Generic curves not uniformized by radicals 3.1

§3. MAIN THEOREM; GROUP THEORY AND EXCEPTIONAL CASES: From

Proposition 2.3 we have only to show that § (sol)ﬂgg(prim) s empty for

g

@>6. Excluding Theorem 3.4, we assume in this section that g>1.

§3.1. PROOF OF THE MAIN THEOREM: Suppose that Gegg(prim) Riemann's

r
existence theorem says that there exists an integer r and desn with
properties (1.1).

Suppose that there is a constant « such that

(3.1) ind(oi)‘iom, i=1,..r.

According to Principle 2.2, r>3g. Therefore an application of (1.2) gives

(3.2) 2(n-1)/(3n-2) g with equality if and only if ind(o;)=on, i=1....r.
Proposition 3.1: /n the above rormula, i7" G 15 a primitive subgroup or

S5, with a minimal normal subgroup N that 1s abelian, then n=pe for some

prime p. I p#2 we may take oc=1/3 in (3.1) IF p=2 then we may take

o=1.4 In particular, s applies o the case hat Geg 0{'50/,)/&4'} Q{brmz.z‘.

The exceptional values ror (gn) in (3.2) , with g>/, are
(6,2)(54(4.4)(9.3)(3.3)(3.4)(3.8) and (2.n) Ffor any primepower n.
Proof: Let G be a transitive subgroup of Sn' For o€G the following hold:
(3.3) a) if ¢ has no fixed points, then ind(¢)=n/2; and
b) ind(c)>ind(ck) for any integer k.

Now assume that G is primitive, that H i1s the stabilizer of a point

in the permutation representation and that N, a minimal normal subgroup,
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Is abelian. It is well known (e.g., [Bul) that p®e=n, that the permutation

action of H is equivalent to the faithful and irreducible action of H by

conjugation on the elements of N; and that G=NxSH (semidirect product).

Thus If 0€G has a fixed point, then ¢ is conjugate to an element of H, and

the permutation action of H is equivalent to the conjugation action on N.
From (3.3) we prove the statements about o if we show that for

O€H of prime order, say q,

(3.4)  ind(o)> (g-1)(p-1)n/qp.

But ind(c) is n minus the number of orbits of ¢ acting by conjugation on

N. By the class equation the cardinality of these orbits is

| C\(@)] +(n= | ¢\ (@) /@2 (pe-peTy/q,

From this (3.4) follows.

Consider the exceptional cases for (g,p®) from the inequality (3.2),
2(n-1)/(3xn-2)> g , where «n is the right side of (3.4). For n odd we may
replace « by 1/3. Thus g< 2(n-1)/(n-2) gives (2,any odd primepower) ,
(3,3) and (4,3).

For n even we may replace « by 1/4. Thus g<(2€-1)/(3- 2€-3-1)
gives (g,4), g=3,4,5,6, (3,8) and (2,any power of 2). DO
Remark: Let Q denote those permutation groups G that have a normal
subgroup N (not necessarily abelian) such that G=NH and the restriction of

the permutation action to N is equivalent to the reqular representation of

N. Define gg(Q) ina manner analogous to the above. With slight modifica-
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tion, the proof of Proposition 3.1 can De improved to show that

QQ(Q)ﬂgg(prim) Is empty for g>6. O

§3.2. FINITENESS OF Igg(SOL)ngg(PRm)| FOR g>1: Since S, and S, are

3 20 >4

solvable, Principle 2.5 tells us that the cases of form (g,3) or (g.4) in
Proposition 3.1 actually are exceptions to the Main Theorem if and only if
n(g)<3,4 respectively. For example n(6)=[9/2]=4. This leaves the cases

(3.5) a) (2,any prime power); and
b) (3.8).
The next lemma eliminates (3.5) b) as a possibility and the theorem

following it cuts down to a finite number the possible exceptional cases

that appear under (3.5) a). After this our only concern in describing

9

Q(sol)ﬂgg(prim) explicitly for g>1 Is with the finite number of cases

left over when g=2. In §4 we delineate the possible branch cycles which
arise from the portion of the list remaining from Theorem 3.3,

Lemma 3.2: [et G=(Z/28xSH with H a solvable subgroup of GL(6.Z/2)
acting irreduciply on (Z/2° with e>2. Let T be the subgroup or H generat-
ed by transvections. If T#1, then the irreducible T submodules of (Z/2)
are -aimensional. In particular, it H contains a transvection, then e is

aier.
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Finally , 1r e=3, then 7 divides the order or H. This excludes the
cases or (qn)=(2,8) or (3,8) from being exceptions to the Main Theorem.
Proof: We divide the proof into 4 parts, the first 3 of which consider a
minimal normal subgroup A of H contained in T.

Part 1. Decomposition or N under a minimal normal subgroup of H.lLet A

be as above. Then A is an abelian p-group for some prime p. Decompose

N=(Z/2)¢ as v]@\/z@'“@\/t with v]. an irreducible A module, i=1,....t. In-

deed, if \/l is a minimal A submodule, since H acts irreducibly on N, the

images of v]under H form such a decomposition with h(vi)=vi or

h(\/i)ﬂ\/i empty for each i and heH. Suppose that (Z/2) has a 1-

dimensional T submodule, <v>. Since T is normal in H, then h™%h(v)=v for
each T€T and heH. Conclude that H doesn't act irreducibly on N. This argu-
ment works with T replaced by any normal subgroup of H, in particular A.

Thus all of the irreducible A and T submodules are of dimension at least
2.

Part 2. Reauction to the case H=T and A Is cyclic acting irreaucibly on N.

If v is a transvection, it fixes a hyperplane of N and therefore T fixes a

hyperplane of vi. Thus t(vi)=vi, i=1,...t, and we may reduce to the case

that H=T and N=V,=V. Let (Z/2)IA] denote the image of the group ring of

A in End(V). This is a field. Thus the elements of A represent a subgroup
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of the multiplicative group of this field. Such a subgroup must be cyclic,
and therefore A is a cyclic group.

Part 3. # /s aihearal and dim(V)=2. Denote the normalizer of (Z/2)[A] in
GL(V) by K (it includes the action of T=H). Since this acts as automor-
phisms of the finite field (Z/2)[A], the induced map K = Aut((Z/2)IA]) has
image a cyclic group. Conclude that T/A is cyclic. Since it is generated by
involutions it is of order 2 (or 1). Thus H is dihedral, and for any involu-
tion T we check that dim([z,V))=dim(V)/2. If, however T is a transvec-
tion, then dim([z,V])=1. This gives dim(V)=2 and concludes the first two
sentences of the lemma. If we now return to the general case, the arqu-
ment of Part 1 shows that (if T is nontrivial) N is a direct sum of irre-
ducible 2-dimensional T submodules. In particular, e is even.

Part 4. 7/e case e=3. From the above H contains no transvections. The
order of GL(3,Z/2) is 7°6°4. Let A be a minimal normal subgroup of H. Of

course, this contains a copy of 34 induced from its permutation action If

A stabilizes a line then CN(A)fO, which implies that C,(A)=N. This con-

tradiction to the faithful action of H on N shows that A acts irreducibly
on N. By Part 2 above, A is cyclic, and therefore |A|=7 and |H|=7 or 21.
In this case every involution is in N and it has no fixed points: its index 1s
at least 4. An element of order 7 in H has index 6 and an element of order
3 has index 4. We exclude the case (3.5) b) by noting that r>9. Thus the

sum of the oi's, which should be 2(8+3-1)=20, must exceed 36. For the

case (g,n)=(2,8) we get a similar contradiction with r26. 0O
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Theorem 3.3: Fxcluge the well known case n=2 and G=5S 5 Then the only

possiple exceptional (solvable) groups that appear as the group of the Ga-

l0is closure or some map of the generic curve of genus 2 to P 2,' occur
with n=p€ angd GCS X primitive subgroyp as rollows:

(3.6) a) p=5=n, G= 0"

b) p=3=n G=5 I

¢) p=3 n=9 6=(Z/3)2x508 ;

&) p=3, n=9, G=(Z/3)556/(2,3) .
e/ p=2, n=4, G=S3 . and

1) p=2 n=16, G=(Z/2)%(Z/2)55((s PS5 P2/2)

Proof: From Principle 2.2, r26, and in our previous notation, the

r
Riemann-Hurwitz formula gives, E ,

ind(oi)=2n+2. Apply (3.4). For

r
p27, ind(c;)2(3/7)n. Therefore, Z

ind(oi)z (18/7)n 2 2n+4 and there

are no examples. We break the proof into two parts according to n odd or
even.

Part 1. » /s ogg 1f p=5S a similar computation shows that
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r
Z, ind(oi) 22n+2n/3>2n+2 if n>S5. If n=5, equality implies ind(o’i)=2,

‘:

i=1,....6. The only solvable subgroup of 35 generated by such elements is

D]0 where g; is a product of two disjoint 2-cycles, i=1,...,6.

For p=3, consider the possibilities for the action of ¢ on the vector
space N as in the proof of Proposition 3.1. If ¢ fixes no points, then
ind(o)2n/2. Otherwise, we may assume for the index calculation that
O0€eHCGL(e,Z/3). If ¢ is an involution, then v+o(v) is fixed by ¢ for each

VEN. These fixed vectors form a subspace N]. There are 2 possibilities:

(3.7) a) N] is a hyperplane (i.e., ¢ is a reflection in N]), and

ind(c)=(3€-3e-1)/2 =n/3; or
b) the fixed subspace of ¢ has order no more than 3€~Z elements,
and ind(o)2 (3€-3€-2)/2 =n/3+n/9=4n/9.

[f ¢ is not an involution, but ¢ is a transvection (i.e., ¢ fixes a hyper-

plane N, and o(v)-veN, for each veN) then ind(c)=2(3e-3e-1)/3 =4n/9.

Otherwise, ind(c)2n/2. Clearly, if n>9, either all o;'s are reflections and

the sum of the indices is rn/3#2(n+1) for all r; or at least one of the gi's

is not a reflection and, since r26, the sum of the indices exceeds 2(n+1).

Here are the actual branch cycle possibilities for n=p=3, G=53:

(3.8) a) r=6, four of the 0,'s are 2-cycles and two are 3-cycles;
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b) r=7, six of the Gy's are 2—cgcles'and one is a 3-cycle; and
¢) r=8, and all of the g;'s are 2-cycles.

For n=9 the oi's that are reflections have index 3, transvections
have index 4 and multiplication by -1 on N has index 4. Suppose that ©
and v are involutions that generate DB' with ot of order 4. We may as-

sume that the action of ¢ on (z/3)? is given by mapping (c.8) to (-x,B),
and similarly, that the action of 7 is given by mapping («,8) to (8,x). Here

are the actual branch cycle possibilities for n=9, G=(Z/?>)2><‘5D8 }

(3.9) r=6, four of the di's are reflections and the other two are

involutions of the form (vi(cz)?) with veN-{(0,0)}.

In order to list the branch cycle possibilities for n=9,

G=(Z/3)2><SGl with G,=6L(2,2/3) or SL(2,2/3) note that SL(2,2/3) con-

tains no reflections. Thus it is ruled out since, as above, at least four of

the oi's must be reflections. Consider the transvection

11 0 -1
A=(0 | ) and B=(0 : ) a matrix that is the product ot from 08 above,

Also, A and B generate SL(2,Z/3). Since ¢ and T have determinant -1, ¢,
and « generate GL(2,Z/3). We therefore have the possibility for (3.6) d)
that

(3.10) r=6, two of the g;'s project in GL(2,2/3) to g, two of them to z,

and two of them to A.
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We have said enough about the odd degree case for now.

Part 2. p=21f n=4, then the sum of the indices of the oi's must be 10.
Since r26 this rules out the possibility that each of has index at least 2,

and therefore it isn't possible that G=A4. As in (3.8) there is a long, but

obvious list of the possibilities. The extremes for r are of the most inter-
est to us:

(3.11) @) r=10, all of the 0;'s are 2-cycles; and

b) r=6, two of the g;'s are Z-cycles and the remaining four are

some combination of 3-cycles and products of two 2-cycles.

Now assume that n=2€ with e24 (Lemma 3.2 excludes the possibil-
ity of e=3). Use the notation of Lemma 3.2. The following list indicates
possibilities for the indices of elements o¢eG:

(3.12) a) if o is a transvection, then o fixes 2€~1 vectors and ord(o) is 2

(overz/2), so ind(g)=n/4;

b) if ord(c)=3, then ind(0)>(2/3)(2€-28-2)=n/2; and

¢) if ord(¢)=2 and not a), then ind(c)>3n/8= (2€-2¢-2)/2,

d) if ord(0)25, then ind(c)>Sn/8=(below);

e) if ord(o)=4, ind(c)>n/2 and if oZisn't a transvection, then

ind(¢)>5n/8 (below); and

f) if ord(0)=3 and |[o\NI|216, then ind(c)>2(2€-2€-4)/3=5n/8

(below).

The remainder of the proof is organized into five points of which one cov-
ers expansion on (3.12) d) and e), three cover a list of possibilities on the
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number of transvections among the Si's and the final gives the example in

which e=4,

Point 1. (3./2) @) and e). First consider (3.12) d). If ord(c) is an odd
prime p then ind(o)=(p-1)(2€-21)/p where f is the dimension of the fixed
point space of ¢. Since GL(3,Z/2) has order relatively prime to S, if p=5,
then e->4. Similarly, since GL(2,Z/2) has order relatively prime to p for
p>3, then e-f>3 if p>5. Thus in these cases ind(c)>3n/4. Applying (3.3) b)
we are reduced to the case that ord(c) is divisible only by the primes 2
and 3, and if suffices to establish this in the case that ord(c)=6,8 or 9.

In the case that ord(c)=9 we may count the number of 9-cycles by
similar thinking to the above: The number of 9 cycles is the number of 3-
cycles of 3. So there must be an integer t such that o3 has (2€-2t)/3 3-
cycles, which come together in groups of three from the 9-cycles of o.
Thus ind(0)28(2€-21)/9 where t is the minimal integer such that 2€-2t is
divisible by 9. That is t=e-6, and (3.12) d) follows from (8/9)(63/64)>
3/4. For the other two cases we use the following formula. If orb(g) is
the number of orbits of ¢ and ord(g)=d, then

(3.13) 2) om(o)=( 4 |Fi><(oi)|)/a.

This follows from Frobenius reciprocity in the inner product formula

(x,l)<0>=(l,l)m, where X is the character of the permutation represen-

tation of <o> and M is the subgroup that stabilizes an integer in this

representation.
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If d=6, then orb(0)=(2 |Fix(c)|+2 |Fix(c®)|+|Fix(c®)|+n)/6. IT we

write ¢ in  rational canonical form it is clear that

)Fix(a)lgn/s.|Fi><(c52)|_<_n/4 and |Fix(d3)|§n/2. Therefore orb(c)<3n/8

and ind(c)=n-orb(c)>5n/8. The exact same arqument applied in the case
that ¢ is of order 8 gives ind(c)=n-orb(c)>(11)n/16.

Now we consider e). Apply the above for o of order 4 to get

0rb(0)=(2|Fix(o)l+2|Fix(d")|+n)/4§n/2. But, if o2 isn't a transvection,

then |Fix(02)|3n/4 and | Fix(o)|>n/8. Conclude e).

Point 2. £xistence of at least | transvection and 2 nontransvections

among the a/.’s. Since r26 and e>3, if there are no transvections among the

di's the sum of the indices of the di‘s is at least 2n+(n/4)>2n+2. Conclude

that there is at least one transvection. From Lemma 3.2, e is even. We
treat the case e=4, as in (3.6) f) in Point 5. Assume now that e=6.

Let T be the (normal) subgroup of H generated by transvections. If
all but one of the 0y's are transvections, then H=T and Lemma 3.2 implies
that e=2.

Point 3. 77e impossibility of exactly 2 nontransvections among o /,’5»‘. If
exactly two aren't transvections, then H/T is generated by a single ele-

ment, and so is cyclic. Suppose that |H/T|=2. From Lemma 3.2 the irre-

ducible submodules of (Z/2)€ would be of dimension at most 4, contrary to
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the irreducibility of the action of H and e>S. Therefore IH/T|=m>2. Thus
these two nontransvections have order at least m.

If 0=0;, then HC<T,0>, so0 O must transitively permute the irre-

ducible T submodules of N. Also, no two T submodules of N are T-isomor-
phic (a given transvection can act nontrivially of only one irreducible
submodule). Thus |[o,N]|>16. By (3.12) @), e) and ), ind(c)>5n/8 and the

sum of the indices of the g;'s must be at least 4(n/4)+2(5/8)n>2n+2,
Point 4. /mpossibility or 3 nontransvections among o ;5. 5ince the sum

of the indices of the gi's is #0 mod 4, one of the nontransvections must

have index #0 mod 4. We show that this nontransvection must have index
at least (S)n/8.

[f not, then (3.12) d) implies that 0=0; has order at most 4. We list

the cases. If ord(o)=2, the Jordan canonical form of ¢ shows that o fixes
at least 2¢/2 elements so that, since e>6, ind(o)=0 mod 4. If ord(o)=3,
then |Fix(0)|=1 and ind(o)=2(2€-1)/3 >5n/8. Finally, if ord(c)=4 , then

~ind(o)=0rb(0)=(2 | Fix(c) | +2 | Fix(c®) | +n)/4 mod 4 from Point 1. If ¢°

is a transvection, then o has exactly one Jordan block of size at most 3,

and so | Fix()| is a multiple of & (and |Fix(c®)|=n/2). Hence ind(c)=0

mod 4. By (3.12) e), ind(0)>5n/8 as claimed. Therefore (again the formula

of Point 1) the sum of the indices of the di's is at least

(3n/4)+6n/8+5n/8=2n+n/8>2n+2.
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Point 5. ¢=4 From the first part of the proof of Lemma 3.2 conclude

that the subgroup T of H generated by transvections acts as r11=:53><53

acting on N=(Z/2)2x(2/2)? through action of Sg on (Z/2)%/<(1,1,1)>=(2/2)?

3
In the standard degree 3 permutation representation. Note that in the
argument of Point Z the possibility of |H/’T]=2 was left open when e=4.

[t Is easy to conclude that H is S3XS3><SZ/2 where the action of Z/2 is

the switch on the two copies of 53 (and on the two factors of N). The de-

tails on possible branch cycle descriptions ¢ appear in§4.4. O

§3.3. INSPECTION or|gg(sm)ngg(rmn)|fon g=1: The last theorem of
this section shows that in the case g=1, the elements of

gg(sol)ﬂgg(prim) are groups whose degrees n are either of the form 2€,

3€, 5€ or 7€, Of course, as explained in the introduction, we expect that

91(sol)ﬁg](prim) Is actually finite. We have one further duty in this case
before we go to Theorem 3.4. That is to explain the relation between
9,(sol)ﬂgl(prim) and gl(sol) considering that Proposition 2.3 assumes

that g>1 (cf. Acknowledgements).

Indeed, in diagram (1.4) we must allow one further possibility. If
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(3.14) Pilley = ¥ IP‘Z , With X the generic curve of genus 1,

then either Y is of genus 1 and xm = Y is an unramified Galois cover with

abelian group of rank at most 2, or Y is of genus 0. In the former case Y

is itself a generic curve of genus 1 (not necessarily isomorphic to Xm).

Recall that genus 1 curves (over an algebraically closed field) have the

structure of an abelian group. With no loss we may assume that the ori-

gins of the group structures for Xm and Y have been chosen so that ><m >

Y is an isogeny of elliptic curves. In particular, this is a Galois cover
with group a quotient of (Z/u)? for some integer u [L: p.24]. We explain the

implications for the relationship between gl(sol)ngl(prim)) and 9](501)
(or between 91(prim)) and 91).

Suppose that G1691 is a subgroup of the wreath product of V, a

quotient of (Z/u)? for some integer u, and a group G (i.e., a subgroup of

\/kxse via a permutation representation of G of degree k). We say that G
and G] are elementary wreath equivalent. This generates an equivalence

relation. From the above comments if Gegl(resp., gl(sol)). then it is a

subgroup of a series of wreath products formed from groups G,....G
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where G,, is elementary wreath equivalent to an element of gl(prim)

(resp., gl(sol)ﬂg](prim)) and Gi,ego(prim) (resp., go(sol)ﬂgo(prim)),

1=2,...,v. We are willing to use the elementary formula (3.15) from the
still incomplete [GTh] on the principles that this will appear right up
front in that paper and that this use will help clarify the relationship
between this paper and that.

Theorem 3.4: 77e only possible degrees or primitive solvable groups that
appear as the grouyp of the Galois closure of some map or the generic

curve or genus 7 to P Z’ occur with n=p€ ., with p equal to 23,5 or7.

Proof: From Principle 2.2, r=24, and in our previous notation, the Rie-

r

mann-Hurwitz formula gives, E 1 ind(di)=2n. An application of (3.4)

l=

here when g=1 falls short of giving us the opening argument of Theorem
3.3. Instead we borrow a more precise statement from [GTh]. If |o]=d ,
then
(3.15) a) ind(0)2 (d-1)(p-1)n/d'p if ¢ has fixed points; and

b) ind(c)2 (p-1)n/p if ¢ has no fixed points.
we divide the remainder of the proof into two parts.

Part 1. Reauction to the case that r=4 and ordic /)=2, /=1,234 First

Assume that at least one oy, say O\, has order greater than 2 and, of

course, that p>7. Therefore,

y
Z‘=l ind(di)Z(S(D- 1)/2p+2(p-1)/3p)n>2n+2
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unless p<13; and in the case p=13, lai |=2,=1,2,3, and |o4|=3 and each

;
o, leaves a hyperplane fixed. But in this case I I ,

]:

det(c;)#1, contrary

I Ir
to . det(ai)=l. Actually the same formula works for the case

l=

p=11, with the observation that since 11#1 mod 3, (3.14) gives an im-

proved bound for |G4|. Conclude that if p exceeds 7, then all of the o'

are of order 2.

Part 2. Concl/usion Use the above and that 0]‘62‘ 03'0 4=l to conclude

that o0, generates a normal subgroup of G (which, because of primi-

tivity, cannot fix an integer of the representation), and therefore that G

is the dihedral group of order 2p. Finally, this implies that ind(dl-)=(p—

1)/2, contrary to the sum of the indices of the oi's equal to 2p. ad



