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Let K be a field of algebraic functions in one variable over the field C of complex
numbers, i.e., K is finitely generated and of degree of transcendency 1 over C. We
write K̄ for an algebraic closure of K. Let X be an abelian variety of positive
dimension over K.

Definition 0.1. We say that X is completely non-isotrivial if for every abelian
variety W over C there are no non-zero homomorphisms between X and W over
K̄.

Definition 0.2. Let ` be a prime number. We write Isog(X,K, `) for the set of
K-isomorphism classes of abelian varieties Y over K such that there exists an `-
isogeny Y → X that is defined over K. We write Isog1(X,K, `) for the subset
of Isog(X,K, `) that consists of all (isomorphism) classes of Y with a principal
polarization defined over K.

Theorem 0.3. Suppose that K = C(t) is the field of rational functions in one
variable. Let f(x) ∈ C(t)[x] be an irreducible polynomial of degree n ≥ 3, whose
Galois group acts doubly transitively on the set of roots of f(x). Let p be a prime
that does not divide n, let r be a positive integer and q = pr. If (n, p) = (3, 2) then
we assume additionally that r = 1, q = p = 2. let Cf be the smooth projective model
of the affine curve yq = f(x) over C(t) and let J(Cf ) be the jacobian of Cf .

Then J(Cf ) is an abelian variety over C(t) that is completely non-isotrivial.

Example 0.4. It is known that the polynomial f(x) = xn − x − t is irreducible
over C(t) and has Galois group Sn, which is doubly transitive.

Theorem 0.5. In notations and assumptions of Theorem 0.3 assume that

n = 3, p > 2, r = 1, q = p.

Then there exists a positive integer d and a degree d cyclic extension L/C(t) that
enjoy the following properties:

(i) d divides 2p.
(ii) The field extension L/C(t) is unramified outside the places of bad reduction

of J(Cf ).
(iii) The set Isog(J(Cf ), L, `) is infinite for all but finitely many primes `.
(iv) The set Isog1(J(Cf )×J(Cf ), L, `) is infinite for all but finitely many primes

` with 4 | (`− 1).
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