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ABSTRACT: The collection of nonsingular projective curves of genus g is paremetrized by an irreducible algebraic ve-
riety Tﬂ,g of dimension 3g-3 if g>1 ,and of respective dimensions 0 and 1 if g=0 or 1. For m¢ ‘m,g et X be the

corresponding member of this collection. Denote its field of meromorphic functions by (C(Xm). Then Xmis said 10
be uniformized by radicals if there exists 2¢ (C(Xn) such that the Galois closure of (C{Xm) / C{z) has a solvable Ga-

lois group. The Main Theorem: If mis a generic point of mg and g=6 then xmis not uniformized by radicals, Dis-
cussion of the exceptional cases, especially g=0,1and 2, relates this paper o the massive program of [GTh].
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§1. INTRODUCTION: Let Pé denote the Riemann sphere with a uniformizing variable

z. That is, {Pé =CU{} where C is the z-plane. wWe give a brief overview of Riemann's
existence theorem.

§1.1. BRANCH CYCLES AND MODULI: Select {21'22-""Zr}' distinct points of uD‘Z, and con-

sider ¢:X - [Pé , @ cover of compact connected Riemann surfaces of degree n ramified

of IP; that factors through 9. From Riemann's existence theorem, (X,9) is determined

.
(up to equivalence of covers) by an r-tuple d={o],o2,...,or}esn with these properties:

(1.1)  0,050,=1, and G(o)=G(>2/{P‘Z) (noncanonically),
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where G(0) is the subgroup of Spy enerated by the entries of o. The r-tuple o is

called a dgescription of the branch cycles of (X,9) , but it should be stressed that this

branch cycle information depends on the choice of other data : a base point Z, and

Special homotopy classes of paths that generate the fundamental group Tl’]([Pé-Z,Z )

0

where we let z here denote {21,22,...,zr}, as in [Fr,1: 80.A]

From the Riemann-Hurwitz formula the genus, g(X)=g, of X is given by

;
(1.2) 2(n+g(><)-l)=2ind(0j)

=1
where ind(o) denotes n minus the number of disjoint cycles of o.

The moduli space ‘m,g of (compact) Riemamn surfaces of genus g is anirre-

ducible algebraic variety with the following properties:
(1.3) a) it is of dimension 3@-3 if g>1 (of dimension g if g=0 or 1):
b) each point me“m,g
corresponds to one and only one isomorphism Class of surfaces of genus @ and
¢) the labeling of b) induces a unique complex analytic morphism  from any

complex analytic family of surfaces of genus g.

we explain (1.3) ¢) more fully. Suppose that &:9 - ® is g complex analytic map of

irreducible nonsingular complex manifolds such that for each pe® the fiber ?p of

points of I lying over p is a (compact) surface of genus g. Then b) determines a map

W(@,mg):‘cp . ‘m,g by sending p to the point representing the isomorphism class of 3'):
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zrp; and ¢) asserts that this map is complex analytic. The construction of ‘]TLg Is a

heavy duty matter, and all proofs could incorporate the local moduli argument that
already appears in [Fr,2; p.26]. Coordination of the facts, however, about moduli

parameters comes more easily from acceptance of (1.3) a), b) and ¢).

§1.2. STATEMENT OF RESULTS: Consider the collection of groups, as subgroups of S, for

some integer n, that arise from some map cp:xm - [P‘Z with Xm the generic curve of
genus g ( n=deqg(¥)) as the Galois group of the Galois closure L’P':Rm > lPé, of the
map. Denote this collection by gg.

This paper is a contribution to the study of gg . The group corresponding to the
cover ﬁP:xm - lPé 1S @ primitive subgroup of S5, if and only if for any diagram of
Riemann surfaces,

: s p!
(1.4) 30.><m a4 P .

either Y=><m or Y= [P; . Let gg(prim) be the subset of primitive groups that appear in

& G
Sy Let &

g(sol) be the solvable subgroups of gg .

Main Theorem: For g6, & g(sa/) 5 emply.

The proof of the Main Theorem appears in §3.1 as a special case of Proposition

3.1, This answers the question of [FrJ; top of p.137]. In turn this was ancillary to the
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still unsolved [FrJ; Problem (10.16) a)): Does every absolutely irreducible variety over
the solvable closure of Q have a rational point?

The "Geometric Principles” of §2 combined with relatively modest group theory
give us the Main Theorem and all of the exceptional cases for g=3 to 6 (cf., the exclu-

sion of the case of (g,n)=(3,8) in Lemma 3.2). In particular, Proposition 2.3 reduces

the main consideration to the study of gg(sol)ﬂgg(prlm). Wwe give a finite list in The-

orem 3.3 containing all of the possible permutation groups that appear in this col-
lection when g=2.

Finally, Theorem 3.4 nearly completes the proof that gg(sol)ﬂgg(prim) is finite for all

g>0 by showing that in the case g=1, the only exceptions are primitive solvable
groups of degree 2€, 38, 5€ or 7€ for some integer e. Probably there are just finitely
many possibilities for e, but the effort in carrying this through is likely to duplicate
much of [GTh]. Since this carries us away from the major theme still left from this
paper, completion of the topic of Theorem 3.4 will await a later work.

We continue the discussion on the finite number of exceptional groups that ap-

1

z

pear in gg(so\)ngg(prim) as Galois groups of the Galois closure of some cover of P

by the generic curve of genus g=2,...,6. These are a subset of the lists of Proposition
3.1 and Theorems 3.3 and 3.4. The possible presentations of these groups through
branch cycles raises a serious question. Applying Riemann's existence theorem we

easily see that each such group arises as the Galois group of the Galois closure of

some cover ¢:X - lP% with g(X)=g. But how do we know if the generic curve of

genus g produces this group by some map to [Pé, (or, more pointedly, by some map
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with the specified branch cycle type)? This special case of the computation of the
modull gimension or a Nielsen class (§5.1) may be the most interesting topic in the
whole paper.

We concentrate on the four toughest cases where g>1: § 4.3 gives branch cycle
descriptions for the cases (g,n)=(2,5) from (3.6) a), and (2,9) from (3.6) ¢) and d); and
§4.4 does the same for (g,n)=(2,16) from (3.6) f). We organize here with the tools
called Nielsen classes and Hurwitz monodromy group action. In §5.1 and §5.2 we use
principles based on "coelescing of branch points” and “the generic curve of genus at
least 1 has no nontrivial endomorphisms” to decide finally (Proposition 5.6) which

groups (more precisely, Nielsen classes-remaining from §4) are in §-(sol). Indeed,
Y g )

Ries [R] independently-with calculations of distinctly different flavor from ours-

considered Do (i.e., (g,n)=(2,5)), and the conclusion that Dm;/gz(sol) is due to him.

It is well known that for n>2g-1, there is a simple branched cover cP:Xm =
IP; of degree n (i.e., the branch cycles are all 2-cycles). In particular gg(prim) con-

tains Sn for n>2g-1. Principle 2.5 shows that Sn appears in gg(prim) if and only if

nz((g+3)/2] where [ ] denotes the greatest integer function. By extending the treatment
of the examples of §4.3 and 4.4, § 5.3 considers how one might test for the n's for

which AnE gg(prim). In the process it makes comment on the cases (g,n)=(2,3) and

(2,4) left over from the list (3.6). Here there arises the more delicate question of the
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minimal value of r for which the generic curve of genus 2 does produce a cover with

the groups 53 and S 4

The results of this paper (e.g., the Main Theorem) use the phrase generic curve

{0 mean that the statement applies to a Zariski open subset of points on ‘}TLg. For ex-

ample: For Gegg, points of Tl . represented by surfaces X that can be presented as a

g

o

cover of fPlﬁ, with Galois closure having group G form a Zariski open subset of points

on mg. Also, for a fixed group G, G{gg, the subset of points of ‘m,g represented by

surfaces X that can be presented as a cover of [P’Z with Galois closure having group G

is algebraic of codimension at least 1. On the other hand, consider the set {me,

g

><m e [P‘Z has solvable Galois closure}, denoted ‘m,g(sol). The Main Theorem does not

quite proclude the possibility that ‘m,g(sol) may be dense in M, . for some g>6; but we

g

suspect that it is not.

ACKNOWLEDGEMENT: This paper seems to be but one corner of a project that has been
envisioned by John Thompson. The goal is to divine some natural limits placed by
group theory on the generic way we may expect to realize groups as Galois groups of
regular extensions of @(t). Essentially, for any fixed genus g , excluding the usual el-

ementary (cyclic by cyclic) affine groups , Sn and An’ it seems to be that there are
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only finitely many primitive groups that arise as the Galois group of the Galois clo-

sure of ¢:x » P! with g(X)=q.
The case g=0 of [GTh] is especially important and has special application to

this paper in relating gg(prim) to gg (resp., gg(sol)ﬂgg(prim) to gg(sol)). [n the case

g>1 the former is a subgroup of a series of wreath products formed from groups

{0, Where Giegg(prim) (resp., gg(sol)ﬂgg(prim)) and Giego(prim) (resp.,

go(sol)ﬂgo(prim)), i=2,...,v. (The case g=1 has an extra slight, but not terribly dam-

aging, complication explained in §3.3.) We expect this all to have solid implications
about the nature of the families of curves having specific arithmetic properties for
their specializations over Q; not just for the problem of groups as Galois groups, but
as in [DFr] for the problem of finding elliptic curves of high rank over @. Thompson
worked out many of the details of §4.4.

Finally, in addition to pointing out the applicability of the "enodomorphism
principle” in §5.1, John Ries apprised us of the relevance of the computation of the
moduli dimension of a Nielsen class to Zariski's paper [Z].
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$2. GEOMETRIC PRINCIPLES: The proof of the Main Theorem depends
only on the Riemann-Hurwitz formula, Principles 2.1 and 2.2 and

Proposition 2.3.

§2.1. PRINCIPLES ABOUT ‘mg : GENERIC CURVES OF GENUS g:

Principle 2.1: /7 ¥(P gf}" i/t 7 nas image a Zariski gpen subset of

/! 7 and the general riber or ¥(F. g./' 13s aimension k, then the aimension

of P /s dim(m g)+/<'.

Principle 2.2: Assume that me; 7 15 generic and that N 1epresents

the 1somorphism class of m. I there exists [‘ﬂ-'f%"m - P i with r branch

poINLs, then r>3g 11 g>1 and r>4 17 g=1.

Argument: We may assume that ><m and ¢ are defined over a field L of

finite type over Q. Add to L three of the branch points z of the

192:°3
cover. Let y:P, ~» P be a linear fractional transformation that takes

Z)12ni23, in order to Uyln s, where the u's are algebraically independent

Indeterminants over L. Instead of ¢, consider the morphism tP"=LP°<P:><m >
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IP‘Z defined over L(u), and denote the algebraic closure of @ in L by K. Note

that specializations of L(u) that leave @ invariant constitute a three di-
mensional family.

A standard argument shows that there is a variety ¥V with function

field over K isomorphic to L(u) and a variety 9 “with a finite morphism ¢
T ‘UXlPé with the following properties:
(2.1) a) ¥ and & are defined over K;

b) for veV generic, the fiber & v as a cover of [Pé by projection on

the second factor of ‘lf><lP'Z is equivalent to the cover ¢”:X - = Pé;

¢) the natural map \y(v,‘m,g): = mg is onto a Zariski open subset

of mg and its general fiber is of dimension at least 3; and

d) for each veV, the cover & v b [Pé has exactly r branch points.

Indeed, once we have a variety ‘U] over K with function field isomorphic

to L(u) we form ‘UIXIP’Z and take the integral closure of this variety in

L(u)(xm). the field of functions of xm over L(u). The result is a finite

7

o9

morphism & |

> ‘Uﬁ[Pé [M; p.396-397]. Also, all of the properties

a), b) and ¢) follow for this family automatically. By removal of a closed
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subset of codimension at least 1 from ‘U] we get V' for which d) also

holds. O

Proposition 2.3: Syppose that Xm 15 g generic curve of genus g with
g>1. Suppose that there is a diagram (1.4). Then either V=Xm o Yisor

genus 0. In particular, Tor g>1, all subgroups or elements or & g(solj

arising as the stabilizer or a maximal system or imprimitivity are mem-

bers of § 9(30/)/7 g g(pr/'m) :

Proof: The first part is in [Fr,2; p.26], but the key points can be said

quickly in terms of 1, . and mg, where g =q(Y). From (1.4) there is a ra-

g

tional map r:mg = ‘m,g,. Let 7, be the image of this map. Also let r be the

number of branch points (on ) of the cover t?':xm—»Y in (1.4). By replacing
T, by a nonempty Zariski open subset of I, we may construct a new vari-

ety g"ﬂ, with these properties:

(2.2) a) there is a surjective map V:Tg> Tand a map ATy »‘m,g

such that I'eA is V;

b) for n contained in a Zariski open subset of 9, the fiber U‘ﬂ, o

over n is isomorphic to (Yn)(" ), the symmetric product of arepre-

sentative of the class of n;
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¢) A\ is defined by mapping the class of xm to the point of the fiber

over n=[Y] that consists of the divisor of degree r on Y composed
from the branch points of ¢ ; and
d) A is birational.

Indeed, construct ?n by taking the integral closure of T, in the function

field of (Yn)(r) with Y, a representative of the generic point n of 1.

Verifying (2.2) is similar to verifying (2.1).

Since dim(‘a'n) is at most 3g-3+r (Principle 2.1)conclude easily

from (2.2) d) that 3g-3<3g-3+r. Also, from the Riemann-Hurwitz formula,
20-22 deq(9”)(2g"-2)+r. Thus g -1+r/32deq(9’)(g -1)+r/2. If g >1, then
deg(9")=1. Note that if g’=1, then r=0.

Now suppose that gg(sol) is nonempty . We are done if gg(sol)\
gg(sol)ﬂ gg(prim) is empty. Otherwise there is a diagram (1.4) with Y74
Xm or [P‘Z . But from the first part, Y is of genus zero (i.e., isomorphic to
[P'Z ). Thus the Galois group arising from xm—> Y, the subgroup stabilizing

the system of imprimitivity corresponding to Y, is in gg(sol). Continue

this process until Y corresponds to a maximal system of imprimitivity. B
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$2.2. DEGREES OF SIMPLE COVERS: We investigate the exceptional cases for

g=3,...,6 that occur in Proposition 3.1 with the aid of the following two
principles:

Principle 2.4:/kL/ The smallest possible degree nig) ror which every

surface X of genus g has a covering X =P 2’, of aegree n i1s Mg)=l{g+*3)/2]

Principle 2.5: /7 any surface X of genus g has a covering X = PZ’, or ge-

gree d, then some surface X'~ of genus g has a simple branched covering X~

= P or gegree n. In particular, S £ QCDr/'m) 1T and only 11 n2l(g+3)/2/

Proof: Apply Riemann's existence theorem (§1) to X - IP;, to get a
description o of the branch cycles of the cover. Each ; can be written

as a product of ind(oi) 2-cycles, T T .., u=ind(c5i). Now juxtapose

S iu
the 's to give a branch cycle description of a simple branched cover X~ -
[P"Z of the same genus and degree as X - rpé . An argument using the

branch points as parameters can be easily constructed (as in [Fr,2:84]) to

show that such a simple branched covering X' - [P‘Z can be put in an

algebraic family which includes the original cover X - lPé as a

specialization.
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If Snfgg(prim) . then by Principle 2.4, n2[(g+3)/2]. Conversely sup-

pose that n>[(g+3)/2]. Then the general surface X Of genus g has a map
of degree n to IP‘Z. But from the last sentence of the first paragraph, there
exists a simple branched cover X~ IP‘Z, with X of genus g, that specializes

to the cover Xm > IP‘Z. Thus X is a generic surface of genus ¢, and

Snegg(prim). O



