yo) [AhlI79, p. 127], and 1) is constant in a neighborhood of
yo. The points of Y with a neighborhood on which 1 is constant is an open set
contained in R. Any accumulation point of it is therefore an accumulation point of
R. The above argument shows this set is closed. Since Y is connected, the existence
of yo shows 1 is constant on all of Y, contrary to assumption. So R is finite.

Each y € Y \ R has a connected neighborhood U, of y to which the restriction
of ¢ is a one-one function. Let z € X \ ¥(R). For each y € R, let U, be a
neighborhood of y with « ¢ ¢(U,). As % is one-one on U,, U, contains at most one
point of Y. The cover {U,},cy of the compact space Y contains a finite subcover.
Therefore Y, is finite. Now consider neighborhoods of points of Y.

Let V, be a connected neighborhood of x contained in ¢(U,) for each y € Y.
Then the connected components of Yy, are {U, N Yy, },ev,, and the restriction of
% to each of these is one-one. From Chap. 3 Def. 7.12, ¢ restricted to Yx\y(r) is a
cover, and the fibers have constant cardinality (Chap. 3 [9.21b]).

Now consider a fiber Y, with z € D(¢). Expression (2.1) generalizes. Any
point y € Y, gives a well-defined integer e,: The minimal e > 1 with

de

(e 000 (P (@Y ) #0.
This is the ramification index of i at y (Chap. 2 Def. 7.6). Suppose |Y| = t.
[Ah179, p. 131] shows f = ¢ oo (o)) ! is e to 1 in a neighborhood of ¢} (y)
with y removed. So, in some small punctured neighborhood V! = V. \ {z} of z, the
punctured neighborhoods U?, ..., Uy above V! have this property: 1y o : U? — V°
is everywhere e; to 1. Since the degree of each fiber over = € V, isln, conclude
Zerm ey = n. This is the formula stated in the lemma.

Now assume X = P.. So, Chap. 4 §5.3.1 assigns to ¢ a well-defined divisor:
Yy — Yoo Its degree is deg(Yy) — deg(Yoo) = n—n = 0. Finally, let f be any global
meromorphic function on Y. Then, locally f is a ratio of two holomorphic functions
on a disk. At each point of the disk this defines a map to P which is analytic, even
at the zeros of the denominator (Chap. 2 §4.6). So, f is an analytic map to P.. O

We often refer to a cover ¢ : Y — X by the pair (Y, ). With the hypotheses
of Lem. 2.1, call (Y, ) a ramified cover of X of degree n: deg(1)) = n. Then D(v))
consists of the branch points of 1.

DEFINITION 2.2. Let ¢ : Y — X be an analytic map of 1-dimensional complex
manifolds (not necessarily compact or connected). If ()"!(K) is compact for
each compact subset K of X and |(v)~!(z)| = n for all but a discrete subset of
points z € X, then (Y,v) is a finite ramified cover of degree n. Denote the set
{z | [Yz] # n} by D(1).

2.1.2. s-equivalence of covers. Let ' : Y — X, i =1, 2, be two finite ramified
covers of X. Then (Y1, +!) and (Y2,1?) are s(trong)-equivalent (as ramified covers
of X) if there is a one-one and onto continuous map 1 : Y! — Y?2 for which
Y2 o4 = ¢'. Colloquially: There is an isomorphism that commutes with the



162 4. RIEMANN’S EXISTENCE THEOREM

projection maps to the base. In §3.2.2 this corresponds to the notion of absolute
s-equivalence; there is no extra condition on the s-equivalence of these covers.

Then, 1) is automatically an analytic isomorphism [11.2]. Clearly D(!) =
D(y?). Using the phrase s-equivalence differentiates this from other equivalences
of covers that appear later. The compactification process for covers of complex
manifolds in higher dimensions does not necessarily produce a manifold, as it does
in dimension 1 (Thm. 2.6). Still, the notion of s-equivalence makes sense and we
extend its use to many situations.

Let D be a finite subset of the connected 1-dimensional compact complex man-
ifold X. Cor. 2.9 classifies s-equivalence classes of finite ramified covers ¢ : ¥ — X
with D(¥)) € D. Restricting ¢ to Yx\p(y) gives an unramified cover. Therefore
explicitly completing such a classification requires explicitly presenting the funda-
mental group m (X \ D, x¢) for xg € X \ D.

2.2. Constructing ramified covers. Now take X to be the Riemann sphere,
P! = PL. Versions of these results work in the general case [11.11].

2.2.1. Product-One Condition. Label points of D(v¢) as {z} = {z1,...,2-}. Let
z0 € PP\ D(¢) = U,. Let (y1,...,7%) =4 be classical generators for m1(Uy, 29).
A labeling y = (y1,...,Yyn) of the points of Y lying over z; determines a transitive
permutation representation T'(y) of 71 (Uy, z9) of degree n. This is as in Chap. 3
Thm. 7.16, except we now have additional information. Denote T'(y)([:]) by ¢; €
Sn,i=1,...,r, and let G(g) be the subgroup of S,, the g; s generate.

LEMMA 2.3. With the hypotheses above, g1 ---g. = 1. Conversely, given ele-
ments g; € Sp, © = 1,...,r satisfying g1 ---g» = 1, there exists a unique homo-
morphism V. : 71 (Uy, z0) — S, mapping v; to g;, i = 1,...,r. This canonically
produces a(n unramified) cover 1 : Y° — U, whose components correspond one-one
to the orbits of G(g) on {1,...,n}.

ProoF. Thm. 1.8 says 71 (U, 20) is a free group on 4 modulo the product one
relation [y; - - -7,] = 1 in the fundamental group. This implies the quotient relation

vi-yl=Mmllwl=0-g9=1

Conversely, the product-one relation on the g; s implies there is a homomor-
phism having the desired properties. The corresponding permutation representa-
tions on the orbits of G(g) correspond to connected covers of U,. O

DEFINITION 2.4. We call the r-tuple g = (g1, ..., g) in Lem. 2.3 a branch cycle
description of the cover 1 : Y — P! with respect to 7.

The group G(g) is the monodromy group of the ramified cover (Y,v) (with
respect to y). Refer to an r-tuple g’ € S”. for which there is 3 in S,, with 8~ 1g;3 =
gi,i=1,...,r, as absolutely equivalent to g.

2.2.2. Compactification of unramified Riemann surface covers. The first part
of Riemann’s Existence Theorem, the part so technically useful, is that there is a
unique compactification of any finite cover 9° : Y? — U, to a cover 1 : Y — P of
compact Riemann surfaces. We now show this.

Let D; be the disc about z; in Fig. 3, ¢ = 1,...,r. Consider Yp, — D,, the
restriction of ¢ over D;. Then, ¥; generates m1(D; \ {z;},b;) which maps naturally
to m (PL\ D(),b;). Identify 7 (Pt \ D(v),b;) with w1 (P! \ D(3), 20) using the
path §; (of Fig. 3). Apply unique pathlifting along ¢; (Chap. 3 Lem. 7.13). So, the
labeling on y uniquely labels points of Y over b;.
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With this, the permutation from 4; on the fiber over b; is g;. Write Yp,\ (2,3
as a disjoint union of connected components U?‘:lMi,j. Up to s-equivalence as
a cover of D; \ {z;}, each M;; corresponds to an orbit of m(D; \ {z},b;) on

{1,2,...,n}. Disjoint cycles in the decomposition of the generator g; determine
the orbits (Chap. 2 Prop. 7.4). The degree of M, ; as a cover is the length of its
corresponding cycle, i = 1,...,t. Thus, g; determines the covers M;1,..., M,

(and their degrees).
Suppose z; = 0 and Dy is a disc about the origin in C. Then, for each integer
e > 0, the s-equivalence class of the connected cover of degree e is represented by

M’ = {(w,2) € Cx C | w® = 2} p\ foy —2 2, Dy \ {0}

For each z € Dy \ {0}, let D, be a disc about z contained in Dy \ {0}. The
components of Mp, , with their projections to Do — {0}, give an atlas on M".

LEMMA 2.5. The space M' U {(0,0)} = M has a complex manifold structure
(extending that of M') that makes it a ramified cover of Dy with exactly one point
over 0. Indeed, M is analytically isomorphic to a disc.

ProOF. The mapping (w, z) — w gives a homeomorphism of M’ U {(0,0)} to
the subset of C that lies over Dy via the map w +— w®. This subset is a disc around
the origin, so it is complex analytically isomorphic to Dy. With this identification
of M with Dy, add it to the atlas to conclude the manifold property. Compactness
of the inverse image of a compact subset of Dy follows easily (Def. 2.2). (I

2.2.3. From unramified to ramified covers. Now for Riemann’s Existence The-
orem: Equivalence classes of ramified covers ¢ : ¥ — X with D(¢)) contained
in a given set D’ correspond exactly to classes of permutation representations of
w1 (X \ D', z9) (Chap. 3 §7.2.2). Our next two results give formal restatements.

THEOREM 2.6. Let z = {21,...,2.} be a collection of r distinct points of PL.
There is a one-one correspondence between connected unramified covers of U, and
connected covers of P! ramified over a subset of z.

PROOF. From the opening remarks of this subsection we must show that if
YY" — PL\ D’ is an unramified cover, then there exists a unique ramified cover
¥ : Y — P! such that Ypi\ p/ is equivalent to (Y”,4).

Use the notation prior to Lem. 2.5. For each ¢ = 1,...,r, it shows how to add
just one point m; ; to each component M; ;, j = 1,...,t;, of Yl/?,;\{z,;} to obtain a
disjoint union U;i:lMi’j =Y, of manifolds with these properties.

(2.2a) There is a ramified covering map v; : Y; — D;.
(2.2b) ;7 H(D; \ {2}) is equivalent to Yo fzi)
(2.2¢) M; ; is analytically isomorphic to a disc.

The identification of M; ; with a disc in (2.2¢), j = 1,...,t;;4 = 1,...,r, added
to an atlas for Y’ gives an atlas for Y =Y’ J; ;{mi;}. Extend ¢/ to¢: Y — P!
by mapping m; ; to z;, j = 1,...,t; 4 = 1,...,7. Then Yp, is equivalent to Y,
1=1,...,r. Now we show Y is a compact manifold.

Since Y has an atlas, it is a manifold if it is Hausdorff. But P! is Hausdorff.
Thus if y1,y2 € Y with ¥(y1) # ¥(y2), then we get =1 (U;) and ¢~1(Us), disjoint
open sets, respectively, containing y; and ys, by taking U; and Us to be disjoint
open sets of P!, respectively, containing ¥ (y;) and 9(y2). Also, Y’ is a manifold.
Thus we only need consider y1,ys € Y distinct points with ¥ (y1) = ¥ (y2) = 2z for



164 4. RIEMANN’S EXISTENCE THEOREM

FIGURE 6. Virtual neighborhoods awaiting a disc call—see Fig. 7

some ¢ = 1,...,r. Therefore y; = m;¢ and yo = m;  for some ¢ # k between 1
and t;. In particular, Mi,f and Mi,k are disjoint open sets, respectively, containing
y1 and yo. The Hausdorff property follows.

For z € P! let D, be a disc neighborhood of z. If D, \ {z} contains no points
of D', then each component of Yp_ contains a point of 9/~1(z). Thus the open sets
Yp, form a neighborhood base for Y,. Let U = {U,}aer be an open cover of Y.
The fiber Y, is contained in a finite union U, of the sets U,, so Yp, C U, for some
choice of D,. Since P! is compact, P! = U!_;D,, and Y = U!_,U,,. Thus U has a
finite subcover, and Y is compact.

The theorem is complete if we show 1 : Y — P. is unique. Let ¢; : Y1 — P! be
a ramified cover with Y]P,ll\ p equivalent to (Y”,4)’), and therefore to Y1\ pr. Thus
there is an analytic isomorphism ¢ : Y]P,ll\ pr — Ypuypr. If o extends to Y! then
Lem. 2.1 shows Y! and Y are analytically isomorphic. Let y € (1) ~*(2;) for some
i =1,...,7. Let U be a connected open neighborhood of y contained in some
coordinate neighborhood with 1 (U) contained in D;. Since U is connected, ¢
maps U \ ¢; ' (2;) into M; ; for some j. Riemann’s removable singularities theorem
extends ¢ to y uniquely [11.2b]. O

Conspicuous among covers of U, that now compactify to a manifold are those
from an algebraic function f(z) € £(U,, 20), labeled as X](? in Chap. 3 Prop. 3.12.

DEFINITION 2.7. Call the manifold compactification X of X}) (or more slop-
pily, of f) from Thm. 2.6 its rs-compactification. This theorem says any manifold
compactification of X? will have a unique complex extending structure. Still, this
notation differentiates X; from a different compactification that might not have a
manifold structure (as in Chap. 3 §4.2).

2.3. Combinatorial RET, algebraic and abelian covers. Let ¢ : X — PL
be an analytic map of compact Riemann surfaces with z the branch points of .
For 2’ € P! consider D, ,» = D,/, the divisor of ¢ — 2’ on X (Chap. 3 §5.3.1). For
z' = oo, interpret D, , the polar divisor, as counting (with multiplicity) points
on X over co.

2.3.1. An atlas from a compact cover. For 2/ & z U {0}, and D, = Z?Zl zj,
choose a neighborhood U, of 2’ and U,, so ¢ is invertible on U,,. As in Chap. 3

Prop. 3.12, use (Uy,, ) as a coordinate chart around z; as ¢ def Wy, : Uy, = Uy C
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U, \ {0} C C,. We extend this around ramified points (when 2z’ € z) and the
possibility z’ = oo, where e; is the ramification index of z; in the fiber X,/ (§2.1),
and {z1,...,2;} = X,,. First, assume 2z’ # co. As in applying (2.2), for some
coordinate neighborhood (Uy,,%,) of x;, (with ¢4, (2;) = 0) there is a branch of
e;th root of the function ¢ o z/);il : C — C. So, there is a well defined function
—designate it w,, = @'/¢ — one-one in a neighborhood of x; with Wy, giving a
coordinate chart about z;. (Again select U,/ to avoid co and any other points of
z.) If 2/ = oo, use w,, = 1/p'/¢ instead.

DEFINITION 2.8. Call {(U,,wy)}zex the atlas for X from . In basing a
construction on this atlas, we must guarantee the result does not depend on the
choice of branches of e;th roots; we have made no canonical choice for these here.

2.3.2. Algebraic and abelian covers of PL. Combined with Nielsen classes (§3.2),
Cor. 2.9 is the statement we use most often in describing types of covers.

COROLLARY 2.9. Let z = {z1,...,2-} as in Thm. 2.6. Each set of classical
generators (Y1,...,v) = v for z based at zg € PL\ D’ determines a one-one
correspondence between equivalence classes of the following sets:

(2.3a) connected covers ¢ : Y — PL with D(y)) C D' and deg(v)) = n; and
(2.3b) r-tuples g = (¢1,-..,9-) € S, with G(g) transitive, and g1 - - g = 1.

For a representativep : Y — PL of (2.3a) and a labelingy = (y1,-..,yn) of ¥ (20),
the correspondence produces a unique representative g of the class of (2.3b); and
the disjoint cycles of g; identify with points of v~1(z;), i =1,...,r.

Proor. From Thm. 2.6, elements of (2.3a) correspond to equivalence classes
of unramified covers of U,. Excluding the last line, the corollary follows from the
discussion prior to Def. 2.4. Given a representative ¢ : Y — P! of a class of (2.3a),
and a labeling y of ¥~1(z), the discussion following Def. 2.4 shows connected
components of Yp\ 1,3 correspond uniquely to the disjoint cycles of g;, i = 1,...7,
in the correspondence of (2.3). Then, (2.2) gives a correspondence of the points of
¥~ 1(z;) with the components of Yp\{z1}, 4 =1,...,7. This gives the corollary. [

Chap. 2 Thm. 8.8 describes all abelian algebraic functions of z. We compare
that precise description with Cor. 2.9. An abelian cover ¢ : X — P! is one that is
the compactification of a cover of U, with abelian monodromy group. The same ter-
minology is useful in describing nilpotent or solvable covers of any Riemann surface
(or of any manifold if there is an appropriate construction of the compactification).

DEFINITION 2.10 (Algebraic cover of PL). Call a cover of compact Riemann

surfaces ¢ : X — P! algebraic if there is a second analytic map f : X — P} so that

for some 2’ € Uy, f separates points in the fiber X,.: f(z') # f(z”) for distinct

points 2/, 2" € X,,. Then, C(z, f) def C(X) is the field of functions of X.

If ¢’ : X’ — Pl is s-equivalent to ¢ (§2.1.2), then ¢ is algebraic if and only if ¢’ is.

PROPOSITION 2.11 (Algebraists’ RET). Every algebraic cover ¢ : X — P!
is s-equivalent to to an rs-compactification (Def. 2.7) Xy of an algebraic function
(Chap. 3 Prop. 3.12). The lattice of fields between C(z, f(2)) and C(z) is dual to
the lattice of covers gy : Y — PL through which ¢ factors.

Suppose L is the Galois closure of C(z, f(z)) = L over C(2), with branch points
z ={z1,...,2-}. Then a set of classical generators, v1,...,%r, for m(Uy, z0) de-
fines a set of embeddings ; : L — P, e; withe; the ramification index of f over z;.



166 4. RIEMANN’S EXISTENCE THEOREM

Consider the restrictions g, , € Gy of the canonical generator of G(P, e, /L)
to L, i = 1,...,r (Chap. 2 Lem. 7.9). Then (gzy prs---1920.) = g generates
GL/C(z) and satifies the product-one condition.

Any abelian cover of PL is the rs-compactification of an explicit algebraic func-
tion f from branches of log. So, each abelian cover of PL is an algebraic cover.

PROOF. Consider the function f: X — PL. Asin Rem. 2.14, this produces an
analytic structure on X. The phrase, f is a meromorphic function on X, means f
and ¢ give same analytic structure on X.

As usual form U, C PL. Let V be an open set in ¢ ~1(U,) on which ¢ maps
one-one to a disk D in PL. Use the notation Lp(,l for the inverse map. Then,
fo=1f ocp‘_,l : D — PL is meromorphic. Now we show the analytic continuations of
fp along paths in U, satisfy Chap. 2 (1.1), properties. Chap. 2 Prop. 6.4 guarantee
fp is an algebraic function of z.

Let 29 € D, z1 € V over zy and let v* : [a,b] — X be the unique lift to ¢ =1 (Uy)
starting at ;. Consider analytic continuation of fp along v € II;(Uy, 20): fp,4(t)
is the function defined by fo~*(t). This gives an analytic continuation according to
Chap. 2 Def. 4.1. Further, analytic continuation gives only finitely many possible
functions, the functions defined by f at the finite set of points above zy. Similarly,
test what happens as we approach the points 2’ € z. We evaluate f points with a
limit on X. So the values remain bounded around a point of the range.

Now consider L, the Galois closure of C(z, f(z)) = L over C(z), with branch
points z = {z1,...,2-}. First note that each element among the r classical gen-
erators 7, ...,7 defines an embedding of L in the corresponding P, .,. Write
v = 5{%(51—_1 (as in Fig. 3), then d; gives an analytic contuation of f and all its
conjugates to a disk neighborhood about z;. Then, Chap. 2 Lem. 7.9, gives the
desired embedding ;. Generation and product-one conditions follow because they
hold for the classical generators.

Finally consider when the cover ¢ has abelian monodromy. Chap. 2 (8.8) gives
a branch cycle description with values in an abelian group. This was the hypothesis
for producing an abelian function through branches of log. So, Chap. 2 Thm. 8.8
says branches of log display this unique cover (up to s-equivalence). O

2.3.3. New covers from subfields of algebraic function fields. Def. 3.5 explains
normal fiber products of compact Riemann surface covers. This shows Prop. 2.11
directly gives many covers with nonabelian monodromy group as algebraic. §6
explains why any of the competing definitions of algebraic apply to algebraic covers.

Many uses of Riemann’s Existence Theorem (including for the Inverse Galois
Problem) require knowing covers are algebraic and more. Given f attesting to an
algebraic cover, there is a unique h(w) = w™ + Z?;Ol u;(z)w? € C(z)[w] (monic
and irreducible in w) relating f to z in Prop. 2.11. We eventually need the minimal
field (of definition) containing all coefficients (in z) of those u;s, j =0,...,n— 1.
We usually want the minimal such field as f varies. It is inefficient (sometimes
hopeless), outside special cases, to compute f or A to find this out. There should
be a good reason for doing such calculations. For example, theory might show
there is a good choice of f, yet give reasons for looking more deeply at the algebraic
relation. Our examples will show when theory is not yet sufficient to tell everything
we want. Then, computing h may give us new clues about theory.
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The best situation is that among these fields, as f varies, there is one that is
minimal in that any nontrivial isomorphism of that field gives a new cover. This is
the situation when the field of moduli is a field of definition (§6.2); §8.6 gives the
first step in investigating this possibility and variant questions. This is a question
that tacitly assumes there is such an f: One reason why Thm. 2.13 is so important.

Given that ¢ : X — P! is algebraic, we know that nonconsant elements of
C(X) give all ways that X covers the Riemann sphere.

COROLLARY 2.12. Each field L properly between C and C(X) corresponds to a
cover ¥ : X — Y with Y algebraic and the embedding f € C(Y) — fop € C(X)
identifies C(Y') with L. Conversely, a cover v corresponds to subfield L.

PROOF. For w € L nonconstant, z € X +— w(z) gives a cover p,, : X — PL.
Apply Thm. 2.11 to L between C(X) and C(w). Prop. 6.3 shows the converse. [

Though we do not complete showing all covers of compact Riemann surfaces
are algebraic until Chap. 5 §7?, we record that here. Examples in the remainder of
this chapter emphasize aspects of applying Riemann’s Existence Theorem. Several
concentrate on showing the historical attention given to finding functions displaying
covers as algebraic.

THEOREM 2.13. Each cover ¢ : X — PL of compact Riemann surfaces is not
only algebraic, it is P'-algebraic.

REMARK 2.14 (Warning on constructing f in Def. 2.10). Suppose X is any
compact Riemann surface and f : X — PL is any differentiable map with but
finitely many points at which df is 0. There are many such maps. Thm. 2.6 says f
induces a complex structure on X. Chances are, however, that complex structure
will differ from that we started with. That is why it is difficult to construct an f
that demonstrates a cover of P! is algebraic.

2.4. Cuts and impossible pictures. Chap. 3 §7.2.3 discusses problems with
traditional renderings of covers. Even the case when the degree n is 2, as in § 7.1.
Assuming Y has a presentation as a sphere with g handles in R®, presenting the
map 1 by a picture in R? can be confusing. Still, something akin to Fig. 7 appears
in many books; for example, [Con78, p. 243].

It includes all the usual elements, especially the cuts. We understand from
[Ne81] that Gauss suggested cuts to Riemann (see §10.2). We don’t rely on these
cuts. Still, it will be valuable to see what they represent and how we can use symbols
from them to draw pictures of the covers. The short and general description in §2.4.3
suffices for an alternate description of the manifold. The slower treatment in §2.4.1
establishes that the idea behind cuts is that covers are a locally constant structure.

2.4.1. The simplest possible cuts. The left of Fig. 7 represents a disc snipped

and separated along a radius on the nonpositive real axis R=C e {z < 0}U{cc}
from —oo to 0. Our perspective is taken from looking along the front edge. So
the cut side that is on top has label T and the edge along the bottom has label B.
The mathematical reality, however, is that (unlike the figure) we shouldn’t separate
the two sides of the cut (on either disk) by lifting one above the other. Rather, we
intend just to remove the cut R’ including the points (0 and oo) at the ends of the
cut. To continue the explanation, call the result of this U, ; and the corresponding
figure on the right U, ,. At each point 2’ of either of these two figures, the ring of
functions we call analytic in a disc about 2’ (entirely within U, ; or U, ) identifies



168 4. RIEMANN’S EXISTENCE THEOREM

with the ring of analytic functions on P! about that same disc regarded as on PL.
Now let S be an open strip on P! along the cut. Remove from S the negative real

axis R<? %' {2 < 0}U{oo} to leave two open substrips on each side of S.

We want to consider the copies Sr; and Sp,; (resp. Sr, and Sg,) on U,
(resp. U,,). These appear in Fig. 7. We also need two copies of S, S; and S,.
Identify the analytic functions on each with those of .S, exactly as you would expect
from S being on P..

The complex space X we construct to cover Up o consists of four pieces:
U.i, U., and S; and S,. The map from all four pieces to P! is exactly from
the identification of each with a subset of P.. The only item left unsaid is the
identification of points of U, ;, U, , and S; and S, between each of these four
pieces. We don’t want to identify these with points of P! for this purpose. That
would just give (two copies of) the manifold U o back. Here is the right final
identification.

(2.4a) Points of Sy, identify with points of the corresponding strip on S;, but
Sp, identifies with the corresponding strip on S,.

(2.4b) Identify points of St , with the points of the corresponding strip on S,,
but identify Sp , with the corresponding strip on S;.

(2.4c) Make no further identifications.

Consider the path 7 : [0,1] — Uy, by ¢ € [0,1] — ™2™ and let 4; be its lift
to X starting at 1 € U, ;. We follow it to what happens as it gets to the different
pieces. As t increases to %, within the points of Sp;, switch to points we identify
with them on S,.. Now cross R<? on S, to get to points that identify with points
on St,. Finally, complete 7, around to 1 on U, ,. Total result: Traversing the
unique lift of 4 (a clockwise path) starting at 1 € U, ; ends at 1 € U, r. Exercise:
Do the same with the lift of 4 starting at 1 € U, g to see it ends at 1 € U ;.

FIGURE 7. Connecting two copies of P! to double cover P’

2.4.2. Any cycle, and any one cut. Instead of using the labels 1(eft) and r(ight)
in §2.4.1, we might have used x; and x5 by associating everything on the left with
the point 1 € U, ; renamed to z1, and everything on the right with the point 1 € U .
renamed to x2. There was no loss in our picture of changing left to right to regard
it as going from bottom to top. We generalize this in two steps. First: consider any
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integer n, two distinct points z{ and 25 on P! and any simple, piecewise simplicial
path &,/ .; : [a,b] — P starting at z{ and ending at zj.

Let Us_, _, j be a copy of P, minus the range of d.; .;, j = 1,...,n. Think of
these copies1 liQSted from left to right, according to their numbering (U(;z, L. on the
far right). Let S(;zﬂ’zé be a thin open strip playing the same role toward ngizé as did

S toward R=C (starting from oo and going toward 0 along the negative real axis).
Then, consider copies of Ss, ,, S5, ,.j, 7 = 1,...,n, with their corresponding
4,2 .2
substrips Ss_, , jr (on the left of 82 zé) and Ss_, , ;B (on the right of 021 .2)- Let
Z1:%5 ’ . zl,zz’ ’ El
3 :[0,1] = U oy by t — 25 + roe”*™"H% 50 4 meets ., ., precisely once and
not when ¢t = 0 (5(0) = zp & 5217%). Label the point on Us , , ; above z as xj,
27525
j=1...,n.
LEMMA 2.15. Let g € S,,. Then, there is a canonical equivalence on the union
of the open sets Us , , j and Ss, , j, j=1,...,n, so the following holds.
21,22 z

125

(2.5a) The resulting equivalence classes form a complez manifold X° giving an
unramified cover ©° : X9 — Usf 2y -

(2.5b) The unique lift of 7 starting at x; ends at (j)g, j =1,...,n.

So, (g, (521,%) produces a canomnical ramified cover ¢ : X — PL of compact Rie-
mann surfaces, ramified only over 2} and 25, the completion of ©° from Thm. 2.6.

PROOF. We do the case g = (12 --- n) and leave the adjustments for the gen-
eral case as an exercise. Most of even this case imitates the case n = 2. To simplify
notation, drop extra reference to the path ./ ;. The map of the union of the S;s
and U; s to Uy . is by identifying the points (and the local complex functions) on
these sets with those on PL. The only item left unsaid is the identification of points
of the S; s with corresponding points of the St ;s and Sg;s.

(2.6a) Identify points of Sy ; with the points of the corresponding strip on Sj,
but identify Sp ; with the corresponding strip on S;1.
(2.6b) Make no further identifications, except for j = n, we take j + 1 to be 1.

Do the rest of the lemma as [11.17a] requests. O

REMARK 2.16 (Locally constant structures). Chap. 3 Ex. 8.18 uses that de-
gree n unramified covers are equivalent to locally constant bundles on {1,...,n}.
Such structures, over U, for example, are equivalent to looking at elements of
Hom(m1(Uy,), Sn). In Lem. 2.15, the sets S; and U; are simply connected. So above
these sets, the cover consists of n connected copies of each of these sets. Using cuts
is equivalent to explicitly laying out this locally constant structure.

2.4.3. Any r rooted cuts. Look again at the case of one cut. We may turn this
into two rooted cuts by selecting any point zy along the cut. For simplicity assume
for now it is not one of the endpoints of the cut. Now follow the procedure below.

Fig. 3 has the notation for the construction of classical generators. We show
how the paths d1,...,d, correspond one-one with r rooted cuts by the following
simple device. Extend §; to a path §; by adding the ray from b; to z;, i = 1,...,7.
Thm. 1.8 says the rooted bush formed by the union of ¢i,...,d, has simply con-
nected complement, an essential property for having a collection of cuts on U, .

Any sequence of covers Y -25PLZSPL gives three covers for which we would
like an algorithm to precisely relate branch cycle descriptions. Especially, we have
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applications that allow computing classical generators for PL automatically from
classical generators for PL. This would allow constructing a branch cycle description
for ¢, immediately from such a description for ¢, = ¢, , 0 @, (§6.3).

Suppose ¢ : X — P! is a ramified cover with branch cycles g from the classical
generators that give d1,...,d,. This assumes a labeling xy,..., 2, of X, . Then,
we form a cover ¢, : X, — P! from the cut construction canonically identifies with

. Here are the ingredients.

(2.7a) Label copies of P! as P ; =P}, j = 1,...,7. On each remove the points
labeled zp, 21, ..., 2, and call the result P;.

(2.7b) Use each element g; and the cut 0; from zg to z; to attach the P; s along
the lift of the ith cut. When done, compactify what we get.

We use the word triangle on a Riemann surface to mean a(clockwise oriented)
boundary of a topological disk with the boundary divided into three oriented sim-
plicial segments (edges) by three points called its vertices (Fig. 8). Call the triangle
with its interior (which makes sense as the region to the right of the boundary) a
(simplicial) simplex. The proof of Prop. 2.18 consists of describing these attach-
ments and forming from them a natural triangulation of the result.

DEFINITION 2.17. A triangulation of a compact Riemann surface X is a cover of
it by simplices satisfying these conditions. The simplex sides meet other simplices in
their sides (in opposite orientation), and no two simplices have overlapping interiors.
Let n, (resp. ne, ns) be the number of vertices (resp. edges, simplices). The Euler
characteristic of the triangulation is the alternating sum n, — n. + ns.

Form a pre-manifold ]P’;E (not Hausdorff) from P; by replacing each point z
along any one of the §; s (minus its endpoints) by two points: z* and z~. We put a
new topology on a quotient relation on the union of {IP’ji j=1- This uses an expected
neighborhood basis at all points, except the pairs labeled z* and z~: Disks not
meeting any of the cuts 01,...,d,. The right neighborhood basis around 2z and
2~ on a cut use the following. Write D; ., a disk around z (on §;), as a union of

DIZ and D; DIZ (resp. D; ) is all points on and to the left (resp. right) of 5;.

PROPOSITION 2.18. Compactifying X0 gives a cover ¢, : X. — PL unramified
over zg. A map giving the equivalence to ¢ takes x; to the point identified with zg
on ]P’}. Let t; be the number of disjoint cycles in g;, © = 1,...,r. The cuts from

81,...,0, produce a triangulation of X. with ny = 2nr simplices, 3nr sides and
2n + Z;l t; vertices. So the Euler characteristic of X. is 2n + 2;1 t; —nr.

PRECISE CUT PASTING. Form X? as an equivalence relation on U;lzl]P’;E. Sup-
pose g; maps k to [ and z lies on §;. Then, identify 2~ € Pf with 27 € Pli. In the
resulting set, take a neighborhood of 2™~ to be lez U Dy, identified along the part
of §; running through z.

Interpret the path §,7;5; *

=, in Fig. 3 as follows.

(2.8a) The lift of §; starting at zp on P} rides along the right edge of the g;-cut
on P} until it gets to 7.

(2.8b) The initial point of 4; is on the ~-edge of the g;-cut on ]P’}C; it ends at the
~-edge of the g;-cut on P}.

(2.8c) The lift of §; ! starting at z; on P} rides along the ~ edge of g;-cut on P}
until it gets to zp.
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So traversing the lift of v; from zy € P} will end at zop € P}. Consider the
small clockwise circle about zg denoted 7 in Fig. 3. Our construction shows that
traversing a lift of 7y has the same effect on the points over 2’ in the range of 7
as the product II(g) = 1 has on the integers {1,...,n}. It leaves them fixed. So, a
deleted neighborhood of z; has above it n disjoint copies of that neighborhood on
X0, According to Lem. 2.5, the compactification does not ramify over zp.

Triangulate P! using the cuts 61,...,0, and the proof of Thm. 1.8. Especially
recall §1.5.2 showing the outside of the product of the classical generator paths
bounds a disk. From this, draw paths p; from z; to z;41, i =1,...,7r — 1, and p,
from z,. to z; with the following properties. The closed path g - o - - - u, bounds
a closed (topological) disk A, that meets the d; s only at the endpoint z;s. From
any point zs,, interior to A.,, draw paths p},...,p’., intersecting only at their
beginning point, entirely in Ao from 2 to the respective z; s.

Triangulate ]P’} by listing the three ordered edges of the triangles:

(29) (517/1275;1_1%)7 Z: 17"'7T_17 (Srvurvgfl)v
((:u'/i)_lnu'/H»lﬁ /ui )7 1= 1a cee, T 17 (M;)_17M/17M:1)'

Now, triangulate X, using the following simple principle. Each of the 2r tri-
angles in (2.9) bounds a simplex with exactly two endpoints in z. Let S be one of
these. Remove the two points from z in the boundary; call this S°. It is simply-
connected, and ¢, : X, — P! is unramified over it. So, S° has n connected com-
ponents S?,...,SY over it. With each take the closure in X, (adding back points
of X, over z). These simplices give the triangulation of X.. Just count to get the
statement of the proposition. ([

FIGURE 8. Cuts for a triangulation of X, when r = 3

REMARK 2.19. The expression for the Euler characteristic in Prop. 2.18 is
2 —2g¢ = xx, appearing in Prop. 3.10. This shows, all triangulations of a compact
Riemann surface X from presenting ¢ using cuts, have the same Euler character-
istic. We leave the following observations to the many topology books that treat
Euler characteristic in detail and generality. We will do exercises in that direction
to illustrate how it works.
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(2.10a) xx is an invariant of the homeomorphism class of the compact of X
(whether from cuts or not).

(2.10b) If the Euler characteristic is 2 then X is topologically a sphere: genus 0.

(2.10c) If the Euler characteristic is 0 then X is topologically a torus (as in Chap. 3
Fig. 2): genus 1.

To conclude these results from a triangulation of X in either case requires only
laying out on the sphere (resp. torus) an equivalent triangulation [11.6].

REMARK 2.20 (Using a branch point as a base point). The beginning literature
on Riemann surfaces has figures with cuts. Often the cuts don’t have an obvious
base point zg attached to them. That early literature is usually about the nature
of integrals of meromorphic differentials around closed paths. So the fundamental
group action is through the first homology group H;(U,). As in Lem. 7.1, analytic
continuations of the primitive give a complicated analytic continuation action (of
course, not through a finite group). Since this is about integration, [11.16b] explores
how to use a branch point as a base point for the cuts.

2.5. Residues and traces. Cauchy’s Residue Theorem (Chap. 2 §5.4.4) im-
plies the sum of the residues of any meromorphic differential w on P! is 0. We prove
the same holds on any compact Riemann surface X. Then we give Abel’s famous
necessary condition for a divisor on X to be the divisor of a meromophic function
¢ : X — PL. That it is also sufficient is the cornerstone of the theory of Riemann
surfaces (§7.6 for surfaces of genus 0 and 1, and Chap. 5 §7? in general).

2.5.1. Sum of the residues is 0. Let w € M*(X) be a meromorphic differential
on the compact Riemann surface X. Chap. 2 §4.3 has the definition of the residue
of a meromorphic differential at zy € C,. Since X is compact, w has but finitely
many poles (as in the argument for Lem. 2.1). So, it has only finitely many points
at which there is a nonzero residue. There are two approaches to showing the sum
of the residues of w is 0. We use here Green’s Theorem, to have available the
exterior calculus for later. Another approach, reducing the sum of the residues to
exactly Cauchy’s Theorem in the plane comes from uniformization [11.11].

2.5.2. Orientation and Green’s Theorem. When we say a path bounds a closed
disk D’ in X we mean here that the oriented path has the disc on its left. Suppose X
is 2-dimensional differentiable manifold with atlas {Us, ¢q }acr- Use (24, Yo ) for the
variables of the range of p, : U, — R?. For o, 8 € I, use F3,, = pgop, ! : R? — R?
for the transition function on ¢, (Uy NUg). A differential 2-form on X consists of
giving fo (%o, Yo ) dxa A dy, for each « € I, satisfying these two conditions.

(2.11a) fo(Ta,ya) : R? — C is differentiable on U,

(2.11b) f3(FB,a(TasYa)) = Det(J(Fp,a(za,ys)))fa(Za, ya) where J(F) denotes
the Jacobian matrix as in Chap. 3 Lem. 3.2.

[11.4] reminds that 2-forms appear to form integrals over 2-dimensional subsets of
X. The change of variables (2, Yo ) — (Yo, To) would change the sign of this 2-form.
In the case f4(Za,yo) is invariant under this transformation, the new contribution
to integrating over U, would subtract from, not add to, the integral. Fortunately,
that is not an allowable transformation of coordinates on a 1-dimensional complex
manifold. The (24, ys) coordinates come from the complex coordinates x4 + i¥q-
Any analytic change of x4 + iy, leaves the sign of the determinant positive [11.4a].
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DEFINITION 2.21 (Orientation). An orientation on a differentiable dimension
2 manifold is a choice of subatlas for which the determinant of the coordinate
transformation Jacobian is always positive.

PROPOSITION 2.22 (Green’s Theorem). Suppose w is meromorphic 1-form in
a domain D C X. The residue of w has a well-defined meaning at each 2’ € D.
Denote the set of ' € D at which w has a nonzero residue by R,(D). Let v
be a disjoint union vi,...,%v of simple closed paths on D, where each ~y; is the
counterclockwise boundary of a closed topological disk D; C D. Assume w has no
poles ony and all its residues are in Ut D;. Then, 3 f7 w =3 epr, (p) Rese (w).

v 27

In particular, if D = X, then 5= f7 w=0.

More_generally, let W' be any differentiable differental 1-form on the domain
D\ UL, D; as above. Then, there is a differential 2-form dw' on D so that
(2.12) / w= / dw.

v D\Ulebt

PrOOF. We show the last paragraph first. Use the notation from above for a
2-dimensional differentiable manifold. Then, on ¢, (U,) from the coordinate chart
(Ua, pa), express W' as fo(ZasVYa)dZa + Jo(Ta,Ya) dye. The production of the
differential 2-form from w’ comes from the exterior derivative:

dWw) = dfa Adza + dga A dya

= Sl dyy Ndwa + P drg Adye = (52 — 3L2) dze A dya.

We must establish this is a 2-form: (2.11b) holds [11.23b]. Then, the integration
on the right of (2.12) is independent of the coordinate chart. We already know that
is true of the integration on the left from Chap. 2 Lem. 2.3. Then, the conclusion
is a consequence of Green’s Theorem from vector calculus in the plane. While
[Rud76, p. 272] has a complete treatment, as our paths are semi-simplicial, the
case of bounding by rectangles suffices.

To apply the result to the first paragraph requires only noting that if we are
on a l-dimensional complex manifold, then locally an analytic differential has the
form fo(2a)dzq. In that case the Cauchy-Riemann equations immediately imply
d(fa(za)dzs) = 0 [11.4Db]. O

(2.13)

REMARK 2.23. Apply Thm. 2.25 to the translate of ¢ by a constant, p — ¢,
c € C. Conclude deg(D,) is constant running over all 2’ € PL, a case of Lem. 2.1.

2.5.3. Traces of differentials and functions. Let ¢ : X — Pl be an analytic
map of compact Riemann surfaces. Use notation from the coordinate chart from
¢ (Def. 2.8). Denote meromorphic differentials on X by T'(X, M!). Suppose w €
['(X, M), and z is the branch point set of ¢. For 2’ ¢ z, consider D, = 37", ;.
Since 2’ is not a branch point, there is a neighborhood U, of 2’ and U,, so ¢ is
invertible on U,,. To keep our neighborhoods straight, denote the inverse of ¢ on
U, by ¢; ! For each i € {1,...,n}, ¢; ' : U, — U,, is a section for ¢. Denote
the local variable on U, by w;. On ¢;(U,,) write w as

hi(wi 0 @ (2)) d(w; 0 ¢ (2)).-
Define t(w) on U,/ as a differential in z by Y"1 hy(w; 0 p; ' (2)) d(w; o ;' (2)).
We extend this around ramified points (when 2z’ € z) where e; is the ramification

index of z; in the fiber X, and {x1,..., 2} = X./. Let {,, = €*™/¢  exactly as in
Lem. 2.5. To simplify notation designate ¢ as z. The only extension of t(w) that
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gives the same values over a deleted neighborhood of U, requires the expression

S Z;‘:_Ol hi(¢2 2 e)d(¢E 21 o) for t(w). Write dz = e;2 % dw; to reexpress
the contribution around z; as

e;—1 hz( gizl/ei)
e;—1

j=0 €;z “i

(2.14) dz.

So, (2.14) is a Laurent series in 2'/¢ times dz, symmetric in {¢J 2/ };i:_ol, the
conjugates of z'/¢ over C{{z}}. Conclude: Each term in t(w), the trace of w is a
Laurent series in z (times dz), and t(w) is a differential on P?.

REMARK 2.24. There is a similar definition of trace for meromorphic functions
(elements of C(X)) on X. Further, the following extensions are also easy: We may
replace P! by any Riemann surface Y (not necessarily compact) and ¢ : X — Y is
a ramified cover. Recall: Regard meromorphic differentials (resp. functions) on Y’
as meromorphic differentials (resp. functions) on X by pullback (Chap. 3 §5.3.3).

THEOREM 2.25. Given a ramified cover ¢ : X — Y of Riemann surfaces, the
trace t = tx,y from meromorphic differentials on X to those on'Y is a C-linear.
It maps homolomorphic differentials to holomorphic differentials. In particular, if
Y =P, then the range of t on holomorphic differentials is 0.

If w e T(Y, M), then t(¢*(w)) = deg(X/Y )w.

PRrROOF. Consider the statements on holomorphicity. If w is holomorphic, each
h; above is holomorphic. From (2.14), t(w) has a pole of order no more than %
at z’. The order, however, of the pole must be an integer. That means it has no
pole at 2’ and w is holomorphic. As there are no holomorphic differentials on the
sphere (Chap. 3 Ex. 5.17), t(w) vanishes.

More generally, if w is any differential, then its trace has the same sum of

residues as does w. This comes back to the case the differential is locally dx;/x;

. e;—1
with its trace locally reexpressed as Z?Bl h(¢1 2Ye) Jejz e dz with hy = 1/x;.

The final equation is a consequence of the definitions and Rem. 2.24. (]

2.6. Abel’s necessary condition. With X a compact Riemann surface, let
I'(X, Q) be the vector space of global holomorphic differentials on X. We don’t
know its dimension yet, though Lem. 6.14 shows it is gx = g¢ (as in Thm. 3.10).
Suppose D° = >"" 2% and D> = Y"1 | 22° are two degree n divisors on X. We
allow some points repeated with multiplicity.

Consider those n-tuples of paths ¥ = (71,...,7,) for which there is o € S,
with ~; having beginning point #? and end point x‘i’f)a, i =1,...,n. Denote these by
II; (X, D°, D). If ¢ is the appropriate permutation, define the endpoint evaluation
map by Epo pe(y) = 0. When the support of D> consists of distinct points, this
defines 7 uniquely, otherwise it is a coset of the subgroup of permutations stabilizing
the ordered set (x5°,...,2%°).

2.6.1. Integrating a basis of holomorphic differentials. Abel’s necessary condi-
tion tests for existence of a meromorphic degree n function on X whose divisor of
zeros (resp. poles) is DO (resp. D). It is tacit that D and D> have no common
support and are both positive divisors. Lem. 2.1 says the divisor of zeros and poles
determine a function up to multiplication by a constant.
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The test on integrals is made efficient by using a basis B def (Wiy...,wy) for
['(X,9Q). We integrate the entries of B along elements of IT; (X, D°, D). Such
integrals are equivalent to evaluating analytic continuations of a branch of a prim-
itive (Chap. 2 §4.3). So, the monodromy theorem says results will only depend on
homotopy classes of such paths (with their endpoints fixed; Chap. 2 Thm. 8.3). De-
note these 71 (X, D, D>). For these definitions we may allow common support to
DY and D*. When, however, D = D> write 71 (X, D°) for the homotopy classes
of n-tuples of closed paths. In this case, the paths in an ordered n-tuples of paths
may each have a different end point than beginning point. The case D° = nzy is
allowed, to indicate an n-tuple of closed paths.

From Thm. 2.6, each meromorphic function on X gives an analytic map ¢ :
X — PL. This gives a map from 7 € 71 (X, D%, D*) to the integral of B over +:

[ o

J j=1"7%

THEOREM 2.26. The range of Int x .z, , for zo € X, is an abelian subgroup Lx
of C*, independent of either zg or m > 1. A change of basis for T'(X,) changes
Lx by the action (on the left) of some element of GL,(C).

Suppose there is a nonconstant analytic map ¢ : X — PL with D° = ©~1(0)
and D> = ¢~1(c0). Then, ker(Intpo p=) # 0 and the range of Intpo peo is Lx.

Let z be the branch points of ¢, and suppose 0 & z (resp. oo & z). Then,
m1(Uz, 0) (resp. m1(Uy,00)) has a faithful left (resp. right) action on ker(Intpo pee).
Therefore, {EDO,D‘X’('Y)}'yEker(IntDova) contains the monodromy group G, of ¢.

IHtD07Dco = IntX7D07Doo (’Y) (i:ef/B = (
y

n

J

This holds even if 0 € z (resp. oo € z) using a tangential base point at 0 (resp. 0c).

2.6.2. Proof of Thm. 2.26 and integrations along v € m(Uy,20). Consider
v,y € m (X, maxg). Then, the component wise product -4 = (v1-94,...,71 - 7})
is in 1 (X, mxo). Apply Int to these to see the range is independent of m and is an
abelian group. Given another basis ', there exists A € GL, (C) so that A(B) = B'.
Therefore A([,(B)) = [, A(B) has range in A(Lx).

Now suppose ¢ exists. Start with the case D° and D> have n distinct points
in their support. Let v € m1(U,,0,00), and define ¥ = (y1,...,7vn) S0 7; is the
unique lift of vy starting at z¥. Write 7 : [0,1] — U, to define (y1(¢),...,7a(t)) for
t € [0,1], an ordering of ¢ ~1(¢).

Apply Thm. 2.25 to Intpo_pe () by designating the trace from ¢ by t,. Then,
Intpo pee (7) is just (fﬁ/ to(wi), ..., tp(wy)). Since each of the integrand entries is
0, this shows that any element of 71 (U,, 0, 00) defines an element of ker(Int po peo).

If either D° or D> has support with multiplicity, connect 0 and oo by paths
v, and 7, to respective points 2z’ and z” that lie (excluding endpoints) entirely in
U,. Let v denote a path in U, connecting 2z’ and z”. There is still an n-tuple of
lifts of the path vo-v-v3! : (0,1) — Xo (avoiding endpoints). Now form the paths
to replace t — (y1(t),...,vn(t)) by taking the closure of these lifted paths in X.
The integral is 0, again from Thm. 2.25.

Similarly, we may compose on the right of Int po pe by 71 (U, c0) so long as 0
and oo are not in z. Suppose, however, 0 € z (the case for oo is analogous). Then,
71(Uy, 0) doesn’t make sense.

Chap. 2 §8.4 has the notion of a tangential base point. We need a convenient
(nonempty) simply connected open set D,, tangent to 0 in U,. The choice there was
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a disk with 0 on the boundary, defined by a tangent vector v to 0. Let A : [0,1] — D,
be a path with these properties: A(0) = 0, restriction to (0, 1] has range in D,
and \(1) = 2/ € D,. Consider paths (minus beginning and endpoint) given by
A0,1] ~~-’y)\(70f1], ~ representing an element of m(Uy, Dy, 2’). This has n distinct
lifts to X. Their closures have their beginning and end points in DY.

Up to homotopy, these paths don’t depend on z’ or A (though it does on D,).
So, up to homotopy, composition of these paths defines a group m1(U,, D,,) with an
action on the left of ker(Intpo_pe ). The isomorphism class of the group is the same
no matter the choice of D,. There is, however, no canonical isomorphism between
the groups if you change D, to another tangential disk [11.16a].

3. Nielsen classes and Hurwitz monodromy

This section introduces combinatorial group theory that helps display the myr-
iad covers from Cor. 2.9. §4 uses this to illustrate Riemann’s Existence Theorem.
We suggest the reader go between the two sections on a first reading; we put many
concepts together in this section. That includes interpretation of the genus of a
compact surface, and the related fiber product and Galois closure of compact cov-
ers topics. Braid and Hurwitz monodromy representations are critical to this book.
[Ar25], [Ar47], [Bi75], [Boh47], [Ch47], [KMS66], [Ma34], [Mar45] hint at
early literature on the Braid group. None, however, of these sources apply these to
the families of Riemann surface covers. Further, the Hurwitz monodromy group is
a modest player in them though some of their combinatorics, especially [Boh47]
and [KMS66], appears in our picture.

3.1. Artin Braids and Hurwitz monodromy. Let F, be the free group
on the elements of S = {s1,...,s.}. Since F,. is a free group, any r words
Wy, ..., w, in S determine a homomorphism of F,. into itself by mapping the ordered
r-tuple (s1,...,s,) = 8 respectively to (w1,...,w,). So, given s, any other r-tuple,
(sh,...,8.), of generators of F, determines an element of the automorphism group
Aut(F,) of F,.. Denote the set of (ordered) r-tuples of generators of F,. by Gp. .

3.1.1. Automorphisms of w1 (Uy, z0) permuting classical generators. Certain au-
tomorphisms of 71(Uy, z9) play a big role from here on. Chap. 5 describes the
geometry that produces them. Here they are a combinatorial tool.

Let @; be the permutation of G that sends entries of (s1,...,s.) = s (in
order) to the new r-tuple of generators

(3.1) (S1y--+y 81, sisi+15i_1, 838419y -28), 1 =1,...,7r— 1
The Artin braid group (of degree r), is the subgroup of permutations of Gr, that
Q1,...,Qr_1 generate. We denote it B,..

LEMMA 3.1. Any s € Gg,. gives a faithful map s : B, — Aut(F,.): Q € B,
maps to the automorphism that takes s to (8)Q. Suppose Q € B, and o € Aut(F,.).
Then, Q acts on o by this formula: (s)a® <f (8)QtaQ. The action of B, on
imner automorphisms of F,. is trivial. Also, v is a 1-cocycle on the group B:

(QQ)vs = (Q)s) Q).

PrOOF. The effect of Q € B, on any one s € G determines it. So, 5 is
faithful. Notice that conjugation by w commutes with the action of @; on s. As
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these are generators of B,, this implies a®? = « for Q € B, if a is conjugation by
w. Check how both sides of the cocycle condition act on s:

(5)QQ' = (9)(QQ")Ws = ((5)Q)Q' = (1IQ'Q N Q)s)Q = ((8)(Q)s)( Q)0

This concludes the lemma. O

3.1.2. Hurwitz monodromy quotient of the braids. The word cocycle in Lem. 3.1
has a more complicated meaning than in Chap. 3 §5.4.1 where it was a condition
on transition functions. This is a group cocycle, for a group acting on a nonabelian
group (rather than on a module). Our emphasis is that s is a cocycle, not a
homomorphism. The Hurwitz monodromy group (of degree r) is the quotient of
B, by the normal subgroup generated by

(3.2) Qr)=@Q1Q2 Qr1Qr—1 Q2Q1.

Denote this quotient group by H..

Observations from the following proposition will appear in examples of §4. It
simplifies reading Chap. 5 to be already acquainted with these. Let R be the normal
subgroup of F, that s;---s, = us generates (Ex. 1.3). Denote F,./R by G,.

PROPOSITION 3.2. The following properties hold for B, (acting on G,).

(3.3a) Each Q € B, maps s1--- s, to itself and s; to a conjugate of s; for some
J (dependent on i). This induces a homomorphism VU, . : B, — S, (the
Noether representation) mapping Q; to (ii+1) € S,, i=1,...,r.

(3.3b) The Q; s have these relations: Q;Q; =Q;Qi, 1 <i<j<r—1;j#i—1
ori+ 1, and QiQi-‘rlQi = Qi+1QiQ’i+17 1= 1, ey T — 2.

(3.3c) Elements of ker(B, — H,) induce inner automorphisms of G,.

PROOF. Each formula is a simple computation on the effect of sides of the
equation on elements of S. For example, since S is a set of generators, to see (3.3a)
note that the result of applying any @; to S is another generating set. Then, induct
on the length of a word in the @;s to conclude the result from the application of
; which maps s; to a conjugate of s;;1 and s; 41 to s;.

The first relation of (3.3b) is obvious, for @; and Q; with ¢ and j separated,
move indices with no common support. The other formula follows from a renaming
of the indices and showing that Q1Q2Q1 = Q2Q1Q)2 in its application to (s1, $2, $3):

(51,52,53)Q1Q2Q1 = (515257 ', 515357 -, 51)Q1 = (51525355 '57 1, 8515257 1, 51)
(51,52,53)Q2Q1Q2 = (8182838518f1»81782)Q2 = (8182838513f1781828f1,81)~

Finally, consider an extension of this computation.

(815.--,8)Q(r)

-1 -1 -1
(818281 » 518381 5.-.,815¢5 ,Sl)Qr71"'Q1
_ 1 —1 —1 -1
= (usS1ug ', 15287 518357 .-+, S15r87 )-

As ug has image the identity in the group G, Q(r) induces conjugation by s7 ' in
G,. If Q € B, maps (s1,...,8,) to (s},...,5.), then QQ(r)Q ! gives this chain of

mappings: 8 — 8’ — (s18'(s))"H)Q ! = sis(s}) L. Everything in ker(B, — H,) is
a product of powers of elements of form QQ(r)Q~*. So, this shows (3.3c). O
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3.2. s-equivalences on Nielsen classes. The original definition of Nielsen
class is from [Fri77]. Special cases appearing in [Fri73|, and many illustrating
examples related to elliptic curves in [Fri78]. They loom large in the books of
Matzat-Malle and Voelklein. The former calls them generating s-systems [MIM95,
p. 26] (our r is their s) and the latter uses the name ramification type [V696, p. 37]
for the most closely related definition.

An old literature on simple branched covers influenced classical geometers
([C11872], [Hul891]). This continued through papers of Lefschetz, Segre and
Zariski. Simple branched covers apply to the moduli space of genus g curves, knot
types and Lefschetz pencils (of surfaces). Our interest came through complex mul-
tiplication and modular curves. We found every finite group produces a modular
curve-like setup (Chap. 5 §77). S(trong)-equivalences and r(educed)-equivalences
classes on elements of Nielsen classes give geometric meanings to some valuable
group properties. These showed the Inverse Galois Problem fit very generally with
many classical problems. A reader will require time to acclimate to these.

3.2.1. Setup for Nielsen classes. Consider any cover of compact connected Rie-
mann surfaces ¢ : X — PL with r branch points z. Denote the degree of the cover
by n. Thm. 2.6 shows one way to picture how that cover arises. Choose an ordered
r-tuple of classical generators s for m (U, 20). Then ¢ and an ordering of the points
of X over zy determines the image of the entries of s in the monodromy group G
of the cover: Each s; in 8 maps to some g; € G.

Conversely, given s and g = (g1, - - -, g-) generators of G satisfying the product-
one condition gy - - - g, = 1, interpreting s as cuts (§2.4.3) attached according to the
branch cycle description g produces ¢ (Def. 2.4).

As s runs over all classical generators, Thm. 1.8 gives this data attached to ¢:

(3.4a) an associated group G = G(g);

(3.4b) a permutation representation T : G — S,; and

(3.4¢) conjugacy classes C = (Cq,...,C,) of G into which entries of g fall in
some order (denoted g € C).

Further, running over all possible classical generators s, the collection of images
of s (branch cycle descriptions g) that correspond to ¢ all fall in this set:

(35  Ni(G.C.T)={(g1,-0) | [[o:=1 Glg) =G < 5, g C}.
i=1

We often use II(g) in place of [[;_, g;. Then, (3.5) is the Nielsen class of (r-
tuples in G) corresponding to (G,C,T). Elements in this set are Nielsen class
representatives.

3.2.2. The s(trong)-equivalences on Ni(G,C,T'). Consider the subgroup of S,
that normalizes G and permutes entries of C. Denote this Ng (G, C) = Nr(G, C).
For convenience we list some equivalences on a Nielsen class that will appear later.
For N any group between G and Np(G,C), let n € N act on g € Ni(G,C,T) by

1 def (ng1n~

Denote the orbits for this action by Ni(G, C,T)/N.
We reserve a special notation, for two cases:

(3.6a) Ni(G,C,T)** when N = Nr(G, C) for absolute s-equivalence classes (of
Nielsen class representatives); and

1

g— ngn~ s ngem ).
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(3.6b) Ni(G,C,T)™ when N = G and T is the regular representation (acting on
cosets of the identity subgroup), for inner s-equivalence classes.

In applyings Prop. 3.2, for an element @ € B,, when possible use the notation
q for its image in H,.. For all s-equivalences, Prop. 3.2 gives an action of H, that
preserves these equivalence classes. Here is how the generator ¢; € H, acts on
g € Ni(G,C,T)/N, corresponding to (3.1):

def _ .

(3.7) 90 S (9195159195119 9irGigar - 9p), i=1,...,7 =1
As in Chap. 3 §7.1.2 denote the elements g € G with (1)T(g) = 1 by G(T, 1).

Suppose G is abelian. Then, the action of ¢ € H, permutes the entries of g
according to U, ,(¢) € S,. This holds for inner classes. We give some standard sit-

uations that generalize this using the commutator notation (g1, g2) def 919291 ! [ L
Let G* = (G,G) = {(¢1,92) | 91,92 € G) be the commutator subgroup of G.

For G any finite group and H< G, suppose T is a transitive permutation rep-
resentation of G and T¢/H is the induced representation of G/H from the cosets
of G(T,1)/(G(T,1)Nn H = G(T,1) - H/H. The next lemma follows from the defi-
nitions. We will see this situation come up often. We do not assume C is a set of
conjugacy classes whose elements lie outside H. So it is possible some entries of C
will become trivial mod H.

LEMMA 3.3. Mapping g € Ni(G, C,Tg) to the r-tuple with entries reduced mod-
ulo H produces a natural map Ya,cre:m : Ni(G,C,Tg) — Ni(G/H,C/H,Tg/u).
This commutes with the action of By: ¥c.c,rg:H i By equivariant (Chap. 3 §7.1.3).

Any N between G and Ng, (G, C) that also normalizes H produces an H, equi-
variant map Ni(G,C,Tg)/N — Ni(G/H,C,Tg,u)/(N/H).

3.3. Normal fiber products and Galois closure. We inspect the fiber
product of two compact Riemann surfaces ¢; : X; — P. by comparing two natural
choices. According to Prop. 4.9 the naive fiber product X; xp1 X2 will produce
an analytic manifold at a point (2}, z%) lying over 2’ € P if and only if at least
one of the corresponding pairs of ramification orders e, /.. is 1, 7 = 1,2. It also
showed there really should be be d = (ezll/zl, ezlz/zz) distinct points (with ramifica-
tion orders [e], e5] over z’) in this fiber product corresponding to the pair (1, x%).
Riemann’s Existence Theorem combinatorially gives that by forming a fiber prod-
uct in the category of compact Riemann surfaces (Prop. 3.4).

3.3.1. Fiber products of compact Riemann surfaces. For a given compact Rie-
mann surface Y let C§ be the category of finite covers ¢ : X — Y of compact
Riemann surfaces where a map between two ¢; : X; — Y, i = 1,2, is a map of
Riemann surfaces 9 : X; — Xy that commutes with the maps to Y: ¢ 09 = 5.
Let y be the union of the branch points for ¢1 and ¢, and denote Y\ {y} by Uy. It
is often useful to indicate lengths of disjoint cycles of an element g € S,, by symbols
like (s;,1) - (ss;) (Chap. 3 §7.1.4).

Let 9 : X? — Uy be the restriction of ¢; over Uy. Compatible with Def. 1.3,
form the unramified fiber product map ¢ Xu, o9 - X9 Xy, X9 — U,. This may
have several components, even if each of the X! are connected (see and Chap. 3
§8.6.1 and§ 5.1). Thm. 7.16 uses an ordering of points above some base point yo.
With this it corresponds to components of the fiber product a pair of subgroups
H, and H; of m(Uy, yo). The component of the fiber product corresponds to the
subgroup H; N Hy. The maximal pointed cover of U, through which both pr; and
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pry, factor comes from the subgroup (H;, Hy) = H generated by Hy and Hs. Then,
the monodromy group of the fiber product component defined by (Hy, Hs) is the
fiber product Gg, xa, GH,-

PROPOSITION 3.4. Let p1 X s : X1 X5 X2 — Y be the extension of ¢ Xy, 3
to the unique manifold completion of X9 Xy, XY given by Cor. 2.9. This satisfies
the categorical fiber product in the category Cy .

Suppose Y = PL (write z for y), and 1g and 2g are respective branch cycles
relative to a classical set of generating homotopy classes for m(Yz, 20) and orderings
of the points X; ,, of X; above 2o, i = 1,2. Branch cycles for ¢1 x¢ @y are then

((191,291),---,(19r,29r)) € Gu, X Gu,

given by their action on the orbit of points on the component over z.

Let z; € z and let zy (resp. x5) be a point of X; above z;. Assume ), corresponds
to the orbit of 1g; labeled by its disjoint cycle g, (of length is}) in the disjoint cycle
decomposition of rg;, k = 1,2. Then, points of @1 X @2 : X1 x5 X2 over both
x} and xb correspond one-one with orbits of (1g;,29.) on pairs ojt letters in the
respective orbits of the cycles 1g, and 24}.

PROOF. Since ¢1 X€ g is a map of compact Riemann surfaces, it is in the
right category. To show it is a fiber product consider what happens if we have
maps of compact Riemann surfaces ¢ : W — Y and ¢; : W — X;, i = 1,2, so that
wio; = @, i =1,2. We only need show there is a unique map a: W — X; x5, X»
that suits the other maps. Restrict all the existing maps and Riemann surface covers
over Uy, and use O superscripts to indicate that. Our previous understanding of
fiber product produces the corresponding a® : W0 — (X x§ X5)°. Now apply the
unique completion property of Cor. 2.9 to get o which then automatically has all
desired properties.

Almost everything else is a restatement of previous propositions, though we
comment further on the last paragraph of the statement. By relabeling the points

in the fibers of X; over zg, assume with no loss that 1 ¢} acts as (a1 ... a,) and 29;
acts as (b1 ... be,). The final statement says that (1g},29}) has d = (e1, e3) orbits
of length [eq, e2] on the pairs {(ay,by) }<u<e,,1<v<e, [11.12a]. O

DEFINITION 3.5. In Prop. 3.4, ¢1 X¢ o : X1 X§ X2 — Y is the normal fiber
product of ¢, and vs.

REMARK 3.6 (Use of the word normal). In many problems the fiber product
appears as an auxiliary construction. Whether the naive or normal is a better
choice depends on circumstances. Usually, however, the normal is best. In our
category Cy, it would appear we are stuck with considering only manifolds. For
higher dimensional manifolds this result does not work, because it is possible that
two manifold (ramified) covers ¢; : X; — P", with n > 2,4 = 1, 2, have no manifold
fiber product. That is, there is no manifold completion of the fiber product with
these properties:

(3.8a) It is the expected fiber product restricted over the unramified locus.
(3.8b) It is a finite cover of P™.

The correct extension of the Prop. 3.4 uses normal analytic sets (§8.5).
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3.3.2. Geometry of the Galois closure. Consider a cover f :Y — X of degree
n = deg(f) with an attached permutation representation Ty =T : G — S,,. When
f is an unramified cover, Chap. 3 §8.3.2 constructs the Galois closure of this cover.
We want to do the same when the cover ramifies. While the construction goes
through using either the naive or normal fiber product (§3.3), we emphasize the
latter. So, from this point, when we say fiber product of two covers, we are referring

to the normal fiber product.

When f is unramified, we took the fiber product Y def Y of ¢, n times. Now

take the normal fiber product, so the resulting set is a manifold. Then, Y¢ has
components where each point has at least two of the coordinates identical. These
form the fat diagonal. Remove components of this fat diagonal to give Y*, which
(exactly as in Chap. 3 Thm. 8.9) has as many components as (S, : G). List one
of these components as Y. Points in Y over the branch points no longer have the
form of an n-tuple of points in Y. The stabilizer in S,, of Y is a conjugate of G.
Normalize by choosing Y so the stabilizer is actually G.

LEMMA 3.7. Then, ¢ : Y — X is Galois with group G.

If X = P! and the cover was in the Nielsen class Ni(G, C,T), with T : G — S,
a faithful permutation representation, the cover ¢ has the same conjugacy classes
C, but the representation is the regular representation. The Galois cover Y Y
has group G(1) = G(T,1) where T acts on G(1) cosets. The next lemma (from
[Fri77, Lem. 2.1]) is just the compactified version of Chap. 3 Lem. 8.8.

LEMMA 3.8. The centralizer of G in Ng, (G, C) induces the automorphisms of
X that commute with .

Consider any permutation representation 77 : G — S,,. This provides o7 :
X7 — PL; X7/ is the quotient X/G(T’7 1) (with G(T",1) as in §3.2.1).

From Thm. 2.6 the next observations follow from the analogous statements for
unramified covers in Chap. 3 §8.3. A cover (Y, 1)) is Galois if the order of Aut(Y, )
is m, as big as it can be. The construction above gives a unique minimal Galois
cover Y X fitting in a commutative diagram, the Galois closure diagram

Yy oy, Y
(3.9) AN
X

Suppose X = P!, and g is a branch cycle description of the cover with respect
to canonical generators of m1(U,, z9). The group Aut(Y,l/AJ), isomorphic to G(g),
canonically identifies with elements of Sy that centralize the image of G(g) in its
right regular representation where n = deg(z[)).

For any subgroup H of Aut(Y, ) let H be the subgroup of 71 (P! \ D(v), zo)
that maps onto H. From H we obtain a cover ¢y : Yy — P! (Chap. 3 Thm. 8.9)
that fits in a commutative diagram

VoY vy
(3.10) N\ le

where Y — Yy is Galois with group isomorphic to H. This is a version of the
classical Galois correspondence.
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COROLLARY 3.9. Let Ty be the coset representation of the group G(g) corre-
sponding to a subgroup H. Then Ty (g) = (Tu(g91),...,Tu(gr)) is a description of
the branch cycles for the cover ¥y : Yg — PL.

PROOF. Let T be the coset representation of 7 (P*\ D(1)), z9) corresponding
to the subgroup H, and let H be the kernel of the map from 71 (P\ D(v), 29) given
by [vi] — o0i, i = 1,...,r, as in Cor. 2.9. Recall that H is the maximal normal
subgroup of m; (P \ D(¥), z) contained in H, and the quotient H/H is isomorphic
to H. Then (Tg([n)]),---,Ta([v])) = Tu(g). Since the left side consists of a
branch cycle description for (Yg, v g), this concludes the corollary. O

3.4. Riemann-Hurwitz and the genus of a cover of P.. Let g correspond
to v : Y — P! as in Cor. 2.9. Indicate lengths of disjoint cycles of g; by the
symbol (s;1)---(sir;) (Chap. 3 §7.1.4). Points of Y corresponding to cycles of
length greater than 1 are ramified points of 1. The index of g;, ind(g;), is the
integer Z;Zl(slj -1)=n—1t.

3.4.1. The appearance of gq. Consider the quantity g defined by the Riemann-
Hurwitz formula:

(3.11) 20n+gg—1)= Y ind(g:)
2, €D(1)

Note!: The following lemma requires Y to be connected. Chap. 3 Ex. 5.12 defines
the differential dvy of the function .

PROPOSITION 3.10. The expression ty = > cp(y)ind(g:) — 2n is even. So,
gg n (3.11) is an integer. Further, ty is the degree of the divisor (diy). Finally,
ty =ty depends only on'Y, and not on ¢ orn, and gg = (ty +2)/2 is nonnegative.

PROOF. The determinant of (the matrix for) g; is (—1)"4(9:) (Chap. 3 §7.1.4);
check for each disjoint cycle. The product-one condition implies an even number
of g;s have determinant —1. So, for an even number of g;s, ind(g;) is odd. In
particular, >°'_, ind(g;) is even, and gq is an integer.

Suppose {¢a, Un tacr is the coordinate chart for Y from ¢ (Def. 2.8). We may
assume the local expression for 1 at y € Y is ¥ o ¢! (24) with ¢, (y) = 0. Then,
the leading term is a, 2% (a, # 0) and the divisor of di at y is y“~1. For y over z,
if z € C, then u = e,. If, however, z = oo, then u = —e,, and the divisor of dy at
y is —e, — 1. The expression —e, — 1 summed over y € Y, is the same as the sum
over e, — 1 — 2e,. Since }_ cy €, =n (Lem. 2.1), this gives the formula.

Now use that Y is connected so that G(g) is transitive. We show

T

S ind(gi) — 2(n — 1)

i=1
is nonnegative. When all the o’s are 2-cycles the result follows if > 2(n—1). That
is immediate from the first part of Lem. 3.11. To reduce to that case, write each g;
as H;n:dgg"') hui with each h., ; a 2-cycle. With h; = (R, ..., hina(g,),i), replace g by
the juxtaposition of these h;s: h = (hy,...,h,). Then, h satisfies the product-one
condition and (h) is transitive. (It is S,: Chap. 3 [9.15¢].) Further, g, = g4. So,
the general formula for the genus of g follows from the case for 2-cycles.

We have only to show g4 does not depend on . If 9*, however, is another
function, then t, and ty- are the respective degrees of the two differentials dy and
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di* on the compact Riemann surface Y. The result follows from the statement in
§5.3.1 that these degrees are equal. O

3.4.2. Non-negativity of gq. Let Ni(G, C,T) be the Nielsen class for the group
G and r of its conjugacy classes C, with T': G — S, faithful and transitive.

LEMMA 3.11 (2-cycle Braids). For g € Ni(G,C,T), tg = >.._,ind(g;) — 2n
is independent of the choice of g. When g consists of 2-cycles in S, generating a
transitive subgroup, (tg +2)/2 = gg > 0.

PROOF. The index of an element in .S, is independent of its conjugacy class.
Since the conjugacy classes of entries of any g € Ni(G, C,T) differs only by permu-
tation from any other, the expression t4 is independent of the choise of g.

Now apply transitivity of G(g) and assume g has entries consisting of 2-cycles.
There must be a series of n — 1 entries of g so that, after the first, each consists
of (i1,i2) with 41 in the support of the previous 2-cycles, and i5 is not. Apply an
element @ € B, to g to braid these so the n — 1 entries just chosen come together
as the first n — 1 of the 2-cycles (for help, see [11.8]). Then, the product of the first
n — 1 2-cycles is an n-cycle.

Now we use the product-one condition: [/} i [T/_, g = 1. Since [/} gi is
an n-cycle, that implies [];_, g; is also. Therefore (g;,i > n — 1) is also transitive.
Now apply the previous argument to (gy, . .., g») to conclude there are at least n—1
of them, giving a total of at least 2(n — 1). This concludes the proof. O

DEFINITION 3.12 (The genus). Prop. 3.10 defines the genus g, of a compact
Riemann surface Y presented as a cover ¢ : Y — PL.

Other books on Riemann surfaces give examples of computing gy from (3.11).
Rarely, however, do they discuss a branch cycle description of ¥ and such examples
are usually abelian covers from branches of logs (Thm. 8.8 as in Prop. 2.11).

A topologist might say they have an easier proof of the Riemann-Hurwitz
formula. That suggested proof is likely dependent on having a triangulation of
Y. The formula then interprets as expressing the Euler characteristic of Y (see
Rem. 2.19). There are many ways to prove this formula. No matter what the
proof, interpreting the integer g4, the genus of Y, is the key point.

3.5. Hurwitz spaces; inner s-equivalence and conjugacy classes. For
each s-equivalence we must consider sets of corresponding covers.

3.5.1. Notation for Hurwitz spaces. Suppose Ni(G, C) is a Nielsen class with
r conjugacy classes. Then, any cover in the Nielsen class has an attached set z of
r distinct branch points. Label the space of these unordered branch points as U,..
§4.2.1 identifies U, with (P1)"\ A,./S,. For each s-equivalence, the classes of covers
with a given z as branch point set is the same as the number of s-equivalence classes
in the Nielsen class.

Label the collection of equivalence classes of covers in a given s-equivalence class
by using the notation H, denoting a Hurwitz space, usually with extra decoration
to indicate the type of s-equivalence classes.

There are |Ni(G, C, T)abs| absolute s-equivalence classes of covers with branch
points z € U, with the data (G,C,T) attached to them. Prop. 2.18 shows it
requires a choice of classical generators (or cuts) canonically corresond these two
sets. Denote the set of classes of Ni(G, C, T)abs covers by H(G, C,T)**. A point
p € H(G,C,T)* has as a representative a cover @p : Xp — PL.
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Inner s-equivalence of covers, corresponds exactly to (3.6b). The following pairs

correspond to a point p € Hg def H(G, C)n:

(3.12) (¢: X =P, GX/PH-5G).

A given such pair is quivalent to (¢’ : X’ — PL, G()A(’/IP;)AG) if
(3.13) ¢ : X — X’ with ¢/ 0 ¢) = ¢ induces o
For example: Suppose g € G maps X - X , changing « by conjugation by g.
Then, composing « with g gives a cover inner equivalent to (3.12). On the other
hand, composing a with an outer automorphism of G gives a new equivalence class.

PROPOSITION 3.13. Given a (faithful) permutation representation T : G — Sy,
there is a natural map Wiy aps : H(G, C)™ — H(G, C,T)* by

(¢: X =Pl G(X/PL)-5G) = ¢: X/a Y(G(T,1)) — PL.

This map is |Ns, (G,C)/G)| to 1 over every point of H(G,C,T)2s.

DEFINITION 3.14. An element g € Ni(G,C) is a H-M (Harbater-Mumford)
representative if r is even and g = (g1, ;. . . /2, g;/12).

ExAMPLE 3.15 (Comparing H, inner and absolute orbits). There is a general
problem that arises when applying prop. 3.13. Suppose g, and g, represent two
distinct elements of H(G,C)™" that lie over the same element of H(G, C,T)bs.
When is there a ¢ € H, that takes g; to g,7

With T), the standard representation of S,,, each element of H(A,,, C, T}, )*P® has
exactly two from H(A,, C)™™ above it. Suppose g is an H-M rep. from g1,... s 9r )2
where there is a € S, \ A, such that ag;a™! = Gi_l, i =1,...,7/2. Then,
(9)g = aga™! with ¢ = qiq3---¢-—1 € H,. That solves relating the inner and
absolute H, orbits in this case.

3.5.2. Conjugacy classes and multiplier groups. Many times one conjugacy class
will appear several times in C. It is easy to label conjugacy classes in S,,. One
tricky event is when several entries of C are distinct conjugacy classes in G(g) < S,
but generate the same conjugacy class in .S,,. We give easy examples here.

Suppose C is a conjugacy class in a group G consisting of elements having order
m. Then, for k € (Z/m)* denote the kth powers of elements of C by C*. For a
collection C of conjugacy classes use the notation Ck, keZ* (integers relatively
prime to the order of elements in C).

DEFINITION 3.16. Call C, conjugacy classes in G, a rational union if C* = C
(both sides counted with multiplicity) for all k¥ € Z*. There is always a natu-
ral rationalization C' of C: The minimal rational collection of conjugacy classes
containing C.

Let T, be the standard representation of S,, n > 3. As in Chap. 3 §7.1.4,
indicate conjugacy classes in S,, with a simple notation. Give C; by its cycle type:
(si1) - - (Sit;), i =1,...,7. As Z?H sij = n, it is often (not always) convenient
to order the s;; by size: s;; < s;41. Recall: This class is in A, if and only if
n —t; (its index, §3.4) is even.

For any homomorphism v : H — G (containment of H in G is the standard
case) a conjugacy class C in H generates a conjugacy class Cg in G: For g € C,

Cg is the collection of conjugates of g in G.
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DEFINITION 3.17 (Multiplier group). Let C be a conjugacy class C in G whose

elements have order m. The multipier group of C is M¢ def {k e (zZ/m)* | CF =C}.
The multiplier field K¢ is the fixed field in Q(e?™/*) of Mc.

3.5.3. Multiplier groups and fields in A,,. Each conjugacy class in S, is rational.
It is more complicated for A,,. The following results give valuable examples.

LEMMA 3.18. For a conjugacy class C in A,, there are two possibilities for
Cs, = (s1) -+ (s¢) : Cg = C, or Cg = CURCh with h = (12). The former happens
if and only if there is an even length cycle or a product of an odd number of disjoint
2-cycles that centralizes any g € C. The latter happens if and only if

(3.14) all the sjs are odd, j =1,...,t, and distinct.

PROOF. Suppose h is either an m-cycle with m even or it is product of m
disjoint 2-cycles with m odd. Then S, = A,UhA,,. If h centralizes g € C, then the
orbit of hA,, on g is the same as that of A, and Cg, = C.

Conversely, by the class equation if Cg, is larger than C, some nontrivial ele-
ment of S, \ 4,, centralizes g. Suppose m is the length of a disjoint cycle in g and
there are t,, of these. Denote by g,, the product of all these disjoint m-cycles in g.
Write g as the product of these g,, s running over all distinct integers m. Denote
the centralizer of (1m+1 ... (t;m —1)m+1)...(m2m ... t,,m) by Cp,. Then, the
centralizer of g is isomorphic to the direct product of the C, s.

Now we check that the group C, is the wreath product

Z/m S, = (Z/m)'™ x*S;, (Chap. 3 §8.4)

regarded as a subgroup of S,,¢. . The copy of (Z/m)! identifies with products of
powers of the disjoint cycles in g,,. A © € S;,, maps (i1,...,i,,) € (Z/n)'™ to
(i(1yms -+ U(ty)n)- Example: 7 = (12) acts in Sy,y,, as (1m+1)(2m+2) --- (m2m),
a product of m disjoint 2-cycles. If m is even then C,, contains an m-cycle, that is
not in A, . If m is odd, but larger than 1, a 2-cycle m € S, acts as a product of
m disjoint 2-cycles in A,,¢, . So, Cp, is in A, . if and only ¢,, is 1 and m is odd.
That concludes the proof. O

Assume g € C with Cg, = (s1) - - (s¢) satisfies (3.14), the only possible non-
rational conjugacy classes in A,,. The next proposition checks which of those are
rational when C = (n) (n is odd); [11.18b] outlines the general case [Fri95b, p. 332].

Recall: p* exactly divides n (written p“||n) if p* divides n, but p**! does not.
Also, use Euler’s Theorem that if p is an odd prime, the invertible integers (Z/p*)*
(of Z/p™) is a cyclic group.

PrOPOSITION 3.19 (Irrational Cycles). Consider the case n > 4 is odd and
g € C with Cg, = (n). Suppose n is not a square. Let J be those primes p that
exactly divide n to an odd power p"P). For any p € J, let k € (Z/n)* have these
properties: its image in (Z/p“(p))* generates this cyclic group; and its image in
(Z/p’“/)* is 1 for primes p' # p that divide n. Then, g* and g are not conjugate in
Ay Cis not a rational conjugacy class.

Denote \/HPGJ(—l)(P_l)/Qp by a,. For all odd n, Kc = Q(av,).

Conversely, if n is an odd square, g* is conjugate to g in A, for allk € (Z/n)*:
C is a rational conjugacy class.

PROOF. Suppose n is not a square. With k (and p € J) as in the statement,
we show ¢gF and g aren’t conjugate in A,,. With no loss, g = (1 ... n). So g* maps
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i — i+k mod n, i = 1,...,n. Multiplication by k gives a permutation 73 of the
integers modulo n. Then, 7, 1ng equals g*:

(ki)r tgm. = (i)gm, = (i + V)7 = ki + k.

We characterize those k with 7, not in A,. Apply the Chinese remainder
theorem to write (Z/n)* = [[_,(Z/p%)* with py, ..., p; distinct (odd) primes. So,
it suffices to check if 7, € A, for k = k; = (1,...,1,k;,1,...,1); the only non-
identity entry is k;, a generator of the cyclic group (Z/p;"*)*, in the i-th position.
Consider what happens with k equal (k1,1,...,1).

First, assume t = 1, u; = v and k; = k. Consider the cycle structure of 7
Z/p*. Multiplication by k on integers of Z/p* exactly divisible by p?, i < u, gives
one orbit of length p*~% — p*~#~!. For each i between 0 and u — 1, this cycle has
even length—mnot in A,. (The orbit for ¢ = « has length 1.) Thus, the permutation
is a product of u elements not in A, (and it fixes exactly one integer). The total
permutation from multiplication by & is in A,, if and only if u is even.

For the general case, write Z/n as Z/py* x Z/n’. Multiplication by k is the
identity on the second coordinate. Thus, it stabilizes each coset Z/p]* x k' with
k' € Z/n'. In particular, 7 is the product of n’ elements coming from the first case
above. Thus, 7, € A, if and only if u; is even. The converse comes by noting it
suffices to check the elements k; above.

Finally, we identify the field Q,. Identify the kernel of w: (Z/n)* — Z/2 by
k € (Z/n)* maps to 7, mod A,. In the above notation, k; goes to 1 if and only if

i € J. The unique quadratic extension of Q inside Q((,,) is Q (—1)(1711)/21)]-).

Conclude by noting the kernel of y is of index 2 in (Z/n)* and it fixes a,. O

EXAMPLE 3.20. Suppose Cp, Cy and C3 are respectively the conjugacy classes
of the 5-cycles in A given by g1 = (12345), go = (13524) and ¢; again. Then,
C1,C%,C3 is not a rational union because the conjugacy class of g; appears with
multiplicity 2, while its square appears only with multiplicity 1. The collection
C' = (Cy,Cy,Cy,Cy) is its rationalization.

ExaMPLE 3.21 (Rational conjugacy classes in Ag). The conjugacy classes of
Ag that don’t remain the same in Sy are those that become (1)(3)(5) of (9) in Sy.
In general, counting the partitions of n into distinct odd integers is a nontrivial
combinatorial business (see [11.18d]). [Al99] says the number of partitions of n by
odd distinct integers equals partitions of n with all parts # 2, at least 6 apart and
at least seven apart if both parts are even. For n = 25 this count is

12 =((25),{(i,25 — i), 1 <9 <9,i #2,(1,k,25 -k —1),7<k <9}

According to Prop. 3.19, there are two rational conjugacy classes Ag that be-
come (9) in Sg. From [11.18b] the two conjugacy classes C for which Cg, = (1)(3)(5)
are not rational and M¢c = Q(v/—3 - 5).

4. Applications of the Existence Theorem
This section should surprise the reader at how simple group theory, starting
with dihedral groups, reveals serious classical topics. We develop two skills.

e Creating notation for calculating collections of covers.
e Finding algebraic functions to give coordinates on such collections.
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For any group G denote by Aut(G) the full set of automorphisms of G, and
by Inn(G) the autmorphisms induced by conjugation by G. The first nonabelian
group that comes up in Galois theory is the dihedral group. Prop. 2.11 shows all
abelian covers are algebraic. Covers ¢ : X — P! with dihedral monodromy group,
even when X has genus 0, are not obviously algebraic. Part of Abel’s Theorem
is equivalent to displaying functions that show this. There is more to such covers
than one would expect from its group theory alone.

We start slowly with dihedral covers, because there is so much history in them,
especially about coordinates. §4.1 is a case that function theoretically is almost
trivial, though its applications require careful coordinates.

4.1. Dihedral —a ka Tchebychev — polynomials. Suppose a degree n
cover ¢ : X — P! has genus 0 (gx = 0) and branch cycles g = (g1, ..., g.) (relative
to some choice of classical generators) with at least one totally ramified place.
That means some g;, say ¢, is an n-cycle in G(g) < S,,. At first examples use the
standard representation T,, of S,, restricted to G(g). Apply Riemann-Hurwitz to
conclude 37— ind(g;) = n — 1.

4.1.1. Cyclic covers and Redei functions. An element of S,, has index n — 1
if and only if it is an n-cycle. We draw conclusions from this and the product-
one condition, II(g) = 1. If there is another n-cycle among the branch cycles,
then » = 2. By conjugating by an element of S, we may take g; = (1 ... n)
and go = g;'. There is unique absolute Nielsen class of genus 0 covers with at
least two n-cycles: Ni(Z/n, C,, ., T,,)*P*. Further, in that class there is exactly one
absolute s-equivalence class representing the Nielsen class: C consists of C and
C™!, a conjugacy class in Z/n and its inverse. The case n = 2 is trivial.

For n > 3, there are ¢(n)/2 inner Nielsen classes of such covers,

Ni(Z/n, (C7,C77))" ) with (j,n) =1, j < n/2.

As C contains one element, there are two inner s-equivalence class representing each
Nielsen class: One with g € C (resp. g~' € C™') the branch cycle for z; (resp. z3);
another with the branch cycles switched.

These abelian covers we can produce by hand. Cases like this where G has a
nontrivial center present special problems, as we’ll see later. Just consider PL — PL
by w — w™: 0 and oo map respectively to 0 and co. Put the branch points
anywhere using o € PGLo(C) (say a = j:jz) that maps z1, 29 to 0,00. Then,
w — o (((w))™) gives a representing cover pg o-1, : Py, — P in the absolute
s-equivalence class with branch points z = {z1, 2z2}. Further, it is z; that maps to z;,
i=1,2,by pc c-1 . We've explicitly written a representative of very s-equivalence
class of covers in the Nielsen class.

§4.2.1 discusses r-equivalence classes. In this equivalence, all the covers o -1 ,
are equivalent. There is just one element in any Nielsen class, for we can put the
branch points where we want, and switch the branch points, too. Recall: PL(F,)
the values on the Riemann sphere in the finite field F, (Chap. 2 [9.19]).

EXAMPLE 4.1 (Redei functions). The problem solved by Redei functions is
to consider the collection of covers ¢ -1, up to changing ¢ to a1y o a with
a € PGLy(Q). Assume n > 3 is odd. That is we trying to describe rational r-
equivalence repesentatives in this Nielsen class. If ¢ has coefficients in Q, then the
set {z1, 22} is a Q-set (see Lem. 6.4). [LN83] discusses Redei functions in detail.
They give the easiest examples of exceptional functions f : P, — P! that map
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one-one when restricted to P (F,), for infinitely many prime powers gq. They are
perfect for standard cryptography applications, as are Dickson polynomials and
other dihedral cover examples.

The branch points {0,000} and {z1, 22 | 21 = V/m, 22 = —y/m, m a square-free
integer represent the Q absolute r-equivalence classes [11.15a].

4.1.2. Twisted Chebychev — a ka Dickson — polynomials. Here are the condi-
tions for absolute Nielsen classes of Chebychev covers ¢ : X — PL:

(4.1a) X has genus gx = 0 and deg(y) is an odd prime p;

(4.1b) G < S, is a subgroup of Z/p x*(Z/p)* & A, (acting on Z/p);

)
(4.1c) C has an entry, say C,, that is a p-cycle; and
(4.1d) ¢ is not a cyclic cover.

Tacitly the permutation representation throughout is the degree p representation

T, on Z/p. Recall, we represent elements of A, by 2 x 2 matrices ( b (1J ) with

multiplication from matrix multiplication (Chap. 3 Rem. 7.4). Using §4.1.1, we
have just one p-cycle of conjugacy classes. Elements of order p are conjugate in

A, to ( } 8 ) Denote this conjugacy class C,. The other conjugacy classes in A,

correspond one-one with non-identity elements of (Z/p)*. Denote the corresponding
conjugacy class to a € (Z/p)* by C,. For A a subgroup of (Z/p)*, Z/p x* A is the
corresponding subgroup of A,. Prop. 4.2 and Cor. 4.3 is from [Fri70].
PROPOSITION 4.2. There is only one absolute Nielsen class satisfying (4.1).
It is Ni(G, C)™ with C = (C_1,C_1,C,) & C(Lyye, and G = Z/p x* (<1).
Further, there is one element in this Nielsen class. More generally, for any odd
n > 0, there is a unique absolute representative in the absolute Nielsen class of

Ni(Dy,, C(_1y2.n) 2.
Proor. With no loss in an absolute Nielsen class take branch cycles so that

g has g, = ( 1 8). The other g;s are in C,, a € (Z/p)* \ {1}, which acts as

multiplication by a on Z/p. If m, is the order of a, then this action has pm—71 orbits
of length m,, and one orbit of length 1. The index of such a g; is thus %(ma —1).

Now apply Riemann-Hurwitz (3.11) using that gx = 0: p—1 = Zr_l E(mai -1).

i=1 Ma;

The expression mT_l (m > 2) is at least %, with equality if and only if m = 2
(mg =—1. Sincer —1 > 2, theresultisr—1=2,and g; € C_1,i=1,2.

Now we see there is only one element in this Nielsen class. Fix g3, and take g; =

( ;1 (1) ), with g determined by the product-one relation: g;g2g3 = 1. Normalize

further by conjugating the 3-tuple by a power of gs:
1 0\(—-1 0\(1 O0Y_( —1 0
(L D0 DG 1) =G 1)
So, by choosing k so b+ 2k =0 mod p gives a unique representative of Ni(Z/p x*

(—1), C(L1y2.p).
O

Up to reduced equivalence, we may place the three branch points 2z = {z1, 22, 23}
by whatever three points we want. Given ¢ : X — P (unique up to equivalence)
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in this equivalence class, we find a polynomial T},(w) with branch points —2, +2, co
reduced equivalent to it. Further, from the branch cycle description there is exactly
one unramified point of X over each of —2 and +2 (use the corresponding between
points over branch points and disjoint cycles of the branch cycles). So, by ordinary
equivalence, put these at —1, 41,00 respectively. This is a less trivial case than
previously for producing a function on the covers to show they are algebraic.

COROLLARY 4.3.

PROOF. There is one element in the absolute s-equivalence classes of polyno-
mials with dihedral group cover. Suppose f is a monic degree n polynomial over F'
that gives a branched cover P} — P! with two finite branch points 21, 25 € F, both
ramified of order 2. The following observations occur in [Fri70]. The geometric
Galois group of the Galois closure is a dihedral group. If n is odd, then the Nielsen
class of the cover is Ni(D,,, CW2 n1 i ). Further, since the normalizer of D,, in

S, has no center, any cover with branch points {oo, 21, 22} in this Nielsen class is
determined up to a unique isomorphism. So, if the unordered branch points are
defined over F', then the cover is represented by a unique polynomial over F. As
21 + 22 are defined over F, changing z to z — (2£22) normalizes further to assume
the branch points sum to 0. Call these normalized Chebychev polynomials. From
these observations the following are clear. For any d € F*, and odd positive inte-
ger n define the Dickson Polynomial D, (a,w) to be a™/?T,(a=*/?w). As a varies
we get all the normalized Chebychev polynomials. Clearly two such polynomials
are isomorphic over F' if and only multiplication by some b € F' maps the branch
points of one to the other. (I

If, however, n is even, the conjugacy classes defining the Nielsen class are
distinct and the branch points all are defined over F'. A compensating fact is that
Ns, (D,,) has a nontrivial centralizer Zs, (D,,) = ((1 ... n)"/?)in S,, (multiplication
by -1 leaves 1 4+ n/2 invariant modulo n. [Tu95] [Wel69] [LN73] [Mu80-02]

4.2. PGLy(C) action, r-equivalence and hyperelliptic covers. §3.5 ex-
plains the sets of covers in H(G, C,T)** and other s-equivlaence classes. The
group PGLy(C), as one-one analytic maps of P! enters immediately to give from
each s-equivalence class, a new equivalence (r(educed)-equivalence) from it.

4.2.1. P" as (PL)"/S, and r-equivalence. Identify the elements of P" (Chap. 3
§4.3) as nonzero monic polynomials in a variable z of degree at most r. For example,
if (ag,a1,-..,a,) represents a point of P", and 2y # 0, by scaling it by % assume
with no loss zgp = 1. Then, take the polynomial associated to this point as 2" +
ZZ:—OI (—i)""a,_;z". There is a natural permutation action of 7 € S, on the entries
of (PL): 71 (21,...,2,) — (2((0)m> - - +» Z(r)=)- Denote the set of distinct r-tuples of
elements of (P1)" by U™ = (P1)" \ A,. Call A, the fat diagonal: The locus were
two or more equal entries.

PROPOSITION 4.4. Represent the natural quotient map
U, :(21,...,2,) € (PH" = {2} € (P1)"/S,

by sending (z1,...,z:) to the polynomial [],_,(z — 2;) in z: If z; = oo, replace
(z—z;) by 1. This canonically identifies ¥, with degree n! analytic map of complex
manifolds (P1)" — P" [11.14a]. Identify unordered sets of v branch distinct points



