Generic curves not uniformized by radicals 4.1

§4. DETAILS ON NIELSEN CLASSES IN THE EXCEPTIONAL CASES: In
this section we give detailed description of the branch cycles o, as in §1,

that give rise to covers X - IP'Z with X of genus 2 which correspond to the

items of list (3.6) for which G is not Sn for some integer n. For most

questions these are the toughest cases. Each of these consists of a finite
number of subcases with each subcase collecting together a class of cov-
ers called a Ne/seén class.

§4.1. NIELSEN CLASSES AND THE HURWITZ MONODROMY GROUP: Let G be a sub-

group of Sn and let C] ..... Cr be nontrivial (not necessarily distinct) con-

jugacy classes of G.
Definition 4.1: The Nielsen Class of (C,G) is the collection (assumed
nonempty)

(C)={ el - o g | i
Ni(C)={o€Gr | G(0)=6, Gy *"0,=1 and for some o€S, Oy £C.i=1...., rl.

We say that a cover X » P' is in Ni(C) if any (every) description of the
branch cycles o of the cover (as in §1) is in Ni(C). Note that it makes no

difference in what order we list the conjugacy classes.

The normalizer, N(C), of the Nielsen class is [tesnlconjugation by ©

permutes C,.....C.}. It acts on Ni(C) by conjugation: ¥eN(C) maps o€ Ni(C)

to ¥~ lo¥. Denote the quotient of this action by Ni(C)ab, the absolute

Nielsen classes.

The collection of covers ¥ belonging to a given Nielsen class forms

a natural moduli family. That is, ¥ is a complex manifold with properties
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similar to those of ‘]Tl,g given in (1.3). If the Nielsen class is of covers of

genus g, from (1.3) there is a natural complex analytic map

(4.1 \P(%.‘m,g) ¥ - mg.

The main geometric principle merely restates the condition that the

generic surface X of genus g can be presented as a cover lP*“Z in the given

Nielsen class:

Principle 4.2: 7he map (4.1) I's surjective onto a Zariski open subset of

/8 g I7-anag onty ir the generic curve orf genus g has a map to P Z’, with a

qescription ofr its branch cycles in the Nielsen class gescribed by %.

The reader does not need to learn the theory of the space ¥ in de-
tail since all of its known properties and applications (e.q., [BFr] and [Fr,1,
2]) are effected through explicit computations using the action of the
Hurwitz monodromy group on explicit finite sets that arise from the
Nielsen class data. For example, transitivity of H(r) on Ni(C)al is equiva-
lent to the connectedness (or irreducibility) of ¥.

The Hurwitz monodromy group of degree r is the free group on gen-

erators, Qi , 1=1,...,r=1, subject to these relations:

Q:Q

(42)2) ;Q;,,Q; =Q;,,QQ,, . i=

b) Q;Q; = Q;q; for |i=j|>1: and
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c) Q]Q2 Q._Q Q

r-1%r- =1

I

We denote the group generated by the Q;'s by H(r). Note that the
Q;'s act on geGr by the formula (O)Qi=

1 .
1 0i-129%541%; " 19):0jagraGph 151

Thus they induce a permutation representation of H(r) on Ni(C)ab. Also

there is a natural permutation representation <Dr:H(r) = Sr by Qi = (i i+1),

i=1,..r.

In this section H(r) appears as a tool for organizing the combina-
torics of Nielsen classes. But in § 5, stretching the known theory a little,
we propose H(r) actions that may provide a combinatorial check for the
surjectivity of the map of (4.1). Since the computations are difficult we
do just one example as motivation for others to improve the method of
computation. Thus there will still be Nielsen classes in the list of (3.6)
for which we cannot state for certain whether or not the generic cover of
genus 2 appears among them. This is also true (§5.3) for the analogue of

Principle 2.5 for deciding, given g, for which integers n the alternating

group Anegg(Prim).

§4.2. THE STRUCTURE CONSTANT LEMMA: The examples of §4.3 will baptize
the reader in the combinatorics of these definitions. Suppose that we

know the irreducible representations of a group G. Then there is a
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device from representation theory that makes short work out of counting

the number of solutions (0],...,cr) to

(4.4) 01"'<5r=1 with dieCi,i=l ..... r.

[n this next lemma only let C stand both for a conjugacy ¢lass in G and
also for the sum of the elements in C as an element of the group ring of G
over Z.

The Structure Constant Lemma: /ef Y@, a=/,2,...,5 run over the char-

acters or the irreaucible representations of G, and let ¢ f /=1,..,8 run over

the distinct conjugacy classes of G. Then the number of solutions to (4.4)

/s 36/'6/,...,6“/_#
A ([, 16)7 [61) 5,000 ) 200 )01,

where y /s @ representative of C » =tz

Proof: Define Cijk by the relation

S . . . .
Ci-cj= E k ]Cijkck (multiplication in Z[G]).

From it we get this relation [H;Theorem 16.6.10, p.277]:
(4.8) (|c;] |(:j | /XA XA D)=Z, <, |, | xatz ),



Generic curves not uniformized by radicals A

where 7; is one of the elements in the sum C;. Multiply (4.6) by Ya(?:k)
and sum over "a” using > Xa(v JXa(z,)=6 ,, 16]/]C,| H:p.275], to get
(47 ¢y 2, (c | |cj | /X3(D)(KA(, )Xa(?:j))(a((tk']))/ 16].

Now If we consider the equation, 0,0 03=1 with GiECi‘ i=1,2,3, by re-

172
placing 7, by G, tj by G, and (tk)“‘ by o3, the number of solutions is
36(C1.C.C)= (| ¢y | [C, | | 5] /|6 DT, Xalo xa(o,)xa(a3)/xa(1).

For general r, count the number of solutions of (4.4) by an induction.

We illustrate with the case r=4. The strategy is to compute the solutions

to the equations (510'2='C' and (53(54=’C_] , and then let T run over all of G.

If k is the subscript of the conjugacy class of % and t of =71, then the

number of simultaneous solutions to these equations with 7 fixed is

(48) ¢y Caar=( T, (€ || €| N0 DX X3 1) | 6] )y
(ZpllCs] 1€y ] XOCM(XP(eo)XD(E )XD(2))/ | 6 ])).
Now apply the formula xa(t'l)xb(t)=|6|6ab. to see that the sum

over T of (4.8)) is (4.5) in the case r=4. O
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§4.3. CASES (3.6) a), C) AND d) OF THEOREM 3.3: We treat the three cases
separately using details from the proof of Theorem 3.3. There is a lesson
here for the reader who may not be acquainted with group theory. As we
move from case to case, an application of §4.2 requires increasing skill to
construct the values of the characters of the group on conjugacy classes.
To an untrained eye the groups look easy, but with the possible exception
of (3.6) a) this is a deception. Use of character theory is a considerable
shortcut to these computations. It is best to accept that the computation
of the characters of these groups is a difficult task that takes up consid-
erable space in literature known mostly to group theorists (e.qg., [Al). In
other words, it is better to have a group theory consultant available,
rather than to regard this as a body of knowledge that must be learned,
should you want to imitate these computations for any one of the many
possible applications.

Note that after the computations of this section our main remaining
concern (§5) is whether the genericsurface of genus g=2 has a covering
map in Ni(C), for each of the Nielsen classes of the cases below. That is,

in which of these cases is (4.1) surjective?

Case 1:(3.6)a) p=5=n G=0 Jp - We have already learned that r=6; that o
has entries from the conjugacy class of 55 consisting of products of dis-
joint 2-cycles; and that G(d)=D]0, the dihedral group of order 10.

Any two distinct elements ¢ and T in 55 that are both products of

two disjoint 2-cycles will have ot equal to a S5-cycle. Thus <G,‘C>=D]0.
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For our copy of D10 we choose 0=(14)(23) and ©=(24)(15). In D]0 there

are five 2-5ylows conjugate under the action of o =(12345) (=07), each

characterized by the integer left fixed by its generator (e.q., O corre-

sponds to 5). In terms of Def. 4.1 there is only one possible Nielsen class

to consider: G=D]O and C]=C2=“'=C€J and all are the conjugacy class of

. Therefore absolute Nielsen classes , Ni(C)aD, are represented by ele-

ments (0,02,03 ..... 06) (i.e., G]=O) as follows:

(4.9) a) 0,70 for some i=2,...,6; and
b) 00,03 " Og=1.
From (4.9) a) the element (0,0

/030w 0‘6) and 0(0,02,03 ..... 06)0'

represent the same element of Ni(C)ab. In the case at hand a special de-

vice works handily to efficiently list elements of Ni(C)aD : associate to

(0,0,.05,...0¢) the 6~tuple (S.p.3.]g) OF integers from {1,2,...,5} by
of leaves ji fixed. A simple calculation shows that if m=3'(jk-jk+]), then

. o i . | M
O Oy 41 =(0,)M. Thus (4.9) b) is equivalent to this:

(4.10) Zk=1,2,3 Jog-17Ioy = 0 mod S.
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From (4.10) conclude that given 62,03,64,65 there is a unique o, that

6

satisfies (4.9) b), and that there are (1+5+52+53)/2=13-24 elements of
Ni(C)aD. We, however, haven't yet dealt with whether the general surface

of genus 2 has a map to IP'Z in this Nielsen class.

Case 2: (3.6)¢)p=3 n=9 6=&Z/5)2*‘505 .Below we label elements of G

using the notation (v;o”) with ve(z/3)? and o'eDS. Following the format of

Case 1, from expression (3.9) we have already deduced that we may as-

sume with no loss the following: with ¢ and T involutions where o7 is
-10
of order 4, Dg=<0,7>; the action of & on (2/3) is given by ( 0 ) and

1
4 o 01
the action of = is given by . Furthermore, r=6 and actual branch cy-

cle possibilities ¢ satisfy the following conditions:

(4.11) a) two of the O;'s are conjugate to (0;0);
b) two of the O;'s are conjugate to (0;z);and

¢) two of the o;'s are conjugate to (0:(57)?).

We will denote the conjugacy class of (Vig') in G by C(v;0') .

There are S conjugacy classes in Dy C(1): Clo); C(z); C((o7)?): and CloT).

An easy computation gives the following list of conjugacy classes in G:
C(0;1) ord. 1, card. 1; C((1,0):1) ord. 3, card. 4; C((1,1):1) ord. 3, card. 4;
C((0,0):0) ord. 2, card. 6; C((0,1);0) ord. 6, card. 12; C((0,0);7) ord. 2,
card. 6: C((1,1%%) ord. 6, card. 12; C((0,0):(c%)?) ord. 2, card. 9
C((0,0):07) ord. 4, card. 18.
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As in Case 1 there is but one Nielsen class to consider, Ni(C) with

C,=C,=C((0,0%:0), C3=C,=C((0,0);%) and C =C((0,0):(07)%). We first

5=Cp

compute the cardinality of the subset of Ni(C) consisting of 7 such that

T;€C;, 1=1,...,6. Denote this SNi(C) (for straight Nielsen classes). There

are S irreducible representations of D8' 4 of degree 1 and one of degree 2

(the complex version of the representation used above on (2/3)2). The
sums of the squares of the degrees of the irreducible representations of
G add up to |G|=72, and there are 9 of these (as many as there are con-

jugacy classes). From this data easily calculate that there are, in addition

to the five from the canonical homomorphism to D four more, each of

g

degree 4. In order to apply the Structure Constant Lemma, we need only

consider those characters X for which

(4.12) X(0:0)%(0:2)x(0:(c2)2)#0.

Formula (4.5) then becomes

(4.13) 2:35 T (x(0:0)x(0:0)%(0:(0 7))/ deg(x)?, where the sum is over
those X for which (4.12) holds.

Each character of degree 4 is determined by taking a 1-dimensional non-

trivial character ¥ of (2/3), extending it to be trivial on the centralizer

in Dg of the line L in the kernel of the homomorphism defining ¥, and then
forming yG, the character induced on G. The centralizer of a line will be a
conjugate of either o of 7; let's say the former for explicitness. Then the

4
value of the character, E \P(o<i’C'(o<i)_]), with the o<i's coset repre-
i=1
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sentatives for the group generated by Lx<o> in G (with the understanding

that \P(cxi’c(mi)'])=0 if o<it(o<i)“ isn't in Lx<g>) is 0.

Thus (4.13) is 8-35. O course, we must remove the solutions of
(4.4) that give ¢ for which G(0) is a proper subgroup of G. Then we must
quotient by the action of G by conjugation to deduce that the cardinality
of SNi(C)D, the absolute Nielsen classes represented by SNi(C), is 39-1.

Let H be the subgroup of S¢ that fixes each of the sets {1,2},(3,4) and

{5,6}. Consider (@r)“(H) in H(r) (expression (4.3)). Finally, Ni(C)aD is the

union of the sets that we get by applying coset representatives of

(cbr)“(H) in H(r) to Ni(C)aD, Therefore the cardinality of Ni(C)aD is 61/8

times 3%-1. Again, however, we haven't yet dealt with whether the general

surface of genus 2 has a map to [Pé in this Nielsen class.

Case 3: (36) @) p=3 n=9 G=(Z/3)°x56/(23) . Here G,=6L(2,3),

-10 11
d=( ); and A is the transvection (0 1). Of course, in GL(2,3) there

0 1
is just one conjugacy class of reflections and one class of transvections.

In the notation of Case 2, our Nielsen class Ni(C) is given by this data:

o g ==K

1 =C,=C5=C,= C(0,0):0): and C=C=C((0,0):A).

From the Jordan normal form we deduce that there are 8 conjugacy

| -1 -1
classes in G] represented by 12, -12, g, A, B]=(0 _])- Bf( 1 0) '
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(82)‘1and (82)2. The first task is to construct the character table of G,

We borrowed the character tables of S, and SL(2,3) from [l;p.287-

4
288]. From this we got the table for GL(2,3) on the basis of these two

simple principles: GL(2,3) contains SL(2,3) and S4 18 GL(2,3)/<-12>

through the action on the lines of (Z/2)2; and each representation of the

latter is a representation of GL(2,3) and the representations p of the for-

GL(2,3)
mer give induced representations PsL(2.3) of GL(2,3) which may or may

not decompose into irreducible representations of GL(2,3). When we com-
pleted the representations of GL(2,3) that arose from these, we found that
the sum of the squares of the degrees summed to 16°3; thus we were
done.

Character Table of GL(2,3):

X Class:l, -, o A B Bz_(ﬂzl"_!ﬂz)z-

X! 1 o 1 1 1 1 1
p L ! 1] - 1 1 -1 | -t 1
X3 2 1210 |-1] -1 0 0 2
x4 31 31-1]0] o0 -1 | -t 1
X0 3 1 31-1]10] 0 ! 1 -1
%6 2 | =20 0 | -1 1| iy2 | -iy2 0
b 2 | =21 0 | -1 | 1| -2 | V2 0
X8 4 | -4] 0 11 -1 0 0 0
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The characters of S4 are the first five in the table, X6 and X/ re-

strict to conjugate irreducible characters of SL(2,3) and X8 restricts to
an irreducible character of SL(2,3).

Now compute the conjugacy classes of G. The conjugates of (v,T) by
elements of N consist of the elements (w-wZT+v,z) as w runs over N. If ©
has no eigenvalue equal to 1, then the linear map w » w-w¥ is one-one
and this conjugacy class equals Nxt. On the other hand, since GL(2,3) is
transitive on N-{0}, Nx1 consists of two conjugacy classes; and Nxo and

NxA have, each, 3 conjugacy classes under N. The latter two instances,

however, have two conjugacy classes under N fuse under the action of G]

(e.g., (0:-1)((0,b):0)(0:-1)=(((0,-b);0)). Thus there 11 total conjugacy
classes in G.

Each of the 8 characters of G] above gives an irreducible represen-

tation of G through the natural map NxSG] - G]. The sum of the squares

of these representations add up to 48. Other characters of G arise by in-

ducing the characters above from G, (embedded in G) to G. For each p:G,

> GL(n,C) the induced representation applied to (v;t)e(Z/3)2xSGL(2.3) is
given by a matrix (with matrix entries)

........

G

(1
pGL(Z,S)(V;t)= o plwy TWH VLT L

over all W, and w2 in N,
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(4
with the understanding that the matrix entries are 0 unless Wi Woty is

0. Thus tr(pG(v;z))=k  _tr(p(t)) where k is the number of w such that
P vz P V,T

wT-w+v=0. Note that there is a unique such w unless = has 1 as an eigen-

value.

We need three more characters of G, and two of them are obvious:

G . o il
IGL(Z,B) breaks up into the identity character and a character ly] of de-

gree 8; and the sign character X< induced to G breaks up into X2 and

X2y, also of degree 8. Let p be any nontrivial character on N. For ex-
| g p y

a
plicitness we take p to be given by (a,b) - p(a,D)=C3. we will show that

G G
PN (formula similar to that for pGL(Z,S)) breaks up into the sum of !,

X2eyl and two copies of Y2, an irreducible character of degree 16. This

is all determined by using the following inner product computations:

6 6 G G
P loles) I° E NN (5 3)(v:0)/ | 6] =
(v;0)

G
ZP(VG)'GL(Z,s)(V”)/iG|=‘ (since only v=0 contributes); and

o
v

G G G G Ly
PPN =Z pn(Vio)py(vio)/ 6| =Zv > 5P(VO)T 5p(vO)/ |6|=
(v;o)

= 243(324+6)
({GL(2.3)HGL(2.3)|+ZV740 Zcp(vﬁ)zop(v"))f |6]= 3304
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where p indicates complex conjugate. That is, the first computation shows

G
that the two representations of degree 8 appear in py with multiplicity 1.
. . .G . .
Since the other representation appears in 1, somewhere, and it appears in

G
none of the representations of G1, it must appear twice in e The sums

of the squares of the degrees of these representations add up to the order

of G, so we have found them all.
[n order to apply the structure constant formula we use only the

characters that have nonzero values on both (0;0) and (0:A). For the char-

L . G .
acters of G] It 1s just those of degree 1. Also, since 'GL(2,3)(O‘G) is the

number of v's such that v-vO=0, ¥1(0;0) is 2; similarly x2ey1(0;0) is -2,
Y 1(0:A) is 2 and X2ey1(0:A) is -2; and finally from the formula

G
2\p2+q;l+x2®\p1=|GL(2'3),
) 26 N
Y20:M)=0. Thus ag(C)=2|Cr. 1|4 Cg.n)12 oo /|G|. Again this

suffices for the odd degree cases.

§4.4. CASE (3.6) F) OF THEOREM 3.3: Some readers may have thought at
the beginning of this paper that solvable groups whose composition fac-
tors are small must be easy. This example will shred the vestiges of that

naiveté. Recall that p=2, n=16, and that

G=(2/2)2><(Z/2)2x5((s3x53)x52/2).
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Following Thompson, present G as a subgroup of 58 with these gen-

erators: o«=(12)(34), B=(13)(24), A=(123), p=(12); ¥=(56)(78), §=(57)(68),
p=(567), o=(56); m=(15)(26)(37)(48). ldentify N=(Z/2)? x(Z/2)° with
<x,$,8,8> , P=<),p> is of order 9, and D=<p,7t> (=<p,7,0>) is dihedral of

order 8. Furthermore, P is normal in G]=PD which we identify with

(S3XS3)><52/2. Finally, let GO be the normal subgroup of G of index 2 gen-

erated by the conjugates of p. Then G, the commutator subgroup of G, is
<pd, A N> and it is of index 4. Note here for use below that
(4.14) 1,p,70,p70 are representatives for G/G.

For 0¢G denote the value of the permutation character on the cosets
of G, applied to ¢ by X(o), and denote the index, 2%-orb(c) by ind(c),
orb(g) is the number of orbits of & in this representation. Rows 1-15 be-

low give representatives for classes in G0 and rows 16-20 for G\GO.

The Conjugacy Class Chart:
No. C=Con(z)  C=Con(z® ord(x) [Con(®)| x(¥) orb(z) ind(%)

! 1 1 1 1 16 6 | 0
2 A A 3 16 4 8 8
3 A AQ 3 64 1 6 10
4 A8 A 6 48 0 4 12
5 AG 6 96 2 6 10
6 AGS A8 12 9% 0 2 14
7 x ! 2 6 0 8 8
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8 ¥ ! 2 9 0 8 8
9 p 1 2 12 8 12 | 4
10 pB o< 4 12 0 4 12
X Py 12 36 36 0 8 8
12 | p¥B o< 4 36 0 4 12
13 po 1 2 36 4 0 | 6
14 | poB o< 4 72 0 4 12
1S | poBs ¥ 4 36 0 4 12
16 | A A 6 192 1 4 12
17 T 1 2 24 4 0 | 6
18 | T ¥ 4 72 0 4 12
19 Tt po 4 144 2 6 10
20 | pn8 poBs 8 144 0 2 14

Our goal is to find all integers r>6 and all conjugacy classes, Ci’

i=1,...6, such that for 7 in the Nielsen class Ni(C) of (C,5),

r
Z,_]ind(ti)=2(l6+2—l)=34. With no loss order conjugacy classes so

that the indices of their elements are nonincreasing. Here are the possi-
bilities for the values of the indices:

I ]={ I 2,6,4.4,4.4};12={ I 0,6,6,4,4,4};I3={8,6,6,6,4,4};l4={6,6,6,6,6,4};
l5={6,6,6,6,4,4,4};l6={ I 0,8,4,4,4,4};l7={ I 0,4,4,4,4,4,4};18={8,8,6,4,4,4};

19={8,6,4,4,4,4,4};1 | 0={ 1 4,4,4,4,4,4};11 1={6,4,4,4,4,4,4,4}.
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Since ind(t)e{4,8) implies that ‘CEGO, in order for T to be in Ni(C) at least

two of the z:i's must be in G\Go. This immediately eliminates |

we label the possible C's by using the notation C together with the
representative from the Conjugacy Class Chart:

for I] there is C and C ; for 1,5 there is

AUTLTP.P.P.P M TLP.P.p.p° 7 2

and C #, for 1. there is

“prpo.ppp Ao M e T 13

AT 0,9, Ca.ﬂ.ﬁ,pc,p,p' Cosmm.p0,p,p 3N Commmpo.pp”t T
g there 1s Co e tmpop™ 2 Cmpo,po.p0,p™ 3N fOr I there is
C :
TLIT00.0.0.0.9

Those with a # can be eliminated easily on the following principle. Since

for ©eNi(C) the product TITy T, (=1) is congruent to the product of the

subscripts of the entries of C modulo G, the commutator subgroup of G,
the product of the subscripts of the C above must all be in G. But for
those with a # this product is in G p#G” from (4.14) (e.g., the product of

the subscripts of C is App).

ALTGIGP,P.P
We are now prepared to apply the Structure Constant Lemma in or-
der to count the number of elements of SNi(C) (as in the previous cases of

this section) in each of the possibilities for above. As each C contains
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C and Cp we need only use those characters X such that X(TOX(p)#0.

There are precisely eight such characters (see the argument below (4.17)
for their construction), four of degree 1 and four of degree 9. And the

characters of degree 9 vanish on the elements of order divisible by 3.

Thus in the case when C is one of C , C or
APTLIGP,P,0,9° TAC,TLILE,P,P

C (i.e., when one of the classes represents elements of order

AU PO, 0,

divisible by 3) we have

(4.15)  ag(O)=4|c, | |cs|/|6].

Check by explicit calculation in each of these cases that if v satisfies all
of the criteria for being in Ni(C) except that G(z) is not G, then G(T) is

contained in some conjugate of G,=H. Similar to (4.15) we get aH(C). The

calculations are not difficult from this point for each case:

ag(C )=4-192-24-12%(27-39)=2123% and

AUTCTLP,P.0.P

ay( Y=4-12-6-6%(2332)=26-34

AT p.0.0.p

Thus, precisely 2'0-3% tuples T that are counted in a

st t.p.p.0.0°

must be excluded since they generate proper subgroups of G. Thus

(4.16) a) | SNi(C )ab | =(2 12.34 - 210.34)/ l G ' =23.33l

AUTLTGP.P.P.0

and from this [Ni(C )3 | is easily computed. Similarly,

AUTLTP.0,0,0
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(4.16) b) |SNi(C 212:3%- 210-3%/| 6| =2%-3% ;and

AGTLTL,0,p08D | =

¢) |sNi(c 21-3%-2103%/| 6| =2233

?\,ﬂ,ﬂ,pG,p,p)aD| =
It remains to study the cases where C is one of
C , e .
T TLP,P.P.P° " PTLTL PG, 0,0,0

Cort 00,00 Cocttm,00,p,0 AN Crt,t,00,p.p.p,p° N INIS Case let ¥ be

some irreducible character of degree 9. Then in each of the five remaining
cases

(417) ag(€)=4-[C | |C.[(+w(C ) y(c )/32(r-2)),

If T satisfies all of the criteria for being in Ni(C) in one of these
cases except that G(t) is not G, then G(%)'N=T is the unique 2-Sylow of G

containing G(%). Therefore (aG(C)-32°aT(C))/|G[ is | SNI(C)aD|. As our

standard 2-Sylow take T=D'N. Let l}lo be the unique linear character of T

whose kernel is D*[D,N]. Then the induced character (q;O)G is of degree 9

and can be taken to be Y. Note that [D,N]=<,¥,86>. In order to conclude

the computation of |SNi(C)a| we need a little "fusion” data for use in

the relation (\PO)G(O)=ZtlyO(t)' [Co(D:C(1]  where the sum is over

conjugacy classes of T that fuse to the conjugacy class of ¢ in G.

Fusion Table:
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Reps. o for TC_Reps. t for TT_ [C (t):C (t)(1)] ¥(0)
Tlex Tox, TR E(TMex)GNT 1,2 -1
41 T 3 3
p p 3 3
pTt pTt I I
po po I I
X o, 8 36 -t
=¥ x¥.x8,88 1.4.4 1

Here are the final values of |SNi(C)2D|:

(4.18) a) | SNi(C )ab| =232,

T, TP, P.P.P

i ab| =27
D) SNICC o 0.0 |=2",

; —n4
c) sm(c%mmo,p’p)abl g3,

d)| SNi(C )ab | =232 ang

&, 7,70, 00,p,p

e) | SNi(C )ab| =2711.

TLILPC,.P.p.p.p
There is one last point to be made in this subsection. It might be

called the "coalescing principle.” Suppose that Ge(Sn)r“‘and that ‘ce(Sn)r

Suppose further that there exists j such that Oi=ti for i<j, 0.0, =T,

and Sis1=T, for i>]. We say that © is obtained by coelescing ©.
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Consider a transitive group GCSn and a fixed Nielsen class Ni(C) and

another collection of Nielsen classes {Ni(C]), Ni(Cz) ..... Ni(CU)} (all rep-

resenting G) that are related by these properties:

(4.19) a) for e Ni(Ci) or Ni(C), i=1,...,r, the indices of coordinates of T
sum to 2(n+g-1) with g independent of %; and
b) for each i and each ‘ceNi(Ci) there exists oeNi(C) such that T is

obtained by coalescing o.
The following is proved along the lines of Principle 2.5.

Principle 4.1: Assume that the conditions of (4.19) hold Ir ror some /

the generic curve or genus g has a cover to P z’ n M€ /) then this i1s also

true with Nitc ,.) replaced by Ni(C).

Our concluding point is that (4.19) holds with r+1=7, Ni(C)=

Ni(C and Ni(C.) running over the remaining Nielsen classes
Crpo.pp.pp) @NI(E) ruming ’

of (4.16) and (4.18). Thus, if the generic curve of genus 2 does not have a

cover of P! in the Nielsen class of (4.18) €), then the generic curve of

genus 2 does not have a cover of [Pé inany of the Nielsen classes in (4.16)

or (4.18).



