Generic curves not uniformized by radicals 51
§5. MODULI DIMENSION OF FAMILIES OF COVERS: For each Nielsen class Ni(C), as in

§4.1, there is a map \P(‘.}G(C),‘m,g): H(C) » M, as in (4.1). The goal of this section is to

g

list ideas for using explicit group actions to compute the dimension of the image of

\y(fn;(c),‘m,g) (in particular, to check if it is generically surjective). We call this the

moduli dimension of Ni(C). This is the final check (§5.2) required for the many cases

where g=2 that were produced in §4 to ascertain if they do, indeed, give covers of [P’Z by

the generic curve of genus 2 that have solvable closure. That is, in these cases we check
if the moduli dimension of the corresponding Nielsen class is 3. This will also be used

(§5.3) to give preliminary ideas on how to check for which n the generic curve of genus g

has a map to !sz with An as monodromy group. Part of §5.1 gives an exposition on the

results of [Fr,3].
§5.1. GROUP ACTIONS ON COHOMOLOGY: First, given a cover cP:X-»lPé we must be able to

compute 71(X) (and H1(X,Z)) in terms of a description of the branch cycles for the cover.

Indeed, if the cover is Galois it is back to the well known Schreier construction for gen-
erators of a subgroup of a free group in an explicit way.

Denote by $= {51,...,.0¢} generators of the free group Fr on r generators. Let G=G(0)
with g a description of the branch cycles of the cover. Let G(1)= {¥ ¢ G(o) that fix 1}
and &: Fr » G(0) is the homomorphism induced by o; =+ oy, i=1,..,r. Finally , let H(1) be
§71(G(1)). In order to get free generators of H(1) we need a function p: Fp » Fr  repre-
senting right cosets of H(1), with the following properties : p(1)=1, p(e)eH(1)ex, and
p(hoc)=p(ox) for each heH(1) and «eFp. Furthermore p may be selected to have the following
property :
(5.1)  lengthg(ple))=minneH( 1 )(lengthg(he)) for each oxeFy.
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e(1) €(2)  €n)

From this it is automatic that if plod=s, S, "'s,  isareduced presentation of p(e),

sieS, e(i)e{+10r -1}, i=1,-"* n, then

(5.2) sj(])s;(z)"'sf(l)ep(Fr) for each i=1,...,n.

With these conditions, the collection M={ rsp(rs)- | rep(Fr), seS and rsgp(Fr)} gen-

erates H(1) freely (e.g., [ FrJ; Lemma 15.23 ).

The following is well known: /7" @: X = P/ s a Galois cover, then the Tundamental groyp
or X Is 1somorphic to the image of H(1) in Fr/N where N is the smallest normal subgroup
of Fr containing oot angd OO j=i,..r.

But this definitely doesn't hold if ¢: X » P1 isn't Galois. Return to the group H(1), a
possibly nonnormal subgroup of Fr as derived from the Schreier construction. It is easy to
interpret its quotient, H(1)", modulo the group N: Subgroups of H(1)" are in one-one corre-
spondence with covers X" » X with the property that the pullback over X (i.e., a connected
component of the fiber product Rxxx’ ) is unramified over X. A preliminary step reduces
the situation of a general cover X » P! to the situation where each nontrivial cover Y -
X, fitting in a diagram X = Y =+ X, is ramified. That is, replace X by the maximal unrami-

fied cover XUN of X fitting between X and X [Fr,3; Lemma 2.3].
Lemma 5.1: 7% cover XUN corresponds to the minimal subgroup Hypn of G(1) with the

praperty that the length or any orbit O of o on the right cosets of G(1) Is the same as
the lengths or each of the orbits of oy on the right cosets of H that comprise O, i=1,...r.

Finally, this condition 1s equivalent to the rollowing -
(5.3) o€G(1) IT and only IT et as o runs over all elements of the form

k.
go g~ with geG, k a aivisor of ord(cy) ,i=1,....r.

Again recall the natural surjective map 8:H(1)"~> G(1) induced from &:Fy = G(o).

Whenever there can be no confusion we denote the normal subgroup of H(1)" generated by

torsion elements by tor. In the sense of presented groups it has generators T={ Tz~ ! ]
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TeFr, =0k with k a divisor of ord(cj),i=1,....r, and §(vecz™1)eG(1) }. Denote the subgroup

of G(1) generated by §(B) as B runs over T by Gtgr. If Hun=G(l), then [Fr,3; Theorem 2.5]

gives T 1(><) in terms of branch cycles.

Theorem 5.2: (ke the previaus notation with H(1) the masimal normal subgroup of Fr
cantained in H(1). We may compute I71(x) as the quotient H(1) /N where N is the small-

est normal subgroup of H(1)~ with the property that the induced map from H(l) Is sur-
jective. inparticular the quotient H('1) 7tor of H(1) by tor maps surjectively to 17T 1(x)

Furthermore, this 1s an isomorphism 11 and only i1 in the natural map 8-H(1)~ G(1)
lhe image of tor is surjective, and this holds It and only it Hyp =G(7)

Example 5.3: M(C) given by (4.18) a). Recall that our concern is with the absolute

Nielsen classes Ni(C)aD with C given by C where G=(Z/2)2><(Z/2)2x5((53><S3)x

T T6LP.P.0.P
SZ/2) presented as a subgroup of Sg having these generators: o=(12)(34), B=(13)(24),

A=(123), p=(12); ¥=(56)(78), §=(57)(68), u=(567), ©=(56); W=(15)(26)(37)(48). We
choose o=(ca7,7,(12),(34),(13),(13)) as a representative of this Nielsen class in order to
get going. To verify that G(o) is not a proper subgroup of G (and therefore, as previously
observed, contained in a 2-Sylow) note that (13)(12)=(132) so that G(o) has an element
of odd order.

Next we check if G(1)=Hun. warning: The permutation representation in this problem

is of degree 16, not 8, and as remarked around expression (4.18), G(1)=(53XS3)><SZ/2=PD

(called G, in §4) with D=<p,7>, P=<),p> and N is identified with <«,8,%,8>. According to

Lemma 5.1, Hun is the minimal subgroup of G(1) containing all of the elements

G(1)N{gpg™T.gmg™1,gmexg™1a(me)2g1 with geGl. Since both (12) and (13) are in G(1), it
is clear that this is all of G(1). O
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Our next task is to understand the action of a subgroup of the Hurwitz monodromy
group on H(X,Z). Identify projective r-space, P', with the space of nonzero polynomials
in z of degree at most r modulo the action of multiplication by C*. For the sake of
intuitive identification, consider the polynomials of degree less than r as having a zero at

o (y.m., those of degree at most r-2 as having at least two zeros at «). Denote the points
representing polynomials with distinct roots by Ur. Since H(r) is the fundamental group

of Ur and the action of H(r) on Ni(C)a corresponds to the cover W(C):34(C) - U, [Fr,1,2],

the subgroup H(r,0) that stabilizes the absolute class of @ in Ni(C) acts on H{(X,Z) (in

fact on 71(X)). Indeed, since the centralizer CenS (G) of G in Sy, 1s trivial there is an
n

algebraic family F(C),
1
o(C):7(C) - }G(C)xIPZ,

of complex analytic manifolds where for each xe3(C) the fiber & ((Z)x > IP;_ represents the

equivalence class of covers corresponding to X.

To see the H(r,0) action explicitly recall from Theorem 5.2 that 71(X) is identified
with H(1N/N=H(1)" modulo N, the minimal normal subgroup of H(1)” such that the induced
map from H(1) is surjective.

Denote the normal subgroup of Fr generated by o1 **Or by No. Then we identify
1 (X-9~1(2)) with H(1)Ng/Ng. Consider QeH(r). It is in the group generated by Qj,...,.Qr-1
as in (4.3). Let Q act on 0=(01,...,0r) through the same formula as in (4.3). Clearly Q
maps Ng into itself. Furthermore, consider the application of Q to one of the generators
rsp(rs)~1eM of H(1). If QeH(r,0) then the image of  (rsp(rs)")Q in G(@) is the same as
the image of rsp(rs)”!. Since H(1) consists of those elements whose image is in G(1),
clearly Q maps H(1) into itself. Similarly, Q maps H(1) into itself.
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Let N* be the smallest normal subgroup of H(1) containing N (discussion prior to
Lemma S.1) such that H(1)/N*¥=H(1)/N* . We have induced an action of Q on T (X) if we
show that Q maps N* into itself. But Q(N*) clearly has the same properties as does NX,
once it has been established that Q(N)=N. This reduces to showing that

(oiord(GiQ is in N, i=1,...,r.

Going back to the generating elements of H(r), (Ei)Q=o<6-jo<—] for some «eFr and some |.
Since the image of (0{)Q and Gj in G(1) are the same, ord(cj)= ord(cj). As N is a normal
subgroup of Fr, (o;0rd(i))o= «0(0ord(Gi)oc! is in N. The following includes a summary:
Theorem 5.4: Syppose that I(Cly =X Is one of the ribers of the ramily¥(C), and that
his riber , as a cover of P, has o as a description of its branch cycles. The subgroup
H(r.0) of H(r) that leaves rixed the image of o in NI(CH0 inauces an action on 7 1(%)
through the action of H(r) on o fram (4.3). This action can be igentified with the usual
(Picara-Lefshetz) monodomy action of the fundamental group of a parameter space on the

Iibers of @ smooth complex analytic ramily .
Furthermare, in the case that g=1 or 2, the image of H(r,o) in Hi(X.2Z) is & finite

group 11 and only i Y(3(C),M, g): H(C) = M, q /5 constant.

Proof: The action is described above. The identification with the usual monodromy action
follows from [Fr,2:84] which shows the effect of the Qj's on generating paths of 71¢(P'-

z). If these are represented by G the action is given by (4.3). The induced action on paths
representing 101(X-9~1(2)) is a part of the uniqueness up to homotopy of the natural
fundamental group action.

The final statement comes from identifying generators of H(r,g) with the Picard-
Lefshetz transformation around a branch at «, in the language of [Gr; §6, especially The-

orem £.4-The removable singularity theorem]. If each of these generators is of finite or-

der on H](X,Z), then \P(%(C),‘m,g): H(C) - ‘m,g extends to H(C) - ‘m,g where H(C) is a
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nonsingular projective compactification of ¥(C). But, in the case that g=1 or 2, mg Is an

affine open subset of a projective variety ﬁ’g [M,2; p.25]. By Chow's theorem the image of

H(C) is a projective subvariety of M, .. Thus unless it is just a point it must meet one of

g

the divisors in ?I—Tl,g-‘m,g, contrary to our information. the converse of the last statement

Is much easier. O

Remark: For @23, M, is not affine (e.g, it contains projective curves), but the

g
“co lescing of branch points” argument in §5.2 (e.g., Claim 4) checks for the possibility of

extending ¥(C) -» M,_ to a map into M,_ along a specific branch at o. O

g g

Now consider the group Aut(>2/tP‘z) of automorphisms of the cover ¢:X - lPé. In

terms of branch cycles, this is naturally identified with the centralizer, CenS (G(o)), of
n

G(g) in Sn [Fr,2; Lemma 2.1]. When we take X to be X (i.e., the cover is Galois) this is the

reqular representation of G(g) and n= ﬁ=|G(d)|[Fr,2; Lemma 2.1]. This induces an action

of Aut(>2/|p‘z) on H,(X.z) (and H,(X.)) which is known to be faithful [FaK; p.253]. Thus
the group ring A=Z[Aut(>2/[PlZ)] (resp., A®Q) acts faithfully on H](>2.Z) (resp., H,(X.@). For
each o<eAut(>2/[P‘Z) choose a (homotopy class of) path Eo( on X with initial point x, and end

point o<(><1). (Note that such choices would have already been made in applying Schreier's

construction to compute the fundamental group of X in terms of branch cycles.) The
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following uses a number of classical results, including the Lefshetz trace formula: The
alternating sum of the traces of an automorphism of a Riemann surface on the integral
homology spaces is the number of fixed points of the automorphism [FaK; p.265].

Principle 5.5: /n the notation above, o acts on H /(XfZ’) by conjugation by c70( Denote the

number or disjoint cycles or & 7 (7n the reguilar representation or G) that o centralizes by

Z‘/-. Then,

r

(5.4) the trace or the action of oc on H ,(ij) /s 2—2 _ /z 7
/:

We may errectively do the rollowing: igentity H e Q) with a subspace of H /(fxfm

and given feA, decide 11 f maps H /,(}si Q) into itselr and in this case deduce whether the
action or g 1s nonlrivial.

Denote the elements of AeQ that leave H ,,(;k: @) stable by A.. I the moauli

A

aimension of Ni(C) Is 3g-3, then A ~@.

&

§5.2. MODULI DIMENSION OF EXCEPTIONAL CASES: Continue the notation of §5.1. Denote the

divisor classes (not necessarily positive) of degree k on X (resp., X) by Pic(X)

(resp.,Pic(X)K). Consider an element c= ., T €A Then ¢ induces a map
ZteAut(X/P'z)

cPic(R)! > Pic(R)K  where k= E . 3, Dby mapping XeX to
TEAUL(R/P)

E 23, x).
TeAUt(X/ !PIL,)
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Let ¥:X > X be the natural map. Identify a point xex with zue(])t(ﬁ) for any

point XeX lying above X. Then we recognize Pic(X)! as the image of Pic(X)! under the map

WY PicR)! = Pic(RK with C(“’)=Ztee(1)t-

Suppose CeA satisfies c'c(y)=c(y)c. Then there exists a commutative diagram

(5.5) c()Pic(R)! = PicX)!  yhere c, is defined by application to c(¥)(X) where it

cy 1 C R .
0 yields c(y)(c(x)). Note that <, induces an endomorphism

c(¥):Pic(RK = Pic(X)K
on Pic(X)0.

At any time, up to isogeny, this allows us to identify Pic(X)O with the image of c(§) in

Pic(X)0, an observation that we use in our examples. We will check if there exists a ¢

such that < induces a nontrivial endomorphism (i.e., not in Z) of Pic(X)O.

First consider Case 1 from §4.3: p=5=n, G=G(o)=D]0; r=6; o has entries from the
conjugacy class of S5 consisting of products of disjoint 2-cycles; and, with no loss,
G=<0,T> with 0=(14)(23) and T=(24)(15). Denote 0T by ¢ . If ceA commutes with c(¥)

and the corresponding endomorphism Co Pic(X)0 » Pic(X)O is not an element of Z, then

Principle 5.5 demonstrates that the moduli dimension of Ni(C) is no more than two, and

therefore that D, ,#8,(sol).

[t is natural to select ¢ to have minimal support in the elements of G. Since

‘ , 4 2 3 .
G(1)={1,(25)(34)}, the choice for ¢ is down to 0ot (or coo+d°°). From the faithfulness

of the action of A on H](i,z) it is clear that ¢ doesn't act through Z on this. In the next

2 3 4
Calculation denote 1+g_+d_+J _+0 by C_.
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The key to our computation is in this collection of homomorphisms:

(5.6) a) 1+o=c,:Pic(>2)0 > Pic(X)0;

K A
b) —(l+d)0°°=c2:Pic(><)0 = Pic(X)0; and

9) Coo:PIC(X)0  Pic(Y)O,

where Y is the qoutient of X by <0,,> and k is an integer to be selected below. The rest

of the argument consists of four claims. Denote the origin of Pic(X)0 by o.
Claim 1. Aic(XP /s isogenous to Pictx)OxFic(XPxPic(y)P. Since X is of genus 6 (i.e.,

2(10+g(X)*1)=6"5) and Y (and X) is of genus 2, the isogeny is given by (CrCz-Coo) if we

show that for xePic(X)0, (1+0)(x)=-(1+0)o_(x)=c_(X)=0, then x is in a finite subgroup of

Pic(X)0. From the first two of these conclude that for any integer j,
J K. s . P ook

(1+0-0_ (1+0)o  )(x)=0. Choose j and k so that j+k=1 mod 5 and so that 0,,00,=0 (i.e,

‘ 5 3 .

j=k=3and 6 oo _=((14253)(14)(23)(14253)=0). In this case,

57) (-0 )®=0

But (5.7) says that ¢ acts on X as multiplication by the integer 5, ¢_(x)=0 implies that

X is in the kernel of multiplication by 5.

s 3
Claim 2. 7%re trace of 0,,10,,=C on ///(X()) /s -Z. Indeed, from Claim 1 conclude that

H](i,o) is naturally isomorphic to H1(><,®)®H](><,@)®H1(Y,@). As ¢ commutes with ¢, and
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<y the action of ¢ on both copies of H](x.()) is the same; and the action of ¢ on H](Y.@)

Is multiplication by 2. Thus, if u is the trace of ¢ on H,(X,Q), then 2u+42=2(2-t) where t
is the total number of disjoint cycles that appear among the oi's that are centralized by
oi. The claim therefore follows if we show that t=0.

There is one subtlety for the reader here. While Aut(R/Pé) and G(o) are isomorphic
groups, as subgroups of 510’ the former must be identified as the centralizer of the
latter in ascertaining this calculation about disjoint cycles. Since, however, each of is a
product of five disjoint 2-cycles and oi, a product of two disjoint 5-cycles, centralizes

o it clearly permutes the five disjoint 2-cycles as a S-cycle.

Claim 3. 7%ne collection of covers in the Nielsen class Ni(C) consists of an irreducible
ramily. In extending the notation of the proof of Theorem 5.4, we consider again the
algebraic family F(C),

58 60T~ KOP,,

of complex énalgtic manifolds where for each Xe}(C) the fiber & ((I)x = IP‘Z represents the

equivalence class of covers corresponding to X. Each cover (of degree 5 in our case) in the

Nielsen class Ni(C) corresponds to a unique point of 1(C). Again, (5.8) exists because the

centralizer CenS (G) of G in Sn is trivial, and the action of H(B) is transitive on Ni(C)ab
n

if and only if ¥(C) is irreducible (i.e., the family is irreducible). As a matter of fact, [R]

has this calculation, based on (4.3), which he learned from [Arb,1] (and which starts the
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considerations of [Fr,2:84]). For none of the other examples will this computation be so

easy. Therefore we do it in terms of expressions following (4.9).

associated the 6-tuple (5,j2,j3,...,j6) of integers from {1,2,...,5} by 0; leaves ji‘ Then for

k>1, Qk moves this to the absolute Nielsen class that has the 6-tuple of integers

associated to it in which jk has been switched with jk+1' Also: conjugation by ©

switches the 1's and 4's, the 2's and 3's and leaves the 5's as they are: and application of

Q, gives the 6-tuple associated to (5,-]2,j3—j2 ..... j6-j2) (where the entries are read

appropriately mod 5). Denote the subset of elements of (Z/5)° whose entries sum to 0 by

V. Thus the irreducibility of the family follows from the transitivity of the subgroup of
-10000
-11000

GL(S,2/5) generated by Sc, multiplicationby -1 and | =1 0 1.0 0 | on v-{0}.
-10010
-1000 1

Claim 4. 77e 7amily has moauli dimension Z. An element of Z acting on the 4-dimen-

sional space H](X.O) has trace a multiple of 4. From Claim 2, ¢ doesn't act like an

element Z on H](X,O). Conclude that the moduli dimension isn't 3. We have only to show

that it is 2. The combinatorial calculation for this uses the coelescing of branch cycles
and Principle 4.1 from the end of §4.4. The theoretical foundation for the interpretation
of this calculation arises from [Gr; §13-an unpublished result of Mayer and Mumford]. This
raises a new issue: How do we test for the hypotheses of the boundary behavior criteria
of [Gr: §13]7 We now combine the remainder of the verification of Claim 4 with an
exposition of this issue.
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In addition to the nonsingular compactification H(C) of Y(C) used in the proof of
Theorem 5.4, we require a smooth compactification of the family: a diagram
(5.9) () - T(C) Where I(C) is a compact nonsingular variety, A is a smooth
pr°(C) LA Mmorphism, and T(C)-97(C) and T6(C)-1(C) are divisors with

= normal crossings. That is,
3(C) ~ 3(C)

local parameters Yq.ely Tor the variety locally describe a neighborhood of any given
point on the divisor by the equation Yy 7Y =0. Then the map \P(‘H;(C),‘ITLQ): H(C) - ‘m,g

extends to %(C) - ‘I—n,g where ‘I_n,g is the Sataki compactification of mg [Gr; Theorem

13.1]. Here is how we intend to use this.

IT we coalesce the elements of Ni(C), say, by replacing TeNi(C) by (‘(:]tz.‘c3 ..... Ts)

we find that the resulting collection, consists of two distinct Nielsen classes: Ni(C])
3

with r=5-containing the class of (0,,,0.7,0,7)-0on which H(S) acts transitively; and

Ni(Cz) with r=4-containing the class of (0,0,7,7)-on which H(4) acts transitively. The

covers in the Nielsen class Ni(C]) are of genus 2, and those of Ni(cz) are of genus O.

Coordinates used by [Har] suggest the fibers of T(C)-(C) - 1(C)-%(C), restricted to an
irreducible component of ﬁ(c)-f}{;(c), correspond to covers in one of these two Nielsen

Classes. But for the case of the Nielsen class Ni(cz), the actual fibers would not be just
genus O Riemann surfaces. Rather they would be represented by algebraic curves which

would have an indication of the two singularities acquired as the two pairs of points on

the family of Riemann surfaces degenerating over the Coalescing locus came together.
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§5.3. GENERIC CURVES AND An. AND A FULL MODULI FORMULA:
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